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Crosstalk refers to unwanted qubit addressing. This is particularly detrimental when scaling up quantum
information systems because unintended interactions limit their overall performance. For superconducting
qubits, tunable couplings and frequency tunability achieved through externally applied magnetic fluxes
enable high-fidelity entangling gates; however, they also introduce crosstalk through unintended flux
coupling. In this work, we investigate the impact of time-dependent external magnetic fluxes in quantized
circuits on superconducting qubit couplings. We find that nontrivial cross-voltage driving emerges
between capacitively linked qubits when the magnetic flux threading the superconducting loop of a qubit
varies in time, in a manner analogous to Faraday’s law of induction. Crucially, we show that this effect
enables fast single-qubit control through the coupler element in standard tunable-coupler architectures,
potentially eliminating the need for individual microwave XY control lines.

DOI: 10.1103/q2j3-mftf

I. INTRODUCTION

Efforts to realize effective quantum information
processing with superconducting circuits have made swift
progress over the past two decades. Improvements in qubit
coherence times [1-3], gate fidelities [4,5], and readout
performance [6,7] have enabled increasingly complex
multiqubit devices, enabling demonstrations of quantum
error correction [8,9]. A key component of this success is
high-precision control over the qubits and couplers, which
allows the adjustment of the qubit frequencies and cou-
pling strengths on demand. This tunability is essential for
mitigating frequency crowding and managing unwanted
resonances as the size of the system grows [10,11]. At the
same time, it also introduces the potential for crosstalk, as
dedicated control lines can influence qubits other than
those being targeted [12].

State-of-the-art tunable superconducting qubits, such as
the transmon, typically require an individual microwave
line for single-qubit XY control (rotations about the X and
Y axes) and a separate flux-bias line for frequency tuning
[Fig. 1(a)]. When the system is scaled, each additional
qubit introduces its own set of control lines, leading to a
rapid increase in the wiring density [13,14]. This hardware
complexity creates a denser electromagnetic environment
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in which signals can unintentionally couple, giving rise to
crosstalk. This crosstalk must be dealt with because it leads
to control errors and because it turns independent and
identically distributed errors into correlated errors across
multiple qubits, thereby reducing the effectiveness of
quantum error correction [15,16].

A prominent example is flux crosstalk [17], which arises
because nominally independent flux lines can induce stray
magnetic flux in neighboring qubits through unintended
flux coupling. In an ideal scenario, each bias line generates
flux only in the superconducting loop of its target qubit or
coupler. To describe this quantitatively, we collect the
external fluxes in a column vector ®,,; and the currents in
the bias lines in another vector i. These are related by the
mutual inductance matrix M through @, = Mi + @,
where @, are spurious offset fluxes. The off-diagonal
elements of M capture the degree of flux crosstalk between
the qubits. The characterization of flux crosstalk is then
performed by experimentally determining M, which ulti-
mately enables compensation of its effects [18,19].

The dynamics of superconducting circuits is typically
described by a Hamiltonian obtained from the Lagrangian
of a lumped-element circuit model. In these models, it is
common to idealize the system by neglecting the backaction
of the circuit on the flux-bias lines and treating the applied
magnetic flux as an externally controlled parameter thread-
ing certain loops in the circuit [20], such as the super-
conducting quantum interference device (SQUID) loop of
a transmon; see Fig. 1(b). When the external flux varies
in time, as is the case in applications ranging from multi-
qubit control to modeling qubit dephasing due to flux noise,
particular care must be taken in the derivation of the
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FIG. 1. The lumped-element model of a superconducting
transmon qubit. Panel (a): The illustration of the circuit of the
full qubit stack inside a dilution refrigerator, with a dedicated
coplanar waveguide readout resonator, XY microwave control
line, and Z flux-bias line. The shaded rectangle illustrates a
transmon qubit, formed by a SQUID loop shunted by a cross-
shaped capacitance. Panel (b): The shaded region is modeled as
an idealized lumped circuit with a controllable external magnetic
flux threading the SQUID loop of the transmon, as well as
showcasing the tree (red) and the chord (black) branches of the
circuit graph.

Hamiltonian. This arises because, in general, the time
derivative of the external fluxes, @y, appears explicitly
in the Lagrangian and consequently in the Hamiltonian
of the circuit. To eliminate this term, a coordinate trans-
formation can be performed that removes the time derivative
at the expense of modifying the potential energy; this choice
is referred to as the irrotational gauge [21,22].

In this work, we show that the proper application of
circuit theory with time-dependent external magnetic fluxes
reveals a new type of ac flux crosstalk that affects coupled
superconducting qubits. We term this inherent flux crosstalk
to distinguish it from crosstalk caused by unintended flux
coupling, as it arises naturally from the circuit itself. In
Sec. II, we review the circuit theory of superconducting
qubits in the presence of time-dependent external fluxes. We
establish the emergence of inherent flux crosstalk by way of
an example using capacitively coupled frequency-tunable
transmons. In Sec. III, we derive the Hamiltonian of the
standard tunable-coupler architecture consisting of three
transmons with nearest-neighbor capacitive coupling and
investigate the effects of inherent crosstalk. In Sec. IV, we
demonstrate that an oscillating external flux applied to the
coupler loop generates, via the inherent crosstalk, a suffi-
ciently strong drive on the qubits that enables fast single-
qubit operations. We provide a detailed error analysis for
a coupler-driven X gate and discuss possible strategies for
improving gate performance.

II. CIRCUIT THEORY WITH TIME-DEPENDENT
EXTERNAL FLUXES

In this section, we briefly recap the ingredients of
electrical circuit theory that are necessary to understand

the emergence of inherent flux crosstalk. More details
on lumped-element circuit theory can be found
elsewhere [20,23-25].

An electrical circuit is modeled as an oriented graph,
whose oriented branches correspond to the lumped ele-
ments of the circuit, such as linear capacitors and induc-
tors, which can be both linear and nonlinear (Josephson
junctions). Consider the oriented graph of a circuit with
N + 1 nodes (the +1 node corresponds to the reference or
ground node) and M branches. Flux variables, @ ;, are
attached to branch i; however, due to Kirchhoff’s voltage
law and fluxoid quantization (in a superconducting cir-
cuit), these variables are generally not independent. When
the external fluxes are time-dependent, fluxoid quantiza-
tion and the voltage law impose linear, time-dependent
holonomic constraints on the branch fluxes in the form:

M
D Fip®y; — Py (1) =0, (1)
i=1

where F;,€{—1,0,1} (referred to as the fundamental
loop matrix [23]), £ indexes the loops of the circuit, and
@, ~ is the external flux through loop #. These constraints
reduce the branch fluxes to a set of independent variables
that serve as the generalized coordinates of the system.

