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Probabilistic quantum algorithm for Lyapunov equations and matrix inversion
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We present a probabilistic quantum algorithm for preparing mixed states which, in expectation, are pro-
portional to the solutions of Lyapunov equations—linear matrix equations ubiquitous in the analysis of
classical and quantum dynamical systems. Building on previous results by Zhang et al., arXiv:2304.04526,
at each step the algorithm can (i) return the current state, (ii) apply a trace nonincreasing completely posi-
tive map, or (iii) restart. We introduce a deterministic stopping rule, which leads to an efficient algorithm
with a bounded expected number of calls to oracles representing the two input matrices of the Lyapunov
equations. We also consider preparing a mixed state that approximates the normalized inverse of a posi-
tive definite matrix A. In its most general form, the algorithm generates mixed states, which approximate
matrix-valued weighted sums and integrals. It can be shown that block encodings and states yield two
incomparable computational resources even when they represent the same piece of data. While block
encodings of functions have received much attention in the literature, our work takes a step toward the
less explored problem of encoding functions into mixed states.

DOI: 10.1103/mprk-9vx3

I. INTRODUCTION

We present a probabilistic quantum algorithm that
solves several linear matrix equations under certain con-
ditions in the following sense. Given an N × N normal
matrix A and N × N positive semidefinite matrix B, in
expectation the algorithm generates mixed states approx-
imately proportional to solutions X of the Lyapunov equa-
tions

AXA† − X + B = 0 (discrete time) (1)

AX + XA† + B = 0 (continuous time) (2)

with bounded expected stopping time and guarantees on
the approximation error. We also discuss an application of
the algorithm to finding solutions of

AX = I (matrix inversion) (3)

with error ε in trace distance and expected stopping time
�κ ln(1/ε)� + 1 for positive definite A with condition num-
ber κ and I the identity.
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Lyapunov equations are foundational to control and
systems theory, fields in engineering concerned with
controlling and predicting dynamical systems (see, e.g.,
Refs. [1,2] and references therein). Consider a continuous-
time, linear dynamical system ẋ = Ax with x the system
state. More general dynamical systems include driving
terms and outputs. If this system is stable [here, x(t)→ 0
for t →∞], a solution to the Lyapunov equation exists
for positive semidefinite B. Then functions of the form
xTX x characterize energy transfer and the approach to
equilibrium. Lyapunov equations also determine the time
evolution of covariance matrices of linear open quantum
systems [3,4]. Furthermore, their solutions appear in the
calculation of the Fréchet derivatives of the matrix square
root function [5], and in quantum information as the sym-
metric logarithmic derivative used in the quantum Fisher
information matrix and Bures metric [6,7].

A conceptually simple way to solve either of the Lya-
punov equations is to map it to a system of N 2 linear
equations Ax = b and find an approximate solution x̃ with
∥
∥x̃− x

∥
∥

2 < ε. For general or sparse A, this is imprac-
tical for large N owing to a poly(N ) runtime of any
classical solver. Specialized solvers, such as the Bartels-
Stewart algorithm [8], or convex optimization [9] poly-
nomially reduce the complexity but remain restricted to
moderate N . Approximate methods for larger-scale sys-
tems include singular value decomposition-based meth-
ods and Krylov methods [1,10]. Alternatively, one can
use a quantum linear system solver to obtain a state

∣
∣x̃
〉

with
∥
∥
∣
∣x̃
〉− |x〉∥∥2 < ε for |x〉 ∝∑

k xk |k〉 [11]. Given an
oracle that block encodes A with ‖A‖ = 1 and condition
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number κ , and an oracle preparing |b〉, the best cur-
rently known quantum linear system solvers achieve query
complexity O[κ log(1/ε)] [12,13]. Thus, if one can con-
struct the block encoding and state-preparation circuits
with polylog(N ) gates, preparing the state

∣
∣x̃
〉

has runtime
O[κ log(1/ε) polylog(N )]. This approach has the potential
for a large scaling advantage in N in applications that only
require estimating few expectation values rather than read-
ing out the full state x̃. For a recent review of quantum
linear system solvers, see Ref. [14]. A quantum algorithm
for the continuous-time Lyapunov equation was proposed
in Ref. [15]. This equation is also a special case of the alge-
braic Riccati equation, for which a quantum algorithm is
given in Ref. [16], and of the Sylvester equation, for which
a quantum algorithm appeared very recently [17]. These
approaches output a block encoding of the subnormalized
solution matrix.

