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Spin qubits in semiconducting quantum dots are currently limited by slow readout processes, which
are orders of magnitude slower than gate operations. In contrast, Andreev spin qubits benefit from fast
measurement schemes enabled by the large resonator couplings of superconducting qubits but suffer from
reduced coherence during qubit operations. Here, we propose fast and high-fidelity measurement
protocols based on an electrically tunable coupling between quantum dot and Andreev spin qubits.
In realistic devices, this coupling can be made sufficiently strong to enable high-fidelity readout well
below microseconds, potentially enabling mid-circuit measurements. Crucially, the electrical tunability of
our coupler permits to switch it off during idle periods, minimizing crosstalk and measurement back-
action. Our approach is fully compatible with germanium-based devices and paves the way for scalable
quantum computing architectures by leveraging the advantages of heterogeneous qubit implementations.

DOI: 10.1103/qcch-2hhy

I. INTRODUCTION

Quantum dot spin qubits (DSQs) [1], especially those
based on silicon and germanium (Ge) heterostructures
[2,3], are leading candidates for large-scale quantum
computing [4]. These systems combine a compact foot-
print and compatibility with industrial semiconductor
fabrication processes with high quantum performance
[5–20]. DSQs exhibit long coherence times and support
high-fidelity single- and two-qubit gate operations, often
exceeding fault-tolerance thresholds [21–24], with gate
times of tens of nanoseconds [25–31] and operation
demonstrated in mid-scale devices [32–35]. Despite these
advantages, a key challenge in DSQ systems remains the
readout, which is significantly slower than gate operations
because of small DSQ-readout channel couplings [36].
State-of-the-art devices require integration times typically
of tens to hundreds of microseconds, to reach high-fidelity
spin readout [4,37–42]. This readout bottleneck introduces
idling errors and poses serious limitations for quantum

error correction protocols and algorithms requiring fre-
quent measurements.
In contrast, Andreev spin qubits (ASQs) comprising

spins localized in semiconductors proximitized by super-
conducting Josephson junctions [43–53] benefit from
strong inductive coupling to on-chip microwave resona-
tors, enabling high-fidelity readout within hundreds of
nanoseconds [45,52] and long-range connectivity [48]. Ge
heterostructures are particularly promising for ASQs
[54,55]. Their compatibility with superconductors [56–61]
has recently enabled significant proximity-induced super-
conducting gaps [54,62–64] and demonstrations of gate-
tuneable Josephson junctions [65,66]. The potential for
isotopic purification [67] and p-type wavefunction [68–70]
of Ge can suppress nuclear spin noise, likely a key limiting
factor of current ASQs [46,47]. Furthermore, the strong,
tunable spin-orbit interaction (SOI) in hole nanostructures,
especially large in lattice-matched unstrained [71–73] and
tensile-strained [74–76] Ge channels, offers efficient
electrical control of the qubit. These properties make
Ge an ideal platform for hybrid superconducting-
semiconducting spin qubit architectures [77–79].
Here, we propose a tunable coupling scheme between

DSQs and ASQs, see Fig. 1, combining the high-fidelity
gate operations of DSQs with the fast, efficient readout
capability of ASQs. The coupling is electrically switched:
it remains off during DSQ gate operations to suppress
crosstalk and back-action [80–82] and is activated only
during the readout phase. We present several readout
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protocols tailored to different experimental configurations,
all compatible with Ge-based hybrid devices [54,65].
Our analysis indicates that readout fidelities beyond
99.9% can be achieved well below microseconds, repre-
senting orders-of-magnitude improvements in measure-
ment speed. We envision that by leveraging strong
inductive ASQ-resonator coupling, which enables long-
range ASQ-ASQ connectivity [83,84], our ASQ-DSQ
coupler could also mediate entangling gates of distant
DSQs, overcoming their short-range connectivity limita-
tions [85] and offering opportunities for flexible layouts in
large-scale spin-based quantum processors.

II. TUNABLE ASQ-DSQ COUPLER

We consider two quantum dots, where dot i ¼ 1 hosts a
DSQ and dot i ¼ 2 is proximitized by two superconduct-
ing leads with phase difference φ and forms an ASQ, see
Fig. 1(a). The coupled DSQ-ASQ system is described by
the Hamiltonian

H0¼
X
i

c†i hici−Δφðc†2↑c†2↓þc2↓c2↑Þþ
X
ij;σσ0

Uij

2
niσnjσ0 ;

(1)

where ci ¼ ðci↑; ci↓Þ are fermion operators with density
niσ ¼ c†iσciσ, see the Appendixes for more details. The

Hubbard intradot and interdot interactions Uii and
U12 ¼ U21, respectively, satisfy U2

12 < U11U22 [86]
and define the charge stability diagrams sketched in
Fig. 1(b). The single-particle Hamiltonian of dot i,
hi ¼ −ðϵi þ 2UiiÞσ0 þ bi · σ=2, includes dot energies ϵi,
Zeeman energies bi, and a shift 2Uii that cancels the n2iσ ¼
niσ contributions of the Hubbard energy. For the DSQ, the
dot energy coincides with its chemical potential, ϵ1 ¼ μ1,
and the Zeeman energy b1 ¼ μBBg1 is determined by the
magnetic field B and the tuneable dot g-tensor [72,87–90].
For the ASQ, ϵ2 ¼ μ2 þ E0 cosφ depends on φ via the
Josephson energy E0. The Zeeman energy b2 ¼ μBBg2 −
Eso sinðφÞmso also includes the additional phase-depen-
dent SOI-contribution Eso [43,49,50] aligned to the SOI
vector mso. The ASQ also inherits from the superconduct-
ing leads the proximitized correlations Δφ ¼ Δ cosðφ=2Þ
[91–94]. While Eq. (A1) was derived under the assumption
that the parent gap in the superconducting leads is much
larger than the charging energy of the dots, numerical
studies have shown that H0 remains qualitatively valid
well beyond the large-gap limit [49]. Additional informa-
tion on the small-gap limit is provided in the Appendixes.
Crucially, DSQ and ASQ are coupled by the tunneling

T=h∈ ½1–10�GHz. Gate potentials efficiently control T on-
demand [27], turning it on only during readout. The
interaction

HT ¼ −T½c†1S̃soc2 þ c†2S̃
†
soc1� (2)

includes the SOI-induced spin-flip unitary evolution
S̃so ¼ eiθ̃soñso·σ=2, characterized by a rotation angle θ̃so
around the SOI axis ñso, generally not aligned to mso.
In unstrained Ge channels where SOI is maximized

[71–73], we expect Eso=h∈ ½10–500� MHz, E0=h∈
½0.3–1� GHz, and Δ=h∈ ½4–10�GHz, see the Appendixes
for details. These values are comparable to existing InAs-
based ASQs [46,49]. Our estimate for Δ is based on
recently realized Ge/PtSiGe devices [62]; however, sig-
nificantly larger gaps can in principle be achieved in
Ge-based devices proximitized by Al or Nb [63]. For
in-plane magnetic fields up to 200 mT, within the critical
field of Ge-compatible superconductors [54,62,63],
bi=h∈ ½0.1–1� GHz [27,32], with controllable direction
and amplitude by dot and strain engineering [72,87].

III. INDUCTIVE COUPLING TO RESONATOR

Our readout is performed by an inductively coupled
resonator with energy ℏωra†a. Inductive coupling shifts
the phase φ → φþ Xφr, where X ¼ ða† þ aÞ= ffiffiffi

2
p

. The
effective zero-point-phase φr ¼ p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πZr=Rq

p
∈ ½0.02–1�

depends on the resonator impedance Zr ∈ ½0.05–1� kΩ,
the superconducting resistance quantum Rq ¼ h=4e2 [95],
and is rescaled by the participation ratio p∈ ½0.1–1�
accounting for the partial fraction of the resonator phase

FIG. 1. Tuneable ASQ-DSQ coupler. (a) A DSQ (Q1) is
tunnel-coupled to an ASQ (Q2), inductively coupled to a
microwave resonator. (b) Charge stability diagrams for U11 ¼
U22 ¼ 4U12 ≡ U at T ¼ Δ ¼ 0, see Eqs. (A1) and (2). Filled
blue and red dots represent two fast-readout points with large
ASQ-DSQ hybridization when Q2 is empty and occupied,
respectively. The hybridization is suppressed electrically by
decreasing T or modifying the Q1-Q2 detuning by moving
toward the hollow dots, where high-fidelity quantum gates on
DSQs can be performed without back-action from the ASQ.
(c) Amplitude of the inductive resonator-ASQ interactions
against φ, see Eq. (B2).
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reaching the ASQ. At Zr¼300Ω and p ¼ 0.3, φr ¼ 0.16.
We restrict to low-impedance resonators (Zr ≪ 1 kΩ), in
contrast to capacitively coupled systems [96–104] where
high-impedance resonators are required to enhance spin-
photon coupling at the cost of losses and complexity.
The coupling Hamiltonian

HI ¼
X
j>0

φj
rXj

�
c†2

bðjÞ
2 · σ − 2ϵðjÞ2

2
c2 − ΔðjÞc†2↑c

†
2↓ þ H:c:

�

(3)

includes resonator-induced fluctuations of ASQ dot and

Zeeman energy, ϵðjÞ2 ¼ ∂jφϵ2=j ∝ E0 and bðjÞ
2 ¼ ∂jφb2=j ∝

Esomso, respectively, and the resonator-mediated pairing
ΔðjÞ ¼ ∂jφΔφ=j ∝ Δ. The first- and second-order suscep-
tibilities are shown in Fig. 1(c). The spin-independent

terms ϵðjÞ2 and ΔðjÞ are odd (even) functions of φ at j ¼ 1

(j ¼ 2), while bðjÞ
2 has the opposite parity.

