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Crosstalk refers to unwanted qubit addressing. This is particularly detrimental when scaling up quantum
information systems because unintended interactions limit their overall performance. For superconducting
qubits, tunable couplings and frequency tunability achieved through externally applied magnetic fluxes
enable high-fidelity entangling gates; however, they also introduce crosstalk through unintended flux
coupling. In this work, we investigate the impact of time-dependent external magnetic fluxes in quantized
circuits on superconducting qubit couplings. We find that nontrivial cross-voltage driving emerges
between capacitively linked qubits when the magnetic flux threading the superconducting loop of a qubit
varies in time, in a manner analogous to Faraday’s law of induction. Crucially, we show that this effect
enables fast single-qubit control through the coupler element in standard tunable-coupler architectures,
potentially eliminating the need for individual microwave XY control lines.

DOI: 10.1103/q2j3-mftf

I. INTRODUCTION

Efforts to realize effective quantum information
processing with superconducting circuits have made swift
progress over the past two decades. Improvements in qubit
coherence times [1–3], gate fidelities [4,5], and readout
performance [6,7] have enabled increasingly complex
multiqubit devices, enabling demonstrations of quantum
error correction [8,9]. A key component of this success is
high-precision control over the qubits and couplers, which
allows the adjustment of the qubit frequencies and cou-
pling strengths on demand. This tunability is essential for
mitigating frequency crowding and managing unwanted
resonances as the size of the system grows [10,11]. At the
same time, it also introduces the potential for crosstalk, as
dedicated control lines can influence qubits other than
those being targeted [12].
State-of-the-art tunable superconducting qubits, such as

the transmon, typically require an individual microwave
line for single-qubit XY control (rotations about the X and
Y axes) and a separate flux-bias line for frequency tuning
[Fig. 1(a)]. When the system is scaled, each additional
qubit introduces its own set of control lines, leading to a
rapid increase in the wiring density [13,14]. This hardware
complexity creates a denser electromagnetic environment

in which signals can unintentionally couple, giving rise to
crosstalk. This crosstalk must be dealt with because it leads
to control errors and because it turns independent and
identically distributed errors into correlated errors across
multiple qubits, thereby reducing the effectiveness of
quantum error correction [15,16].
A prominent example is flux crosstalk [17], which arises

because nominally independent flux lines can induce stray
magnetic flux in neighboring qubits through unintended
flux coupling. In an ideal scenario, each bias line generates
flux only in the superconducting loop of its target qubit or
coupler. To describe this quantitatively, we collect the
external fluxes in a column vectorΦext and the currents in
the bias lines in another vector i. These are related by the
mutual inductance matrix M through Φext ¼ MiþΦos,
where Φos are spurious offset fluxes. The off-diagonal
elements ofM capture the degree of flux crosstalk between
the qubits. The characterization of flux crosstalk is then
performed by experimentally determining M, which ulti-
mately enables compensation of its effects [18,19].
The dynamics of superconducting circuits is typically

described by a Hamiltonian obtained from the Lagrangian
of a lumped-element circuit model. In these models, it is
common to idealize the system by neglecting the backaction
of the circuit on the flux-bias lines and treating the applied
magnetic flux as an externally controlled parameter thread-
ing certain loops in the circuit [20], such as the super-
conducting quantum interference device (SQUID) loop of
a transmon; see Fig. 1(b). When the external flux varies
in time, as is the case in applications ranging from multi-
qubit control to modeling qubit dephasing due to flux noise,
particular care must be taken in the derivation of the
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Hamiltonian. This arises because, in general, the time
derivative of the external fluxes, Φ̇ext, appears explicitly
in the Lagrangian and consequently in the Hamiltonian
of the circuit. To eliminate this term, a coordinate trans-
formation can be performed that removes the time derivative
at the expense of modifying the potential energy; this choice
is referred to as the irrotational gauge [21,22].
In this work, we show that the proper application of

circuit theory with time-dependent external magnetic fluxes
reveals a new type of ac flux crosstalk that affects coupled
superconducting qubits. We term this inherent flux crosstalk
to distinguish it from crosstalk caused by unintended flux
coupling, as it arises naturally from the circuit itself. In
Sec. II, we review the circuit theory of superconducting
qubits in the presence of time-dependent external fluxes. We
establish the emergence of inherent flux crosstalk by way of
an example using capacitively coupled frequency-tunable
transmons. In Sec. III, we derive the Hamiltonian of the
standard tunable-coupler architecture consisting of three
transmons with nearest-neighbor capacitive coupling and
investigate the effects of inherent crosstalk. In Sec. IV, we
demonstrate that an oscillating external flux applied to the
coupler loop generates, via the inherent crosstalk, a suffi-
ciently strong drive on the qubits that enables fast single-
qubit operations. We provide a detailed error analysis for
a coupler-driven X gate and discuss possible strategies for
improving gate performance.

II. CIRCUIT THEORY WITH TIME-DEPENDENT
EXTERNAL FLUXES

In this section, we briefly recap the ingredients of
electrical circuit theory that are necessary to understand

the emergence of inherent flux crosstalk. More details
on lumped-element circuit theory can be found
elsewhere [20,23–25].
An electrical circuit is modeled as an oriented graph,

whose oriented branches correspond to the lumped ele-
ments of the circuit, such as linear capacitors and induc-
tors, which can be both linear and nonlinear (Josephson
junctions). Consider the oriented graph of a circuit with
N þ 1 nodes (the þ1 node corresponds to the reference or
ground node) and M branches. Flux variables, Φb;i, are
attached to branch i; however, due to Kirchhoff’s voltage
law and fluxoid quantization (in a superconducting cir-
cuit), these variables are generally not independent. When
the external fluxes are time-dependent, fluxoid quantiza-
tion and the voltage law impose linear, time-dependent
holonomic constraints on the branch fluxes in the form:

XM
i¼1

FilΦb;i −Φext;lðtÞ ¼ 0; (1)

where Fil ∈ f−1; 0; 1g (referred to as the fundamental
loop matrix [23]), l indexes the loops of the circuit, and
Φext;l is the external flux through loop l. These constraints
reduce the branch fluxes to a set of independent variables
that serve as the generalized coordinates of the system.
A possible way to construct these independent variables

is to use node fluxes [26,27]. While other equivalent
formulations exist [23,28], we work within the node-flux
formulation throughout this work. A spanning tree of the
graph can be chosen (in general, nonuniquely) by selecting
branches such that we reach all other nodes starting from
the ground node without forming loops. The branches
that are not included in the spanning tree are called chords,
and each chord forms a unique loop. The total number of
chords is M − N, which coincides with the number of
independent constraints. The number of independent
variables is therefore M − ðM − NÞ ¼ N, matching the
number of live nodes. The node flux Φn is then defined as
the sum of the branch fluxes along the unique path in the
tree from the ground node to that particular node n.
For a branch connecting two adjacent nodes j and k,

oriented toward k, the branch flux is given by Φb;tree ¼
Φk −Φj if the branch belongs to the spanning tree and
by Φb;chord ¼ Φk −Φj þΦext;loop if it is a chord. Here,
Φext;loop denotes the external flux threading the loop, with
the chord oriented along the clockwise loop direction
and the flux pointing into the plane. This choice for the
allocation of the external fluxes is convenient: loops and
chords are in one-to-one correspondence, and the holo-
nomic constraints on the branch fluxes in Eq. (1) are
automatically satisfied.
We can now construct the Lagrangian of the circuit by

accounting for the energy stored in its conservative lumped
elements. The capacitive elements contribute to the kinetic

