
Optimizing QAOA circuit transpilation with parity twine and SWAP network encodings

J. A. Montañez-Barrera ,1,* Yanjun Ji ,2 Michael R. von Spakovsky ,3

David E. Bernal Neira ,4 and Kristel Michielsen1,5,6
1Jülich Supercomputing Centre, Institute for Advanced Simulation, Forschungszentrum Jülich,

52425 Jülich, Germany
2Institute for Quantum Computing Analytics (PGI-12), Forschungszentrum Jülich,

52425 Jülich, Germany
3Department of Mechanical Engineering, Virginia Tech, Blacksburg, Virginia 24061, USA

4Davidson School of Chemical Engineering, Purdue University, West Lafayette, Indiana 47907, USA
5AIDAS, 52425 Jülich, Germany

6RWTH Aachen University, 52056 Aachen, Germany

(Received 29 January 2026; revised 4 May 2026; accepted 30 June 2026; published 7 August 2026)

Mapping quantum approximate optimization algorithm (QAOA) circuits with nontrivial connectivity in
fixed-layout quantum platforms, such as superconducting quantum processing units (QPUs), requires a
transpilation process to match the circuit to the hardware layout. This step is critical for reducing error
rates on noisy QPUs. Two approaches that improve the resources required for such transpilation are the
SWAP network and parity twine chains (PTC), which reduce the two-qubit gate count and circuit depth
needed to represent fully connected circuits. In this work, we introduce a simulated annealing-based
method that further reduces the encoding overhead of PTC and SWAP networks for QAOA circuits with
nonfully connected two-qubit interactions. The method is benchmarked against various transpilers,
including the Qiskit SAT mapper, demonstrating that beyond specific connectivity thresholds it achieves
significant reductions in both two-qubit gate count and circuit depth. For example, for a 120-qubit QAOA
instance with 25% connectivity, our method achieves an 87% reduction in depth and a 29% reduction in
two-qubit gates compared with the Qiskit transpiler. Finally, the practical impact of PTC encoding is
validated by benchmarking QAOA on the ibm_fez and ibm_kingston devices, showing improved
performance for systems of up to 20 qubits.

DOI: 10.1103/sjqb-b1h4

I. INTRODUCTION

Certain currently available quantum processors, such
as superconducting-based quantum devices, face limited
qubit connectivity, where each qubit can interact with only
a few neighboring qubits. These inherent hardware con-
straints necessitate the process of transpilation [1–3] to
execute quantum algorithms on such devices. Trans-
pilation transforms abstract quantum circuits into execut-
able code by mapping logical qubits to physical qubits,
addressing connectivity constraints, decomposing gates of
algorithms into native hardware basis gates, and optimiz-
ing circuits to minimize depth and noise susceptibility.
Beyond compilation overhead, geometric connectivity can
also influence multiqubit stability and decoherence in

hardware-level qubit arrays [4,5], further underscoring
the importance of connectivity-aware implementations.
The problem of mapping logical qubits into physical

qubits that need to obey connectivity constraints is known
as the qubit allocation problem. This problem is identified
as nondeterministic polynomial-time (NP) complete [6].
Therefore, efficient heuristic transpilation that minimizes
the number of gates needed is essential for executing
algorithms on near-term quantum devices. Connectivity
constraints are typically addressed by inserting SWAP
gates, which introduce significant noise since two-qubit
gates such as CNOT or CZ gates are the most dominant
sources of error [7], and a single SWAP gate is typically
decomposed into three CNOT gates.
A common technique for implementing circuits with

dense two-qubit interactions on hardware with restricted
qubit connectivity is the SWAP network strategy [8–13],
which systematically inserts SWAP gates to route logical
qubits through the physical topology. In this work, we
focus on the linear qubit topology (1D chain), for which
the SWAP network structure and resource scaling are
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analytically characterized [11–13]. In the 1D-chain reali-
zation considered here, SWAP gates are applied between
neighboring pairs in a brickwork pattern so that the logical
qubit labels advance through the chain and each logical
pair becomes adjacent at some step of the schedule. More
broadly, connectivity-aware scheduling on limited-con-
nectivity layouts such as linear arrays and ladders has been
shown to yield execution times competitive with all-to-all
connectivity for certain common algorithmic primitives,
including the quantum Fourier transform and parity
rotations [14]. Notably, for variational algorithms such as
the quantum approximate optimization algorithm (QAOA)
[15] requiring fully connected (FC) two-qubit interactions,
mapping onto a 1D chain with a SWAP network achieves
the shallowest circuit depth [12,13] compared with map-
ping onto other types of topologies. A recent novel
approach is the use of parity twine chains (PTC) [16,17].
This method has shown a reduction in the number of two-
qubit gates and circuit depth needed to encode the QAOA
[15] compared with the SWAP network encoding and the
quantum Fourier transform [18,19].
In the case of non-all-to-all two-qubit interactions, the

number of required two-qubit gates can be further reduced
by relabeling the qubits such that, at a given depth of the
SWAP or PTC encoding, all required interactions are
realized. This problem is known as subgraph isomorphism
and is NP-hard [20]. One approach to address it is the
SATMapper [20,21], which reformulates the subgraph
isomorphism problem as a SAT problem to determine
the minimum depth at which all required interactions are
satisfied. The solution is then used to obtain the corre-
sponding qubit mapping.
In this work, PTC and SWAP encodings are compared

against selected transpilation frameworks, including the
Qiskit transpiler (Qiskit-T) with optimization level 3, IBM
Quantum’s routing pass (Qiskit-P), the IBM Quantum AI
transpiler (Qiskit-AI), TKET, and the SATMapper. The
application focus is the efficient implementation of QAOA
circuits with non-all-to-all two-qubit interactions on con-
nectivity-constrained near-term quantum devices. While
optimal structured encodings such as the SWAP network
are known for fully connected interactions on certain
topologies, such constructions are generally unavailable
for partially connected graphs. The analysis focuses on the
number of two-qubit gates and the resulting circuit depth
required to implement a QAOA layer for problems with
different edge densities Ed.
To further reduce circuit depth, we introduce an alter-

native to the SATMapper for the initial logical-to-physical
qubit mapping, i.e., the subgraph isomorphism problem,
for both PTC and SWAP encodings, which is optimized
using simulated annealing (SA) [22]. We choose SA
because the cost function we choose is combinatorial
and nonsmooth: for a given qubit permutation, it evaluates
how many two-qubit gates can be removed by checking,

layer by layer from the outermost layers inward, whether
the mapped qubit pairs correspond to native edges in the
hardware coupling graph. Since this pruning-based cost
has no closed-form expression and operates over a discrete
space, gradient-based or exact methods are not suitable.
SA is well suited for this setting, as it efficiently explores
combinatorial landscapes and can escape local minima
through its stochastic acceptance criterion without requir-
ing a differentiable objective.
In addition, the impact of noise on both encodings is