In contrast to previous work, here we want to produce
quantum states proportional to the solution of the matrix
equation, i.e., ρ ∝ X . This is interesting because, in gen-
eral, a state and a block encoding for the same piece of data
provide incomparable computational resources. We prove
this in Appendix A by adapting a result from Ref. [17].
Our algorithm builds on the work by Zhang et al. [18].
Their algorithm generates states via a stochastic process
{ρt}, which depends on the outcomes of both a classical
coin flip and a quantum measurement of an ancilla regis-
ter. Coin flips determine whether the process stops, while
measurements determine whether the desired completely
positive (CP) map E acting on the main register is correctly
implemented. The stopped process generates states propor-
tional to

∑∞
k=0 ckEk(I/N ) in expectation, where ck depends

on the coin-flip probabilities {rj }kj=0 for all k and Ek means
applying E k times. For a suitable choice of E and {rk},
this process returns an approximate quantum Gibbs state
in expectation.

We modify the algorithm to generate states propor-
tional to

∑T
k=0 ckEk(ρ0) with an arbitrary initial state ρ0.

The main difference to Ref. [18] is the newly introduced
parameter T and different choices of E , {ck}, and ρ0.
These modifications allow us to generate states satisfying
1
2‖E[ρ]− (X /tr(X ))‖1 ≤ ε for solutions X of either the
Lyapunov equations or matrix inversion. For Lyapunov
equations we assume tr(B) = 1 and show that, in expec-
tation, our algorithm requires at most T + 1 calls to a
block encoding of either A or e�A for small � and a state-
preparation circuit for ρ0 = B. The same result holds for
matrix inversion where we use ρ0 = I/N instead. Once the
state is prepared, it can be used for the estimation of expec-
tations values tr(XO)/tr(X ), overlaps 〈ψ |X |φ〉/tr(X ), or
the normalization tr(X ). Table I summarizes the main
results. Approximate implementations of the map E lead
to an additive error discussed in the main text.

For matrix inversion our algorithm appears to match the
optimal query complexity bound in κ , ε for quantum lin-
ear system solvers [19–21]. However, it is worthwhile to
emphasize the subtle difference: for quantum linear sys-
tems we want to output a pure state |x〉 ∝ A−1 |b〉, for
matrix inversion we want to output a mixed state ρ ∝ A−1.
While the former problem is known to be BQP complete
[22], we are not aware of the complexity class of the lat-
ter. Finally, we compare quantum algorithms for solving
the continuous-time Lyapunov equation in Appendix F.
Bearing in mind the distinction in output formats (block
encodings versus states), the query complexity analysis
indicates that our algorithm remains competitive while
relying on potentially simpler primitives.

II. BACKGROUND

We begin with a description of the probabilistic quan-
tum algorithm by Zhang et al. [18]. Throughout this paper

TABLE I. Overview of results. Algorithm 1 achieves trace distance ε or ε1 + ε2 between the expected output state and normalized
solutions X / tr(X ) of the listed problems using the stated parameters. We set parameter rk = 1/(T + 1− k) for all k ∈ [T + 1] and
assume B � 0, tr(B) = 1, [A, A†] = 0. On average the algorithm queries a block encoding of M and a state-preparation circuit for ρ0
at most T + 1 times. λ(A) is the set the eigenvalues of A and κ the condition number of A.

Parameters

Problem Assumption T M [for E(·) = M ·M †] ρ0

Discrete-time Lyapunov ‖A‖ < 1
⌈

ln(1/ε)
2 ln(1/‖A‖)

⌉

A B

Continuous-time Lyapunov Re[λ(A)] < 0
⌈

ln(1/ε2)

2ε1

‖A‖ |min{Re[λ(A)]}|
|max{Re[λ(A)]}|2

⌉

e
ε1‖A‖

max{Re[λ(A)]}
min{Re[λ(A)]} A

B

Matrix inversion I A 
 0
⌈

κ ln
(

1
ε

)⌉ √

I − A
‖A‖

I
N

Matrix inversion II A 
 0
⌈
κ2

ε
ln
(

2
ε

)⌉

e−
ε

2κ‖A‖A I
N
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‖·‖1 denotes the trace norm, ‖·‖ the operator norm, λ(A)
the set of eigenvalues of A, and for integer i > 0, [i] :
−{0, 1, . . . , i− 1}.

The algorithm starts with an initial quantum state ρ0
and iteration number i = 0. At each iteration i there are
up to two probabilistic events. The first event is given by
a Bernoulli random variable b ∼ B(ri) where 0 ≤ ri ≤ 1
is the probability of observing the b = 1 outcome. When
b = 1 is observed, the algorithm stops and returns the cur-
rent state ρi. When b = 0, the algorithm applies a channel
to the current state:

	(ρi) = |0〉〈0| ⊗F(ρi)+ |1〉〈1| ⊗ E(ρi), (4)

where E ,F are two trace nonincreasing CP maps that form
a quantum instrument. The channel	 can be interpreted as
either the production of a desired state E(ρi)/tr[E(ρi)] with
probability pi+1 = tr[E(ρi)], or the production of an unde-
sired state F(ρi)/(1− tr[E(ρi)])with probability 1− pi+1.
Therefore, a second probabilistic event is triggered by
measuring the ancilla qubit in the computational basis.
This is another Bernoulli random variable a ∼ B(pi+1).
A measurement outcome a = 1 indicates that the desired
state has been produced. In this case we increment the iter-
ation number to i+ 1 and proceed with a recursive call
of the iteration just described. If a = 0, we introduce a
fresh copy of the initial state ρ0 and restart the algorithm at
iteration i = 0.