FIG. 1. The lumped-element model of a superconducting
transmon qubit. Panel (a): The illustration of the circuit of the
full qubit stack inside a dilution refrigerator, with a dedicated
coplanar waveguide readout resonator, XY microwave control
line, and Z flux-bias line. The shaded rectangle illustrates a
transmon qubit, formed by a SQUID loop shunted by a cross-
shaped capacitance. Panel (b): The shaded region is modeled as
an idealized lumped circuit with a controllable external magnetic
flux threading the SQUID loop of the transmon, as well as
showcasing the tree (red) and the chord (black) branches of the
circuit graph.
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energy, whereas the potential energy arises from all the
inductive elements, including Josephson junctions. It is
important to emphasize that, while the electromagnetic
energies are naturally written in terms of the branch fluxes,
the Lagrangian is formulated in terms of the node fluxes,
since these are the generalized coordinates. Thewell-known
expressions of the energies are

KC ¼ Cb

2
Φ̇2

b; (2)

UL ¼ 1

2Lb
Φ2

b; (3)

UJ ¼ −EJ;b cos
�
2π

Φ0

Φb

�
; (4)

with Cb being the capacitance of the branch, Lb the
inductance, EJ;b the Josephson energy, and Φ0 the super-
conducting flux quantum.
From Eq. (2), we see that if the spanning tree is chosen

so that a capacitive branch becomes a chord, the time
derivative of the external flux explicitly appears in the
Lagrangian. Conversely, if all capacitive branches are
included in the tree (if possible), the external fluxes only
appear directly in the potential energy. These choices can
be related by a coordinate transformation:

Φ̃n ¼ Φn þ μnðtÞ; (5)

where the node fluxes are shifted by a time-dependent factor
to remove the derivatives, which in turn modifies the
potential energies. This is possible because the linear
transformation of the generalized coordinates in Eq. (5)
is a so-called point transformation, and the Euler–Lagrange
equations are invariant under such transformations [29],
ensuring that the fluxoid quantization constraints and
Kirchhoff’s laws remain satisfied.
To demonstrate how inherent flux crosstalk can mani-

fest, we first discuss the tunable transmon.

A. Example circuit: Tunable transmon

Consider a frequency-tunable transmon with two
Josephson junctions shunted by two capacitors, as shown
in Fig. 1(b). The Lagrangian of this circuit using the shifted
node fluxes can be written as:

LðΦ̃; ˙̃Φ; tÞ ¼ CL

2
ð ˙̃Φ − μ̇Þ2 þ CR

2
ð− ˙̃Φþ μ̇þ Φ̇extÞ2

þ EJ

�
cos
�
2π

Φ0

ðΦ̃ − μÞ
�

þ v cos
�
2π

Φ0

ð−Φ̃þ μþΦextÞ
��

: (6)

After expanding the squares in the kinetic term, a linear term
in the derivative of the independent variable Φ̃ appears:

Kð ˙̃Φ; tÞ ¼ CΣ

2
˙̃Φ2 − ˙̃Φðμ̇CL þ ðμ̇þ Φ̇extÞCRÞ; (7)

whereCΣ ¼ CL þ CR. We can eliminate this linear term by
choosing the point transformation appropriately. This cor-
responds to the irrotational choice [21], which demands that
the linear term, hence the derivative of the external flux,
vanishes from the Lagrangian. This is satisfied by:

μðtÞ ¼ μ0 − CR

CΣ
ΦextðtÞ≡ μ0 − αΦextðtÞ; (8)

where μ0 is a constant flux, and we defined the unitless
parameter α. The Lagrangian expressed with the irrotational
generalized coordinate reads

LðΦ̃; ˙̃Φ; tÞ¼CΣ

2
˙̃Φ2þEJ cos

�
2π

Φ0

ðΦ̃−μ0þαΦextðtÞÞ
�

þvEJ cos
�
2π

Φ0

ðΦ̃−μ0þðα−1ÞΦextðtÞÞ
�
;

(9)

which was also obtained in Ref. [21]. By using standard
trigonometric identities, we can transform the potential
energy to the familiar form:

LðΦ̃; ˙̃Φ; tÞ ¼ CΣ

2
˙̃Φ 2 þ EJðΦextÞ cosðφ̃ − φ̃0 þ δðtÞÞ;

(10)

wherewe defined φ̃¼ 2πΦ̃=Φ0 along with the tunable effec-
tive Josephson energy EJðΦextÞ¼EJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2þ2vcosφext

p
and the time-dependent phase offset:

tan δðtÞ ¼ sinðαφextÞ þ v sin½ðα − 1Þφext�
cosðαφextÞ þ v cos½ðα − 1Þφext�

: (11)

For perfectly symmetric junctions, i.e., CL ¼ CR
(α ¼ 1=2) and v ¼ 1, the phase offset δðtÞ vanishes
identically. In this case, the Lagrangian in Eq. (10) reduces
to precisely the standard form that is routinely used in the
literature [30].

B. Capacitively coupled tunable transmons
and inherent crosstalk

Next, consider two tunable transmons that share a
ground and are capacitively coupled; see Fig. 2. In this
situation, the Lagrangian consists of three terms corre-
sponding to the individual Lagrangians in the form of
Eq. (6) and a coupling between the two local degrees of
freedom. With the choice of the spanning tree depicted in
Fig. 2, the coupling capacitance branch is a chord with the

external flux Φð1Þ
ext penetrating its corresponding loop. As a

result, the coupling Lagrangian is
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Lc ¼
C
2
ð ˙̃Φ2 − ˙̃Φ1 − ðμ̇2 − μ̇1Þ þ Φ̇ð1Þ

extÞ2: (12)

Now, if we use the point transformation with the local
irrotational choice [Eq. (8)], the coupling becomes

Lc ¼
C
2
ð ˙̃Φ2 − ˙̃Φ1Þ2 þ Cð ˙̃Φ2 − ˙̃Φ1Þ

×
�
ð1 − α1ÞΦ̇ð1Þ

ext þ α2Φ̇
ð2Þ
ext

�
; (13)

which shows that the external flux derivatives do not
vanish from the Lagrangian. In fact, if we assume, for
simplicity, a time-independent external flux on the first

transmon, i.e., Φ̇ð1Þ
ext ¼ 0, and a modulated external flux on

the second, the total Lagrangian becomes

L¼CΣ;1

2
˙̃Φ2
1þEJ

�
Φð1Þ

extÞcosðφ̃1− φ̃ð1Þ
0

�
þCΣ;2

2
˙̃Φ2
2þEJ

�
Φð2Þ

ext

�
cos
�
φ̃2− φ̃ð2Þ

0 þδ2ðtÞ
�

−C ˙̃Φ1
˙̃Φ2þα2CΦ̇

ð2Þ
ext

�
˙̃Φ2− ˙̃Φ1

�
; (14)

where CΣ;i ¼ CL;i þ CR;i þ C, and we absorbed the con-

stant offset δ1 into φ̃ð1Þ
0 .

