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Enhancing decoding performance using efficient error learning

Pavithran Iyer *,†

Institute for Quantum Computing, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

Aditya Jain
University of Cambridge, The Old Schools, Trinity Lane, Cambridge, CB2 1TN, United Kingdom

Stephen D. Bartlett
Centre for Engineered Quantum Systems, School of Physics, University of Sydney, Sydney,

New South Wales 2006, Australia

Joseph Emerson
Institute for Quantum Computing, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada and
Keysight Technologies Canada, Kanata, Ontario K2K 2W5, Canada

 (Received 23 July 2025; revised 19 February 2026; accepted 26 February 2026; published 27 May 2026)

Lowering the resource overhead needed to achieve fault-tolerant quantum computation is crucial to
building scalable quantum computers. We show that adapting conventional maximum likelihood (ML)
decoders to a small subset of efficiently learnable physical error characteristics can significantly improve
the logical performance of a quantum error-correcting code. Specifically, we leverage error information
obtained from efficient characterization methods based on cycle error reconstruction (CER), which yields
Pauli error rates on the n qubits of an error-correcting code. Although the total number of Pauli error
rates needed to describe a general noise process is exponentially large in n, we show that only a few of
the largest few Pauli error rates are needed and that a heuristic technique can complete the Pauli error
distribution for ML decoding from this restricted dataset. Using these techniques, we demonstrate sig-
nificant performance improvements for decoding quantum codes under a variety of physically relevant
error models. For instance, with CER data that constitute merely 1% of the Pauli error rates in the sys-
tem, we achieve a 10 times gain in performance compared with the case where decoding is based solely
on the fidelity of the underlying noise process. Our conclusions underscore the promise of recent error
characterization methods for improving quantum error correction and lowering overheads.

DOI: 10.1103/vtj7-nh6l

I. INTRODUCTION

Large-scale quantum computers must be designed to
ensure reliable computation in the presence of noise. The
theory of fault-tolerant quantum computation makes it
possible to encode quantum information and perform an
arbitrarily large quantum circuit [1,2], at the expense of a
substantial overhead in terms of the number of physical
qubits needed to store a logical qubit and the number of
physical devices required to execute a logical operation.
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The overhead poses a significant challenge to realizing the
guarantees of fault-tolerant quantum computation using
current hardware. Parallel advances have been made in
various aspects of a fault-tolerant scheme to reduce the
overhead required [3,4] to achieve a suppression of noise
that affects the logical information, i.e., the logical error
rate. These include the development of new quantum error-
correcting codes [5,6], and enhancing the error correction
capabilities for existing ones [7–10].

Most decoding algorithms make simplified assumptions
about the underlying error model, potentially reducing
the performance of quantum error correction (QEC). Ide-
ally, we aim to optimize decoding to the experimentally
measurable characteristics of the specific noise process
affecting our physical system. Some recent work has taken
this direction. In Refs. [7,11–15], surface code decoders
were adapted to an inherent bias [5,8,16] between the prob-
abilities of X -type and Z-type errors and to the correlated
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errors in Ref. [17] observed in some hardware devices. A
bias is only one of the exponentially many features that
describe the noisy dynamics of a quantum system. In some
cases, the decoders have been adapted to specific instances
of non-Pauli noise, including rotation errors [18–20], cor-
related errors [21], amplitude damping noise [22], erasure
[5,23,24], leakage [25–27], and circuit-level noise for fault
tolerance [28,29]. In general, fully adapting a decoding
algorithm to the microscopic details of an underlying phys-
ical noise process is achieved by maximum likelihood
(ML) decoders [30–35]. Logical error suppression with
an ML decoder indicates the best achievable performance
for a code and error-model pair. However, estimating
this quantity presents challenges, depending on the fam-
ily of codes. Firstly, ML decoding is computationally
intractable for general stabilizer codes; concatenated codes
are among the few families of quantum error-correcting
codes known to have an efficient ML decoder [36]. Sec-
ondly, an ML decoder requires precise knowledge of the
underlying physical error model, which normally requires
an exponential number O(4n) of parameters to represent
and an exponential number of experiments to learn. Unfor-
tunately, process tomography methods to fully characterize
an error process are neither scalable nor generally accurate
[37–39]. The problem of inefficient error representation
can be overcome with recursive techniques for concate-
nated codes, and the problem of exponential experimental
overhead can be overcome thanks to the discovery of effi-
cient error-learning techniques [40–42], both of which are
described below.

In this paper, we introduce and demonstrate a method
that achieves a significant enhancement in the performance
of quantum error correction through a decoding strategy
informed by error model information obtained through effi-
cient state-of-the-art error-learning experiments. We show
that the suppression of logical error rates consistently
improves with the amount of noise characterization data
available, achieving an order-of-magnitude improvement
even when the calibration data include only a small frac-
tion of the total parameters required to fully characterize
all the Pauli error rates in the underlying noise process.
Our findings rely on a class of scalable Pauli-error-learning
techniques based on the Pauli eigenvalue estimation ideas
of Emerson et al. [40] and the cycle benchmarking proto-
col of Erhard et al. [41], which culminate in the analysis
and robustness guarantees of the cycle error reconstruction
(CER) protocol implemented in Ref. [43] and described
in Ref. [42]. The CER protocol enables efficient estima-
tion of a subset of the Pauli error rates of an error channel
to within multiplicative precision. The feasibility of these
error-learning methods has already been experimentally
demonstrated across several platforms [40–44], and most
recently in Ref. [45] in which this approach was applied to
learn a subset of the Pauli error rates on the physical qubits
that was small enough to be scalable but large enough to

reliably infer the resulting logical error rate in a transver-
sal controlled-NOT (CNOT) gate implemented on a 16-qubit
trapped-ion quantum computer. Similarly, our proposed
method does not rely on learning all of the (exponentially
many) parameters of the error channel, but requires only a
very limited subset of Pauli error rate data characterizing
the K-largest Pauli error rates in a noise process, where
K � 4n. The practical relevance of this input dataset can
be justified on physical grounds by postprocessing ideas
that extend Pauli eigenvalue estimation [40] and cycle
benchmarking [41], to show that the K-largest Pauli error
rates on n physical qubits can be extended to all error rates
in the system using a number of experiments proportional
to K, given certain strong but plausible assumptions on the
(otherwise unknown) error model [46,47].

Our methodology is twofold. First, we design a heuris-
tic technique to reconstruct a complete set of Pauli error
probabilities from limited error characterization data. Sec-
ond, we use an ML decoder using the reconstructed Pauli
error distribution. Our tools are designed for the family of
concatenated quantum codes [48,49], which are among the
few families of quantum error-correcting codes known to
have an efficient ML decoder [36].

This paper is organized as follows. Section II provides
the necessary background and essential mathematical
foundations to lay the foundation for the main contribution
of this paper, which is detailed in Sec. III. In Sec. IV C, we
demonstrate the efficacy of our approach by numerically
estimating the reduction in logical error rates achieved
for concatenated Steane codes under various realistic error
models. The findings highlight the potential of cleverly
using a small portion of the CER data to significantly
enhance performance, surpassing the results obtained with-
out adapting the decoding techniques to the underlying
error model. Finally, in Sec. V, we provide concluding
remarks and outline interesting future directions.

II. BACKGROUND

This section provides the technical background neces-
sary to obtain a thorough understanding of our results. It
is organized as follows. We begin with a brief introduction
to the mathematical modeling of physical noise processes.
Then, in Sec. II B, we discuss an important method of esti-
mating the probabilities of Pauli errors in an error model,
which sets the context for the research problem we want to
address. Finally, in Sec. II C, we recall some basic knowl-
edge of quantum error correction for concatenated codes
using the stabilizer formalism.

A. Physical error processes

Markovian processes encompass a wide range of physi-
cally motivated noise mechanisms. Typically, Markovian
noise arises from a system’s interactions with its envi-
ronment, and is mathematically described by completely
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positive trace-preserving (CPTP) maps [50–53]. These
maps, denoted as E , transform any quantum state ρ into
its noisy counterpart, E(ρ).

An interesting case of CPTP maps is unitary errors:

EU (ρ) = UρU†. (1)

Another popular class of CPTP maps is Pauli channels,
where the noisy state E(ρ) is described as a mixture of any
of the Pauli matrices applied to ρ:

EP(ρ) =
∑

P∈Pn

Prob(P)PρP, (2)

Coherent errors and Pauli errors constitute two extremes of
the noise spectrum described by CPTP maps.

We can describe the effect of a general CPTP map as

E(ρ) =
∑

P,Q∈Pn

χP,Q(E)PρQ, (3)

where χP,Q(E) are complex numbers that correspond to
a unique pair of n-qubit Pauli matrices P, Q ∈ Pn. The
Hermitian matrix χ(E) with unit trace is known as the χ -
matrix representation of E [54–56]. We will often refer
to the diagonal entries of the χ -matrix, {χP,P(E)}P∈Pn ,
as Pauli error rates. For a Pauli channel in Eq. (2), χP,P
denotes the probability of a Pauli error P.

