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Synchronous manipulation of nuclear spins via boron-vacancy
centers in hexagonal boron nitride
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We develop a method for entangling operations on nuclear spins surrounding a negatively charged
boron-vacancy (VB-center) point defect in hexagonal boron nitride (hBN). To this end, we propose to
employ the electron spin of a VB center as a control qubit. We show that, in the presence of a background
magnetic field and by applying control pulses, one can collectively manipulate the state of the nuclei
with Ûz and Ûx rotations. These rotations can serve for implementing the synchronous three-qubit X ,
Z, and Hadamard gates. Through our numerical analyses considering realistic system parameters and
decoherence effects, we demonstrate that these gates can be executed with high fidelities. Furthermore,
as an example for the application of our toolbox, we use these collective gates to prepare the highly
entangled Greenberger-Horne-Zeilinger states among the three nuclear spins with a fidelity of 0.99. By
including electron decoherence effects, we find that the relative deviations of the gate fidelities from the
noisy terms are negligibly small, demonstrating the noise resilience of our protocols. Our work can serve
as the foundation for exploiting the nuclear spins in hBN in future quantum technological applications.
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I. INTRODUCTION

Nuclear spins are reliable solid-state candidates for stor-
ing quantum information because of their long coherence
times [1–3]. Despite the difficulties in their accessibility for
read-write and possibly other manipulations, several tech-
niques have so far been proposed and even successfully
implemented [4,5]. Devising versatile methods for not only
transferring a quantum state to or from nuclear spins, but
also for enabling various gate operations, can significantly
push forward the idea of fault-tolerant quantum informa-
tion processing in such platforms [6,7]. Such methods
mostly rely on invoking a quantum mediator, namely, an
electron spin interacting with the nuclei [8]. The color
centers in solids are among the most reliable objects that
can provide such access, thanks to the exhaustive control
over the electron spin quantum mediator [9]. In particu-
lar, in diamond, several breakthroughs have been achieved,
leading to profound developments in controlling nitrogen
and carbon nuclear spins due to the high controllability of
nitrogen vacancy (NV) centers [10–27]. For applications in
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quantum computation, it has been recently shown that uni-
versal one- and two-qubit gates can be realized with NV
centers [27,28], and the implementation of error correction
in such gate operations has been devised [29]. Expansion
of such fine controls to similar physical systems can signif-
icantly help to advance the field. Among other approaches,
controlling nuclear spins in hexagonal structures of boron
nitride via the embedded color centers seems a promising
option [30].

The experimental observation of color centers in lay-
ered hexagonal boron nitride (hBN) structures [31–34]
and the subsequent theoretical investigations [35,36] have
identified highly controllable electron spins and brought
about the quest to employ them for various quantum pur-
poses. Negatively charged boron-vacancy centers (V−

B ),
which in this paper we refer to as VB centers, are shown
to be accessible for initialization and control via optical
and microwave pulses [37]. The use of these centers in
quantum applications has attracted great interest from the
quantum community in the past few years. It is a promising
physical platform for several purposes ranging from a host
for quantum emitters [38–42] to quantum manipulation of
other degrees of freedom and quantum sensing [43–52].

Even though the basics of a qubit in the manipulation
(initialization, control, and readout) of the electron spin
of a VB center in hBN have been established (see for
example Refs. [32,37,53]), a reliable and scalable quan-
tum information-processing strategy still requires further
investigation and is an ongoing agenda. There remain
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several open possibilities to incorporate other degrees of
freedom into the processing, which would lead to a more
fruitful deployment of the potential of the mentioned sys-
tem. Among other approaches, the nuclear spins in hBN
offer a unique feature in systems hosting color centers;
that is, all the stable isotopes of both nitrogen and boron
have nonzero nuclear spins forming a lattice. This nat-
ural proximity of nuclei to the color center results in a
large interaction with the electron spin, and yet in a regu-
lar fashion. Namely, given the lattice structure, the nuclear
spins form an orderly spin structure, rather than being ran-
domly located. These two features—strong coupling and
the order—can be exploited to efficiently manipulate the
quantum state of the nuclear spins. It is the purpose of
this work to partially address this issue by putting for-
ward a quantum toolbox composed of control gates for the
collective manipulation of the three nearest nuclear spins
surrounding a VB center in hBN.

The strong hyperfine interaction between the nuclear
spins and the electron spin—dominant over other com-
peting interactions [48,54]—combined with the ability to
hyperpolarize the nuclear spins [55,56] and the excellent
controllability of the electron spin in the VB center [32],
presents a promising opportunity to achieve indirect con-
trol of nuclear spins via VB centers in hBN. The same
principle can also be applied to the writing and read-
ing processes of nuclear spin registers. Namely, since the
central spin can be manipulated and read out efficiently
[32,57], one can employ two-qubit gates to transfer the
state between the nuclear spins and the electron spin,
allowing the writing and reading processes of nuclear
spins via the central electron spin as the mediator. In
this work, we propose two crucial practical schemes from
the perspective of the language of quantum computation,
namely a synchronous nuclear spin qubit gates implemen-
tation and a preparation of three-qubit entangled state—the
Greenberger-Horne-Zeilinger (GHZ) states.

We first demonstrate that the three 14N nitrogen nuclear
spins (in an isotopically purified sample), with the
strongest coupling strength to the central spin, can be con-
sidered as three copies of an identical spin, and this can
be further reduced to three identical copies of a qubit. By
employing the symmetric nature of the hyperfine interac-
tion and dynamical control techniques, we conceive entan-
gling gates in which the reduced action on each nuclear
spin is a rotation with the same phase across all the spins.
In other words, three such identical qubits can be manipu-
lated synchronously while assuming identical states. Such
rotations are then exploited to conceive the Pauli gates
X and Z, as well as the Hadamard gate. These provide
the basic tools for quantum information processing from a
quantum computation perspective. In addition to the syn-
chronous control, we also consider the application of these
entangling gates for the preparation of GHZ states, which
are highly entangled states with various applications, e.g.,

in quantum sensing. Such states can be attained by the con-
catenation of spin initialization, the entangling gates, and
a central spin measurement. The protocol leads to reduced
operators on the nuclear spin subspace, mapping the ini-
tial nuclear state to two GHZ states with different phases,
where one of them can be transformed into the other via
appropriate postprocessing. The implication of the GHZ
states opens another way to use the nuclear spins in hBN
for quantum sensing.

The remainder of this paper is organized as follows. In
Sec. II, we discuss the model of three nuclear spins cou-
pled to a central electron spin and the mechanism for the
realization of entangling gates used in our protocols. We
use a two-level subspace of the electron spin as a control
qubit subspace to manipulate the nuclear spins of the three
adjacent nitrogen atoms. Later, we introduce an effective
qubit subspace for the spin-1 system in Sec. III, where
we demonstrate that the entangling gates can be consid-
ered as Pauli gates on such an effective subspace of each
nuclear spin. The gate fidelities for realistic parameters of
the system are numerically studied in Sec. IV. In Sec. V,
we use the entangling gates for the preparation of GHZ
states, achieving high fidelity. We then consider the effect
of electron dephasing in Sec. VI, and finally, conclusions
are given in Sec. VII.

II. FORMULATION

In this section, we discuss the relevant model of an elec-
tron spin and three 14N nuclear spins clustered around a
boron-vacancy center in hexagonal boron nitride. We show
that by focusing on a two-level subspace of the central
spin, one can construct collective entangling gates in which
the effective phase on all nuclear spins is approximately
uniform. Such collective gates are enabled by neglecting
the fast-rotating terms and introducing a control term to
the Hamiltonian, resulting in uniform coupling coefficients
across all nuclear spins after the manipulation.

A. Boron vacancy in hexagonal boron nitride

The nuclear spins of the three nearest neighbors of a
negatively charged boron-vacancy color center in hBN
(VB center) strongly couples with the electron spin via
Fermi contact (and small contribution of dipolar) interac-
tion [32,54]. The coupling is anisotropic and thus allows
one to systematically manipulate the nuclear spins when an
appropriate external magnetic field is applied. The Hamil-
tonian describing the whole system is Ĥsys = Ĥe + Ĥn +
Ĥi with the following components (� = 1):

Ĥe = DgsŜ2
z + γeB · S, (1)

where Dgs is the zero-field splitting of the VB-center
ground-state triplet and γe is the electron gyromag-
netic ratio. Here, B is the vector of the background
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magnetic field, while S = (Ŝx, Ŝy , Ŝz)
T is the vector of

spin-1 operators. The nuclear spins are also affected by
the background magnetic field and the electric quadrupole
interaction. Furthermore, they couple to each other through
magnetic dipole-dipole and electric quadrupole interac-
tions, which are negligibly small compared to the other fre-
quencies. Hence, the Hamiltonian describing the dynamics
of the nuclear spins reads

Ĥn = −
∑

k

γkB · Ik, (2)

where γk and Ik are the nuclear gyromagnetic ratio and
the spin operator vector, respectively. The electron spin
of the VB center couples to the nuclei via two different
mechanisms. For the nearest-neighbor nuclear spins (three
nitrogen atoms), the interaction is dominated by the Fermi
contact, which is independent of the magnetic field ori-
entation. This contribution is determined by the overlap
of the wave function of the electron spin and the nuclear
spins; namely, the coupling between the electron spin and
the nuclear spin k is proportional to |�(rk)|2S · Ik, where
�(rk) is the electron wave function at the location of the
kth nuclear spin [56,58]. Given the localized nature of the
defect orbitals (see for example Ref. [35]), only contri-
butions from the three nearest nuclear spins are relevant,
whereas the interactions with the other sites are negligibly
small; see Fig. 1(a) for an illustration. The electron also
couples to them, as well as to the farther spins, via dipole-
dipole interactions, but the coupling strength is at least an
order of magnitude smaller [54]. Therefore, we consider
the four-spin system composed of the VB center and the
three nearest-neighbor nitrogen nuclei as a computational
unit. The interaction Hamiltonian reads

Ĥi =
∑

k

S · Ak · Ik, (3)

where Ak is the hyperfine tensor of the kth spin. Here,
we have limited the interaction to the hyperfine interac-
tion between the V−

B center and the three nearest-neighbor
nuclei and have omitted the other interactions. This is jus-
tified because of the much smaller coupling rates for the
other interactions, as mentioned above. Both experimen-
tal data and computational studies suggest an anisotropy
in the coupling of the VB center to the surrounding nuclei
[54,59]. We will shortly show how this property can be
exploited for the manipulation of the nuclear spins through
the electron.