investigated using a depolarizing noise model within a
linear ramp quantum approximate optimization algorithm
(LR-QAOA) protocol [23] for FC weighted MaxCut
(WMC) problems. Experimental results are presented
using the ibm_fez QPU, using the FC LR-QAOA
benchmarking protocol [24] for problem sizes ranging
from 5 to 25 qubits and layers from p ¼ 3 to 20. Finally,
experiments on ibm_kingston are presented for a
WMC graph with 29.8% of the total edges.
To the best of our knowledge, this work presents the first

demonstration of the SWAP and PTC encodings out-
performing standard transpiler methods in scenarios with
reduced qubit connectivity. It also constitutes the first
experimental implementation of the PTC encoding on real
quantum hardware.
The paper is organized as follows: Section II describes

the SWAP and PTC encodings, the LR-QAOA circuit, the
different transpilers, and the noise model used. Section III
describes the SA strategy and the PTC decoding strategy.
In Sec. IV, results for comparing the different transpilers
and the PTC + SA and SWAP + SA encodings, the noise
simulations of LR-QAOA using FC graphs, and experi-
ments on ibm_fez are presented. Finally, Sec. V provides
conclusions.

II. BACKGROUND

In this section, we present a brief introduction to the
LR-QAOA method employed to evaluate the SWAP and
PTC encodings, the transpilers used, and the depolarizing
noise model utilized.

A. LR-QAOA

The LR-QAOA is a nonvariational variant of QAOA
[15], in which the QAOA parameters follow linear
annealing schedules. It is composed of alternating layers
of unitary operations: a problem Hamiltonian whose
ground state is unknown and a mixer Hamiltonian whose
ground state is initialized at the beginning of the evolution.
In quantum optimization, the problem Hamiltonian typi-
cally encodes a combinatorial optimization problem
(COP). As the system evolves, the average energy
decreases, thereby amplifying high-quality solutions to
the COP.
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In our simulations and experiments, the WMC problem
is used. The WMC is defined over a weighted graph
GðV; EÞ, where V is the set of vertices (qubits), E is the set
of edges (two-qubit connections needed), and each edge
ði; jÞ∈E has an associated weight wij. The WMC problem
involves determining the partition of the vertices in the
undirected graph, G, so that the total weight of the edges
between the two sets is maximized.
Throughout the paper, the following graph metrics are

used without distinction: the number of qubits Nq ¼ jVj,
the number of edges NE ¼ jEj, and the edge density
Ed ¼ 2NE=ðNqðNq − 1ÞÞ, which quantifies the ratio of
actual edges to the maximum possible number of edges
in an undirected graph. The WMC cost Hamiltonian is
given by

HC ¼
X

fl;mg∈E

wlmσ
l
zσ

m
z ; (1)

where σlz is the Pauli-z term of qubit l.
HC is encoded into a parametric unitary gate given by

UCðHC; γkÞ ¼ e−iγkHC; (2)

where γk is a parameter that comes from the linear ramp
schedule and i ¼ ffiffiffiffiffiffi−1p

, with i reserved throughout this
document to represent the imaginary unit. Following this,
in every second part of a layer, the mixer unitary operator,

UðHB; βkÞ ¼ eiβkHB; (3)

is applied, where βk is taken from the linear ramp schedule

and HB ¼ PNq−1
l¼0 σxl , with σxl the Pauli-x term of qubit l.

The three parameters that characterize LR-QAOA are
Δβ, Δγ, and the number of layers p. The βl and γl
parameters are given by

βl ¼
�
1 − l

p

�
Δβ and γl ¼

lþ 1

p
Δγ; (4)

for l ¼ 0;…; p − 1. For our experimental results, Δβ ¼
Δγ ¼ Δβ;γ are used where Δβ;γ ¼ 0.63 for Nq ≤ 15 and
Δβ;γ ¼ 0.3 for Nq > 15. These values are taken from the
experiments of the benchmarking of LR-QAOA (see
Ref. [24]) and allow for comparison with previous results
in the benchmarking using the SWAP strategy.
The approximation ratio r and the success probability

pgs are used as metrics of the performance of the WMC
using the encodings. The approximation ratio is given by

r ¼
P

n
m¼1 CðxmÞ=n
Cðx�Þ ; (5)

where

CðxÞ ¼
XNq

k;l>k

wklð2xkxl − xk − xlÞ; (6)

and n is the number of samples, xm is the mth bitstring
obtained from LR-QAOA on a given QPU, CðxÞ is the cost
function of WMC, x� is the optimal bitstring, Cðx�Þ is the
maximum cut, wkl is the weight of the edge between nodes
k and l, and xk ∈ f0; 1g is the kth position of the x bitstring.
The probability of success, pgs ¼ probabilityðx�Þ, is cal-
culated as the number of bitstrings x� obtained over the
total number of sampled bitstrings.

B. SWAP strategy

In the linear nearest-neighbor setting considered here,
the SWAP network defines a structured routing schedule in
which alternating layers of nearest-neighbor SWAP gates
move logical qubits through the chain and create the
adjacencies required for two-qubit interactions. This 1D
construction admits explicit analytical resource counts.
The optimal SWAP network for Nq qubits has been

proven [11–13] to require Nq − 2 total swap layers to
achieve all-to-all connected two-qubit gates.
To implement UCðγÞ ¼ e−iγHC on 1D hardware,

a SWAP network that covers all ðn
2
Þ qubit pairs in n

layers via odd-even transposition is used. Let σðkÞ be the
logical-to-physical qubit permutation after k swap rounds
with σð0Þ ¼ id. At layer k∈ f0;…; Nq − 1g, the nearest-
neighbor pairs are

Lk ¼ fðσðkÞj ; σðkÞjþ1Þ∶ j≡ k ðmod 2Þg; (7)

with 0 ≤ j < Nq − 1. After each layer, the permutation
updates by swapping adjacent elements at the active
positions such that

σðkþ1Þ
j ¼

8>><
>>:

σðkÞjþ1 if j≡ k ðmod 2Þ and j < Nq − 1;

σðkÞj−1 if j − 1≡ k ðmod 2Þ and j > 0;

σðkÞj otherwise:

(8)

For the standard QAOA setting, namely, a fully con-
nected cost layer generated by pairwise ZZ interactions
together with the usual single-qubit X mixer, the routed
implementation of one cost layer on a 1D chain can be
described using the rotation layer

RLk
ðγÞ ¼

Y
ðl;mÞ∈Lkðl;mÞ∈E

expð−i γwlm ZlZmÞ: (9)
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The full cost unitary is

UCðγÞ ¼ RLNq−1

Y1
k¼n−2

ðSWAPLk
· RLk

Þ · RL0
: (10)

In the middle layers (1 ≤ k ≤ Nq − 2), each SWAP and
RZZ pair combines into three CNOTS, i.e.,

SWAPj;jþ1 · RZZðθÞj;jþ1

¼ CXj;jþ1 RZðθÞjþ1 CXjþ1;j CXj;jþ1: (11)