Various metrics exist to quantify the impact of noise
described by a CPTP map [57–60]. Among these, average
fidelity

Fg =
∫

dψTr(|ψ〉〈ψ |E(|ψ〉〈ψ |)) (4)

is one of the most common choices, particularly because
there are efficient experimental protocols to estimate it.
We will use a closely related quantity, denoted by ε(E),
referred to as the “process infidelity” in Refs. [41,61–63],
to quantify the physical error rate:

ε(E) = 3
2
(1 − Fg). (5)

It can be shown that ε(E) = 1 − χ0,0(E) [64,65].

B. Error learning and cycle error reconstruction

An efficient noise characterization approach should
focus on acquiring (only) the key parameters necessary
to understand the critical effects of the underlying noise
process on fault-tolerance schemes. One such impor-
tant parameter is the average fidelity of a noise process,
denoted by ε(E), which can be efficiently estimated by
means of randomized benchmarking (RB) experiments
[66–69]. While RB experiments provide information about

the fidelity averaged over a set of Clifford operations,
learning more fine-grained error information is critical to
optimizing control and predicting error correction perfor-
mance. In particular, it was critical to devise methods to
learn (1) more fine-grained error properties than just the
fidelity ε(E), which is only one of the O(42n) parameters
that completely specify an n-qubit physical noise process
E , and (2) the error properties associated with specific
cycles of interest (e.g., parallel sets of gate operations)
rather than an error map averaged over a set of Clifford
operations.

The solution to (1) was developed in 2007 by Emer-
son et al. [40], who demonstrated that symmetrizing (or
twirling) a quantum channel, e.g., an error channel or an
“error oracle,” via Pn simplifies the channel to a diag-
onal Pauli-transfer matrix (PTM), i.e., a Pauli channel.
Moreover, the individual eigenvalues of that channel can
then be efficiently learned (i.e., experimentally measured)
by propagation of a Pauli operator through the twirled
channel. This enables a protocol for learning the eigen-
values of the error channel. Moreover, the full set of
Pauli operators can be generated by applying local Clif-
ford operations drawn from C⊗n

1 to the |0〉⊗n state and
applying their inverse to the output state. When the local
Clifford operators are sampled randomly, this is equiva-
lent to a local Clifford twirl of the error channel, which
creates degeneracies in the PTM eigenvalues. Emerson
et al. [40] further demonstrated that the error probabili-
ties of the PTM can be related to the learned eigenvalues
via an invertible linear transformation, and showed that
efficient learning of error probabilities of the PTM is possi-
ble via postprocessing by making reasonable assumptions
on the correlations present in the error model. Emer-
son et al. [40] showed, as an example, that efficient
learning of all low-weight error probabilities is possible
assuming permutation symmetry over the qubits, which
is equivalent to measuring only the Hamming weight of
the output strings under the Pauli-channel learning exper-
iment. These ideas were then demonstrated experimen-
tally on a three-qubit nuclear magnetic resonance system
[40].

The solution to (2) was developed in the cycle bench-
marking protocol of Erhard et al. [41] by their generalizing
the error amplification ideas of RB to the setting of Pauli-
channel learning. In particular, Erhard et al. [41] showed
that by repeating a fixed cycle of interest under randomized
compiling [70], one can apply the methods of Ref. [40] to
learn the eigenvalues of the error channel associated with
a specific cycle of interest. In this way, the cycle bench-
marking method creates a Pauli channel in place of the
memory channel, or the “oracle” assumed in the Pauli-
channel learning protocol of Emerson et al. [40]. As a
result, the eigenvalues and error probabilities of the error
channel of a specific cycle can be learned to multiplicative
precision in a state preparation and measurement-free way.
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This protocol was then demonstrated experimentally on a
ten qubit ion trap [41].

These ideas have been combined into the cycle bench-
marking technique known as cycle error reconstruction
[42]: an experimental protocol to measure the individ-
ual 4n Pauli eigenvalues and Pauli error rates (of an
error map E associated with any cycle or any circuit
block of interest) to within multiplicative precision and
with rigorous robustness guarantees. Appendix A provides
an overview of CER. These protocols are practical and
efficient, and have been demonstrated experimentally on
multiple small-to-medium-scale quantum computing plat-
forms [40–45]. Subsequent work [46,47] leverages the
solutions to (1) and (2) and adds additional postprocess-
ing steps to justify, under assumptions on the allowed
error model correlations, direct estimation of the K-largest
Pauli error rates of an error channel E using a number of
experiments that scales linearly with K [47].

In this work we apply and extend the ideas described
above with a focus on enabling the efficient learning of
the errors that are relevant in the context of enhancing
decoding for quantum error correction.

C. Quantum error correction

In this section, we outline the essential concepts of
quantum error correction using concatenated codes within
the stabilizer formalism. Our focus is on correcting errors
described by a general CPTP map, especially including
non-Pauli error. For a more elaborate explanation, see
Appendix B and the references cited therein.

An [[n, k, d]] stabilizer code [71] is given by the common
eigenspace with an eigenvalue +1 of n − k commuting
operators S1, . . . , Sn−k, called “stabilizer generators.” The
group S = 〈S1, . . . , Sn−k〉 is called the “stabilizer group.”
The encoded version of a k-qubit state is the n-qubit state
denoted by ρ. For the results in this paper, we limit our-
selves to codes that encode only one logical qubit, i.e.,
k = 1.

An [[n, k]] stabilizer group can be used to derive a canon-
ical choice of a basis for the n-qubit Pauli group. To start
with, we have n − k stabilizer generators for S . We define
the group of logical operators for a code, denoted by L =
N (S)/S , where N (S) is the normalizer of the stabilizer
group in the Pauli group. Note that L consists of 2k genera-
tors. The remaining n − k generators, labeled T1, . . . , Tn−k,
form the group of pure errors [30,72,73], denoted by T ,
where T = N (L)/S . Consequently, an n-qubit Pauli error
E can be written as a product of three terms:

E = T · L · S (6)

where S ∈ S , L ∈ L, and T ∈ T .

QEC in the stabilizer formalism is a twofold procedure.
The first step includes measuring each of the stabilizer gen-
erators on the noisy state E(ρ). The outcomes of the mea-
surement form the error syndrome, denoted by �s. While T
is entirely fixed by the syndrome �s: T ≡ Ts, the problem
of determining the most likely logical operator, denoted by
Ls, is called “maximum likelihood decoding”:

L�s = argmax
L∈L

Prob(L | s),

where the probability of a logical operator Prob(L | s) is
given by

Prob(L | s) =
∑

S∈S
Prob(Ts · L · S).

When selecting a decoder for a quantum error-correcting
code, one must balance efficiency and accuracy. Although
ML decoding is theoretically optimal, it remains compu-
tationally intractable [30]. In contrast, minimum-weight
decoding is an alternative suboptimal strategy with lower
thresholds but offers high efficiency, as it can be imple-
mented with the use of a lookup table [74,75].

With a slight loss of generality, we assume that syn-
drome measurement and the application of the recov-
ery operation prescribed by the decoder Ls are executed
perfectly. Under this perfect quantum error correction
assumption, the combined effect of noise and quantum
error correction preserves the codespace. We refer to this
composite process as an effective channel and character-
ize it by its direct action on encoded states, described by
a k-qubit CPTP map, denoted as E s

1. The average effective
channel, E1, is then given by

E1 =
∑

�s∈Z
n−k
2

Prob(�s)E s
1,

which quantifies the average strength of noise that remains
in the encoded information after quantum error correction.
We define the logical error rate as the infidelity of E1.

Concatenation is a well-established technique for con-
structing a family of codes with increasing sizes that
exhibit a threshold [71,76–78]. This approach involves
recursively encoding the physical qubits of a quan-
tum error-correcting code into another quantum error-
correcting code. Performing this process � times results
in the level-� concatenated code. For simplicity, we con-
sider the same code at each level. Appendix B 2 outlines
the computation of the average effective channel E�, which
characterizes the combined impact of noise and QEC on
the level-� concatenated code.
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III. WORKING WITH PARTIAL NOISE
CHARACTERIZATION INFORMATION

Recall that a maximum likelihood decoder defined in
Eq. (B7) in Appendix B 1 requires complete knowledge
of the error model—namely, the 4n Pauli error rates for
an [[n, k, d]] quantum error-correcting code. However, in
a practical scenario, we assume that only a handful of
these correspond to the K-largest Pauli error rates esti-
mated with the use of techniques developed in Ref. [47],
where K � 4n. In what follows, we use NK to denote the
set of Pauli errors that correspond to the K-largest Pauli
error rates, χK to refer to the respective error rates, and use
DK to denote a decoder that computes a recovery operation
conditioned on an error syndrome s, given χK .

