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Quantum turbulence spans length scales from the system size L to the healing length ξ , making direct
numerical simulations (DNS) of the Gross-Pitaevskii (GP) equation computationally expensive when
L � ξ . We present a matrix-product state (MPS) solver for the GP equation that efficiently compresses
the wavefunction by truncating weak interlength-scale correlations. This approach reduces memory usage
by factors ranging from 10× to over 10 000× compared to DNS. We benchmark our approach on non-
linear excitations, namely dark solitons (1D) and quantized vortices (2D, 3D), capturing key dynamics
such as Kelvin-wave propagation and vortex-ring emission in the case of vortex-line reconnection. For
turbulent states composed of multiple nonlinear excitations, we find that the memory compression of the
MPS representation is directly proportional to the soliton or vortex densities. We also accurately repro-
duce established results from two-point correlation functions and energy spectra, where we recover the
incompressible kinetic energy spectrum with little memory overhead. These results demonstrate the rep-
resentative capabilities of the MPS ansatz for quantum turbulence and pave the way for studying this
nonequilibrium state using previously prohibited system sizes. Moreover, the MPS ansatz can be adapted
to existing quantum algorithms, providing a framework to implementing our time-evolution method on
near-future quantum processing units.

DOI: 10.1103/x5xg-whh1

I. INTRODUCTION

The advent of Bose-Einstein condensates (BECs) in
cold-atom experiments in 1995 [1,2] is a milestone of
many-body quantum phenomena. The striking properties
of this state of matter, such as superfluidity, nonlinear
dynamics, quantization of vortex circulation, and emer-
gence of second sound [3–6], have motivated a great
deal of research. Moreover, the high tunability of cold-
atom experiments [7–9] means that these systems hold
promise in a wide range of applications, including quan-
tum metrology [10–12], interferometry [13,14], and quan-
tum simulators [9]. Nowadays, BECs have been realized
in diverse unconventional quantum fluid systems [6,15,
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16]. Seminal examples are exciton-polariton, magnon, and
dipolar molecule condensates [17–22]. As a result, such
systems are ideal for studying fundamental nonequilib-
rium physics under controlled experimental conditions.
This includes nonequilibrium thermal [23] and quantum
phase transitions [24], dynamics of Bose-gas mixtures
such as spinor condensates [25], and quantum turbulence
in BECs [26–28]. Moreover, the ability to realize BECs
in low-dimensional systems [29,30] allows the study of
one-dimensional (1D) physics where integrable quantum
field theories become relevant (e.g., in generalized hydro-
dynamics [31–33]), as well as 2D quantum turbulence [34–
39] and Berezinskii-Kosterlitz-Thouless physics [40,41].

In modeling quantum fluids, much of the physics
referred to in the above examples is dictated by a
BEC well represented by a macroscopic occupation
of a single-particle state [3,42]. A natural starting
point in modeling this physics is through a mean-field
or classical-field approximation, given by the Gross-
Pitaevskii (GP) equation [3]. This model captures the
nonequilibrium spatiotemporal dynamics of superfluids
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and BECs, including nonlinear excitations such as quan-
tized vortices. In the context of quantum turbulence for
BECs, the GP model accounts for compressibility in the
system, enabling the coexistence and energy exchange
between phonons and vortices. This mediates processes
such as vortex dipole annihilation in two-dimensional
(2D), vortex reconnections in three-dimensional (3D), dis-
sipative vortex dynamics, and phonon scattering of vor-
tices [43]. These mechanisms generate multiscale turbulent
regimes [44], from wave turbulence dominated by com-
pressible modes [45] to Vinen or Kolmogorov turbulence
where vortices dominate the dynamics [46].

The different studies mentioned above provide key
insights into fundamental processes at prescribed scales.
Therefore, extending GP-type simulations to span a
broader spectrum of length scales is necessary for a deeper
understanding of these diverse phenomena. Nevertheless,
direct numerical simulations (DNSs) for this endeavor are
prohibitively costly when the system size L is much larger
than the healing length ξ (that corresponds to the size
of a vortex core) due to the number of computational
variables growing very rapidly. There are methodologi-
cal alternatives besides solving the GP equation, such as
2D point-vortex [47] or 3D filament-vortex [48] frame-
works, which model the vortex dynamics directly in the
limit of large intervortex spacing. These models have been
used to gain insight into the qualitative properties of 2D
[49] and 3D superfluid turbulence [50]. Nevertheless, such
alternatives lead to a highly simplified description of the
full physics. They assume a phenomenological vortex-
annihilation and reconnection mechanism [51] while also
neglecting interactions of vortices with the bath of com-
pressible excitations, which ultimately alter the long-time
behavior of the vortex distribution.

Analogous to DNS methods for turbulence models, a
similar computational complexity problem occurs in quan-
tum many-body systems. For the latter, a challenge in
their modeling corresponds to accurately representing the
quantum state described by the many-body wavefunc-
tion that resides in an exponentially large-dimensional
Hilbert space. However, since the many-body Schrödinger
equation governs the wavefunction, it contains a signifi-
cant amount of structure that a direct numerical solution
does not exploit. Tensor networks target the underlying
structure by recognizing that, for many systems of interest,
the governing Hamiltonian leads to limited entanglement
within the many-body wavefunction [52]. By decomposing
the extensive quantum states into a series of low-rank ten-
sors connected by virtual bonds, tensor networks can lead
to a drastic reduction in the number of parameters that are
required to describe the state of the system accurately [53].

The quantics representation of continuous variable func-
tions leverages the analogy between many-body quantum
systems and the solution of partial differential equations
(PDEs) that resolve a large number of length scales. It

does so by encoding real-space functions into quantum
states of multiple qubits, where each qubit represents
a particular length scale in real space. Then, a tensor-
network decomposition is used to compress the given state,
depending on the correlation distribution among length
scales [54,55]. In particular, the hallmark matrix-product
state (MPS) [53] (also called tensor train [56]), has been
widely used for these purposes. Efficient MPS encoding of
real-space functions has opened the door for using tensor-
network methods in the solution of large-scale PDEs [57].
By exploiting the interlength-scale correlation structure, it
has been possible to achieve low-rank representations of
classical turbulent flows [58–67], plasma states [68,69],
compressible and reacting flows [70], wave phenomena
[71,72] and different properties of continuous quantum
systems [73–75].

In this work, we develop a tensor-network algorithm to
simulate the nonlinear GP equation. We perform a system-
atic study of the quantics MPS for nonlinear excitations of
the GP equation, namely dark solitons (1D) and vortices
(2D and 3D). By using different examples of single and
multiple nonlinear excitations, the latter corresponding to
quantum turbulence cases, we explore the interlength-scale
correlation structure of the states. That way, we charac-
terize instances where the MPS representation reduces the
memory usage with respect to the requirements of DNS.
The main objective is to achieve low-rank representations
of quantum turbulence simulations that can lead in the
future to the discovery of physics previously unattainable
with classical methods.

Several innovations to the application of MPS for simu-
lating classical [58–67,70–72] and quantum fluids [76–79]
are introduced in our work. This paper faithfully repro-
duces statistical properties of quantum turbulence with
MPS, which constitutes the most stringent multiscale phe-
nomena for the applicability of the technique. We perform
a systematic analysis of the truncation requirements of tur-
bulent states encoded in an MPS, recovering scaling laws
that are necessary for anticipating the achievable memory
compression compared to DNS. Moreover, we identify a
simple yet convenient ordering of qubits to encode 2D and
3D flow fields using the two-site mutual information, a
quantum information diagnostic crucial to assess interscale
correlations. Furthermore, our work presents a postpro-
cessing algorithm that directly exploits the MPS represen-
tation to recover key information of the flow, in particular
the vortex distribution. This is a necessary ingredient of the
methodology in large system sizes where direct reconstruc-
tion of the entire wavefunction (MPS contraction) becomes
prohibitively costly.

The paper is structured as follows. In Sec. II, we present
the details of the GP equation along with its extension to
include thermal effects. Then we introduce the tensor net-
work and quantics frameworks in Sec. III, emphasizing
the encoding of multidimensional real-space solutions of
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the GP equation and our time-evolution method. In Sec.
IV, we explore the use of MPS methods to tackle single
nonlinear excitation problems produced by phase differ-
ences (dark solitons and vortices). Based on the latter, in
Sec. V we consider integrable and nonintegrable quantum
turbulence. This analysis includes the following: (1) a soli-
ton gas in 1D that is also closely related to the problem
of quantum generalized hydrodynamics [80]; (2) quantum
turbulence in 2D comprising a random distribution of vor-
tices and antivortices [49,81–83]; (3) a vortex tangle of a
BEC in 3D that has been considered in other studies to
uncover the similarities and differences between quantum
and classical turbulence [84–86]. Here, we characterize the
compression capabilities of the MPS as a function of the
system size and number of nonlinear excitations. Then, in
Sec. VI, we discuss quantum computing as a promising
alternative framework for adapting the algorithms pre-
sented in previous sections. Finally, in Sec. VII we present
our closing remarks.

II. MODEL

We simulate Bose gases governed by the damped GP
equation [81,87–93]. This equation is given by

i�
∂ψ(r)
∂t

= (1 − iγ )
[
− �2

2m
∇2 + V(r)+ g|ψ |2 − μ

]
ψ .

(1)

Here, ψ is a macroscopic wavefunction, m is the mass of
the atomic species, V(r) corresponds to a time-independent
trapping potential, g is the interaction coefficient that can
be expressed in terms of the s-wave scattering length (and
depends on the dimensionality of the system), and μ is
the chemical potential, which ensures conservation of the
average number of particles in the system.

When γ = 0, we recover the conservative form of the
GP equation corresponding to zero temperature. This form
conserves the energy of the system as well as the total num-
ber of particles, Np = ∫ |ψ |2 ddr, where d is the number of
spatial dimensions. The GP equation provides a mean-field
description of a Bose gas in which the macroscopic wave-
function is associated with the formation of a condensate.
It can also be recovered from the many-body description of
the Bose gas as written in second-quantized form. When
the modes to be modeled are macroscopically occupied,
it is common to replace creation and annihilation opera-
tors with commuting classical fields. Therefore, this is also
referred to as the classical fields’ approximation and forms
the basis for modeling Bose gases at finite temperature.

A comprehensive modeling of finite temperature effects
typically involves the stochastic GP equation coupled to a
thermal bath [94]. However, regimes exist where the dissi-
pative effects of the noncondensed thermal component on
the condensate can be well captured using the damped GP

equation and where the damping coefficient, γ , is taken to
be a function of temperature [36,38]. Therefore, we use
this model as the simplest applicable model capable of
reproducing phenomena studied in cold-atom BEC experi-
ments. Unlike the conservative form of the GP equation,
the damped model does not conserve energy. However,
the average number of particles is conserved due to the
inclusion of the chemical potential μ in Eq. (1).

Following standard practice in simulating properties of
soliton gases and quantum turbulence, we set V(r) = 0
and employ a periodic domain of extent Ld [80,93,95].
In general, the interaction coefficient can be positive or
negative since the scattering length can be experimentally
tuned using Feshbach resonances [96]. In this work, we
focus exclusively on the case with repulsive interactions,
g > 0, which ensures stability of the condensate even in
high dimensions. Finally, we adopt a nondimensional form
of Eq. (1) by working in units of the healing length, ξ =
�/

√
mμ, and the speed of sound, c = √

μ/m. We also nor-
malize the density of particles, λ = Np/Ld, to unity. On
the other hand, the damping term is typically taken to lie
in the range γ = 10−3 to γ = 10−2 [81,87–93,97]. There-
fore, it represents a small effect in comparison to other
terms appearing in the equation.

III. TENSOR NETWORKS AND QUANTICS
REPRESENTATION

A. MPS encoding of continuous functions

Tensor networks consist of sets of tensors, which are
typically illustrated graphically using geometric shapes.
Lines attached to each shape represent the indices of each
tensor; the number of lines represents the rank of the
corresponding tensor, as shown in Fig. 1(a). On top of
these tensors, a topology is defined in which a connection
between two tensors (bonds) indicates a summation over
a joint index. A simple example of such a tensor architec-
ture is shown in Fig. 1(b). This one-dimensional network
is known as an MPS. In general, a tensor of arbitrary rank

(a)

(b)

(c)

FIG. 1. Examples of tensor-network diagrams. (a) Tensors of
rank one, three, and five. (b) Example of an MPS. (c) Creation of
an MPS from a rank-four tensor. Each dashed line corresponds
to an SVD that splits the corresponding tensor.

064069-3



FELIPE GÓMEZ-LOZADA et al. PHYS. REV. APPLIED 25, 064069 (2026)

N can be decomposed into an MPS by a sequence of singu-
lar value decompositions (SVDs), as depicted in Fig. 1(c)
for N = 4. Assuming all free (noncontracted) indices are
of dimension D, the iterative SVDs produces an MPS
with bond dimensions χl = min

(
Dl, DN−l

)
for the lth bond

[52]. The resulting singular values from the SVDs, named
Sj ,l for the jth singular value in decreasing order at the lth
bond after normalizing as

∑
j S2

j ,l = 1, represent a measure
of the correlations across each bond. The decay of these
values gives an insight into which can be discarded while
retaining the principal characteristic of the original state.
The resulting truncation can be accomplished by either set-
ting a maximum bond dimension χmax across the entire
MPS or specifying a target tolerance ε. In the former, only
the j ≤ χmax singular values are kept for all bonds. In the
latter, the bond dimension χl for the lth bond is chosen
such that

∑
j>χl

S2
j ,l ≈ ε. In this work, we use both forms

of truncation and clarify which one is being used in each
case. In particular, when we fix χmax, we also set ε = 10−16

if the tolerance is not specified. This value, which is close
to machine precision, is set to eliminate singular values
unresolved by the computer resolution.