When ðl; mÞ ∉ E, the RZ is omitted, leaving a bare
SWAP. The first and last layers use only RZZ gates without
SWAPs. This approach requires Ng ¼ 3

2
N2

q − 5
2
Nq þ 1

two-qubit gates and has two-qubit depth d ¼ 3Nq − 2.
Here, Ng and d refer to the two-qubit gate count and two-
qubit gate depth. The single-qubit X mixer does not
contribute to these two-qubit resource counts.
Additionally, a recent study [13] reports that for fully

connected two-qubit gates, the optimal SWAP strategy
requires Nq − 2 swap layers on a T-shaped topology and
Nq − 1 swap layers on an H-shaped topology. While the
T- and H-shaped subtopologies offer enhanced qubit
connectivity, thereby reducing the number of required
SWAP gates, the increased connectivity comes at the
expense of increased circuit depth compared with the
linear topology [13]. However, irrespective of the chosen
spatial topology, mirror symmetry of swap layers enables
efficient construction of higher QAOA depths. The opti-
mized swap sequence at QAOA depth one can be extended
to depth pþ 1 by alternating original and mirrored swap
layers, yielding a repetitive structure with period two and
enabling depth scaling without additional computational
effort [13]. Beyond addressing connectivity constraints,
SWAP networks have also been employed to optimize the
algorithmic performance of QAOA [25], enable effective
error mitigation strategies [26,27], and enhance pulse-level
efficiency [28].
For Hamiltonians with partially connected two-qubit

interactions, SWAP layers derived from fully connected
cases can still satisfy hardware connectivity constraints by
substituting the ZZ-SWAP gates associated with absent
interactions with conventional SWAP gates. However, the
residual SWAP gates resulting from these missing inter-
actions can significantly amplify noise-induced errors. A
practical approach to mitigate this problem is to optimize
the initial qubit mapping or qubit ordering [13,26],
strategically pushing all residual SWAP gates toward the
end of the circuit. Subsequently, these terminal SWAP
gates can be eliminated by appropriately adjusting the
measurement order. However, finding the optimal initial
qubit order among the n!=2 distinct permutations is
challenging. An alternative heuristic approach, which
involves exploring a subset of initial qubit orderings

and selecting the permutation that minimizes the number
of CNOT gates, has been proposed [26], which, never-
theless, becomes inefficient for large qubit systems. To
overcome this, we propose a scalable, SA-based heuristic
algorithm that optimizes the initial qubit order efficiently
while maintaining high-quality solutions even for large
circuit sizes, which we will discuss in Sec. III A.

C. Parity twine chains

The PTC method [16] is a generalization of temporal
parity encoding [17]. In this approach, multiqubit Z
information is encoded in single physical qubits, enabling
local manipulation of nonlocal interactions with single-
qubit gates. Each physical qubit a is assigned a label Pt

a ⊆
f0; 1;…; Nq − 1g that tracks which logical qubits it

encodes at time step t, starting from Pð0Þ
a ¼ fag in the

computational basis. A CNOTcontrol→target gate updates
the target label via the symmetric difference between
sets △, i.e.,

PðtÞ
target ¼ Pðt−1Þ

control△Pðt−1Þ
target; (12)

while leaving the control label unchanged. Physical qubits

with jPðtÞ
a j ¼ 1 are called base qubits, and those with

jPðtÞ
a j ≥ 2 are parity qubits. At any time t, a physical Za

rotation acts as the logical operation
Q

j∈PðtÞ
a
Z̄j, so that a

single-qubit Rz gate on a parity qubit effectively imple-
ments an interaction term between all logical qubits in its
label [17]. This enables the execution of multiqubit
operations locally by operating on a single physical qubit.
Figure 1(a) shows the circuit used to generate parities
among all the qubits in a three-qubit system. Where q0 ¼
α0j0i þ ν0j1i and j0i ⊕ j0i ¼ j0i, j0i ⊕ j1i ¼ j1i,
j1i ⊕ j0i ¼ j1i, and j1i ⊕ j1i ¼ j0i. First, a CNOT gate
between physical qubits 1 and 0 generates the parity q0 ⊕
q1 in physical qubit 0. The parity q0 ⊕ q2 in physical qubit
1 is then created by performing CNOT gates on qubit pairs
(0, 1) and (2, 1). Finally, the parity q1 ⊕ q2 in physical
qubit 0 is created by applying a CNOT gate between qubits
1 and 0. The key advantage of this method arises when
applying two-qubit operations such as the ZZ interaction,
which can now be implemented locally as a single-qubit
RZ rotation on the qubit encoding the corresponding parity.
Figure 1(b) provides a visual representation of the PTC

scheme, showing the circuit from Fig. 1(a) in a more
abstract form. In this schematic, light-gray triangles denote
two-qubit gates, while gray rhombi indicate two concur-
rent two-qubit gates acting on the same physical qubit. The
dotted lines mark distinct time steps during which physical
qubits have the labels falling in between the lines. For
instance, at t ¼ 1, information of q0q1 is in physical qubit
0, q0q2 in physical qubit 1, and qubit 2 in physical qubit 2.
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The possible two-qubit parities are generated using only a
single rhombus and two triangles.
The labels also determine how logical X̄j operations

(required for the QAOA mixer UXðβÞ ¼
Q

j e
−iβX̄j) are

implemented physically. A logical X̄j is realized by
flipping all physical qubits whose label contains index
j, i.e., X̄j ¼

Q
b∈Lt

j
Xb, where the logical line Lt

j collects

the indices of all physical qubits encoding Z̄j information
at time t [17]. Crucially, on a linear architecture, the logical
lines at any given time span at most two neighboring
qubits, and a spanning line always has at least one
localized logical X operator (logical line of length 1) on
a boundary. As a result, each e−iβX̄j rotation can be
implemented with at most one additional CNOT pair so
that the full mixer UXðβÞ requires a constant two-qubit
gate depth of 4 and at most 2Nq − 2 CNOT gates.
Using the PTC encoding, the number of two-qubit gates

required to implement a single QAOA layer on a 1D chain
is given by Ng ¼ N2

q − 1 and the depth by d ¼ 2Nq þ 2.
This is a reduction of ΔNg ¼ NSWAP

g − NPTC
g ¼ 1

2
N2

q −
5
2
Nq þ 2 two-qubit gates compared with the SWAP net-

work method. Note that at t ¼ 1, the physical qubits have
the information of q1q2, q0q2, and q0. Instead of using
extra gates to move the physical qubits into the logical
qubits, one can measure at t ¼ 1 and use a decoding
method to extract the information of the logical qubits
from the parity basis. We describe the procedure we use in
Sec. III B.