The limited data, constituting only K Pauli error rates,
are insufficient to directly use an ML decoder. We need
to first complete the Pauli error distribution by assign-
ing probabilities to those errors in Pn that are not in NK .
Hence, given an error syndrome, we design DK to apply a
twofold strategy:

(1) Apply a heuristic algorithm to obtain the error rates
of all 4n Pauli error rates from NK affecting a code block.

(2) Apply an ML decoding strategy given the error
syndrome and the heuristically reconstructed Pauli error
distribution from step (1).

A special case of the limited error characterization data
is where CER is used to estimate only the probabilities
of the single-qubit errors are known. A common assump-
tion used to infer the probabilities of higher-weight errors
is that errors are independently and identically distributed
across qubits. Under this assumption, the probability of
a high-weight error is determined by the product of the
probabilities of the single-qubit errors that form the ten-
sor product representation of the multiqubit error. Inspired
by this approach, we design a greedy heuristic algorithm
that leverages the probabilities of Pauli errors in NK to
estimate the distribution of all 4n Pauli errors affecting the
code. Our heuristic algorithm, which we call “uncorrelated
split search” (USS), operates on the following principle.
Consider an n-qubit Pauli error P that is not included in
NK . Note that P can be expressed as P = P1 · P2 for var-
ious choices of Pauli errors P1 and P2 acting on disjoint
subspaces. In essence, P1 acts on a subspace of dimension
2m, while P2 acts on a subspace of dimension 2(n−m). For
each of these decompositions, our estimate of the probabil-
ity of P is merely the product of the probabilities of P1 and
P2: Prob(P) = Prob(P1)Prob(P2). Each bipartition of the n
physical qubits into sets B1 and B2 corresponds to an error
P1 ≡ P1(B1) with nontrivial support in B1 and another
error P2 ≡ P2(B2) with nontrivial support in B2. Denoting
the set of bipartitions of n qubits as B, we find that the
overall probability of the error P adopts a straightforward

sum-product structure:

Prob(P) =
∑

B1,B2∈B(P)
Prob(P1(B1))Prob(P2(B2)). (7)

Physically speaking, we are assuming that the error P can
occur whenever both P1 and P2 occur. It should be noted
that there are several ways to combine two n-qubit errors to
produce P. However, our heuristic ignores the possibilities
where the errors in the decomposition have overlapping
supports. Since P1 and P2 act on fewer than n qubits, in
a physically plausible error model we are more likely to
find the error probabilities of P1 and P2 in the CER data
provided NK . If they are not found, we recursively apply
the aforementioned strategy to both P1 and P2 until their
probabilities are found in NK .

While it is reasonable to assume that NK contains all
single-qubit errors, this is not always the case when K <

3n + 1 or if the physical noise model exhibits strong cor-
relations. In such scenarios, we might encounter a single-
qubit error P1 whose probability cannot be inferred from
NK . To address this, we establish the base case where
K = 0, corresponding to N0 = I . This implies that we
always know the average physical error rate ε(E). On the
basis of this assumption, we use a simple ansatz to assign
the probability of any single-qubit error P:

Prob(P) = 1 − (1 − ε)1/n

3
(1 − ε1/n)n−1, (8)

where (1 − ε)1/n is the fidelity of a single qubit depo-
larizing channel, assuming that E is an independent and
identically distributed depolarizing channel with average
physical error rate ε(E). We are now ready to describe the
formal algorithm of the USS method stated in Algorithm 1.

It is important to note that every Pauli error P ∈ Pn is
visited only once when it is assigned a probability. Once
its probability is assigned, it is added to the set N̂ . After
this, its probability is simply looked up from N̂ whenever
needed. At the end of the algorithm, the set χ̂K should con-
tain all the 4n Pauli error probabilities. Hence, the time
complexity of our USS method in deriving the entire Pauli
error distribution is linear in the number of Pauli errors.

Note that the USS technique can be applied to any
dataset containing the K ≤ 4n Pauli error rates. Flammia
and Wallman [46] presented general methods for estimat-
ing error rates for Pauli errors from an arbitrary set, such as
low-weight Pauli errors. Subsequently, high-weight errors
are estimated by assuming a correlation length within the
system.

The USS technique produces a complete set of 4n

Pauli error rates that can serve as inputs to a decoder. In
this work, we focus on a scenario where these 4n rates
feed into an ML decoder for a concatenated code built
from code blocks of size n. However, the applicability of
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ALGORITHM 1. The pseudocode describes the uncorrelated
split search strategy, a greedy algorithm used to estimate the proba-
bilities of all 4n Pauli errors, leveraging the probabilities of K Pauli
errors from CER. We call the function below with inputs NK ,χK .
Upon completion, N̂ will include all 4n Pauli errors, and χ̂K will
include their respective probabilities, which will serve as input to
the ML decoder.

the USS technique is not limited to ML decoding. The
same microscopic Pauli error rates can be supplied to
any decoder that accepts such fine-grained error informa-
tion, such as weighted minimum-weight perfect-matching
decoders [79] and belief-propagation decoders [80,81].

IV. RESULTS

Our goal is to demonstrate the importance of CER data
and the uncorrelated split search technique in improv-
ing the performance of the ML decoder for concatenated
codes. We achieve this by presenting numerical evidence
across a broad range of realistic error models. In particular,
we investigate a case where only the largest K Pauli error
rates are extracted with the use of CER. Our aim is to prove
that our methods are widely applicable to various coherent
and incoherent errors characterized by CPTP maps, going
beyond error models that can be closely approximated by
Pauli errors.

Our numerical analysis focuses on concatenated Steane
codes; however, our conclusions remain qualitatively sim-
ilar for other families of concatenated codes as well. We
use n to denote the size of a code block in the concatenated
code; n = 7 for the Steane code. The total number of physi-
cal qubits in the level-� concatenated Steane code is n�. So,
a realistic error model for the concatenated Steane code is
described by a CPTP map on n� qubits. Recall that the n�

physical qubits of a level-� concatenated code belong to
n�−1 disjoint code blocks. Since the encoding circuit of the
concatenated code shown in Fig. 4 resembles a tree where
every layer is an identical encoding circuit, we assume that
noise acts in an independent and identical fashion on all
the n�−1 code blocks of the concatenated code [19,60,82].

FIG. 1. A factor graph used for constructing an error in the
CG1D error model. Each square node specifies a local interaction
supported on the qubits of a Steane code block, represented by
circular nodes that are incident to the respective square node. In
the example shown, the local interactions denoted by h1, h2, h3,
and h4 are supported on qubits {1, 4, 6}, {2, 4}, {3, 6}, and {2, 6, 7},
respectively. The sum of these local interactions is an n-qubit
Hamiltonian denoted by H which is used to construct a unitary
error U = exp

(
−it

∑4
i=1 hi

)
.

A. Error models

We want to numerically investigate the performance
gain in QEC achieved by leveraging a small fraction of
the CER data and the USS algorithm across a broad class
of physically motivated error models. While the indepen-
dent and identically distributed Pauli error model facili-
tates code analysis and design, extension beyond the Pauli
framework is essential to accurately capturing realistic
noise [73,83–85]. In most experimental implementations,
noise is characterized by a quantum channel that exhibits
spatial correlations and varies between qubits. Addition-
ally, noise correlations arise from the engineering chal-
lenge of addressing individual qubits without inadvertently
affecting their neighbors [21,86–89].

A broad class of realistic noise processes can be physi-
cally modeled by considering qubit interactions governed
by a Hamiltonian H [90–93]. The resulting unitary noise
is given by U = exp(iHt), where t ≥ 0 serves as a tun-
able parameter controlling the noise strength. Of particular
interest are Hamiltonians expressed as a sum of local
interactions: H = ∑

i hi, where hi are random Hermitian
matrices of dimension 2m for m ≤ n. Such local interac-
tions are characteristic of Hamiltonians commonly studied
in many-body physics. These error models, referred to
as coarse-grained one-dimensional (CG1D) error models
in Refs. [46,94], are effectively represented by the factor
graph, as shown in Fig. 1, which illustrates the support
of these local interactions. In particular, CG1D models
have been shown to provide an accurate description of
the physical noise processes that affect certain Google
devices [94].

We perform numerical studies on random instances of
the CG1D error model by generating random Hamiltoni-
ans describing interactions between the qubits of a Steane
code block in a concatenated code. To construct a random
Hamiltonian, we sample local Hamiltonians supported on
a subset of the seven qubits in the Steane code block. We
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choose the sizes of these subsets from a Poisson distribu-
tion whose mean is fixed to reflect a mean correlated length
λ in a system. By setting λ to be greater than 1, we can
sample a large number of local interactions that involve
multiple qubits.