A possible way to construct these independent variables
is to use node fluxes [26,27]. While other equivalent
formulations exist [23,28], we work within the node-flux
formulation throughout this work. A spanning tree of the
graph can be chosen (in general, nonuniquely) by selecting
branches such that we reach all other nodes starting from
the ground node without forming loops. The branches
that are not included in the spanning tree are called chords,
and each chord forms a unique loop. The total number of
chords is M — N, which coincides with the number of
independent constraints. The number of independent
variables is therefore M — (M — N) = N, matching the
number of live nodes. The node flux @, is then defined as
the sum of the branch fluxes along the unique path in the
tree from the ground node to that particular node n.

For a branch connecting two adjacent nodes j and &,
oriented toward k, the branch flux is given by @y .. =
@, — @, if the branch belongs to the spanning tree and
by @y, horda = P — @ + Py 100p if it s a chord. Here,
Dy 100p denotes the external flux threading the loop, with
the chord oriented along the clockwise loop direction
and the flux pointing into the plane. This choice for the
allocation of the external fluxes is convenient: loops and
chords are in one-to-one correspondence, and the holo-
nomic constraints on the branch fluxes in Eq. (1) are
automatically satisfied.

We can now construct the Lagrangian of the circuit by
accounting for the energy stored in its conservative lumped
elements. The capacitive elements contribute to the kinetic
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energy, whereas the potential energy arises from all the
inductive elements, including Josephson junctions. It is
important to emphasize that, while the electromagnetic
energies are naturally written in terms of the branch fluxes,
the Lagrangian is formulated in terms of the node fluxes,
since these are the generalized coordinates. The well-known
expressions of the energies are

C, .
Ke = 7%%, )
U = o 3)
L — 2Lb b’
2
U, = —E,, cos (—”cpb), (4)
B (DO

with C, being the capacitance of the branch, L, the
inductance, E;}, the Josephson energy, and @ the super-
conducting flux quantum.

From Eq. (2), we see that if the spanning tree is chosen
so that a capacitive branch becomes a chord, the time
derivative of the external flux explicitly appears in the
Lagrangian. Conversely, if all capacitive branches are
included in the tree (if possible), the external fluxes only
appear directly in the potential energy. These choices can
be related by a coordinate transformation:

q~)n = q)n +/’ln(t>’ 5)

where the node fluxes are shifted by a time-dependent factor
to remove the derivatives, which in turn modifies the
potential energies. This is possible because the linear
transformation of the generalized coordinates in Eq. (5)
is a so-called point transformation, and the Euler—Lagrange
equations are invariant under such transformations [29],
ensuring that the fluxoid quantization constraints and
Kirchhoff’s laws remain satisfied.

To demonstrate how inherent flux crosstalk can mani-
fest, we first discuss the tunable transmon.

A. Example circuit: Tunable transmon

Consider a frequency-tunable transmon with two
Josephson junctions shunted by two capacitors, as shown
in Fig. 1(b). The Lagrangian of this circuit using the shifted
node fluxes can be written as:

C
2

21 ~
+E,{cos<é;((b—,u)>
+vcos<2 (— <I>+/4+q>m)>} (6)
o0

L 2 C B .
L®.®.1) = (® =)’ + (=P + i+ Dey)’

After expanding the squares in the kinetic term, a linear term
in the derivative of the independent variable ® appears:

K(@.1) = Z&  SUC, + (it Do) o). ()

where Cy = C; + Cg. We can eliminate this linear term by
choosing the point transformation appropriately. This cor-
responds to the irrotational choice [21], which demands that
the linear term, hence the derivative of the external flux,
vanishes from the Lagrangian. This is satisfied by:

C
u(t) = po — C—R(I)ext(t) = o
s

— a®ey (1), (®)
where p is a constant flux, and we defined the unitless
parameter . The Lagrangian expressed with the irrotational
generalized coordinate reads

Yz 2z -
L(D,D,1)= gCI) +E,cos< ﬂ(q)—ﬂo+a(bext(t))>
2 @,
27~
—f—UEJCOS (5(®—/Il0+(a_l>q)ext(t))>’
0

€))

which was also obtained in Ref. [21]. By using standard
trigonometric identities, we can transform the potential
energy to the familiar form:

~ A C L
E((I)’ cI)v t) = %@2 + EJ((Dext) COS(@ - @0 + 5([))’

(10)

where we defined = 272®/®, along with the tunable effec-

tive Josephson energy E;(®ey) = E;/1+ 17 4+ 20C08 ey
and the time-dependent phase offset:

tan 5(0 _ Sin(a(pext) + ySin[(a — 1)(pext] ) (11
COS((Zgoext> +v COS[((I - l)goext]
For perfectly symmetric junctions, i.e., C; = Cg

(a=1/2) and v =1, the phase offset §(¢) vanishes
identically. In this case, the Lagrangian in Eq. (10) reduces
to precisely the standard form that is routinely used in the
literature [30].

B. Capacitively coupled tunable transmons
and inherent crosstalk

Next, consider two tunable transmons that share a
ground and are capacitively coupled; see Fig. 2. In this
situation, the Lagrangian consists of three terms corre-
sponding to the individual Lagrangians in the form of
Eq. (6) and a coupling between the two local degrees of
freedom. With the choice of the spanning tree depicted in
Fig. 2, the coupling capacitance branch is a chord with the
external flux @é}({ penetrating its corresponding loop. As a
result, the coupling Lagrangian is
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FIG. 2. The lumped-element circuit of capacitively coupled
tunable transmons showcasing the chosen tree (red) and the
chord (black) branches of the network graph.

C: = S L (1)\2
L, :E(‘Dz—q’l —(ﬂz—ﬂ1)+q)&2) . (12)

Now, if we use the point transformation with the local
irrotational choice [Eq. (8)], the coupling becomes

Cc

L. = 5(&’2 - ‘i’1)2 +C(®, - d))

x ((1-a)dll +adl). (3

which shows that the external flux derivatives do not
vanish from the Lagrangian. In fact, if we assume, for
simplicity, a time-independent external flux on the first
transmon, i.e., <I>§2 = 0, and a modulated external flux on
the second, the total Lagrangian becomes

C .~ (1
2103+ (@) cos (71—}
C

+%2<D%+EJ (QDQ) cos (@2 —) +62(t))

—Cd, &, +a,CHE) (&>2—<i>1>, (14)

L=

where Cy; = Cp; + Cg; + C, and we absorbed the con-

stant offset §; into (081).

