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Fast readout of quantum dot spin qubits via Andreev spins
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Spin qubits in semiconducting quantum dots are currently limited by slow readout processes, which
are orders of magnitude slower than gate operations. In contrast, Andreev spin qubits benefit from fast
measurement schemes enabled by the large resonator couplings of superconducting qubits but suffer from
reduced coherence during qubit operations. Here, we propose fast and high-fidelity measurement
protocols based on an electrically tunable coupling between quantum dot and Andreev spin qubits.
In realistic devices, this coupling can be made sufficiently strong to enable high-fidelity readout well
below microseconds, potentially enabling mid-circuit measurements. Crucially, the electrical tunability of
our coupler permits to switch it off during idle periods, minimizing crosstalk and measurement back-
action. Our approach is fully compatible with germanium-based devices and paves the way for scalable
quantum computing architectures by leveraging the advantages of heterogeneous qubit implementations.

DOI: 10.1103/qcch-2hhy

L. INTRODUCTION

Quantum dot spin qubits (DSQs) [1], especially those
based on silicon and germanium (Ge) heterostructures
[2,3], are leading candidates for large-scale quantum
computing [4]. These systems combine a compact foot-
print and compatibility with industrial semiconductor
fabrication processes with high quantum performance
[5-20]. DSQs exhibit long coherence times and support
high-fidelity single- and two-qubit gate operations, often
exceeding fault-tolerance thresholds [21-24], with gate
times of tens of nanoseconds [25-31] and operation
demonstrated in mid-scale devices [32—-35]. Despite these
advantages, a key challenge in DSQ systems remains the
readout, which is significantly slower than gate operations
because of small DSQ-readout channel couplings [36].
State-of-the-art devices require integration times typically
of tens to hundreds of microseconds, to reach high-fidelity
spin readout [4,37—42]. This readout bottleneck introduces
idling errors and poses serious limitations for quantum
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error correction protocols and algorithms requiring fre-
quent measurements.

In contrast, Andreev spin qubits (ASQs) comprising
spins localized in semiconductors proximitized by super-
conducting Josephson junctions [43-53] benefit from
strong inductive coupling to on-chip microwave resona-
tors, enabling high-fidelity readout within hundreds of
nanoseconds [45,52] and long-range connectivity [48]. Ge
heterostructures are particularly promising for ASQs
[54,55]. Their compatibility with superconductors [56—61]
has recently enabled significant proximity-induced super-
conducting gaps [54,62—64] and demonstrations of gate-
tuneable Josephson junctions [65,66]. The potential for
isotopic purification [67] and p-type wavefunction [68—70]
of Ge can suppress nuclear spin noise, likely a key limiting
factor of current ASQs [46,47]. Furthermore, the strong,
tunable spin-orbit interaction (SOI) in hole nanostructures,
especially large in lattice-matched unstrained [71-73] and
tensile-strained [74-76] Ge channels, offers efficient
electrical control of the qubit. These properties make
Ge an ideal platform for hybrid superconducting-
semiconducting spin qubit architectures [77-79].

Here, we propose a tunable coupling scheme between
DSQs and ASQs, see Fig. 1, combining the high-fidelity
gate operations of DSQs with the fast, efficient readout
capability of ASQs. The coupling is electrically switched:
it remains off during DSQ gate operations to suppress
crosstalk and back-action [80-82] and is activated only
during the readout phase. We present several readout

Published by the American Physical Society
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FIG. 1. Tuneable ASQ-DSQ coupler. (a) A DSQ (Q1) is

tunnel-coupled to an ASQ (Q2), inductively coupled to a
microwave resonator. (b) Charge stability diagrams for U, =
Uy =4U;, =U at T = A =0, see Egs. (Al) and (2). Filled
blue and red dots represent two fast-readout points with large
ASQ-DSQ hybridization when Q2 is empty and occupied,
respectively. The hybridization is suppressed electrically by
decreasing 7 or modifying the Q1-Q2 detuning by moving
toward the hollow dots, where high-fidelity quantum gates on
DSQs can be performed without back-action from the ASQ.
(c) Amplitude of the inductive resonator-ASQ interactions
against ¢, see Eq. (B2).

protocols tailored to different experimental configurations,
all compatible with Ge-based hybrid devices [54,65].
Our analysis indicates that readout fidelities beyond
99.9% can be achieved well below microseconds, repre-
senting orders-of-magnitude improvements in measure-
ment speed. We envision that by leveraging strong
inductive ASQ-resonator coupling, which enables long-
range ASQ-ASQ connectivity [83,84], our ASQ-DSQ
coupler could also mediate entangling gates of distant
DSQs, overcoming their short-range connectivity limita-
tions [85] and offering opportunities for flexible layouts in
large-scale spin-based quantum processors.

II. TUNABLE ASQ-DSQ COUPLER

We consider two quantum dots, where dot i = 1 hosts a
DSQ and dot i = 2 is proximitized by two superconduct-
ing leads with phase difference ¢ and forms an ASQ, see
Fig. 1(a). The coupled DSQ-ASQ system is described by
the Hamiltonian

U..
HO = chhici _A(p(C;TC;i« +C2lC2T> + Z %nianﬁ;/,
i

ij.oo’
(1)

where ¢; = (¢;4, ¢;) are fermion operators with density
Ny = cj(,c,»(,, see the Appendixes for more details. The

Hubbard intradot and interdot interactions U, and
U, = Uy, rtespectively, satisfy U3, < Uy Uy [86]
and define the charge stability diagrams sketched in
Fig. 1(b). The single-particle Hamiltonian of dot i,
h; = —(¢; + 2U;;)og + b; - 6/2, includes dot energies ¢;,
Zeeman energies b;, and a shift 2U; that cancels the n?, =
n,, contributions of the Hubbard energy. For the DSQ, the
dot energy coincides with its chemical potential, ¢; = u;,
and the Zeeman energy b; = upBg; is determined by the
magnetic field B and the tuneable dot g-tensor [72,87-90].
For the ASQ, ¢, = u, + Ejcos @ depends on ¢ via the
Josephson energy E,,. The Zeeman energy b, = upBg, —
E,, sin(¢)my, also includes the additional phase-depen-
dent SOIl-contribution E,, [43,49,50] aligned to the SOI
vector m,,. The ASQ also inherits from the superconduct-
ing leads the proximitized correlations A, = A cos(¢/2)
[91-94]. While Eq. (A1) was derived under the assumption
that the parent gap in the superconducting leads is much
larger than the charging energy of the dots, numerical
studies have shown that H, remains qualitatively valid
well beyond the large-gap limit [49]. Additional informa-
tion on the small-gap limit is provided in the Appendixes.

Crucially, DSQ and ASQ are coupled by the tunneling
T/h € [1-10]GHz. Gate potentials efficiently control T on-
demand [27], turning it on only during readout. The
interaction

HT = _T[CWI—S‘S()CZ + C;SVI()CI] (2)

includes the SOIl-induced spin-flip unitary evolution
S, = e?™00/2 characterized by a rotation angle 6,,
around the SOI axis n,, generally not aligned to myy,,.
In unstrained Ge channels where SOI is maximized
[71-73], we expect E,/he€[10-500] MHz, E,/he
[0.3-1] GHz, and A/he€[4-10] GHz, see the Appendixes
for details. These values are comparable to existing InAs-
based ASQs [46,49]. Our estimate for A is based on
recently realized Ge/PtSiGe devices [62]; however, sig-
nificantly larger gaps can in principle be achieved in
Ge-based devices proximitized by Al or Nb [63]. For
in-plane magnetic fields up to 200 mT, within the critical
field of Ge-compatible superconductors [54,62,63],
b;/h €[0.1-1] GHz [27,32], with controllable direction
and amplitude by dot and strain engineering [72,87].

III. INDUCTIVE COUPLING TO RESONATOR

Our readout is performed by an inductively coupled
resonator with energy Aw,a'a. Inductive coupling shifts
the phase ¢ — ¢ + X¢,, where X = (a* + a)/\/2. The
effective zero-point-phase ¢, = p./22Z,/R, €[0.02-1]
depends on the resonator impedance Z, € [0.05-1] kQ,
the superconducting resistance quantum R, = h/ 4e? [95],
and is rescaled by the participation ratio p € [0.1-1]
accounting for the partial fraction of the resonator phase
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reaching the ASQ. At Z,=300Q and p = 0.3, ¢, = 0.16.