IV. SINGLE-PARTICLE REGIME

We consider a single particle confined in our hybrid
double dot, a stable configuration because of Uij, see
Fig. 1(b). To minimize crosstalk and ASQ-mediated noise,
we assume DSQ quantum gates are performed in the (1,0)
region (hollow blue square) and ASQ-DSQ hybridization
is activated only during readout by increasing T and
moving closer to the (0,1) region (solid blue square).
Possible detrimental effects of residual tunnelings and
interdot interactions during DSQ operation can be sup-
pressed by adding an empty dot between the DSQ and
ASQ, and coherently shuttling the DSQ [105] to the empty
dot during readout.
From Eqs. (A1) and (2) and using third-order perturba-

tion theory, we find the hopping Hamiltonian

H1P ¼ −τz ϵφ
2
þ τ1

b1σz
2

þ τ2
b2σz
2

− TφðτþSso þ τ−S†soÞ;
(4)

where the Pauli matrices τ act on the dot subspace,
τ� ¼ ðτx � iτyÞ=2 and τ1;2 ¼ ðτ0 � τzÞ=2. We aligned
both Zeeman fields to the z-direction by a local spin-
rotation Ri generated by τiUi ¼ τie−iΘini·σ=2, that satisfies
U†

i ðbi · σÞUi ¼ ðRibiÞ · σ ¼ biσz. In this frame, the spin-
flip tunneling operator transforms as Sso ¼
U†

1S̃soU2 ≡ eiθsonso·σ=2, with modified θso and nso.
The correlations Δφ renormalize dot detuning ϵφ ≈

ϵþ Δ2
φ=U and tunneling Tφ ¼ T½1 − Δ2

φ=ð2UðU − ϵÞÞ�,
adding a φ dependence to T. Here, ϵ ¼ ϵ1 − ϵ2 and
U ¼ U2 þ 2U12 − 2ϵ2. Finally, the unitary U2 diagonal-
izing b2 · σ generally depends on φ and imprints a
φ-dependence to Sso. We envision that this could enable

efficient ASQ-DSQ interactions engineering by biasing φ,
also mediating additional resonator couplings that we
neglect here.

V. HYBRIDIZED DSQ

The hopping Hamiltonian H1P in Eq. (B3) enables
different readout schemes. A possible protocol involves
physically transferring the spin from the DSQ to the ASQ,
e.g., by activating T while decreasing ϵ, and then reading

out the ASQ spin via its large direct inductive coupling bð2Þ
2

to the resonator [52].
While experimental advances in shuttling DSQs make

this approach promising [27,105], here we consider the
case where the spin remains confined in the DSQ and
hybridizes to the ASQ by Tφ ≲ ϵφ, in analogy to flopping-
mode qubits [106,107]. The ASQ modifies the DSQ’s
Zeeman energy as

Hhy ¼
ð1 − ηÞb1σz

2
þ η

b2ðRsoezÞ · σ
2

; (5)

where SsoσzS
†
so ¼ ðRsoezÞ · σ includes tilting of g-tensors

and spin-flip tunneling.
The DSQ-ASQ hybridization is captured by η ¼

1=2 − ϵφ=2Eg ≈ T2
φ=ϵ2φ, where Eg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4T2

φ þ ϵ2φ

q
is the

orbital energy and mediates the DSQ-resonator coupling
Hhy;I ¼ ðφrXγð1Þ þ φ2

rX2γð2ÞÞ · σ, where

γð1Þ ≈ η
Rsob

ð1Þ
2

2
− ηð1Þ

b1 − b2Rso

2
ez; (6a)

γð2Þ ≈ η
Rsob

ð2Þ
2

2
− ηð2Þ

b1 − b2Rso

2
ez þ

ηð1ÞRsob
ð1Þ
2

2
: (6b)

The vectors γðjÞ comprise two distinct contributions: the

magnetic susceptibility of the ASQ bðjÞ
2 ¼ ∂jφb2=j and the

orbital susceptibility ηðjÞ ¼ ∂jφη=j. These have a comple-
mentary φ dependence, opposite for γð1Þ and γð2Þ, as shown
in Figs. 2(a) and 2(b), enabling the selective utilization of
different couplings by flux biasing.

VI. READOUT FIDELITY

The DSQ-resonator interaction enables an efficient
discrimination of spin up and down states. The readout
is performed by driving the resonator via a weakly coupled
input field ain ¼ Ae−iωt=

ffiffiffi
κ

p
with amplitude A and cou-

pling rate κ, yielding the driving HamiltonianHR
d ¼ ffiffiffi

2
p

AX
in the frame rotating at the driving frequency ω ¼ ωr.
In this frame, to second order in φr, the DSQ-resonator
interaction Hamiltonian produces the spin-dependent ac
Stark shift
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HR
hy;I ¼ χ1a†aσz; with

χ1 ≈
φ2
r jγð1Þ × ezj2

2ðbhy − ℏωrÞ
þ φ2

rγð2Þ · ez:
(7)

This includes a dispersive [95] and direct inductive
coupling [52], dependent on γð1Þ × ez and γð2Þ · ez, respec-
tively. We neglect the Lamb shift modifying the DSQ
frequency and introduce the Zeeman field amplitude
bhy ¼ j½ð1 − ηÞb1 þ ηb2Rso� · ezj, see Eq. (5).
Importantly, these contributions are complementary in

two ways. Comparing to Fig. 2(c), their flux dependence is
opposite: at φ ¼ 0, the dispersive and direct couplings are
maximal and minimal, respectively, and at φ ¼ π=2, the
situation is inverted. We expect χ1=h ∼ 1 MHz, compa-
rable to superconducting qubits [95], enabling fast readout.
Moreover, they show complementary trends depending on
the direction of γ relative to the Zeeman field: dispersive

and direct couplings depend on the transversal and
longitudinal components of γðjÞ, respectively. Because
the angle γðjÞ · ez can be engineered, e.g., by aligning B
to the SOI [102,108] or by electrically tuning g-tensors
[32,109], we compare optimal scenarios with γð1Þ⊥ez
and γð2Þkez.
Similar to superconducting qubits, χ1 imprints a spin

dependence to the output field aout integrated for a time tm,
which enables readout of the DSQ with signal-to-noise
ratio [95,110]

SNR¼jAj
ffiffiffiffiffiffiffi
8tm
κ

r �
1− 2

κtm

�
1−e−κtm

2 cos
�
κtm
2

���
; (8)

where we use the maximal steady-state SNR condition
χ1=ℏ ¼ κ=2 [111]. Small SNR causes errors in discrimi-
nating the state that leads to the readout infidelity 1 − F ¼
erfcðSNR=2Þ [112,113]. Here, we neglect reductions in
fidelity coming from limited readout chain efficiency
[114] that can be suppressed, e.g., by optimized filtering
and pulse shaping [115–117]. Also, projective readout can
be degraded by finite relaxation times T1, whose effect on
fidelity is discussed in the Appendixes.
In Fig. 2(d), we show that our hybrid DSQ-ASQ system

enables high-fidelity readout below microseconds for
dispersive and direct couplings (red and blue curves,
respectively). In the setup considered, the direct coupling
(blue curve) enables faster readout, see Fig. 2(c). This is
not only because of its larger χ1, but also because the direct
coupling is independent of the resonator-qubit detuning
jℏωr − bhyj, and we operate the setup at larger resonator
frequencies ωr. This permits us to relax stringent con-
ditions imposed by the dispersive regime on the maximal
driving amplitudes A ≪ Acrit ¼ κ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n̄crit=2

p
, with critical

photon number n̄crit ¼ jℏωr − bhyj=4χ1 ≈ 25 [81,113] at
0.2 GHz detuning and 2 MHz dispersive shift, and
suppresses thermal photons and qubit-induced resonator
nonlinearities [118,119].
Finally, the large first-order longitudinal component

of γð1Þ · ez, complemented by a harmonic modulation
of η → η0 þ δη cosðωrtÞ obtained by driving T, ϵ,
or φ, produces the parametric longitudinal coupling

gz cosðωrtÞða† þ aÞσz, with gz ≈ φrδηez · Rsob
ð1Þ
2 =2

ffiffiffi
2

p
.

We estimate that by modulating T, gz=h can reach
the MHz range also when the DSQ and ASQ are
detuned. This coupling enables an efficient readout
[110,120] in the short-time limit with SNRz ¼
jgzj

ffiffiffiffiffiffiffiffiffiffiffiffi
8tm=κ

p ½1 − 2ð1 − e−κtm=2Þ=κtm�, see black lines in
Fig. 2(d), offering another fast DSQ-readout option.