The Lagrangian in Eq. (14) shows explicitly that an ac
flux drive applied to the second transmon affects the first
by a term —ach>§xicb1 = —V,,(1)®,. Here, the time-
dependent external flux that threads the SQUID loop of
the second transmon acts as an effective voltage source
V,1(t), which couples capacitively to the first transmon
through C. This behavior can be understood as a direct
manifestation of Faraday’s law of induction and constitutes
the origin of the inherent flux crosstalk discussed in
this paper.

In much of the recent literature [31], the irrotational
choice 1is typically adopted to obtain the local
Lagrangians, while the capacitive couplings between
the local degrees of freedom are exclusively accounted
for by terms such as C®, ®,. However, as we have shown
here, this description is incomplete. A consistent treat-
ment must also include the induced cross-voltage terms

and should clearly specify the conditions under which
these contributions can be safely neglected.

It is also possible to perform a point transformation that
eliminates the external flux derivatives. However, this does
not remove the flux crosstalk, and hence, we refer to it as
inherent crosstalk. To see this, after a general point
transformation [Eq. (5)], we gather all the proportionality
factors of the linear terms ®; in the kinetic energy and set
them to zero. This defines a system of linear differential
equations for displacements y;(¢). For the coupled trans-
mon circuit depicted in Fig. 2, the system of equations
reads

—Cs 1ty + Cjiy — (Cgy + C) ext =0,
City — Cyofty + COY) — Cro® =0, (15)

which is solved by
(Cri +C)0ly )
_Cq)éxz + CR,2<D£x2

()= (1) -
(16)

_(Csy —C
C_<_C Cm). (17)

Finally, the point transformation in Eq. (5) with the
displacements found in Eq. (16) leads to the Lagrangian
of the capacitively coupled transmon circuit in the form of:

L(D D, 1) = %ciﬂc& — U(D, @ (1)), (18)

where the potential energy is

ZEJ/ ext COS(

Jj=1.2

U( ext —9; ((Dext)>'

(19)

Here, we omitted the time-dependence of the external
fluxes to ease notation. In Eq. (19), the potential energy
remains a sum of on-site terms, since each contribution
depends only on the local dynamical variable ®;. The
effective Josephson energies are set by the local external
magnetic flux; in contrast, the phase offsets also depend
on magnetic fields from elsewhere, giving rise to
crosstalk.

We remark that while our analysis here focuses on
capacitively coupled transmons in a grounded design,
the underlying physical mechanisms governing inherent
flux crosstalk extend directly to superconducting circuits
with a floating design. To illustrate this, we present an
explicit treatment of coupled floating transmons in
Appendix A.
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ITII. TUNABLE COUPLER ARCHITECTURE

Dynamical control over qubit-qubit interactions is
essential for quantum computing platforms. This is
because universal quantum computation requires entan-
gling gates, which need interactions to be switched on.
Conversely, during idle periods, couplings must be turned
off to ensure effective identity evolution and avoid corre-
lated errors. In superconducting circuits, this functionality
is now commonly achieved using tunable couplers based
on flux-biased elements. Since the external fluxes in these
systems vary in time, a circuit description that explicitly
incorporates this time-dependence is required.

In a tunable-coupler scheme, three modes are coupled
in a chain with the center mode acting as the coupler [32].
We consider the system shown in Fig. 3, which consists of
three tunable transmons with capacitive couplings between
nearest neighbors. Using the circuit theory outlined in
Sec. 11, the Lagrangian of the circuit can be expressed in
the compact form of Eq. (18), following the point trans-
formation defined by:

p(t) =ty — C'BDeyy (7). (20)

Here, C is the capacitance matrix and the matrix B
originates from the differential equation system eliminat-
ing the linear terms in ®; these read

Cr1+Cy. 0 0
B = _Clc CR,C + CCZ 0 s (21)
0 —Co Cra

C)Z.] _Clc 0
_Clc CZ,C _CCZ s (22)
0 _Cc2 C2,2

C:

where Cs ; is the sum of the capacitances that connect to
node j.

After performing the Legendre transformation, we
obtain the Hamiltonian of the tunable-coupler circuit,

i—pa(t) e @ —po
Il
% <ol % % <

FIG. 3. The lumped-element circuit model of the tunable-
coupler architecture. The red branches correspond to the chosen
tree of the circuit graph, with capacitances Cj ;. The chords
(black) are the coupling capacitances C;. and C,,., branches of
the Josephson junctions E;; (left) and v;E,; (right), and
capacitances (right) CRJ. In these, j =1,c,2 and the labels
are omitted for visual clarity.

M= QCTIQ+ U@ Buy(r)),  (23)

where we denote by @ the generalized coordinates
obtained after the point transformation, omitting the tilde
notation, and we define the canonically conjugate charge
as Q = 9L/ od.

Quantization of the circuit involves promoting the
canonical variables Q; and ®; to operators that satisfy
the commutation relation [®;, Q4] = iAd ;.. Introducing the
Cooper pair number operator n; and the superconducting
phase ¢; via Q) = 2en; and ¢; = 27®;/®,, the commu-
tation relations take the form [¢;, n;] = id;. In terms of
these operators, we write the Hamiltonian of the tunable-
coupler circuit as:

H=4nTE.n + U(@, @ex (7). 24)

where the charging energies and couplings are given by the
matrix E, = ¢>C~!/2, and the potential energy reads

U@, @ext(1) =— Z E;(cos(@;—itj(@ext))
j=l,c,2

05008 (0= (@en) —0l) ). 25)

where fi; = 27p; /@ and @exy = 27Dy /Dy It should be
emphasized that the Hamiltonian in Eq. (24) with Eq. (25)
provides the correct description of the circuit when the
external fluxes are time-dependent. Using alternative
forms of the potential energy would introduce terms
proportional to the time derivatives of the external fluxes
into the Hamiltonian. We note that although we do not
include a direct capacitance between transmons 1 and 2,
a direct coupling exists between these degrees of freedom
in the Hamiltonian [Eq. (24)] through the inverse capaci-
tance matrix.