We restrict to low-impedance resonators (Z, < 1 kQ), in

contrast to capacitively coupled systems [96-104] where

high-impedance resonators are required to enhance spin-

photon coupling at the cost of losses and complexity.
The coupling Hamiltonian

o b(/) o —2 () A
H, = Z(p‘iXJ <c§%c2 - A(f)c;Tc;i + H.c.>

J>0

3)

includes resonator-induced fluctuations of ASQ dot and
Zeeman energy, egj) = d(i,ez/j x E; and b(zj> = d(i,bz/j IS
E,,m,,, respectively, and the resonator-mediated pairing
AV) = 0{,;A¢ /J < A. The first- and second-order suscep-
tibilities are shown in Fig. 1(c). The spin-independent

terms egj ) and AU) are odd (even) functions of ¢ at j = 1

(j = 2), while bgi ) has the opposite parity.

IV. SINGLE-PARTICLE REGIME

We consider a single particle confined in our hybrid
double dot, a stable configuration because of Uj;;, see
Fig. 1(b). To minimize crosstalk and ASQ-mediated noise,
we assume DSQ quantum gates are performed in the (1,0)
region (hollow blue square) and ASQ-DSQ hybridization
is activated only during readout by increasing 7 and
moving closer to the (0,1) region (solid blue square).
Possible detrimental effects of residual tunnelings and
interdot interactions during DSQ operation can be sup-
pressed by adding an empty dot between the DSQ and
ASQ, and coherently shuttling the DSQ [105] to the empty
dot during readout.

From Egs. (A1) and (2) and using third-order perturba-
tion theory, we find the hopping Hamiltonian

bldz
2

sz’z
2

— Ty (74 S0 +7_S%),
)

where the Pauli matrices ¢ act on the dot subspace,
7y = (1, £ity)/2 and 7y, = (7o £ 7,)/2. We aligned
both Zeeman fields to the z-direction by a local spin-
rotation R; generated by 7,U; = 7;e~"™/2  that satisfies
U?(bi -6)U; = (R;b;) -6 = b;o.. In this frame, the spin-
flip  tunneling operator transforms as S,, =
UiS,,U, = e®m00/2 | with modified 6,, and n,,.

The correlations A, renormalize dot detuning e, =~
€+ AZ/U and tunneling T, = T[1 — A2/ 2UU —¢))],
adding a ¢ dependence to 7. Here, ¢ =¢; —¢, and
U= U, +2U,, — 2¢,. Finally, the unitary U, diagonal-
izing b, -6 generally depends on ¢ and imprints a
@-dependence to S;,. We envision that this could enable

€
HlP:—TZEgU‘FTl +T2

efficient ASQ-DSQ interactions engineering by biasing ¢,
also mediating additional resonator couplings that we
neglect here.

V. HYBRIDIZED DSQ

The hopping Hamiltonian Hip in Eq. (B3) enables
different readout schemes. A possible protocol involves
physically transferring the spin from the DSQ to the ASQ,
e.g., by activating 7" while decreasing ¢, and then reading

out the ASQ spin via its large direct inductive coupling bf)

to the resonator [52].

While experimental advances in shuttling DSQs make
this approach promising [27,105], here we consider the
case where the spin remains confined in the DSQ and
hybridizes to the ASQ by T, < €, in analogy to flopping-
mode qubits [106,107]. The ASQ modifies the DSQ’s
Zeeman energy as

1—n)bo by(R,.e.) - o
th:( g) 1 Z+’/] 2( 2.) , (5)

where S,,0,5, = (R,,e,) - 6 includes tilting of g-tensors
and spin-flip tunneling.
The DSQ-ASQ hybridization is captured by 75 =

1/2—¢,/2E,~T3/e3, where E, = \/4T% + €2 is the

orbital energy and mediates the DSQ-resonator coupling
Hyyr = (0,.Xr"Y + 92X*y?) - 6, where

(1)
Rs‘ob by—b Rso
7<1) n ‘22 —I’[<1) 1 22 e, (68.)
(2) _ (1 (1)
R,,b b, — byR,, R,,b
Y g g2 A2 e T (o)

The vectors y'/) comprise two distinct contributions: the
magnetic susceptibility of the ASQ béj ) = %bz /j and the
orbital susceptibility (/) = 04,;7/ j- These have a comple-
mentary ¢ dependence, opposite for (") and 7, as shown

in Figs. 2(a) and 2(b), enabling the selective utilization of
different couplings by flux biasing.

VI. READOUT FIDELITY

The DSQ-resonator interaction enables an efficient
discrimination of spin up and down states. The readout
is performed by driving the resonator via a weakly coupled
input field a;, = Ae~™’/./k with amplitude A and cou-
pling rate x, yielding the driving Hamiltonian H® = v/2AX
in the frame rotating at the driving frequency o = w,.
In this frame, to second order in ¢,, the DSQ-resonator
interaction Hamiltonian produces the spin-dependent ac
Stark shift
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FIG. 2. Hybrid DSQ readout. (a),(b) Amplitude of the (a) first-
and (b) second-order DSQ-resonator couplings 7 [see Eq. (6)]
against ¢ for different dot detunings. We use A/h = 8 GHz,
E,,/h =035 GHz, and E,;/h = 0.9 GHz reachable in un-
strained Ge. Also, ¢, =0.16, u; = 0.2 meV, T/h =5 GHz,
and U;; = U, =4U, = 1 meV. (c) Dispersive and direct
resonator shifts [see Eq. (7)]. We assume the optimal scenario
for each coupling with y") Le, and y®|le., respectively.
(d) Readout infidelity in logarithmic scale of frequency-modu-
lated and longitudinal readout schemes. Inset: SNR against 7,, in
double-logarithmic scale. We use y; /A = /2 = 2z x 0.56 MHz
(1.1 MHz), A =xy/i/2, with i =2 (2 =10) and |hw, —
bpy|/h = 0.2 GHz for dispersive (direct) readout. For longi-
tudinal readout, by modulating T = T + 6T cos(w,t) with
To/h =26T/h=5GHz at p, —pu; =50 peV, ¢ =0, and
7V]le,, we estimate oy ~ 6Td;n ~ 0.06 and g./h ~ 1.26 MHz.

Hf , =ya'as;, with

~ orlr!") x e.? Loy e ™
2byy —he,) T

X~

This includes a dispersive [95] and direct inductive
coupling [52], dependent on y!!) x e, and y® - e_, respec-
tively. We neglect the Lamb shift modifying the DSQ
frequency and introduce the Zeeman field amplitude
by = [[(1 =n)by +nbyR,] - €], see Eq. (5).

Importantly, these contributions are complementary in
two ways. Comparing to Fig. 2(c), their flux dependence is
opposite: at ¢ = 0, the dispersive and direct couplings are
maximal and minimal, respectively, and at ¢ = z/2, the
situation is inverted. We expect y;/h ~ 1 MHz, compa-
rable to superconducting qubits [95], enabling fast readout.
Moreover, they show complementary trends depending on
the direction of y relative to the Zeeman field: dispersive

and direct couplings depend on the transversal and
longitudinal components of y\), respectively. Because
the angle yU) - e, can be engineered, e.g., by aligning B
to the SOI [102,108] or by electrically tuning g-tensors
[32,109], we compare optimal scenarios with )/(I)J_ez
and y?|fe..

Similar to superconducting qubits, y; imprints a spin
dependence to the output field a,, integrated for a time ¢,,,
which enables readout of the DSQ with signal-to-noise
ratio [95,110]

Sl 2 Kim tm
SNR = [A] T’”[l—F<1—e—Tcos<K2 >>} (8)

where we use the maximal steady-state SNR condition
x1/h =x/2 [111]. Small SNR causes errors in discrimi-
nating the state that leads to the readout infidelity 1 — F =
erfc(SNR/2) [112,113]. Here, we neglect reductions in
fidelity coming from limited readout chain efficiency
[114] that can be suppressed, e.g., by optimized filtering
and pulse shaping [115-117]. Also, projective readout can
be degraded by finite relaxation times 7'y, whose effect on
fidelity is discussed in the Appendixes.