We briefly mention a model for an exact implementation
of the CP maps and discuss its approximate implementa-
tion later. For our purposes it is sufficient to focus on the
map E and assume a single, square Kraus operator M such
that

E(·) = M ·M †. (5)

We suppose that E is implemented by block encoding M .
That is, we have an (n+ m)-qubit unitary UM such that
M = α(〈1|⊗m ⊗ I⊗n)UM (|1〉⊗m ⊗ I⊗n) for α ≥ ‖M‖ and
n, m the number of system qubits and ancillas, respec-
tively. Projecting on the |1〉⊗m subspace by postselecting
on the all-ones outcome of the ancillas implements the
map E . Block-encoding constructions are thoroughly dis-
cussed in Refs. [23,24] and references therein. To keep
notation light, in Eq. (4) we assume postselection on a sin-
gle ancilla. This is without loss of generality, since we can
always add an extra qubit to the block encoding and set it
to |1〉 if the state of the other ancillas is |1〉⊗m.

III. RESULTS

The proposed algorithm is summarized as pseudocode
in Algorithm 1 and the resulting stochastic process is illus-
trated in Fig. 1. Here we focus on three applications: solv-
ing the discrete- and continuous-time Lyapunov equations
and matrix inversion.

ALGORITHM 1. The probabilistic quantum algorithm. Exe-
cuted with SAMPLESTATEρ0, 0). Returns the quantum state given
in Lemma 1 with stopping time in Lemma 2.

We introduce a deterministic stopping rule where the
algorithm returns if it has successfully completed T iter-
ations. This can be implemented simply by setting rT = 1.
The expected output state of the stopped process is
captured in the following lemma, which is shown in
Appendix B 1.

Lemma 1 (Expected output state). Let {E ,F} be a quan-
tum instrument with E ,F CP maps between states on
Hilbert space H. Let 0 ≤ rk < 1 for k ∈ [T], rT = 1, and
ρ0 an arbitrary initial state on H. Then the expected state
at stopping time τ output by Algorithm 1 is given by

E[ρ] =
∑T

k=0 rkRkEk(ρ0)
∑T

l=0 rlRl tr
[E l(ρ0)

] (6)

with Rk := �k−1
j=0(1− rj ) for k > 0 and R0 = 1.

We can generate different expected output states by
tuning the probabilities rk and changing T. Suppose we
want to produce expected states with positive coefficients

FIG. 1. Stochastic process of Algorithm 1. At each iteration i
we have state ρi = E i(ρ0)/tr

[E i(ρ0)
]

(white circle), probability
ri of returning the current state (grey) and stopping or probability
1− ri of continuing. Conditioned on continuing we have proba-
bility pi+1 = tr[E(ρi)] of applying the CP map E and probability
1− pi+1 of restarting with ρ0 at i = 0.
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rkRk = ck > 0 for all k. This can be achieved by setting the
Bernoulli probabilities to

rk = ck

1−∑k−1
j=0 cj

for k ∈ [T]. (7)

Since rT = 1, we have the condition that
∑T

k=0 ck = 1.
Note that this setting is valid for T →∞ if the series
of ck converges to 1. In the following applications we
work with finite T and set all coefficients to a constant
ck = 1/(T + 1). Then they cancel from Eq. (6) and we
have probabilities rk = 1/(T + 1− k) for all k ∈ [T + 1].

In principle, the algorithm could run forever, e.g., in the
case where all iterations lead to a restart in Fig. 1. The fol-
lowing lemma shows that this does not happen on average
because the expected stopping time is bounded.

Lemma 2 (Expected stopping time). The expected stop-
ping time of Algorithm 1 is given by

E[τ ] =
∑T

k=0 Rk tr
[Ek(ρ0)

]

∑T
l=0 rlRl tr

[E l(ρ0)
] . (8)

As shown in Appendix B 2, the following corollary
follows immediately.

Corollary 1. Let rkRk = ck > 0 as in Eq. (7). Then the
expected stopping time is bounded by

E[τ ] ≤ 1
min{ck} . (9)

For the case rk = 1/(T + 1− k) with k ∈ [T + 1] the
expected stopping time is bounded by

E[τ ] ≤ T + 1. (10)

Due to Markov’s inequality, P(τ ≥ aE[τ ]) ≤ 1/a. For
example, there is a 75% chance that the algorithm stops
within 4 times the expected stopping time.

When the process stops, the resulting state can be used
for downstream tasks. In Appendix E we show how to esti-
mate expectation values, state overlaps, and normalization
constants.