Of particular significance are tensors whose MPS repre-
sentations allow for low bond dimensions χ � DN/2 since
the use of the MPS will then correspond to a considerable
reduction of memory. Here, the associated gain in mem-
ory of an MPS |ψ〉 with N free indices of dimension D
and a given set of bond dimensions χl is defined as the
ratio of the number of parameters stored by the MPS to the
parameters of the original tensor (DN ):

Memory(|ψ〉) = 1
DN

N∑
l=0

Dχlχl+1, (2)

where we define χ0 = χN = 1 for the missing edge bonds.
This insight has been widely used for quantum many-body
gapped systems in 1D and even in higher dimensions,
allowing the study of previously unattainable quantum
states because of the exponentially large Hilbert space
[53,98,99].

To leverage tensor networks for simulating PDEs, we
first map real-space functions into the quantum state of a
many-qubit system for its subsequent decomposition using
MPS. We illustrate the encoding for functions defined over
a one-dimensional domain (d = 1); this process can be
directly extended to higher dimensions. Given a function
f (x) with x ∈ [0, L) we define a grid of 2N points for a pos-
itive integer N as xm = L × m/2N with m = 0, 1, . . . 2N −
1. We adopt the quantics representation [54,55] where the
variable xm is written in its binary form

x(n1, n2, . . . , nN ) = L
N∑

l=1

nl

2l , nl = 0, 1. (3)

The latter defines a rank-N tensor with indices of dimen-
sion D = 2 representing the continuous function in the grid
as fn1,n2,...,nN = f (x(n1, n2, . . . , nN )). This definition corre-
sponds to encoding the function in the quantum state of an
N -qubit system, where the lth qubit represents the L × 2−l

length scale of the system. With this encoding, we obtain a
low-rank MPS using iterative SVDs, as shown in Fig. 1(c),
and discard singular values with the least contribution to
retain the principal details of the original tensor. The pre-
vious process is possible if the correlations across the MPS
are bounded. The latter is known to occur, for example,
in 1D quantum many-body systems that satisfy the area
law. These quantum systems exhibit an exponential mem-
ory reduction of that which is required by the original state
[52]. For continuous functions in the quantics MPS ansatz,
this corresponds to bounded correlations among length
scales. This correlation structure is a phenomenon charac-
teristic of multiscale physics and specifically of interest in
turbulent flows due to the Richardson cascade. The latter
was first exploited in Ref. [58,59] to obtain large mem-
ory compressions with the quantics MPS framework for
modeling classical turbulence.

For higher spatial dimensions d > 1, an analogous iter-
ative process can be performed using dN qubits [100].
There are multiple ways to order the qubits of each axis
and length scales into a one-dimensional MPS structure.
The sequential order shown in Fig. 2(a) is a direct analogy
to the 1D case. The interleaved or alternating order corre-
sponds to locating the qubits of the same scale next to each
other, as depicted in Fig. 2(b). Here we argue that extend-
ing the sequential ordering such that the interaxis coupling
is done through the same scale is beneficial for an efficient
(e.g., accurate and highly compressed) MPS representa-
tion; we refer to this encoding as the staircase ordering,
illustrated in Fig. 2(c). For the staircase encoding in 3D,
indicated in Fig. 2(d), we couple the last spatial dimension
through the remaining length scale available. This ordering
is also known as the “sequential, interleave” order [69].
The 3D staircase requires the specification of the order-
ing of the axes (x, y, or z) across the MPS, resulting in
six different possible permutations. We compare different
MPS ordering to obtain the low-rank decomposition with
the best compression for our simulations.

To assess the quality of the MPS encoding and compare
pairs of MPS |ψ〉, |φ〉 representing two continuous func-
tions, we characterize the difference between them using
the infidelity measure defined as

I(|ψ〉 , |φ〉) = 1 − |〈ψ |φ〉|√〈ψ |ψ〉〈φ|φ〉 , (4)

commonly used in quantum information theory [101]. In
particular, this measure takes into account that the solu-
tions of Eq. (1) are wavefunctions, which are invariant
up to a global phase factor eiθ , compared, for example,
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Ly/2 Lx/4 Ly/4 Lx/8 Ly/8

Interleaved (2D)(b)

(c)

(a)

Lx/2 Lx/4 Lx/8 Ly/2 Ly/4 Ly/8

Sequential (2D)

Large scales Small scales Large scales Small scales

Staircase (2D)

Lx/2

Large scales Small scales

Lx/4 Lx/2 Ly/2 Ly/4 Ly/8Lx/8

Small scales Small scalesLarge scales
(d) Staircase (3D)

Lx/2 Ly/2 Ly/4 Lz/4 Lz/2Lx/4

Small scales Large scales Small scales Large scales

FIG. 2. Example of MPS orderings of 2D (3D) functions in
a box of size Lx × Ly (×Lz) with three (two) qubits per axis.
Each tensor represents a length scale of the corresponding vari-
able (blue for x, orange for y, and green for z). (a) Sequential
order in 2D stacks the qubits of the same variable in decreasing
length scale order. (b) Interleaved order in 2D couples qubits at
the same length scale. (c) Staircase order in 2D, analogous to (a),
with the largest length scales coupled at the middle of the chain.
(d) Staircase order in 3D extends the 2D case by coupling the last
axis through the smallest length scale.

with a normalized L2 norm where different phase factors
between |ψ〉 and |φ〉 would be evident in the measure.
When comparing an MPS-encoded continuous function
with a vectorized function, we first contract the MPS to
obtain the underlying vector, and then Eq. (4) is used.

B. Time-evolution method

We solve the damped GP equation with the DNS and the
MPS method, to subsequently compare them to character-
ize the accuracy of the latter. For the DNS, it is common to
use the split-step Fourier method [102], which relies on the
decomposition of Eq. (1) into two sets of operators, namely
Û = |ψ |2 and K̂ = − 1

2∇2 (after introducing natural units).
By using Strang splitting and the fast Fourier transform
(FFT), the method applies the evolution operators of Û and
K̂ in position and momentum space, respectively, where
they are diagonal. We implement the first-order method
with the evolution operator

e−i�τ(K̂+Û) = e−i�τ K̂ e−i�τ Û + O(�τ 2), (5)

as well as the second-order method

e−i�τ(K̂+Û) = e−i(�τ/2)K̂ e−i�τ Ûe−i(�τ/2)K̂ + O(�τ 3). (6)

Here, �τ = (1 − iγ )�t, �t represents a discretization
timestep, and FFTs are applied before and after evolv-
ing the system with the term corresponding to the kinetic
energy. Unless otherwise explicitly stated, we have used
the second-order method throughout, whilst employing the
first-order method for occasional comparison. This DNS
results in a computational cost scaling as O(M log M )

where M = 2Nd is the total number of grid points. If Û
and K̂ are interchanged in Eq. (6), the evolution operator
is not symmetric with respect to the nonlinear term, which
degrades the accuracy.

To evolve an MPS according to Eq. (1), we rely on the
time-dependent variational principle (TDVP) [103,104]. In
analogy to the celebrated density-matrix renormalization
group (DMRG) [105], a sweeping strategy is implemented
where each tensor is evolved locally using a projection
operator [104]. The projector ensures the state remains in
the MPS manifold of a given bond dimension. Completing
a sweep through the system corresponds to evolving the
system one timestep [106]. In particular, we use the two-
site TDVP formulation [106], which allows us to vary the
bond dimensions of the MPS during the time integration of
our equations. The TDVP has shown promising results for
the evolution of long-range interacting systems [107]. This
algorithm has also been used for solving PDEs [69,79],
where it can be numerically more stable than using DNS
[69].

To apply the TDVP to our nonlinear damped GP
equation, we adopt the same Strang splitting presented in
Eq. (6) and evolve the state using the TDVP with the cor-
responding operators K̂ and Û. The construction of these
operators in the quantics MPS representation is detailed in
Appendix A, where we use eighth-order central finite dif-
ferences represented in real space for the derivatives. An
alternative approach using the quantum Fourier transform
(QFT) has been used recently [79,108], which resembles
the chosen DNS method more closely. Nevertheless, in
Ref. [79] it is shown that the discrepancies between eighth-
order central finite differences and the QFT method tend to
machine precision. To prioritize simplicity and algorithmic
versatility for nonperiodic boundary conditions in future
work, we chose to use the finite difference method. The
computational costs for TDVP are O(dNηχ3) with η the
bond dimension of the operator that drives the evolution
and χ the bond dimension of the MPS being evolved. For
the kinetic term, we have η ∼ O(1) while for the interac-
tion term η ∼ χ due to the nonlinearity (see Appendix A).
Using these operators for TDVP corresponds to scalings of
O(dNχ3) and O(dNχ4), respectively, the latter being the
most costly computational step of the method.
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We develop our code using the Julia programming lan-
guage [109]. For the split-step Fourier method (DNS), we
use the FFTW package [110]. Our MPS simulations are
based on the TDVP implementations of the ITensor library
[111,112]. The simulations are performed in serial with an
AMD EPYC 9575F processor. We use GPU acceleration
supported by the ITensor library [111,112] for the most
computationally demanding calculations [113]. In those
cases, we use the NVIDIA A100 with 40 GB of memory
in conjunction with an AMD EPYC 7742 processor.

IV. NONLINEAR EXCITATIONS

To demonstrate that MPS successfully captures the
physics governed by the GP equation, we first assess the
performance of the TDVP-based evolution of nonlinear
excitations produced by phase jumps. Namely, we sim-
ulate dark solitons in 1D (Sec. IV A), vortex dipoles in
2D (Sec. IV B), and vortex rings in 3D (Sec. IV C), and
compare with the corresponding DNS. For each case, we
present a physical example of one or two nonlinear excita-
tions, evaluate the dynamics using both TDVP and DNS,
and examine the smallest χmax value that preserves a given
threshold of infidelity. Additionally, in each section, we
study the impact of other key numerical aspects of the
methods. Namely, in Sec. IV A we analyze the effect of
using different splitting orders on the stability of the sim-
ulation; and in Secs. IV B and IV C we explore the role of
the damping coefficient γ on the truncation requirements
of the method and discuss the impact of qubit ordering
in the MPS encoding. In all cases, we use a box of size
L = 32ξ , which provides a sufficiently large domain for
the nonlinear excitations with a core size of the order of the
healing length ξ to evolve and interact, whilst also allow-
ing for sound waves to propagate in the domain. The time
for the nonlinear excitations to traverse the domain is in
all cases of the same order of magnitude (approximately
100ξ/c). Moreover, we use a computational grid resolu-
tion of ξ/4, which is enough to resolve the healing length
ξ , the smallest key length scale in a superfluid. We have
verified that this resolution is enough to reach convergence
in the DNS. Furthermore, in Sec. IV D we demonstrate
the significant advantage of MPS over DNS by simulat-
ing the complex phenomenon of vortex line reconnections
with substantial memory compression.

A. 1D dark soliton

As a first test case, we study the evolution of a dark
soliton, i.e., a density depletion in the condensate, which
moves at a constant speed. The wavefunction is defined
such that the soliton is initially located at the center of
the condensate with a translational speed of v ≈ 0.19c. For
this, we use the initial condition from Ref. [114], detailed
in Appendix B 1. The soliton is encoded in a quantics MPS
with seven qubits, corresponding to a grid of 27 = 128

points, which resolves up to a quarter of the healing length
(ξ/4). We use iterative SVDs to create the corresponding
MPS for a variable χmax as explained in Sec. III A. We
evolve the system using both the DNS and MPS meth-
ods until the soliton performs a complete cycle across the
length of the domain. Afterwards, we compare the solu-
tion with the analytical result from Appendix B 1 using the
infidelity measure from Eq. (4).

In Fig. 3(a), we show the density profile |ψ |2 as a func-
tion of time t for the MPS evolution of the dark soliton
with χmax = 4. The MPS dynamics shows the expected
physical behavior: the soliton moves in a straight line in
x − t space (i.e., it has a constant speed) while preserving
its shape. Moreover, Fig. 3(b) shows the magnitude dif-
ference between the MPS-evolved wavefunction and the
exact solution, demonstrating that the discrepancies are
small relative to the overall scale. This comparison indi-
cates that the dynamics is well represented for χmax = 4,
as highlighted by the infidelity plotted in Fig. 3(c) (red
line), which saturates around I ≈ 10−8 and approaches
the corresponding DNS infidelity (black line) [115]. If we
decrease the bond dimension to χmax = 3, the truncation
error quickly increases, and the MPS simulation strongly

(a)

(c)

(b)

FIG. 3. Evolution of a dark soliton. (a) MPS-evolved density
profile |ψMPS|2 as a function of time t with χmax = 4. (b) Dif-
ference of wavefunction magnitude with respect to the analytical
solution |ψRef|2. (c) Infidelities I with respect to the analytical
ansatz for the DNS and MPS method with different χmax and
splitting orders (indicated inside the parentheses). The soliton
is located in a box of size L = 32ξ with a velocity v ≈ 0.19c.
The time is scaled by the period T = L/v ≈ 165ξ/c. We use
seven qubits (128 points), the timestep is �t = 2−5ξ/c, and the
evolution is undamped (γ = 0).
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deviates from the analytical solution. This results in a
rapid growth of the infidelity towards the maximal value
of I ≈ 1 (orange line).