D. Transpilation

To evaluate the effectiveness of transpilation techniques
across different Ed, the Qiskit [29] default transpiler

(Qiskit-T), the new PassManager Qiskit functionality
(Qiskit-P) [30], the AI Routing Pass from IBM
Quantum [31] (Qiskit-AI), and the TKET transpiler [32]
are used.
Qiskit is an open-source quantum computing software

development kit (SDK) developed by IBM, designed for
building and transpiling quantum circuits. For transpila-
tion, Qiskit uses the VF2Postlayout algorithm [33] that
consists of finding the best isomorphic subgraphs to the
input circuit using a heuristic objective function. In Qiskit,
there are four levels of transpiling optimization (from 0
to 3), with 3 being the level where the most effort in the
algorithm occurs to find the layout with the lowest number
of gates. From a recent study, it is also found to be the most
performant transpiler available [34].
Recently, IBM Quantum introduced the Pass-

Manager and the AI Routing Pass as part of the transpiler
passes designed to optimize quantum circuit execution on
IBM quantum processing units (QPUs). Qiskit-P allows
implementation of the SWAP network strategy directly in
the transpilation sequence, and Qiskit-AI uses machine-
learning techniques to predict the best qubit mapping and
swap strategy, reducing circuit depth and two-qubit gate
count. Qiskit (v1.4.2) is employed for quantum circuit
construction and transpilation.
TKET is a quantum SDK by Quantinuum that allows

users to build, compile, and run quantum circuits on
multiple backends. It offers tools for circuit construction,
optimization, and execution. TKET includes features for
gate reduction and qubit routing, supporting various quan-
tum devices and simulators. In this study, the Graph-
Placement method for initial qubit mapping is utilized,
and the default routing approach, RoutingPass, is
employed. Subsequently, TKET’s built-in optimization
passes, specifically DecomposeBRIDGE, Decom-
poseSWAPtoCX, and RemoveRedundancies, are
applied. Finally, Qiskit’s transpiler with optimization level
3 is invoked to decompose gates into the backend-specific
basis gate set. TKET (v2.1.0) is utilized for quantum
circuit construction and transpilation.

E. SATMapper

The SATMapper [20] formulates the QAOA initial
mapping problem as a SAT encoding of a subgraph
isomorphism between the problem graph and the hardware
graph under a fixed SWAP-layer schedule. Boolean
variables represent the assignment of logical qubits to
physical qubits across layers, and a SAT solver is used (via
a binary search over an increasing number of SWAP
layers) to find a mapping that allows all two-qubit
interactions of the original problem to be executed.
While effective, the encoding introduces Oðn2Þ variables,
Oðn3Þ constraints, and OðlognÞ iterations, leading to
rapidly growing memory and time usage, which makes
the approach infeasible for large graphs and requires

(a)

(b)

FIG. 1. Schematic representation of the PTC encoding. (a) Cir-
cuit model to get different parities. (b) Graphic representation of
the PTC in a 1D chain. Using this diagram, the equivalent
building blocks for the CNOT gates are shown at the right.
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considerable run-time due to solving OðlognÞ SAT
instances.
To address this, the authors introduce a timeout for the

SAT solver at each depth; namely, if no solution is found
within the given time, the SWAP depth is increased by one,
and the process is repeated until a feasible encoding is
obtained. For larger graphs, they further employ a cluster-
ing heuristic that partitions the problem graph into smaller
subgraphs, solves the SAT mapping locally, and then
combines the results, reducing memory requirements
and enabling scalability, at the cost of reduced solution
quality. We compare the SA approach against this method
for a 200-qubit problem.

F. Noise model

On current superconducting QPUs operating on physi-
cal and unencoded qubits, two-qubit entangling gates
are typically the dominant source of instruction-level noise
[7]. This regime is distinct from fault-tolerant architec-
tures, where the dominant resource bottlenecks can shift to
logical non-Clifford operations. In this work, a simplified
depolarizing noise model is, therefore, adopted, acting
only on the two-qubit gates.
This channel is given by

E½ρ� ¼ ð1 − εgÞρþ εg
I
4
; (13)

where εg is the depolarizing error, I is a 4 × 4 identity
matrix, and ρ is the density state operator of the two-qubit
system. In general, the action of a two-qubit gate on a
density state operator that represents a quantum circuit can
be expressed by

Ekl½ρ� ¼ ð1 − εgÞUkl
2QρU

kl
2Q þ εg

4
TrklðρÞ ⊗ I; (14)

where Ekl is the channel acting on ρ, Trkl is the partial trace
over qubits k and l, and Ukl

2Q is the two-qubit unitary gate.
For simplicity, it is assumed that εg is the same for all the
two-qubit gates and models how it affects the LR-QAOA
output for the PTC and SWAP encoding methods.

III. METHODS

In this section, we present the SA strategy we proposed
to reduce two-qubit gate count for the SWAP network and
PTC strategies.

A. Simulated annealing for qubit order optimization

The performance for circuits with non-all-to-all
connected two-qubit interactions can be significantly
improved by optimizing the initial qubit order in both
PTC and SWAP. Here, we introduce an SA [35] heuristic
algorithm to this end and show results for the SWAP and

PTC strategy by minimizing a cost function that depends
on the initial qubit order and estimates the total number of
two-qubit operations required to realize the target inter-
actions. We evaluate the cost by counting the number of
two-qubit interactions in the transformed graph, represent-
ing edges absent from the fully connected graph, that can
be omitted at the end of the QAOA layer. These inter-
actions, which include unnecessary ZZ and CNOT oper-
ations, can be safely removed. To optimize this, we
iteratively explore the space of initial qubit labeling by
randomly swapping pairs of qubit labels.
Figure 2 illustrates the workflow of the SA algorithm

employed to optimize the initial qubit order in SWAP
networks and PTC. The algorithm begins with an initial
permutation O0, initial temperature T ¼ T0, stopping
temperature Ts, and maximum iterations max_iter, and
iteratively explores neighboring permutations by randomly
swapping pairs of qubit labels. Each new configuration is
evaluated using a cost function that quantifies the number
of two-qubit interactions not present in the problem and
that are created at the end of the PTC and SWAP encodings
and, therefore, can be removed. If the new order yields a
lower cost, it is accepted; otherwise, it may still be
accepted with a probability P ¼ expð−Δ=TÞ, where Δ
is the difference between the new and current costs. The
temperature T is reduced by the cooling rate δ such that