VII. TWO-PARTICLE REGIME

We also examine the (1,1) sector of the charge stability
diagram where two particles are confined in the double

FIG. 2. Hybrid DSQ readout. (a),(b) Amplitude of the (a) first-
and (b) second-order DSQ-resonator couplings γðjÞ [see Eq. (6)]
against φ for different dot detunings. We use Δ=h ¼ 8 GHz,
Eso=h ¼ 0.35 GHz, and E0=h ¼ 0.9 GHz reachable in un-
strained Ge. Also, φr ¼ 0.16, μ1 ¼ 0.2 meV, T=h ¼ 5 GHz,
and U11 ¼ U22 ¼ 4U12 ¼ 1 meV. (c) Dispersive and direct
resonator shifts [see Eq. (7)]. We assume the optimal scenario
for each coupling with γð1Þ⊥ez and γð2Þkez, respectively.
(d) Readout infidelity in logarithmic scale of frequency-modu-
lated and longitudinal readout schemes. Inset: SNR against tm in
double-logarithmic scale. We use χ1=ℏ ¼ κ=2 ¼ 2π × 0.56 MHz
(1.1 MHz), A ¼ κ

ffiffiffiffiffiffiffiffi
n̄=2

p
, with n̄ ¼ 2 (n̄ ¼ 10) and jℏωr −

bhyj=h ¼ 0.2 GHz for dispersive (direct) readout. For longi-
tudinal readout, by modulating T ¼ T0 þ δT cosðωrtÞ with
T0=h ¼ 2δT=h ¼ 5 GHz at μ2 − μ1 ¼ 50 μeV, φ ¼ 0, and
γð1Þkez, we estimate δη ≈ δT∂Tη ≈ 0.06 and gz=h ≈ 1.26 MHz.
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dot, see red dots of Fig. 1(b). Filled (hollow) dots represent
readout (operational) regions, where the DSQ and ASQ are
coupled (decoupled). Fourth-order perturbation theory of
Eqs. (A1) and (2) results in the exchange-coupled spin
Hamiltonian [26,109,121]

Hð1;1Þ ¼
b1
2
σð1Þz þ b2

2
σð2Þz þ J

4
σð1ÞRsoσð2Þ: (9)

The anisotropic exchange (assuming U11 ¼ U22 ≡U)

J ≈
2T2

Uþ
þ 2T2

U−
− 2T2Δ2

φ

U2þðU12 − ΣÞ þ
2T2Δ2

φ

U2−ð2U þ 3U12 − ΣÞ
(10)

comprises a DSQ contribution ∝ T2=U and an ASQ-
mediated contribution ∝ T2Δ2

φ=U3. We introduced
U� ¼ U −U12 � ϵ, Σ ¼ ϵ1 þ ϵ2, and discarded correc-
tions ∝ bibj and ∝ T4, see Appendixes. We expect
J=h∈ ½0–1� GHz in the range reached for DSQs.
Because of the phase dependence of ϵ2 and Δφ, J inherits
an even φ-dependence, see Fig. 3(a), whose sign and
amplitude depend on ϵ.
The system is coupled to the resonator by

Hð1;1Þ;I≈
X
j

φj
rXjbðjÞ

2 ·σð2Þ

2
þφj

rXjJðjÞ

4
σð1ÞRsoσð2Þ; (11)

where we identify two distinct contributions: the magnetic
modulation of b2 and the charge modulation of T and ϵ2,
which yields a φ-dependent J, with susceptibility
JðjÞ ¼ ∂jφJ=j. We focus on exchange-mediated processes
and neglect the DSQ-ASQ spin hybridization ∝ biT2=U2,
similar to Eq. (5).

VIII. EXCHANGE-MEDIATED READOUT

The tuneable anisotropic exchange in Eq. (B23) enables
different efficient readout schemes. For b1 ∼ b2 and
Rso ∼ 1, a convenient readout protocol involves first a
SWAP gate between DSQ and ASQ, implemented by
activating the approximately isotropic exchange J for a
time tSWAP ¼ ℏπ=J [122], followed by fast ASQ readout.
However, the anisotropic exchange interactions of

Ge [109] enable exchange-mediated readout protocols.
By restricting to J ≪ jb1 − b2j, Hð1;1Þ reduces to [123]

Hk
ð1;1Þ ¼

b1
2
σð1Þz þ b2

2
σð2Þz þ Jk

4
σð1Þz σð2Þz ; (12)

with a tuneable Ising interaction Jk ¼ JezRsoez. Neglected
flip-flop interactions can induce SWAP dynamics, poten-
tially leading to readout errors. These errors are minimized
by exchange anisotropies [26,79,123] and large Zeeman
energy differences, which in Ge reach ðb1 − b2Þ=hð̃b1 þ
b2Þ=h ∼ 1 GHz at 200 mT [124]. Under these conditions,
the SWAP dynamics occur on timescales approximately
hjb1 − b2j=J2 ≳ 10 μs at J=h≲ 300 MHz, longer than the
target sub-microsecond integration time.
Because of Jk, the ASQ Stark shift inherits a DSQ-state

dependence, yielding the three-body interaction in the

rotating frame HR
ð1;1Þ;I ¼ χ2σ

ð1Þ
z σð2Þz a†a, with

χ2 ≈ − φ2
rJkjbð1Þ

2 × ezj2
16ðb2 − ℏωrÞ2 − 4J2k

þ
φ2
rJ

ð2Þ
k

4
: (13)

With the same parameters as for the hybrid readout,
halving T to suppress flip-flop terms, we estimate a
dispersive coupling in the MHz range, see Fig. 3(b),
exceeding the direct coupling and comparable to χ1.
The dispersive shift χ2 enables sub-microsecond DSQ
readout with reasonable fidelity by keeping the ASQ in its
groundstate and detecting the DSQ-state-dependent shift
of the resonator frequency. This provides an alternative
route to fast and high-fidelity DSQ readout.

IX. CONCLUSION

We present tunable hybrid couplers composed of DSQs
tunnel-coupled to ASQs, which are themselves inductively
coupled to resonators. Focusing on germanium-based
platforms, we investigate multiple readout schemes in
configurations where the coupler is occupied by either
one or two particles. In both regimes, we show that our
architecture supports fast, high-fidelity DSQ readout
within sub-microsecond timescales, enabled by dispersive,
direct, or longitudinal resonator coupling. Beyond readout,
our ASQ-DSQ coupler can offer a promising route to
entangle distant DSQs, offering more flexible and scalable
layouts for spin-based quantum processors.

FIG. 3. ASQ-DSQ exchange interaction. (a) Phase dependence
of J for positive and negative chemical potential shifts. Ap-
proaching the (2, 0) region (blue curve) or the (0, 2) region (red
curve) largely increases J. (b) Dispersive (solid lines) and direct
(dashed lines) resonator shifts for the same parameters as above.
In the inset, we show the readout fidelity at φ ¼ 0. We use T=h ¼
2.5 GHz and fix μ2 ¼ 1 meV. Other parameters as in Fig. 2.
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APPENDIX A: EFFECTIVE DOUBLE-DOT
HAMILTONIAN

To describe the DSQ-ASQ hybrid system, we start from
the Hamiltonian H ¼ HDQD þHL þHL−D2 with

HDQD ¼
X
i

c†i

�
−μiσ0 þ μBgiB · σ

2

�
ci − Tðc†1S̃soc2 þ c†2S̃

†
soc1Þ þ

X
ij;σσ0

Uij

2
ð1 − δijδσσ0 Þniσnjσ0 ; (A1a)

HL ¼
X
α;k

ξαkd
†
αkdαk þ

�X
α;k

Δαeð−1Þ
αiφ=2d†αk↑d

†
α−k↓ þ

X
k

tscd
†
1kS

sc
sod2k þ H:c:

�
; (A1b)

HL−D2 ¼
X
α;k

tαd
†
αkS

α
soc2 þ H:c: (A1c)

Equation (A1a) describes the bare double quantum dot,
where ci ¼ ðci↑; ci↓Þ is the vector of annihilation operators
for electrons in dot i∈ f1; 2g, μi (gi) is the chemical
potential (g tensor) for dot i, B is the magnetic field,
σ ¼ ðσx; σy; σzÞ is the vector of Pauli matrices acting in

spin space, T is the interdot tunneling amplitude, S̃so ¼
eiθ̃soñso·σ=2 describes a unitary evolution in spin space due
to SOI, niσ ¼ c†iσciσ is the number operator, and Uii
(U12 ¼ U21) are Hubbard intradot (interdot) interactions.
Note that here we directly subtract the diagonal term
∝ðniσÞ2 ¼ niσ from the Hubbard interaction, whereas this
contribution is included in the single-particle energy in the
main text for convenience.
Equation (A1b) describes the two superconducting

leads, where dαk ¼ ðdαk↑; dαk↓Þ is the vector of annihila-
tion operators for electrons of momentum k in lead
α∈ f1; 2g, ξαk is the onsite energy in lead α, tsc is a
direct tunneling between the two leads originating from
tracing out nonresonant ASQ levels, where we again
account for a unitary evolution in spin space Sscso ¼
eiθ

sc
somsc

so·σ=2 due to SOI, and Δα is the effective pairing
amplitude in lead α. Furthermore, φ is the phase difference
across the junction. In the main text, we also add a
resonator with energy ℏωra†a coupled inductively to
the ASQ, which modifies the phase difference as

φ → φþ φrðaþ a†Þ= ffiffiffi
2

p
, where a†, a are creation, anni-

hilation operators for the resonator mode, respectively.
Equation (A1c) describes the coupling between the

superconducting leads and the second quantum dot, which
together form the ASQ. Here, tα is the tunneling amplitude
between the dot and lead α, where Sαso ¼ eiθ

α
somα

so·σ=2 is once
again a unitary evolution in spin space due to SOI.
For simplicity, we assume the leads to be symmetric

and set ξ1k ¼ ξ2k ≡ ξk with ξk ¼ ℏ2k2=2m − μsc,
Δ1 ¼ Δ2 ≡ Δ0, and t1 ¼ t2 ≡ t. We further consider θ1so ¼
−θ2so ¼ θscso=2 consistent with the setup shown in Fig. 1
of the main text. For simplicity, we set m1

so ¼ m2
so ¼

msc
so ≡mso here, but our results can be generalized to

arbitrary rotations. In analogy to the main text, we denote
with ñso the direction of the SOI between the DSQ and the
ASQ, and with mso the direction SOI between the super-
conducting leads and the ASQ, which is not generally
aligned to ñso. Moreover, in the main text we distinguish
between the vector of SOIs ñso and the vector nso, which
includes the tilts of quantization axes of between ASQ and
DSQ, i.e., U†

1e
iθ̃soñso·σ=2U2 ≡ eiθsonso·σ=2, where the unitary

operators Ui ¼ e−iΘini·σ=2 satisfy U†
i ðbi · σÞUi ¼ biσz and

align both Zeeman fields bi¼1;2 to the z-direction.
We start by focusing on the large-gap limit Δ0 ≫ Uij.