We use this simple 1D testbed problem to analyze
the effect of different splitting orders for the evolution
operator. If we only use a first-order splitting according
to Eq. (5) with the same timestep and bond dimension
χmax = 4 [green line in Fig. 3(c)], the infidelity is almost 2
orders of magnitude higher than its second-order counter-
part. The second-order method only requires an additional
TDVP evolution (using K̂) to the first-order method. This
additional calculation has a lower scaling (O(Nχ3)) than
the nonlinear evolution (O(Nχ4)); hence, the upgrade
from first-order to second-order splitting is computation-
ally inexpensive compared to the rest of the algorithm.
In contrast, for the DNS case, going from first to second
splitting order doubles the computational resources as it
requires an additional FFT. Higher orders would require
more applications of the Û operator, which would signifi-
cantly increase the computational cost. This larger number
of operations per timestep would also enhance the accu-
mulation of truncation errors in the MPS evolution [79].

We can also avoid the splitting, i.e., calculate K̂ + Û and
evolve the state using TDVP accordingly. In that case, the
simulation breaks down even for χmax = 8 as depicted by
its infidelity I ≈ 1 [blue line in Fig. 3(c)]. We find that to
achieve infidelities close to the first-order result (I ≈ 10−6)
without splitting, this simulation requires a reduction of
the timestep by a factor that is approximately equal to
512. Hence, splitting the operators is crucial for TDVP to
capture efficiently the evolution of the GP equation.

B. 2D vortex dipole

For 2D, we analyze the vortex dipole: a pairing of
two vortices of opposite charge that, in the undamped
case, move in a straight line at a constant speed due to
their interaction. On the other hand, if γ > 0 the dis-
tance between the vortex pair shrinks, until they annihilate
each other, releasing sound waves into the system. Using
a Padé approximation ansatz, we create an initial vortex
dipole with a fixed distance d = 10ξ between the vortices
(dipole length) in a system of size L = 32ξ with a resolu-
tion of ξ/4. We provide the definition of this initial state in
Appendix B 2. Furthermore, we evolve this initial condi-
tion using imaginary time evolution, a method tailored to
dampen excitations in the form of sound waves and ensure
a good initial condition is generated for a specified size of
the vortex dipole.

Since we have more than one spatial dimension, there
are multiple ways to order the length scales across the MPS
encoding, as shown in Fig. 2. To determine the most con-
venient ordering, we analyze the correlations between all
pairs of qubits via the two-site mutual information. This
establishes another approach to characterize correlations

between different resolved length scales in the condensate,
which can be directly performed within an MPS descrip-
tion of the macroscopic wavefunction. From this assess-
ment, we choose the staircase ordering that minimizes the
correlations among the large length scales [Fig. 2(c)]. This
choice is reasonable because the vortex core structure is
equal among all vortices; therefore, the structure of the
wavefunction is mainly characterized by the vortex dis-
tribution, encoded in the large length scales of the MPS.
The detailed analysis of the correlations is presented in
Appendix C 1.

We let the vortex dipole evolve for four periods, with a
period being the time that it takes the dipole to traverse
the system size in the vertical direction [116]. In Figs.
4(a)–4(c), we show density profiles at various times for
γ = 0, comparing the DNS (left) and MPS (right) results
with χmax = 12. We observe that both vortex dipole trajec-
tories match, with the MPS using just 14% of the memory
required by DNS. For lower bond dimensions, the trunca-
tion error grows rapidly, resulting in perturbations to the
vortex dipole that lead to unphysical results at long evo-
lution times. In contrast to the soliton case [Fig. 3(c)], the
corresponding infidelity with the DNS shown in Fig. 4(j)
grows steadily during the simulation (black line), resulting
in a final value of I ≈ 10−4. This increase is an effect of
remnant sound waves released from the dipole at the ini-
tial timesteps, which accumulate in the system over time.
An MPS does not well represent these sound waves since
they are uncorrelated, hence the increase in the infidelity
with respect to the DNS.

When we consider a system coupled to a thermal bath,
modeled by the damped GP equation (coefficient γ >
0), the damping removes the background noise but also
decreases the dipole length. In Figs. 4(d)–4(f) we observe
the evolution of the dipole for γ = 10−3 where sound
waves have already decayed, but the damping is low
enough that the dipole length is still d ≈ 10ξ . The infi-
delity [red line in Fig. 4(j)] features a plateau similar to
that observed in the soliton case [Fig. 3(c)] around I ≈
10−6. For a larger damping rate of γ = 10−2, the density
profiles in Figs. 4(g)–4(i) depict the vortex pair anni-
hilating after three periods, decaying into sound waves.
The MPS ansatz also captures this process at this trun-
cation level (χmax = 12). The annihilation is indicated by
a local maximum in the corresponding infidelity [orange
line in Fig. 4(j)]. After the decay of the vortex dipole,
the infidelity decreases steadily, signaling the transition to
the uncorrelated ground state. While compressible waves
are harder to capture than the vortex structures, we note
that this can be tackled by increasing the bond dimen-
sion. For instance, the undamped case γ = 0 can reach
infidelities of I ≈ 10−6 after four periods by increasing
χmax = 16. The larger bond dimension almost doubles the
required computational memory, namely up to 23% of that
of DNS. Nevertheless, the simulation of the dipole does
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(a) (b) (c)

(d) (e) (f)

(g)

(j)

(h) (i)

FIG. 4. Evolution of a vortex dipole. (a)–(i) Density profile
|ψ |2 comparison at various times t between DNS (left) and
MPS with χmax = 12 (right) using damping coefficients of γ = 0
(a)–(c), γ = 10−3 (d)–(f) and γ = 10−2 (g)–(i). (j) Infidelity I
between DNS and MPS with previous truncation parameters and
damping coefficients. The system size is L = 32ξ with an ini-
tial vortex dipole d ≈ 10ξ after an imaginary time evolution of
it = 1ξ/c. Time is scaled by the period of the dipole to traverse
the system size without damping (γ = 0), given by T = 242ξ/c.
We use a grid of seven qubits per axis (128 × 128 points) with
�t = 2−6ξ/c.

not require such levels of accuracy to capture the vortex
dynamics.

C. 3D vortex ring

Next, we study the modeling of a BEC in 3D. Similarly
to the previous sections, we begin by considering one of
the most elementary vortex excitations that can arise in 3D,
namely a vortex ring. This excitation moves at a constant
speed along its axis of symmetry due to its self-induced
velocity and slowly decays to generate sound waves for
nonzero damping rates, in analogy to the vortex dipole
from Sec. IV B. For the initial condition, we use the dipole
ansatz and rotate it around the midpoint of the vortex pair

to generate the desired ring such that its axial symmetry
is aligned with the z axis. This construction is explained
in Appendix B 3. Then, we evolve the ring with imaginary
time evolution to dampen sound waves. As an extension to
the 2D results from Sec. IV B, we use the staircase order-
ing for the length scales in the quantics MPS. Within this
MPS structure, we order the axes as xyz [Fig. 2(d)]. Chang-
ing this choice does not appreciably affect the results as
discussed in Appendix C 2.

We analyze the dynamics of a vortex ring of radius
R = 5ξ inside a box of size L = 32ξ in Fig. 5. For that,
we let the ring evolve until it travels the length of the
domain L four times (measured in the undamped limit
γ = 0). Also, we set a grid resolution of ξ/4 in each spatial
dimension. Then, we analyze the effect of different damp-
ing coefficients, γ , on the dynamics. In contrast to Sec.
IV B where we fix a given bond dimension and observe
the infidelity evolution for different damping rates, here
we set an upper threshold of the infidelity between the
DNS and MPS of I � 10−4 and choose the lowest χmax
that fulfills this requirement for all times and each damp-
ing constant. As an example, in the inset of Fig. 5(g)
we show the maximum infidelity Imax for γ = 10−2 as
a function of χmax. Here χmax = 18 is the smallest bond
dimension after which the maximum infidelity crosses the
limit of 10−4. The zero-temperature case [Figs. 5(a) and
5(b)] needs the largest χmax = 44 among all γ values con-
sidered, due to accumulated sound waves. Despite this, we
are able to resolve the vortex ring dynamics with only 2%
of the memory needed for DNS. The low infidelity [black
curve in panel (g)] highlights this efficiency. While in Sec.
IV B we showed that the infidelity grows for low damp-
ing constants, Fig. 5 indicates that, even as infidelity rises,
the necessary bond dimension and corresponding mem-
ory requirements needed to maintain small errors do not
increase much. These complementary analyses reveal the
effect of γ on the error associated with the truncation used
for the MPS.

Here, we note that we can simulate the MPS with a
timestep twice as large as that of DNS. We find that
increasing the timestep of the DNS leads to numerical
instabilities for γ = 0, which severely affect the accu-
racy of the results. We argue that this stability property of
the TDVP emerges because small numerical oscillations
can be truncated during the evolution at each timestep,
thus preventing their accumulation. A similar behavior
was found in TDVP simulations for the Vlasov-Poisson
equation [69].

For nonzero γ we require lower χmax to achieve the
same infidelity of I � 10−4 [red and orange lines in Figs.
5(g)]. Setting γ = 10−3 [Figs. 5(c) and 5(d)] suppresses
the sound waves, as signaled by the unperturbed circular
structure of the vortex ring in contrast with the undamped
simulation [Figs. 5(a) and 5(b)]. In this case, due to the
damping of sound waves, we require χmax = 34 and 1% of
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(a) (b)

(c) (d)

(e)

(g)

(f)

FIG. 5. Evolution of a vortex ring. (a)–(f) Density contours
at |ψ |2 = 0.1λξ 3, color coded for different snapshot times t,
using DNS (left) and MPS (right) methods and different damp-
ing coefficients: γ = 0 (a),(b), γ = 10−3 (c),(d) and γ = 10−2

(e),(f). (g) Infidelity curves I for each γ , indicating the cor-
responding χmax. The inset shows for γ = 10−2 the maximum
infidelity Imax for a given χmax, with a dashed line highlighting
Imax = 10−4. The initial ring radius is R ≈ 5ξ after an imagi-
nary time evolution of it = 1(ξ/c), in a system size L = 32ξ
with a grid of 1283 points (seven qubits per axis). For DNS,
we use �t = 2−7ξ/c while for MPS �t = 2−6ξ/c. The density
contours are shown inside boxes [L/4, 3L/4]2 × [0, L/2] (a)–(d)
and [3L/8, 5L/8]2 × [L/2, L] (e),(f). Time is scaled by the period
T = 88ξ/c that corresponds to the time it takes the undamped
vortex ring to travel the box length L. Vertical lines in (g) indicate
the snapshot times selected for (a)–(f).

the memory that DNS uses. This is similar to the behav-
ior of the vortex dipole as presented in Fig. 4(j). Increasing
the damping to γ = 10−2 [Figs. 5(e) and 5(f)] causes the
vortex ring to shrink to a size of the order of the healing
length and subsequently transitions into a rarefaction wave
(the contour subsequently vanishes for the final timestep).
The MPS well captures this process with χmax = 18. As
a result, it uses 0.4% of the memory required by DNS,
corresponding to a reduction by a factor of approximately
250. This simple example clearly demonstrates the signifi-
cant compression that can be realized with the MPS for 3D
simulations.

D. Vortex-line reconnection

We now demonstrate that the time-dependent MPS
can accurately capture more complex dynamics. A key
phenomenon associated with the physics of 3D quantum
fluids is that of vortex-line reconnections. Such events can
induce a change of topology of the vortex lines whereby
two line segments interchange ends upon reconnecting
[117–119]. Here, we demonstrate how the quantics MPS
framework can simulate this behavior with vast memory
compression ratios.

We study four vortex lines evolved via the GP equation
with γ = 0: two pairs of counter-rotating vortices aligned
along the z axis (x axis) with dipole lengths d = 8ξ
(d = 4ξ ), separated by l = 6ξ . The simulation utilizes a
cubic domain of L = 512ξ to capture the reconnection
dynamics and prevent unphysical sound-wave interfer-
ence resulting from the periodic boundaries. Vortices are
resolved with ξ/4 spacing (11 qubits per axis), result-
ing in a 20483 ≈ 1010-point grid. Previous studies used
grids of approximately 106–107 points in smaller domains,
applying different filters or boundary conditions to limit
the unphysical sound-wave interference from reconnec-
tions [120,121]. In our case, the quantics MPS allows us
to work with a significantly larger domain size. To avoid
the use of iterative SVDs for the creation of the initial
condition, which is impractical for the grid sizes consid-
ered here, we extend the creation of quantics MPS for 2D
dipoles to 3D via delta tensors. We detail this process in
Appendix B 4. Due to the large grid size we employed to
model this physics, it is impractical to use DNS without
resorting to highly involved parallel computing paradigms
[122]. For instance, a snapshot of the DNS requires a
memory of approximately 128 GB. Therefore, rather than
comparing to the respective DNS, alternative convergence
criteria are discussed in Appendix E. These tests confirm
that the results vary by less than 10−4 in infidelity when the
bond dimension is increased. Also, the energy and linear
momentum are conserved, as expected for the GP equation,
up to absolute errors of 10−6.