Initialize qubit order , set
parameters , , max_iter

Accept with
probability 

Yes

Return best qubit order 

Compute initial cost  and set
, ,

Generate new qubit order 
and compute new cost

Terminate when or max_iter
reached

,
Yes

No

No

Update 

FIG. 2. Flowchart of the simulated annealing algorithm for
optimizing initial qubit order in SWAP network and PTC
encodings.
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T ¼ δT, and the process continues until reaching Ts or
max_iter. The best qubit order Of encountered is returned.
The parameters used in this work are T0 ¼ 0.01,
δ ¼ 0.999, and max iter ¼ 100; 000.
In Fig. 3, we illustrate a problem graph that can be

mapped to a QAOA circuit with reduced depth. The graph
in Fig. 3(a) is not fully connected, with the missing edges
(0, 3), (0, 4), (1, 2), and (1, 3). When using the PTC
encoding, these connections are implemented at time steps
t ¼ 3 and t ¼ 4. However, since these connections are not
required in the original problem graph, the circuit can be
truncated at t ¼ 2 for the first QAOA layer. Subsequent
layers can then proceed in the reverse direction, effectively
alternating forward and backward passes as the QAOA p
increases. The intuition behind the SA optimization for
PTC and SWAP is similar: a qubit relabeling is sought such
that an isomorphic version of the problem graph fits within
a reduced circuit depth. This allows one to discard
unnecessary time steps in the encoding, thereby minimiz-
ing resource usage. Additionally, although this work
focuses on linear topology, the proposed SA-based opti-
mization method extends effectively to QAOA implemen-
tations on T- and H-shaped topologies [13], providing
similar resource efficiency gains.
Extension to the general topologies of current IBM

QPUs, such as the heavy-hex lattice, first requires estab-
lishing the corresponding structured encoding schedules
for those topologies, which is an open problem and is, thus,
left for future work.

B. PTC decoding strategy

In the PTC encoding, after p QAOA layers, the physical
qubits are left in a parity basis rather than the logical
(computational) basis. Specifically, at the end of the
circuit, each physical qubit i encodes either a single
logical qubit qa or the parity of two logical qubits
qa ⊕ qb. The key insight is that instead of appending
additional CNOT gates to transform back into the

computational basis (which would increase the circuit
depth), one can measure directly in the parity basis and
perform a classical postprocessing step to recover the
logical bitstring.
The parity map P assigns to each physical qubit a

a set Pt
a ⊆ f0; 1; � � � ; Nq − 1g with jPt

aj∈ f1; 2g. When
jPt

aj ¼ 1, the physical qubit directly encodes logical qubit
qx, and its measurement outcome ma ∈ fþ1;−1g gives
sx ¼ ma. When jPaj ¼ 2, the physical qubit encodes the
parity qx ⊕ qy, and its measurement outcome satisfies
ma ¼ sx × sy in the spin representation (s ¼ þ1 ↔ 0 and
s ¼ −1 ↔ 1). If one of the two logical spins, say sx, has
already been decoded from a previously processed physi-
cal qubit, the other can be recovered as sy ¼ ma × sx.

ALGORITHM 1. PTC Parity Decoding

Input: Measurement bitstring b ¼ ðb0; b1;…; bNq−1Þ,
number of QAOA layers p, PTC parity structure fPtgD−1

t¼0

Output: Decoded logical bitstring x ¼ ðx0; x1;…; xNq−1Þ
// Convert measurement to spin representation
for i ¼ 0 to Nq − 1 do
mi ← ðþ1Þ1−bi ;

//0 ↦ þ1, 1 ↦ −1
// Select parity map and traversal order based
on layer parity

if pmod 2 ¼ 0 then
P ← P0 ;

// Initial parity map
Q ← ð0; 1;…; Nq − 1Þ ;

// Forward order
else
P ← PD−1 ;

// Final parity map
Q ← ðD − 1; D − 2;…; 0; D;Dþ 1;…; Nq − 1Þ ;

// Reverse-then-forward
// Initialize logical spin array
sj ← 0 for all j∈ f0; 1;…; Nq − 1g;

// Sequential parity resolution
foreach a∈Q do
ðx; y;…Þ ← Pa;
if jPaj ¼ 1 ;

// Single logical qubit
then

sx ← ma;
else if jPðiÞj ¼ 2 ;

// Parity of two logical qubits
then

if sx ≠ 0 then
sy ← ma · sx

else if sy ≠ 0 then
sx ← ma · sy;

// Convert spins back to binary
for j ¼ 0 to Nq − 1 do
xj ←

1−sj
2

;
// þ1 ↦ 0, −1 ↦ 1
return x;
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23 34

1
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2

3
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0

1

2

34

(a) (b)

t = 0 t = 1 t = 2

FIG. 3. QAOA problem encoding with a reduced depth for
nonfully connected graphs. (a) The problem graph to be encoded
in a QAOA circuit. (b) PTC circuit to generate all pairs of qubit
interactions.
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The choice of which parity map to use and the order in
which physical qubits are processed depend on the parity
of the number of QAOA layers p. Since the PTC protocol
alternates the direction of the encoding between consecu-
tive layers (forward for even layers, backward for odd
layers), the final parity map corresponds to:

(i) If p is even: the initial parity map P0 (time
step t ¼ 0).

(ii) If p is odd: the final parity map PD−1 (time step
t ¼ D − 1, where D is the encoding depth).

In both cases, the traversal order ensures that single-
qubit parities (jPaj ¼ 1) are encountered before their
dependent two-qubit parities, enabling sequential resolu-
tion of all logical spins. The full procedure is given in
Algorithm 1.

IV. RESULTS

In this section, results comparing PTC + SA,
SWAP + SA, and the methods of Sec. II D for transpiling
a QAOA layer for WMC problems of different Ed are
presented. In addition, how depolarizing noise affects the
LR-QAOA solution of a WMC problem is shown, and
experimental results on ibm_fez for LR-QAOA fully
connected WMC problems using the SWAP and PTC
techniques are presented.

A. Transpilation results

Figure 4 shows the resources needed to implement a
layer of QAOA using different methods. In Fig. 4(a), the
number of two-qubit gates over the minimum number of

two-qubit gates is shown for problems involving Nq ¼ 20.
At small connectivity in the graph, i.e., Ed ¼ 0.211, the Ng

of PTC + SA and SWAP + SA require more than 1.5 times
the gates needed by Qiskit-T and Qiskit-AI. This results
from the fact that the transpilers exploit the heavy-hex
layout and use ancillary qubits to reduce Ng. The trend of
the transpilers giving a lower Ng changes at Ed ≈ 0.35,
where the PTC already gives a similar two-qubit gate count
to the Qiskit transpiler. The TKET transpiler requires a
similar ratio Ng=Nmin

g throughout the Ed, which is above
the other transpilers. As Qiskit-P is based on the SWAP
network strategy, the observed gap between Qiskit-P and
SWAP + SA quantifies the additional improvement intro-
duced by the SA step.
In Fig. 4(b), the circuit depth over the minimum

possible depth is presented for the different methods.
An improvement in depth for the SWAP + SA and
PTC + SA compared with the transpilers is seen for all
Ed. Therefore, even when the QAOA circuit is sparsely
connected and certain transpilers achieve a lower Ng, this
often comes at the expense of a significant increase in
circuit depth. Figures 4(e), which show a QAOA layer for
PTC + SA, SWAP + SA, and Qiskit-T (from left to right),
highlight the compactness achieved by PTC + SA and
SWAP + SAwhile Qiskit-T uses fewerNg at the expense of
increased circuit depth.
Table I presents a comparison of various transpilation

methods across different edge densities (Ed) and qubit
counts (Nq ¼ 20, 60, and 120). For each setting, the number
of two-qubit gates (Ng), circuit depth (d), and run-time in