In fact, the hyperfine interaction matrix Ak inherits the
geometric D3h symmetry of the point defect and assumes
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FIG. 1. The geometry of the VB center in hBN. (a) The elec-
tron spin of the boron vacancy (red ball) strongly couples to the
three nearest nitrogen nuclear spins (green balls N1 to N3). These
strong interactions are enabled by the Fermi contact (illustrated
by the orange area around the VB center). Interactions between
the electron spin and other sites are primarily dipolar and signif-
icantly weaker. A magnetic field is applied perpendicular to the
lattice plane, i.e., along the z direction. (b) Energy level structure
of the electron and any of the nuclei, which is symmetric under
permutation of {Nk} for k = 1, 2, 3. (c) The effective energy level
structure in the reduced Hilbert space is shown, where the Lar-
mor frequencies of spins Nk are shifted to ωk = γNB + Azz

k /2 for
a magnetic field along the z direction.

the following form [54]:

Ak =
⎛

⎝
Axx

k Axy
k 0

Axy
k Ayy

k 0
0 0 Azz

k

⎞

⎠ . (4)

This can be represented as Ak = A
⊥
k ⊕ [

Azz
k

]
. Therefore,

the hyperfine interaction can be seen as a composition
of a parallel Ŝz

∑
k Azz

k Î z
k and an in-plane

∑
k S⊥ · A

⊥
k · I⊥

k
interactions. Here, we have introduced the in-plane spin
operators as S⊥ = (Ŝx, Ŝy)

T and I⊥
k = (Î x

k , Î y
k )

T. If the mag-
netic field vector is chosen such that the free-evolution part
of the Hamiltonian, i.e., Ĥe + Ĥn, contains only in-plane or
parallel spin components, the dynamics governed by the
total Hamiltonian Ĥsys can then be considered as two sep-
arate independent branches of the evolution of parallel and
in-plane components. Hence, the possibility of controlling
these components independently is provided. This could be
the case, for example, when one applies the magnetic field
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in the parallel direction or the direction lying in the lattice
plane.

In this work, we consider the magnetic field B pointing
in the direction of the VB center’s axis of symmetry, i.e.,
B = Bẑ. We also assume that one can probe and manipu-
late the V−

B electron subspace spanned by {|0〉, |−1〉}, the
set of two lowest eigenstates of Ŝz, which can be achieved
by employing appropriate microwave drive frequencies
(see for example Refs. [32,55]). By introducing the Pauli
matrix σ̂z = |0〉〈0| − |−1〉〈−1| and similarly for σ̂x and
σ̂y , the relevant Hamiltonian, up to a global phase, in the
two-level subspace reads

Ĥ = −ω0

2
σ̂z −

∑

k

(
ωk − Azz

k

2
σ̂z

)
Î z
k

+ 1√
2

∑

k

σ⊥ · A
⊥
k · I⊥

k , (5)

where ω0 = Dgs − γeB and ωk = γnB + Azz
k /2 are the

effective Larmor frequencies of the electron and the kth
nuclear spin, respectively [Figs. 1(b) and 1(c)]. Here, σ⊥ =
(σ̂x, σ̂y)

T is a vector of the effective spin operators for the
in-plane components.

B. Dynamical control

We now introduce control drives to the system that
rotate the electron spin in the aforementioned subspace.
The drive Hamiltonian thus reads ĤC(t) = hx(t) σ̂x +
hy(t) σ̂y , with the functions hx(t) and hy(t) that need to be
appropriately chosen. The total controlled Hamiltonian can
then be described as

Ĥtot(t) = Ĥ + ĤC(t) . (6)

In our study, we assume that only one of the controls in
a rotating frame with respect to Ĥe is applied at a time,
and that both functions hx and hy are square pulses in that
frame. These two assumptions simplify the problem and
guarantee the filtered Hamiltonian form in the subsequent
parts of this article (see Appendices A and B for details).

With these, one can rewrite the Hamiltonian of Eq. (6)
in the rotating frame with respect to the free Hamiltonian
Ĥ0 = −ω0

2 σ̂z − ∑
k ωkÎ z

k + ĤC(t) in the following form:

H̃(t) ≈ Ĥeff(t)+ ĤRW,odd(t)+ ĤCRW(t) . (7)

Here, the effective Hamiltonian is the approximation for
H̃(t) and is given as follows:

Ĥeff(t) = azFz(t) σ̂z

∑

k

Î z
k + a⊥Fx (t) cos�tσ̂x

∑

k

Î x
k

+ a⊥Fy(t) cos�tσ̂y

∑

k

Î y
k . (8)

This is found by replacing the individual coupling coeffi-
cients in the first three terms with their averages:

� =
∑

k

(ω0 − ωk) /3,

az = 1
6

∑

k

Azz
k , a⊥= 1

6
√

2

∑

k

(
Axx

k + Ayy
k

)
.

In Eq. (8), the functions Fα(t) with α = x, y, z are fil-
ter functions induced by the control Hamiltonian ĤC(t).
Meanwhile, the rotating term with odd modulations is

ĤRW,odd (t) =
∑

k

A⊥
k sin�kt

(
Fy(t)σ̂y Îx − Fx(t)σ̂xÎ y

k

)
,

(9)

and ĤCRW(t) includes all counter-rotating terms. Both
these latter contributions in the dynamics become vanish-
ing with an appropriate choice of the filter functions (see
below). Note that the homogeneity assumed here in intro-
ducing �, az, and a⊥ results from the symmetric nature
of the hyperfine interaction [54,55]. The derivation for the
rotated Hamiltonian Eq. (7) and its full expression is given
in Appendix A, while the filter function formulation can be
found in Appendix B.

To obtain collective gates with desired rotations on
the nuclear spins, one could choose the filter functions
such that only one of the interactions in Ĥeff survives
and the other two interactions, as well as the extra terms
ĤRW,odd (t)+ ĤCRW(t), vanish. For instance, to single out
the term σ̂x

∑
k Î x

k , one should select the filter functions
such that Fz(t), Fy(t), and ĤRW,odd(t)+ ĤCRW(t) average
out to zero, as will be exemplified in the following.

In this paper, we discuss the construction of the follow-
ing gates without loss of generality:

Ûz (ϕ) = exp

{
−iϕσ̂z

∑

k

Î z
k

}
, (10a)

Ûx (ϕ) = exp

{
−iϕσ̂x

∑

k

Î x
k

}
. (10b)

Rotations about the z axis require no control pulses and
can be approximately obtained by choosing the magnetic
field to be strong. In other words, when |�| �|Aαβk |/√2
for α,β = x, y, all interactions except for the σ̂z Î z

k terms in
Eq. (7) become counter-rotating and thus negligible. In this
case, arbitrary rotation angles are attainable by setting the
evolution time to t = ϕ/az such that

exp
{
−i

∫ t

0
H̃ (t) dt

}
≈ exp

{
−iaztσ̂z

∑

k

Î z
k

}
= Ûz (ϕ) .
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In particular, the oscillation terms in Ĥeff (t) and
ĤRW,odd(t) with frequency � can be considered fast-
rotating terms, which average out in the dynamics. Since
ĤCRW(t) contains oscillatory terms with frequency 
 =∑

k (ω0 + ωk) /3, which is larger than �, the contribution
from ĤCRW (t) can also be neglected; see Appendix A.

The construction of Ûx is more complicated, and it
demands an active control (ĤC(t) 	= 0). In this work, we
will employ a conventional Carr-Purcell-Meiboom-Gill
(CPMG) sequence, as discussed below.

C. Preparation of Ûx

The CPMG sequence is implemented by inserting π

rotations about σ̂y . For a sequence with period T = 2π/�,
such pulses are applied at times T/4 and 3T/4, resulting in
a set of filter functions:

Fx (t) =
∞∑

k=0

4 sin (kπ/2)
kπ

cos (k�t) , (11)

where Fy (t) = 1 and Fz (t) = Fx (t). Here, the pulse
sequence is expressed in the rotating frame with respect
to Ĥe. We now choose the period such that the electron
Larmor frequency is an odd multiple of the fundamental
frequency � = p�. Suppose that the sequence completes
at the N th period. One then has

exp
(

−i
∫ NT

0
H̃ (t) dt

)

exp

{
−i

(
4 sin (pπ/2) a⊥N

�

)
σ̂x

∑

k

Î x
k + C(NT)

}
,

(12)

where C (NT) = −i
∫ NT

0 ĤCRW (t) dt is the residue of
counter-rotating terms. The terms with the filter functions
Fz (t) and Fy (t) are averaged out to zero, while the inte-
gral of ĤRW,odd (t) vanishes due to the orthogonality of
trigonometric functions.