A. Discrete-time Lyapunov equation

Consider N × N matrices A, B and recall the discrete-
time Lyapunov equation (1), AXA† − X + B = 0. We
assume that ‖A‖ < 1, [A, A†] = 0, B is nonzero positive
semidefinite, denoted with B � 0, and tr(B) = 1. For sim-
plicity we assume N = 2n with n the number of qubits
of the main register representing the desired state. Since

‖A‖ < 1, a unique solution to Eq. (1) exists and can be
written as [2]

X =
∞
∑

k=0

AkBA†k. (11)

Our algorithm can produce a normalized approximate
solution as its expected state of the stopped process. To
see this consider the CP map E(·) = A · A†, probabilities
rk = 1/(T + 1− k), and initial state ρ0 = B. We assume
that we have a state-preparation circuit for B. The map
E is implemented by block encoding its Kraus operator
A. Inserting these parameters into Eq. (6) shows that our
algorithm produces the expected output state

E[ρ] =
∑T

k=0 AkBA†k

∑T
k=0 tr

(

AkBA†k
) . (12)

Next we need to bound the approximation error from
finite T. This allows us to choose T such that the error
becomes arbitrarily small as summarized by the following
theorem.

Theorem 1 (Solution of discrete-time Lyapunov
equation). Let A, B ∈ C

2n×2n
with ‖A‖ < 1, [A, A†] = 0,

B � 0, tr(B) = 1, and 0 < ε < 1. If ‖A‖ �= 0, set

T∗ :=
⎡

⎢
⎢
⎢

ln
( 1
ε

)

2 ln
(

1
‖A‖

)

⎤

⎥
⎥
⎥

(13)

and T∗ = 0 otherwise. Instantiate Algorithm 1 with T ≥
T∗, probabilities rk = 1/(T + 1− k) for k ∈ [T + 1], the
CP map E(·) = A · A†, and initial state ρ0 = B. Then the
expected output state satisfies 1

2 ‖E[ρ]− (X /tr(X ))‖1 ≤
ε, where X is the solution of the discrete-time Lyapunov
equation (1).

The proof is in Appendix C 1. In Appendix D we prove
that the choice of T ∗ in Theorem 1 is asymptotically
optimal.

Choosing T = T ∗ results in the shortest expected stop-
ping time. Then Corollary 1 implies that the algorithm
produces an approximation to the normalized solution of
the discrete-time Lyapunov equation with (in expectation)
at most T ∗ + 1 calls to the block encoding of A and the
state-preparation circuit for B.

B. Continuous-time Lyapunov equation

Now recall the continuous-time Lyapunov equation (2),
AX + XA† + B = 0. In this subsection, we assume that all
eigenvalues of A have strictly negative real parts. Fur-
thermore, [A, A†] = 0, B � 0, and tr(B) = 1 as before.
Equation (2) has a unique solution if and only if the eigen-
values of A satisfy λi + λ ∗j �= 0 for all λi, λj ∈ λ(A). This
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is satisfied because all eigenvalues have strictly negative
real parts. Furthermore, the solution is given by [2]

X =
∫ ∞

0
etABetA†

dt. (14)

To approximate this solution with our algorithm we
truncate the integral in Eq. (14) to the domain [0, L] and
discretize using the left Riemann sum. We choose an inter-
val size � and, for integer T, a cutoff L = (T + 1)�.
Then

X ≈ �
L
�
−1

∑

k=0

ek�ABek�A†
. (15)

Let us choose as the CP map E(·) = e�A · e�A†
, probabil-

ities rk = 1/(T + 1− k), and initial state ρ0 = B. For the
moment we assume that E is implemented exactly by block
encoding its Kraus operator e�A. Inserting the parame-
ters into Eq. (6) shows that our algorithm produces the
expected output state

E[ρ] =
∑T

k=0 ek�ABek�A†

∑T
k=0 tr

(

ek�ABek�A†) . (16)

It remains to bound the approximation error from the dis-
cretization (denoted ε1) and truncation (ε2) of the solution.
This allows us to choose parameters T and � such that
the error becomes arbitrarily small as summarized by the
following theorem proven in Appendix C 2.

Theorem 2 (Solution of continuous-time Lyapunov
equation). Let A, B ∈ C

2n×2n
with Re(λi) < 0 for all λi ∈

λ(A), [A, A†] = 0, B � 0, tr(B) = 1, and 0 < ε1, ε2 < 1.
Set

T ∗ :=
⌈

1
2ε1

ln
(

1
ε2

)‖A‖ |mink{Re(λk)}|
∣
∣maxj {Re(λj )}

∣
∣
2

⌉

, (17)

� ∗ := ε1

‖A‖
maxj {Re(λj )}
mink{Re(λk)} . (18)

Instantiate Algorithm 1 with T ≥ T ∗, 0 < � ≤ � ∗, prob-
abilities rk = 1/(T + 1− k) for k ∈ [T + 1], the CP map
E(·) = e�A · e�A†

, and initial state ρ0 = B. Then the
expected output state satisfies 1

2 ‖E[ρ]− (X /tr(X ))‖1 ≤
ε1 + ε2, where X is the solution of the continuous-time
Lyapunov equation (2).