This allows us to integrate out the superconducting leads
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and to derive a simple effective Hamiltonian for the
ASQ-DSQ hybrid double dot. For this, we first diagonalize
the leads via a standard Bogoliubov transformation
d†αk↑ ¼ eð−1Þαiφ=4ðcosφk d̃

†
αk↑ þ sinφk d̃αk↓Þ, d†α−k↓ ¼

eð−1Þαiφ=4ðcosφk d̃
†
αk↓ − sinφk d̃αk↑Þ with tan2φk¼Δ0=ξk

and energy Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2k þ Δ2

0

q
. Then, we perform a

Schrieffer-Wolff transformation to third order in the tunnel
couplings and Zeeman field to obtain an effective low-
energy Hamiltonian describing the DSQ-ASQ hybrid,
where the leads have now effectively been removed from
the problem. This results in the effective double-dot
Hamiltonian H ¼ H0 þHT , where

H0 ¼
X
i

c†i ð−ϵiσ0 þ bi · σ=2Þci − Δφðc†2↑c†2↓ þ c2↓c2↑Þ þ
X
ij;σσ0

Uij

2
ð1 − δijδσσ0 Þniσnjσ0 ; (A2a)

HT ¼ −T
�
c†1S̃soc2 þ c†2S̃

†
soc1

�
: (A2b)

These are Eqs. (1) and (2) in the main text. Here, the
effective parameters describing the DSQ in dot 1 remain
unchanged compared to Eq. (A1a), i.e., we have ϵ1 ¼ μ1
and b1 ¼ μBBg1, while the parameters describing the ASQ
in dot 2 are modified by the coupling to the superconduct-
ing leads as

ϵ2 ¼ μ2 þ E0 cosðφÞ; (A3)

b2 ¼ μBBg2 − Eso sinðφÞmso; (A4)

Δφ ¼ Δ cosðφ=2Þ; (A5)

where

E0 ¼ 2t2tsc cosðθscsoÞ
Z

dk
sin2ðφkÞ

E2
k

≈ Γ
tsc
Δ0

cosðθscsoÞ;

(A6)

Eso ¼ 4t2tsc sinðθscsoÞ
Z

dk
sin2ðφkÞ

E2
k

≈ 2Γ
tsc
Δ0

sinðθscsoÞ;

(A7)

Δ ¼ 2t2
Z

dk
sinðφkÞ
Ek

≈ 2Γ: (A8)

In the approximation, we have assumed a constant
density of states ρ for the leads and introduced the
tunneling rate Γ ¼ πρt2. We neglect small corrections
arising from third-order perturbation theory,

2t2
Z

dk
E2
k

≈
2Γ
Δ0

; (A9)

which renormalize ϵ2 → ϵ2ð1 − 2Γ=Δ0Þ, b2 →
b2ð1 − 2Γ=Δ0Þ, and T → Tð1 − Γ=Δ0Þ due to hybridiza-
tion with the leads. These corrections are consistent with
the generalized atomic-limit substitutions 1=ð1þ 2Γ=Δ0Þ

in the weak tunneling limit [92]. Similarly, we also neglect
the corresponding renormalization of the Hubbard
energy U22.
While working in the large-gap limit has allowed us to

derive a simple effective Hamiltonian for the DSQ-ASQ
hybrid, current experimental systems are often in the
opposite limit Uij ≫ Δ0. In a recent work [49], numerical
renormalization group (NRG) calculations were used to
confirm that the phase dependence of the ASQ parameters
given in Eqs. (A6) and (A7), as well as the linear
dependence of Eso on small Γ, tsc, and θscso, remains
valid up to U ≳ 10Δ0. Therefore, the simple effective
Hamiltonian given in Eq. (A2a) can offer qualitative
insights even beyond the large-gap limit. However, a more
sophisticated numerical analysis is required to find the
precise dependence of the ASQ parameters on Δ0, espe-
cially in the regime Γ≳ Δ0 [49].
In Appendix F, we additionally study a simplified

version of H for Uij ≫ Δ0 using exact numerical diago-
nalization, showing that the charge stability diagram
presented in Fig. 1 of the main text—which defines the
operating points of the DSQ-ASQ coupler—remains
qualitatively correct in the small-gap regime as long as
the dot-lead tunneling is sufficiently small.

APPENDIX B: SPIN-PHOTON COUPLING

In this section, we present the full derivations under-
lying the equations for the spin-photon coupling used in
the main text.

1. ASQ-resonator coupling

Inductive coupling of the resonator to the ASQ shifts the
phase φ → φþ Xφr, where X ¼ ða† þ aÞ= ffiffiffi

2
p

and φr is a
small quantity characterizing the zero-point fluctuations of
the resonator. Including the phase shift in the flux-
dependent quantities in Eqs. (1) and (2) of the main text,
and using a Taylor expansion up to second order in φr,
one finds
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ϵ2 ¼ μ2 þ E0 cosðφÞ → ϵ2 þ φrX ∂φϵ2 þ φ2
rX2

∂2φϵ2
2

¼ ϵ2 − E0 φr X sinðφÞ − E0

2
φ2
rX2 cosðφÞ;

b2 ¼ μBBg2 − Eso sinðφÞmso → b2 þ φrX ∂φb2 þ φ2
r X2

∂2φb2

2
¼ b2 −

�
φrX Eso cosðφÞ − Eso

2
φ2
r X2 sinðφÞ

�
mso;

Δφ ¼ Δ cos
�
φ

2

�
→ Δφ þ φr X∂φΔφ þ φ2

r X2∂2φΔφ ¼ Δφ − Δ
2
φr X sin

�
φ

2

�
− Δ

8
φ2
r X2 cos

�
φ

2

�
:

(B1)

This leads to the ASQ-resonator coupling Hamiltonian

HI ¼
X
j>0

φj
rXj

�
c†2

bðjÞ
2 · σ − 2ϵðjÞ2

2
c2 − ΔðjÞc†2↑c

†
2↓ þ H:c:

�

(B2)

given in Eq. (3) in the main text. This coupling includes
resonator-induced fluctuations of ASQ dot and Zeeman

energy, ϵðjÞ2 ¼ ∂jφϵ2=j ∝ E0 and bðjÞ
2 ¼ ∂jφb2=j ∝ Esomso,

respectively, and the resonator-mediated pairing
ΔðjÞ ¼ ∂jφΔφ=j ∝ Δ.

2. Single-particle regime

a. Effective single-particle Hamiltonian

To derive the DQD-resonator coupling in the single-
particle regime, we start from Eq. (4) in the main text:

H1P ¼ −τz ϵφ
2
þ τ1

b1σz
2

þ τ2
b2σz
2

− TφðτþSso þ τ−S†soÞ;
(B3)

where the Pauli matrices τ act on the dot subspace,
τ� ¼ ðτx � iτyÞ=2, and τ1;2 ¼ ðτ0 � τzÞ=2. We have
aligned both Zeeman fields along the z-direction by a
local spin rotation Ri generated by τiUi ¼ τie−iΘini·σ=2

satisfying U†
i ðbi · σÞUi ¼ ðRibiÞ · σ ¼ biσz. In this frame,

the spin-flip tunneling operator transforms as
Sso ¼ U†

1S̃soU2 ≡ eiθsonso·σ=2, with modified θso and nso.
Note that by aligning the Zeeman fields along the z
direction, we introduce the rotations U1 and U2. The
rotation U2 that aligns b2 along z is generally φ-dependent
because Bg2 and mso are not necessarily aligned. From
this, it follows that Sso ¼ U1S̃soU2 is also generally φ
dependent. We neglect this dependence in this work.
We consider the case where the spin remains confined in

the DSQ and hybridizes to the ASQ by Tφ ≲ ϵφ, assuming
the particle is mostly localized in the first dot. For
convenience, we first apply the unitary rotation U ¼
τ1σ0 þ τ2Sso that moves the spin rotation from the

tunneling term to the mostly unoccupied dot, resulting in

H0
1P ¼ − ϵφ

2
τz þ

b1
2
τ1σz þ

b2
2
τ2SsoσzS

†
so − Tφτx

¼ − ϵφ
2
τz þ

b1
2
τ1σz þ

b2
2
τ2ðRsoezÞ · σ − Tφτx:

(B4)

We then apply a standard Schrieffer-Wolff (SW) trans-
formation up to second order in Tφ, projecting onto the
subspace of the first dot. This leads to

Heff ¼ − ϵφ
2
σ0 þ

b1
2
σz − T2

φ

ϵφ σ0 − r · σ

ϵ2φ − jrj2 (B5)

with r ¼ 1
2
ðb2ðRsoezÞ − b1ezÞ. Next, we focus on the limit

b1; b2 ≪ ϵ and expand the term ∝ T2 to second order,
which results in

Heff ¼ − ϵφ
2
σ0 þ

b1
2
σz − T2

φ

ϵ2φ
ðϵφ σ0 − r · σÞ

¼ −
�
ϵφ
2
− T2

φ

ϵφ

�
σ0 þ

b1
2

�
1 − T2

φ

ϵ2φ

�
σz

þ T2
φ

ϵ2φ

b2
2
ðRsoezÞ · σ; (B6)

where we have discarded all terms Oð 1
ϵ3
Þ. As we are only

interested in the spin physics, we also drop the constant
contribution ∝ σ0 and write