The Lagrangian in Eq. (14) shows explicitly that an ac
flux drive applied to the second transmon affects the first
by a term −α2CΦ̇ð2Þ

ext
˙̃Φ1 ≡−V21ðtÞ ˙̃Φ1. Here, the time-

dependent external flux that threads the SQUID loop of
the second transmon acts as an effective voltage source
V21ðtÞ, which couples capacitively to the first transmon
through C. This behavior can be understood as a direct
manifestation of Faraday’s law of induction and constitutes
the origin of the inherent flux crosstalk discussed in
this paper.
In much of the recent literature [31], the irrotational

choice is typically adopted to obtain the local
Lagrangians, while the capacitive couplings between
the local degrees of freedom are exclusively accounted
for by terms such as C ˙̃Φ1

˙̃Φ2. However, as we have shown
here, this description is incomplete. A consistent treat-
ment must also include the induced cross-voltage terms

and should clearly specify the conditions under which
these contributions can be safely neglected.
It is also possible to perform a point transformation that

eliminates the external flux derivatives. However, this does
not remove the flux crosstalk, and hence, we refer to it as
inherent crosstalk. To see this, after a general point
transformation [Eq. (5)], we gather all the proportionality
factors of the linear terms ˙̃Φi in the kinetic energy and set
them to zero. This defines a system of linear differential
equations for displacements μiðtÞ. For the coupled trans-
mon circuit depicted in Fig. 2, the system of equations
reads

−CΣ;1μ̇1 þ Cμ̇2 − ðCR;1 þ CÞΦ̇ð1Þ
ext ¼ 0;

Cμ̇1 − CΣ;2μ̇2 þ CΦ̇ð1Þ
ext − CR;2Φ̇

ð2Þ
ext ¼ 0; (15)

which is solved by

�
μ1ðtÞ
μ2ðtÞ

�
¼
�
μ0;1
μ0;2

�
− C−1

 
ðCR;1 þ CÞΦð1Þ

ext

−CΦð1Þ
ext þ CR;2Φ

ð2Þ
ext

!
;

(16)

C ¼
�
CΣ;1 −C
−C CΣ;2

�
: (17)

Finally, the point transformation in Eq. (5) with the
displacements found in Eq. (16) leads to the Lagrangian
of the capacitively coupled transmon circuit in the form of:

LðΦ̃; ˙̃Φ; tÞ ¼ 1

2
˙̃Φ TC ˙̃Φ −UðΦ̃;ΦextðtÞÞ; (18)

where the potential energy is

UðΦ̃;ΦextÞ ¼ −X
j¼1;2

EJ;jðΦðjÞ
extÞ cosðφ̃j − δjðΦextÞÞ:

(19)

Here, we omitted the time-dependence of the external
fluxes to ease notation. In Eq. (19), the potential energy
remains a sum of on-site terms, since each contribution
depends only on the local dynamical variable Φ̃i. The
effective Josephson energies are set by the local external
magnetic flux; in contrast, the phase offsets also depend
on magnetic fields from elsewhere, giving rise to
crosstalk.
We remark that while our analysis here focuses on

capacitively coupled transmons in a grounded design,
the underlying physical mechanisms governing inherent
flux crosstalk extend directly to superconducting circuits
with a floating design. To illustrate this, we present an
explicit treatment of coupled floating transmons in
Appendix A.

FIG. 2. The lumped-element circuit of capacitively coupled
tunable transmons showcasing the chosen tree (red) and the
chord (black) branches of the network graph.
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III. TUNABLE COUPLER ARCHITECTURE

Dynamical control over qubit-qubit interactions is
essential for quantum computing platforms. This is
because universal quantum computation requires entan-
gling gates, which need interactions to be switched on.
Conversely, during idle periods, couplings must be turned
off to ensure effective identity evolution and avoid corre-
lated errors. In superconducting circuits, this functionality
is now commonly achieved using tunable couplers based
on flux-biased elements. Since the external fluxes in these
systems vary in time, a circuit description that explicitly
incorporates this time-dependence is required.
In a tunable-coupler scheme, three modes are coupled

in a chain with the center mode acting as the coupler [32].
We consider the system shown in Fig. 3, which consists of
three tunable transmons with capacitive couplings between
nearest neighbors. Using the circuit theory outlined in
Sec. II, the Lagrangian of the circuit can be expressed in
the compact form of Eq. (18), following the point trans-
formation defined by:

μðtÞ ¼ μ0 −C−1BΦextðtÞ: (20)

Here, C is the capacitance matrix and the matrix B
originates from the differential equation system eliminat-
ing the linear terms in Φ̇; these read

B ¼
0
@CR;1 þ C1c 0 0

−C1c CR;c þ Cc2 0

0 −Cc2 CR;2

1
A; (21)

C ¼
0
@ CΣ;1 −C1c 0

−C1c CΣ;c −Cc2

0 −Cc2 CΣ;2

1
A; (22)

where CΣ;j is the sum of the capacitances that connect to
node j.
After performing the Legendre transformation, we

obtain the Hamiltonian of the tunable-coupler circuit,

H ¼ 1

2
QTC−1QþUðΦ;ΦextðtÞÞ; (23)

where we denote by Φ the generalized coordinates
obtained after the point transformation, omitting the tilde
notation, and we define the canonically conjugate charge
as Q ¼ ∂L=∂Φ̇.
Quantization of the circuit involves promoting the

canonical variables Qj and Φk to operators that satisfy
the commutation relation ½Φj; Qk� ¼ iℏδjk. Introducing the
Cooper pair number operator nk and the superconducting
phase φj via Qk ¼ 2enk and φj ¼ 2πΦj=Φ0, the commu-
tation relations take the form ½φj; nk� ¼ iδjk. In terms of
these operators, we write the Hamiltonian of the tunable-
coupler circuit as:

H ¼ 4nTEcnþUðφ;φextðtÞÞ; (24)

where the charging energies and couplings are given by the
matrix Ec ¼ e2C−1=2, and the potential energy reads

Uðφ;φextðtÞÞ¼− X
j¼1;c;2

EJ;jðcosðφj− μ̂jðφextÞÞ

þvj cos
�
φj− μ̂jðφextÞ−φðjÞ

extÞ
�
; (25)

where μ̂j ¼ 2πμj=Φ0 and φext ¼ 2πΦext=Φ0. It should be
emphasized that the Hamiltonian in Eq. (24) with Eq. (25)
provides the correct description of the circuit when the
external fluxes are time-dependent. Using alternative
forms of the potential energy would introduce terms
proportional to the time derivatives of the external fluxes
into the Hamiltonian. We note that although we do not
include a direct capacitance between transmons 1 and 2,
a direct coupling exists between these degrees of freedom
in the Hamiltonian [Eq. (24)] through the inverse capaci-
tance matrix.
In Eq. (25), if the external fluxes are static or vary

adiabatically, the phase offset can be gauged away,
rendering the crosstalk negligible. Consequently, inherent
crosstalk in this system is primarily relevant in the regime
of strong modulation. In the following, we consider a
standard parametrically driven scheme, where such strong
modulation is utilized to activate interactions.

A. Modulation of the coupler

We are going to assume that only the magnetic flux
through the coupler is modulated and the others are static
(but still tunable); in this case, the flux vector can be
written as:

φextðtÞ ¼ φst þ gðtÞec; (26)

where φst is the static component of the fluxes, gðtÞ
expresses the flux modulation of the coupler, and
ec ¼ ð 0 1 0 ÞT is a unit vector. We further assume that

FIG. 3. The lumped-element circuit model of the tunable-
coupler architecture. The red branches correspond to the chosen
tree of the circuit graph, with capacitances CL;j. The chords
(black) are the coupling capacitances C1c and C2c, branches of
the Josephson junctions EJ;j (left) and vjEJ;j (right), and
capacitances (right) CR;j. In these, j ¼ 1; c; 2 and the labels
are omitted for visual clarity.
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the modulation gðtÞ is a sinusoidal signal with a carrier
frequency ωd, amplitude A, and relative phase γ, gðtÞ ¼
A cosðωdt − γÞ.
In such a case, using trigonometric identities and the

Jacobi–Anger formula, it is possible to separate the
potential energy in Eq. (25) into static and time-dependent
parts:

Uðφ;φextðtÞÞ ¼ Ustðφ;φst; AÞ þ
X

j¼1;c;2

VjðtÞ: (27)

A detailed derivation of this claim can be found in
Appendix B.