In Fig. 6, we show the initial stages of the simulation
up to and including the reconnections of the vortex lines.
We note that to fully exploit the compression capabili-
ties of the MPS, postprocessing of the data necessitates
techniques specifically tailored to the MPS representation.
Otherwise, any advantage of the tensor network encod-
ing would be lost if the MPS were contracted into the
full vectorized representation. We overcome this challenge
by adapting a vortex-tracking algorithm proposed in Ref.
[123] to extract the vortex line data using a combination of
MPS sampling and Fourier interpolation, which is detailed
in Appendix D. This postprocessing algorithm is imple-
mented within an MPS framework for fluid simulation.
With our MPS tracking tool, we observe in Fig. 6 how
the vortex lines reconnect into four U-shaped lines, one for
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FIG. 6. Vortex reconnection of perpendicular dipoles. We dis-
play vortex lines at different times t and highlight the change
in topology using different colors for unconnected lines. We
use a tracking resolution ζ = ξ/4 (see Appendix D) inside
the box [236ξ , 276ξ ] × [246ξ , 266ξ ] × [236ξ , 276ξ ] with L =
512ξ , χmax = 80 and �t = 2−6ξ/c. The dipoles have an initial
intervortex separation of d = 8ξ (vertical) and d = 4ξ (horizon-
tal), separated by a distance l = 6ξ . We apply an initial imaginary
time evolution of it = 1(ξ/c).

each direction of the original dipoles, along with remnant
vortex rings, which are emitted following the reconnec-
tion [120,121,124]. This nontrivial configuration is well
captured by an MPS with χmax = 80, corresponding to a
memory of 0.002% with respect to the DNS.

The subsequent dynamics associated with the recon-
nected U-shaped vortex lines aligned along the vertical z
axis is shown in Fig. 7. This plot exhibits Kelvin waves,
which are helical oscillations of the vortex lines [125],
induced by reconnection as they propagate upwards. The
close-up region from Fig. 7 requires a system size L �
200ξ . In contrast, the initial vortex reconnection could in
principle be studied with a smaller computational domain
of L � 40ξ . As the Kelvin waves propagate along the vor-
tex lines, the nodes of the oscillation join and produce a
second reconnection from which a vortex ring emanates.
The complexity of the physics to be resolved increases,
hence the necessary bond dimension also has to grow.
Therefore, we fix χmax = 260, resulting in a memory,
which saturates at around 0.03% of that of DNS. With this
level of compression, that is 4 orders of magnitude lower
than the DNS memory size, we only require approximately
40 MB to store the results at each timestep.

A more striking phenomenon arises with the pair of vor-
tex lines aligned along the x axis. We show this in Fig. 8

FIG. 7. Generation of Kelvin waves after the reconnection
shown in Fig. 6 for the vortex dipole along the z axis. We show
the vortex lines with a resolution of ζ = ξ/4 at different times t
inside the box [240ξ , 270ξ ] × [250ξ , 290ξ ] × [260ξ , 360ξ ] with
χmax = 260.

at different times after the first reconnection. Here, the
generation of vortex rings via the propagation of Kelvin
waves occurs more rapidly than in Fig. 7 because of the
shorter intervortex separation (d = 4ξ ). The initial stage
of the vortex ring cascade has been discussed using the
GP equation in Ref. [120] and the vortex filament model
in Ref. [124]. Through our simulation, we observe that the
rate at which the vortex-ring cascade occurs varies with
longer evolution times. To illustrate the different propaga-
tion velocities, we show in Fig. 9 the cut of the density
profile at z = L/2. It is computationally economical to
build projections to a plane in the MPS ansatz, such as the
xy shown in Fig. 9, where all length scales of the unplotted
axis (z in this example) are contracted. This plot indicates
that for t � 90ξ/c the production of vortex rings (identi-
fied by pairs of singularities in the density cut) coincides
with the passage of the sound wave emitted by the recon-
nection. This comparison implies that the ring generation
occurs at a rate equal to the speed of sound. However,
between t = 90ξ/c and 120ξ/c, the small perturbations
associated with the Kelvin wave propagate faster than the
sound wave produced by the initial reconnection. These
perturbations to the vortex line correspond to a Crow insta-
bility [126], which collapses the vortex dipole into a state
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FIG. 8. Vortex line collapse due to perturbations from the reconnection shown in Fig. 6 for the vortex dipole aligned along the x
axis. We show vortex lines with a resolution ζ = ξ/4 for different times t inside a box [256ξ , 512ξ ] × [190ξ , 250ξ ] × [245ξ , 265ξ ]
with χmax = 260.

made up of multiple vortex rings that coexist within the
bath of radiated sound waves.

V. QUANTUM TURBULENCE

Having benchmarked the quantics MPS time-evolution
method in different dimensions, we now discuss its appli-
cation to more complex dynamical simulations. Here, mul-
tiple nonlinear excitations coexist in the system, and their
interactions give rise to emergent phenomena that have
attracted significant interest in the quantum turbulence
field. In 1D, we study the case of the soliton gas, a state in
which multiple dark solitons govern the dynamical prop-
erties of integrable turbulence [80,127]. The soliton gas
has been the focus of much interest in optics [128], and

FIG. 9. Density profile |ψ |2 cut at z = L/2 and different times
t for the vortex dipole along the x axis shown in Fig. 8. The low-
density horizontal lines indicate the vortex lines. Each pair of
vortices (singularities) indicates the generation of a vortex ring.

water waves [130]. These physical systems are modeled
by the nonlinear Schrödinger equation, for which there is a
close correspondence to the GP. We then consider 2D and
3D quantum turbulence, characterized by the presence of
multiple vortices [125,131].

In Sec. V A, we generate different initial turbulence
states containing multiple nonlinear excitations using DNS
and focus on how the bond dimensions of its MPS encod-
ing, for a fixed infidelity criteria, scale with the system
size L and number of excitations. This analysis serves as
a basis for understanding the truncation requirements of
turbulent states represented by MPS and comparing the
memory with that used by DNS. Subsequently, in Sec. V B,
we investigate the dynamics of the initial turbulent states
using the quantics MPS time-evolution method for specific
examples in each dimension and compare with the results
found in Sec. V A.

A. Generation of turbulence states

We start with the preparation of the turbulence states
using DNS. For this generation, random values are
assigned to the wavefunction in an initial coarse grid, and
a linear interpolation is applied to reconstruct the field at
the desired grid resolution. This process generates multiple
phase jumps across the system, and a short imaginary time
evolution transforms them into the corresponding excita-
tions, either dark solitons in 1D or quantized vortices in 2D
and 3D. This last step works particularly well for 2D and
3D since vortices are topologically protected and can only
disappear by annihilation with each other during imaginary
time evolution. For 1D, this is not the case as the solitons
decay uniformly to the corresponding ground state. Hence,
to generate the 1D states, we fix the phase of the wave-
function during the imaginary time evolution and change
the interpolation from linear to cubic to obtain a smooth
initial phase field. We call this the random phase interpo-
lation, which is a modification of the method proposed in
Ref. [132]. Further details of the methodology are provided
in Appendix B 5.

Using the method above, we generate the initial states
for each dimension with different densities of excitations.
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In 1D, we quantify the amount of solitons using the
following definition [133]:

ρSoliton = 1
L

∫ L

0

1 − |ψ |2
λξ

2
dx. (7)

The latter is equal to 1/L for a single non-moving soliton
and decreases to zero as the speed of the soliton approaches
c when |ψ |2 ≈ λξ . For 2D and 3D, we use the vortex
counting method from Ref. [134] based on the winding
number around the vortex core. Here we define the vor-
tex density ρ2D/3D

Vortex as the number of vortices (length of
vortex lines) divided by the area (volume) of the box,
respectively. Then, we build the quantics MPS represen-
tation of the random initial state using iterative SVDs, as
shown in Fig. 1(c). For this, ε is varied until a desired infi-
delity of I ≈ 10−6 with the original state is reached. We
use the staircase orderings for 2D and 3D, and choose the
xyz axis order for the latter. Given that correlations are
equally distributed among all directions for a random exci-
tation configuration, choosing another axis order does not
appreciably change the results.

We show the resulting maximum bond dimensions χmax
in Fig. 10. In all cases, we find that χmax grows with the
densities ρSoliton or ρ2D/3D

Vortex for a fixed L [Figs. 10(a)–10(c)]
as well as with the system size L for a constant density
[Figs. 10(d)–10(f)]. This means that χmax grows with the
number of excitations, whether these are solitons or vor-
tices. In particular, by fixing the densities for d spatial
dimensions, we find a power-law scaling of χmax ∼

√
Ld,

which is denoted by the dashed lines in Figs. 10(d)–10(f).
We know from the iterative SVD construction of an MPS
[Fig. 1(c)] that its largest bond dimension without trun-
cating singular values is χSVD

max = DN/2. Since the total
number of grid points is M = DN we have χSVD

max = √
M in

the untruncated limit. For the results of Figs. 10(d)–10(f),
since we fix the spatial resolution, we have M ∼ Ld grid
points and obtain χmax ∼ √

M , a similar behavior as χSVD
max .

Here, the constant of proportionality for χmax is in general
much lower than one since we find considerable memory
compression.

Although χmax grows with L, the corresponding mem-
ory that is required to store the MPS scales differently,
given the nonuniform distribution of bond dimensions.

(a)

(d)

(e)

(f)

(g)

(h)

(i)

(l)

(k)

(j)

(b)

(c)

FIG. 10. Truncation parameters for the MPS representation of initial turbulent states created using DNS with an infidelity of I ≈
10−6. (a)–(f) Maximum bond dimension (χmax) and (g)–(l) memory percentage with respect to DNS as a function of density ρSoliton

or ρ2D/3D
Vortex [(a)–(c), (g)–(i)] and system size L [(d)–(f), (j)–(l)]. Each point in [(a)–(c), (g)–(i)] corresponds to six averaged random

states, and linear interpolations of these results are used to obtain the data in [(d)–(f), (j)–(l)]. We fix a resolution of ξ/4. Since for
3D, the latter corresponds to extensive grids, we extrapolate the results from coarser resolutions of ξ/2 and ξ . The dotted vertical lines
correspond to the simulated densities in Secs. V B 1 (a),(g), V B 2 (b),(h), and V B 3 (c),(i). The dashed lines indicate power laws of√

L (d), L (e), and L3/2 (f).
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To illustrate this, in Fig. 10 we also plot the percent-
age of memory with respect to that required by DNS.
Strikingly, the memory percentage is solely a function of
the corresponding density [Figs. 10(g)–10(i)]. We empha-
size this by fixing a density and observing a converging
behavior to a fixed percentage when increasing L [Figs.
10(j)–10(l)]. Furthermore, we note that the memory per-
centage curve decreases by around a factor of 10 when
increasing the dimensionality of the system, a behavior
observed across the various examples considered in Secs.
IV A, IV B, and IV C.

These results emphasize that the main computational
saving of the method is expected to occur for 3D simu-
lations. According to Fig. 10(i), the memory percentage is
capped at 100.5% ≈ 3% of that which DNS requires in the
system of highest density. The vortex line density range
considered here includes values such as ρ3D

Vortex ∼ 10−3ξ−2,
which is large enough to feature complex vortex-line
dynamics [95]. Furthermore, for the low-density exam-
ples such as the vortex-line reconnection from Sec. IV D,
we achieve even lower memory percentages of 0.03%.
As a comparison, the largest system size used in the lit-
erature for simulating vortex reconnections corresponds,
to the best of our knowledge, to a grid of 57603 ∼
1011 points. This calculation requires a vast memory of
2848 GB and was performed with a qubit lattice algorithm,
highly parallelized with 12 288 cores [135]. This large-
scale simulation uses the same vortex line density as the
case studied in Sec. IV D (ρ3D

Vortex = 4L/L3 = 4L−2 = 2 ×
10−5ξ−2). Hence, assuming the same memory percentage
of 0.03% of that required by DNS, we would need only
around 875 MB with our MPS method. Remarkably, our
GPU with memory of 40 GB was more than enough to
allow us to successfully perform our simulations.

B. Turbulence dynamics

In the following, we analyze the dynamics of the states
obtained in Sec. V A with a specific density for each
dimension, indicated by dotted lines in Figs. 10(a)–10(c)
and Figs. 10(g)–10(i). We focus on how the quantics
MPS time evolution captures the dynamics driven by the
damped GP equation. For 1D (Sec. V B 1), we use the
initial quantics MPS obtained with iterative SVDs after
using the random interpolation method since the grid sizes
for this low dimension are not prohibitively large. In con-
trast, in 2D (Sec. V B 2) and 3D (Sec. V B 3), using SVDs
can be computationally expensive and requires substan-
tial amounts of memory for a large number of grid points
(of the order of 230, corresponding to approximately 30
qubits). In these cases, we can directly mimic the ran-
dom phase interpolation method in the quantics MPS
format. This requires starting with a random MPS for
the coarser grid and using linear interpolation operators
represented by tensor networks [59], which resolves the

remaining length scales with the introduction of additional
qubits. This extension to the MPS framework is detailed in
Appendix B 5.

1. 1D soliton gas

Here we consider a soliton density of ρSoliton = 7.5 ×
10−2ξ−1 in a box of size L = 1024ξ and observe its
dynamics until t = L/c. We also set a damping coeffi-
cient of γ = 10−3 to suppress the sound waves in the
system without annihilating the dark solitons. In Fig. 11
we plot the evolution of the density profile for χmax = 32
(left panel), which has an infidelity of I � 10−5 (right
panel). Thus, for this value of the bond dimension, the
MPS calculation accurately captures the complex dynam-
ics of multiple soliton trajectories (represented by dark
lines) and their collisions. For lower bond dimensions, the
trajectories differ appreciably, as indicated by the corre-
sponding infidelity curves that rapidly approach 1. This
result is in agreement with the bond dimension obtained
in Fig. 10(a) (dotted line). Due to the low dimensionality
of the problem, there is a limited amount of compression
in the memory with respect to the DNS [dotted line in
Fig. 10(g)].