Hhy ¼
b1
2
ð1 − ηÞσz þ η

b2
2
ðRsoezÞ · σ (B7)

with η ¼ T2
φ=ϵ2φ. This is Eq. (5) in the main text. The flux-

dependent quantities are then b2 and η.
Alternatively, one can also directly diagonalize the

orbital part of the Hamiltonian in Eq. (B4) by the trans-
formation Uτ ¼ e−iτyθτ=2, with θτ ¼ arctan2ð2Tφ; ϵφÞ.
Projecting onto the lowest-energy states with orbital
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energy −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2φ þ 4T2

φ

q
, we find the same hybridized

Hamiltonian

Hhy ¼
b1ð1 − ηÞ

2
σz þ η

b2
2
ðRsoezÞ · σ; (B8)

with the hybridization constant

η ¼ 1

2
− ϵφ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2φ þ 4T2

φ

q ¼ T2
φ

ϵ2φ
þO

�
T3
φ

ϵ3φ

�
: (B9)

As expected, the results obtained with these two
approaches agree when the first dot is lower in energy
(ϵφ > 0) and weakly hybridized to the second dot.

b. DSQ-resonator coupling

The coupling to the resonator is again obtained by
shifting φ → φþ Xφr in the Hamiltonian Hhy in Eq. (B7).
A Taylor expansion up to second order in φr leads to the

coupling Hamiltonian Hhy;I ¼ Hð1Þ
hy þHð2Þ

hy with

Hð1Þ
hy ¼ 1

2

h
−b1ηð1Þσz þ ηð1Þb2ðRsoezÞ · σ þ ηbð1Þ2 ðRsoezÞ · σ

i
Xφr

¼ φrX
�
η
Rsob

ð1Þ
2

2
− ηð1Þ

ðb1 − b2RsoÞ
2

ez

�
· σ ≡ φrXγð1Þ · σ;

Hð2Þ
hy ¼ φ2

rX2

�
η
ðRsob

ð2Þ
2 Þ

2
− ηð2Þ

ðb1σz − b2RsoÞ
2

ez þ
ηð1ÞRsob

ð1Þ
2

2

�
· σ ≡ φ2

rX2γð2Þ · σ;

(B10)

with the magnetic susceptibility of the ASQ bðjÞ
2 ¼ ∂jφb2=j

and the orbital susceptibility ηðjÞ ¼ ∂jφη=j. This results in
the DSQ-resonator coupling

Hhy;I ¼ ðφrXγð1Þ þ φ2
rX2γð2ÞÞ · σ (B11)

given in Eq. (6) of the main text.

c. Dispersive and direct shift

The hybridized DSQ-resonator system can be described
by the Hamiltonian Htot ¼ Hhy þHr þHhy;I, where the
uncoupled qubit and resonator are described by

Hhy þHr ¼
bhy
2

σz þ ℏωra†a: (B12)

Here, we have diagonalized the spin component of
the hybridized DQD and introduced the amplitude of
the DSQ splitting bhy ¼ j½ð1 − ηÞb1 þ ηb2Rso� · ezj. The
qubit-resonator coupling Hhy;I given in Eq. (B11) can be
divided into a transversal and a longitudinal component
with respect to the hybrid DQD Zeeman field

Hhy;⊥ ¼ φrXðγð1Þx σx þ γð1Þy σyÞ þ φ2
rX2ðγð2Þx σx þ γð2Þy σyÞ · σ;

Hhy;k ¼ φrXγ
ð1Þ
z σz þ φ2

rX2γð2Þz σz: (B13)

We first focus on the transversal coupling and write
σx ¼ σþ þ σ− and σy ¼ −iðσþ − σ−Þ, such that

Hhy;⊥ ¼ φrX
��

γð1Þx − iγð1Þy

�
σþ þ

�
γð1Þx þ iγð1Þy

�
σ−
�
þ φ2

rX2
��

γð2Þx − iγð2Þy

�
σþ þ

�
γð2Þx þ iγð2Þy

�
σ−
�

¼ φrffiffiffi
2

p ða† þ aÞ
�
αð1Þσþ þ αð1Þ�σ−

�
þ φ2

r

2
ða† þ aÞ2

�
αð2Þσþ þ αð2Þ�σ−

�
(B14)

with αðiÞ ¼ γðiÞx þ iγðiÞy . Assuming jbhy − ℏωrj ≪ bhy þ ℏωr and applying a rotating wave approximation, where we drop
all fast oscillating terms, leads to

Hhy;⊥ ≈
φrffiffiffi
2

p
�
αð1Þaσþ þ αð1Þ�a†σ−

�
þ φ2

r

2
ð2a†aþ 1Þ

�
αð2Þσþ þ αð2Þ�σ−

�
¼ ðg1aσþ þ g�1a

†σ−Þ þ ð2a†aþ 1Þðg2σþ þ g�2σ−Þ ¼ V1 þ V2 (B15)

with gi ¼ ðφrffiffi
2

p ÞiαðiÞ.
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The SW transformation up to second order is Heff ≈H þ ½S;H� þ 1
2
½S; ½S;H��, where

S ¼ S1 þ S2 ¼
�
g1
Δ
aσþ − g�1

Δ
a†σ−

�
þ ð2a†aþ 1Þ

�
g2
bhy

σþ − g�2
bhy

σ−
�
; (B16)

such that ½S1; H0� ¼ −V1 and ½S2; H0� ¼ −V2. We define Δ ¼ bhy − ℏωr and find

Heff ≈Hhy þHr þ
1

2
½S1; V1� ¼ Hhy þHr þ

jg1j2
Δ

�
a†aþ 1

2

�
σz þ

jg1j2
2Δ

≈Hhy þHr þ χ1;⊥a†aσz; (B17)

where we have expanded the commutators only keeping terms up to second order in φr. Note that V2 only contributes to
higher orders in φr and thus transversal higher-order contributions are discarded. The dispersive shift is explicitly given by

χ1;⊥ ¼
φ2
r

�
γð1Þx

2 þ γð1Þy
2
�

2ðbhy − ℏωrÞ
¼ φ2

r jγð1Þ × ezj2
2ðbhy − ℏωrÞ

: (B18)

Next, we consider the longitudinal coupling, which is described by the interaction Hamiltonian

Hhy;k ¼
φrffiffiffi
2

p ða† þ aÞγð1Þz σz þ
φ2
r

2
ða† þ aÞ2γð2Þz σz ¼ G1ða† þ aÞσz þG2ða† þ aÞ2σz (B19)

with Gi ¼ ðφr=
ffiffiffi
2

p ÞiγðiÞz . Note that the terms ∝ G1 do not alter the energy spectrum, but could be used for longitudinal
readout schemes if modulated in resonance to the resonator.
To remove the G1 terms and show that the energy spectrum is not modified by this, we apply the transformation

U ¼ expðλσzða† − aÞÞ, where λ ¼ G1=ℏωr. This transforms the operators as U†aU† ¼ a − λσz, U†a†U ¼ a† − λσz, and
U†σzU ¼ σz. As such, the total Hamiltonian transforms as

U†HtotU ¼ Hhy þHr þ ℏωrð−λða† þ aÞσz þ λ2σ0Þ þG1ða† þ aÞσz − 2g1λσ0
þG2ða† þ aÞ2σz − 4G2λða†σ0 þ aσ0 − λσzÞ

≈Hhy þHr − λℏωrða† þ aÞσz þG1ða† þ aÞσz þG2ða† þ aÞ2σz
¼ Hhy þHr þG2ða† þ aÞ2σz; (B20)

where we have discarded higher-order termsOðφ3
rÞ as well

as constant energy shifts. We then apply a rotating wave
approximation and drop all fast oscillating terms under the
assumption jbhy − ℏωrj ≪ bhy þ ℏωr, yielding

H ≈Hhy þHr þ 2G2

�
a†aþ 1

2

�
σz

≈Hhy þHr þ χ1;ka†aσz: (B21)

In the second line, we have dropped the Lamb shift
∝ G2σz, which simply induces a shift in the qubit fre-
quency on the order of φ2

r and only kept the direct
resonator-qubit coupling χ1;k.
We now define the total resonator shift χ1 ¼ χ1;⊥ þ χ1;k,

combining direct and dispersive coupling, resulting in

HR
hy;I ¼ χ1a†aσz; with

χ1 ≈
φ2
r jγð1Þ × ezj2
2ðbhy − ωrÞ

þ φ2
rγð2Þ · ez:

(B22)

This is Eq. (7) in the main text.