The static part has the simple form:

Ustðφ;φst; AÞ ¼ − X
j¼1;c;2

Eeff;jðφðjÞ
st ; AÞ cosφj; (28)

where Eeff;j are the effective Josephson energies that
are given in Appendix B in Eqs. (B6) and (B10). These
are tunable by the local static magnetic fluxes, and they are
also ac-Stark-shifted due to the modulation.
The time-dependent parts consist of three terms, each

describing the modulation on an individual local degree of
freedom. In these, the individual contributions include
multiple harmonics of the drive frequency. The term
associated with the coupler reads

VcðtÞ ¼ −2EJ;c

X∞
n¼1

ð−1ÞnðA2n−1ðφst; AÞ sinφc þ B2n−1ðφst; AÞ cosφcÞ cos½ð2n − 1Þðωdt − γÞ�

− 2EJ;c

X∞
n¼1

ð−1ÞnðA2nðφst; AÞ cosφc − B2nðφst; AÞ sinφcÞ cos½2nðωdt − γÞ�; (29)

where Ak and Bk parameterize the amplitudes, and they are tunable through the static external fluxes. Their magnitude
decreases with increasing k due toAk;Bk ∼ Ak if A < 1, so that higher-order harmonics are suppressed. The explicit forms
of Ak and Bk are given in Appendix C in Eqs. (C2) and (C3).
The remaining terms acting on the other transmon degrees of freedom originate from the inherent crosstalk; these are

VjðtÞ ¼ −2Eeff;j

�
φðjÞ
st ; 0

�
sinφj

X∞
n¼1

ð−1ÞnJ2n−1ðβjAÞ cos½ð2n − 1Þðωdt − γÞ�

− 2Eeff;j

�
φðjÞ
st ; 0

�
cosφj

X∞
n¼1

ð−1ÞnJ2nðβjAÞ cos½2nðωdt − γÞ�; j ¼ 1; 2; (30)

where βj ¼ ½C−1Bec�j and JkðxÞ denote Bessel functions
of the first kind. From JkðxÞ ∼ xk for x ≪ 1, the higher-
order harmonics are suppressed similarly as in the case of
VcðtÞ. Equation (30) constitutes the major result of this
paper because, as we will show below, these contributions
allow us to perform single-qubit operations through the
coupler element in tunable-coupler architectures with
significantly reduced gate times.

B. Normal-mode description of the static part

For a single transmon, a low-energy description can be
obtained by expanding the cosine potential up to quartic
order using a normal-ordered expansion, followed by
diagonalization of the quadratic part of the Hamiltonian.
Applying the rotating wave approximation (RWA) then
yields the standard Duffing oscillator model of the
transmon. This scheme can be replicated in the coupled
transmon system through the introduction of normal
modes [31].

We consider the normal modes ξk and their conjugate
charges qk, related to the local degrees of freedom by the
linear transformation,

φ ¼ Sξ; n ¼ ðS−1ÞTq; (31)

ensuring that the commutation relations ½ξp; qq� ¼ iδpq are
satisfied. Next, the creation and annihilation operators of
the normal modes are defined by ξp ¼ ðap þ a†pÞ=

ffiffiffi
2

p
and

qp ¼ −iðap − a†pÞ=
ffiffiffi
2

p
. Using the normal-ordered expan-

sion of the cosine function,

cosφj ¼ e−
1
4

P
p
S2jp∶ cosφj∶; (32)

we write the static Hamiltonian to quadratic order,

HðquadÞ
st ¼ 4nTEcnþ 1

2
∶φTMJφ∶; (33)
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where the diagonal matrixMJ has elementsEeff;je
−1

4

P
r
S2jr ,

and normal ordering is denoted by ∶ ∶. We then define the
matrix S of the linear transformation as the matrix that
simultaneously diagonalizes Ec and MJ, such that:

S−18EcðS−1ÞT ¼ ω; (34)

STMJS ¼ ω; (35)

where the diagonal matrix ω describes the energies of the
normal modes. This transforms the quadratic-order

Hamiltonian in Eq. (33) into the form HðquadÞ
st ¼P

p ωpa
†
pap. For clarity, we note that the local transmon

modes j ¼ 1; c; 2 are mapped onto the normal modes
p ¼ 1; 2; 3, respectively.
Using the normal-mode operators and keeping only

the number-conserving terms in the quartic part of the
normal-ordered cosine then leads to the RWA of the static
Hamiltonian,

Hst ¼
X
p

�
ωpa

†
pap þ

αp
2
a†2p a2p

�
þ
X
p<q

χpqa
†
papa

†
qaq:

(36)

Here, the anharmonicities and cross-Kerr interactions are
expressed as:

αp ¼ − 1

8

X
j

Eeff;jðφðjÞ
st ; AÞS4jpe−

1
4

P
s
S2js ; (37)

χpq ¼ − 1

4

X
j

Eeff;jðφðjÞ
st ; AÞS2jpS2jqe−

1
4

P
s
S2js : (38)

TheRWA is valid as long as the normal-mode frequencies
are not resonant and there are no frequency collisions in the
sense that no normal-mode frequency is close to an integer
linear combination of the others, e.g., ω1 ≈ 2ω2 þ ω3. In
case of such a collision, number-nonconserving quartic
terms would also contribute to the static Hamiltonian,
e.g., a†1a2a2a3.

C. Activated interactions

Moving into the interaction picture with respect to

HðquadÞ
st and using the normal-ordered expansions of the

sine and cosine functions in Eqs. (29) and (30), resonance
conditions are revealed for different kinds of interactions.
For example, a beam-splitter interaction in the form of
a†1a3e

iγ þ a1a
†
3e

−iγ originates from the term cosφc in the
first harmonic of VcðtÞ for a modulation frequency that
satisfies ωd ¼ ω1 − ω3.
The beam-splitter interaction was thoroughly investi-

gated in Ref. [31], although inherent flux crosstalk had not
yet been identified at the time. Here, we remark that with

this choice of drive frequency, only a cross-Kerr inter-
action in the form of ða†1Þ2a23 is resonant from the second
harmonics of the crosstalk terms VjðtÞ. However, we find
that its interaction strength is dwarfed by the other
unwanted interaction terms discussed in Ref. [31].
Choosing the drive frequencyωd to match the frequency

of the transmon normal mode ω1, one obtains CNOT

interactions, as well as local operations on the modes.
The effects of inherent crosstalk on the strengths of the
local terms are significant; in fact, they enable fast and
high-fidelity single-qubit operations as we demonstrate in
the next section.