B. Quantitative estimation of the performance gain

We want to demonstrate a performance improvement
with the ML decoder under a variety of noise models as
described earlier with the amount of error characteriza-
tion data from CER supplied to the decoder. However,
first, we want to establish a baseline for comparison by
defining a reference scenario representing the performance
of a decoder D1, which has access only to the average
fidelity of the underlying physical noise process. Conse-
quently, for any given physical noise process, we intend
to compare two metrics: (1) the performance of a decoder
DK for K > 0 against (2) the performance of D1. We
gauge this comparison qualitatively using �� for a level-�
concatenated code, which is defined as

��(K) = r�(E ;D1)

r�(E ;DK)
, (9)

where we have used r�(E ;DK) to denote the average logi-
cal error rate for the level-� concatenated code, where E is
the physical noise process and DK is the decoder used. In
what follows we refer to ��(K) as “gain” [95].

Note that a gain larger than 1 signifies a relative per-
formance gain that is achieved by the ML decoder that
has access to K Pauli error rates in NK , in conjunction
with the USS method in Algorithm 1. Across a range of
physically relevant error models, we consistently observe
a gain exceeding 1, which consistently improves with the
fraction of CER information accessible by the decoder.
Notably, even when only 1% of the total CER infor-
mation is available to the decoder, the observed gain is
approximately 10.

Note that the gain defined in Eq. (9) strictly depends
on the microscopic details of the underlying physical
noise process E . However, for a broader analysis of typ-
ical performance improvements across a range of random
instances of E , we examine the gain within an ensemble of
random physical noise processes having similar levels of
physical noise strength, quantified by their error rates. We
categorize these physical noise channels on the basis of
their error rates falling within specific intervals, forming
what we call a “bin”: B = E : b1 ≤ r(E) < b2. For each
bin, we report the median gain observed over all physical
noise processes in the bin, since it reflects the most fre-
quently observed gain in the corresponding ensemble of
physical noise processes. In our graphical presentations,
we distinguish bins with different colors and provide the
average physical as well as logical error rate of the physical
noise processes in each bin, along with the size of the bin.

C. Performance analysis

Figure 2 shows gains for the level-2 concatenated Steane
code achieved with an ML decoder that leverages Pauli
error rates in N (K) along with the USS method for several
values of K . The trends in Fig. 2 are drawn from an ensem-
ble of 336 unitary errors drawn from a CG1D error model.
Each unitary error is constructed by our exponentiating
a Hamiltonian multiplied by a time parameter t, chosen
between 0.001 and 0.1. The Hamiltonian is composed of
random local Hamiltonians that are supported on random
subsets of qubits whose sizes are sampled from the Pois-
son distribution with mean 2. The mean is chosen to be
2 in order to introduce a higher frequency of many-body
interaction terms in the n-qubit Hamiltonian.

All of the random unitary errors are organized into bins
according to their physical infidelities. We use a distinct
color to identify a bin and provide the average physical
as well as logical error rate corresponding to the unitary
errors in each bin and the size of the bin in the legend.
The performance gain reported on the y axis in Fig. 2 is
the median of the gains associated with the unitary errors
in the respective bins, while the error bars denote the first
quartiles, indicating that there are instances of physical
noise processes where the performance gain is substan-
tially higher than the median. We observe that even with
as low as 1% of all Pauli error rates within a code block,
i.e., K = 163, we are able to achieve a typical performance
gain of 10 times over D1, which has access only to the
average physical error rate.

While Fig. 2 highlights the performance gains achieved
under CG1D error models, we have observed similar
improvements across a broad range of noise models. These
include coherent errors from random unitary circuits with
one- and two-qubit gates, as well as Markovian noise rep-
resented by n-qubit CPTP maps, which are constructed
by composing multiple one- and two-qubit quantum chan-
nels. A detailed discussion of these results is given in
Appendixes C and D. The outstanding observation across
all the error models considered is a 10 times performance
gain achieved with just 1% of the available Pauli error
rates in the CER data—specifically, the 164 largest Pauli
error rates. These results underscore the versatility of CER
data and the effectiveness of the USS in QEC for general
Markovian noise.

While our results demonstrate that K can be as small
as 1% of the full CER data, we do not claim, nor do we
presently know whether, there is a general scaling law
relating K to the system size n. In contrast, in the setting
where the CER data consist of all Pauli error rates up to a
fixed weight w, as discussed in Appendix E, the number of
included Pauli terms admits a clear scaling: the size of the
corresponding CER data grows as O(nw).

Each curve in Fig. 2 shows the median logical error
rate over an ensemble of coherent-error channels whose
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(a)

(b)

(%)

FIG. 2. Performance enhancement in the QEC capabilities of the Steane code obtained by use of partial error characterization data
using CER and using the USS method outlined in Algorithm 1 as a function of the number of Pauli error rates estimated from CER. This
enhancement is quantified by �2 = r2(E ;D1)/r2(E ;DK ). (a) �2 based on numerical simulations of QEC under random unitary noise
processes arising from the CG1D error model. These random unitary errors are grouped into bins with similar physical infidelities,
and the median performance gain for each bin is shown. Each bin is distinguished by a unique color, as indicated in the legend, which
also details the number of errors in each bin and their average physical and logical infidelities. In all but the extremely-high-noise
regime, the ML decoder achieves a performance gain of approximately 10 times when it assumes knowledge of merely approximately
1% of the available error characterization data from CER, specifically 163 Pauli error rates. (b) Variation in performance gains across
individual physical noise processes within the four bins considered in (a) when the ML decoder has access to those 163 Pauli error
rates that constitute the 1% of the error data from CER. The width of a violin-shaped region at a specific height (�2) is proportional
to the number of noise processes that exhibited the corresponding performance gain. The horizontal dashed lines represent the first
quartile, median, and third quartile of the performance gains, respectively. While most of performance gains fall between 15 times and
30 times, gains in the low-noise regime can reach as high as 50 times.
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physical process infidelities lie within the range indicated
in the legend. Although the channels in a given ensemble
share similar process infidelities, they can still differ signif-
icantly in other features that fully determine the underlying
unitary noise. It is well established that process infidelity
alone does not fully characterize QEC performance [60].
As a result, a channel with slightly lower process infidelity
may nevertheless produce a higher logical error rate than
a channel with higher infidelity, depending on the specific
structure of its unitary error. This effect can lead to non-
monotonic behavior in the logical error rates, as observed
in Fig. 2(a), as well as crossings between curves associated
with different infidelity bins.

The performance improvements depicted in Fig. 2 are
attributed to the combined impact of the partial CER
data regarding the underlying noise process and the USS
algorithm (Algorithm 1). In the following analysis, we aim
to isolate the individual contributions of the partial CER
data and the USS algorithm to these gains. For an n-qubit
noise process E , we introduce three key notations: (1) the
full vector of all 4n Pauli error rates, denoted as χ(E);
(2) the vector of length 4n containing K nonzero values,
specifically the Pauli error rates from CER, labeled χK(E);
and (3) the vector incorporating K Pauli error rates from
CER, with the remainder assigned by the USS algorithm,
represented as χ̂K(E).

If χ(E) closely resembles χ(E), this suggests that the
CER data are primarily responsible for the performance
enhancement of the ML decoder. To quantify the contribu-
tion of the USS algorithm, we estimate the total variation
distance (TVD) between the distributions in (1) and (2),
denoted by�T(χ(E),χK(E)). This value will be compared
with the TVD between χ(E) and χ̂K(E). If the latter is
smaller, this indicates that the USS algorithm plays a cru-
cial role in enhancing the decoder’s understanding of the
original noise process beyond the available CER data. As
shown in Table I, for the ensemble of CG1D error models
considered in Fig. 2, TVD(χ(E),χK(E)) is approximately
5–10 times larger than TVD(χ(E), χ̂K(E)) for K = 163,
which represents roughly 1% of the available CER data.
This shows that the USS algorithm plays a key role in
achieving the observed performance gains alongside CER.

V. CONCLUSION

In this work, we have demonstrated how the rich set of
noise data that can be acquired efficiently with the use of
CER can be used directly to improve logical error rates. We
demonstrated a method to harness only the K-largest Pauli
error rates derived from CER to develop an efficient heuris-
tic to reconstruct all of the remaining Pauli error rates. This
classical postprocessing method significantly reduces the
experimental cost associated with estimating the error rates
for the ML decoder. By integrating our heuristic into the
maximum likelihood decoder, we numerically estimated

the suppression in the optimal logical error rate achiev-
able for the given error model. Testing our methods for a
wide variety of realistic error models, from coherent errors
to incoherent errors, we found a performance gain of at
least an order of magnitude when compared with a sce-
nario where only the average error rate of the underlying
physical error model is given. The consistent improve-
ment observed across diverse error models underscores the
promise of our heuristic approach in completing the Pauli
error distribution from limited CER data, regardless of the
specific error model chosen.