Corollary 1 implies that the algorithm requires in expec-
tation at most T ∗ + 1 calls to the block encoding of
e�A and the state-preparation circuit for B. This is mul-
tiplied by the cost of implementing the block encod-
ing, which, of note, shall not have subnormalization
factors that can bias the transition probabilities rk. In

the special case of Hermitian A, the condition number
is κ = mink{λk}/maxj {λj }, and thus we find T ∗ =
⌈

(κ2/2ε1) ln(1/ε2)
⌉

and � ∗ = ε1/κ‖A‖.

C. Matrix inversion

Consider a matrix A 
 0 and the task of finding
its normalized inverse. We use κ to indicate its con-
dition number. We can reduce the problem to the
discrete-time Lyapunov equation A′X (A′)† − X + B = 0
with A′ = √I − A/‖A‖ and B = I/N . To see this, note
that X = A−1‖A‖/N commutes with A′ and solves the
equation. Since ‖A′‖ = √1− 1/κ < 1, the solution is
unique. Finding the solution with our algorithm requires
the CP map E(·) = √I − A/‖A‖ · √I − A/‖A‖. Plugging
this map in Theorem 1 we obtain a state that satis-
fies 1

2

∥
∥E[ρ]− (A−1/tr

(

A−1
)

)
∥
∥

1 ≤ ε and expected stop-
ping time bounded by �κ ln(1/ε)� + 1 yielding query
complexity O[κ ln(1/ε)] in expectation [25].

An alternative path to matrix inversion is to reduce it to
the continuous-time Lyapunov equation A′X + X (A′)† +
B = 0 with A′ = −A/2 and B = I/N . Note that X =
A−1/N solves the equation. Since Re(λ′i) = −Re(λi)/2 <
0 for any pair of eigenvalues λ′i and λi corresponding to
the same eigenvector of A′ and A, respectively, the solu-
tion is unique. Using Theorem 2 for this case with the
choice ε1 = ε2 = ε/2, we obtain an expected output state
that satisfies 1

2

∥
∥E[ρ]− (A−1/tr

(

A−1
)

)
∥
∥

1 ≤ ε using the CP
map E(·) = e−εA/2κ‖A‖ · e−εA/2κ‖A‖. The expected stopping
time is bounded by

⌈

(κ2/ε) ln(2/ε)
⌉+ 1.

In Table I we denote the discrete-time approach as
matrix inversion I, and the continuous-time approach as
matrix inversion II. Which of the two algorithms is prefer-
able? The discrete-time approach has a favorable scaling
in both ε and κ , but the answer really depends on the cost
of the block encoding. If we can block encode

√
A/‖A‖,

then the qubitization trick [23, Lemmas 8 and 10] yields
the block encoding of

√
I − A/‖A‖ in an off-diagonal

block, which could be used in our discrete-time algorithm.
Alternatively, one can use the quantum singular value
transformation [24] to block-encode approximations to
functions of A, including

√
I − A/‖A‖ and e−εA/2κ‖A‖ (see

Appendix C 4 for an explicit construction of the latter).

D. Approximate implementation

So far we have assumed an exact implementation of the
CP map E via a block encoding of M . Now suppose that
we can only implement an approximate block encoding M̃
yielding the trace nonincreasing CP map Ẽ(·) = M̃ · M̃ †.
This leads to a further additive error ε∼ in the trace dis-
tance 1

2 ‖E[ρ]− (X /tr(X ))‖1. As shown in Appendix C 3
this error can be achieved in practice by choosing a
block encoding such that ‖M − M̃‖ ≤ ε∼/2T(T + 1) with
T from Theorem 1 or Theorem 2, respectively. For exam-
ple, the error of the continuous-time algorithm with this

044040-5
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approximate implementation is 1
2 ‖E[ρ]− (X /tr(X ))‖1 ≤

ε1 + ε2 + ε∼. In Appendix C 4 we provide an explicit con-
struction of the approximate block encoding of M = e�A,
using O [κ log(T/ε∼)] calls to the block encoding of A.

IV. CONCLUSION

We have presented a probabilistic quantum algorithm
for approximating solutions to Lyapunov equations and
matrix inversion under certain conditions. Given block-
encoding access to a function of the normal input matrix
A and a state-preparation circuit for ρ0, in expectation the
algorithm outputs mixed states ∝∑T

k=0 Ek(ρ0). With the
choice of T, E , and ρ0 in Table I the expected output
state is proportional to the respective solution up to the
given error in trace distance. The expected stopping time of
the algorithm is at most T + 1 yielding query complexity
O(T). For positive definite A and access to a block encod-
ing of

√
A/‖A‖ the query complexity of matrix inversion

matches the lower bound 
[κ ln(1/ε)] of quantum linear
system solvers [19–21]. In contrast, however, we only get
sample access to the expected output state representing the
solution. Nevertheless, our algorithm can be used in appli-
cations that require estimating expectations, overlaps, or
traces of the normalized solution.