IV. COUPLER-DRIVEN SINGLE-QUBIT GATES

In the tunable-coupler architecture discussed in the
previous section, modulation of the coupler mode via
Eq. (26) gives rise to the drive terms VcðtÞ and VjðtÞ. In the
interaction picture with respect to HðquadÞ

st with drive
frequency ωd ¼ ω1, the first harmonic of the terms
sinφj and sinφc leads to an effective drive term in the
Hamiltonian in the form:

V̄sðtÞ ¼
X
p

Ωpða†peiðωp−ωdÞt þ ape−iðωp−ωdÞtÞ

þ Ω0
pða†pa†papeiðωp−ωdÞt þ a†papape−iðωp−ωdÞtÞ

þ Ω1;2ða1 þ a†1Þa†2a2 þ Ω1;3ða1 þ a†1Þa†3a3:
(39)

This effective operator is obtained from Eqs. (29) and (30)
by using the normal-ordered expansion of the sine up to
and including cubic order. From this expansion, we retain
all local terms but only the resonant interaction terms. For
simplicity, we have set the relative phase γ to zero. The
interaction strengths appearing in Eq. (39) are given by:

Ωp ¼ 1ffiffiffi
2

p
X

j¼1;c;2

DjSjpe
−1

4

P
s
S2js ; (40)

Ω0
p ¼ − 1

4
ffiffiffi
2

p
X

j¼1;c;2

DjS3jpe
−1

4

P
s
S2js ; (41)

Ω1;q ¼ − 1

2
ffiffiffi
2

p
X

j¼1;c;2

DjSj1S2jqe
−1

4

P
s
S2js : (42)

In these, the drive strengths are

Dc ¼ EJ;cA1ðφst; AÞ; (43)

Dj ¼ Eeff;jðφðjÞ
st ; 0ÞJ1ðβjAÞ; (44)

where j ¼ 1; 2.

INHERENT FLUX CROSSTALK AND COUPLER-DRIVEN … PHYS. REV. APPLIED 26, 044056 (2026)

044056-7



It is rather informative to discuss these drive and
interaction strengths. The linear drive terms in Eq. (39)
with strengths Ωp, in principle, can induce single-qubit
operations. If we neglect inherent crosstalk by setting
βj ¼ 0, then Dj ¼ 0 in Eq. (44), and Ωp in Eq. (40)
becomes proportional to the hybridization matrix element
Scp. In this case, for a fixed modulation amplitude A, the
only way to increase the drive strength Ωp (and obtain
reasonable gate times) is to increase the mixing between
normal modes and thus increase Scp. This can be achieved
by tuning the static parts of the external flux and bringing
the normal-mode frequencies corresponding to the coupler
and the qubit degrees of freedom closer. However, this
would also significantly increase the cross-Kerr inter-
actions χpq in Eq. (38) and the CNOT interactions in
Eq. (42), ruling out the feasibility of single-qubit oper-
ations through the coupler.
The presence of inherent crosstalk changes this argu-

ment profoundly. When the mixing of modes is minimized

by detuning the normal-mode frequencies, the hybridiza-
tion matrix S becomes diagonally dominant. In this case,
the drive strength Ωp is mainly proportional to DjSjp with
j ¼ p, thus we see that we can manipulate the transmon
mode p directly through the coupler. At the same time, due
to the presence of the terms S2jq in Eq. (42), the CNOT

interactions are suppressed. To estimate the magnitude of
the drive strength from Eq. (44), we use that the typical
Josephson energy is on the order of 10 GHz and
J1ðβjAÞ ∼ βjA, engineering the capacitive couplings so
that βjA ≈ 10−3, the drive strengthΩp can reach a few tens
of MHz, which would facilitate fast single-qubit gates with
gate times on the order of a few tens of nanoseconds. For
an example demonstrating this estimate, see Fig. 4.

A. The X gate

To demonstrate the viability of coupler-driven single-
qubit gates, we simulate an X gate in the tunable-coupler
architecture under flux drive given in Eq. (26) with drive
frequency matching the frequency of mode p ¼ 1,
ωd ¼ ω1. This gate serves as an ideal benchmark for
simulation because it requires complete population trans-
fer, making it the most sensitive single-qubit operation to
leakage errors.
We perform the simulation using QuTiP [33]. From the

drive Hamiltonians in Eqs. (29) and (30), we include only
the first- and second-harmonic terms ðn ¼ 1Þ and expand
the trigonometric functions to cubic order; we list explic-
itly the form of the simulated Hamiltonian in Appendix D.
The transmons are each truncated at their third level (qutrit
approximation). The result of the simulation is the matrix
of the unitary operator U in the interaction picture with

respect to HðquadÞ
st , which describes the full-time evolution

of the circuit after the gate time tg. This time is set by the
constraint Ω1tg ¼ π=2, ensuring that the ideal evolution
corresponds to a bit-flip operation on the p ¼ 1 mode.
The computational subspace is defined by the set

fjii1j0i2jji3g, where i; j∈ f0; 1g represent the two
lowest levels of modes p ¼ 1 and p ¼ 3, respectively.
In the following, we refer to these modes as the qubits
and mode p ¼ 2 as the coupler. From the full unitary U,
we calculate the average leakage rate [34] defined by
L ¼ 1 − TrðPU†PUÞ=d, where P denotes the projection
onto the d-dimensional computational subspace (d ¼ 4 in
our case). We also obtain the average gate fidelity (AGF)
[35] with respect to U ideal ¼ X ⊗ 12. To do so, we first
define the error matrix E ¼ U†

idealPUP, then the average
gate fidelity is F ¼ ðTrðE†EÞ þ jTrðEÞj2Þ=dðdþ 1Þ.
Finally, we also calculate the Pauli error probabilities
using pa ¼ jTrðPaEÞj2=d2, where Pa ∈ f12; X; Y; Zg⊗2 is
a two-qubit Pauli word. If Pa ¼ 12 ⊗ 12, the identity
matrix, pa results in the process fidelity.
The circuit parameters used in this simulation are listed

in the caption of Fig. 4, and we do not repeat them here.

(a)

(b)

FIG. 4. (a) The strengths of the linear drive termsΩ1 (blue) and
Ω3 (red) as a function of the modulation amplitude A. For
comparison, we also depict these with neglected inherent cross-
talk (βj ¼ 0, dashed-line), which clearly demonstrates the
significance of Eq. (30). (b) The strengths of the nonlinear drive
terms Ω0

p (blue and red) and CNOT interactions Ω1;p (purple,
solid and dash-dotted lines). Most notably, these interaction
strengths are at least an order of magnitude smaller than the
corresponding linear drive strengths Ωp. The circuit parameters
used in these plots are CΣ;1 ¼ 77 fF, CΣ;c ¼ 56 fF,
CΣ;2 ¼ 75 fF, C1c ¼ 2.5 fF, Cc2 ¼ 2.5 fF, EJ;1=2π ¼ 10 GHz,
v1 ¼ 1, EJ;c=2π ¼ 12 GHz, vc ¼ 0.95, EJ;2=2π ¼ 10.2 GHz,

v2 ¼ 1, φð1Þ
st =2π ¼ 0.075, φðcÞ

st =2π ¼ 0.45, and φð2Þ
st =2π ¼ 0.

We furthermore assumed CR;j ¼ CL;j for all j ¼ 1; c; 2.
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To understand the main contributors to the coherent gate
error, we analyze multiple examples with different static
flux values φst. This is motivated by the fact that these are
tunable parameters of the system. For particular static flux
choices, we summarize the normal-mode frequencies,
anharmonicities, and cross-Kerr or ZZ couplings in
Table I.
In Fig. 5, we show the average gate fidelity and the

leakage contributions as a function of the gate time for two
choices of φst. As it is evident from Fig. 5, the gate time is
severely limited by leakage. We emphasize that these are
illustrative examples that we use to shed light on the main
coherent error sources.
We can understand the behavior of the leakage prob-

abilities from Eq. (39) and time-dependent perturbation
theory. The flux modulation in the coupler results in a
resonant drive for the target qubit mode and simultane-
ously an off-resonant drive for the second qubit and a
strong, far off-resonant drive for the coupler mode. From
first-order time-dependent perturbation theory, the leakage
probability from state j1i3 to j2i3 originating from an off-
resonant drive is given by:

L3 ¼
8Ω2

3

ðΔ3 þ α3Þ2
sin2

ðΔ3 þ α3Þtg
2

; (45)

where Δ3 ¼ ω3 − ωd is the detuning of the second qubit.
This leakage vanishes at gate times tg ¼ 2nπ=ðΔ3 þ α3Þ,
where n∈Z. For our first example, we use the frequency
and anharmonicity values from Table I and find that the
period of vanishing leakage for the second qubit is roughly
35 ns. This agrees very well with the simulation results in
Fig. 5(a), where the total leakage is dominated by the
second qubit.
Next, by increasing the magnitude of Δ3 þ α3, we can

lower the ideal gate time and see the contributions of the
target qubit and the coupler to the total leakage. This is
achieved by lowering the static flux in the first transmon.
From Table I, the period of L3 is around 12 ns, which again

agrees well with the simulation. The leakage contribution
of the target qubit in Fig. 5(c) is consistent with the
combination of direct leakage from j1i1 to j2i1 and indirect
leakage from j0i1 to j2i1 using second-order perturbation
theory, which predicts

L1 ¼
8Ω2

1

α21
sin2

α1tg
2

þ 2Ω4
1t

2
g

α21

�
1 − 2 sinðα1tgÞ

α1tg

�
: (46)

Here, the second term originates from the indirect leakage
and scales with the gate time as ðαtgÞ−2 due toΩ1tg ¼ π=2.
To understand the leakage from the coupler mode,

we need to consider the two-photon terms originating
from the cosine term in Eq. (29). This gives rise to
another off-resonant drive contribution in the form
Tcða†2Þ2eið2ω2−ωdÞt þ H:c: Using first-order perturbation
theory, the probability of leakage from j0i2 to j2i2 due
to the two-photon process is given by:

TABLE I. Normal-mode parameters for different static flux
vectors φst, appearing in the static Hamiltonian [Eq. (36)].
Frequencies ωp, anharmonicities αp [Eq. (37)], and cross-Kerr
couplings χpq [Eq. (38)] are shown for the three modes for
A ¼ 0.1. We note that the anharmonicities αp and cross-Kerr
couplings χpq are negative; here we report their magnitudes for
visual clarity.

ωp=2π (GHz) jαpj=2π (MHz) jχpqj=2π (MHz)

Φ0φst=π ω1 ω2 ω3 α1 α2 α3 χ12 χ13 χ23

ð0.15; 0.85; 0Þ 6.00 3.53 6.23 251 343 257 1.6 1.6 0.8
ð0.09; 0.85; 0Þ 6.05 3.53 6.23 250 343 257 1.5 1.6 1.4

(a)

(b)

(c)

FIG. 5. The AGF and total leakage rates (TL) as a function of
the gate time for a coupler-driven X gate with rectangular pulse

envelope. On panel (a), the static flux is set to φð1Þ
st =π ¼ 0.15,

which results in a detuning for qubit 2 that is close to its
anharmonicity. This leads to large leakage probability and limits
the time of the gate. On panel (b), the static flux is reduced to

φð1Þ
st =π ¼ 0.09, which increases Δ3 þ α3 and leads to better AGF

for shorter gate times. Panel (c) shows the contributions of the
coupler and qubit 1 and qubit 2 modes to the total leakage,
respectively. The periodicity of these provides fingerprints for
the identification of leakage mechanisms.
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L2 ¼
8T2

c

ð2ω2 − ω1 þ α2Þ2
sin2

ð2ω2 − ω1 þ α2Þtg
2

: (47)

The period of this leakage term is 1.5 ns, according to
Table I, which, again, aligns well with the results of the
simulation. The other contributor is, of course, the linear
far off-resonant drive term that induces leakage from j0i2
to j1i2.
Finally, we depict the Pauli error probabilities obtained

from the error matrix of the coupler-driven realization of
an X gate in Fig. 6. This reveals that the main sources of
error in addition to leakage are phase errors of the second
qubit and an entangling error YZ originating from the
cross-Kerr interaction.

B. Discussion on gate improvements

In the simulations, we used rectangular pulse envelopes,
which possess a relatively large spectral weight at all
frequencies, causing substantial leakage. This can be
avoided by using pulse shaping. We note that the relation
between the flux-drive amplitude A (which one can
modulate) and the drive strengths Ωp is nonlinear due
to the appearance of the Bessel functions. This non-
linearity may pose challenges for the precise application
of pulse shaping; consequently, it remains outside the
scope of this work and will be addressed in a future study.
Nonetheless, characterizing the leakage mechanisms of a
rectangular pulse elucidates the specific frequency com-
ponents that must be suppressed during pulse optimization.
Once leakage is suppressed, the major remaining errors

are the phase error on qubit 2 and a correlated error
originating from the cross-Kerr interaction. The phase
error can be further mitigated using pulse-shaping tech-
niques, such as DRAG [36]. Additionally, since this error
stems from off-resonant driving, it constitutes a determin-
istic phase shift acquired by the qubit. This can be
compensated in software or via virtual Z gates by adjusting

the phase offset γ for future gates in the flux modulation
signal gðtÞ [37].
The suppression of the ZZ interaction has been dem-

onstrated in the tunable-coupler architecture studied
here [5]; however, in this case, the XY coupling is not
simultaneously suppressed [38], and the resulting qubit-
state hybridization can induce other unwanted effects, such
as the CNOT interactions in Eq. (39). Alternatively, the ZZ
interaction can be suppressed by considering a different
coupler element. One way to cancel the cross-Kerr ZZ
coupling is to use a coupler with opposite signs of
anharmonicity compared with the qubits [39,40]. In our
case, since transmon qubits have negative anharmonicity,
using a coupler with positive anharmonicity can achieve
the cancellation. Indeed, it has been proposed to utilize
couplers with positive anharmonicity to cancel the cross-
Kerr coupling [41]. This can be realized, e.g., by using a
capacitively shunted flux qubit [42,43] as the coupler.
Moreover, the primary mechanism enabling fast single-
qubit operations is the inherent flux crosstalk identified in
this paper. This mechanism persists for all types of flux-
modulated couplers, as the voltage generated by the flux
modulation serves as the driving field for the gates.
According to the error budget in Fig. 6, coupler-driven

single-qubit gates exceeding 99.9% fidelity are achievable
once the three main errors discussed above are suppressed,
with gate times on the order of 20 ns. This performance is
highly competitive, as it is comparable to standard super-
conducting single-qubit gate implementations.We note that
at this level, the performance of the gate is also affected by
decoherence processes such as relaxation and dephasing.
Although decoherence effects are expected to reduce gate
fidelity, their inclusion would require a more comprehen-
sive open-system model and is left for future work.
We finally remark that the lumped-element quantization

used in our modeling of the tunable-coupler architecture is
an approximation whose accuracy depends on the device
geometry as discussed in Ref. [22]. While a more sophis-
ticated model can capture the fine spatial details of the
applied fields, any resulting additional dynamics occur
only at high frequencies. As long as the driving frequency
is below these, as is the case here, high-frequency spatial
modes can be safely neglected, fully justifying the lumped-
element treatment [22].

V. CONCLUSIONS

In this work, we have analyzed the effects of time-
dependent external magnetic fluxes in superconducting
circuits that realize coupled qubit systems. We have shown
that a time-varying external flux threading the loop of a
qubit induces effective cross-voltage driving for another
qubit. With a properly chosen coordinate transformation,
this effect manifests itself as flux crosstalk in the potential
energy of the Hamiltonian of the coupled circuit. We refer

FIG. 6. The Pauli error probabilities, obtained from the error
matrix E, of a coupler-driven X gate with rectangular pulse

envelope. The static flux is chosen such that φð1Þ
st =π ¼ 0.09.