3. Two-particle regime

a. Effective two-particle Hamiltonian

Applying a Schrieffer-Wolff transformation to Eqs. (1)
and (2) in the main text and retaining terms up to fourth
order yields the effective exchange-coupled spin
Hamiltonian

Hð1;1Þ ¼
b1
2
σð1Þz þ b2

2
σð2Þz þ J

4
σð1ÞRsoσð2Þ; (B23)
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with the anisotropic exchange interaction (assuming U11 ¼ U22 ≡U), as well as neglecting terms proportional to bibj.
The exchange J is given as

J ≈
2T2

Uþ
þ 2T2

U−
− 2T2Δ2

φ

U2þðU12 − ΣÞ þ
2T2Δ2

φ

U2−ð2U þ 3U12 − ΣÞ þ
T4ðU −U12Þð4ðU −U12Þ2 þ ϵ2Þ

8ððU − U12Þ2 − ϵ2

4
Þ3 : (B24)

The fourth-order tunneling term ∝ T4 only leads to a
quantitative correction to the constant contribution to the
exchange couplings shown in Fig. 3 of the main text, and
therefore, we discarded it. Because of the φ-dependence of
Δφ and ϵ2, the exchange interaction J inherits an even flux-
dependence of the form J ≈ J0 þ

P
n Jn cosðnφÞ.

b. DSQ-resonator coupling

The spin-photon interaction Hamiltonian is once again
obtained by shifting φ → φþ Xφr, where the two flux-
dependent quantities we have to consider are now given by
b2 and J. Performing a Taylor expansion up to second
order in φr, the resonator coupling can be written as

Hð1;1Þ;I ≈Hð1Þ
ð1;1Þ þHð2Þ

ð1;1Þ with

Hð1Þ
ð1;1Þ ¼ φrX

�
bð1Þ2

2
ez · σð2Þ þ

Jð1Þ

4
σð1ÞRsoσð2Þ

�

¼ φrX
�
bð1Þ
2

2
· σð2Þ þ Jð1Þ

4
σð1ÞRsoσð2Þ

�
;

Hð2Þ
ð1;1Þ ¼ φ2

rX2

�
bð2Þ
2

2
· σð2Þ þ Jð2Þ

4
σð1ÞRsoσð2Þ

�
: (B25)

Thus, the total coupling Hamiltonian is

Hð1;1Þ;I ≈
X
j

φj
rXjbðjÞ

2 · σð2Þ

2
þ φj

rXjJðjÞ

4
σð1ÞRsoσð2Þ

(B26)

with bðjÞ ¼ ∂jφb2=j and JðjÞ ¼ ∂jφJ=j. This is Eq. (11) in
the main text.

c. Dispersive and direct shifts

By restricting to J ≪ jb1 − b2j, Hð1;1Þ can be simpli-
fied as

Hk
ð1;1Þ ¼

b1
2
σð1Þz þ b2

2
σð2Þz þ Jk

4
σð1Þz σð2Þz (B27)

with a tuneable exchange energy Jk ¼ JezRsoez, see
Eq. (12) in the main text.
We define a Hamiltonian H composed of the qubit and

resonator Hamiltonian

H ¼ b1
2
σð1Þz þ b2

2
σð2Þz þ Jk

4
σð1Þz σð2Þz þ ℏωra†a: (B28)

The resonator is only coupled to the second qubit, which
allows us to work with the effective Hamiltonian

H̃ ¼ ωq

2
σð2Þz þ ℏωra†a; (B29)

where we have defined ωq ¼ b2 þ Jk
2
σð1Þz . From Eq. (B26),

the interaction Hamiltonian in the regime J ≪ jb1 − b2j is
given by

Hð1;1Þ;I ≈
φrffiffiffi
2

p ða† þ aÞ
 
bð1Þ
2 · σð2Þ

2
þ
Jð1Þk
4

σð1Þz σð2Þz

!
þ φ2

r

2
ða† þ aÞ2

 
bð2Þ
2 · σð2Þ

2
þ
Jð2Þk
4

σð1Þz σð2Þz

!
: (B30)

We distinguish longitudinal and transversal coupling between resonator and qubit, defining bðiÞ
2 ¼

ðbðiÞ
2 · ezÞez þ ez × ðbðiÞ

2 × ezÞ ¼ bðiÞ
2;k þ bðiÞ

2;⊥, which yields

HI;k ¼ φrX

 
bð1Þ
2;k · σ

ð2Þ

2
þ
Jð1Þk
4

σð1Þz σð2Þz

!
þ φ2

rX2

 
bð2Þ
2;k · σ

ð2Þ

2
þ
Jð2Þk
4

σð1Þz σð2Þz

!
;

HI;⊥ ¼ φrX

 
bð1Þ
2;⊥ · σð2Þ

2

!
þ φ2

rX2

 
bð2Þ
2;⊥ · σð2Þ

2

!
: (B31)
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We focus on the transversal coupling first. To simplify the notation, because the Pauli matrices in the interaction
Hamiltonian always act on the ASQ in the second dot, we drop the superscript “(2)” for the Pauli matrices in the following
equations. We can then write

HI;⊥ ¼ φrX
1

2

�
bð1Þ2;x σx þ bð1Þ2;yσy

�
þ φ2

rX2
1

2

�
bð2Þ2;x σx þ bð2Þ2;yσy

�
¼ φrX

1

2

��
bð1Þ2;x − ibð1Þ2;y

�
σþ þ

�
bð1Þ2;x þ ibð1Þ2;y

�
σ−
�
þ φ2

rX2 1

2

��
bð2Þ2;x − ibð2Þ2;y

�
σþ þ

�
bð2Þ2;x þ ibð2Þ2;y

�
σ−
�

¼ φrffiffiffi
2

p ða† þ aÞ
�
βð1Þσþ þ β�ð1Þσ−

�
þ φ2

r

2
ða† þ aÞ2

�
βð2Þσþ þ β�ð2Þσ−

�
(B32)

with βðiÞ ¼ 1
2
ðbðiÞ2;x − ibðiÞ2;yÞ. Assuming jωq − ℏωrj ≪ ωq þ ℏωr, we apply a rotating wave approximation and drop all fast

rotating terms, which results in

HI;⊥ ≈
φrffiffiffi
2

p ðβ�ð1Þa†σ− eiðωrþωqÞt þ βð1Þ aσþ e−iðωrþωqÞtÞ þ φ2
r

2
ð2a†aþ 1Þðβð2Þ σþeiωqt þ β�ð2Þσ−e−iωqtÞ

¼ ðg1aσþ þ g�1a
†σ−Þ þ φ2

r

�
a†aþ 1

2

��
bð2Þ
2;⊥ · σð2Þ

2

�
¼ V1 þ V2: (B33)

Here, we have defined the resonator coupling strength as g1 ¼ ðφr=
ffiffiffi
2

p Þβð1Þ. We again apply a SW transformation up to
second order and find that, in analogy to the single-particle case, the contributions of V2 only lead to higher-order coupling
effects. For this reason, we restrict ourselves to

Heff ≈H þ 1

2
½S1; V1�; (B34)

where S1 ¼ 1
Δ ðg1aσþ − g�1a

†σ−Þ and Δ ¼ ωq − ℏωr. Explicitly, the commutator is

1

2
½S1; V1� ¼

jg1j2
Δ

�
σð2Þþ σð2Þ− aa† − σð2Þ− σð2Þþ a†a

�
¼ jg1j2

Δ

�
σð2Þz a†aþ 1

2
σð2Þz þ 1

2

�

≈
jg1j2
Δ

σð2Þz a†a

¼ φ2
r jbð1Þ

2 × ezj2

8ððb2 − ℏωrÞ2 − J2k
4
Þ
ðb2 − ℏωrÞσð2Þz a†a − φ2

rJkjbð1Þ
2 × ezj2

16ððb2 − ℏωrÞ2 − J2k
4
Þ
σð1Þz σð2Þz a†a; (B35)

considering only the photon-number-dependent shift. Note that the first term does not couple the DSQ to the resonator,

which is why we focus on the three-body interaction term ∝ σð1Þz σð2Þz a†a in the main text.
Next, we consider the longitudinal coupling. Starting from Eq. (B31), we find

HI;k ¼
φrffiffiffi
2

p ða† þ aÞ
 
bð1Þ2;z

2
þ
Jð1Þk
4

σð1Þz

!
σð2Þz þ φ2

r

2
ða† þ aÞ2

 
bð2Þ2;z

2
þ
Jð2Þk
4

σð1Þz

!
σð2Þz

¼ G1σ
ð2Þ
z ða† þ aÞ þG2σ

ð2Þ
z ða† þ aÞ2: (B36)
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To show once again that the linear longitudinal coupling does not affect the energy spectrum, we apply the displacement
transformation U ¼ expðλσð2Þz ða† − aÞÞ with λ ¼ G1=ℏωr. This transforms the operators as U†aU† ¼ a − λσð2Þz ,

U†a†U ¼ a† − λσð2Þz , and U†σð2Þz U ¼ σð2Þz . Thus, the entire Hamiltonian transforms as

U†HU ¼ H̃0 þ ℏωrð−λσð2Þz ða† þ aÞ þ λ2σð2Þ0 Þ þG1σ
ð2Þ
z ða† þ aÞ − 2λσð2Þ0

þG2σ
ð2Þ
z ða† þ aÞ2 − 4G2λða† þ aÞ þ 4G2λ

2σð2Þz

≈ H̃0 þ λðλℏωr − 2Þσð2Þ0 þG2σ
ð2Þ
z ða† þ aÞ2

≈ H̃0 þG2σ
ð2Þ
z ða† þ aÞ2; (B37)

where we only keep terms up to order Oðφ2
rÞ and drop

constant energy shifts. Note that the terms λðλℏωr − 2Þσð2Þ0

will modify the qubit frequency of the first qubit as

ðb1=2þ φrJ
ð1Þ
k ðφr=2 bð1Þ2;z − 1ÞÞσð1Þz . Performing a rotation

wave approximation and dropping all fast oscillating
terms, we end up with

H ¼ H̃0 þG2σ
ð2Þ
z ð2a†aþ 1Þ

¼ H̃0 þ
φ2
r

2

�
bð2Þ2;z

2
þ
Jð2Þk
4

σð1Þz

�
σð2Þz ð2a†aþ 1Þ

≈ H̃0 þ
φ2
rJ

ð2Þ
k

4
σð1Þz σð2Þz a†a: (B38)

Focusing on the three-body term, we consider the

coupling Hamiltonian HR
ð1;1Þ;I ¼ χ2 σ

ð1Þ
z σð2Þz a†a with

χ2 ≈ − φ2
rJkjbð1Þ

2 × ezj2
16ðb2 − ℏωrÞ2 − 4J2k

þ
φ2
rJ

ð2Þ
k

4
; (B39)

which includes the dispersive and direct contributions
given in Eqs. (B35) and (B38), respectively. This is
Eq. (13) in the main text.