The presented algorithm could be extended to higher-
precision quadrature formulas for Eq. (14) and to approx-
imating more general integrals than Eq. (14). First, admit-
ting a different CP map at each iteration yields an expected
output state ∝∑T

k=0 ck(Ek ◦ · · · ◦ E0)(ρ0). For example,
Ek(·) = e(tk−tk−1)A · e(tk−tk−1)A†

with a suitable choice of tk,
ck leads to a matrix equivalent of Gaussian quadrature [26].
For smooth scalar functions Gaussian quadrature rules typ-
ically converge much faster than the Riemann sum we use.
It would be interesting to analyze whether this can improve
the scaling of parameter T with ε1 in the continuous-time
Lyapunov case. Second, in Eq. (14) we could introduce a
weighting function f (t) or admit an anti-Hermitian A. The
former leads to a generalization of the Laplace transform
to matrices, the latter to the (one-sided) operator Fourier
transform. It would be fruitful to analyze approximation
errors and applications of those generalizations.
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APPENDIX A: INCOMPARABILITY OF BLOCK
ENCODINGS AND STATES AS RESOURCES

Consider a positive semidefinite matrix C ∈ C
N×N of

spectral norm ‖C‖ = 1. This data can be encoded as a
state ρC = C/ tr[C], or as a block encoding UC such that
(I ⊗ 〈G|)UC (I ⊗ |G〉) = C for some known state |G〉. The
following two theorems, which are adapted from Ref. [17],
show that the two encodings are incomparable computa-
tional resources.

Theorem A1. For a permutation matrix P= ∑N
j=1 |P(j )〉

〈j | ∈ C
N×N , let C = (2I + P + P†)/4. Consider the deci-

sion problem of determining whether 〈1|P |1〉 is 1 or 0, that
is, respectively, whether 〈1|C |1〉 is 1 or 1/2. This problem
can be solved with high probability using a constant num-
ber of queries to the block encoding UC, but it requires

(
√

N ) copies of the mixed state ρC.

Note that both P and its inverse P† yield the same C
and, in the reverse direction, C uniquely determines the
unordered pair {P, P†} (which is a singleton if P is its own
inverse). Hence the problem is well defined.

Proof. Consider an algorithm that � times repeats
the following: it applies UC to |1〉 |G〉 and then per-
forms the two-outcome projective measurement corre-
sponding to |1〉 |G〉 and its orthogonal complement. If
all � measurements yield |1〉 |G〉 the algorithm returns
〈1 |P | 1〉 = 1, otherwise it returns 〈1 |P | 1〉 = 0. Since the
algorithm essentially samples from the probability distri-
bution

(〈1 |C | 1〉2, 1− 〈1 |C | 1〉2)�, it fails with probabil-
ity at most 1/4�. Hence, for any constant error ε > 0 a
constant number of queries to UC suffices.

For the lower bound on the copies of ρC, we will employ Ref. [17, Theorem 2]. This tells us that, if we are given
asymptotically fewer than

√
N copies of the state |φP〉 := (1/√N )

∑N
j=1 |j , P(j )〉, then we cannot with high probability

decide if P(1) = 1. Thus, it suffices to show that there is a random procedure, which, in expectation, uses a constant
number of copies of |φP〉 and prepares the state ρC. Let FP := {j | P( j ) = j } be the set of fixed points of P and let
MP := |FP| = tr[P] = tr

[

P†
]

. Note that

ρC = 2I + P + P†

2N + 2MP
(A1)

= 1
2N + 2MP

⎛

⎝
∑

j∈FP

4 |j 〉〈j | +
∑

j /∈FP

(

2 | j 〉〈 j | + |P( j)〉〈 j | + ∣
∣P†( j)

〉〈

j
∣
∣
)

⎞

⎠ (A2)
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= 1
2N + 2MP

⎛

⎝
∑

j∈FP

4 |j 〉〈j | +
∑

j /∈FP

(|j 〉〈j | + |P( j)〉〈P( j)| + |P( j)〉〈j | + | j 〉〈P( j)|)
⎞

⎠ (A3)

= 2N
N +MP

⎛

⎝
1
N

∑

j∈FP

| j 〉〈 j | + 1
2N

∑

j /∈FP

| j 〉 + |P( j)〉√
2

〈 j | + 〈P( j)|√
2

⎞

⎠ . (A4)

Now we show that, given the expected number of 2/(1+
MP/N ) ∈ [1, 2] copies of the state |φP〉, we can prepare
one copy of ρC. First, we measure |φP〉 in the computa-
tional basis, obtaining |j , P(j )〉 for a uniformly random j .
If P(j) = j, we prepare and return the state |j 〉. If P(j) �=
j , with probability 1/2 we prepare and return the state
(|j 〉 + |P(j )〉)/√2 and with probability 1/2 we restart the
procedure with a fresh copy of |φP〉.