(a)

(b)

(c) (d)

(e)

FIG. 4. Resources needed to implement a layer of QAOA using the Qiskit transpilation method level 3 on a heavy-hex layout (Qiskit-
T), the Qiskit PassManager (Qiskit-P), the IBM Quantum AI pass (Qiskit-AI), the TKET transpiler (TKET), and the SWAP + SA and
PTC + SA strategies on a 1D-chain graph. (a) Ratio of two-qubit gates used by each method to the minimum required vs the edge
density of the graph for random problems with Nq ¼ 20 qubits. The inset graphs represent the problem with Ed ¼ 0.211. (b) Circuit
depth for the same cases as (a). LR-QAOA circuit for one layer of (c) PTC + SA encoding, (d) SWAP + SA encoding, and (e) Qiskit-T
encoding.
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seconds (t) are reported. The methods include the minimum
Ng and d for a QPU with a FC layout and access to ZZ
gates. PTC + SA consistently achieves the lowest circuit
depths across all configurations, demonstrating its effective-
ness in producing compact circuits. While Qiskit-T often
minimizes the two-qubit gate count, this typically comes at
the expense of significantly higher depth, particularly as Ed
increases. SWAP + SA shows similar depth performance to
PTC + SA with a moderate increase in Ng. Qiskit-AI and
TKET generally incur higher depth or gate counts, and
therefore, only their analysis for the 20-qubit problems is
included. Run-time remains low for Qiskit-T and Qiskit-P,
and considerable time is needed for PTC + SA and

SWAP + SA at low Ed, but it decreases quickly as Ed
grows. Qiskit-AI incurs longer times, mainly due to the
overhead of sending the circuit.
Figure 5(a) shows the transpilation time needed to find

the circuit representing the 120-qubit problems. Qiskit-T
and Qiskit-P take short times at low Ed compared with
PTC + SA and SWAP + SA, but the trend quickly changes
as Ed grows. The inset plot shows the time taken at the
minimum Ed for each problem size for the PTC + SA
transpilation. For small values of Ed < 0.14, the use of
PTC + SA offers no significant benefit over Qiskit-T in
terms of execution time or the number of gates Ng.
However, beyond this threshold, PTC + SA yields a

TABLE I. Comparison of methods across various Ed levels and qubit counts.

Nq Method N2q d t (s) N2q d t (s) N2q d t (s) N2q d t (s) N2q d t (s)

20 Ed ¼ 0.211 Ed ¼ 0.298 Ed ¼ 0.386 Ed ¼ 0.649 Ed ¼ 1.0

FC 41 12 � � � 57 15 � � � 74 18 � � � 124 22 � � � 190 22 � � �
Qiskit-P 519 72 0.06 523 73 0.17 527 77 0.09 537 81 0.10 551 81 0.13
Qiskit-T 185 65 0.10 282 91 0.11 362 131 0.13 601 159 0.16 739 183 0.36
Qiskit-AI 173 87 21.54 312 142 22.65 416 189 23.04 640 282 24.39 709 195 22.26
HE-TKET 302 97 1.96 441 159 62.40 524 195 6.29 835 347 69.14 1191 420 66.99
PTC + SA 283 44 2.02 302 48 2.44 340 54 2.35 378 61 1.86 399 66 1.47
SWAP + SA 318 44 1.20 380 54 1.25 407 60 1.40 469 69 1.12 532 77 0.89

60 Ed ¼ 0.068 Ed ¼ 0.171 Ed ¼ 0.275 Ed ¼ 0.586 Ed ¼ 1.0

FC 121 15 � � � 303 29 � � � 487 42 � � � 1038 59 � � � 1770 62 � � �
Qiskit-P 5139 198 0.40 5153 211 0.36 5167 224 0.58 5199 239 1.08 5251 241 1.94
Qiskit-T 922 178 0.24 2853 543 0.45 4228 700 0.65 6723 1068 1.22 7530 896 1.59
PTC + SA 2004 84 4.71 2771 125 5.34 3125 148 6.26 3479 176 7.13 3599 186 3.25
SWAP + SA 2667 108 2.27 3989 168 2.57 4437 191 3.74 4894 224 3.03 5192 237 1.72

120 Ed ¼ 0.034 Ed ¼ 0.141 Ed ¼ 0.248 Ed ¼ 0.57 Ed ¼ 1.0

FC 243 15 � � � 1007 50 � � � 1771 76 � � � 4070 117 � � � 7140 122 � � �
Qiskit-P 21,075 384 0.93 21,095 418 1.58 21,119 439 2.55 21,201 476 8.81 21,301 481 25.38
Qiskit-T 2985 378 0.76 12,926 1786 3.06 18,769 2417 4.12 29,642 3536 6.98 34,371 3123 9.02
PTC + SA 7852 154 10.05 12374 266 10.24 13326 304 13.01 14159 354 15.22 14399 366 6.59
SWAP + SA 10,897 205 4.69 17,519 354 5.31 19,300 402 5.58 20,576 461 6.88 21,182 477 3.19

aBold values help to identify the best value for a given metric at a given problem size.

(a) (b)
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FIG. 5. (a) Run-time vs Ed for the different transpilers to find a circuit that encodes a layer of QAOA for 120-qubit random problems.
The error bars in all three plots represent the mean and standard deviation computed over three different randomly generated graphs.
(b) Reduction in two-qubit gates compared with the PTC and SWAP default methods for three different Ed values. (c) SA Ck function
vs iteration for PTC and SWAP.
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reduction in both Ng and d, while maintaining similar
execution times. The largest run-times for the PTC + SA
and SWAP + SA methods, which increase from approx-
imately 2 s at 20 qubits to around 10 s at 120 qubits, remain
practical for optimizing large-scale quantum circuits.
Figure 5(b) shows the reduction in Ng thanks to the use

of SA compared with the raw circuit produced by PTC and
SWAP strategies. The reduction is more notable as the
QAOA circuit is more sparsely connected, reaching a point
where there is a reduction of approximately 50% for large
Nq. Figure 5(c) shows the cost function evaluation at each
iteration of the SA function for PTC and SWAP by the
number of iterations used for theNq ¼ 120 and Ed ¼ 0.03.
Figure 6 shows the values of Ed for which the PTC + SA

and SWAP + SA encodings result in a lower number of
two-qubit gates compared with Qiskit-T. The blue region
represents the case where PTC + SA requires fewer two-
qubit gates than Qiskit-T, while the region above the
dashed line represents the case where SWAP + SA requires
a lower Ng than Qiskit-T. For example, when Nq ¼ 20, a
gate count reduction with PTC + SA is observed only when
the circuit’s connectivity exceeds Ed ¼ 0.35. However, as
the system size increases, this threshold decreases. For
Nq ¼ 80, the required connectivity drops to Ed ¼ 0.15,
and for Nq ¼ 120, it decreases further to Ed ¼ 0.13. In the
SWAP + SA case, at 20 qubits, the mean crossing point
is at Ed ¼ 0.48, and as the system size increases, the
mean crossing points gradually converge at approximately
Ed ¼ 0.28 for 120 qubits. This is particularly relevant
since PTC + SA and SWAP + SA encodings significantly
reduce the depth and do not use additional ancilla qubits.