Errors with probability below 10−5 are omitted for visual clarity.
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to this type of flux crosstalk as inherent flux crosstalk, as it
originates from the structure of the system itself.
Importantly, we thoroughly described the effects

of inherent flux crosstalk in the tunable-coupler architec-
ture of transmons. The voltage generated by the oscillating
magnetic flux in the coupler is capable of driving fast and
high-fidelity single-qubit gates on the qubit whose tran-
sition frequency matches the drive frequency.
Our results indicate that it is reasonable to use the coupler

element not only to perform two-qubit gates but also to
perform single-qubit gates. This eliminates the need for
separate microwave control lines for the qubits. Reducing
the number of control lines by one per qubit may appear
modest at small scales; however, such a reduction becomes
highly significant for large-scale superconducting process-
ors, where wiring complexity, thermal load, and routing
congestion constitute major scalability bottlenecks.
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APPENDIX A: CAPACITIVELY COUPLED
FLOATING TRANSMONS

Here, we show the emergence of inherent flux crosstalk
in a system of coupled floating transmons, depicted in
Fig. 7. The Lagrangian of the circuit, expressed in terms of
the node fluxes Φi, which are arranged into the vector Φ,
is written as:

LðΦ; Φ̇Þ ¼ 1

2
Φ̇TCΦ̇þ VTΦ̇ − UðΦÞ: (A1)

The capacitance matrix of the circuit is

C ¼

0
BBB@

Cg;1 þ CL;1 þ CR;1 þ C13 −ðCL;1 þ CR;1Þ −C13 0

−ðCL;1 þ CR;1Þ Cg;2 þ CL;1 þ CR;1 þ C24 0 −C24

−C13 0 Cg;3 þ CL;2 þ CR;2 þ C13 −ðCL;2 þ CR;2Þ
0 −C24 −ðCL;2 þ CR;2Þ Cg;4 þ CL;2 þ CR;2 þ C24

1
CCCA:

(A2)

The vector,

VT ¼
�
CR;1Φ̇

ð1Þ
ext −CR;1Φ̇

ð1Þ
ext CR;2Φ̇

ð2Þ
ext −CR;2Φ̇

ð2Þ
ext

�
; (A3)

appears due to the time-dependence of the external fluxes. Furthermore, in this case, both capacitances shunting the
Josephson junctions act as chords, each defining a fundamental loop. However, the external flux is enclosed by only one of
these loops; here, the loop closed by the right capacitive branch. To maintain consistency, this choice must be reflected in
the potential energy, ensuring that the external flux is assigned to the corresponding Josephson junction. Using this insight,
the potential energy reads

UðΦÞ ¼ −EJ;1

�
cos
�
2π

Φ0

ðΦ2 −Φ1Þ
�
þ v1 cos

�
2π

Φ0

�
Φ1 −Φ2 þΦð1Þ

ext

���

− EJ;2

�
cos
�
2π

Φ0

ðΦ4 −Φ3Þ
�
þ v2 cos

�
2π

Φ0

�
Φ3 −Φ4 þΦð2Þ

ext

���
: (A4)

FIG. 7. The lumped-element circuit model of the coupled
floating qubits. The red branches correspond to the chosen tree
of the circuit graph, with capacitances to the ground. In a
floating design, the Josephson junctions connect separate
superconducting islands (depicted as nodes) directly to each
other, whereas in a grounded design, each junction connects an
island to ground.
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Notice that the potential energy depends only on node-
flux differences. This motivates introducing a new set of
variables defined by the sums and differences of the node
fluxes connected by Josephson junctions. This transfor-
mation reveals a pair of cyclic coordinates, which can be
eliminated from the dynamics using Routhian reduction
[29]. Eliminating these variables leaves an effective
Lagrangian for the remaining two difference coordinates,
which describes two interacting transmons. This effective
Lagrangian has the same form as Eq. (18) for the system
analyzed in Sec. II B, but with renormalized capacitances.

In the following, we outline the reduction process that
shows this equivalence.
We define the new set of coordinates as:

�
Φþ
Φ−

�
¼

0
BB@

1 1 0 0

0 0 1 1

−1 1 0 0

0 0 −1 1

1
CCA
0
BB@

Φ1

Φ2

Φ3

Φ4

1
CCA≡ TΦ; (A5)

where we compactly ordered the sums Φ2 �Φ1 and Φ4 �
Φ3 into the vectors Φ�. Then, the Lagrangian in Eq. (A1)
can be expressed as:

LðΦþ;Φ−; Φ̇þ; Φ̇−Þ ¼
1

2
Φ̇TþCþþΦ̇þ þ 1

2
Φ̇T−C−−Φ̇− þ Φ̇TþCþ−Φ̇− þ VT−Φ̇− −UðΦ−Þ; (A6)

where VT− ¼ −	CR;1Φ̇
ð1Þ
ext CR;2Φ̇

ð2Þ
ext



, and the capacitance matrices are the blocks of the original capacitance matrix

[Eq. (A2)] after the transformation to the new variables:

ðT−1ÞTCT ¼
�
Cþþ Cþ−
CTþ− C−−

�
: (A7)

The generalized coordinates Φþ in the Lagrangian Eq. (A6) are cyclic coordinates, which means that its conjugated
momentum is conserved:

P≡ ∂L
∂Φ̇þ

¼ CþþΦ̇þ þCþ−Φ̇− ¼ const: (A8)

The effective Lagrangian governing the dynamics of the coordinates Φ− is obtained after the Legendre
transformation [29]:

LeffðΦ−; Φ̇−Þ ¼ L − PTΦ̇þ ¼ 1

2
Φ̇T−ðC−− − CTþ−C−1þþCþ−ÞΦ̇− þ ðV− þCTþ−C−1þþPÞTΦ̇− −UðΦ−Þ: (A9)

Since P is a constant vector, the contribution ðCTþ−C−1þþPÞTΦ̇− is a total time derivative. The Lagrangian is
invariant under addition or subtraction of a total time derivative, so this term can be removed [29]. As a result, the
Lagrangian of the remaining degrees of freedom is

LeffðΦ−; Φ̇−; tÞ ¼
1

2
Φ̇T−CeffΦ̇− þ VT−ðtÞΦ̇− −UðΦ−Þ; (A10)

where we defined the effective capacitance matrix Ceff ¼ C−− −CTþ−C−1þþCþ−, and we explicitly show the time-
dependence of the vector V− containing the external fluxes. Finally, V− can only be removed by a point
transformation Φ̃− ¼ Φ− þ μðtÞ at the price of modifying the potential energy. Because of the capacitive coupling
between the transmon degrees of freedom in Ceff , the displacement μ mixes the external fluxes in the potential
energy, giving rise to inherent flux crosstalk similarly, as in Eq. (19).