The contribution C (NT) is relatively small compared to
the main contribution since the effective coupling coeffi-
cients are small compared to a⊥ and the average of the
oscillation terms with counter-rotating frequencies 
k =
ω0 + ωk are off-resonant. We avoid long-term behavior
when such an effect can accumulate and alter the observed
results. The exact form of the remaining term C (NT) is
complicated, but it can be made small by choosing appro-
priate values of p and other parameters, e.g., B and N . In
other words, with appropriate choices of parameters, one
can safely remove the contribution C (NT) in some rele-
vant situations, which will be exemplified by the numerical
calculations in Sec. V C.

With this scheme, the target rotation Ûx (ϕ) is attained
with a finite resolution. Namely, for a given rotation angle

ϕ in the preparation with N periods of CPMG pulses, one
has |ϕ| = Nδ�, with δ� = 4a⊥/ |�|. This suggests that �
exhibits a resolution parameter and N becomes the count-
ing factor for a given phase ϕ. To achieve a reasonable
resolution, one can choose the magnetic field to be large;
however, having a large � may cause another practical
issue; namely, the frequency of the control pulses � =
�/p will need to become large. This largely depends on
the limitations of the experimental setups, meaning that the
ability to vary ϕ is also limited by the ability to implement
the control sequences.

III. SPIN ALGEBRA AND COLLECTIVE GATES

Before demonstrating the gate implementations, let us
examine the algebraic structure of the nuclear spins. We
begin by discussing local manipulations of a two-level sub-
space embedded in each nuclear spin manifold and show
that such manipulations can be implemented collectively
using our devised gates. Later, we demonstrate that one can
realize a collective Pauli group on three nuclear two-level
systems, and finally, we use the preparation of GHZ states
in the nuclei to exemplify the potential of our framework.

A. Two-level subsystems

First, for clarity, let us define some notation as follows.
On the electron spin, let |±〉 = (|0〉 ± |−1〉) /√2. Let
|mI 〉k denote an eigenstate of Î z

k associated with the eigen-
values mI = 0, ±1 for spin k. Now, for the nuclear spins,
we introduce |z〉k = |0〉k, |x〉k = (|1〉k − | − 1〉k) /

√
2, and

|y〉k = (|1〉k + | − 1〉k) /
√

2. With this nomenclature, one
observes that

Î x
k = X̂ yz

k := |y〉k〈z| + |z〉k〈y|, (13a)

Î y
k = −Ŷzx

k := i|z〉k〈x| − i|x〉k〈z|, (13b)

Î z
k = X̂ xy

k := |x〉k〈y| + |y〉k〈x|. (13c)

In other words, each spin operator acts as an X or Y gate on
two orthogonal states apart from the state associated with
the operator label; e.g., the operator Î x

k swaps between |y〉k
and |z〉k but maps |x〉k to zero.

By employing Euler’s formula for spin-1 operators, this
observation leads to

exp
(
−iϕ Î x

k

)
= P̂x

k + cosϕP̂yz
k − i sinϕX̂ yz

k , (14)

exp
(
−iϕ Î y

k

)
= P̂y

k + cosϕP̂zx
k + i sinϕŶzx

k , (15)

exp
(
−iϕ Î z

k

)
= P̂z

k + cosϕP̂xy
k − i sinϕX̂ xy

k , (16)

where P̂αk = |α〉k〈α| are the projective operators and P̂αβk =
P̂αk + P̂βk for α,β = x, y, z. From these expressions, one
can interpret that an exponential operator generated by
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Iαk maintains the state |α〉k, whereas it shuffles the other
two states, with the transition amplitudes depending on the
phase ϕ, as seen in the coefficients of P̂αβk and X̂ αβ

k . Note
that one can rewrite Eqs. (10a) and (10b) as

Ûz (ϕ) = |0〉〈0| ⊗
3∏

k=1

e−iϕ Î z
k + |−1〉〈−1| ⊗

3∏

k=1

eiϕ Î z
k ,

(17a)

Ûx (ϕ) = |+〉〈+| ⊗
3∏

k=1

e−iϕ Î x
k + |−〉〈−| ⊗

3∏

k=1

eiϕ Î x
k .

(17b)

In this sense, it is possible to employ the entangling gates
Ûz (ϕ) and Ûx (ϕ) to manipulate only two of the three states
on each spin, with the aid of the electron state |0〉 or |+〉
as an auxiliary qubit. The effect on the three spins is the
same, thanks to the structure of the conditioned map on
the nuclear spins. That is, for a given electron state |0〉 or
|+〉, all nuclear spins will be rotated synchronously with
the same phase ϕ.

With the above formulation, one can employ any pair
of states in {|x〉k, |y〉k, |z〉k} as basis states for a qubit,
allowing us to construct a three-qubit subspace from the
system of three nuclear spins. Moreover, for any nuclear
spin k, since Ûα (ϕ) for α = x, y, z concerns only one fixed
axis α, one can manipulate each type of qubit subspace
separately, synchronously on three nuclear spins at once,
while leaving the components in the perpendicular sub-
space invariant. For instance, one can choose a Hilbert
subspace spanned by {|y〉k, |z〉k}k (which throughout this
paper we will call either the yz subspace or Hyz for short)
on which either Ûz (ϕ) or Ûx (ϕ) can be employed to
manipulate the state within the subspace. This can be done
by setting the initial state in Hyz, or for the case of an
initial mixed state, the density matrix on such a Hilbert
subspace Hyz. A similar framework is also applicable for
the other two, Hzx and Hxy . In the following, and through-
out this article, we use Hyz as an example and demon-
strate how one can construct three-qubit synchronous
gates.

B. Synchronous Pauli group

We now use the observations above for the preparation
of qubit Z, X , and Hadamard gates on the subspace Hyz.
For instance, one can consider the nuclear spin subspace
spanned by {|y〉k, |z〉k}k and treat it as a collective two-level
Hilbert space. In our analyses, we adopt the compact nota-
tion Âαβ = Âαβ1 Âαβ2 Âαβ3 for a collective of the operator Â.
We call this type of operator, in which the action on each
nuclear spin is identical, a synchronous gate. For the oper-
ator X̂yz, it can be easily obtained from the restriction of the
Ûx (π/2) on the mentioned subspace Hyz. Specifically, we

have

Ûx (π/2)
(
1 ⊗ P̂yz

)
= |+〉〈+| ⊗

3∏

k=1

[(
P̂x

k − iX̂ yz
k

)
P̂yz

k

]

+ |−〉〈−| ⊗
3∏

k=1

[(
P̂x

k + iX̂ yz
k

)
P̂yz

k

]

= i
(
σ̂x ⊗ X̂ yz

1 X̂ yz
2 X̂ yz

3

)
= iσ̂x ⊗ X̂yz.

(18)

The projection on the right-hand side in the first expres-
sion is employed to represent the preparation of the initial
nuclear spin state in the yz subspace. With another local
gate −iσ̂x on the electron part, the restriction of the action
(−iσ̂x ⊗ 1)Ûx (π/2) on the yz nuclear collective subspace,
i.e.,

(−iσ̂x ⊗ 1)Ûx (π/2)
(
1 ⊗ P̂yz

)
= 1 ⊗ X̂yz,

can be considered as a collective X gate, as expected.
For the Z gate on the same subspace, from the relation

Ûz (π)
(
1 ⊗ P̂yz

)
= |0〉〈0| ⊗

3∏

k=1

[(
P̂z

k − P̂xy
k

)
P̂yz

k

]

+ |−1〉〈−1| ⊗
3∏

k=1

[(
P̂z

k − P̂xy
k

)
P̂yz

k

]

= −1 ⊗ Ẑyz, (19)

or the restriction of −Ûz (π) on the yz nuclear collec-
tive subspace can be considered as a collective Z gate, as
claimed. With these X̂yz and Ẑyz, one automatically has a
product Pauli group on three qubits, with the relation

ẐyzX̂yz = −X̂yzẐyz,

setting gate set for the collective three-qubit computation.
In addition to X and Z gates, by varying the phase ϕ,

one can also use the same technique to prepare a Hadamard
gate:

Ĥyz = Ĥ yz
1 Ĥ yz

2 Ĥ yz
3 = 2−3/2

3∏

k=1

(
P̂yz + iX̂yz

)
. (20)
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This can be prepared from Eq. (14), whose reduced action
on yz collective subspace (|−〉〈−| ⊗ P̂yz)Ûx (π/4) resem-
bles the gate Ĥyz. In particular, one can write

Ûx (π/4) (|−〉〈−| ⊗ P̂yz)

= |−〉〈−| ⊗
3∏

k=1

{[
P̂x

k + P̂yz
k + iX̂ yz

k√
2

]
P̂yz

k

}

= |−〉〈−| ⊗ Ĥyz. (21)

Suppose that one can rotate the central spin initial state
to |−〉, the action Eq. (20) on the nuclear spins simply
follows Eq. (21) as claimed. A similar technique is also
implementable for the preparation of a rotation gate

R̂yz (ϕ) =
3∏

k=1

(
cosϕP̂yz + i sinϕX̂yz

)
, (22)

for various phases ϕ. With Pauli groups generated by X̂yz

and Ẑyz and the collection of rotation gates R̂yz (ϕ) above,
in principle, one is allowed to manipulate the three nuclear
spin qubits synchronously in an arbitrary fashion. This
technique will be promising for fault-tolerant information
encoding.