For a 200-qubit QAOA circuit on a 1D-chain topology
(p ¼ 10), Fig. 7 shows that SA consistently outperforms
SATMapper in practical run-time by orders of magnitude:
SA converges to good solutions in seconds, whereas the
SAT solver requires hundreds to thousands of seconds
of wall clock time regardless of its timeout limit per
iteration. Despite this speed improvement, SA approaches
SAT-quality solutions at sufficient iteration counts. For
example, at an edge density of Ed ¼ 0.05, SA with 106

iterations yields 4.30 × 105 two-qubit gates compared with
4.39 × 105 for SAT (60 s timeout), a difference of less
than 2% in 98 s compared with 1143s for SATMapper.
For denser graphs (Ed ¼ 0.4), both methods converge
to essentially the same gate count (approximately
5.72 × 105), while SA requires only approximately
180 s vs over 1 h for SAT. Furthermore, SA exhibits a
diminishing-returns profile with respect to iteration
budget. Thus, for sparse graphs, the largest reduction in
two-qubit gate count occurs before 2 × 105 iterations,
suggesting that a moderate iteration budget (e.g., 105)
offers a favorable quality-to-run-time trade-off. Additio-
nally, for small timeouts (0.1 and 1 s), the SATMapper
solver may fail to find a valid solution. This explains the
missing markers in the plot, whereas SA always produces a
valid solution since it starts from a feasible mapping.

B. Noise simulation

Figure 8 shows the impact of depolarizing noise on
the two-qubit-gate depolarizing error, εg, relative to the
performance of LR-QAOA using different problem encod-
ings for an eight-qubit WMC problem with p ¼ 50.
Results are presented for the simulation of a device

Ed

Nq

FIG. 6. Graph density vs number of qubits. The blue region
indicates where PTC requires fewer two-qubit gates than the
Qiskit transpiler level 3. At the largest size, 120 qubits, and
Ed > 0.13, PTC requires fewer two-qubit gates than Qiskit. The
orange dashed line divides the region where the SWAP + SA
strategy gives a lower two-qubit count than Qiskit-T. The error
bars in the markers are the standard deviation for three random
graphs at each Ed.

time [s]

N g
(×

10
3 )

FIG. 7. SA and SATMapper (SAT) comparison of the number
of two-qubit gates vs execution time for a 200-qubit problem
with p ¼ 10 and Ed ∈ f0.05; 0.1; 0.2; 0.4g. Different markers
indicate increasing run-time. For the SA approach, the iterations
considered are ∈ f103; 104; 105; 2 × 105; 5 × 105; 106g, while
for SAT, the timeout limits are ∈ f0.1; 1; 2; 5; 10; 60g s.
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with full connectivity between its qubits (FC), the PTC,
and SWAP in a 1D chain of qubits. Figure 8(a) shows
the success probability at different depolarizing noise
strengths in the two-qubit gates. In this case, the method
that decays faster as the error increases is the SWAP
method, which is mainly explained by the fact that it
requires Ng ¼ 3850 while the PTC requires Ng ¼ 3100,
and the FC requires Ng ¼ 2800 CNOT gates. The inset
shows Δpgs ¼ pPTC

gs − pSWAP
gs , highlighting the improve-

ment of the PTC encoding over the SWAP strategy as
noise increases. Initially, the PTC encoding gives a
higher success probability, indicating better performance.
However, beyond a certain noise threshold, the improve-
ment diminishes, and no benefit is observed under stronger
noise conditions. At the peak, the PTC gives 5.65%
more optimal solutions than the SWAP strategy for
an εg ¼ 4.6 × 10−4.

In the case of the approximation ratio, Fig. 8(b), the
difference between PTC and SWAP is small, which is
somewhat unexpected, as the PTC approach requires 750
fewer two-qubit gates compared with the SWAP method.
The inset plot shows the difference, Δr ¼ rPTC − rSWAP. It
seems that maintaining logical consistency in the averaged
outcomes is more difficult with the PTC encoding. The
shaded region representswhere thePTCencodinggetsworse
average energy than the SWAP. However, this difference is
too small to draw any conclusion about whether either of the
two encodings is better. Note that in the same noise range, the
pgs improves in the PTC encoding.

C. Real QPU performance

Figure 9(a) shows the performance of SWAP and PTC
encodings for a fully connected weighted MaxCut problem
at different problem sizes and depths. Figure 9(a) shows

pgs

εg

Δpgs

r

εg

Δr

(a) (b)

FIG. 8. Depolarizing noise simulation of an eight-qubit WMC using LR-QAOAwith p ¼ 50. (a) Success probability vs depolarizing
noise for a fully connected (FC) device and PTC and SWAP encodings in a 1D chain. The inset graph shows the difference in pgs of the
PTC and SWAP. (b) Approximation ratio vs the depolarizing noise error for the three models. The inset graph shows the difference
between PTC and SWAP; a negative value indicates an improvement of PTC over SWAP.

Nq
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rmax − rrand

rand1 − r
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FIG. 9. LR-QAOA experiments on ibm_fez for WMC problems ranging from 5 to 22 qubits using PTC and SWAP encodings and
comparing them against a random sampler and a noiseless simulation. (a) Best pgs vs the number of qubits for the SWAP, PTC,
a noiseless simulation, and a random sampler. The inset graph shows the probability of success, pgs, vs the number of layers for a
10-qubit problem. (b) Effective approximation ratio, reff , vs the number of qubits. The inset graph shows r vs the number of layers for a
10-qubit problem.
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the maximum success probability for a given number of
qubits using the SWAP and PTC encodings. This proba-
bility is compared with the random guessing probability
and the LR-QAOA noiseless simulation, and at least an
order of magnitude larger pgs is obtained using the PTC
encoding. The optimal solution is even found at 20 qubits
with 1000 samples, while using the SWAP encoding, the
optimal solution is only found up to 15 qubits. In the case
of Nq ¼ 20, using PTC, the optimal solution is found at
p ¼ 4, which requires Ng ¼ 1195.
In the inset of Fig. 9(a), there is an improvement in pgs

with a peak at p ¼ 3. At this point, the PTC probability of
success is almost twice as large as in the SWAP case. This
improvement can be attributed mainly to the reduction in
the two-qubit gate number, where it passes from 405 in
SWAP to 295 in PTC at p ¼ 3.
Figure 9(b) shows the approximation ratio behavior for