To see that this procedure indeed gives the state
ρC in expectation, consider Eq. (A4). The term
(1/N )

∑

j∈FP
|j 〉〈j | corresponds to the event when the mea-

surement of |φP〉 yields |j, j 〉. The trace of this former term
is MP/N , which is the probability of this event. The other
term, namely,

1
2
· 1

N

∑

j /∈FP

|j 〉 + |P(j)〉√
2

〈j | + 〈P(j)|√
2

, (A5)

corresponds to the event when both the measurement of
|φP〉 yields |j , P(j)〉 with P(j) �= j and, subsequently, we
decide with probability 1/2 not to restart the procedure.
The trace of this latter term is (N −MP)/2N , which is the
probability of this event. Hence, the unnormalized mixed
state in the parenthesis of Eq. (A4) is the output of the pro-
cedure conditioned on having concluded without a restart.
The trace of this state is (N +MP)/2N , which is the prob-
ability of the procedure concluding without a restart, there-
fore we need to multiply by its reciprocal to normalize the
state, thus obtaining ρC. Note that (N +MP)/2N = 1−
((N −MP)/2N ), where (N −MP)/2N is the probability
that we restart the procedure. �

Theorem A2. Let C ∈ C
N×N be a binary diagonal

matrix with exactly one nonzero entry, that is, C = |j 〉〈j |
for some unknown j ∈ {1, . . . , N }. Consider the search
problem of finding the unique j such that 〈j |C | j 〉 = 1.
This problem requires 
(

√
N ) queries to the block encod-

ing UC, but can be solved while a single copy of the
state ρC.

Proof. The lower bound 
(
√

N ) on the number of
queries to the block encoding is given by Ref. [17,
Theorem 4]. On the other hand, because ρC = C = |j 〉〈j |,
measuring the unique copy of ρC in the computational
basis yields j with certainty. �

Arguably, an even stronger evidence of incomparability
of UC and ρC as computational resources would be to give
two computational problems for the same C, such that for
one problem UC is a more useful resource while ρC is more
useful for the other. Whether such C exists is left as an open
problem.

APPENDIX B: ANALYSIS OF THE
PROBABILISTIC ALGORITHM

The algorithm is described in the main text and pre-
sented as pseudocode in Algorithm 1. Here we show one
iteration of the algorithm as a transformation, while hiding
all the intermediary steps such as coin flip, block encoding,
and ancilla measurement:

ρi −→ ri ρi
︸︷︷︸

return

+(1− ri) tr[E(ρi)]
E(ρi)

tr[E(ρi)]
︸ ︷︷ ︸

=:ρi+1
continue

+ (1− ri)(1− tr[E(ρi)]) ρ0
︸︷︷︸

restart

. (B1)

1. Expected output state (Lemma 1)

We calculate the expected output state E[ρ] of the
algorithm following the derivation in Zhang et al. [18].
Here ρ denotes the quantum state of the stopped process.
We begin by noting that whenever the algorithm restarts,
it does so from the initial state ρ0 and the iteration counter
is reset to i = 0. In this case the whole probability subtree
can be replaced by E[ρ]. We have

E[ρ] = r0ρ0 + (1− r0) (1− tr[E(ρ0)])E[ρ] (B2)

+ r1(1− r0)E(ρ0)+ (1− r1)(1− r0) (tr[E(ρ0)]

− tr
[E2(ρ0)

])

E[ρ] (B3)

+ · · · (B4)

+
⎡

⎣rk

k−1
∏

j=0

(1− rj )

⎤

⎦ Ek(ρ0)+
[

k
∏

i=0

(1− ri)

]

× (

tr
[Ek(ρ0)

]− tr
[Ek+1(ρ0)

])

E[ρ] (B5)
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+ · · · (B6)

+
[

T−1
∏

l=0

(1− rl)

]

ET(ρ0), (B7)

where the last line is given by the deterministic stopping
rule, rT = 1. Grouping terms and introducing the notation
Rk =

∏k−1
l=0 (1− rl) and R0 = 1 we have

E[ρ] =
T

∑

k=0

rkRkEk(ρ0)+ E[ρ]
T

∑

l=0

Rl+1
{

tr
[E l(ρ0)

]

− tr
[E l+1(ρ0)

]}

. (B8)

With some work one can show that the second summation
is equivalent to 1−∑T

l=0 rlRl tr
[E l(ρ0)

]