2. 2D point-vortex distribution

We choose a system size of L = 512ξ with a vortex den-
sity of ρ2D

Vortex = 4.2 × 10−3ξ−2. We let the state evolve for
t = 200ξ/c with γ = 10−2. The density profiles of the final
states are shown in Fig. 12, for DNS [panel (a)] and MPS
with χmax = 360 [panel (b)]. Here, we observe similar
vortex distributions with small discrepancies.

Given that these simulations result in chaotic behavior,
a point-to-point comparison is not adequate to evaluate
the accuracy of the MPS evolution. Instead, we determine
the extent to which the MPS evolution captures spatial-
averaged correlations across the system. We consider the

(a) (b)

FIG. 11. Evolution of soliton gas with initial density ρSoliton =
7.5 × 10−2ξ−1 in a domain of size L = 1024ξ with a resolution
of ξ/4 and �t = 2−6ξ/c. (a) Density profile |ψ |2 for χmax = 32.
(b) Infidelity I with respect to the DNS for different χmax values.
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(a)

(c)

(b)

FIG. 12. Density profiles of the DNS (a) and MPS simula-
tion with χmax = 360 (b) for the turbulent state evolved up to
t = 200ξ/c. (c) Correlation function g for various χmax values
with the MPS method and the DNS. The inset in (c) shows the
infidelity with respect to the DNS of the wavefunction ψ and
correlation function g as a function of χmax. The system size
is L = 512ξ with a resolution of ξ/4 and 1100 initial vortices.
The evolution is performed with a damping of γ = 10−2 using
�t = 2−6ξ/c.

two-point correlation function g, given by

g(l) = 1
2π
∫ |ψ |2 d2r

∮ ∫
ψ∗(r)ψ(r − ln̂) d2r dθ , (8)

where n̂ = (cos θ , sin θ) [136], used to characterize first-
order correlations in condensates [3], optics [137], and
condensed-matter [138] systems. We plot g for different
χmax values in Fig. 12(c). The correlation functions that
match the DNS result correspond to χmax ≥ 280. For these
bond dimensions, the largest discrepancies occur when
g ≤ 10−2, mainly due to the small deviations of the vortex
positions. To quantify the difference in correlations with
respect to the DNS results, we use the infidelity measure
applied to g as

I(g1, g2) = 1 − (g1 · g2)√
(g1 · g1)(g2 · g2)

. (9)

Here g1 and g2 are the correlation functions of the respec-
tive states and (g1 · g2) = ∫ g1(x)g2(x) dx. In the inset of
Fig. 12(c) we find infidelities of I ≈ 10−5 for g (red curve)

(a)

(b) (c)
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FIG. 13. (a) Vortex density ρ2D
Vortex as a function of time t for

the simulation of Fig. 12, obtained with DNS and MPS with var-
ious bond dimensions χmax. Kinetic energy decomposition in its
incompressible EKI (b) and compressible EKC (c) contributions
as a function of time.

and χmax ≥ 280. On the other hand, the infidelity for the
wavefunction (black curve) is larger than I ≥ 10−2. Hence,
even though the DNS and MPS final states differ due to
the chaotic nature of the turbulent dynamics, the statistical
properties of the turbulence are well reproduced. This rep-
resentation is achieved for low-enough bond dimensions
such that the memory usage reaches 22% (for χmax = 280)
compared to that which is required by DNS.

In addition to the vortex distribution, we are also inter-
ested in how other averaged quantities evolve with time
using the MPS representation. In Fig. 13 we plot the vortex
density ρ2D

Vortex as a function of time. We observe a decay of
ρ2D

Vortex for the DNS (black dashed line), evidence of vortex
pair annihilations for γ > 0 as shown in Figs. 4(g)–4(i)
and collisions between vortex dipoles [93]. For low χmax
values, artificial damping results in the rapid annihilation
of vortex pairs. However, we find that for bond dimensions
larger than χmax ≈ 320, the vortex density decays at the
same rate as that seen in the DNS, thus suppressing the
artificial damping observed for lower values of χmax. This
bond dimension corresponds to a memory of 27% of DNS.

The expected decay of the vortex number, which occurs
under the dynamics of the damped GP equation evolution,
is also evident in the time dependence of the kinetic energy.
To observe this, we first factorize the kinetic energy into
its incompressible and compressible contributions [82,84,
139]:

EKI =
∫

m
2

|wI|2 d2r, EKC =
∫

m
2

|wC|2 d2r. (10)
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The compressible component is associated with the sound
waves in the system, whereas the incompressible compo-
nent is attributed to the quantized vortices. To define the
energy decomposition, we use the Mandelung transfor-
mation ψ = √

ρeiθ to obtain the density ρ and velocity
v = (�/m)∇θ [3,42,125]. We can then define the pseu-
dovelocity w = √

ρv and use the Helmholtz decomposi-
tion to recover the incompressible wI and compressible
wC components. In Figs. 13(b) and 13(c), we show each
contribution as a function of time. We note that the incom-
pressible kinetic energy [panel (b)] exhibits a trend that is
analogous to the time dependence of the vortex number
shown in Fig. 13(a). This result is expected given that EKI

corresponds to the energy associated with the vortex exci-
tations. The more rapid vortex annihilation rate that occurs
for low values of χmax leads to an increased generation
of sound waves, which increases the compressible kinetic
energy [panel (c)]. As seen before, to correctly recover the
decay rates of the DNS, we require χmax ≥ 320, in analogy
to the values quoted for the time dependence of the vortex
number.

One of the most crucial quantities that is often ana-
lyzed in the field of quantum turbulence is the kinetic
energy spectrum, in analogy with Kolmogorov’s analysis
for classical fluids [125,140,141]. To assess how the time
evolution of the MPS reproduces the energy cascade, we
define the incompressible and compressible kinetic energy
spectra as

E
KI/KC
k =

∮
m
2

|wI/C
k |2 dθ . (11)

Here we use the Fourier transforms wI/C
k = F [wI/C

]
k and

average over the direction of k with θ . We show each
spectrum in Fig. 14 as

〈
E

KI/KC
k /EKI/KC

〉
t

where we scale

by the corresponding total kinetic energy EKI/KC and aver-
age over the time interval t ∈ [0, 200ξ/c]. In Fig. 14(a), we
observe an incompressible energy spectrum that is essen-
tially independent of the value of χmax. The results are in
excellent agreement with the spectrum recovered from the
DNS. To further illustrate the efficacy of the MPS repre-
sentation, we also compare the incompressible spectrum
with the expected scaling behaviors reported at different
length-scale regions [82,89]. For large length scales, corre-
sponding to small values of k, we observe an approximate
linear scaling in k that is independent of the vortex dis-
tribution. For small length scales, corresponding to large
k values, we capture the characteristic k−3 scaling due to
the vortex core structure. In the intermediate region, we
observe a spectrum which corresponds to the expected
k−5/3 scaling. Even though an insufficient bond dimension
gives rise to spurious damping, the resulting vortex dis-
tribution preserves its main spectral properties. In fact, the
main difference between the results obtained with large and

(a)

(b)

FIG. 14. Time-averaged scaled kinetic energy spectrum for the
incompressible

〈
E

KI
k /E

KI
〉
t

(a) and compressible
〈
E

KC
k /EKC

〉
t

(b)
components. We use the parameters from Fig. 12 and compare
the DNS and MPS results with multiple χmax values. The dashed
lines in (a) indicate power laws of k, k−5/3, and k−3, from left to
right.

small values of χmax occurs for large k. We observe that,
for the segment of the curve exhibiting the k−3 scaling, the
simulations performed with small values of χmax fall off
more rapidly.

On the other hand, the generation of additional sound
waves by unphysical vortex pair annihilation events for
small values of χmax drastically changes the compressible
spectrum shown in Fig. 14(b). In particular, a “shoulder”
emerges in the computed energy spectrum at values of
k that coincide with the length scale of the vortex core,
leading to a bottleneck in the cascade. Hence, for the com-
pressible spectrum, we recover the DNS results only for a
sufficiently large value of χmax.

From the previous results, we conclude that to recover
the principal characteristics of the 2D quantum turbu-
lence evolution driven by the damped GP equation, a bond
dimension of χmax ≈ 320 is necessary. This value corre-
sponds to a memory of 27% of that required by DNS. The
bond dimension is close to the expected value obtained
from DNS data [χmax = 357, dotted line in Fig. 10(b)],
with a slight difference of around 40 retained singular val-
ues. The obtained memory of 27%, on the other hand, is
above the corresponding result shown in Fig. 10(h) of 12%
(dotted line). In this section, since we have varied χmax
rather than ε as performed for Fig. 10, less truncation is
applied during the MPS evolution. This results in a larger
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FIG. 15. Vortex density profiles of a 3D quantum turbulent state for L = 64ξ , corresponding to |ψ |2 = 0.1λξ 3 at different times t
with �t = 2−6ξ/c. We show the DNS (upper row) and MPS (lower row) snapshots, with the latter truncated using χmax = 275.

memory usage compared to the DNS analysis shown in
Fig. 10(g).

3. 3D vortex tangle

Finally, we simulate the dynamics of a 3D turbulent sys-
tem using the MPS time evolution. We consider an initial
state with a density of ρ3D

Vortex = 1.1 × 10−2ξ−2 in a domain
with L = 64ξ with the fixed resolution ξ/4. We evolve
the turbulent state until t = 128ξ/c with γ = 10−2. We
show snapshot samples in Fig. 15 for DNS (upper row) and
TDVP (lower row), the latter with χmax = 275. We observe
similar dynamics in both cases with small differences in
the chaotic trajectories of the vortex lines, similarly to the
results presented in Sec. V B 2. This example demonstrates
the efficacy of the MPS ansatz: even for this turbulent state,
we recover the dynamics using 7% of the memory required
by the DNS.

To quantify the accuracy of the 3D MPS simulations,
we focus on the incompressible component and compare
the decay rate of the vortex-line density ρ3D

Vortex with the
DNS results. In Fig. 16 we present the density curves for
different χmax values. Here, we note that χmax � 275 is suf-
ficient to capture the line density decay, as it suppresses
the unphysical damping. We find a slight difference in the
χmax value obtained in this section compared to the corre-
sponding value in Fig. 10(c) of χmax = 285 (dotted line).
Similarly to the 2D case, the corresponding memory ratio

(7%) is larger than that of the truncated DNS result in
Fig. 10(i) (2%, dotted line).

VI. TOWARD IMPLEMENTATION ON QUANTUM
COMPUTING PLATFORMS

In recent years, extensive research has focused on
developing quantum computing algorithms for simulating
PDEs on quantum hardware [142–144]. Thus, parallel
to the classical methods presented here, it is useful to
consider quantum algorithms as a promising continuation
strategy built on MPS encoding [145]. Hence, we present
a brief outlook on the possible quantum implementation
of a solver of nonlinear PDEs such as the GP equation.
Our focus is mainly on existing and near-future noisy
intermediate-scale quantum (NISQ) devices.

The representation of the solution to a PDE as a classi-
cal MPS with a low bond dimension χ suggests that such
a solution can be efficiently encoded in digital quantum
hardware using shallow circuits [146–149]. In fact, recent
evidence indicates that the number of variational param-
eters and cost required for representing turbulent flows
on a quantum computer is lower than that in a classi-
cal MPS for the same infidelity and large-enough systems
[150]. Moreover, the MPOs corresponding to the spatial
derivatives can be represented as quantum circuits that
scale linearly with the number of qubits [150,151]. The
time evolution can be simulated variationally by formu-
lating the solution of the PDE as the minimization of a
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FIG. 16. Vortex density ρ3D
Vortex as a function of time t using

DNS and MPS with various bond dimensions χmax for the
simulation of Fig. 15.

cost function [152,153]. Here, classical optimization is
applied to the MPS parameters while the quantum com-
puter evaluates the cost function. Alternatively, to avoid
barren plateaus that typically emerge in cost function min-
imization, quantum real- and imaginary-time evolution
algorithms based on McLachlan’s variational principle can
be applied [154–158].

However, the main challenge in simulating PDEs is the
implementation of nonlinear terms [144]. One promising
strategy is the use of quantum nonlinear processing units
(QNPUs) [143,152,153], which contain a quantum net-
work that creates linear differential operators acting on
functions. Then, variational states represented as functions
(via quantics MPS) are fed to the QNPU. The latter evalu-
ates a cost function, which can be nonlinear in the input
functions. A classical machine optimizes the variational
parameters that minimize the cost function. The algorithm
has a scaling of O(χ2) [58]. Simulations based on QNPUs
have been performed in quantum devices for the 1D non-
linear Burgers’ and Schrödinger equations, using a few
(three or four) qubits representing the discretized spatial
grid [153,159,160]. The best results have been obtained
using noisy hardware based on trapped ions, which enable
a better implementation of long-range interactions com-
pared to devices with fixed topology. Such calculations
were based on quantum circuits with a number of entan-
gling gates (fidelities) ranging from a few tenths (99.9%)
[153] to around 180 (98.7%) [160]. Given the continu-
ous and rapid evolution of quantum hardware, exploiting
optimal MPS encodings for algorithms based on QNPUs
would pave the way for quantum simulations in 2D and
3D governed by nonlinear PDEs.