In Fig. 2(d), we show that our hybrid DSQ-ASQ system
enables high-fidelity readout below microseconds for
dispersive and direct couplings (red and blue curves,
respectively). In the setup considered, the direct coupling
(blue curve) enables faster readout, see Fig. 2(c). This is
not only because of its larger y, but also because the direct
coupling is independent of the resonator-qubit detuning
|hw, — b,|, and we operate the setup at larger resonator
frequencies @,. This permits us to relax stringent con-
ditions imposed by the dispersive regime on the maximal
driving amplitudes A < A = K/ Agi/2, with critical
photon number 7 = |hw, — byy|/4y, =25 [81,113] at
0.2 GHz detuning and 2 MHz dispersive shift, and
suppresses thermal photons and qubit-induced resonator
nonlinearities [118,119].

Finally, the large first-order longitudinal component
of y). e,, complemented by a harmonic modulation
of n —ng+ dncos(w,t) obtained by driving T, e,
or ¢, produces the parametric longitudinal coupling
g.cos(w,t)(a’ + a)o,, with g, ~¢,dne. -Rmbgl)/2\/§.
We estimate that by modulating 7, ¢./h can reach
the MHz range also when the DSQ and ASQ are
detuned. This coupling enables an efficient readout
[110,120] in the short-time limit with SNR, =

|9.|\/8tm/K[1 —2(1 — e=*/2) /xt,], see black lines in
Fig. 2(d), offering another fast DSQ-readout option.

VII. TWO-PARTICLE REGIME

We also examine the (1,1) sector of the charge stability
diagram where two particles are confined in the double
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dot, see red dots of Fig. 1(b). Filled (hollow) dots represent
readout (operational) regions, where the DSQ and ASQ are
coupled (decoupled). Fourth-order perturbation theory of
Egs. (A1) and (2) results in the exchange-coupled spin
Hamiltonian [26,109,121]

b b
Hyy = Lol 260

J
3 5 +>6WR,,6?. 9)

4

The anisotropic exchange (assuming U;; = U, = U)

277 217 2T?AZ

. 272A2
U, Ul V(U - D)

U2 (2U +3U, — %)
(10)

J~

comprises a DSQ contribution « 72/U and an ASQ-
mediated contribution o T?A2/U?. We introduced
U,=U—-U;+te X=¢€ +e,, and discarded correc-
tions o« b;b; and o« T 4, see Appendixes. We expect
J/he[0-1] GHz in the range reached for DSQs.
Because of the phase dependence of ¢, and A, J inherits
an even @-dependence, see Fig. 3(a), whose sign and
amplitude depend on e.
The system is coupled to the resonator by

@ plxigi)
4

)
+ 6WR,,6%, (11)

Jyvin()
PrX'b;’ -0
H ~ E
(1.1).1 : >

where we identify two distinct contributions: the magnetic
modulation of b, and the charge modulation of 7 and e¢,,
which yields a ¢-dependent J, with susceptibility
JU) = a,J/j. We focus on exchange-mediated processes
and neglect the DSQ-ASQ spin hybridization « b;7%/U?,
similar to Eq. (5).

— 1 — ptg = 0.2 meV — 1 — pto = 0.2 meV

(a) — iy — pto = —0.4 meV (b) — g — ptg = —0.4 meV
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FIG.3. ASQ-DSQ exchange interaction. (a) Phase dependence
of J for positive and negative chemical potential shifts. Ap-
proaching the (2, 0) region (blue curve) or the (0, 2) region (red
curve) largely increases J. (b) Dispersive (solid lines) and direct
(dashed lines) resonator shifts for the same parameters as above.
In the inset, we show the readout fidelity at p = 0. Weuse T/h =
2.5 GHz and fix u, = 1 meV. Other parameters as in Fig. 2.

VIII. EXCHANGE-MEDIATED READOUT

The tuneable anisotropic exchange in Eq. (B23) enables
different efficient readout schemes. For b, ~ b, and
R,, ~ 1, a convenient readout protocol involves first a
SWAP gate between DSQ and ASQ, implemented by
activating the approximately isotropic exchange J for a
time fqwap = An/J [122], followed by fast ASQ readout.

However, the anisotropic exchange interactions of
Ge [109] enable exchange-mediated readout protocols.
By restricting to J < |by — by|, H(y 1) reduces to [123]

b b J
Hl = —1021) + —2622) + —”oﬁ”oﬁ”,

(LY =2 2 4 (12

with a tuneable Ising interaction J| = Je_R,,e . Neglected
flip-flop interactions can induce SWAP dynamics, poten-
tially leading to readout errors. These errors are minimized
by exchange anisotropies [26,79,123] and large Zeeman

energy differences, which in Ge reach (b, — b,)/h(b; +
b,)/h ~ 1 GHz at 200 mT [124]. Under these conditions,
the SWAP dynamics occur on timescales approximately
h|by — b,|/J* = 10 ps at J/h < 300 MHz, longer than the
target sub-microsecond integration time.

Because of J, the ASQ Stark shift inherits a DSQ-state
dependence, yielding the three-body interaction in the

rotating frame Hfl.l)’[ = y66P ata, with

1
o2 by x e

P25 166, — h )T — 47 4

(13)

With the same parameters as for the hybrid readout,
halving T to suppress flip-flop terms, we estimate a
dispersive coupling in the MHz range, see Fig. 3(b),
exceeding the direct coupling and comparable to y;.
The dispersive shift y, enables sub-microsecond DSQ
readout with reasonable fidelity by keeping the ASQ in its
groundstate and detecting the DSQ-state-dependent shift
of the resonator frequency. This provides an alternative
route to fast and high-fidelity DSQ readout.

IX. CONCLUSION

We present tunable hybrid couplers composed of DSQs
tunnel-coupled to ASQs, which are themselves inductively
coupled to resonators. Focusing on germanium-based
platforms, we investigate multiple readout schemes in
configurations where the coupler is occupied by either
one or two particles. In both regimes, we show that our
architecture supports fast, high-fidelity DSQ readout
within sub-microsecond timescales, enabled by dispersive,
direct, or longitudinal resonator coupling. Beyond readout,
our ASQ-DSQ coupler can offer a promising route to
entangle distant DSQs, offering more flexible and scalable
layouts for spin-based quantum processors.
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+ HpgiB -0 < it
HDQD = Zci <—ﬂi00 + Bl—) ¢, — T(CTSSOCZ + C;S;OCI) + Z
i

2

H, = Zéakdzkdak + (ZAae(_l)aiw/zdlm
ak a.k

_ T
HL7D2 - Ztadaks.{vl()CZ + H.c.
ak

Equation (Ala) describes the bare double quantum dot,
where ¢; = (c;4. ¢;) is the vector of annihilation operators
for electrons in dot i€ {1,2}, u; (g;) is the chemical
potential (g tensor) for dot i, B is the magnetic field,
6 = (o, 0y 6.) is the vector of Pauli matrices acting in
spin space, T is the interdot tunneling amplitude, S, =
e'%oM:00/2 describes a unitary evolution in spin space due
to SOI, n,, = cj;,ci,, is the number operator, and Uj;
(U, = U,;) are Hubbard intradot (interdot) interactions.
Note that here we directly subtract the diagonal term
x(n;,)* = n,, from the Hubbard interaction, whereas this
contribution is included in the single-particle energy in the
main text for convenience.

Equation (Alb) describes the two superconducting
leads, where d; = (dyk+t. dyy) is the vector of annihila-
tion operators for electrons of momentum k in lead
ae{l,2}, &, is the onsite energy in lead a, t,. is a
direct tunneling between the two leads originating from
tracing out nonresonant ASQ levels, where we again
account for a unitary evolution in spin space Sj, =
e%omio/2 dque to SOI, and A, is the effective pairing
amplitude in lead a. Furthermore, ¢ is the phase difference
across the junction. In the main text, we also add a
resonator with energy #m,a’a coupled inductively to
the ASQ, which modifies the phase difference as
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DATA AVAILABILITY

The data that support the findings of this article are
openly available at [125].