In Eq. (25), if the external fluxes are static or vary
adiabatically, the phase offset can be gauged away,
rendering the crosstalk negligible. Consequently, inherent
crosstalk in this system is primarily relevant in the regime
of strong modulation. In the following, we consider a
standard parametrically driven scheme, where such strong
modulation is utilized to activate interactions.

A. Modulation of the coupler

We are going to assume that only the magnetic flux
through the coupler is modulated and the others are static
(but still tunable); in this case, the flux vector can be
written as:

qoext(t) = Pst + g(t)ecv (26)

where @ is the static component of the fluxes, g()
expresses the flux modulation of the coupler, and
e.=(0 1 0)71is a unit vector. We further assume that
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the modulation ¢(#) is a sinusoidal signal with a carrier
frequency w,, amplitude A, and relative phase y, g(7) =
Acos(wgt —y).

In such a case, using trigonometric identities and the
Jacobi—Anger formula, it is possible to separate the
potential energy in Eq. (25) into static and time-dependent
parts:

U@.@ext (1) = Uy(@. @5, A) +

A detailed derivation of this claim can be found in

Appendix B. |

Ve(r)

[Se]

- 2EJ,C Z(_Un(AZn (q)stv A) COS @, — BZn (¢stv A) sin (pc) COS[2I’l(a)dt - 7)}’

n=1

The static part has the simple form:

> Eer (9% . A

j=l,c2

Ug(@, @51, A) = — ) cos @i (28)

where E.; are the effective Josephson energies that
are given in Appendix B in Egs. (B6) and (B10). These
are tunable by the local static magnetic fluxes, and they are
also ac-Stark-shifted due to the modulation.

The time-dependent parts consist of three terms, each
describing the modulation on an individual local degree of
freedom. In these, the individual contributions include
multiple harmonics of the drive frequency. The term
associated with the coupler reads

= —2E;, Z(_l)n(Aanl (@st. A) sing, + By, (@se. A) cos @) cos[(2n — 1) (w,t —7)]

(29)

where A, and B parameterize the amplitudes, and they are tunable through the static external fluxes. Their magnitude
decreases with increasing k due to Ay, B; ~ A¥if A < 1, so that higher-order harmonics are suppressed. The explicit forms
of A and B, are given in Appendix C in Egs. (C2) and (C3).

The remaining terms acting on the other transmon degrees of freedom originate from the inherent crosstalk; these are

V](t) = _2Eeff,] (¢§t s ) sin P Z
- 2Eeff,j ((pst ’ ) cos @; Z

where f; = [C™'Be,]; and J;(x) denote Bessel functions

of the first kind. From J;(x) ~ x* for x < 1, the higher-
order harmonics are suppressed similarly as in the case of
V.(1). Equation (30) constitutes the major result of this
paper because, as we will show below, these contributions
allow us to perform single-qubit operations through the
coupler element in tunable-coupler architectures with
significantly reduced gate times.

B. Normal-mode description of the static part

For a single transmon, a low-energy description can be
obtained by expanding the cosine potential up to quartic
order using a normal-ordered expansion, followed by
diagonalization of the quadratic part of the Hamiltonian.
Applying the rotating wave approximation (RWA) then
yields the standard Duffing oscillator model of the
transmon. This scheme can be replicated in the coupled
transmon system through the introduction of normal
modes [31].

)" Jon-1(BjA) cos[(2n — 1)(w4t —7)]

)" Jon(B;A) cos2n(wyt — 7)), ji=1,2, (30)

We consider the normal modes &, and their conjugate
charges ¢, related to the local degrees of freedom by the
linear transformation,

(31

ensuring that the commutation relations [£,,. ¢,] = i5,, are
satisfied. Next, the creation and annihilation operators of
the normal modes are defined by £, = (a, + a p) /v/2 and
q, =—i(a, —a},)/+/2. Using the normal-ordered expan-
sion of the cosine function,

cos@; = e_%zﬁ Siv+ cos ® (32)
we write the static Hamiltonian to quadratic order,
(quad) T L
Hy —4nEn+2(pMJ(p, (33)
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where the diagonal matrix My has elements Eeff’je_% 2 Sk,
and normal ordering is denoted by : :. We then define the
matrix S of the linear transformation as the matrix that
simultaneously diagonalizes E, and My, such that:

SI8E (S = w, (34)
S™M,S = o, (35)

where the diagonal matrix @ describes the energies of the
normal modes. This transforms the quadratic-order

Hamiltonian in Eq. (33) into the form Hg]uad) _

o (upa;a - For clarity, we note that the local transmon
modes j =1,c¢,2 are mapped onto the normal modes
p = 1,2, 3, respectively.

Using the normal-mode operators and keeping only
the number-conserving terms in the quartic part of the
normal-ordered cosine then leads to the RWA of the static
Hamiltonian,

2
Hstzz<a) a;a +—a£ %) + E J(Mapa aq

4 P<q

(36)

Here, the anharmonicities and cross-Kerr interactions are
expressed as:

a, = SZEeffj (,05t A S4 e 42‘ s, (37)

A)S2 S 205 (38)

Jp=Jq

= __ZEeff] (pst A

The RWA is valid as long as the normal-mode frequencies
are not resonant and there are no frequency collisions in the
sense that no normal-mode frequency is close to an integer
linear combination of the others, e.g., ®; ® 2w, + w3. In
case of such a collision, number-nonconserving quartic
terms would also contribute to the static Hamiltonian,

¥
c.g., ayaaras.

C. Activated interactions

Moving into the interaction picture with respect to

H'9""Y and using the normal-ordered expansions of the

sine and cosine functions in Egs. (29) and (30), resonance
conditions are revealed for different kinds of interactions.
For example, a beam-splitter interaction in the form of

aia3ei7 + alage*iy originates from the term cos ¢, in the
first harmonic of V.(¢) for a modulation frequency that
satisfies w; = w1 — w;.

The beam-splitter interaction was thoroughly investi-
gated in Ref. [31], although inherent flux crosstalk had not

yet been identified at the time. Here, we remark that with

this choice of drive frequency, only a cross-Kerr inter-
action in the form of (a1 )?a3 is resonant from the second
harmonics of the crosstalk terms V;(¢). However, we find
that its interaction strength is dwarfed by the other
unwanted interaction terms discussed in Ref. [31].

Choosing the drive frequency w, to match the frequency
of the transmon normal mode w;, one obtains CNOT
interactions, as well as local operations on the modes.
The effects of inherent crosstalk on the strengths of the
local terms are significant; in fact, they enable fast and
high-fidelity single-qubit operations as we demonstrate in
the next section.