VII. CONCLUSIONS

In this work, we have presented a tensor network-
based numerical method to solve the damped GP equation.
The use of TDVP for the time evolution of the MPS

representation correctly captures the dynamics of the sim-
plest nonlinear excitations, namely dark solitons in 1D, and
vortices in 2D and 3D. For these examples, the method
requires down to approximately 1% of the memory that the
DNS uses, with the highest memory savings being realized
for 3D examples. In particular, we find that the maximum
bond dimension for a fixed density of nonlinear excita-
tions of a turbulent state scales as χmax ∼

√
Ld ∼ √

M for
d dimensions and M total number of grid points. This scal-
ing is a specific property of the MPS ansatz. Moreover, it
was shown that for large system sizes (of extent L), the
memory required by MPS is an increasing, monotonous
function of the density of the nonlinear excitations. This
tendency enables us to achieve a memory reduction of 4
orders of magnitude (0.03%) in the study of vortex-line
reconnections. Here we capture the principal physical char-
acteristics of vortex-line dynamics, such as Kelvin waves,
Crow instabilities, and vortex-ring cascades.

We also analyze the nontrivial dynamics of multiple
nonlinear excitations, namely quantum turbulence. We
reproduce the dynamics of the 1D dark-soliton gas with
infidelities of I ≈ 10−5 with respect to that of DNS. For
2D, we find that the two-point spatial averaged corre-
lations and the number of vortices are well represented
with moderate bond dimensions. For 3D, we confirm that
the expected decay of the vortex-line density accurately
describes the dynamics. This results in MPS simulations
using memories of approximately 27% and approximately
7% with respect to that which DNS requires for 2D and
3D, respectively. The expected incompressible energy cas-
cade in 3D is recovered for even lower bond dimensions,
as the vortex structures are well represented despite the
artificial damping generated by an exceeded truncation
threshold. The latter implies that, if we are primarily
interested in the turbulent statistics of the incompressible
component, a more dramatic computational saving is pos-
sible with the MPS representation. This fact is significant
since the regime of strong (vortex-dominated) turbulence
lies beyond the framework of wave turbulence that allows
for turbulence closures to be obtained [161]. It follows
that efficient numerical simulations with favorable scal-
ing properties, such as those based on tensor networks,
are essential for modeling these regimes of quantum tur-
bulence. The developments shown here emphasize the sig-
nificance of tensor networks for solving nonlinear PDEs.
These techniques could lead to a paradigm shift in how
we tackle specific computationally intensive simulations to
study multiscale physics.

This work paves the way for running computationally
demanding quantum turbulence simulations on accessible
hardware, with multiple avenues for future research. The
MPS techniques shown here can be expanded to tackle
extensions of the GP equation. For instance, general-
ized Ginzburg-Landau models incorporate thermal effects
or noncondensed components [162,163] used to study
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nonequilibrium condensates, including superconductivity
[129] and exciton polaritons [21,22], and vortex strings
in solid-state systems [164]. There have also been tur-
bulence closures reported in classical fluids using frac-
tionalized operators [165,166], hence there is motivation
to apply these techniques to the fractionalized nonlinear
Schrödinger equation, for which more refined numerical
tools are required [167,168]. These MPS methods can
also lead to an efficient tensor network representation
of the supersolid state [169–173]. Moreover, variants of
the GP model also provide qualitative insights into other
condensed-matter systems such as superfluid He4 [174,
175], ion-vortex complexes [176–178], and vortices with
massive cores in binary BEC mixtures [179,180]. Here,
given that systems of superfluid He4 are highly incom-
pressible and support a much larger range of length scales
than what is currently accessible in cold atomic gases, the
MPS representation will be particularly relevant. Then, the
advantage of the MPS ansatz can be exploited to study
more complex sparse vortex configurations, such as vortex
bundle reconnections, which are argued to mimic eddies in
classical turbulence [50]. In the aforementioned example
applications, being able to postprocess the computational
results directly within the MPS representation is crucial
to retain the efficient compression provided by the MPS
ansatz. We have demonstrated how this can be realized
by developing a vortex-tracking algorithm that is explicitly
formulated for the MPS of the wavefunction. This enables
the tracking of complex spatiotemporal vortex dynamics,
including vortex reconnections. In addition, the developed
tracking facilitates the evaluation of essential experimen-
tally measurable diagnostics, such as vortex-line densities,
from our simulations.

Alternative tensor-network architectures could be
considered to further improve the scaling of the bond
dimension of the method by refining the encoding of inter-
scale correlations. In particular, tree-tensor networks have
been studied for quantics representation [69,181] while
other geometries, such as the projected entangled pair
states (PEPS) [99] and multiscale entanglement renor-
malization ansatz (MERA) [182], remain unexplored for
quantum-inspired numerical methods. Additional perfor-
mance enhancements can be potentially realized with
recently developed operations on MPS. These include the
use of quantum Fourier transforms for the kinetic term
[79,108], and the recursive sketched interpolation [183].
The latter allows the nonlinear terms to be implemented
with a scaling of O(χ3) instead of the O(χ4) scaling that
currently forms the main bottleneck in the implementa-
tion of our numerical scheme. Furthermore, algorithms
for calculating spatial correlations and high-order statis-
tics directly within the MPS ansatz can be implemented by
using tensor cross interpolation [78,184–188]. Moreover,
the MPS time-evolution and postprocessing algorithms
can be ported to quantum hardware. Here, the nonlinear

computational cost could scale as O(χ2), and the number
of parameters and cost to represent turbulent states can be
lower than those in classical MPS [150]. This could lead
to an even larger advantage over classical devices for sim-
ulating the GP equation (as well as other PDEs involving
multiscale physics) using emerging quantum technologies.

Note: Independent works have very recently appeared
that also apply tensor-network approaches to the GP
equation. These works consider different applications: in
Ref. [76], the focus is on 1D problems including Bose-gas
mixtures and spinor BECs; in Ref. [77] the authors illus-
trate the method for obtaining ground states in 1D and 2D;
in Ref. [78] the efficacy of the algorithm is discussed for
simulating the dynamics subject to 1D and 2D quasicrystal
potentials; and in Ref. [79] 3D simulations are also con-
sidered with more emphasis on dipolar BECs. Since our
work focuses on simulating the phenomenon of quantum
turbulence, characterized by multiple temporal and spatial
scales, it constitutes the most stringent test case for the
applicability of matrix-product states.
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APPENDIX A: OPERATORS ON THE QUANTICS
REPRESENTATION

Here we describe the two primary operations to formu-
late the damped GP equation [Eq. (1)] in the quantics MPS
framework: multiplication between functions and evalu-
ating derivatives. Both are performed using the represen-
tation of operations in matrix-product structures, namely
matrix-product operators (MPOs) [52]. For details on other
core MPS operations, such as the sum of MPSs, which can
help solve PDEs, we refer the reader to multiple reviews,
such as Refs. [52,53,98,190,191].

1. Hadamard product

Consider an MPS that represents a function using the
quantics framework from Sec. III A. The elementwise mul-
tiplication operation for this format is called the Hadamard
product [59], which is performed using rank-three delta
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(a)

(b)

FIG. 17. Depiction of the Hadamard product. (a) Promoting
an MPS (yellow circles) to an MPO (yellow squares) using
three-rank delta tensors δi,j ,k (black circles). (b) Applying the
resulting MPO to another MPS results in an MPS containing the
elementwise product of the two respective states.

tensors δi,j ,k that equal 1 for i = j = k and zero otherwise.
We apply a delta tensor for each physical index in the
MPS, and after contraction, we obtain the corresponding
MPO shown in Fig. 17(a). This MPO contains the infor-
mation of the original continuous function as a diagonal
operator. Then, applying the MPO to a quantics MPS of a
second function results in the elementwise product of the
two functions also encoded in the quantics MPS format, a
process depicted in Fig. 17(b).

Various methods for efficiently performing MPO-MPS
products have been proposed [192–194]. Here we consider
a variational optimization algorithm, called fit in ITensor
[111,112], that resembles the DMRG algorithm [52]. The
fit algorithm consists of performing sweeps across the sys-
tem by optimizing each tensor individually while keeping
the remaining tensors fixed. The computational complex-
ity of the method scales as O(Nηχ3) where η is the bond
dimension of the MPO, χ is the bond dimension of the
MPS, and N is the number of physical indices. To cal-
culate |ψ |2 using the Hadamard product, we have η = χ ,
hence the cost scales as O(Nχ4). As an initial guess for
the variational optimization, we use the MPS of |ψ |2 from
the previous timestep. Thus, only one sweep is needed to
obtain a good approximation. The resulting bond dimen-
sion can grow up to χ2; hence, the algorithm performs
truncation during sweeping to prevent uncontrolled growth
of the bond dimension.

2. Derivatives

The derivatives are constructed using an eighth-order
finite-difference approximation with periodic boundary
conditions [195]. To build the latter, we first write the shift
operators (translation operators) over one grid spacing h,
to the left L̂f (x) = f (x + h) and right R̂f (x) = f (x − h), as
MPOs. For a quantics MPS of a one-dimensional function,
the shift operators have an exact MPO form with a bond

TABLE I. Bond dimensions χ of the Laplacian ∇2 MPO rep-
resentation in one to three dimensions using the sequential,
staircase, and interleaved orders depicted in Fig. 2. We use ε =
10−16 and saturation with the MPS size was checked for a large
number of qubits (≤ 100 qubits per axis).

1D 2D 3D

Sequential 3 4 4
Staircase 4 4
Interleaved 6 8

dimension χ = 2 [196] given by

R̂ = [1 1
] N∏

n=1

[
Î â†

n

0̂ ân

] [
0
1

]
, (A1)

L̂ = [1 1
] N∏

n=1

[
În ân

0̂n â†
n

] [
0
1

]
. (A2)

Here În (0̂n) is the 2 × 2 identity (zero) operator, and ân

(â†
n) is the annihilation (creation) operator, acting on the

nth qubit according to Eq. (3).
We extend the shift operator definitions to higher dimen-

sions by first expanding Eqs. (A1) and (A2) as

R̂(d) =
N∑

l=1

(
N∏

m=N−l+2

â(d)m

)
â(d)†N−l+1 +

N∏
m=1

â(d)m , (A3)

L̂(d) =
N∑

l=1

(
N∏

m=N−l+2

â(d)†m

)
â(d)N−l+1 +

N∏
m=1

â(d)†m . (A4)

In this case, the â(d)n , â(d)†n operators correspond to the nth
qubit of the d axis (x, y, or z) according to the different
orderings shown in Fig. 2. Then, several algorithms can be
used to create the MPO based on Eqs. (A3) and (A4) that
achieve the minimal bond dimension (χ = 2 for 1D, for
example) [197–202]. Using the explicit expressions from
Eqs. (A3) and (A4) enable the testing of multiple MPS
orders without requiring manual MPO construction.

Using the shift operators, we can build finite-difference
formulas of arbitrary order by applying powers of opera-
tors R̂ and L̂. For instance, f (x − 2h) corresponds to the
MPO-MPO product R̂ · R̂. Using a tolerance ε = 10−16

(that is close to machine precision), we obtain for the
eighth-order finite difference Laplacian the maximum bond
dimensions shown in Table I, most of which are of O(1)
for arbitrary system size.

APPENDIX B: INITIAL CONDITIONS

Below, we provide the details for constructing the initial
conditions that are used throughout the article.
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(a) (b)

FIG. 18. Density profile |ψ |2 (a) and phase Angle(ψ) (b)
of the dark soliton initial condition with periodic boundary
conditions using L = 32ξ and k = 1 − 5 × 10−13.

1. 1D dark soliton

Using the exact result from Ref. [114] we build the dark
soliton ansatz ψ(x) = √

ρ(x)eiφ(x) corresponding to

ρ(x) = ρ1 + (ρ0 − ρ1)cn
(

u
( x

L
; k
)

, k
)2

, (B1)

φ(x) = vx −
(

Lv
2

+ π

) � [1 − ρ1
ρ0

, am
(
u
( x

L ; k
)

, k
)

, k
]

�
[
1 − ρ1

ρ0
, k
] .

(B2)

Here cn(x, k) and am(x, k) are the elliptic cosine and Jacobi
amplitude, �(n, k) and �(n;φ|k) are the complete and
incomplete elliptic integrals of the third kind, and u(t; k) =
K(k) (2t − 1) where K(k) is the complete elliptic integral
of the first kind. The solution is parametrized by the con-
stants ρ0, ρ1, k, and v. The periodic boundary conditions
define the following restrictions [114]:

ρ1 = ρ0 +
(

2kK(k)
L

)2

, (B3)

v = ±2
L

√√√√ρ1

ρ0

(
1 + k2

ρ1
ρ0

− 1

)
�

(
1 − ρ0

ρ1
, k
)

+ 2πn
L

,

(B4)

where n is an integer. We choose the first term to have a
positive sign and n = −1 such that we add a phase gradi-
ent 2π/L to introduce a 2π phase jump across the system.
For the example shown in Fig. 3, we fix ρ1 = 1 and k =
1 − 5 × 10−13, which defines the rest of the parameters
and results in a velocity of v ≈ 0.19c. The initial condition
is depicted in Fig. 18. For comparison with the numerical
simulations in Sec. IV A, we use the exact evolution of the
dark solution given by ψ(x, t) = √

ρ(x − vt)eiφ(x−vt) up to
a time-dependent phase factor.

(a) (b)

FIG. 19. Density profile |ψ |2 (a) and phase Angle(ψ) (b)
of the vortex dipole initial condition with periodic boundary
conditions using L = 32ξ and d = 10ξ .