APPENDIX A: EFFECTIVE DOUBLE-DOT
HAMILTONIAN

To describe the DSQ-ASQ hybrid system, we start from
the Hamiltonian H = Hpop + Hy + H_p, with

2' (1 — 5,~j5(,01)n,~,,nj5/, (Ala)
ijoo’
df o+ ] Sidy + Hc> (Alb)
k
(Alc)

[

® = ¢ +@.(a+a')/V2, where a', a are creation, anni-
hilation operators for the resonator mode, respectively.

Equation (Alc) describes the coupling between the
superconducting leads and the second quantum dot, which
together form the ASQ. Here, ¢, is the tunneling amplitude
between the dot and lead a, where S%, = ¢/%-™%¢/2 j5 once
again a unitary evolution in spin space due to SOL

For simplicity, we assume the leads to be symmetric
and set &y=E&y =& with & = A2KE/2m — g,
A, = A, = Ay, and t; = t, = t. We further consider 6!, =
—62, = 6¢/2 consistent with the setup shown in Fig. 1
of the main text. For simplicity, we set m!, = m?2, =
mi; = m,, here, but our results can be generalized to
arbitrary rotations. In analogy to the main text, we denote
with i, the direction of the SOI between the DSQ and the
ASQ, and with mg, the direction SOI between the super-
conducting leads and the ASQ, which is not generally
aligned to f,,. Moreover, in the main text we distinguish
between the vector of SOIs fy, and the vector n,, which
includes the tilts of quantization axes of between ASQ and
DSQ, i.e., Ulelhna/2(, = ¢0:m®/2 where the unitary
operators U; = e~®m9/2 gatisfy U’ (b, - 6)U; = b;o, and
align both Zeeman fields b,_; , to the z-direction.

We start by focusing on the large-gap limit Ay > U;;.
This allows us to integrate out the superconducting leads
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and to derive a simple effective Hamiltonian for the
ASQ-DSQ hybrid double dot. For this, we first diagonalize
the leads via a standard Bogoliubov transformation

a’T = e(=D"0/*(cos ¢y ZlTkT + sin @y &’aki), d;_k¢ =
el- ) iw/4(cos gy d. ey — SN @ doiy) with tan2¢, =Ag/&;
and energy E; = 1/5% + A(Z). Then, we perform a

—€;00 +b;-6/2)c;

Hy = ch(

Hy = —T(c";S'S(,cz + c;S:(,q).

These are Egs. (1) and (2) in the main text. Here, the
effective parameters describing the DSQ in dot 1 remain
unchanged compared to Eq. (Ala), i.e., we have ¢, = u;
and b; = upBg,, while the parameters describing the ASQ
in dot 2 are modified by the coupling to the superconduct-
ing leads as

&2 = iy + Eycos(p), (A3)
b2 = ﬂBBQZ —E,, Sin((p)msm (A4)
A, = Acos(p/2), (AS)
where
2
teo
Ey = 2t°t,, cos(6S) / a2 (2(0k) ~T —“cos(65),
E; Ay
(A6)
2, o (gse sin®(¢x) e o e
E,, =4ty sin(03;) [ dk———~ 21 =sin(6y5),
B2 A,
(A7)
A= / a2 o (A8)
Ey

In the approximation, we have assumed a constant
density of states p for the leads and introduced the
tunneling rate I' = zpt>. We neglect small corrections
arising from third-order perturbation theory,

dk _2r
2
2 [ m g (A9)

which  renormalize €, = e,(1 —2I'/Ay), b, —
b,(1 —2I'/Ay), and T — T(1 —T'/Ay) due to hybridiza-
tion with the leads. These corrections are consistent with
the generalized atomic-limit substitutions 1/(1 + 2I'/A)

A (C2TC2¢ +C2¢62T + Z U

Schrieffer-Wolff transformation to third order in the tunnel
couplings and Zeeman field to obtain an effective low-
energy Hamiltonian describing the DSQ-ASQ hybrid,
where the leads have now effectively been removed from
the problem. This results in the effective double-dot
Hamiltonian H = Hy + Hy, where

51](3 )n njg/, (A2a)

ij.oo’

(A2b)

I

in the weak tunneling limit [92]. Similarly, we also neglect
the corresponding renormalization of the Hubbard
energy Us,.

While working in the large-gap limit has allowed us to
derive a simple effective Hamiltonian for the DSQ-ASQ
hybrid, current experimental systems are often in the
opposite limit U;; > A,. In a recent work [49], numerical
renormalization group (NRG) calculations were used to
confirm that the phase dependence of the ASQ parameters
given in Eqgs. (A6) and (A7), as well as the linear
dependence of E,, on small I', #,., and 65, remains
valid up to U Z 10A,. Therefore, the simple effective
Hamiltonian given in Eq. (A2a) can offer qualitative
insights even beyond the large-gap limit. However, a more
sophisticated numerical analysis is required to find the
precise dependence of the ASQ parameters on A, espe-
cially in the regime I" 2 A, [49].

In Appendix F, we additionally study a simplified
version of H for U;; > A using exact numerical diago-
nalization, showing that the charge stability diagram
presented in Fig. 1 of the main text—which defines the
operating points of the DSQ-ASQ coupler—remains
qualitatively correct in the small-gap regime as long as
the dot-lead tunneling is sufficiently small.

APPENDIX B: SPIN-PHOTON COUPLING

In this section, we present the full derivations under-
lying the equations for the spin-photon coupling used in
the main text.

1. ASQ-resonator coupling

Inductive coupling of the resonator to the ASQ shifts the
phase ¢ — @ + X¢,, where X = (a' + a)/v2 and ¢, is a
small quantity characterizing the zero-point fluctuations of
the resonator. Including the phase shift in the flux-
dependent quantities in Eqgs. (1) and (2) of the main text,
and using a Taylor expansion up to second order in ¢,,
one finds
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2

a5¢e
= py + Egcos(g) = € + ¢, X 0,6, + 97 X* (/]22

2b
b2 = MBBg2 - Eso Sin((o)mw - b2 + go,X() b2 + @ X2 /}2 2 =b

@ A _(e) A @
A, = Acos <§) - A, +¢,X0,A, + @ X?02A, = A, _E%XMH(E) — — @2 X?cos (2>

This leads to the ASQ-resonator coupling Hamiltonian

265 .
= Yol ybloo2e) s = AVclycl, + Hic.)
j>0

(B2)

given in Eq. (3) in the main text. This coupling includes
resonator induced fluctuations of ASQ dot and Zeeman

energy, ez = dhe,r/j « Ey and b =d)b,/j x E,,m,,,
respectively, and the resonator—mediated pairing
=0)A,/j x A.

2. Single-particle regime
a. Effective single-particle Hamiltonian

To derive the DQD-resonator coupling in the single-
particle regime, we start from Eq. (4) in the main text:

€ bG bJ
_ [ 19z 207
Hp=—-1,—+1

5 5 T —T¢(1+S_Y(,+T,SIO),

(B3)

where the Pauli matrices z act on the dot subspace,
vy = (¢, £ity)/2, and 7, = (79 £ 7,)/2. We have
aligned both Zeeman fields along the z-direction by a
local spin rotation R; generated by 7,U; = 7,6 "mi/2
satisfying U} (b; - 6)U; = (R;b;) - 6 = b;o.. In this frame,
the spin-flip tunneling operator transforms as
S0 = U8, Uy = e%0m00/2 | with modified 6, and n,,.
Note that by aligning the Zeeman fields along the z
direction, we introduce the rotations U, and U,. The
rotation U, that aligns b, along z is generally ¢-dependent
because Bg, and my, are not necessarily aligned. From
this, it follows that S,, = U,S,,U, is also generally ¢
dependent. We neglect this dependence in this work.

We consider the case where the spin remains confined in
the DSQ and hybridizes to the ASQ by T, < ¢, assuming
the particle is mostly localized in the first dot. For
convenience, we first apply the unitary rotation U =
7100 + 725,, that moves the spin rotation from the

E
— Eg g, Xsin(p) — = ¢7X* cos(g),
2 (¢rX Eso COS((/)) - ) ; X2 Sin((p))mxm
8
(B1)

|
tunneling term to the mostly unoccupied dot, resulting in

, € b, b,
H\p = ) T +—= > 710, +— > rszo Si, —T,7,
€
=5 +—= 5 1'16 +—= 2 7(Ryp€;) -6 — T ,1,.