IV. COUPLER-DRIVEN SINGLE-QUBIT GATES

In the tunable-coupler architecture discussed in the
previous section, modulation of the coupler mode via
Eq. (26) gives rise to the drive terms V.(¢) and V(¢). In the

interaction picture with respect to Hﬁ?uad) with drive

frequency w,; = w,, the first harmonic of the terms
sing; and sing, leads to an effective drive term in the
Hamiltonian in the form:

_ ZQP (a;ei(wpfw,,)t 4 apefi((upfwd)t)
P
+ Q) (a};a;al,e"(’”ﬂ_“’d” + apapape —il@p=wa)ry
+ Qu(a; +al)dba, + Q5(a; + a))alas.
(39)
This effective operator is obtained from Egs. (29) and (30)
by using the normal-ordered expansion of the sine up to
and including cubic order. From this expansion, we retain
all local terms but only the resonant interaction terms. For

simplicity, we have set the relative phase y to zero. The
interaction strengths appearing in Eq. (39) are given by:

D;S;,e 25, (40)
\/_JIZLZ

Z D,§3 e 1225, (41)

Pip
le2

Z D;S;$2,e S (42

] 1,c,2
In these, the drive strengths are

Dc = E.],C‘Al (q)st’A)’ (43)

D _Eeff1(§0§t ’ ) (ﬂj ) (44)

where j =1, 2.
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FIG.4. (a) The strengths of the linear drive terms Q; (blue) and
Q3 (red) as a function of the modulation amplitude A. For
comparison, we also depict these with neglected inherent cross-
talk (f; =0, dashed-line), which clearly demonstrates the
significance of Eq. (30). (b) The strengths of the nonlinear drive
terms €, (blue and red) and cNOT interactions Q, , (purple,
solid and dash-dotted lines). Most notably, these interaction
strengths are at least an order of magnitude smaller than the
corresponding linear drive strengths €,. The circuit parameters
used in these plots are Cy;=771fF, Cy. =56 f{F,
Cs, =751F, C;, =251F, C, =25 1F, E; /27 = 10 GHz,
vy =1, E;./2n =12 GHz, v, =0.95, E;,/27z = 10.2 GHz,
vy =1, V)22 =0075, ¢ /22 =045, and ¢ /27 = 0.
We furthermore assumed Cg; = C; ; for all j =1,c,2.

It is rather informative to discuss these drive and
interaction strengths. The linear drive terms in Eq. (39)
with strengths €, in principle, can induce single-qubit
operations. If we neglect inherent crosstalk by setting
;i =0, then D; =0 in Eq. (44), and Q, in Eq. (40)
becomes proportional to the hybridization matrix element
S¢p- In this case, for a fixed modulation amplitude A, the
only way to increase the drive strength €, (and obtain
reasonable gate times) is to increase the mixing between
normal modes and thus increase S ,. This can be achieved
by tuning the static parts of the external flux and bringing
the normal-mode frequencies corresponding to the coupler
and the qubit degrees of freedom closer. However, this
would also significantly increase the cross-Kerr inter-
actions y,, in Eq. (38) and the CNOT interactions in
Eq. (42), ruling out the feasibility of single-qubit oper-
ations through the coupler.

The presence of inherent crosstalk changes this argu-
ment profoundly. When the mixing of modes is minimized

by detuning the normal-mode frequencies, the hybridiza-
tion matrix S becomes diagonally dominant. In this case,
the drive strength Q,, is mainly proportional to D;S;, with
Jj = p, thus we see that we can manipulate the transmon
mode p directly through the coupler. At the same time, due
to the presence of the terms S?q in Eq. (42), the cNOT
interactions are suppressed. To estimate the magnitude of
the drive strength from Eq. (44), we use that the typical
Josephson energy is on the order of 10 GHz and
J1(B;A) ~ p;A, engineering the capacitive couplings so
that §;A ~ 1073, the drive strength Q » can reach a few tens
of MHz, which would facilitate fast single-qubit gates with
gate times on the order of a few tens of nanoseconds. For
an example demonstrating this estimate, see Fig. 4.

A. The X gate

To demonstrate the viability of coupler-driven single-
qubit gates, we simulate an X gate in the tunable-coupler
architecture under flux drive given in Eq. (26) with drive
frequency matching the frequency of mode p =1,
w,; = w,. This gate serves as an ideal benchmark for
simulation because it requires complete population trans-
fer, making it the most sensitive single-qubit operation to
leakage errors.

We perform the simulation using QuTiP [33]. From the
drive Hamiltonians in Egs. (29) and (30), we include only
the first- and second-harmonic terms (n = 1) and expand
the trigonometric functions to cubic order; we list explic-
itly the form of the simulated Hamiltonian in Appendix D.
The transmons are each truncated at their third level (qutrit
approximation). The result of the simulation is the matrix

of the unitary operator I/ in the interaction picture with

respect to Hé?uad), which describes the full-time evolution

of the circuit after the gate time 7,. This time is set by the
constraint Q,7, = x/2, ensuring that the ideal evolution
corresponds to a bit-flip operation on the p = 1 mode.

The computational subspace is defined by the set
{]i)110),|/)s}, where i,j€{0,1} represent the two
lowest levels of modes p =1 and p = 3, respectively.
In the following, we refer to these modes as the qubits
and mode p = 2 as the coupler. From the full unitary U,
we calculate the average leakage rate [34] defined by
L =1—Tr(PU"PU)/d, where P denotes the projection
onto the d-dimensional computational subspace (d = 4 in
our case). We also obtain the average gate fidelity (AGF)
[35] with respect to Uigeq = X ® T1,. To do so, we first
define the error matrix E = deeaIPL{P, then the average
gate fidelity is F = (Tr(E'E) +|Tr(E)|*)/d(d + 1).
Finally, we also calculate the Pauli error probabilities
using p, = |Tr(P,E)|*/d?, where P, €{1,,X,Y,Z}®? is
a two-qubit Pauli word. If P, =1, ® 1,, the identity
matrix, p, results in the process fidelity.