Although concatenated codes are extensively used in
proofs of the fault-tolerance accuracy threshold theorem
[96], these are less appealing from a practical standpoint.
This is largely attributed to the large weights of the sta-
bilizer generators, resulting in significant errors when an
error syndrome is measured. Our focus has been on con-
catenated codes with increasing distance as levels grow,
albeit encoding only a single logical qubit. However, this
is not a strict limitation of our methods, and recent studies
[77,78] have shown constructions of concatenated codes
that have an increasing rate with the number of levels,
and concatenated schemes with topological codes [97] to
achieve fault tolerance. Nonetheless, the most promising
candidates [4,98–101] for quantum error-correcting codes
to achieve fault tolerance with a low resource overhead
lie within the realm of quantum low-density parity check
(LDPC) codes, whose stabilizer generators have a weight
that is at most a constant independent of the size of the
code. Only a handful of quantum LDPC code families
are known to have decoders that can be adapted to the
properties of the underlying error model. For instance,

TABLE 1. Role of the USS algorithm in enhancing the per-
formance of the ML decoder for the ensemble of CG1D error
models, as reported in Fig. 2. The second column represents the
TVD between the distribution of Pauli error rates in the noise
process, χ(E), and the distribution of the leading K = 163 error
rates extracted by CER, denoted as χK (E). The third column
shows the TVD between χ(E) and the distribution generated by
the USS algorithm, χ̂K (E), which is based on the CER data com-
prising the leading K Pauli error rates. While the TVDs differ
significantly depending on individual instances of the random
CG1D error model, we have averaged the results across sub-
sets (bins) of the ensemble, grouped by their process infidelities.
The first column represents the average physical error rate for
a bin in Fig. 2. The results show that, on average, the USS
algorithm improves the decoder’s knowledge of the underlying
noise process, beyond what is provided by the CER data alone.

〈ε〉 TVD(χ(E),χK (E) TVD(χ(E), χ̂K (E)
6.6 × 10−3 0.001 0.007
0.03 0.006 0.027
0.08 0.017 0.081
0.19 0.037 0.188
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Ref. [102] presents a variant of the standard minimum-
weight perfect-matching algorithm in surface codes [102]
to account for the asymmetry in the probabilities of the
single qubit Pauli errors. In some cases, ML decoding
algorithms for surface codes based on tensor networks
have been adapted to experimental features of the under-
lying CPTP map [103,104]. Analyzing performance gains
for adapting a decoder for quantum LDPC codes to lim-
ited CER data remains an interesting problem for future
research.

The key conceptual implication of our work is that
logical error rates can be significantly suppressed when
the decoder is provided with even a small fraction of
the a priori error rates. If we consider interpreting these
results in the context of fault-tolerant QEC, then this would
entail accounting for a number of error sources, where
memory errors in our analysis serve as a proxy for the
cumulative errors arising from imperfections in each of
the components in fault-tolerant implementations, includ-
ing the transversal gates on the data qubits, the syndrome
extraction circuits across the data and ancillary qubits, the
direct projection-valued measure (PVM) measurement of
the ancillary qubits, and the recovery operations on the data
qubits.

However, for an in-depth analysis of various types of
errors in the QEC process, we need to consider the broader
setting of circuit-level noise, where physical errors are
more appropriately described by fault paths, which map
to effective Pauli errors and, ultimately, to logical cosets of
the code. Recent work has demonstrated the feasibility and
practicality of error learning for particular subsets of the
above-mentioned components of fault tolerance [45,105].
ML decoding remains a comparison of logical coset prob-
abilities, although computing these probabilities becomes
substantially more challenging due to the enlarged error
space. Practical approaches may therefore combine partial
characterization of effective Pauli errors induced by noisy
circuits with heuristic extrapolation schemes, providing a
principled approximation to ML decoding under circuit-
level noise. We leave a detailed exploration of these ideas
to future work.

Our results build a compelling case that the problem of
estimating the cumulative errors in the fault-tolerant set-
ting presents a key opportunity for optimizing decoder
performance. Our work demonstrates that even a modest
amount of the experimentally accessible error characteri-
zation data can yield significant improvements in decoder
performance.
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APPENDIX A: CYCLE ERROR
RECONSTRUCTION

In this appendix, we review the CER method [41,42] to
estimate (i.e., learn) the Pauli error rates of a CPTP map to
multiplicative precision.

We have already encountered the χ -matrix representa-
tion of a CPTP map in Eq. (3). An alternative representa-
tion is obtained by expressing the input state ρ as a linear
combination of Pauli matrices. The CPTP map E can be
described as an affine transformation, denoted by 	(E),
on the vector space of Pauli matrices. The 4n × 4n real
matrix 	(E) is known as the “Pauli-Liouville representa-
tion” [107]. Each row and each column corresponds to a
unique pair of n-qubit Pauli matrices P, Q ∈ Pn:

	P,Q(E) = Tr(E(P) · Q). (A1)

Recall the simple yet versatile technique of estimating the
average fidelity of a CPTP map using experimental proto-
cols, known as “randomized benchmarking” [68,69]. The
core concept of the standard RB protocol lies in using the
two-design property of the Clifford group [67], leading us
to rewrite the process fidelity of a CPTP map E in Eq. (4)
as

ε(E) = 1 − 1
|Cn|

∑

C∈Cn

Tr(|0〉〈0| · C†E(CρC†)C), (A2)

where Cn is the n-qubit Clifford group. This formulation
suggests an experimental design where we initialize a fixed
state |0〉, apply m random Clifford gates C sampled from
Cn, followed by an inverse to return to the initial state in
the absence of noise, and then measure in the Z basis. The
probability of obtaining +1, denoted by Ps, is related to the
average fidelity of the underlying CPTP E as

Ps = A0ε
m(E), (A3)

where A0 is a constant related to state preparation and
measurement errors.
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FIG. 3. CER protocol to estimate a Pauli error rate. The circuit consists of m cycles of the noise E followed by random Pauli gates
Ti ∈ Pn expressed as Ti = Ti,1 ⊗ Ti,2 ⊗ . . .⊗ Ti,n to perform twirling. Initialization of the input in a Pauli eigenstate |P〉 and measuring
at the end in the P basis yields a decay law to estimate χP,P(E).

Note that the quantity measured by RB, ε(E), is only one
of the O(42n) parameters that specify E . There are sev-
eral noise processes of similar fidelity that lead to vastly
different logical error rates for quantum error-correcting
schemes [60]. CER provides a more detailed insight into
reconstructing E efficiently. In contrast to RB, which pro-
vides a single number r(E), CER estimates all the 4n Pauli
error rates in E .

Let us define a CPTP map τ [E] by averaging the map
obtained by conjugating both the input and output of E by
a Pauli operator P, over all n-qubit Pauli operators. More
precisely, for any state ρ,

τ [E](ρ) = 1
|Pn|

∑

P∈Pn

PE(PρP)P, (A4)

where Pn denotes the n-qubit Pauli group (modulo phases).
The map τ [E], called the “Pauli twirl of E” [40,68], is itself
a Pauli channel due to a straightforward observation from
representation theory. Furthermore, E and τ [E] have iden-
tical Pauli error rates. We can now use a technique akin to
RB to extract the Pauli error rates of E , which is based
on the following observation. The effect of τ [E] on an
eigenstate of a Pauli operator P ∈ Pn with eigenvalue λP,
denoted by |P〉, is entirely determined by 	P,P(E) defined
in Eq. (A1). Hence, measuring P on τ [E](|P〉〈P|) yields
λP with probability that obeys a decay law similar to Eq.
(A3) but with r(E) replaced by χP,P(E). Hence, by choos-
ing the input to be each of the 4n Pauli eigenstates, we
can estimate all the corresponding Pauli error rates of E .
Figure 3 presents a schematic overview of the CER proto-
col. It is important to note that Fig. 3 represents a specific
instance of the CER protocol tailored for estimating the
Pauli error rates of a memory error process such as E .
We skip detailing the general technique [42] since it is not
directly pertinent to this paper.

Flammia and Wallman [46] showed that all of the Pauli
error rates can be estimated with the use of O(n2n) mea-
surements in total and with use of the Walsh-Hadamard
transformation to convert the eigenvalues to the Pauli error

rates. While CER offers a scalable and efficient technique
to extract each of the 4n Pauli error rates for a n-qubit
CPTP map, the exponential growth in their number makes
it impractical to estimate all of them within polynomial
time. This leads us to another development, presented in
Ref. [47] where the study authors propose a method to esti-
mate the K-largest Pauli error rates of a CPTP map E using
a number of experiments that scale linearly with K . Our
work leverages the result in Ref. [47].