(B4)

We then apply a standard Schrieffer-Wolff (SW) trans-
formation up to second order in T, projecting onto the
subspace of the first dot. This leads to

bl €,00—T"

o T2 "2 - B5
2 2 Y eg —r]? (B3)
withr =1 (b,(R,,e,) — bye,). Next, we focus on the limit

by, b, < € and expand the term « T2 to second order,
which results in

€, b, Vi

Heyt = —— 00+ 0 5 (€,00 — 1 06)
2 27 e

2 2
_ (G T\, b _To),_
2 e,) " 2 e2) "
T2 b
+%§mﬁga (B6)

€y

where we have discarded all terms 0(}3) As we are only
interested in the spin physics, we also drop the constant
contribution « o and write

b by
th = 71(1 - ) +n= (Rsoe ) (B7)

2

with n = T2 /€2. This is Eq. (5) in the main text. The flux-
dependent quantities are then b, and 7.

Alternatively, one can also directly diagonalize the
orbital part of the Hamiltonian in Eq. (B4) by the trans-
formation U, = ¢ ™%/2, with 6, = arctan2(2T,,.€,,).
Projecting onto the lowest-energy states with orbital
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energy —\/e +4T§,, we find the same hybridized

Hamiltonian
bi(1— b,
th = I(TYI)G +’7 2 (Rsoe ) (B8)
with the hybridization constant
1 € T2 T3
n=5—7"’=—§”+0<—§”>. (B9)
2\/€r +4T% o €p

As expected, the results obtained with these two
approaches agree when the first dot is lower in energy
(e, > 0) and weakly hybridized to the second dot.

b. DSQ-resonator coupling

The coupling to the resonator is again obtained by
shifting ¢ — @ + X¢, in the Hamiltonian H,, in Eq. (B7).
A Taylor expansion up to second order in ¢, leads to the

) ith

coupling Hamiltonian Hp, ; = H,Sly) +Hyy

1
Hyy) =2 [~bmVo. +1Vby(R,e.) -0+ nbl (R, ge.) -] X,
(1)
R,,b b, — bsR,,
:(PrX{W R _gn & > )ez} o=9,Xy" 6 (B10)
(2) _ (1) (1)
2 R,,b bio, — byR,, n'"R,,b
Hif—fﬂ%X{ni( 22)—77(”(1Z 22 )ez S| re=wxXr? o,
with the magnetic susceptlblhty of the ASQ b a,b,/j Hy +H, =26 4 hoaa. (B12)
and the orbital susceptibility n\) q,;y/ Jj. This results in ’ 2

the DSQ-resonator coupling

Hyyr = (0, XrV + 02X*y?) -6 (B11)

given in Eq. (6) of the main text.

c. Dispersive and direct shift

The hybridized DSQ-resonator system can be described
by the Hamiltonian H = H, + H, + H},, ;, where the
uncoupled qubit and resonator are described by
|

Here, we have diagonalized the spin component of
the hybridized DQD and introduced the amplitude of
the DSQ splitting by, = [[(1 —#1)by + nbyR;,] - €,|. The
qubit-resonator coupling H, ; given in Eq. (B11) can be
divided into a transversal and a longitudinal component
with respect to the hybrid DQD Zeeman field
Hiyo = 0. X0\ o, +10,) + 02X (100, + 7

Hyy = 0. XrVo, + 02X,

o,) -0,
(B13)

We first focus on the transversal coupling and write
o, =06, +o_and 6, = —i(o, —0_), such that

Hyy o = (er<<y;(cl) _ iﬁ”)@ n (7/)((1) n iy;l)) ) ' (pzxz((},@ _ iyf))our n (%(Cz) + iy§2))o,>

_ @ z

V2

with o) = {7 + iy_ii). Assuming |bj,, —

all fast oscillating terms, leads to

th’J_ ~

(pr((l)
— | a
V2

= (giac; +gia'o ) + (2a'a +1)(g,0, + gso_) =

(@ +a) (a(l)@ + a<1>*o_) + % (a" +a)? (a“’tn + a(2>*6_)

ac, + a(l)*aTO'_)

(B14)

hw,| < by, + hw, and applying a rotating wave approximation, where we drop

2
+ % (2aa +1) (a(2)6+ + a(z)*a_)

Vi+V, (BI15)
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The SW transformation up to second order is Her & H + [S, H] + 3 [S. [S, H]|, where

g 9 g 9
S = Sl + S2 = (Xlaoq_ —KIQTO'_) + (2aTd + 1)(i6+ —ﬁiﬂ_), (B16)
such that [S,, Hy] = =V, and [S,, Hy] = —V,. We define A = b), — hw, and find
H H 1 _ 9117 ¥ 1 l1]? +
off X hy+Hr+§[S1,Vﬂ*th+Hr+T ala+z az+ﬂth)r+Hr+)(l.La ao, (B17)

where we have expanded the commutators only keeping terms up to second order in ¢,. Note that V, only contributes to
higher orders in ¢, and thus transversal higher-order contributions are discarded. The dispersive shift is explicitly given by
(1) (12

2 2
Py <7x +7y > @y xe,?

= = . B18
A 2<bhy - ha)r) 2(bhy - ha)r) ( )
Next, we consider the longitudinal coupling, which is described by the interaction Hamiltonian
@ (1) »; (2)
Hip = 5 (@' +a)r o+ 57 (a' + afro, = Gi(a' + a)o, + Gy(d” + )%, (B19)

with G; = (¢,/ \/i)"ygi) . Note that the terms « G; do not alter the energy spectrum, but could be used for longitudinal
readout schemes if modulated in resonance to the resonator.

To remove the G; terms and show that the energy spectrum is not modified by this, we apply the transformation
U = exp(do.(a’ — a)), where A = G, /hw,. This transforms the operators as U'aU" = a — lo,, UTa'U = a' — Ao, and
U'6.U = o,. As such, the total Hamiltonian transforms as

U'HwU = Hyy + H, + ho,(—=A(a" + a)o, + *00) + G, (a" + a)o, — 29,40
+ Gy(a" + a)’6. — 4G,A(a" 6y + acy — Ao.,)
~Hy, + H, — 2ho,(a" + a)o, + G (a’ + a)o, + G, (a" + a)’o,

=Hy, + H, + Gy(a" +a)’o,, (B20)
where we have discarded higher-order terms O(g}) as well ny ,=xa’ac,, with
as constant energy shifts. We then apply a rotating wave ’ 21(1) 5 (B22)
approximation and drop all fast oscillating terms under the P prlr') x e o2y ..
assumption |b;,, — hw,| < by, + hw,, yielding 2(by, — w,) ! ‘

, 1
HNth —I—H,—|—2G2(aTa+§>0Z

~Hy, +H,+y a'ac,. (B21)

In the second line, we have dropped the Lamb shift
« G,0,, which simply induces a shift in the qubit fre-
quency on the order of ¢? and only kept the direct
resonator-qubit coupling y .

We now define the total resonator shift y; =y 1 +x1 >
combining direct and dispersive coupling, resulting in

This is Eq. (7) in the main text.

3. Two-particle regime
a. Effective two-particle Hamiltonian

Applying a Schrieffer-Wolff transformation to Egs. (1)
and (2) in the main text and retaining terms up to fourth

order yields the effective exchange-coupled spin
Hamiltonian
b b J
H :?lggn +?26£2> +ZG(I)RSOG(2>’ (B23)
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with the anisotropic exchange interaction (assuming U, = Uy, = U), as well as neglecting terms proportional to b;b;.

The exchange J is given as

27% 2717 2T2A

~

2T2A

THU - Up)(4U - U,)?