2. 2D vortex dipole

Here, the wavefunction consists of the composition of an
ansatz for each vortex, both with opposite charges, given
by

ψ(r) = ψ1(r) · ψ∗
2 (r) · ei(θ1(x,L)−θ2(x,L)) 2y

L , (B5)

ψj (r) =
√

|r − rj |2(a1 + a2|r − rj |2)
1 + b1|r − rj |2 + b2|r − rj |4 eiθj (r), (B6)

a1 = 11/32, (B7)

a2 = a1(b1 − 1/4), (B8)

b1 = 5 − 32a1

48 − 192a1
, (B9)

b2 = a2, (B10)

where r = (x, y) is the position vector and rj corresponds
to the initial position of the j th vortex core. The vortex
dipole is characterized by a dipole length d = |r2 − r1|,
and θj (r) = Angle(r − rj , r2 − r1) is the angle of r − rj
measured from the direction r2 − r1. Here, ψj is the sin-
gle vortex core ansatz obtained from Padé approximations
[203]. Since we are using periodic boundary conditions,
a phase gradient is added that matches the upper and
lower boundaries of the wavefunction. In Fig. 19 we show
an example for L = 32ξ where we locate the positive
charge at r1 = ((L − d)/2, L/2) and the negative one at
r2 = ((L + d)/2, L/2), with a dipole length d = 10ξ . The
dipole moves upwards as shown in Sec. IV B.

3. 3D vortex ring

The vortex ring is generated by taking the ansatz
from Appendix B 2 and rotating it with respect to the
axis along which the dipole moves. Then, for a given
radius R we define r1 = (−R, L/2), r2 = (R, L/2), and
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FIG. 20. Initial condition for the vortex ring with periodic
boundary conditions using L = 32ξ and R = 5ξ . We show the
contour at a density |ψ |2 = 0.1λξ 3 in the box [L/4, 3L/4]3.

r = (
√
(x − L/2)2 + (y − L/2)2, z), and substitute in Eqs.

(B5)–(B10) resulting in a dipole length d = 2R and a direc-
tion of movement along the positive z axis. The correction
for periodic boundary conditions in the 2D dipole ansatz
also applies to this 3D case. We show an example for
L = 32ξ and R = 5ξ in Fig. 20.

4. Vortex-line reconnection

Each dipole is initialized in a 2D quantics MPS by using
the initial condition from Appendix B 2 and applying itera-
tive SVDs. Also, an imaginary time evolution is applied to
suppress initial sound waves. The 2D quantics MPS is then
extended to a 3D quantics MPS by adding delta tensors for
the missing qubits that represent the third coordinate direc-
tion. This process is depicted in Fig. 21, where initial 2D
quantics MPS in the xy (yellow) and yz (blue) planes have
delta tensors appended (black circles) that account for the
missing spatial dimension. Then, a Hadamard product of
the two MPS results in the 3D quantics MPS (green) repre-
senting the four vortex lines. The initial 2D quantics MPS
have different staircase orderings, one coupled through
the large length scales (xy plane) and the other through
the small scales (yz plane). This results in a 3D quantics
MPS with a staircase xyz order as shown in Fig. 2(d). The
latter choice minimizes the correlations at the edges of
the final-time MPS. Instead, the initial orderings focus on
the most significant correlation contribution at the center
of the MPS in the overlapping region, where more sin-
gular values are available according to the iterative SVD
construction of an MPS (see Sec. III A).

5. Random phase interpolation

Motivated by Kobayashi et al. [132], we first create
a coarse grid with NRPI < N qubits per axis, choosing

randomly generated values of the wavefunction on each
point. For the DNS, we sample uniformly from the interval
[−1, 1] for both the real and imaginary components. The
sampling region needs to cross zero, allowing phase jumps
to appear after interpolation. In the quantics MPS case, we
randomly choose the entries of the MPS tensors with given
maximum bond dimension χRPI

max. In contrast to the DNS
case, the MPS initial condition samples the wavefunction
from nonuniform distributions. These are generated from
linear combinations of the random components of the MPS
after contracting the tensor network, whose real and imag-
inary parts are distributed uniformly within the interval
[−1, 1]. Even then, these nontrivial random distributions
are still symmetric with respect to zero; hence, phase jumps
emerge. We typically set a small value of χRPI

max ≤ 32, as its
variation only results in a different vortex distribution but
does not significantly affect the accuracy of the results.

After generating the initial state, successive linear inter-
polations are performed until a resolution with N qubits per
axis is achieved. The linear interpolation in the quantics
MPS format is performed as follows: First, given an MPS
with N qubits per axis, for each one, we add a qubit next
to the current smallest length scale with the state |0〉 + |1〉,
equivalent to an identity in the quantics MPS formalism.
If the new qubit is at the edge of the MPS, we add to it a
trivial bond index with dimension 1. On the other hand, if
it has to be added in the middle of the chain, we split the
corresponding bond index c into two equivalent copies l, r.
Afterwards, we create a semidiagonal tensor connected to
both bonds, defined with an identity state as |0〉 + |1〉 for
l = r and zero otherwise. Then, a linear projection opera-
tor P̂ is applied to the respective qubits for each axis. This
operator is defined as

P̂ = Î − 1
2

N∑
n=1

P̂n
|0〉+|1〉 ·

N∏
m=n+1

â†
m · P̂N+1

|0〉 , (B11)

Lx/8 Lx/4 Lx/2 Ly/2 Ly/4 Ly/8 Lz/8 Lz/4 Lz/2

Lx/8 Lx/4 Lx/2 Ly/2 Ly/4 Ly/8

Ly/2 Ly/4 Ly/8 Lz/8 Lz/4 Lz/2

FIG. 21. 3D extension of 2D quantics MPS. The yellow and
blue MPS correspond to quantics representations of 2D functions
(e.g., vortex dipoles), in the xy and yz planes, respectively. Delta
tensors δijk (bulk) and δij (boundaries) are drawn as black circles.
The � indicates the Hadamard product of the two MPS, resulting
in the green 3D quantics MPS. The corresponding scales of each
qubit are indicated with the convention from Fig. 2.
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where Î is the identity operator, P̂n
|u〉 = |u〉〈u| is the projec-

tion operator of the state |u〉, â†
n is the creation operator

and the index n indicates the nth qubit of the correspond-
ing axis ordered from the largest to the smallest length
scale. For 1D, this operator has an exact low-rank MPO
with bond dimension χmax = 2 [59]. This expression is
straightforward to apply to higher-dimensional quantics
MPS by keeping track of the corresponding length-scale
order, analogous to Eqs. (A3) and (A4). To reach a desired
number of qubits, the previous procedure is iterated such
that, at each time, the number of qubits per axis is increased
by one.

Once the state is prepared as described above, it is
integrated forward in imaginary time to ensure the respec-
tive excitations are imprinted while damping sound waves
from the system. For large enough times, the imaginary
time evolution drives the system to its ground state, that
is, a uniform density. To avoid this, we remove the pro-
jection of the initial random state onto the ground state
with a Gram-Schmidt process. The latter can also be per-
formed directly with MPS operations, as it only requires
linear transformations. In 1D, the dark solitons are not
topologically protected; hence, both the dark solitons and
the compressible sound waves decay upon integrating the

(a)

(b) (c)

FIG. 22. Density profiles |ψ |2 of integrable (1D) and noninte-
grable (2D, 3D) quantum turbulence states generated using the
modified random phase interpolation. (a) 1D dark soliton. (b) 2D
point-vortex distribution. (c) 3D vortex tangle, where we show
the density at |ψ |2 = 0.1λξ 3. For each simulation in d number
of spatial dimensions, the domain size is L = 128ξ along each
coordinate direction, and we use nine qubits per axis.

system in imaginary time for extended durations. There-
fore, in the 1D case, we adopt the DNS and fix the initial
phase of the system during the imaginary time evolution.
This procedure generates dark solitons around phase jumps
along the chain. We use cubic splines with periodic bound-
ary conditions for interpolation instead of a linear ansatz,
allowing us to recover a smooth initial wavefunction. For
2D and 3D, the vortices are topologically protected. This
fact implies that under imaginary time evolution, the vor-
tices only disappear if a pair of oppositely signed vortices
(or antiparallel vortices in 3D) annihilate each other’s
phase singularities. For this case, it is sufficient to use lin-
ear interpolation during the initialization stage, since the
imaginary time evolution smooths the wavefunction.

In Fig. 22 we show an example in each dimension for
the generation of a turbulent state, all with domains of
length L = 128ξ and nine qubits per axis, corresponding
to a resolution of ξ/4. In panel (a) we show an initial
soliton gas with density ρSoliton = 8.3 × 10−2ξ−1, which
an MPS well represents with χmax = 8 (up to an infidelity
of I ≈ 10−5). We also build quantum turbulence states of
vortex densities ρ2D

Vortex = 9.0 × 10−3ξ−2 [panel (b)] and
ρ3D

Vortex = 3.6 × 10−3ξ−2 [panel (c)] using χmax = 90 and
320, respectively. The two cases correspond to a memory
usage of 17% in 2D and 1% in 3D with respect to the DNS.
These values are comparable to the ones obtained for the
single nonlinear excitations considered in Secs. IV B and
IV C.

APPENDIX C: LENGTH-SCALE ORDERS IN
QUANTICS MPS

In this section, we present a detailed analysis of the
correlations across the MPS to characterize which length-
scale ordering works best for the vortex excitation exam-
ples considered for 2D (vortex dipole, Sec. IV B) and
3D (vortex ring, Sec. IV C). We use this as a basis to
select the optimum ordering in the more complex quantum
turbulence simulations in Sec. V.

1. 2D vortex dipole

We compare in Fig. 23 the density profiles of a vortex
dipole after truncating their MPS representation with the
interleaved (a), sequential (b), and staircase (c) orderings,
the three possibilities considered in this work for 2D. We
use χmax = 8. Here we observe that, for the same level of
truncation, the interleaved ordering exhibits distortions at
a scale of 4ξ . Similarly, the sequential ordering has signals
of noise at the 2ξ scale. On the other hand, the staircase
ordering has a smoother density profile around the location
of the vortices.

To further illustrate the difference between the three
encodings, we quantify correlations between pairs of
length scales (i.e., between qubits) using the two-site
mutual information I MI. This measure of correlation is
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 23. Comparison of vortex dipole quantics MPS repre-
sentation between interleaved (left column), sequential (middle
column), and staircase (right column) length-scale orderings.
(a)–(c) Density profile of the vortex dipole with a domain size
L = 32ξ and a dipole length d = 10ξ encoded in a system of 14
qubits (seven per axis) truncated with χmax = 8. (d)–(f) Two-site
mutual information I MI between length scales of the system with
xn, yn indicating the qubit of the L × 2−n length scale for the
corresponding axis. (g)–(i) Schmidt spectrum �, the black line
indicates the bond dimensions χ across the MPS, and the dashed
line indicates χmax. The corresponding infidelity I with respect to
DNS is written at the bottom of each column.

defined by

I MI
l,m = Sl + Sm − Sl,m. (C1)

Here, for a given state |ψ〉 represented by an MPS, Sl is
the von Neumann entropy of the reduced density matrix
ρl = Trm �=l |ψ〉〈ψ | where we trace out all the qubits except
for the lth site. Similarly, Sl,m is the corresponding entropy
for the reduced density matrix of sites l, m. We show the
two-site mutual information in Figs. 23(d)–23(f) for each
ordering and note that the large scales are highly correlated
with each other. In contrast, the small scales are essen-
tially uncorrelated with different scales. The reason is that
the structure of the wavefunction is mainly characterized
by the vortex distribution, which is encoded in the large
length scales. On the contrary, the small scales contain the
vortex core information, which is the same for all vortices.

Hence, these scales do not show any correlation with other
structures in the wavefunction.

The Schmidt spectrum quantifies the correlations across
each bond in the MPS. This spectrum corresponds to a
collection of the squared singular values �j ,l = S2

j ,l where
Sj ,l is the j th singular value in decreasing order at the lth
bond after normalizing as

∑
j �j ,l = 1. We plot the cor-

responding Schmidt spectrum in Figs. 23(g)–23(i), which
indicates that for the interleaved and sequential orderings,
the most significant correlations accumulate at the edge
of the MPS. These correlations spread through the whole
spectrum, resulting in an infidelity of I ≈ 10−4 and I ≈
10−5, respectively. In contrast, for the staircase ordering
in panel (i), correlations are concentrated at the center of
the MPS. Consequently, the rest of the spectrum decays
isotropically as the length scale decreases, which produces
an infidelity that is two and one orders of magnitude lower
(I ≈ 10−6), respectively. This result is consistent with Ref.
[79], which argues that correlations of the 2D quantum
Fourier transform are higher in the interleaved than the
sequential ordering [see Fig. 2(a)].

2. 3D vortex ring

Motivated by the results in Fig. 23, we focus our analy-
sis on the three-dimensional staircase ordering shown in
Fig. 2(d). This MPS ordering has six different choices
indicated by the various possible permutations of the axes
(x, y, or z) across the MPS (xyz, yzx, zxy, xzy, yxz, zyx)
while keeping the intra-axis order of the length scales
according to Fig. 2(d). Here, we analyze the representation
of the vortex ring with orderings xyz, zxy, and yzx, since
the other three are each equivalent to one of the former,
given the xy mirror symmetry of the ansatz.