In summary, through Ûα (ϕ) and the initialization of
all nuclear spins to an identical state in a particular sub-
space Hαβ , one can employ the three nuclear spins as three
copies of identical qubits, where one can manipulate these
three qubits synchronously. Since one can employ one sub-
space Hαβ at a time and any two subspaces overlap, e.g.,
Hαβ ∩ Hβγ 	= ∅, one can use the whole Hilbert space of
the system by a concatenation of the gates on different
subspaces, e.g., X̂αβ X̂βγ . This allows us to simplify the
manipulation of the three qutrits into qubit manipulation
problems. Another interesting topic is to extend the consid-
eration from the construction of Pauli gates to other gates,
which, combined with the Pauli gates and rotation gates we
introduced, constitute a set of universal qubit gates. Fur-
ther development in this direction is out of the scope of the
current work and invites a dedicated investigation.

IV. GATE FIDELITIES

Next, we numerically calculate the fidelity of our con-
structed gates using the real parameters observed in exper-
iments to signify that our protocols are promising in real-
world applications. To determine the quality of the derived
gates, we investigate the exact evolution governed by H̃(t)
given in Eq. (7). To gauge the quality of the gates, we con-
sider a relative average gate fidelity defined by FR(Ê, V̂) =
F(V̂†Ê)/F(V̂†V̂), where F(Ê) = ∫

dψ
∣∣〈ψ |Ê|ψ〉∣∣2 is the

average gate fidelity of the channel E = Ê · Ê† [60,61].

The integration is performed over the uniform (Haar) mea-
sure dψ on the full Hilbert space of electron and nuclear
spins. Here, Ê and V̂ are operators on such a Hilbert space,
and V̂ is a projected unitary operator on 1⊗Hyz ≡ Hyz,
namely V̂ = (1⊗P̂yz)V̂(1⊗P̂yz). We use the relative aver-
age gate fidelity rather than the average gate fidelity since
we are working on the collective qubit subspace where
each nuclear spin is reduced to a two-level system, as for-
mulated in Sec. III A. Note that the target operator V̂ is not
full rank but a unitary operator on the concerned subspace,
and thus the renormalization of the average is necessary.

For the preparation of the X gate, in parallel to the
relation Eq. (18), we set

Ê = Ûx (π/2)
(
1 ⊗ P̂yz

)
,

V̂ = iσ̂x ⊗ X̂yz.

As mentioned in the previous section, the preparation of
Ûx involves various parameters, which one can choose to
achieve a better quality of the gate. Throughout this arti-
cle, the numerical results were performed using the QUTIP
package [62,63] on PYTHON. In particular, we employ the
built-in functions to compute average gate fidelities as well
as the state fidelities in the following sections.

In Fig. 2(a), the maxima of relative average gate fidelity
for the X gate are displayed for various N and p values,
where the magnetic field strengths are set from the rela-
tion between the revolution step N and the target phase
ϕ = π/2. Technically, from the relation |ϕ| = 4Na⊥/ |�|,
we choose the magnetic field above the crossing point
(� > 0):

Bop (ϕ, N ) = 1
γe − γn

(
4Na⊥
ϕ

+ Dgs + az

)
. (23)

One can observe in Fig. 2(a) a region where the fidelity
is very high, exceeding 0.98. We note that for finer res-
olution δ�, one needs to operate at higher magnetic field
strength. For example, for a larger number of revolu-
tions N = 100, one can have Bop (π/2, 100) = 567 mT
and Bop (π/2, 200) = 1.01 T. In Fig. 2(b), we demonstrate
the evolution of the fidelity for various N values, where
one can observe the maxima around t = 4a⊥N/�, which
is 40.43 ns, predicted by the entangling gate Ûx (π/2).
At N = 50, � = �/5, and with B = 345 mT, one can
obtain 0.9908 fidelity for the preparation of X̂yz. The devia-
tions of the optimal times—the times at which the maxima
occur—are relatively small and can be neglected for high
enough N . For instance, we observe that the deviation
for N = 50 is less than the resolution of the calculations.
Therefore, we will use the parameters p = 5 and N = 50
for the examples of the X̂yz preparation throughout the rest
of the paper.
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FIG. 2. Relative average gate fidelity for the X gate derived
from the exact dynamics H̃(t) in Eq. (7). (a) The maxima for var-
ious N and p values indicate the region where one can achieve
fidelity close to unity (the light-shaded area). The colors in (a)
represent fidelity values ranging from 0 (dark purple) to 1 (light
yellow). (b) Time-evolution buildup of the X gate for the first
few instances for the case p = 5. The corresponding magnetic
field can be computed as a function of N by Eq. (23). One can
achieve a fidelity as high as 0.9908 for N = 50 at the evolu-
tion time close to t = 4Na⊥/� = 40.43 ns (the vertical dashed
line) predicted by the expected operator Ûx (π/2). The horizontal
dashed lines indicate the maxima for N = 10, 20, and 50.

Similarly, for the preparation of the Z gate, in connection
to Eq. (19) we set

Ê = Ûz (π)
(
1 ⊗ P̂yz

)
,

V̂ = −1 ⊗ Ẑyz.

In Fig. 3, the relative average gate fidelity for the Z
gate given by this protocol is shown for various mag-
netic fields. One can observe that at zero field, the rela-
tive average gate fidelity is small due to the contribution
becoming non-negligible from the rotating and counter-
rotating terms. Even for the zero-field case, where the
value of the Larmor frequency |�| ∼ 3447 2π × MHz
is much larger than the hyperfine coupling rates

∣∣∣Aαβk

∣∣∣ ∼
20–80 2π × MHz for α,β = x, y, the accumulation of
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FIG. 3. Relative average gate fidelity for the Z gate derived
from the exact dynamics H̃ (t) for various magnetic fields. The
inset shows the fidelity at the end of the evolution t = πa−1

z =
20.76 ns for magnetic field strengths between 0 and 1 T. The
horizontal dashed lines indicate the maxima, while the vertical
dashed line represents the target optimal time t = πa−1

z predicted
by Uz (π). Here, no deviation from the target optimal time for
large magnetic fields (B = 500 and 700 mT) is observable.

errors from the counter-rotating terms and the odd rotat-
ing terms in Eq. (7) in the dynamics of in-plane interaction
is still visible and results in a rather low relative average
gate fidelity. At B = 100 mT, � becomes comparable to
the in-plane interaction, and the observed fidelity is dras-
tically reduced. Nevertheless, as predicted by our theory,
the fidelity increases when the magnetic field is larger
(see the inset in Fig. 3) and can reach about 0.9723 for
B = 500 mT and 0.9882 for B = 700 mT. In addition, we
also observe no deviation in optimal times from the target
value t = πa−1

z = 20.76 ns for high magnetic fields B =
500 and 700 mT. Finally, for the Hadamard gate Eq. (21),
we set

Ê = Ûx (π/4) (|−〉〈−| ⊗ P̂yz),

V̂ = |−〉〈−| ⊗ Ĥyz.

We note that in this case, in addition to the yz subspace
for nuclear spins, the initial state is also concentrated in
the electron spin subspace with respect to the state |−〉.
The maximum relative average gate fidelity for this gate
given by this protocol is shown in Fig. 4(a) for various har-
monic orders p and numbers of revolutions N , and hence
the operational magnetic field. In Fig. 4(b), the fidelity is
shown as a function of time for the parameters of Ûx set
as p = 5 and various N , where the maxima can be found
around t = 4a⊥N/� = 20.21 ns.

First, in Fig. 4(a), we observe an oscillation in p
of the maximum fidelity, with clear visibility for high
p . This arises from the factor sin (pπ/2) in Eq. (12),
which alters the sign of the phase ϕ depending on p ,
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FIG. 4. (a) Maximum relative average gate fidelity for the
Hadamard gate derived from the exact dynamic H̃ (t) according
to Eq. (21), for various N and p , indicating the region where one
can achieve a fidelity of around 0.99. (b) The first few instances
for the case p = 5, where one can achieve fidelity 0.9991 for
N = 50 at the evolution time t = 4a⊥N/� = 20.21 ns. The
descriptions for the presentations are similar to those for Fig. 2.

leading to a maximum value only when p − 1 is divis-
ible by 4. This oscillation appears merely as a global
phase in the preparation of the X gate and thus remains
unobservable.

Apart from that, even though the gate is prepared by the
operator Ûx as in the case of the X gate, a higher rela-
tive average gate fidelity can be observed here because the
evolution period of Ûx in this implementation is shorter,
resulting in less accumulation of the extra terms removed
in the approximation. Another contributing factor is the
initialization of the electron spin, which acts as a pro-
jective operator and suppresses coherence propagation in
the dynamics, leading to a reduced deformation in the
observed fidelity.

Unlike the preparation of X and Z gates, these effects
can contribute to a slightly larger deviation from the opti-
mal time. In particular, we find that such deviations are
bounded by 0.01223 a−1

z , which is, however, negligibly
small.

V. GHZ-STATE PREPARATION

Apart from the collective gate implementation, it is pos-
sible to use the entangling gates Eqs. (10a) and (10b)
for a different purpose, e.g., the preparation of nuclear-
entangled states. In this section, we demonstrate this aspect
by using them for the preparation of the GHZ state on a
three-qubit subspace Hαβ .