N—+—_
v, UL AU, - D)

The fourth-order tunneling term o< 7% only leads to a
quantitative correction to the constant contribution to the
exchange couplings shown in Fig. 3 of the main text, and
therefore, we discarded it. Because of the ¢-dependence of
A, and €5, the exchange interaction J inherits an even flux-
dependence of the form J =~ Jy+ Y, J, cos(ng).

b. DSQ-resonator coupling

The spin-photon interaction Hamiltonian is once again
obtained by shifting ¢ — ¢ + X¢,, where the two flux-
dependent quantities we have to consider are now given by
b, and J. Performing a Taylor expansion up to second
order in ¢,, the resonator coupling can be written as

H(],l),] ~ HS?I) + HE?)I) Wlth

(1) (1)
1) = (er |:L ez . 0-(2> + TG(I)RSOG(z)]

(1) (1)
b J

IV R 52
2 g 0 eoC ]

NG 2)
= qp%Xz |:% . 0'(2) -+ TGU)RSUGQ

ﬂ. (B25)
Thus, the total coupling Hamiltonian is

olxy) . 6®  lxiju)

U2 (2U +3Uyp, — 2) 8((U—-Up)?-9)°

2
+e). (B24)

with bY) = 9b,/j and JU)
the main text.

J/] This is Eq. (11) in

c. Dispersive and direct shifts

By restricting to J < [by — b,|, H(; ;) can be simpli-
fied as

by <>+ﬂ (1) 42)

2 4

I b
H(l,l) f?GZ +

(B27)
with a tuneable exchange energy J| = Je Ry e,
Eq. (12) in the main text.

We define a Hamiltonian H composed of the qubit and
resonator Hamiltonian

see

b b

J
5 > + —”aﬁ”a? + hw,a’a.

1 (B28)

The resonator is only coupled to the second qubit, which
allows us to work with the effective Hamiltonian

~ (0]
i = 7%9 + ho,ata, (B29)

Hyn= Z > + 1 ¢UR,,6? where we have defined w, = by + 3 ol ( ) From Eq. (B26),
J the interaction Hamiltonian in the reglme J < |by — by is
(B26)  given by
J
.50 Y @ g0 JO
e b, o : b,” o
H g z%(u' +a) <72 3 % oo +(p2 (a4 a)? 72 +%6£1)0§2) . (B30)

We distinguish longitudinal and transversal

(bl e.)e. + e, x (bS) x e,) = bg)“ + bz)u which yields

7/\
a
S}

6@
2,
Hp =X <7 5

(M . (2 (2)
b,| -c b, -
H | =¢X <L> + ¢2X2 <7

coupling between

(i) _

resonator and qubit, defining b,

p?.s2 J?
+ (p%X2< 2.H2 + Tagl)agz)>’

(B31)
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We focus on the transversal coupling first. To simplify the notation, because the Pauli matrices in the interaction
Hamiltonian always act on the ASQ in the second dot, we drop the superscript ““(2)” for the Pauli matrices in the following
equations. We can then write

1 1
H, = (erE (b(Zx o, + b2y6y> +@2X? = 5 (bgz))c o, + bgy)ay)

1 1
(= )+ () D))+ (o2 )+ (55 ) )
_ P

=5l +a) (BVe, +p Vo) + 402 (@ +a)*(p20, +p o) (B32)

with gl = %(bgl — 1b<2’1) Assuming |, — hw,| < w, + ho,, we apply a rotating wave approximation and drop all fast
rotating terms, which results in

2
Hm % (gWalo_efortonlt 4 p) g, emloredt) + % (2ata 4+ 1)(f? o et + pr@g_e~iwat)
.1\ Y e
= (q1a0. + gia'o) + ¢} <“' a+ E) (%)

Here, we have defined the resonator coupling strength as g; = (¢,/v/2)p"). We again apply a SW transformation up to
second order and find that, in analogy to the single-particle case, the contributions of V', only lead to higher-order coupling
effects. For this reason, we restrict ourselves to

1
Heyp~ H+ = [Sl’ 1] (B34)

where S| =1 (gja0, — gja’c_) and A = w, — ho,. Explicitly, the commutator is

1 : +
181V = 98 (602aa — o010 ata)
2 1 1
— —|gg| <052)a‘a + Eagz) + 5)
z|91|2 Z2) i
A
2D e |2 e |b(1) x e, |*
__ wrlby " x e . (by — hio oD a — i1y x e, . NONCHN (B35)
8((by — heo,)? — 1) 16((b2 — ho,)* =)

considering only the photon-number-dependent shift. Note that the first term does not couple the DSQ to the resonator,

which is why we focus on the three-body interaction term ogl)agz)cﬂa in the main text.

Next, we consider the longitudinal coupling. Starting from Eq. (B31), we find

(1) (2) (2
bl T b U
Hp :—%(a*—i—a)( ; —i——” (‘>>a§ ) +q;, (a" +a)? < 5 —|——l|1 65”)622)

= G162 (a’ + a) + Gy0P (a' + a)?. (B36)
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To show once again that the linear longitudinal coupling does not affect the energy spectrum, we apply the displacement
transformation U = exp(do\” (a" — a)) with 1= G,/hw,. This transforms the operators as U'aU' = a — Ao,

UtatU = at — 262, and UT6®’ U = 6!¥. Thus, the entire Hamiltonian transforms as

UTHU = Hy + ho,(—io> (a" + a) + /120(()2)) +GoP(af +a) — 2/10(()2)
+ Gzagz)(a"’ +a)* —4GyA(a’ + a) + 4G2120§2)
~ Hy + A(Aho, — 2)0'82) + G20£2>(aT +a)?

~ Hy + G0 (a' + a)?,

where we only keep terms up to order O(g?) and drop
constant energy shifts. Note that the terms A(1hw, — 2)082)
will modify the qubit frequency of the first qubit as
(by/2 + 40,J|<|1)(q0,/2 bglz) — 1))051). Performing a rotation

wave approximation and dropping all fast oscillating
terms, we end up with

H = HO + G26£2)<20Ta + 1)

) 2 /p2) J@
— i+ <ﬁ 4+l a£”>o§2>(2a*a 1)
2
vt}

2 4
~ HO 4+ TUEI)GEZ)QTCI.

(B38)

Focusing on the three-body term, we consider the

R (1 _(2) +

coupling Hamiltonian H (L1 =X20z 07 °a'a with

1 2 7(2)
LR

C16(by —har, )P =43 4

X2 R (B39)

which includes the dispersive and direct contributions
given in Eqgs. (B35) and (B38), respectively. This is
Eq. (13) in the main text.

APPENDIX C: READOUT FIDELITY WITH
RELAXATION

In this section, we discuss how the readout fidelity of
Fig. 2(d) is impacted by a finite relaxation time 7. For
integration times much shorter than the relaxation time,
t,, < T, the readout fidelity can be approximated as [126]

SNR(t,,
F ~ e/ erf <72( )> = e/ 2T, (C1)

where F, denotes the ideal readout fidelity arising from
the discrimination error of the states in the absence of
relaxation processes and depends only on the signal-to-
noise ratio accumulated during the measurement time ¢,,,.

(B37)

Table I summarizes the estimated readout fidelities F
for three different readout mechanisms, evaluated for two
integration times f,, and two values of the relaxation
time 7. Because there are no current ASQ devices
implemented in planar Ge, we consider experimental
values from ASQ experiments conducted in Al/InAs
nanowires, see Ref. [48], where T; ~ 11 ps have been
reported. We therefore assume that 7; = 10 ps could be
reached also in planar Ge. We also estimate the readout
fidelity with the optimistic value 7| = 50 ps.

The estimated readout fidelity approaches F = 0.99
for all three readout schemes when 7| = 50 ps. Shorter
relaxation time 7; = 10 ps causes the fidelity to reduce to
approximately 95% for the slowest readout schemes, but
remains above 98% for faster readouts. We therefore
believe that our protocol can yield high-fidelity readout
in near-future devices also when including relaxation.

APPENDIX D: ESTIMATION OF ASQ
PARAMETERS IN GERMANIUM

Here, we estimate a possible range of the relevant
parameters for unstrained germanium (Ge) channels con-
fined along the z direction. The 2D Hamiltonian for an
unstrained Ge hole gas and long wavelengths up to third
order in momentum k, , is [90]

2 (ks + ky
H:%—F i6+ (/BI k_ —ﬁzki +ﬁ3k_k+k_> +H.C.,
(D1
TABLE I. Table of the F, associated with the corresponding

integration times ¢,,, as well as the fidelities F for two different
T, times. This is for a single particle.