APPENDIX B: STATIC HAMILTONIAN OF THE TUNABLE COUPLER ARCHITECTURE

To start with, we substitute the expression of the point transformation [Eq. (20)] and the form of the external fluxes
[Eq. (26)] into the potential energy in Eq. (25). For j∈ f1; 2g, the trigonometric expressions in the potential energy have
the form,

−EJ;j

h
cos
�
φj − μ̂0j þ ½C−1Bφst�j þ ½C−1Bec�jgðtÞ

�
þ vj cos

�
φj − μ̂0j þ ½C−1Bφst�j þ ½C−1Bec�jgðtÞ − φðjÞ

st

�i
:

(B1)
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This has the following structure: cosX þ vj cosðX − φðjÞ
st Þ, which can be rewritten as E cosðX − δÞ, where E2 ¼

1þ v2j þ 2vj cosφ
ðjÞ
st and tan δ ¼ vj sinφ

ðjÞ
st =ð1þ vj cosφ

ðjÞ
st Þ. Thus, by choosing the point transformation with:

μ̂0j ¼ ½C−1Bφst�j − arctan

 
vj sinφ

ðjÞ
st

1þ vj cosφ
ðjÞ
st

!
; (B2)

and by defining βj ¼ ½C−1Bec�j, Eq. (B1) becomes

−EJ;j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2j þ 2vj cosφ

ðjÞ
st

q
cosðφj þ βjgðtÞÞ: (B3)

To separate the static part, we use the angle sum formula cosðφjþβjgðtÞÞ¼ cosφj cosðβjgðtÞÞ−
sinφj sinðβjgðtÞÞ, and since the modulation is a sinusoidal signal, gðtÞ ¼ A cosðωdt − γÞ, we can employ the Jacobi-
Anger identities,

cosðβjgðtÞÞ ¼ J0ðβjAÞ þ 2
X∞
n¼1

ð−1ÞnJ2nðβjAÞ cosð2nðωdt − γÞÞ; (B4)

sinðβjgðtÞÞ ¼ −2X∞
n¼1

ð−1ÞnJ2n−1ðβjAÞ cosðð2n − 1Þðωdt − γÞÞ: (B5)

Here, JaðxÞ denotes the Bessel functions of the first kind. These manipulations result in the static potential energy in
Eq. (28) for j∈ f1; 2g with:

Eeff;jðφðjÞ
st ; AÞ ¼ EJ;jJ0ðβjAÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2j þ 2vj cosφ

ðjÞ
st

q
: (B6)

The degree of freedom of the coupler contributes to the potential energy with:

−EJ;c

h
cos
�
φc − μ̂0c þ ½C−1Bφst�c þ βcgðtÞ

�
þ vc cos

�
φc − μ̂0c þ ½C−1Bφst�c þ ðβc − 1ÞgðtÞ − φðcÞ

st

�i
: (B7)

To find the static contribution of Eq. (B7), we use the angle sum formulas for both cosines to separate the time-dependence
βcgðtÞ and ðβc − 1ÞgðtÞ, respectively. This leads to the static potential energy,

Ust;c ¼ −EJ;c

h
J0ðβcAÞ cos

�
φc − μ̂0c þ ½C−1Bφst�c

�
þ J0

�
ðβc − 1ÞAÞvc cos ðφc − μ̂0c þ ½C−1Bφst�c − φðcÞ

st

�i
: (B8)

This expression has the form N cosX þM cosðX − φðcÞ
st Þ, which can be rewritten again in the form E cosðX − δÞ. We find

that by choosing the point transformation with:

μ̂0c ¼ arctan

 
J0ðβcAÞ sin ½C−1Bφst�c þ vcJ0ððβc − 1ÞAÞ sin ð½C−1Bφst�c − φðcÞ

st Þ
J0ðβcAÞ cos ½C−1Bφst�c þ vcJ0ððβc − 1ÞAÞ cos ð½C−1Bφst�c − φðcÞ

st Þ

!
; (B9)

we obtain the static potential energy in Eq. (28) with:

Eeff;cðφðcÞ
st ; AÞ ¼ EJ;c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J0ðβcAÞ2 þ v2cJ0ððβc − 1ÞAÞ2 þ 2vcJ0ðβcAÞJ0ððβc − 1ÞAÞ cosφðcÞ

st

q
: (B10)

APPENDIX C: THE TIME-DEPENDENT PART OF THE HAMILTONIAN

The time-dependent terms in Eqs. (29) and (30) originate from the time-dependent parts of the Jacobi–Anger identities.
The expression in Eq. (30) is rather straightforward if one uses the angle sum formula on cosðφj þ βjgðtÞÞ. To obtain
Eq. (29), we need to use the angle sum formula successively in Eq. (B7). For example,
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cos ðφc − μ̂0c þ ½C−1Bφst�c þ βcgðtÞÞ
¼ cos ðφc − μ̂0c þ ½C−1Bφst�cÞ cos ðβcgðtÞÞ − sin ðφc − μ̂0c þ ½C−1Bφst�cÞ sin ðβcgðtÞÞ
¼ cosφc cos ð−μ̂0c þ ½C−1Bφst�cÞ cos ðβcgðtÞÞ − sinφc sin ð−μ̂0c þ ½C−1Bφst�cÞ cos ðβcgðtÞÞ
− sinφc cos ð−μ̂0c þ ½C−1Bφst�cÞ sin ðβcgðtÞÞ − cosφc sin ð−μ̂0c þ ½C−1Bφst�cÞ sin ðβcgðtÞÞ; (C1)

and similarly for the cosine with ðβc − 1ÞgðtÞ. After some cumbersome algebra, one obtains the form shown in Eq. (29)
with amplitudes,

Akðφst; AÞ ¼ JkðβcAÞ cos ð½C−1Bφst�c − μ̂0cÞ þ vcJkððβc − 1ÞAÞ cos
�
½C−1Bφst�c − μ̂0c − φðcÞ

st

�
; (C2)

Bkðφst; AÞ ¼ JkðβcAÞ sin ð½C−1Bφst�c − μ̂0cÞ þ vcJkððβc − 1ÞAÞ sin
�
½C−1Bφst�c − μ̂0c − φðcÞ

st

�
; (C3)

where μ̂0c ¼ μ̂0cðφstÞ, and it is given in Eq. (B9). Because of the Bessel functions, for which JaðxÞ ∼ xa for x ≪ 1, these
amplitudes scale as Ak;Bk ∼ Ak if βcA ≪ 1, so that higher harmonics are suppressed.

APPENDIX D: THE SIMULATED HAMILTONIAN

The explicit form of the Hamiltonian used in the QuTiP simulation is the following:

HðtÞ ¼
X
p

αp
2
a†pa

†
papap þ

X
p<q

χpqa
†
papa

†
qaq þ

X
p¼2;3

Ω1;pða1 þ a†1Þa†pap

þ
X
p

Ωpða†pðeiðωp−ωdÞt þ eiðωpþωdÞtÞ þ apðe−iðωp−ωdÞt þ e−iðωpþωdÞtÞÞ

þ
X
p

Ω0
pða†2p apðeiðωp−ωdÞt þ eiðωpþωdÞtÞ þ a†pa2pðe−iðωp−ωdÞt þ e−iðωpþωdÞtÞÞ

þ
X
p

a†pap½Fp cosðωdtÞ þGp cosð2ωdtÞ� þ Tpða†2p eið2ωp−2ωdÞt þ a2p e−ið2ωp−2ωdÞtÞ

þ V12ða†1a†2 eiðω1þω2−ωdÞt þ a†1a2 e
iðω1−ω2−ωdÞt þ a1a

†
2 e

−iðω1−ω2−ωdÞt þ a1a2 e−iðω1þω2−ωdÞtÞ
þ V23ða†2a†3 eiðω2þω3−ωdÞt þ a†2a3 e

iðω2−ω3þωdÞt þ a2a
†
3 e

−iðω2−ω3þωdÞt þ a2a3 e−iðω2þω3−ωdÞtÞ
þ T0

2ða†22 eið2ω2−ωdÞt þ a22 e
−ið2ω2−ωdÞtÞ: (D1)

This Hamiltonian is written in the interaction frame with respect to
P

p ωpa
†
pap; it includes only first- and second-

harmonic terms from Eqs. (29) and (30). The combinations of the bosonic operators originate from the normal-ordered
expansions of the trigonometric functions sinφj and cosφj up to cubic order. The quartic terms are only retained in the
static Hamiltonian.
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