A. Initialization

First of all, we assume that one can perform initializa-
tion of the nuclear spin states in |mI 〉⊗3 for mI = ±1. This
can be done via a combination of polarization to ground
states and conditional rotation using our derived gates. For
polarization to the ground state, e.g., the state |−1〉⊗3, one
can employ, for instance, a hyperpolarization procedure
introduced in Ref. [56], where the electron spin is polar-
ized and the flip-flop interaction is used. Another method,
proposed in Ref. [55], involves the application of continu-
ous optical pumping close to the level crossing, where the
state |0〉 ⊗ |1〉⊗3 can be initialized. Therefore, in the fol-
lowing discussion, we assume that the nuclear initial spin
state is prepared in |mI 〉⊗3 for mI = ±1.

According to the notation adopted in Sec. III A, one has

|mI 〉k = mI |x〉k + |y〉k√
2

. (24)

As discussed earlier, the application of the unitary oper-
ators Eqs. (13a) or (13b) will keep one component
unchanged while rotating the other component to another
orthogonal state. For instance, we observe that

e±iϕ Î x
k |mI 〉k = mI |x〉k + cosϕ|y〉k ± i sinϕ|z〉k√

2
,

and in particular for ϕ = π/2, this becomes

e±i(π/2)Î x
k |mI 〉k = mI |x〉k ± i|z〉k√

2
, (25)

for mI = ±1. This property can be exploited for the prepa-
ration of GHZ states.

B. Formulations

The GHZ state [64] of three qubits is written as

|GHZ〉ν = |0̄0̄0̄〉 + eiν |1̄1̄1̄〉√
2

, (26)

where the qubit k is described by some Hilbert space
spanned by

{|0̄〉k, |1̄〉k
}

k and ν is an arbitrary phase. We
now demonstrate as an example that one can use the entan-
gling gate Ûx (π/2) to prepare a GHZ state on a subspace
zx of the three nuclear spins. This can be done through the
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conditional rotation of Eq. (17b), where the nuclear spins
are rotated in different directions for the different electron
spin control states. Together with a preparation and a mea-
surement of electron spin in a superposition state, which
results in the superposition of the rotated states on the
nuclear part, it can be seen that the nuclear reduced state
for each measurement outcome will become the GHZ state.

In particular, from Eq. (25), let us define

|0̄〉k = e−i(π/2)Î x
k |mI 〉k = mI |x〉k − i|z〉k√

2
, (27)

|1̄〉k = ei(π/2)Î x
k |mI 〉k = mI |x〉k + i|z〉k√

2
, (28)

for each spin k. Note that |0̄〉k and |1̄〉k are orthonormal
states, and additionally {|0̄〉k, |1̄〉k}k form a basis of the
zx subspace. Let the state be initialized to |0〉 ⊗ |mI 〉⊗3,
as previously discussed. Since |0〉 = (|+〉 + |−〉)/√2, by
applying the rotation gate, one gets

Ûx (π/2) |0〉 ⊗ |mI 〉⊗3 = |+〉 ⊗ |0̄0̄0̄〉 + |−〉 ⊗ |1̄1̄1̄〉√
2

.

(29)

Next, one can measure the central spin state with the basis
{|0〉, | − 1〉}, where the measurement results will herald the
nuclear spin state. Namely, if the central spin state after the
measurement is found to be |0〉, the nuclear spin will be
left in the state |GHZ〉0, whereas it will be |GHZ〉π if the
electron spin is found at the state |−1〉.

Remarkably, if the mentioned measurement is realized
by a projection onto the state |0〉 or |−1〉, the state of the
nuclear spins is mapped to GHZ states in both successful
and non-successful measurements, with different phases
ν = 0 and ν = π , which can be heralded from the cen-
tral spin measurement outcome. For the negative outcome
branch, such a phase in |GHZ〉π can be corrected by further
applying a postprocessing operation Ûy (π/2), resulting in

Ûy (π/2) |−〉 ⊗ |GHZ〉π = (−iσ̂y |−〉)⊗|GHZ〉0. (30)

The relation above comes from the observation that
|0〉k〈0| − |1〉k〈1| = mI Ŷzx

k , which can be prepared from
Ûy (π/2) in a similar fashion as for Eq. (18).

Indeed, the entangling gate Ûx (π/2) with some post-
processing can be used to prepare GHZ states in the zx
subspace. Such states can be further transferred to other
collective subspaces by applying another rotation step. For
example, one can write

Ûz (π/2) (|0〉 ⊗ |GHZ〉ν) = |0〉 ⊗
∏

k

(
P̂z

k − iX̂xy

)
|GHZ〉ν

= |0〉 ⊗ |G̃HZ〉ν ,

where |G̃HZ〉ν takes the same form as |GHZ〉ν with the
replacement of |x〉k by −i|y〉k, i.e., the GHZ state in the yz
subspace. We note that introducing this transformation will
degrade the concerned fidelity; hence, if one expects oper-
ational qubits in the yz subspace, in practice, the overall
fidelity including the effect of the transformation Ûz (π/2)
should be taken into account.

The procedure for GHZ-state preparation can be gen-
eralized to the writing process on the nuclear spin col-
lective qubit. For instance, using {|0̄0̄0̄〉, |1̄1̄1̄〉} as a basis
for the nuclear collective qubit, and replacing the elec-
tron spin state |0〉 on the left-hand side of Eq. (29) by
α|+〉 + β|−〉, the coefficients in the resulting nuclear spin
collective states after measurement of the electron spin
in the {|0〉, |−1〉} basis will be α|0̄0̄0̄〉 ± β|1̄1̄1̄〉, where
the sign depends on the measurement outcome. For the
reading process, one could employ the same entangling
gates to conditionally transfer the nuclear spin collec-
tive state to the electron spin state. For example, one
can see that Ûz(π/12)Ûx(π/2)|0〉⊗ (

α|0̄0̄0̄〉 ± β|1̄1̄1̄〉) =
(α̃|0〉 − imI β̃|1〉)⊗ |ξ〉, where α̃ = (α + β)/

√
2 and β̃ =

(α − β)/
√

2, while |ξ〉 is an irrelevant nuclear spin collec-
tive state. This suggests that the synchronous gates allow
us to use the three nuclear spins as a collective qubit
whose manipulation can be achieved via the electron spin
mediator.

C. Fidelity of the GHZ-state preparation

Here, we numerically demonstrate the fidelity in the
preparation of GHZ states by our protocol. We set the
initial state as |ψ0〉 = |0〉 ⊗ |1〉⊗3, and, for simplicity, we
assume short and perfect Pauli gates σ̂z and σ̂x (and also
their corresponding Hadamard gates) for the electron spin.
For the mixed state, we use the state fidelity defined as [65]

F (ρ, σ) = Tr
(√√

σρ
√
σ

)
(31)

between the outcome states from our protocol and the tar-
get GHZ states. We compute the fidelity between |GHZ〉0,π
and the nuclear spin state

ρ+ (t) = Trcs

[
(|0〉〈0| ⊗ 1)Ûz(t)|ψ0〉〈ψ0|Û†

z (t)
]

, (32a)

ρ− (t) = Trcs

[
(|−1〉〈−1| ⊗ 1)Ûz(t)|ψ0〉〈ψ0|Û†

z (t)
]

,

(32b)

where Trcs is the partial trace over the central spin qubit.
We write

F±
ν (t) = F

(
ρ± (t) , ρGHZ

ν

)
,

where ρGHZ
ν = |GHZ〉ν〈GHZ|, for the fidelity at time t for

the considered pair of states.
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In Fig. 5, the fidelity F±
ν (t) is illustrated with the same

parameters given for the preparation of the X gate. One
can see that our protocol can produce GHZ states with a
fidelity greater than 0.99. As we discussed for the fidelity
of the Hadamard gate, the fidelity in this case is larger than
the protocol for the preparation of X̂yz, with both initial-
ization and measurement operators here being projective,
leading to a removal of interference effects. The fidelity
can become distorted when � is not sufficiently large, for
instance, when B = 169 mT (N = 10). At a sufficiently
large field, e.g., B = 345 mT (N = 50), our approximation
of the entangling gate works well and can be employed
for the preparation of the GHZ states as expected. For
ν = 0, the fidelity is 0.9985 at the optimal time and
0.9963 at t = 4Na⊥/�, while for ν = π , the fidelity is
0.9984 at the optimal time and 0.9955 at t = 4Na⊥/�. We
observe larger deviations in optimal times from the ref-
erent value t = 4Na⊥/� compared to the preparation of
the X gate, i.e., 0.1055 a−1

z for ν = 0 and 0.1651 a−1
z for

ν = π . In practice, without additional information, there
is no instructive method to determine the optimal time,
and one can only expect the gate at the time t = 4Na⊥/�,
i.e., at the time of completion of N cycles of the control
pulse sequence. Hence, in realistic implementation, this
deviation should always be taken into account. Nonethe-
less, thanks to the slow changes around the optimal point,
the fidelities observed at t = 4Na⊥/� = 40.43 ns can be
large, exceeding 0.99, as reported above. The total prepa-
ration time of the GHZ states, including the reinitialization
Eq. (25), which is done by the X gate, will then be about
80.85 ns.

VI. ELECTRON SPIN DEPHASING

We have discussed the gates and GHZ state implica-
tions under perfect conditions, where each nuclear spin
interacts only with the central spin, and the whole clus-
ter is isolated from the external bath. In this section, we
will demonstrate the contribution of electron spin dephas-
ing to the obtained fidelities. The dephasing can arise from
hyperfine interactions with the nuclear spin bath and ther-
mal phonons [37,66,67]. This effect may also result from
deformation of the host material, which per se can also
be employed to extend the coherence time [68]. One can
also expect that impurities or imperfections of the sample
might contribute to the coherence time, as suggested for
NV centers in diamond [69–72] and color centers in SiC
[73]; however, studies of this aspect are still open for the
hBN system.