Readout tm (Bs) Fo FatT,=10pus F at T; =50 ps
Dispersive 1 0.999 0.951 0.989
Direct 0.25 0.999 0.986 0.996
Longitudinal 1 0.999 0.951 0.989
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where k, = k, £iky, 6, = (o, £ 0,)/2, m* is the effec-
tive 2D mass of the holes, and f;,3 characterize the
SOI. The unstrained nature of the channel, demonstrated
in current experiments [71], enables a large enhancement
of the SOI, which is required for ASQs in the absence
of magnetic fields. Because 3/~ (y3—72)/
(73 +72) = 0.14, we neglect anisotropies in the effective
Hamiltonian here and set /3 = 0. We introduce here the
material-dependent Luttinger-Kohn parameters ¥ , 5. This
term results in an enhanced SOI for confinement along the
[110]-direction. We also note that typically #; ~ 0 in 2D
heavy hole (HH) gasses and neglect it here. Larger SOI is
expected in light hole (LH) gasses [74].

Here, we focus on the buried unstrained Ge channel
demonstrated experimentally in Ref. [71], which is char-
acterized by 3, ~ 850 meV nm?® and m,/m* ~ 13, where
my is the bare electron mass. We note that current strained
Ge quantum wells have a dramatically lower SOI, roughly
1-2 orders of magnitude smaller (3, ~ 0.9 meV nm?® at a
1 V/pm gate field), thus leading to a much smaller spin
splitting. This estimation for , comes from a third-order
Schrieffer-Wolff transformation starting from the six-
dimensional Luttinger-Kohn Hamiltonian including HH,
LH, and split-off holes (SO), see the Appendix of Ref. [71]
for more details on the procedure, which leads to the
Hamiltonian in Eq. (D1). The amplitude of the SOI is
explicitly given by

b= < 7 >2 T+ AT
) = E
2my) 4 (EY — E))

U *
! (h_2>3z T Ty
2\2my) 2+ (7= E})(EF — E7)

(D2)

where E}L | and E;’ are the (spin-independent) energies at
k. = k, = 0 of the HH ground state and of the jth LH/SO

subband, respectively (1 labels subbands of pseudo-spin
1/2, which can be either LH-like or SO-like). The
coefficients 7" and y are given by

3
Hij :5<ff'|7’2+}’3|ff>7 (D3)
3i 7V 6
Ty == 541 (u+|f§> LY f§>), (D4)
N
Ty = = U5 lelr) = 5l L)
= 5i(f%lg. kJIf%), (D5)
up = {]/3, kz} + [K, kz], (D6)

where (z|f") = f"(z) is the envelope function of HH
subbands, and | ff ) is the envelope function of the LH

spinor component of the jth LH/SO subband. {A, B} =
AB + BA is the anti-commutator. We also introduce the
Luttinger-Kohn parameters « and ¢. Finally, the envelopes
|/°) and |f?) are linear combinations of [f*) and [f*):

M= GAm -l o
L S
fj>=\/§(|f§>+\/§|f,->), (D7b)

where [f*) is the SO spinor component of the jth LH/SO

subband. The effective mass is calculated similarly to f3,,
but its exact description in terms of the envelopes and
subband energies at k, = k, = 0 only requires a second-
order Schrieffer-Wolff transformation. The inverse effec-
tive mass is given by

mg
20— (filr +ralfh)

(o T TTY
—— s S D8
2mO<ZEIf—E}{ 2] ©Y

! J

where

3i

Tfy = =5 (flla. k). (D9)

The envelope functions |f) and associated energies are
computed by diagonalizing the 6-band k - p Hamiltonian
evaluated at k, = k, = 0. Using the basis ordering

{LH+, SO+, HH+, LH—, SO—, HH—}, (D10)

where £ labels the positive and negative spin projection
along the z direction, the k- p Hamiltonian is given by

kp _ H¢7=+ 0
Hy" = { 0 H(,]’ (Dl11a)
H, = H:+ H 4V, (D11b)
where
—ky ik, 2\/50](272]{1 0
2
Hy = —k,y 1k, 0 ,
T _kzysz
(D12a)
—1 \/50' 0
H: =a,Tre+ b - de 0 0], (D12b)
T
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000
V_8r5++%°+eFZz—50l 1 0]. (D12¢)
i 0

Here, y. =y, £2y, are combinations of Luttinger
parameters, a, and b are strain deformation potentials,
0t = &y, — €., ® 1.67¢,,, where ¢;; is the strain tensor, &,
is the bulk split-off gap, and 5F? is the valence band edge

energy without SOI, and F, is an electric field applied
perpendicular to the 2D plane. We consider F, =
0.05 V/um and ¢,, = —0.018% in the Ge layer, which
is consistent with the experimental values reported in
Ref. [71]. The strain in the SiGe barrier is calculated
assuming pseudomorphic growth. The energy band offsets
between Ge and SiGe, the deformation potential constant
b, the y; Luttinger parameters, and the g-factor parameters
k and ¢ are parameterized as in Ref. [71]. We stress that
each material parameter (y;, a,, Sr;, etc.) is a function of

the position z in the heterostructure. Because of this spatial
dependence, these parameters do not commute with &, and
we treat them as diagonal operators in Eq. (D11a). The k,
operators are implemented using a finite difference scheme
with a 6z = 0.01 nm mesh spacing.

We consider a range of devices with typical experi-
mental parameters for Ge, i.e., a channel along the y
direction of length /, € [120-200]nm, corresponding to the
orbital energy gap w,/2r = h/2zm*[} € [16 — 6]GHz,
and with lateral confinement energy hw, = h*/m*I2 €
[0.4-2.5] meV, corresponding to a confinement length
I, €[50 — 20]nm.

The SOI angle 655 ~1,/155 is given by the ratio of
the long confinement direction [, and the SOI length
3¢ = n/m*v3S, which depends on the effective mass m*
and SOI velocity v{S of the channel. To estimate this in the
unstrained Ge channel, we project the cubic Rashba SOI
onto the ground state in the lateral confinement x direction,
with spatial extension [, resulting in Av5¢ ~ 38,/212 €
[0.5-3.2] meV/nm. This results in 5 €[5.8 —0.9] pm,
and consequently in 655 € [0.02-0.21].

We note that the SOI in this case is predominantly
aligned in the lateral confinement x direction, i.e.,
m,, ~ e,, although tilts of the order of f;/f, are expected
if the confinement direction is misaligned to the crystal
axis. Large tilts can also originate because of inhomo-
geneous shear strain [87].

We emphasize that this is a conservative estimate for vS5
and 655 that does not account for the additional increase of
linear SOI f3; that is caused by lateral confinement [72] and
inhomogeneous gate-induced strain [87]. These effects are
known to drastically enlarge the resulting SOI.

To estimate the ASQ energies, we consider a Ge ASQ
proximitized with platinum germanosilicide (PtSiGe)
leads, where Ay=~75 peV (Ay/h~ 18 GHz) [54]. We
restrict the tunneling hybridization to a fraction of the
gap I'€[10-20] peV (I'/h €[2.4-4.8] GHz), where the
results of our perturbative model are applicable.
However, we expect our results to remain qualitatively
valid for a broader range of tunnelings, including the limit
I' Z A, which is reachable in current experiments in hybrid
Ge systems [54], see the discussion in Appendix F and,
e.g., NRG calculations [49]. Larger superconducting
gaps and tunnelings are enabled by utilizing other super-
conductors such as aluminum or niobium. The tunneling
t,. through nonresonant states is required for ASQs
and depends on the contributions of all excited states.
We assume it to be of the same order as I', and setting
t, =T, we find the range E,,/h€[10-600] MHz and
Ey/h € [300-1300] MHz.

In the main text, we consider ASQ parameters that are
well within the range discussed here. In particular, we use
E,,/h =350 MHz, E;/h =900 MHz, A/h =8 GHz,
that are obtained for unstrained Ge wells proximitized
by PtSiGe with I'/h = t,./h = 4 GHz, [, = 20 nm, and
[, = 180 nm.