The circuit parameters used in this simulation are listed
in the caption of Fig. 4, and we do not repeat them here.
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TABLE I. Normal-mode parameters for different static flux
vectors @g;, appearing in the static Hamiltonian [Eq. (36)].
Frequencies w),, anharmonicities @, [Eq. (37)], and cross-Kerr
couplings y,, [Eq. (38)] are shown for the three modes for
A =0.1. We note that the anharmonicities a,, and cross-Kerr
couplings y,, are negative; here we report their magnitudes for

visual clarity.

w,/2x (GHz) |a,|/2z (MHz) |y,,|/27 (MHz)

Dy /7 W, Wy w3 @ Qa3 Y12 X13 X3

(0.15,0.85,0) 6.00 3.53 6.23 251 343 257 1.6 1.6 0.3
(0.09,0.85,0) 6.05 3.53 6.23 250 343 257 15 1.6 14

To understand the main contributors to the coherent gate
error, we analyze multiple examples with different static
flux values @;. This is motivated by the fact that these are
tunable parameters of the system. For particular static flux
choices, we summarize the normal-mode frequencies,
anharmonicities, and cross-Kerr or ZZ couplings in
Table I.

In Fig. 5, we show the average gate fidelity and the
leakage contributions as a function of the gate time for two
choices of @g;. As it is evident from Fig. 5, the gate time is
severely limited by leakage. We emphasize that these are
illustrative examples that we use to shed light on the main
coherent error sources.

We can understand the behavior of the leakage prob-
abilities from Eq. (39) and time-dependent perturbation
theory. The flux modulation in the coupler results in a
resonant drive for the target qubit mode and simultane-
ously an off-resonant drive for the second qubit and a
strong, far off-resonant drive for the coupler mode. From
first-order time-dependent perturbation theory, the leakage
probability from state |1)5 to |2); originating from an off-
resonant drive is given by:

80?2 As + a3)t
L3 = 3 2Sil’lz( 3 a3) g,
(As + a3) 2

(45)

where A; = w3 — wy is the detuning of the second qubit.
This leakage vanishes at gate times , = 2nz/(As + a3),
where n € Z. For our first example, we use the frequency
and anharmonicity values from Table I and find that the
period of vanishing leakage for the second qubit is roughly
35 ns. This agrees very well with the simulation results in
Fig. 5(a), where the total leakage is dominated by the
second qubit.

Next, by increasing the magnitude of A; + a3, we can
lower the ideal gate time and see the contributions of the
target qubit and the coupler to the total leakage. This is
achieved by lowering the static flux in the first transmon.
From Table I, the period of Lj is around 12 ns, which again

x1071
1.04 a)
W 0.9 2
0] 1
< 0.8 1 =
0.71 0
20 30 40 50 60 70 80
x1072
1.00
(b)
0.981 4

[

2 =
0.96 2
0.94 0

3<
)
o2
©
®
Q14
-

0<

Gate Time (ns)

FIG. 5. The AGF and total leakage rates (TL) as a function of
the gate time for a coupler-driven X gate with rectangular pulse
envelope. On panel (a), the static flux is set to goitl)/r[ =0.15,
which results in a detuning for qubit 2 that is close to its
anharmonicity. This leads to large leakage probability and limits
the time of the gate. On panel (b), the static flux is reduced to
(p;‘) /7 = 0.09, which increases Az + a3 and leads to better AGF
for shorter gate times. Panel (c) shows the contributions of the
coupler and qubit 1 and qubit 2 modes to the total leakage,
respectively. The periodicity of these provides fingerprints for
the identification of leakage mechanisms.

agrees well with the simulation. The leakage contribution
of the target qubit in Fig. 5(c) is consistent with the
combination of direct leakage from |1), to |2), and indirect
leakage from |0); to |2), using second-order perturbation
theory, which predicts

L LU 2ta‘21 (1 - Sm(“"g)>. (46)
aj 2 aj at,
Here, the second term originates from the indirect leakage
and scales with the gate time as (at,) ™2 due to Q,1, = 7/2.
To understand the leakage from the coupler mode,
we need to consider the two-photon terms originating
from the cosine term in Eq. (29). This gives rise to
another off-resonant drive contribution in the form
T.(a})?e’®»~®a)t 4 H.c. Using first-order perturbation
theory, the probability of leakage from |0), to |2), due
to the two-photon process is given by:
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Error Analysis at t; =22.8 ns

x10-3
1.4x 1073 Gate Metrics
215 Process Fidelity (l1): 0.9911
5 Average Gate Fidelity: 0.9917 12 %1073
2 Total Leakage: 6.0 x 1073
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FIG. 6. The Pauli error probabilities, obtained from the error
matrix E, of a coupler-driven X gate with rectangular pulse
envelope. The static flux is chosen such that <p§§> /7 =0.09.
Errors with probability below 1073 are omitted for visual clarity.

872 20) — W) + )t
-5 - )2sin2( == LT
Wy — W T &

L,

The period of this leakage term is 1.5 ns, according to
Table I, which, again, aligns well with the results of the
simulation. The other contributor is, of course, the linear
far off-resonant drive term that induces leakage from |0),
to [1),.

Finally, we depict the Pauli error probabilities obtained
from the error matrix of the coupler-driven realization of
an X gate in Fig. 6. This reveals that the main sources of
error in addition to leakage are phase errors of the second
qubit and an entangling error YZ originating from the
cross-Kerr interaction.

B. Discussion on gate improvements

In the simulations, we used rectangular pulse envelopes,
which possess a relatively large spectral weight at all
frequencies, causing substantial leakage. This can be
avoided by using pulse shaping. We note that the relation
between the flux-drive amplitude A (which one can
modulate) and the drive strengths Q, is nonlinear due
to the appearance of the Bessel functions. This non-
linearity may pose challenges for the precise application
of pulse shaping; consequently, it remains outside the
scope of this work and will be addressed in a future study.
Nonetheless, characterizing the leakage mechanisms of a
rectangular pulse elucidates the specific frequency com-
ponents that must be suppressed during pulse optimization.

Once leakage is suppressed, the major remaining errors
are the phase error on qubit 2 and a correlated error
originating from the cross-Kerr interaction. The phase
error can be further mitigated using pulse-shaping tech-
niques, such as DRAG [36]. Additionally, since this error
stems from off-resonant driving, it constitutes a determin-
istic phase shift acquired by the qubit. This can be
compensated in software or via virtual Z gates by adjusting

the phase offset y for future gates in the flux modulation
signal g(¢) [37].