The dephasing can be modeled by a dissipative genera-
tor in the Lindblad equation for the whole system density
matrix ρ, i.e.,

dρ
dt

= −i
[
H̃(t), ρ

] + �

2

(
2L̂ρL̂†−L̂†L̂ρ − ρL̂†L̂

)
, (33)
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FIG. 5. (a) Fidelity of the nuclear spin state after the operation
Eqs. (32a) and (32b) on |ψ0〉 = |0〉 ⊗ |1〉⊗3 for a measurement
result |0〉 with respect to the GHZ state |GHZ〉0, with various
numbers of revolutions N and with p = 5. (b) Similar results
for the negative measurement result | − 1〉 with the referent state
|GHZ〉π . Note that the operational magnetic field strengths are
given by the expression Eq. (23). For both cases, unlike the gate
fidelities, one can observe slight deviations of the optimal times
(vertical dashed lines) from the predicted value t = 4Na⊥/� =
40.43 ns.

where L̂ = σ̂z ⊗ 1 defines a dephasing generator in the
concerned two-level electron spin subspace and � > 0 is
the pure dephasing rate of the electron spin. The experi-
mentally reported dephasing time depends on temperature.
At room temperature, its typical value is around �−1 ∼
2 µs and can be larger at lower temperature; see, e.g., Refs.
[32,74]. Here, we set �−1 = 2 µs for the room-temperature
value and 4 µs at a lower temperature in our illustra-
tion. Another factor that may degrade the fidelity of the
gates or prepared GHZ states is the electric quadrupole
interaction of the nuclear spins, which modifies Eq. (2)
to Ĥn = ∑

k −γkB · Ik + Qk(Î z
k )

2 with Qk ≈ 0.383 2π ×
MHz according to experimental observations [32]. We
have also included this interaction in our numerical con-
siderations and found that the effect is negligibly small
and does not appreciably affect the gate and state fideli-
ties. In particular, the relative deviations (defined below)
caused by the quadrupole interaction are less than 0.25%
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for the gate fidelities and are limited to 0.015% for the state
fidelities.

To determine the effects of noise, we consider a relative
deviation defined by

ε = Fref − Fnoise

Fref
, (34)

where Fref refers to the reference fidelity and Fnoise is the
fidelity including the noisy contribution mentioned above.
The reference fidelities are the same as those computed
in the previous section for gates and states, while Fnoise
includes dephasing effects in the dynamics. For illustration,
for the X gate, H gate, and GHZ states, we set N = 50
and p = 5, with magnetic field strengths calculated using
Eq. (23), while for the Z gate, the magnetic field strength
is B = 500 mT. For simplicity, we compute the relative
deviations at t = πa−1

z for the Z gate, and t = 4a⊥N/�
for the X gate, Hadamard gate, and GHZ states. We note
that, as previously discussed, these times are not the exact
optimal times for the evolution H̃ , but they are close to
the optimal times relative to the time scale a−1

z . In Fig.
6(a), the relative deviations for the X , Z, and Hadamard
H gates are shown, where decreases in deviations are
seen for longer coherence times, i.e., lower temperatures.
All observed deviations range from a few to several
percent, which can be mitigated by further optimiza-
tion, e.g., modifying the filter functions Fα (t). This sug-
gests that our protocols for gate implementation are noise
resilient.

In addition, we observe that the implementation of the
X gate suffers the most deviation: 1.64% for �−1 = 2 µs
and 0.83% for �−1 = 4 µs. This agrees with the fact
that the evolution time required for its implementation is
the longest, e.g., 6.116 a−1

z = 40.43 ns in our illustrations,
compared to π a−1

z = 20.76 ns for the implementation
of the Z gate. For the Hadamard gate H , one can see
the least deviation from the expected value. This can be
explained by the initialization of the electron spin in our
protocol, which limits the sample region in the calcula-
tion of average gate fidelity. This removes some correlation
propagation in the dynamics from the expected value, lead-
ing to higher fidelity as well as lower deviation from the
noisy terms in general; however, as in typical schemes
involving projective operators, including initialization or
postselection processes, a higher fidelity can usually be
compensated by a lower success probability, i.e., the suc-
cess probability for the electron spin initialization in our
case.

A similar deviation can be observed for the GHZ-state
preparation in Fig. 6(b). The asymmetric nature of the
deformation from the dephasing term for the states |GHZ〉0
and |GHZ〉π can also be seen. Although the mechanism
for the preparation is similar to the implementation of
the X gate, we see that the fidelity suffers less deviation
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FIG. 6. (a) Relative deviations of the fidelity for gate imple-
mentations. (b) Relative deviations of the fidelity for GHZ-state
preparation. We use B = 500 mT for the calculation of the Z gate,
where N = 50 and p = 5 are employed in the calculation for the
X gate, H gate, and GHZ states. The deviation for implementing
the X gate is larger than the other two due to the longer evolu-
tion time of Ûx, while the implementation of the H gate benefits
from a deviation discount from the initialization in the proto-
col. From both gate fidelities and state fidelities, it is seen that
the longer coherence time, achievable below room temperature,
leads to smaller deviations in the fidelity profiles.

from the noisy terms. This is because, unlike gate fidelity,
the initial state and the measurement are predetermined.
On one hand, there is no accumulation of deviation from
the sampling process over the state space in the calcula-
tion of the fidelity, as in the case of average gate fidelity.
On the other hand, similar to the implementation of the
Hadamard gate, the projective characteristic of the mea-
surement also removes coherence in the dynamics from the
obtained quantity.

VII. CONCLUSIONS

To summarize, we have derived a set of entangling gates
on three 14N nitrogen nuclear spins through a VB center
in hBN, using the electron spin of the defect as a control
qubit. Such gates are attained by imposing a strong enough
magnetic field along the VB center axis of symmetry, i.e.,
perpendicular to the lattice plane, where the Ûz gate can
be obtained by removal of fast oscillation terms and Ûx
can be achieved by the application of control pulses. We
employ the derived unitary rotations to implement the syn-
chronous three-qubit Pauli X gate and Z gate, as well as
the Hadamard gate on some relevant three-qubit subspace.
Using a set of realistic system parameters taken from
computational and experimental works, we have demon-
strated numerically that such gates can be obtained with
high fidelities. This suggests that our scheme is a promis-
ing protocol for gate implementation upon nuclei in hBN,
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implementable in future experiments. We further use the
entangling gates to prepare GHZ states, where a fidelity
above 0.99 can be observed numerically. Finally, we con-
sider the effect of electron dephasing, where the relative
deviations of the gate fidelities from the noisy terms are
less than 2%, and even less than 0.1% for the preparation of
GHZ states. These results suggest that our protocols for the
synchronous three-qubit gates and the preparation of GHZ
states are noise resilient and thus promising for experi-
mental realizations and potentially for quantum computing
applications. In addition, given the possibility to control
several qubits at once with the synchronous gate, these are
also interesting protocols for fault-tolerance applications
on a realistic platform.

With the implementation of the synchronous gates and
the preparation of the GHZ states, our work can be treated
as the first step in exploiting the utility of a nuclear spin
cluster around a VB center in hBN as a platform for quan-
tum computation. On one end, one can further explore the
use of the entangling gates for the implementation of dif-
ferent gates, as well as two-qubit-like gates, which will
lead to a complete set of universal gates. On the other
end, one can also consider different parameters, e.g., mag-
netic field and control field, as well as other time scales,
to execute different parts of the system dynamics, allow-
ing for the implementation of single-nuclear-spin qubit
gates or large-scale information processing. The research
in this direction, in our belief, is a promising area that
can enable V−

B -hBN as a candidate for a quantum com-
putational platform in general. It is worth mentioning
that, thanks to recent advances in preparing highly iso-
topically purified samples, the investigations performed
in this work can even be extended to the case of spin-
1/2 clusters of 15N nuclei [30]. Finally, we should add
that the rather large magnetic fields (∼0.5 T) required for
the validity of the rotating-wave approximation are cur-
rently available in labs; see, e.g., Ref. [57]. Nevertheless,
this requirement partly limits the portability of a device
operating based on our proposed protocol, since such mag-
netic field values can only be prepared in a stationary
manner.

Several interesting approaches can improve our pro-
posed protocols. The first of these is pulse optimization.
We have used CPMG pulse sequences for the preparation
of Ûx. This is one of the simplest schemes employed to
minimize the unwanted terms in the Hamiltonian to arrive
at a workable approximation. This can be replaced by more
advanced pulse sequences, where one can prepare in a
more optimal fashion. Namely, one can construct a pulse
sequence for which the filter functions Fα (t) minimize the
contribution from ĤRW,odd and ĤCRW, e.g., by minimiz-
ing ‖ĤRW,odd + ĤCRW‖op, where ‖·‖op is an operator trace
norm. Another aspect is the extension of the gate imple-
mentation to gates beyond Pauli and rotation gates. In our

examples of the X and Z gates, unlike the preparation of
GHZ states, the electron spin does not play a significant
role as a control qubit. It is then interesting to examine
whether one can use the control qubit and prepare an effec-
tive two-qubit gate (e.g., electron qubit and any of the
nuclear qubits) based on a similar mechanism and possi-
bly construct a complete universal set of gates on the qubit
systems.