APPENDIX B: QUANTUM ERROR CORRECTION
THEORY FOR NON-PAULI NOISE

Recall that an [[n, k, d]] stabilizer code [71] Q is defined
as a 2k-dimensional subspace of Cn

2, such that every ele-
ment of Q is an eigenstate with eigenvalue +1 of n − k
commuting Pauli operators called the “stabilizer genera-
tors.”

Before describing the QEC strategy, we first introduce
the necessary notation. Let ρ denote a single qubit state
that is encoded into an [[n, k, d]] stabilizer code whose
encoding circuit [108] is U, yielding ρ given by

ρ = U · ρ ⊗ |0〉〈0|n−1 · U†. (B1)

A noisy encoded state is modeled by the action of an n-
qubit CPTP map E on ρ, resulting in E(ρ).

The strategy for dealing with general noise is inspired by
the Pauli case. In the simple case where E is a Pauli error
model described in Eq. (2), we note that any Pauli error
E on the encoded state may be detected by observing the
outcomes of measuring each of the stabilizer generators,
or equivalently, by examining the commutation relations
between E and each of {g1, . . . , gn−k}. The binary sequence
s ∈ Z

n−k
2 , where si = −1 when [E, gi] = 0 and si = −1

when {E, gi} = 0, is called the “error syndrome.” Clearly,
there are only 2n−k distinct error syndromes, whereas there
are 4n distinct n-qubit Pauli errors. So, many Pauli errors
will have the same error syndrome. The Pauli channel now
induces a probability distribution on the error syndromes,
where the probability of an error syndrome s, denoted by
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Prob(s), is given by the sum of probabilities of all Pauli
errors that result in the error syndrome s.

The case of non-Pauli errors is somewhat more com-
plicated. Measuring each stabilizer generator gi on E(ρ)
yields an error syndrome s with probability Prob(s) given
by

Prob(s) = Tr(�s · E(ρ)), (B2)

where ρ is the encoded state and �s is a projector corre-
sponding to the syndrome measurement:

�s =
n−k∏

i=1

I + (−1)si

2
. (B3)

Expressing the noisy state E(ρ) using the χ -matrix in Eq.
(3), we find that

Prob(s) =
∑

P,Q∈Ps

χP,Q(E)Tr(�s · P · E(ρ) · Q), (B4)

where Ps is the set of all Pauli errors whose error syn-
drome, obtained from commutation relations with stabi-
lizer generators, is s. In contrast to a Pauli error model,
in non-Pauli error the probability of an error syndrome is
not independent of the input state. Additionally, comput-
ing Prob(s) from Eq. (B4) requires time proportional to 2n,
unlike the simple case of Pauli channels, where it takes
time only quadratic in n. After measurement of an error
syndrome, the state of the system transforms to

�s · E(ρ) ·�s

Prob(s)
. (B5)

1. Maximum likelihood decoding

Before we define the decoding problem, it is worth ana-
lyzing some structure of the Pauli group induced by the
stabilizer group. Note that there are nontrivial Pauli errors
E �= I that have a trivial syndrome: s = 00 . . . 0. These
errors belong to N (S): the normalizer of the stabilizer
group S within the Pauli group Pn,

N (S) = {E ∈ Pn : E · S · E ∈ S}.

Clearly, S ⊂ N (S), which encompasses errors that leave
all encoded states unchanged. However, errors in L =
N (S)/S , referred to as “logical errors,” are those caus-
ing nontrivial transformations to the encoded states but
cannot be detected by the error syndrome. Finally, T =
Pn/N (S), referred to as “pure errors” [30,72,73], denotes
classes of errors where each class corresponds to a unique
error syndrome. Consequently, we can now express any
Pauli error E ∈ Pn as a product: E = T · L · S, where T ∈
T , L ∈ L, and S ∈ S .

In the decomposition of a Pauli error shown in Eq. (6),
note that each pure error generator anticommutes with a
unique stabilizer generator. In other words, the error syn-
drome tells us precisely the pure error generators that make
up the T element of the error:

T =
n−k∏

i=1

Tsi
i . (B6)

While T is entirely fixed by learning the error syndrome s
through measurements, T ≡ Ts, it remains to determine L
and S to completely specify a Pauli error. The choice of S
is not important, as two errors that differ in this decom-
position by a stabilizer are effectively indistinguishable.
However, the choice of the logical operator L ∈ L is cru-
cial—applying a wrong choice will not return us to the
right encoded state after QEC, marking its failure.

The task of determining L is a statistical inference prob-
lem known as ML decoding [30,31], stated as follows.
Given an error syndrome s and an error model E , compute
Ls ∈ L such that

Ls = argmax
L∈L

Prob(L|s), (B7)

where Prob(L|s) is the probability of a logical error,
defined as the sum of all errors in the coset Ts · L · S:

Prob(L|s) =
∑

S∈S
Prob(Ts · L · S). (B8)

Note that the probabilities of Pauli errors P = Ts · L · S are
derived from a given error model. If E is a Pauli error
model, this is straightforward; Prob(P) = χP,P(EP). In the
general case, including non-Pauli error, we derive Prob(P)
from the Pauli twirl of E : τ [E]. So Prob(P) = χP,P(τ [E]).

An alternative decoding strategy involves selecting a
logical operator that maximizes the probability of a spe-
cific error for a given choice of S, i.e.,

Ls = argmax
L∈L,S∈S

Prob(TsLS).

For an independent and identically distributed depolarizing
noise model with error rate p per qubit, the operation TsLsS
represents the lowest-weight Pauli error that is consistent
with the observed syndrome �s. This approach defines the
minimum-weight decoder [30].

The output of the decoder, Ls, can be combined with
Ts and any stabilizer S to yield a recovery operation:
Ts · Ls · S. After applying the recovery operation on the
n-qubit state in Eq. (B5), we find

σ = (Ts · Ls · S ·�s · E(ρ) ·�s · S · Ls · Ts)

Prob(s)
. (B9)

Since syndrome measurement and recovery involve active
quantum controls, errors are inevitable during these steps.
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FIG. 4. Encoding circuit of a concatenated code. Each code block is represented by an encoder, which encodes one logical qubit into
n physical qubits. Note that the encoding circuit resembles a tree. Each layer of encoder operations is called a “concatenation level,”
and the code shown is a level-3 concatenated code.

However, we restrict ourselves to a setting in which noise
in the quantum error correction circuit is significantly sup-
pressed compared with noise in quantum memory [19,109–
112]. In such a case, the state in Eq. (B9) is guaranteed
to be an encoded state. Consequently, we can extract the
encoded logical information, denoted by σ , from σ :

σ = Tr2,...n
(
U† · σ · U

)
, (B10)

where Tr2,...,n represents a partial trace over the 2n−1-
dimensional subspace of all qubits except the first one.
The convenience of assuming only memory errors enables
us to define a CPTP map E s

1 that maps the logical infor-
mation ρ to σ . This map is called an “effective channel”
[19,57,60,82,84,113], as it describes the effective action
of noise along with the correction of quantum errors on
the logical information. The average effective channel,
denoted by E1, is simply the average of E s

1 over all error
syndromes s:

E1 =
∑

s

Prob(s)E s
1. (B11)

We refer to the strength of noise in the logical channel, in
short, the logical error rate, as the infidelity of the average
effective channel [114]: ε(E1), in short, ε1.

2. Efficient decoding of concatenated codes

While ML decoding is optimal [30,31] for stabilizer
codes, it comes with certain trade-offs. Firstly, it neces-
sitates knowledge of all the 4n Pauli error rates affecting
the physical qubits of the code. Despite this practical road-
block, we analyze the performance of ML decoding since
it yields the best logical error rate achievable under a
given physical error model. Secondly, ML decoding poses
computational challenges for general stabilizer codes [30].
However, to circumvent this, we narrow the focus to con-
catenated quantum codes, a rare family of stabilizer codes
that have an efficient ML decoder implemented using a
message passing algorithm [36].

Concatenated codes use recursive encoding strategies
in which the encoding circuit resembles a tree [71,77,78].
Figure 4 shows a schematic of the circuit. Each block in
the � layers denotes an [[n, 1, d]] stabilizer code, result-
ing in an [[n�, 1, d�]] stabilizer code. The code is referred
to as a “level-� concatenated code.‘” The error syndrome
for any Pauli error E comprises n� − 1 bits, which can be
grouped into sequences corresponding to each code block.
Assuming that the noise E is uncorrelated across qubits in
different code blocks, the probability of a logical opera-
tor denoted as Prob(L|s) in Eq. (B8) takes on a product
form [36].