WMC problems using LR-QAOA and the PTC and SWAP
encodings on ibm_fez. Figure 9(b) shows the effective
approximation ratio (inset formula), which is greater than
zero if the encoding is better than the upper part of the
random region. Experiments with up to 25 qubits were
implemented, but results better than those of the random
sampler were only found for 20 qubits using SWAP and
22 qubits using PTC. Thus, employing PTC extends the
useful LR-QAOA experiment by two qubits, which
requires Ng ¼ 1449 at p ¼ 3.
The inset in Fig. 9(b) shows the approximation ratio vs

the number of LR-QAOA layers. In this case, the
SWAP encoding has an oscillating behavior that might
indicate that there is a destructive error when the number
of LR-QAOA layers is even. The random region is the
approximation ratio interval of confidence where 1000
sampled bitstrings can be explained by a random sampler
(see Appendix A 2 in Ref. [24]). Therefore, when the
approximation ratio from a QPU’s bitstrings fails this test,
it means that the LR-QAOA logic in the QPU is com-
pletely suppressed. If only the odd points of the SWAP
method and the PTC points are taken, the conclusion is
similar to the simulation using depolarizing noise. Both
methods give similar results, even if the PTC method
requires fewer two-qubit gates.
Figure 10 shows the experimental comparison of tran-

spilation methods on ibm_kingston at different LR-QAOA
depths. SWAP + SA achieves the best results, reaching
r ¼ 0.7208 at p ¼ 3 (a 20.83% improvement over ran-
dom), while PTC + SA’s improvement is only 13.99% over
random. In contrast, Qiskit-T’s standard transpilation
degrades quickly, approaching the random baseline at
low depth.
It is somewhat unexpected that the SWAP without SA

(SWAP) shows better performance than PTC + SA at
p ¼ 3, even though SWAP requires significantly more
two-qubit gates (1596 vs 963). This suggests that perfor-
mance is not only determined by the number of two-qubit

gates but also by the encoding itself. A possible explanation
is that encoding the logic of pairs of qubits into single
qubits, as is done in PTC, may be more sensitive to noise,
since errors affecting a single qubit can impact multiple
logical correlations. This behavior is also observed in
fully connected experiments, where SWAP encoding can
sometimes achieve better approximation ratios despite its
larger gate count. In this case, the effect appears more
pronounced, possibly due to the reduced number of
gates, highlighting that the trade-off between gate count
and noise sensitivity depends strongly on the encoding
structure.
An analysis of the output bit distributions explains why

Qiskit-T even goes below the random baseline. Qiskit-T
exhibits a strong Hamming weight bias, which is
5.84 times worse than SWAP and 16.45 times worse than
PTC. This bias leads to samples skewed toward zeros (a
mean Hamming weight of approximately 8.5 while ideally
approximately 10 because of the Z2 symmetry of the
problem) that might indicate a relaxation phenomenon
that can be attributed to the large circuit depth. The net
effect is observed by an individual qubit’s bias toward the
classical ground state j0i⊗n. In contrast, SWAP and PTC
maintain distributions with low bias (bias < 0.25 bits)
across all depths, preserving quantum correlations through
more structured qubit routing and without ancilla usage.

V. CONCLUSIONS

In this work, we evaluate the use of PTC and SWAP
encodings to represent QAOA circuits with arbitrary
connectivity using a 1D chain of qubits. Additionally,
we introduce a simulated annealing technique to reduce the
number of two-qubit gates in nonfully connected circuits.

r

p

FIG. 10. LR-QAOA experiments on ibm_kingston for the
Ed ¼ 0.298 20-qubit WMC problem of Table I using PTC
and SWAP encodings, both with SA to reduce gate count
(PTC + SA, SWAP + SA) and without it (PTC, SWAP), as
well as Qiskit-T; comparison is made against a random sampler.
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While the PTC or SWAP encoding is primarily designed
for fully connected circuits, we demonstrate that the
combination of PTC or SWAP with simulated annealing,
PTC + SA and SWAP + SA, yields a further reduction in
two-qubit gate count.
The PTC + SA and SWAP + SA methods give a

reduction in two-qubit gates and depth compared with
Qiskit’s transpiler at optimization level 3, when the
circuit’s edge density Ed exceeds a threshold. For example,
in a 20-qubit circuit, this threshold is Ed ¼ 0.35 for
PTC + SA, while in a 120-qubit circuit, it decreases to
Ed ¼ 0.13. The proposed SA-based optimization algo-
rithm reduces this threshold by relabeling qubits such that
the two-qubit pairs appearing at the end of the PTC or
SWAP protocols correspond to interactions not required in
the original circuit and can therefore be removed. While
other metaheuristics such as genetic algorithms or tabu
search could also be considered, SA offers a simple
and effective approach for this problem. A systematic
comparison with alternative optimization strategies is left
for future work.
We compare our SA method against the recently

implemented SATMapper strategy in Qiskit [21] for the
subgraph isomorphism problem in QAOA circuits with
200 qubits at p ¼ 10 across different edge densities and
observe significant reductions in run-time and two-qubit
gate count.
Additionally, we simulate an eight-qubit fully connected

LR-QAOA circuit with p ¼ 50 using both the PTC and
SWAP encodings under a depolarizing noise model. The
results show a slight improvement in the success proba-
bility when using the PTC encoding compared with the
SWAP encoding. However, in terms of the approximation
ratio, both methods perform similarly, with no appreciable
advantage observed for PTC. Overall, under equivalent
noise conditions, the performance of both PTC and SWAP
encodings remains comparable to that of a device with a
fully connected layout, despite the additional overhead
required to represent the fully connected circuit on a 1D
chain of qubits.
The PTC encoding of an LR-QAOA protocol used in

quantum benchmarking [24] is tested. Some improve-
ment is found compared with the SWAP method in terms
of the quality of the solutions. For instance, under
identical conditions, optimal solutions are obtained using
PTC for problem sizes up to Nq ¼ 20, whereas the SWAP
method yields optimal solutions only up to Nq ¼ 15. In
terms of the approximation ratio quality, both methods
give similar results, which agree with the noise simu-
lation using depolarizing noise. However, it is found that
the LR-QAOA implementation on ibm_fez remains dis-
tinguishable from a random sampler for problem sizes up
to 22 qubits when using the PTC method, whereas this
distinction holds only up to 20 qubits when using the
SWAP strategy.

Finally, experiments on ibm_kingston for a graph with
Ed ¼ 0.298 show that SWAP + SA performs best (20.83%
improvement over random), followed by PTC + SA, while
Qiskit-T performs worse as depth increases and eventually
reaches or drops below random performance. This results
from a strong Hamming weight bias caused by relaxation
toward j0i of individual qubits in Qiskit-T. In contrast,
simpler routing methods such as SWAP better preserve the
quantum signal. Although PTC uses fewer gates, it still
performs worse than SWAP in nonfully connected experi-
ments. This may be because encoding two-qubit opera-
tions into single qubits leads to faster error accumulation,
but further analysis, which is beyond the scope of the
present work, is needed.
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