APPENDIX C: READOUT FIDELITY WITH
RELAXATION

In this section, we discuss how the readout fidelity of
Fig. 2(d) is impacted by a finite relaxation time T1. For
integration times much shorter than the relaxation time,
tm ≪ T1, the readout fidelity can be approximated as [126]

F ≈ e−tm=2T1erf
�
SNRðtmÞ

2

�
¼ e−tm= 2T1F 0; (C1)

where F 0 denotes the ideal readout fidelity arising from
the discrimination error of the states in the absence of
relaxation processes and depends only on the signal-to-
noise ratio accumulated during the measurement time tm.

Table I summarizes the estimated readout fidelities F
for three different readout mechanisms, evaluated for two
integration times tm and two values of the relaxation
time T1. Because there are no current ASQ devices
implemented in planar Ge, we consider experimental
values from ASQ experiments conducted in Al/InAs
nanowires, see Ref. [48], where T1 ≈ 11 μs have been
reported. We therefore assume that T1 ¼ 10 μs could be
reached also in planar Ge. We also estimate the readout
fidelity with the optimistic value T1 ¼ 50 μs.
The estimated readout fidelity approaches F ≈ 0.99

for all three readout schemes when T1 ¼ 50 μs. Shorter
relaxation time T1 ¼ 10 μs causes the fidelity to reduce to
approximately 95% for the slowest readout schemes, but
remains above 98% for faster readouts. We therefore
believe that our protocol can yield high-fidelity readout
in near-future devices also when including relaxation.

APPENDIX D: ESTIMATION OF ASQ
PARAMETERS IN GERMANIUM

Here, we estimate a possible range of the relevant
parameters for unstrained germanium (Ge) channels con-
fined along the z direction. The 2D Hamiltonian for an
unstrained Ge hole gas and long wavelengths up to third
order in momentum kx;y is [90]

H¼ℏ2ðk2xþk2yÞ
2m� þ iσþðβ1k−−β2k3þþβ3k−kþk−ÞþH:c:;

(D1)

TABLE I. Table of the F0 associated with the corresponding
integration times tm, as well as the fidelities F for two different
T1 times. This is for a single particle.

Readout tm ðμsÞ F0 F at T1 ¼ 10 μs F at T1 ¼ 50 μs

Dispersive 1 0.999 0.951 0.989
Direct 0.25 0.999 0.986 0.996
Longitudinal 1 0.999 0.951 0.989
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where k� ¼ kx � iky, σ� ¼ ðσx � σyÞ=2, m� is the effec-
tive 2D mass of the holes, and β1;2;3 characterize the
SOI. The unstrained nature of the channel, demonstrated
in current experiments [71], enables a large enhancement
of the SOI, which is required for ASQs in the absence
of magnetic fields. Because β3=β2 ≈ ðγ3 − γ2Þ=
ðγ3 þ γ2Þ ≈ 0.14, we neglect anisotropies in the effective
Hamiltonian here and set β3 ¼ 0. We introduce here the
material-dependent Luttinger-Kohn parameters γ1;2;3. This
term results in an enhanced SOI for confinement along the
[110]-direction. We also note that typically β1 ∼ 0 in 2D
heavy hole (HH) gasses and neglect it here. Larger SOI is
expected in light hole (LH) gasses [74].
Here, we focus on the buried unstrained Ge channel

demonstrated experimentally in Ref. [71], which is char-
acterized by β2 ≈ 850 meVnm3 and m0=m� ≈ 13, where
m0 is the bare electron mass. We note that current strained
Ge quantum wells have a dramatically lower SOI, roughly
1–2 orders of magnitude smaller (β2 ∼ 0.9 meVnm3 at a
1 V=μm gate field), thus leading to a much smaller spin
splitting. This estimation for β2 comes from a third-order
Schrieffer-Wolff transformation starting from the six-
dimensional Luttinger-Kohn Hamiltonian including HH,
LH, and split-off holes (SO), see the Appendix of Ref. [71]
for more details on the procedure, which leads to the
Hamiltonian in Eq. (D1). The amplitude of the SOI is
explicitly given by

β2 ¼
�

ℏ2

2m0

�
2X

j

Tx
1;jμ

�
1;j þ μ1;jTx�

1;j

ðEH
1 − Eη

jÞ

− 1

2

�
ℏ2

2m0

�
3X
j;j0

Tx
1;jT

η
j;j0T

x�
1;j0

ðEH
1 − Eη

jÞðEH
1 − Eη

j0 Þ
; (D2)

where EH
l¼1 and Eη

j are the (spin-independent) energies at
kx ¼ ky ¼ 0 of the HH ground state and of the jth LH/SO
subband, respectively (η labels subbands of pseudo-spin
1=2, which can be either LH-like or SO-like). The
coefficients T and μ are given by

μl;j ¼
3

2
hfhl jγ2 þ γ3jf ∘

j i; (D3)

Tx
l;j ¼ − 3iffiffiffi

2
p hfhl j

�
uþjfzji þ

7
ffiffiffi
6

p

12
½q; kz�jflj i

�
; (D4)

Tη
j;j0 ¼ − 3iffiffiffi

2
p ðhf ∘

j juþjfzj0 i − hfzjju−jf ∘
j0 iÞ

− 5ihflj j½q; kz�jflj0 i; (D5)

u� ¼ fγ3; kzg � ½κ; kz�; (D6)

where hzjfhi≡ fhðzÞ is the envelope function of HH
subbands, and jflj i is the envelope function of the LH

spinor component of the jth LH/SO subband. fA;Bg ¼
ABþ BA is the anti-commutator. We also introduce the
Luttinger-Kohn parameters κ and q. Finally, the envelopes
jf°i and jfzi are linear combinations of jfli and jfsi:

jfzji≡ 1ffiffiffi
3

p ð
ffiffiffi
2

p
jflj i − jfsjiÞ; (D7a)

jf ∘
j i≡ 1ffiffiffi

3
p ðjflj i þ

ffiffiffi
2

p
jfsjiÞ; (D7b)

where jfsji is the SO spinor component of the jth LH/SO
subband. The effective mass is calculated similarly to β2,
but its exact description in terms of the envelopes and
subband energies at kx ¼ ky ¼ 0 only requires a second-
order Schrieffer-Wolff transformation. The inverse effec-
tive mass is given by

m0

m� ¼ hfh1 jγ þ γ2jfh1i

− ℏ2

2m0

 X
l

TH
1;lT

H
l;1

EH
1 − EH

l
þ
X
j

Tx
1;jT

x�
1;j

EH
1 − Eη

j

!
(D8)

where

TH
l;l0 ¼ − 3i

2
hfhl j½q; kz�jfhl0 i: (D9)

The envelope functions jfi and associated energies are
computed by diagonalizing the 6-band k · p Hamiltonian
evaluated at kx ¼ ky ¼ 0. Using the basis ordering

fLHþ; SOþ;HHþ;LH−; SO−;HH−g; (D10)

where � labels the positive and negative spin projection
along the z direction, the k · p Hamiltonian is given by

Hk·p
0 ¼

�
Hσ¼þ 0

0 Hσ¼−

�
; (D11a)

Hσ ¼ Hk
σ þHε

σ þ V; (D11b)

where

Hk
σ ¼ ℏ2

2m0

2
64−kzγþkz 2

ffiffiffi
2

p
σkzγ2kz 0

−kzγ1kz 0

† −kzγ−kz

3
75;
(D12a)

Hε
σ ¼ avTr εþ b · δε

2
64−1 ffiffiffi

2
p

σ 0

0 0

† 1

3
75; (D12b)
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V ¼ EΓþ
5
þ δ0

3
þ eFzz − δ0

"
0 0 0

1 0

† 0

#
: (D12c)

Here, γ� ¼ γ1 � 2γ2 are combinations of Luttinger
parameters, av and b are strain deformation potentials,
δε ¼ εxx − εzz ≈ 1.67εxx, where εij is the strain tensor, δ0
is the bulk split-off gap, and EΓþ

5
is the valence band edge

energy without SOI, and Fz is an electric field applied
perpendicular to the 2D plane. We consider Fz ¼
0.05 V=μm and εxx ¼ −0.018% in the Ge layer, which
is consistent with the experimental values reported in
Ref. [71]. The strain in the SiGe barrier is calculated
assuming pseudomorphic growth. The energy band offsets
between Ge and SiGe, the deformation potential constant
b, the γi Luttinger parameters, and the g-factor parameters
κ and q are parameterized as in Ref. [71]. We stress that
each material parameter (γ1, av, EΓþ

5
, etc.) is a function of

the position z in the heterostructure. Because of this spatial
dependence, these parameters do not commute with kz and
we treat them as diagonal operators in Eq. (D11a). The kz
operators are implemented using a finite difference scheme
with a δz ¼ 0.01 nm mesh spacing.
We consider a range of devices with typical experi-

mental parameters for Ge, i.e., a channel along the y
direction of length ly ∈ ½120–200�nm, corresponding to the
orbital energy gap ωy=2π ¼ ℏ=2πm�l2y ∈ ½16 − 6�GHz,
and with lateral confinement energy ℏωx ¼ ℏ2=m�l2x ∈
½0.4–2.5� meV, corresponding to a confinement length
lx ∈ ½50 − 20�nm.
The SOI angle θscso ≈ ly=lscso is given by the ratio of

the long confinement direction ly and the SOI length
lscso ¼ ℏ=m�vscso, which depends on the effective mass m�
and SOI velocity vscso of the channel. To estimate this in the
unstrained Ge channel, we project the cubic Rashba SOI
onto the ground state in the lateral confinement x direction,
with spatial extension lx, resulting in ℏvscso ≈ 3β2=2l2x ∈
½0.5–3.2� meV=nm. This results in lscso ∈ ½5.8 − 0.9� μm,
and consequently in θscso ∈ ½0.02–0.21�.
We note that the SOI in this case is predominantly

aligned in the lateral confinement x direction, i.e.,
mso ≈ ex, although tilts of the order of β3=β2 are expected
if the confinement direction is misaligned to the crystal
axis. Large tilts can also originate because of inhomo-
geneous shear strain [87].
We emphasize that this is a conservative estimate for vscso

and θscso that does not account for the additional increase of
linear SOI β1 that is caused by lateral confinement [72] and
inhomogeneous gate-induced strain [87]. These effects are
known to drastically enlarge the resulting SOI.