Consequently, the ML decoder operates as follows. To
begin with, we use Eq. (B8) to compute the distribution
of logical operations on each of the n�−1 code blocks at
level 1, conditioned on the syndrome bits of the code block,
independently. Hence, for each code block we obtain a dis-
tribution {Prob(I |s), Prob(X |s), Prob(Y|s), Prob(Z|s)}, and
a logical channel E s

1. Each of these logical channels serves
as the physical noise channel to the compute logical chan-
nel for the code blocks at level 2. Hence, we compute
the logical channels for all the code blocks at level 2,
conditioned on the syndrome bits of the code blocks,
independently. We now have to compute a distribution

FIG. 5. Operation of the message-passing decoder for con-
catenated codes. The QEC block for a code block at level �
encapsulates all the steps to compute an effective logical chan-
nel conditioned on the error syndrome of the corresponding code
block, using as the physical noise processes the logical channels
computed from code blocks at level �− 1.
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for the logical corrections for each of the code blocks at
level 2. For this, we use Eq. (B8), where the Pauli error
model to be used to derive the probabilities of physical
I , X , Y, Z errors is replaced by the distribution of logical
errors from the level-1 code blocks. We proceed in this
iterative fashion until the final level, where the distribu-
tion of logical operators for the code block at level � is
computed. Ultimately, the output of the ML decoder is the
logical operator with the highest probability, described in
Eq. (B7). Applying this logical operator allows us to com-
pute an effective channel for the level-� concatenated code
using Eqs. (B9)–(B11). Figure 5 provides a schematic for
the functioning of the ML decoder for concatenated codes.

For a concatenated code with � levels, we can follow
the recipe described above to compute the effective logical
channel conditioned on the observed syndrome, denoted
E s
� . The average effective channel E�, which we refer to in

short as ε�, is obtained by averaging over all possible syn-
drome outcomes, similar to Eq. (B11). The average logical
error rate is then defined as the infidelity of E�. However,
the number of syndrome outcomes grows exponentially
with the number of levels �, making an exact computation
of the average effective channel impractical. For instance,
even at � = 2, there are approximately 1012 possible syn-
drome outcomes. Appendix F details efficient sampling
techniques for estimating the average logical error rate
for concatenated codes, bypassing the need to explicitly
enumerate all syndrome outcomes.

APPENDIX C: RANDOM UNITARY CIRCUITS

Coherent errors constitute an important class of physi-
cally relevant error models, arising from various scenarios,
such as imperfect control during logical operations or
unintended qubit interactions within a code. These are par-
ticularly malicious for any quantum code because of two
key characteristics. Firstly, they accumulate more rapidly
than incoherent errors. Coherent errors, being rotations,
add linearly, unlike incoherent errors, which accumulate
only quadratically [115,116]. Secondly, since most quan-
tum codes are tailored to correct incoherent errors such
as depolarizing noise, their effectiveness decreases when
faced with coherent errors [18]. For most of the realistic
hardware, it has been observed that errors are often corre-
lated in spatial regions as well as temporal regions. With
a loss of generality, we want to focus on time-independent
yet spatially correlated unitary errors. For instance, when
we apply a two-qubit entangling gate such as a CNOT gate
between two qubits in a code, we observe that a faulty
implementation leaves behind correlated errors [117,118].
In superconducting architectures, crosstalk is a major
source of noise, which is often of similar magnitude as
the single qubit errors [119]. Since unitary errors take a
specific form depending on the choice of hardware device
under consideration, we analyze random correlated unitary

error models so that our outstanding conclusions apply to
any realistic hardware.

In this appendix, we showcase gains for unitary errors
resulting from a random unitary circuit of a fixed depth
[120,121]. Recall that the gain refers to a relative per-
formance gain, defined in Eq. (9), of the decoder with
access to K error rates in the CER data, over a decoder
that assumes access to the average physical error rate
alone.

We consider a model for coherent errors wherein an
n-qubit unitary error U is composed of at most d ran-
dom unitary errors U1, . . . , Ud, each acting nontrivially
on at most k ≤ n qubits. For convenience, let us label
the support of Ui by the set Si ⊆ {1, . . . , n}. We model
each of the unitary errors Ui by first choosing Si and
then sampling a random unitary matrix of dimension
2|Si|. Typically, a physical system has a mean correla-
tion length λ, indicating that most errors in U1, . . . , Ud are
supported on λ qubits. Additionally, we expect that the
frequency of k-qubit errors decreases exponentially with
k. These assumptions are reflected in our model by sam-
pling {|S1| , |S2| , . . . , |Sd|} from a Poisson distribution
with mean λ. Once |Si| is chosen, we assign Si to a ran-
dom subset of {1, . . . , n} of the given size. Finally, the
random unitary matrix Ui is obtained by exponentiating
a random Hermitian matrix Hi of dimension 2|Si| in the
form Ui = exp (i Hi t), where t is a virtual time param-
eter that is fixed to acquire a handle on the strength of
noise in the system. To introduce significant correlations
in our system, we set λ = 2 to generate random unitary
errors in this model. Note that for these correlated error
models, a minimum-weight decoder is likely to fail since
multiqubit errors are not exponentially suppressed com-
pared with single-qubit errors. Furthermore, we expect that
learning the actual probabilities of the multiqubit errors
from the limited CER data would be crucial since they
would deviate significantly from our ansatz for the mul-
tiqubit error probabilities assigned with use of the USS
method in Algorithm 1.

Figure 6 shows gains for the level-2 concatenated Steane
code achieved with an ML decoder that leverages Pauli
error rates in N (K) along with the USS method for sev-
eral values of K . The trends in Fig. 6 are drawn from an
ensemble of 336 random unitary errors. To generate each
unitary error, we build a random unitary circuit of depth
12 by choosing random unitary gates supported on random
subsets of the qubits in the Steane code block whose sizes
are distributed according to the Poisson distribution with
mean 2. Recall that each unitary gate is obtained by expo-
nentiating a random Hamiltonian multiplied by a constant
t, providing a handle on the noise strength. To generate the
random channels shown in Fig. 6 we have considered six
distinct values of t the range [0.25, 0.65]. These numbers
are chosen to obtain the desired spectrum in the fidelities
of the resulting n-qubit unitary errors.
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(%)

FIG. 6. Performance improvements achieved by the ML decoder for concatenated Steane codes, quantified by �2 =
r2(E ;D1)/r2(E ;DK ), under unitary errors, with differing fractions of CER data provided to the decoder. Each unitary error is gen-
erated from a random unitary circuit of depth at most 9, consisting of random single-qubit, two-qubit, and three-qubit gates. The error
maps are grouped into bins as described in Fig. 2. A typical performance gain of 5 times can be achieved in most noise regimes, lever-
aging merely 1% of the error characterization data from CER, i.e., 164 Pauli error rates. The inset shows the variation of performance
gains for the individual channels in each of the bins when only 1% of the error data is available to the ML decoder. While the median
performance gains in the bins are 5 times, we see that for some unitary errors, the performance gains can be as high as 20 times.

APPENDIX D: GENERIC MARKOVIAN ERRORS

A slightly inclusive notion of noise processes that
includes decoherence effects is given by CPTP maps. An
n-qubit CPTP map can be described with the use of at most
O(2n2

) operators:

E(ρ) =
∑

i

KiρK†
i , (D1)

where Ki are positive matrices, called “Kraus operators“
[53], and satisfy

∑

i

K†
i Ki = I.

The χ -matrix representation of E shown in Eq. (3) can be
derived by expressing the Kraus operators in Eq. (D1) as
linear combinations of Pauli matrices.

An important subclass of CPTP maps is noncatas-
trophic channels, which are characterized by ε(E) ≥ 1/2
and u(E) ≥ 1/2, where u(E) is the unitarity [122] of the
CPTP map E . In this study, we focus specifically on non-
catastrophic CPTP maps, which we refer to as “realistic
errors.‘” It can be shown that a noncatastrophic channel
E can be accurately described with the use of only one
Kraus operator [61]: E(ρ) � KρK†, where K is the lead-
ing Kraus operator. Expressing K in terms of its polar
decomposition yields K = PU, where U is a unitary error,

while P is a projector, denoting an incoherent error. This
decomposition highlights a crucial point: realistic CPTP
maps can be effectively described as a combination of a
unitary error and an incoherent error. We exploit this idea
to sample realistic error models by composing a unitary
error EU in Eq. (1) with a Pauli channel EP in Eq. (2).

We construct random n-qubit CPTP maps by compos-
ing at most m CPTP maps on k ≤ n qubits. To derive
one such CPTP map, we first sample a number u from a
Poisson distribution with mean λ, indicating a mean cor-
relation length in the system. Then we compute a random
subset of n qubits of size u, denoted by Si, and generate
two maps supported on Si. One is a random unitary error
expressed as EU (ρ) = exp(iHt)ρ exp(−iHt), where H is a
random Hermitian matrix of dimension 2u. The other is a
random Pauli channel EP of fixed average physical error
rate, obtained by our choosing a random vector of 4n − 1
real numbers denoting the probabilities of all the nontriv-
ial Pauli errors supported on S. Finally, we compose EU
and EP to obtain one instance of a random noncatastrophic
CPTP map. Composing several of these random CPTP
maps yields an n-qubit CPTP map.