Apart from using dynamical decoupling pulses for gate
implementation, one can also use microwave or rf pulses
to control and manipulate nuclear spins [75]. Further-
more, one can combine dynamical decoupling pulses with
microwave or rf pulses to engineer optimally desired gates
with high fidelity [17,27,29]. In particular, instead of defin-
ing a computational basis from the free Hamiltonian and
exploiting the interaction terms as gate actions, one can
use the full Hamiltonian, including the interaction, to
define a computational basis and address the transitions of
the gate actions by microwave or rf pulses. These tech-
niques require more complex control schemes compared
to our protocol to achieve the desired operations, and they
can also lead to longer operation times when a consid-
erable number of microwave or rf pulses are required.
The latter makes those techniques more demanding when
coherence and relaxation times are taken into account;
however, they have the advantage of greater flexibility for
nuclear spin manipulation. Full investigation of this tech-
nique is out of the scope of this work and is the subject of
future work.
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APPENDIX A: ROTATED HAMILTONIAN

Here, we derive the expression of the rotated Hamilto-
nian, Eq. (7) in the main text. Following the conditions we
supposed in the main text, the Hamiltonian Eq. (5) in the
rotating frame for the free Hamiltonian

Ĥ0 = −ω0σ̂z

2
−

∑

k

ωkÎ z
k + ĤC(t) (A1)
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can be written in the following form:

H̃(t) = Fz(t)
∑

k

(
Azz

k
2

)
σ̂z Î z

k

+
∑

k

A⊥
k cos�kt

(
Fx (t) σ̂xÎ x

k + Fy (t) σ̂y Î y
k

)

−
∑

k

A⊥
k sin�kt

(
Fx (t) σ̂xÎ y

k − Fy (t) σ̂y Î x
k

)

+
∑

k

B⊥
k cos
kt

(
Fx (t) σ̂xÎ x

k − Fy (t) σ̂y Î y
k

)

+
∑

k

B⊥
k sin
kt

(
Fx (t) σ̂xÎ y

k + Fy (t) σ̂y Î x
k

)

−
∑

k

(
Axy

k
2
√

2

)
sin
kt

(
Fx (t) σ̂xÎ x

k − Fy (t) σ̂y Î y
k

)

+
∑

k

(
Axy

k
2
√

2

)
cos
kt

(
Fx (t) σ̂xÎ y

k + Fy (t) σ̂y Î x
k

)
,

(A2)

where we write �k = ω0 − ωk and 
k = ω0 + ωk as
the rotating-wave and counter-rotating-wave frequen-
cies for the nuclear spin k, respectively, and A⊥

k =
(Axx

k + Ayy
k )/2

√
2 and B⊥

k = (Axx
k − Ayy

k )/2
√

2.
Let us use the parameters for Ak from Ref. [55]:

A1 =
⎛

⎝
79.406 18.391 0
18.391 58.170 0

0 0 48.159

⎞

⎠ , (A3)

A2 =
⎛

⎝
46.944 0 0

0 90.025 0
0 0 48.158

⎞

⎠ , (A4)

A3 =
⎛

⎝
79.406 −18.391 0

−18.391 58.170 0
0 0 48.159

⎞

⎠ , (A5)

where the elements are expressed in units of 2π × MHz.
With these parameters, it is observed that several param-
eters are approximately uniform for all nuclear spins,
namely Azz

k and the sum of the in-plane diagonal terms
Axx

k + Ayy
k . Since ωk = γnB + Azz

k /2, it is then possible to
replace the rotating frequencies �k with their average
� = ∑

k (ω0 − ωk) /3. Likewise, one can use the scaled
averages

az = 1
6

∑

k

Azz
k , a⊥= 1

6
√

2

∑

k

(
Axx

k + Ayy
k

)

in place of the coefficients in the rotating terms. Finally, to
achieve the expression in Eq. (7),

H̃ (t) ≈ azFz (t) σ̂z

∑

k

Î z
k + a⊥Fx (t) cos�tσ̂x

∑

k

Î x
k

+ a⊥Fy (t) cos�tσ̂y

∑

k

Î y
k

+ ĤRW, odd (t)+ ĤCRW (t) ,

we write

ĤRW, odd (t) = −
∑

k

A⊥
k sin�kt

(
Fx (t) σ̂xÎ y

k − Fy (t) σ̂y Îx

)
,

and write ĤCRW (t) to represent all the counter-rotating
terms in Eq. (A2), i.e., all the terms associated with
frequencies 
k.

APPENDIX B: INSERTION OF MULTIPLE FILTER
FUNCTIONS

To simplify the problem, let us consider the cluster
Hamiltonian in the form

H̃ 1 (t) =
∑

α=x,y,z

σ̂αĤα(t)+ ĤC(t) , (B1)

where ĤC (t) is the control field. In our setup, the first term
is simply the expression in Eq. (5) in the rotating frame
with respect to the free Hamiltonian Eq. (A1) without the
control term, or it can even be the Hamiltonian in the tilted
frame in the main line consideration. Here, we write the
local control field ĤC (t) as

ĤC (t) = hz (t) σ̂z + hx (t) σ̂x + hy (t) σ̂y

= h (t) · σ = h (t) ĥ (t) · σ , (B2)

where the first term is the added variation of the magnetic
field and the remaining term corresponds to the microwave
field driving the transfer between two levels.

Transform the Hamiltonian Eq. (B1) into the rotating
frame for the control Hamiltonian ĤC (t). It follows that

H̃ (t) =
∑

α=x,y,z

σ̂α (t) Ĥα (t) , (B3)

where σ̂α (t) = T ei
∫ t

0 dt′ĤC(t′)σ̂αT e−i
∫ t

0 dt′ĤC(t′), and T and
T are the time-ordering (the leftmost is the first event) and
time-antiordering operators (the leftmost is the last event),
respectively.

In dynamical decoupling, apart from the oscillating cur-
rent, the simplest and most employed type of control
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functions hα (t) are square pulses. In particular, we suppose
that

h (t) =
n∑

�=1

[�(t�)−�(t�−1)] h�

=
n∑

�=1

[�(t�)−�(t�−1)] h�ĥ� · σ ,

where h� are constant vectors, 0 = t0 � t1 � . . . � tn, and

�(t) =
{

1, t � 0
0, otherwise

is a Heaviside function. Let σ̂� = ĥ� · σ and τ� = t� − t�−1.
Thus,

T ei
∫ t

0 dtĤC(t) =
n∏

�=1

eiτ�h�σ̂�

=
n∏

�=1

[
1 cos (h�τ�)+ iσ̂� sin (h�τ�)

]
,

and then

σ̂α (t) = Th1τ1,σ1 ◦ · · · ◦ Thnτn,σn

[
σ̂α

]
, (B4)

where

Th�τ�,σ̂�

[
σ̂α

] = σ̂α cos2 (h�τ�)+ (
σ̂�σ̂ασ̂�

)
sin2 (h�τ�)

+ i
[
σ̂�, σ̂α

] sin (2h�τ�)
2

. (B5)

The last term in Eq. (B5) is the crucial term providing
a drift from the operator σ̂α . This term can be eliminated
by setting h�τ� = π/2 for all �, and then Tπ/2,σ̂�

[
σ̂α

] =
σ̂�σ̂ασ̂�. Choosing σ̂� from the set {1, σ̂x, σ̂y , σ̂z} (where 1
stands for h� = 0 during that time interval), it follows that

σ̂α (t) =
[

n∏

�=1

σ̂�

]
σ̂α

[
1∏

�=n

σ̂�

]
= Fα (t) σ̂α , (B6)

where Fα (t) is the filter function defined by

Fα (t) = (−1)
∑
�(1−δα�α)

(
1−δα�0

)

, (B7)

and α� = 0, x, y, z corresponds to the choice of the control
operator on the interval (t�−1, t�).

[1] J. J. L. Morton, A. M. Tyryshkin, R. M. Brown, S. Shankar,
B. W. Lovett, A. Ardavan, T. Schenkel, E. E. Haller, J. W.

Ager, and S. A. Lyon, Solid-state quantum memory using
the 31P nuclear spin, Nature 455, 1085 (2008).

[2] D. R. McCamey, J. Van Tol, G. W. Morley, and C. Boehme,
Electronic spin storage in an electrically readable nuclear
spin memory with a lifetime >100 s, Science 330, 1652
(2010).

[3] J. T. Muhonen, J. P. Dehollain, A. Laucht, F. E. Hudson,
R. Kalra, T. Sekiguchi, K. M. Itoh, D. N. Jamieson, J. C.
McCallum, A. S. Dzurak, and A. Morello, Storing quantum
information for 30 seconds in a nanoelectronic device, Nat.
Nanotechnol. 9, 986 (2014).

[4] W. M. Witzel and S. Das Sarma, Nuclear spins as quantum
memory in semiconductor nanostructures, Phys. Rev. B 76,
045218 (2007).

[5] M. J. A. Schuetz, E. M. Kessler, L. M. K. Vandersypen,
J. I. Cirac, and G. Giedke, Nuclear spin dynamics in dou-
ble quantum dots: Multistability, dynamical polarization,
criticality, and entanglement, Phys. Rev. B 89, 195310
(2014).

[6] X. Rong, J. Geng, F. Shi, Y. Liu, K. Xu, W. Ma, F. Kong,
Z. Jiang, Y. Wu, and J. Du, Experimental fault-tolerant uni-
versal quantum gates with solid-state spins under ambient
conditions, Nat. Commun. 6, 8748 (2015).