To estimate the ASQ energies, we consider a Ge ASQ
proximitized with platinum germanosilicide (PtSiGe)
leads, where Δ0 ≈ 75 μeV (Δ0=h ≈ 18 GHz) [54]. We
restrict the tunneling hybridization to a fraction of the
gap Γ∈ ½10–20� μeV (Γ=h∈ ½2.4–4.8� GHz), where the
results of our perturbative model are applicable.
However, we expect our results to remain qualitatively
valid for a broader range of tunnelings, including the limit
Γ≳ Δ0 which is reachable in current experiments in hybrid
Ge systems [54], see the discussion in Appendix F and,
e.g., NRG calculations [49]. Larger superconducting
gaps and tunnelings are enabled by utilizing other super-
conductors such as aluminum or niobium. The tunneling
tsc through nonresonant states is required for ASQs
and depends on the contributions of all excited states.
We assume it to be of the same order as Γ, and setting
tsc ¼ Γ, we find the range Eso=h∈ ½10–600� MHz and
E0=h∈ ½300–1300� MHz.
In the main text, we consider ASQ parameters that are

well within the range discussed here. In particular, we use
Eso=h ¼ 350 MHz, E0=h ¼ 900 MHz, Δ=h ¼ 8 GHz,
that are obtained for unstrained Ge wells proximitized
by PtSiGe with Γ=h ¼ tsc=h ¼ 4 GHz, lx ¼ 20 nm, and
ly ¼ 180 nm.

APPENDIX E: EFFECTIVE MANY-BODY
HAMILTONIAN

Starting from Eq. (A2), we can write down the full
many-body Hamiltonian for the two dots (ASQ and DSQ)
occupied by a maximum of 4 particles. This gives us an
effective 16 × 16 Hamiltonian that splits into two
decoupled blocks corresponding to even and odd total
parity. The structure of this Hamiltonian resembles that of
a conventional double quantum dot with the important
difference that the ðn; 0Þ and ðn; 2Þ (for n∈ f0; 1; 2gÞ
charge sectors are coupled by the effective pairing ∝ Δφ

on dot 2.
We can write the effective Hamiltonian as

H ¼

0
BBBBB@

H0 0 H02 0 0

0 H1 0 H13 0

H†
02 0 H2 0 H24

0 H†
13 0 H3 0

0 0 H†
24 0 H4

1
CCCCCA; (E1)

whereHn in the diagonal represents the Hamiltonian of the
nth charge sector and Hnn0 couples charge sectors n and n0
by the superconducting correlations. Explicitly,
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H0 ¼ 0; (E2a)

H1 ¼
�−ϵ1σ0 þ b1 · σ=2 −TS̃so

−TS̃†so −ϵ2σ0 þ b2 · σ=2

�
; (E2b)

H2 ¼

0
B@

U11 − 2ϵ1 0 Θ
0 U22 − 2ϵ2 0

Θ† 0 ðU12 − ϵ1 − ϵ2Þσð1Þ0 σð2Þ0 þ b1 · σð1Þσ
ð2Þ
0 =2þ σð1Þ0 b2 · σð2Þ=2

1
CA ; (E2c)

Θ ¼ T

 
−inþ sin ðθ̃so=2Þ − cos ðθ̃so=2Þ þ inz sin ðθ̃so=2Þ cos ðθ̃so=2Þ þ inz sin ðθ̃so=2Þ in− sin ðθ̃so=2Þ
inþ sin ðθ̃so=2Þ − cos ðθ̃so=2Þ − inz sin ðθ̃so=2Þ cos ðθ̃so=2Þ − inz sin ðθ̃so=2Þ −in− sin ðθ̃so=2Þ

!
;

(E2d)

H3 ¼
 
ðU22 þ 2U12 − 2ϵ2 − ϵ1Þσ0 þ b1 · σ=2 TS̃†so

TS̃so ðU11 þ 2U12 − 2ϵ1 − ϵ2Þσ0 þ b2 · σ=2

!
;

(E2e)

H4 ¼ U11 þU22 þ 4U12 − 2ϵ1 − 2ϵ2: (E2f)

Here, n� ¼ ðñsoÞ1 � iðñsoÞ2, nz ¼ ðñsoÞ3. If we include
superconducting correlations in both dots Δð1Þ and Δð2Þ,
we find

H02 ¼ ðΔð1Þ;Δð2Þ; 0; 0; 0; 0Þ; (E3a)

H13 ¼ diagðΔð2Þ;Δð2Þ;Δð1Þ;Δð1ÞÞ; (E3b)

H24 ¼ ðΔð2Þ;Δð1Þ; 0; 0; 0; 0ÞT: (E3c)

In this work, only dot 2 is proximitized, so we set
Δð1Þ ¼ 0 and Δð2Þ ¼ Δφ.
Starting from the full Hamiltonian given here, the

effective Hamiltonians for the different charge sectors

given in Eqs. (4) and (9) of the main text are then readily
obtained by standard Schrieffer-Wolff perturbation theory.

APPENDIX F: EXACT DIAGONALIZATION IN
THE ZERO-BANDWIDTH LIMIT

To obtain a simple model for which the many-body
problem can be solved exactly, we make use of the so-
called zero-bandwidth approximation (ZBA) for the super-
conducting leads [91]. Within this approximation, the
superconducting leads are replaced by just a single site
each, leading to a simplified version of the Hamiltonian
terms given in Eqs. (A1b) and (A1c):

HZBA
L ¼ −μsc

X
α

d†
αdα þ

�
Δ0

X
α

eð−1Þαiφ=2d†α↑d
†
α↓ þ tscd

†
1S

sc
sod2 þ H:c:

�
; (F1)

HZBA
L−D2 ¼ t

X
α

d†
αSαsoc2 þ H:c:; (F2)

where dα ¼ ðdα↑; dα↓Þ. Here, we have again assumed
symmetric leads. The resulting many-body Hamiltonian
takes the form of a 256 × 256matrix (4 dots occupied by a
maximum of 8 particles), which can be diagonalized
numerically. This approach allows us to go beyond the
large-gap regime Δ0 ≫ Uij, where our analytical calcu-
lations were performed (see Appendix A). In Fig. 4, we

show examples of charge stability diagrams for the
DSQ-ASQ hybrid obtained for Δ0 ¼ 0.1U (here,
U11 ¼ U22 ¼ 4U12 ≡U) at zero phase difference φ ¼ 0
and zero magnetic field B ¼ 0. In the weak-coupling limit
t ≪ U, the charge stability diagram takes the form of that
of a conventional double quantum dot, see Fig. 4(a). As the
tunnel coupling is increased, the quasiparticles in the
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superconducting leads begin to screen the electron spin
on dot 2 for the (0, 1) and (1, 1) sectors, see Figs. 4(b)
and 4(c). Nevertheless, the doublet ground state for dot 2
still survives in some regions of parameter space. Finally,
once the tunnel-coupling reaches a critical value, the spin

on dot 2 is fully screened, resulting in a singlet state on dot
2 regardless of the dot energy, see Fig. 4(d).
In Fig. 5, we additionally show the phase dependence of

the lowest many-body energy levels deep in the (0, 1)
sector. We observe that an effective phase-dependent spin
splitting is induced for the electron confined to the DSQ
due to hybridization with the ASQ if the DSQ-ASQ
tunneling T becomes large enough, T ≲ ϵ.
The phase dependence of the lowest-energy levels in the

(1,1) sector is shown in Fig. 6. Here, we find that a phase-
dependent splitting between singlet and triplet states is
obtained due the effective exchange between the spin
confined in the DSQ and the spin confined in the ASQ.
This behavior is qualitatively consistent with the effective
exchange Hamiltonian presented in the main text.
We note that while the ZBA has allowed us to work with

a very simple numerically tractable model, the applicabil-
ity of this model is limited due to the absence of a
continuum in the superconducting leads. Nevertheless,
for a single dot coupled to two superconducting leads,
it has been shown that the ZBA qualitatively captures
many features of the full model [93], including the singlet-
doublet transition. In the case of a double-dot coupled to
two leads in parallel or in series, it was found that the
limitations of the ZBA become more severe [94].
However, in our case, only dot 2 is directly coupled to
the SC leads, such that we expect the ZBA to give
reasonable results at least as long as the interdot tunneling
T is not too large. More sophisticated numerical tech-
niques such as, e.g., NRG or a multisite extension of the
ZBA could be used to verify the results presented here at a
more quantitative level, which is, however, beyond the
scope of this work.
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