Similarly to the analysis of unitary errors, we examine
typical performance gains for random CPTP maps catego-
rized into bins on the basis of their physical infidelities.
Figure 7 shows approximately 10 times performance gains
achieved for the level-2 concatenated Steane code across
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FIG. 7. Performance improvements achieved by the ML decoder for concatenated Steane codes, quantified by �2 =
r2(E ;D1)/r2(E ;DK ), under random CPTP noise processes, with differing fractions of CER data provided to the decoder. These maps
are grouped into bins using a similar strategy as described in Figs. 2 and 6. Across most noise regimes, a 5 times to 10 times per-
formance gain is observed, even when only 1% of the CER data is made available to the ML decoder. Each violin-shaped region in
the inset corresponds to a bin identified by its respective color. The width of the region at a specific height (�2) is proportional to the
number of random CPTP maps that exhibited the corresponding performance gain when only 1% of the error characterization data
from CER is made available to the ML decoder. While the median performance gain across channels in a bin typically ranges between
5 times and 10 times, individual maps exhibit performance gains as high as 20 times.

several ensembles of noncatastrophic CPTP maps, with the
use of only 1% of the Pauli error probabilities in the CER
data.

Together with the unitary cases shown in Figs. 2 and 6,
the results in Fig. 7 underscore the significance of CER
data and demonstrate the versatility of the uncorrelated
split search method in achieving substantial performance
gains.

APPENDIX E: k-BODY NOISE
RECONSTRUCTION

Recall that the goal of this paper is to highlight the
critical importance of noise calibration, even when it con-
stitutes as little as 1% of the total available spectrum,
for substantially enhancing the performance of the ML
decoder. Our numerical findings in Sec. IV C are derived
on the basis of a particular selection of limited error
characterization information from CER—representing the
K-largest Pauli error rates in the underlying physical noise
process, which can be obtained with the use of experimen-
tal protocols detailed in Refs. [46,94]. However, the scope
of our techniques for assigning the rates for the remain-
ing errors, using the uncorrelated split search algorithm, is
agnostic to the choice for the limited CER information. In

this appendix, we stress this point using a different ratio-
nale for selecting partial CER data based on the Hamming
weight of Pauli errors, known as “k-body noise reconstruc-
tion,” or k-NR as referenced in Refs. [41,42]. Here we
describe our partial calibration data for an n-qubit CPTP
map as comprising Pauli error rates of all Pauli errors
with a weight of at most k, denoted by χk(E). Note that
the size of χw(E) equals Nw, as shown in Fig. 8, which
scales exponentially with w. For example, k = 3 denotes
calibration data consisting of N3 Pauli error rates, corre-
sponding to single-qubit, two-qubit, and three-qubit Pauli
errors. Figure 8 illustrates the performance gains achieved
with increasing amounts of k-NR data, where the remain-
ing Pauli error probabilities are assigned with use of the
uncorrelated split search algorithm. Notably, we observe
approximately 5 times performance improvement for uni-
tary errors when the decoder is provided with single-qubit
and two-qubit error rates, and approximately 10 times
improvement for CG1D errors. To have a fair comparison
of the two different rationales for selecting the limited CER
data given to the ML decoder, we used the same ensemble
of physical noise processes in Fig. 8 as in the numerical
studies for Figs. 2 and 6.

In most physical models, it is typically expected that
interactions involving a significant number of qubits tend
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(a)

(b)

FIG. 8. Significance of calibration data from k-NR in enhancing the performance of an ML decoder for concatenated Steane codes
under two distinct models for coherent errors. In (a), unitary errors are generated from random unitary circuits with depths up to 9,
comprising random single-qubit and two-qubit gates. In contrast, in (b), the CG1D error model is used to generate the errors. The x axis
represents the number of Pauli error rates K)accessible to the decoder, specifically all the Pauli error rates for Pauli errors of weight up
to w for 0 ≤ w ≤ 3, denoted by Nw. Performance improvements are quantified with the use of �2 = r2(E ;D1)/r2(E ;DK ). In (a), for
each bin containing random noise processes with similar average physical error rates, the median performance gain is observed to be
approximately 5 times. For the CG1D error model in (b), the median gains are significantly larger, typically around 30 times. As shown
in Figs. 2 and 6, the inset plots detail the individual performance gains for all noise processes across the bins when the ML decoder
is provided with all single-qubit and two-qubit error rates. Notably, these individual gains can far exceed the median values. Overall,
where calibration data are sourced from k-NR, the performance gains are not as pronounced compared with when the calibration data
comprise the K-largest Pauli error rates. This disparity arises from the prevalence of correlated errors in the physical noise model,
which causes some low-weight errors to occur less frequently than certain higher-weight errors.
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FIG. 9. Rapid convergence of Monte Carlo estimates of the average logical error rate for the level-2 concatenated Steane code
obtained with the importance sampling technique. The underlying physical noise process is the unitary error model introduced in
Sec. C. The estimate from the importance sampler converges to the true average logical error rate, which is determined by direct
sampling after a very large number of samples. We average the logical error rate estimates over all random unitary error ensembles,
characterized by their average physical error rates. For most physical noise strengths indicated by the physical error rates, we observe
that the importance sampler converges with only 1/100 of the samples required by the direct sampler. Similar results can be found in
Refs. [60,124].

to be weaker than those involving fewer qubits. Essen-
tially, this implies that the likelihood of Pauli errors
decreases exponentially with error weight once it exceeds
a certain correlation length λ within the system. This rule
of thumb supports the use of k-NR data for decoding pur-
poses. However, when k ≤ λ, it is possible that some Pauli
errors of higher weight are more probable than certain
errors of lower weight. Another case where the effective
correlation length might increase is when noise accumu-
lates over time, i.e., under composition. In such scenar-
ios, it is better to choose the k-largest error rates rather
than systematically choosing errors by increasing weights.
This is evident from the larger performance improvements
observed in the composition of the unitaries in Fig. 6
versus Fig. 8(a). In contrast, the absence of inherent com-
position in the error model leads to the performance gains
from the k-NR data depicted in Fig. 8(b) being similar to
those obtained by choosing the leading Pauli error rates for
the same physical noise processes within the CG1D error
model.

APPENDIX F: ESTIMATING THE AVERAGE
LOGICAL ERROR

We want to outline the techniques used to estimate
the average logical error rate for the concatenated Steane
code. Recall from our discussion in Sec. II C that the log-
ical error rate conditioned on a syndrome measurement

outcome is simply given by the infidelity of the effec-
tive channel: r(E s

�), where � denotes the concatenation
level. Equation (B11) defines the average effective channel
where the sum is over all error syndromes of the level-
� concatenated code. Recall that a level-� concatenated
code is an [[n�, 1, d�]] code, where n is the total number
of physical qubits in a code block and d is its distance.
For the level-2 concatenated Steane code, we find n = 7
and d = 3, implying that there are 2n�−1 error syndromes.
Even for � = 2, the number is more than 1014. Hence,
it is infeasible to compute the average logical error rate
exactly. We instead estimate the average logical fidelity
by a Monte Carlo sampling [60,65,114] of the syndrome
distribution Prob(s) given in Eq. (B2). We denote the
sampling estimate of r(E�) by r(Ê�), given by

r(Ê�) = 1
N

∑

ŝ

r(E ŝ
�), (F1)

where N is the number of syndrome samples drawn from
the syndrome distribution Prob(s). Although it may seem
straightforward to obtain r(Ê�) in this way, there are sub-
tleties that cause estimates to converge very slowly to the
true average logical error rate due to the presence of outlier
syndromes that strongly impact the average [60,65,123].
Therefore, we use an importance sampling technique in
which we sample error syndromes from a different distribu-
tion Q(s) that assigns a higher weight to outlier syndromes
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and corrects the infidelity found for the sampled syn-
drome s by a ratio Prob(s)/Q(s). In our simulations, we
choose Q(s) = Prob(s)α , where α is selected such that
the uncorrectable errors, for which the average infidelity
is close to 1, have a weight greater than a fixed thresh-
old [124]. Figure 9 demonstrates how the average logical
error rate estimated from the importance sampling method
converges to the true average estimated from the direct
sampling method using a very large number of samples.
We showed explicit convergence of the logical error rate
estimates in the two sampling methods under a few uni-
tary channels modeled by random quantum circuits in Sec.
C. Clearly, the importance sampling method estimates the
true average with far fewer samples. In this work, our
numerical methods to estimate performance gains from
different decoding strategies under various error models
use the importance sampling method.
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