With a vortex ring of radius R = 5ξ and L = 32ξ ,
we show the two-site mutual information I MI in Figs.
24(a)–24(c) using seven qubits per axis (1283 grid points).
For all cases, we observe that the highest correlations
arise from the largest length scales, analogous to the vor-
tex dipole in Fig. 23. For the xyz ordering in panel (a),
we note that the xy correlations contribute more than the
corresponding xz and yz correlations, indicating the com-
plexity of the vortex ring wavefunction through xy planes.
We compare with the corresponding Schmidt spectrum in
Fig. 24(d) and the bond dimensions (black lines) after trun-
cation with ε = 10−6, for which all orders reach an infi-
delity I ≈ 10−6. The large xy correlations generate higher
weights in the middle axis than at the edges of the MPS,
with a maximum bond dimension (dashed line) of χmax =
14. The zxy and yzx orderings have similar mutual infor-
mation distributions [Figs. 24(b) and 24(c)]. However, in
these cases, there is a higher contribution from the edge
qubits, which balances the corresponding bond dimensions
[Figs. 24(e) and 24(f)]. This results in a reduction of the
maximum bond dimension that is equal to χmax = 13 (zxy)
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(a)

(d) (e) (f)

(b) (c)

FIG. 24. Two-site mutual information I MI (a)–(c) and Schmidt
spectrum � (d)–(f) for an MPS with staircase ordering and dif-
ferent permutations for the ordering of the axes [see Fig. 2(d)].
The dotted blue (red) lines separate the sections for each axis,
also indicated in red for (d)–(f). The arrow signals the order of
the qubits from largest to smallest length scales, with xn, yn, zn
indicating the qubit of the L × 2−n scale for the corresponding
axis. In (d)–(f), the black contour indicates the bond dimensions
χ after truncating the state with ε = 10−6; the horizontal dashed
line marks the maximum bond dimension in each case. The state
represents a vortex ring of radius R = 5ξ in a box of length
L = 32ξ discretized using 3 × 7 qubits.

and 11 (yzx). Since the difference between χmax values is
small, the analysis of the vortex ring in Sec. IV C does not
vary appreciably by changing the ordering. Hence, we have
opted to work with the xyz staircase ordering to study the
vortex-ring dynamics presented in the main text.

APPENDIX D: VORTEX-LINE TRACKING

Here, we detail the adaptation of the vortex-tracking
method from Ref. [123] using the MPS ansatz. This
algorithm enables the extraction of vortex-line data from
the quantics MPS without resorting to contracting the MPS
and explicitly working with extensive grid sizes (e.g.,
20483 in Sec. IV D). First, in Appendix D 1 we detail the
steps of the algorithm, noting the changes needed and the
advantages of using the MPS adaptation during the vortex-
tracking algorithm. In particular, a key step will be the
Fourier interpolation, whose process using MPS we detail
after in Appendix D 2. Finally, in Appendix D 3 we discuss
the computational cost of the method.

1. General algorithm

To obtain a single vortex line, we perform the following
steps:

(1) Choose an initial point in the grid r0. The advantage
of the MPS ansatz is that it can be interpreted as a
probability distribution of its free index entries, for which
efficient sampling algorithms have been developed [192,
204]. In particular, points close to a vortex line are
characterized by a nonzero pseudovorticity field ω =
(�/2i)∇ψ∗ × ∇ψ . Hence, we build the quantics MPS rep-
resenting |ω|2 by first obtaining the derivatives ∇ψ (one
MPS for each component) using Fourier-based methods as
explained at the end of this section. Then, we evaluate ω

and its magnitude using the corresponding additions, sub-
tractions, and multiplications with the Hadamard product.
With |ω|2 represented as an MPS, we can efficiently sam-
ple optimal starting points close to the vortex lines. We
discard values with |ψ |/

√
λξ 3 ≥ ε for a small value of ε,

which we set to ε = 0.1, to improve convergence of the
vortex tracking [123].

(2) Define a set of orthonormal vectors at the initial
sampled point r0. The first vector (ŵ0) points in the direc-
tion of the pseudovorticity ω0 evaluated at the initial
sampled point; this indicates the direction of the vortex
line. The other two (û0, v̂0) are arbitrary vectors orthogonal
to ω0 ordered such that û0 × v̂0 = ŵ0.

(3) Apply a Newton-Raphson method to find the closest
zero of ψ from the initial sampled point r0 in the plane
perpendicular to the vortex line. The vortex core estimation
rn at the nth iteration is obtained according to rn+1 = rn +
(�urn)ûn + (�vrn)v̂n, where

[
�urn
�vrn

]
= −

[
Re
(
∂(n)u ψn

)
Re
(
∂(n)v ψn

)
Im
(
∂(n)u ψn

)
Im
(
∂(n)v ψn

)]−1 [Re (ψn)

Im (ψn)

]
,

(D1)

= 1
|ωn|

[
Im
(
ψ∗

n ∂
(n)
v ψn

)
−Im

(
ψ∗

n ∂
(n)
u ψn

)] . (D2)

Here ψn, and ωn are the corresponding fields evaluated at
rn. We also define the directional derivatives ∂(n)u = ûn ·
∇, ∂(n)v = v̂n · ∇, and update the orthonormal vectors ûn,
v̂n, ŵn for each position rn. The iterations are continued
until a vortex core is found for |ψ |/

√
λξ 3 < �with a small

value�, for which� = 10−13 is chosen. To find the values
ψn and ∇ψn at each iteration with subgrid resolution, we
use Fourier-based interpolation directly in the MPS ansatz,
which we detail in Appendix D 2.

(4) To find the coordinates of the subsequent point in
the vortex line, the following initial point is chosen as
rn+1 = rn + ζ ŵn where ζ is the resolution of the vortex
line. This evolution is performed so that the next sampled
point follows the direction of the vortex line given by ŵn at
rn. The addition is modulo L to track lines across periodic
boundaries.

(5) The previous steps are repeated until the last rn
and first r0 vortex core positions fulfill |rn − r0| < ζ ,
indicating the closing of the vortex line.
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This method is iterated to obtain the complete set of vor-
tex lines. To avoid double counting, Ref. [123] proposed
using a binary array to track the positions of the vortex
lines. In contrast, for the grid sizes used here, this is a sig-
nificant memory toll for the method. To circumvent this
overhead, the first vortex position found for a new vortex
line is compared directly to the data of previously found
vortex lines and is discarded accordingly.

2. Fourier interpolation

To efficiently recover the information of the wavefunc-
tion ψ and its derivatives ∇ψ at an arbitrary position rn
(in the nth iteration of the Newton-Raphson step from
Appendix D 1) with subgrid resolution, we use Fourier
interpolation [205]. The procedure consists of transform-
ing the wavefunction (ψ) to Fourier space (F [ψ]) and
then applying the inverse transform (F−1) evaluated at rn
as follows:

ψ(rn) = F−1 [F [ψ]]rn (D3)

=
∑

k

1√
M

eik·rnF [ψ]k , (D4)

where M is the total number of gridpoints.
In the quantics MPS formalism, to obtain F [ψ]k we use

the quantum Fourier transform (QFT), which corresponds
to a low-rank MPO [108]. We use the 1D construction of
the QFT from Ref. [108] for each spatial dimension and
merge them with delta tensors as illustrated in Fig. 21.
This procedure maps each component of k to the domain
[0,π2N/L) ∪ [−π2N/L, 0) going from positive to negative
values from left to right. To facilitate writing functions
and operators in k space we apply an additional X = ( 0 1

1 0

)
gate at the largest length scale (in k space) to change
the domain as k ∈ [−π2N/L,π2N/L)3, re-establishing the
real-line order.

In addition, the exponential term M−1/2eik·rn as a func-
tion of k can be represented by an MPS with χmax = 1 [55].
To apply the quantics encoding of the exponential term in
Fourier space, we use the following transformation for one
spatial dimension:

k(α)(q1, q2, . . . , qN ) = 2π
L

2N
N∑

l=1

ql

2l − π

L
2N , ql = 0, 1.

(D5)

In contrast to Eq. (3), the previous definition maps each
component k(α) (k(x), k(y), or k(z)) of k to the domain
[−π2N/L,π2N/L) instead of [0, L). Also, care must be
taken in following the order of the qubits ql from the largest
to the smallest length scales (in k space) since the QFT
inverts the qubit order [108]. The quantics MPS of the

one-dimensional exponential term is obtained by substi-
tuting Eq. (D5) in (2N )−1/2eik(α)·r(α)n (r(x)n , r(y)n or r(z)n ). This
corresponds to a product state of the form

1√
2N

〈eik(α)·r(α)n | = e−i π2N
L r(α)n

N∏
l=1

⎛
⎝〈0|l + ei 2π2N−l

L r(α)n 〈1|l√
2

⎞
⎠ ,

(D6)

where 〈0|l, 〈1|l are the basis states of the lth qubit
from Eq. (D5). This definition is applied to each spatial
dimension. Then, the resulting MPSs are multiplied
using the Hadamard product. Finally, the exponen-
tial MPS M−1/2 〈eik·rn | is contracted with the quan-
tics MPS in Fourier space |F [ψ]k〉 as shown in Eqs.
(D3) and (D4) to obtain the interpolated value ψ(rn) =
M−1/2〈eik·rn |F [ψ]k〉.

To obtain the interpolation of the derivatives we use the
k-space representation given by F [∇ψ]k = −ikF [ψ]k.
Then, in addition to Eqs. (D3) and (D4), it is only necessary
to multiply by the additional MPOs corresponding to −ik
(one for each component). To create each component of
−ik, we use the mapping from Eq. (D5) and interpret each
binary variable as a number operator ql → q̂l = ( 0 0

0 1

)
for

each qubit and spatial dimension. The resulting expression
can be used to create an MPO efficiently [197–202] and
is guaranteed to have a small bond dimension of χmax =
2 since it is a linear function [55]. Since the algorithm
requires the interpolation of derivatives using the QFT,
we also use this tool during the vortex-tracking method
to obtain the quantics MPS of ∇ψ in position space. This
calculation is performed as ∇ψ(r) = F−1 [−ikF [ψ]k]r,
where F−1, F and −ik are low-rank MPOs while ∇ψ and
ψ are MPSs, for the components in each direction.

3. Computational cost

In analogy to the time evolution method presented in
Sec. III B, the largest computational costs scale as O(χ4)

and correspond to the Hadamard products used to calculate
|ω|2. Then, the calculation of the MPSs F [ψ] and F [∇ψ]
each scales as O(χ3) and only has to be done once per
snapshot. Each sampling costs O(χ2) [192,204] and each
performed interpolation also costs O(χ2) since the bond
dimension of the MPS to be contracted is equal to one.
The number of interpolations approximately scales with
the vortex-line length of the snapshot, as sampling with
|ω|2 ensures that the sampled points are close to the vortex
lines. This last step can be efficiently parallelized, analo-
gous to the original algorithm [123], since the tracking of
each separate vortex line can be done independently of the
others, up to the point of double counting.
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(a)

(b) (c)

FIG. 25. Convergence tests of the MPS results from Figs. 6–9.
(a) Infidelity for two consecutive values of χmax as a function of
time t. The bond dimensions are chosen so χ(2)max − χ(1)max = 40.
The dashed line indicates I = 10−5. (b),(c) Absolute change in
energy E (b) and linear momentum in the y direction Py (c) with
respect to the initial values E0 and Py0 , respectively. Both (b),(c)
have the same color coding.

APPENDIX E: CONVERGENCE OF VORTEX
RECONNECTION SIMULATION

To assess the validity of the vortex reconnection sim-
ulation of Sec. IV D without resorting to a comparison
with the DNS, we calculate the infidelity between two
MPS simulations as a function of time. That is, we succes-
sively increase the bond dimension in steps of�χmax = 40
up to a maximum value of χmax = 300. These results are
presented in Fig. 25(a) where we identify three different
regimes: early times t � 20ξ/c, during the initial recon-
nection process signaled by low infidelities of I ≈ 10−15;
intermediate times between 20ξ/c � t � 90ξ/c, where the
infidelities increase to I ≈ 10−9 due to the propagation of
Kelvin waves and subsequent emission of vortex rings;
and final times t � 90ξ/c, when the vortex dipole along
the x axis collapses into multiple vortex rings, resulting
in an abrupt increase in the infidelity. For the simulation
times considered in our calculation, the infidelity between
χmax = 260 and χmax = 300 is capped at I ≤ 10−5 (dashed
line). This indicates that the results do not vary signifi-
cantly as χmax increases, hence we use χmax = 260 for our
calculations.

To further emphasize the validity of the results, we
calculate the total energy E and linear momentum P =
(Px, Py , Pz) to verify that these quantities are conserved, as
expected for the undamped GP equation. These measure-

ments are defined as [125]

E =
∫ [

�2

2m
|∇ψ |2 + V|ψ |2 + g

2
|ψ |4

]
d3r, (E1)

P = �

∫
ψ∗∇ψ − ψ∇ψ∗

2i
d3r. (E2)

The advantage of the MPS framework is that both quanti-
ties can be calculated directly using inner products of the
MPS representations of |ψ〉, ||ψ |2〉, and |∇ψ〉 (per com-
ponent). For example, the linear momentum corresponds
to P = � Im(〈ψ |∇ψ〉) where the inner product is the con-
traction of both MPS with their joint free indices. The
derivatives are calculated as discussed in Appendix A 2.
In Figs. 25(b) and 25(c), we show the absolute change in
energy E and linear momentum in the y direction Py with
respect to their initial values E0 ≈ 0.5 and Py0 ≈ −10−4

for different χmax values. We observe that for χmax = 260
each absolute error is below ≈ 10−7, showing that the
quantities are well conserved. Since the initial movement
of the vortex lines in Figs. 6–9 is only in the y direction, we
have Px = Pz = 0. We have also verified that these values
are conserved to within absolute errors of ≈ 10−8.
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