The suppression of the ZZ interaction has been dem-
onstrated in the tunable-coupler architecture studied
here [5]; however, in this case, the XY coupling is not
simultaneously suppressed [38], and the resulting qubit-
state hybridization can induce other unwanted effects, such
as the CNOT interactions in Eq. (39). Alternatively, the ZZ
interaction can be suppressed by considering a different
coupler element. One way to cancel the cross-Kerr ZZ
coupling is to use a coupler with opposite signs of
anharmonicity compared with the qubits [39,40]. In our
case, since transmon qubits have negative anharmonicity,
using a coupler with positive anharmonicity can achieve
the cancellation. Indeed, it has been proposed to utilize
couplers with positive anharmonicity to cancel the cross-
Kerr coupling [41]. This can be realized, e.g., by using a
capacitively shunted flux qubit [42,43] as the coupler.
Moreover, the primary mechanism enabling fast single-
qubit operations is the inherent flux crosstalk identified in
this paper. This mechanism persists for all types of flux-
modulated couplers, as the voltage generated by the flux
modulation serves as the driving field for the gates.

According to the error budget in Fig. 6, coupler-driven
single-qubit gates exceeding 99.9% fidelity are achievable
once the three main errors discussed above are suppressed,
with gate times on the order of 20 ns. This performance is
highly competitive, as it is comparable to standard super-
conducting single-qubit gate implementations. We note that
at this level, the performance of the gate is also affected by
decoherence processes such as relaxation and dephasing.
Although decoherence effects are expected to reduce gate
fidelity, their inclusion would require a more comprehen-
sive open-system model and is left for future work.

We finally remark that the lumped-element quantization
used in our modeling of the tunable-coupler architecture is
an approximation whose accuracy depends on the device
geometry as discussed in Ref. [22]. While a more sophis-
ticated model can capture the fine spatial details of the
applied fields, any resulting additional dynamics occur
only at high frequencies. As long as the driving frequency
is below these, as is the case here, high-frequency spatial
modes can be safely neglected, fully justifying the lumped-
element treatment [22].

V. CONCLUSIONS

In this work, we have analyzed the effects of time-
dependent external magnetic fluxes in superconducting
circuits that realize coupled qubit systems. We have shown
that a time-varying external flux threading the loop of a
qubit induces effective cross-voltage driving for another
qubit. With a properly chosen coordinate transformation,
this effect manifests itself as flux crosstalk in the potential
energy of the Hamiltonian of the coupled circuit. We refer
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to this type of flux crosstalk as inherent flux crosstalk, as it
originates from the structure of the system itself.

Importantly, we thoroughly described the effects
of inherent flux crosstalk in the tunable-coupler architec-
ture of transmons. The voltage generated by the oscillating
magnetic flux in the coupler is capable of driving fast and
high-fidelity single-qubit gates on the qubit whose tran-
sition frequency matches the drive frequency.

Our results indicate that it is reasonable to use the coupler
element not only to perform two-qubit gates but also to
perform single-qubit gates. This eliminates the need for
separate microwave control lines for the qubits. Reducing
the number of control lines by one per qubit may appear
modest at small scales; however, such a reduction becomes
highly significant for large-scale superconducting process-
ors, where wiring complexity, thermal load, and routing
congestion constitute major scalability bottlenecks.
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The capacitance matrix of the circuit is

Co1+Cpri+Cri+Cp3 —(Cp1 +Cry)

C— —(Cp1+ Cgy) Cop+Cri+Cryi+Cyy
—Ci;3 0
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FIG. 7. The lumped-element circuit model of the coupled
floating qubits. The red branches correspond to the chosen tree
of the circuit graph, with capacitances to the ground. In a
floating design, the Josephson junctions connect separate
superconducting islands (depicted as nodes) directly to each
other, whereas in a grounded design, each junction connects an
island to ground.

APPENDIX A: CAPACITIVELY COUPLED
FLOATING TRANSMONS

Here, we show the emergence of inherent flux crosstalk
in a system of coupled floating transmons, depicted in
Fig. 7. The Lagrangian of the circuit, expressed in terms of
the node fluxes ®;, which are arranged into the vector ®@,
is written as:

. 1. . .
L(D,D) = 5q>TC<I> + Vi - U(®). (Al)
—Cy3 0
0 —Cy
Cys+Crat+Cra+Cis —(CLy+ Cra)
—(Cpra+ Cgp) CyatCrr+ Crr+Cy

(A2)
Crad —Cradl)). (A3)

appears due to the time-dependence of the external fluxes. Furthermore, in this case, both capacitances shunting the
Josephson junctions act as chords, each defining a fundamental loop. However, the external flux is enclosed by only one of
these loops; here, the loop closed by the right capacitive branch. To maintain consistency, this choice must be reflected in
the potential energy, ensuring that the external flux is assigned to the corresponding Josephson junction. Using this insight,
the potential energy reads

2 2
U®)=—-E;, <cos <aﬂ (D, — CI)I)) + v} cos <aﬂ (@1 —®, + (D&E)))

0 0

27 27
—E;, (cos (ao (@, — <I>3)> + v, cos (50 (CI)3 — O, + CDQ)))

(A4)
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Notice that the potential energy depends only on node-
flux differences. This motivates introducing a new set of
variables defined by the sums and differences of the node

In the following, we outline the reduction process that
shows this equivalence.
We define the new set of coordinates as:

fluxes connected by Josephson junctions. This transfor-

. . . . . 1 1.0 O ON
mation reveals a pair of cyclic coordinates, which can be ® 0 0 1 1 o
eliminated from the dynamics using Routhian reduction < q;) =11 10 o q)z =Td, (AS)
[29]. Eliminating these variables leaves an effective B 0 -1 1 (Dz

Lagrangian for the remaining two difference coordinates,
which describes two interacting transmons. This effective
Lagrangian has the same form as Eq. (18) for the system
analyzed in Sec. II B, but with renormalized capacitances.

where we compactly ordered the sums ®, 4+ ®; and &, +
@5 into the vectors ®,. Then, the Lagrangian in Eq. (A1)
can be expressed as:

. . 1. . 1. . . . .

LD, DD, D)= 5c1>£c++<1>+ + 5(1)10__@_ +®IC, _d_+ VD —U(D.), (A6)
where VI = _(CR,ld)g(Z CR,Zq')éii), and the capacitance matrices are the blocks of the original capacitance matrix
[Eq. (A2)] after the transformation to the new variables:

C C
TH'cr=( 5 7). A7
( ) < CT, C__ ( )

The generalized coordinates @, in the Lagrangian Eq. (A6) are cyclic coordinates, which means that its conjugated
momentum is conserved:

oL . .
P= B C, &, +C,_®_=const.