APPENDIX E: EFFECTIVE MANY-BODY
HAMILTONIAN

Starting from Eq. (A2), we can write down the full
many-body Hamiltonian for the two dots (ASQ and DSQ)
occupied by a maximum of 4 particles. This gives us an
effective 16 x 16 Hamiltonian that splits into two
decoupled blocks corresponding to even and odd total
parity. The structure of this Hamiltonian resembles that of
a conventional double quantum dot with the important
difference that the (n,0) and (n,2) (for n€{0,1,2})
charge sectors are coupled by the effective pairing o A,
on dot 2.

We can write the effective Hamiltonian as

Hy 0 Hy 0 0

H=|H, 0 H, 0 Hy
0 H; 0 H;y 0
0 0 H, 0 H,

(ED)

where H,, in the diagonal represents the Hamiltonian of the
nth charge sector and H,,, couples charge sectors n and n’
by the superconducting correlations. Explicitly,
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HO :O,
H — (—6100+b1 6/2 —TSSO )
! _TS‘Z() —6260+b2'0'/2 '
Ull —261 O
H2 = 0 U22—2€2
(’:“)T 0 (U12—€1 —62)0(()1)00

- —iny sin (0y,/2) —cos (0y,/2) + in,sin (0,/2) cos (0y,/2) + in. sin (B,/2)
B —cos (0y,/2) — in, sin (6, /2)

in_ sin (0,,/2)

((UZZ +2U12 —2€2 —€1>(70 +b1 0'/2
= TS

H4 = Ull +U22+4U12—2€1 —262.

Here, n. = (fy,), £ i(Ay,),, n, = (A, ). If we include
superconducting correlations in both dots A() and A®),
we find

Hp, = (A1, A®),0,0,0,0). (E3a)
H,;y = diag(A®, A@) A AWM, (E3b)
H,, = (A®), A1 0,0,0,0)7. (E3c)

In this work, only dot 2 is proximitized, so we set
A =0and A® = A,

Starting from the full Hamiltonian given here, the
effective Hamiltonians for the different charge sectors
|

H%BA - _ﬂsczdlda + <AOZe(_

HZB, =1y "diS%,c, + He.,
a

where d, = (d,.d,|). Here, we have again assumed
symmetric leads. The resulting many-body Hamiltonian
takes the form of a 256 x 256 matrix (4 dots occupied by a
maximum of 8 particles), which can be diagonalized
numerically. This approach allows us to go beyond the
large-gap regime Ay > U;;, where our analytical calcu-
lations were performed (see Appendix A). In Fig. 4, we

Vil df| + 1,.d]S35d, + Hc>

(E2a)
(E2b)
S
0 , (E2c)

+b, '0'(1)0(()2)/2 + aél)bz -6/2

in_sin (0y/2)
cos (By,/2) — in,sin (0y,/2) —in_sin (0,/2) |

(B2d)

TS},
(U]]+2U12—2€]—€2)00+b2'6/2 '

(E2e)

(E2f)

[

given in Eqgs. (4) and (9) of the main text are then readily
obtained by standard Schrieffer-Wolff perturbation theory.

APPENDIX F: EXACT DIAGONALIZATION IN
THE ZERO-BANDWIDTH LIMIT

To obtain a simple model for which the many-body
problem can be solved exactly, we make use of the so-
called zero-bandwidth approximation (ZBA) for the super-
conducting leads [91]. Within this approximation, the
superconducting leads are replaced by just a single site
each, leading to a simplified version of the Hamiltonian
terms given in Eqgs. (Alb) and (Alc):

(F1)

(F2)

I
show examples of charge stability diagrams for the
DSQ-ASQ hybrid obtained for Ay =0.1U (here,
U,y = U, =4U;, = U) at zero phase difference ¢ =0
and zero magnetic field B = 0. In the weak-coupling limit
t < U, the charge stability diagram takes the form of that
of a conventional double quantum dot, see Fig. 4(a). As the
tunnel coupling is increased, the quasiparticles in the
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FIG. 4. Charge stability diagrams obtained from exact numerical diagonalization of Hpop + Hy + H;_p, using the zero-bandwidth
approximation for the superconducting leads. We have set U;; = Uy, = 4U;, = U and (a) t = 2t,, = 0.01U, (b) t = 2t,. = 0.05U,
(¢) t=2t,, =0.1U, and (d) t=2t,, =0.2U. The other parameters are Ay =0.1U, ¢ =0, pu,, =0, T=0.01U, B =0,
0, =0, =—0* =60</2 =1x/5, A, =m!, =m% =m’ = (0,0, 1). The color indicates the size of the gap between the ground
state manifold and the first excited state. We have multiplied the excitation energies in the doublet sector by a factor of —1 such that
different colors are assigned to sectors with singlet (red) and doublet (blue) ground states. Note that we have ignored the small splitting

between singlet and triplet states in the (1, 1) sector arising due to the finite T'; the excitation gap indicated for this sector corresponds to

the gap between the highest-energy triplet state and the next excited state.

—0.465

2
o 0470

—0.475 F ) )
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w/2m ©/2m

FIG. 5. Phase dependence of lowest-energy states in the (1, 0)
sector obtained from exact numerical diagonalization of
Hpop + Hy, + Hj_py using the zero-bandwidth approximation
for the superconducting leads. We have set Uy = Uy = 4U;, =
Uand (a) T =0.01U, (b) T = 0.15U. The other parameters are
u =025U0, u, =0, Ag=0.1U, p,. =0, t=2t,. =0.05U,
B = 0’ éxo = 610 = _9%(7 = 9?2/2 = ”/57 ﬁso = m;a = m%o =
m$5 = (0,0, 1).

superconducting leads begin to screen the electron spin
on dot 2 for the (0, 1) and (1, 1) sectors, see Figs. 4(b)
and 4(c). Nevertheless, the doublet ground state for dot 2
still survives in some regions of parameter space. Finally,
once the tunnel-coupling reaches a critical value, the spin

~0.960
L 0965 .
~ ~
R om0k Wo0o0f e
—0.975 | . —0.975 " L
0.0 0.5 1.0 0.0 0.5 1.0
p/2m o/2m

FIG. 6. Phase dependence of lowest-energy states in the (1, 1)
sector obtained from exact numerical diagonalization of
Hpop + Hy, + Hy_p, using the zero-bandwidth approximation
for the superconducting leads. We have set U;; = Uy, = 44U, =
Uand (a) T =0.01U, (b) T = 0.04U. The other parameters are
Hy = pp = 05U,y =0.1U, py. =0, =2¢t,, = 0.05U, B =0,
050 = 951'0 = _030 = 9?5)/2 = ”/5’ i, = mia = m%a =my; =
(0,0,1).

on dot 2 is fully screened, resulting in a singlet state on dot
2 regardless of the dot energy, see Fig. 4(d).

In Fig. 5, we additionally show the phase dependence of
the lowest many-body energy levels deep in the (0, 1)
sector. We observe that an effective phase-dependent spin
splitting is induced for the electron confined to the DSQ
due to hybridization with the ASQ if the DSQ-ASQ
tunneling 7" becomes large enough, T < €.

The phase dependence of the lowest-energy levels in the
(1,1) sector is shown in Fig. 6. Here, we find that a phase-
dependent splitting between singlet and triplet states is
obtained due the effective exchange between the spin
confined in the DSQ and the spin confined in the ASQ.
This behavior is qualitatively consistent with the effective
exchange Hamiltonian presented in the main text.

We note that while the ZBA has allowed us to work with
a very simple numerically tractable model, the applicabil-
ity of this model is limited due to the absence of a
continuum in the superconducting leads. Nevertheless,
for a single dot coupled to two superconducting leads,
it has been shown that the ZBA qualitatively captures
many features of the full model [93], including the singlet-
doublet transition. In the case of a double-dot coupled to
two leads in parallel or in series, it was found that the
limitations of the ZBA become more severe [94].
However, in our case, only dot 2 is directly coupled to
the SC leads, such that we expect the ZBA to give
reasonable results at least as long as the interdot tunneling
T is not too large. More sophisticated numerical tech-
niques such as, e.g., NRG or a multisite extension of the
ZBA could be used to verify the results presented here at a
more quantitative level, which is, however, beyond the
scope of this work.
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