[7] M. H. Abobeih, Y. Wang, J. Randall, S. J. H. Loenen, C. E.
Bradley, M. Markham, D. J. Twitchen, B. M. Terhal, and T.
H. Taminiau, Fault-tolerant operation of a logical qubit in a
diamond quantum processor, Nature 606, 884 (2022).

[8] E. V. Denning, D. A. Gangloff, M. Atature, J. Mork, and C.
Le Gall, Collective quantum memory activated by a driven
central spin, Phys. Rev. Lett. 123, 140502 (2019).

[9] S. K. Parthasarathy, B. Kallinger, F. Kaiser, P. Berwian,
D. B. Dasari, J. Friedrich, and R. Nagy, Scalable quantum
memory nodes using nuclear spins in silicon carbide, Phys.
Rev. Appl. 19, 034026 (2023).

[10] N. Zhao, J.-L. Hu, S.-W. Ho, J. T. K. Wan, and R. B. Liu,
Atomic-scale magnetometry of distant nuclear spin clusters
via nitrogen-vacancy spin in diamond, Nat. Nanotechnol. 6,
242 (2011).

[11] S. Kolkowitz, Q. P. Unterreithmeier, S. D. Bennett, and
M. D. Lukin, Sensing distant nuclear spins with a single
electron spin, Phys. Rev. Lett. 109, 137601 (2012).

[12] T. H. Taminiau, J. J. T. Wagenaar, T. van der Sar, F. Jelezko,
V. V. Dobrovitski, and R. Hanson, Detection and control of
individual nuclear spins using a weakly coupled electron
spin, Phys. Rev. Lett. 109, 137602 (2012).

[13] B. Smeltzer, J. McIntyre, and L. Childress, Robust control
of individual nuclear spins in diamond, Phys. Rev. A 80,
050302 (2009).

[14] L. Busaite, R. Lazda, A. Berzins, M. Auzinsh, R. Ferber,
and F. Gahbauer, Dynamic 14N nuclear spin polarization
in nitrogen-vacancy centers in diamond, Phys. Rev. B 102,
224101 (2020).

[15] Q. Chen, I. Schwarz, and M. B. Plenio, Dissipatively sta-
bilized quantum sensor based on indirect nuclear-nuclear
interactions, Phys. Rev. Lett. 119, 010801 (2017).

[16] J. F. Haase, Z.-Y. Wang, J. Casanova, and M. B. Ple-
nio, Soft quantum control for highly selective interactions
among joint quantum systems, Phys. Rev. Lett. 121, 050402
(2018).

[17] M. A. Perlin, Z.-Y. Wang, J. Casanova, and M. B. Plenio,
Noise-resilient architecture of a hybrid electron-nuclear

024036-15

https://doi.org/10.1038/nature07295
https://doi.org/10.1126/science.1197931
https://doi.org/10.1038/nnano.2014.211
https://doi.org/10.1103/physrevb.76.045218
https://doi.org/10.1103/physrevb.89.195310
https://doi.org/10.1038/ncomms9748
https://doi.org/10.1038/s41586-022-04819-6
https://doi.org/10.1103/physrevlett.123.140502
https://doi.org/10.1103/physrevapplied.19.034026
https://doi.org/10.1038/nnano.2011.22
https://doi.org/10.1103/PhysRevLett.109.137601
https://doi.org/10.1103/PhysRevLett.109.137602
https://doi.org/10.1103/physreva.80.050302
https://doi.org/10.1103/physrevb.102.224101
https://doi.org/10.1103/PhysRevLett.119.010801
https://doi.org/10.1103/PhysRevLett.121.050402


FATTAH SAKULDEE and MEHDI ABDI PHYS. REV. APPLIED 24, 024036 (2025)

quantum register in diamond, Quantum Sci. Technol. 4,
015007 (2018).

[18] M. H. Abobeih, J. Randall, C. E. Bradley, H. P. Bartling, M.
A. Bakker, M. J. Degen, M. Markham, D. J. Twitchen, and
T. H. Taminiau, Atomic-scale imaging of a 27-nuclear-spin
cluster using a quantum sensor, Nature 576, 411 (2019).

[19] M. L. Goldman, T. L. Patti, D. Levonian, S. F. Yelin, and
M. D. Lukin, Optical control of a single nuclear spin in the
solid state, Phys. Rev. Lett. 124, 153203 (2020).

[20] B. Tratzmiller, J. F. Haase, Z. Wang, and M. B. Plenio, Par-
allel selective nuclear-spin addressing for fast high-fidelity
quantum gates, Phys. Rev. A 103, 012607 (2021).

[21] V. V. Soshenko, S. V. Bolshedvorskii, O. Rubinas, V. N.
Sorokin, A. N. Smolyaninov, V. V. Vorobyov, and A. V.
Akimov, Nuclear spin gyroscope based on the nitrogen
vacancy center in diamond, Phys. Rev. Lett. 126, 197702
(2021).

[22] J. Jiang and Q. Chen, Selective nuclear-spin interaction
based on a dissipatively stabilized nitrogen-vacancy center,
Phys. Rev. A 105, 042426 (2022).

[23] C. Munuera-Javaloy, A. Tobalina, and J. Casanova, High-
resolution NMR spectroscopy at large fields with nitrogen
vacancy centers, Phys. Rev. Lett. 130, 133603 (2023).

[24] K. Zeng, X. Yu, M. B. Plenio, and Z.-Y. Wang, Wide-band
unambiguous quantum sensing via geodesic evolution,
Phys. Rev. Lett. 132, 250801 (2024).

[25] S. Xu, C. Xie, and Z.-Y. Wang, Enhancing electron-nuclear
resonances by dynamical control switching, Phys. Rev. A
109, L020601 (2024).

[26] K. Mizuno, I. Fujisaki, H. Tomioka, H. Ishiwata, S. Onoda,
T. Iwasaki, K. Arai, and M. Hatano, Fast coherent con-
trol of nitrogen-14 spins associated with nitrogen-vacancy
centers in diamonds using dynamical decoupling, J. Phys.
Commun. 8, 035002 (2024).

[27] H. Bartling, J. Yun, K. Schymik, M. van Riggelen, L.
Enthoven, H. van Ommen, M. Babaie, F. Sebastiano, M.
Markham, D. Twitchen, and T. Taminiau, Universal high-
fidelity quantum gates for spin qubits in diamond, Phys.
Rev. Appl. 23, 034052 (2025).

[28] T. Jaeger, M. Kwon, M. Keller, R. Maier, N. Bronn, R. Fin-
sterhoelzl, G. Burkard, L. Buettner, R. Eberle, D. Haehnel,
V. Vorobyov, and J. Wrachtrup, Modeling quantum volume
using randomized benchmarking of room-temperature NV
center quantum registers, ArXiv:2412.12959.

[29] D. Dulog and M. B. Plenio, Towards quantum error cor-
rection with two-body gates for quantum registers based on
nitrogen-vacancy centers in diamond, ArXiv:2411.18450.

[30] W. Lee, V. Liu, Z. Zhang, S. Kim, R. Gong, X. Du, K.
Pham, T. Poirier, Z. Hao, J. Edgar, P. Kim, C. Zu, E.
Davis, and N. Yao, Intrinsic high-fidelity spin polarization
of charged vacancies in hexagonal boron nitride, Phys. Rev.
Lett. 134, 096202 (2025).

[31] T. T. Tran, K. Bray, M. J. Ford, M. Toth, and I.
Aharonovich, Quantum emission from hexagonal boron
nitride monolayers, Nat. Nanotechnol. 11, 37 (2015).

[32] A. Gottscholl, M. Diez, V. Soltamov, C. Kasper, A. Sper-
lich, M. Kianinia, C. Bradac, I. Aharonovich, and V.
Dyakonov, Room temperature coherent control of spin
defects in hexagonal boron nitride, Sci. Adv. 7, eabf3630
(2021).

[33] H. L. Stern, Q. Gu, J. Jarman, S. Eizagirre Barker, N.
Mendelson, D. Chugh, S. Schott, H. H. Tan, H. Sirring-
haus, I. Aharonovich, and M. Atatüre, Room-temperature
optically detected magnetic resonance of single defects
in hexagonal boron nitride, Nat. Commun. 13, 618
(2022).

[34] Z. Mu, H. Cai, D. Chen, J. Kenny, Z. Jiang, S. Ru, X. Lyu,
T. S. Koh, X. Liu, I. Aharonovich, and W. Gao, Excited-
state optically detected magnetic resonance of spin defects
in hexagonal boron nitride, Phys. Rev. Lett. 128, 216402
(2022).

[35] M. Abdi, J.-P. Chou, A. Gali, and M. B. Plenio, Color cen-
ters in hexagonal boron nitride monolayers: A group theory
and ab initio analysis, ACS Photonics 5, 1967 (2018).

[36] A. Sajid, M. J. Ford, and J. R. Reimers, Single-photon
emitters in hexagonal boron nitride: A review of progress,
Rep. Prog. Phys. 83, 044501 (2020).

[37] A. Gottscholl, M. Kianinia, V. Soltamov, S. Orlinskii, G.
Mamin, C. Bradac, C. Kasper, K. Krambrock, A. Sperlich,
M. Toth, I. Aharonovich, and V. Dyakonov, Initialization
and read-out of intrinsic spin defects in a van der Waals
crystal at room temperature, Nat. Mater. 19, 540 (2020).

[38] A. Çakan, C. Cholsuk, A. Gale, M. Kianinia, S. Paçal, S.
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