+

(A8)

The effective Lagrangian governing the dynamics of the coordinates @_ is obtained after the Legendre
transformation [29]:

1

Le(®_,®_)=L—-Pld, = Ecbi(c,, —Cl_CcilC,)®_ 4+ (V_+CT_C\P)Y"d_—U(D_). (A9)

Since P is a constant vector, the contribution (CT_C7!P)7®_ is a total time derivative. The Lagrangian is
invariant under addition or subtraction of a total time derivative, so this term can be removed [29]. As a result, the
Lagrangian of the remaining degrees of freedom is

. 1. . .
Lot (®_, D_, 1) = E<I>Zceﬂ»<1>, + VI - U(D_), (A10)

where we defined the effective capacitance matrix C.; = C__ — CT_C71.C,_, and we explicitly show the time-
dependence of the vector V_ containing the external fluxes. Finally, V_ can only be removed by a point
transformation ®_ = ®_ + u(t) at the price of modifying the potential energy. Because of the capacitive coupling

between the transmon degrees of freedom in C., the displacement y mixes the external fluxes in the potential
energy, giving rise to inherent flux crosstalk similarly, as in Eq. (19).
APPENDIX B: STATIC HAMILTONIAN OF THE TUNABLE COUPLER ARCHITECTURE

To start with, we substitute the expression of the point transformation [Eq. (20)] and the form of the external fluxes
[Eq. (26)] into the potential energy in Eq. (25). For j € {1, 2}, the trigonometric expressions in the potential energy have
the form,

—E; ;|cos (@ — fio; + [C™'Bay]; + [C'Beg(r) ) + v;c0s (¢; = i + [C' Byl + [CBeci9() — o) |
(B
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This has the following structure: cosX + v;cos(X —(pi{"), which can be rewritten as Ecos(X — &), where E?> =

1+ v? +2v; cos (pgf) and tané = v; sin (pi{) /(1 +v;cos (pE{)) Thus, by choosing the point transformation with:

o)
) - v; sin gy
fioj = [C™'Bgpg]; — arctan (’—m> : (B2)
I+ vjcospg
and by defining f; = [C~'Be,];, Eq. (B1) becomes
—E,,.,-\/ 1+ 0% +2v; cos g cos(g; + f9(1)). (B3)

To separate the static part, we use the angle sum formula cos(¢;+p;g(t)) =cosg;cos(B;g(t)) —
sing;sin(f;g(t)), and since the modulation is a sinusoidal signal, g(¢) = Acos(w,t —y), we can employ the Jacobi-
Anger identities,

o]

cos(Bg(1)) = Jo(BA) +2 Y (—1)"J2,(B;A) cos(2n(wyt — 7)), (B4)
Sin(B,0(1) = 23 (<1 (B,4) cos((2n — 1)t — 7). (85)

n=1

Here, J,(x) denotes the Bessel functions of the first kind. These manipulations result in the static potential energy in
Eq. (28) for je{1,2} with:

Eeff,j(f/’i{)’M = EJ.jJO(ﬂjA>\/1 + sz- + 2”;’ Cos ‘ng)- (B6)
The degree of freedom of the coupler contributes to the potential energy with:
_EJ,C |:COS <(pc _ﬁOc + [C_IB¢st}c +ﬁcg(t)) + V. COS <(pc _ﬂOC + [C_IB¢st]c + (ﬂc - 1)g(t) - ¢§:)>:| . (B7)

To find the static contribution of Eq. (B7), we use the angle sum formulas for both cosines to separate the time-dependence
B.g(t) and (B, — 1)g(t), respectively. This leads to the static potential energy,

Ust,c = _EJ,C |:‘]0(ﬂCA) Cos <(pc - ﬁOc + {C_lB‘pst]c) + JO ((ﬂc - I)A)UC Ccos ((pc - ﬁOc + [C_IB(pst]c - ¢§:)):| . (B8)

This expression has the form N cos X + M cos(X — (p§f>), which can be rewritten again in the form E cos(X — §). We find

that by choosing the point transformation with:

A)sin[C'B Jo((B. — 1)A) sin ([C'Bgy,], — ¢
ﬁoc _ arctan(JO(ﬁL ) Sin [C ] q’st]c + vLJO((ﬂc ) )Sll’l ([C : q’st}c (ps(tL)) , (Bg)
JO(:BCA) cos [Ci B¢st]c + ch0<(:Bc - I)A) cos ([C7 B¢st]c — Pst )
we obtain the static potential energy in Eq. (28) with:
Ear (05, 4) = B, \10(BA + 0216((B. — DAY + 20.15(8.A) (B, — DA) cos g (B10)

APPENDIX C: THE TIME-DEPENDENT PART OF THE HAMILTONIAN

The time-dependent terms in Egs. (29) and (30) originate from the time-dependent parts of the Jacobi—Anger identities.
The expression in Eq. (30) is rather straightforward if one uses the angle sum formula on cos(¢; + ;9(t)). To obtain
Eq. (29), we need to use the angle sum formula successively in Eq. (B7). For example,
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— fige + [C™' By + .9(1))

— fioe + [C'Bag],) cos (B.g(1)) — sin (¢,
+ [C'Bgg],.) cos (B.g(1)) — sing, sin (g, +
+ [C7'Bog].) sin (B.g(1)) — cos @, sin (—fig.

cos (¢,
= cos (@,
= COS @ COS (_ﬁOC

— sin @ COS (_QOC

- ﬁOc + [Cilest]c) sin (ﬂcg(t))
[C™'Bgg].) cos (B.g(1))

+ [C™"Bog],.) sin (B.g(1)), (C1)

and similarly for the cosine with (., — 1)g(z). After some cumbersome algebra, one obtains the form shown in Eq. (29)
with amplitudes,

Ak((psth) = Jk(ﬁcA) cos ([CilB(pst}c - ﬁOc) + vc"k((ﬂc - 1)A) cos ([C71B¢st]c - laOc - Q”E[C)) ’ (CZ)

Bil@ A) = Ji(B.A) sin (€' Boy], = foe) + 05 (B = DA)sin (€ Byl — o —0l).  (C3)

= fo. (@1 ), and it is given in Eq. (B9). Because of the Bessel functions, for which J,,(x) ~ x¢ for x < 1, these
AXif B.A < 1, so that higher harmonics are suppressed.

where i,
amplitudes scale as Ay, By ~

APPENDIX D: THE SIMULATED HAMILTONIAN
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