. Solving for the
expected state we arrive at

E[ρ] =
∑T

k=0 rkRkEk(ρ0)
∑T

l=0 rlRl tr
[E l(ρ0)

] . (B9)

By tuning the probabilities rk and the stopping parame-
ter T it is now possible to implement different expected
states. As a warm-up example, we consider the case where
rkRk = c for some constant c > 0 and for all k, thus cancel-
ing out from Eq. (B9). This can be achieved by setting the
Bernoulli probabilities to rk = c/(1− kc). Since rT = 1
we find that c = 1/(T + 1). Thus, we have

rk = 1
1+ T − k

for k ∈ [T + 1]

=⇒ E[ρ] =
∑T

k=0 Ek(ρ0)
∑T

l=0 tr
[E l(ρ0)

] . (B10)

We emphasize that this setting is valid only for finite
T since, otherwise, all rk = 0, i.e., the algorithm never
enters the “return” branch in Eq. (B1). As a second exam-
ple, we consider the more general case where rkRk = ck
for coefficients 0 < ck < 1. This can be achieved by the
setting

rk = ck

1−∑k−1
j=0 cj

for k ∈ [T + 1]

=⇒ E[ρ] =
∑T

k=0 ckEk(ρ0)
∑T

l=0 cl tr
[E l(ρ0)

] . (B11)

Since rT = 1, we have the condition that
∑T

k=0 ck = 1,
i.e., the coefficients must form a probability vector. If {ck}
also forms a convergent series then, unlike the previous
example, T can be taken to infinity.

2. Expected stopping time (Lemma 2 and Corollary 1)

For the expected stopping time E[τ ] of the algorithm
one simply follows the derivation in [18, Lemma 7] to get

E[τ ] =
∑T

k=0 Rk tr
[Ek(ρ0)

]

∑T
l=0 rlRl tr

[E l(ρ0)
] . (B12)

When the Bernoulli probabilities rk are given by Eq. (B11),
we have Rk = 1−∑k−1

j=0 cj . Then

E[τ ] =
∑T

k=0

(

1−∑k−1
j=0 cj

)

tr
[Ek(ρ0)

]

∑T
l=0 cl tr

[E l(ρ0)
]

≤
∑T

k=0 tr
[Ek(ρ0)

]

∑T
l=0 cl tr

[E l(ρ0)
] ≤ 1

min{cl} , (B13)

where we use that 0 < ck < 1 and 0 < tr
[Ek(ρ0)

] ≤ 1 for
all k by assumption, so we can ignore the term with the
minus sign. It follows that for constant coefficients ck =
1/(T + 1) as in Eq. (B10), we have E[τ ] ≤ T + 1. Intu-
itively, this is because the Bernoulli probabilities of enter-
ing the “return” branch in Eq. (B1) are rk ≥ 1/(T + 1).

APPENDIX C: APPROXIMATION ERROR FOR
LYAPUNOV EQUATIONS

We start by the following claim, which we employ
below in Appendices C 1–C 3. Let � denote the Loewner
order.

Claim C1. For nonzero positive semidefinite Y, Z of the
same dimensions, we have

1
2

∥
∥
∥
∥

Y
tr(Y)

− Z
tr(Z)

∥
∥
∥
∥

1
≤ ‖Y − Z‖1

max{tr(Y), tr(Z)} . (C1)

Proof. Assume that tr(Y) ≥ tr(Z) (if not one can sim-
ply swap the roles of Y and Z in the following deriva-
tion). Because Y, Z � 0, we have ‖Y‖1 = tr(Y) and ‖Z‖1 =
tr(Z). By applying the triangle inequality to ‖(Y − Z)+
Z‖1, we get

tr(Y)− tr(Z) ≤ ‖Y − Z‖1 , (C2)

which we will use in a moment. Applying the triangle
inequality to the distance that we want to bound, we get

1
2

∥
∥
∥
∥

Y
tr(Y)

− Z
tr(Z)

∥
∥
∥
∥

1
≤ 1

2

∥
∥
∥
∥

Y
tr(Y)

− Z
tr(Y)

∥
∥
∥
∥

1

+ 1
2

∥
∥
∥
∥

Z
tr(Y)

− Z
tr(Z)

∥
∥
∥
∥

1
(C3)
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≤ ‖Y − Z‖1

2 tr(Y)
+ ‖Z‖1

2

∣
∣
∣
∣

1
tr(Y)

− 1
tr(Z)

∣
∣
∣
∣

(C4)

≤ ‖Y − Z‖1 + [tr(Y)− tr(Z)]
2 tr(Y)

,

(C5)

where we use tr(Y) ≥ tr(Z) and, once again, ‖Z‖1 = tr(Z).
The proof is concluded by applying Eq. (C2). �

1. Proof of Theorem 1 (solution of the discrete-time
Lyapunov equation)

Let us recap the setting of the theorem. We want to solve
the discrete-time Lyapunov equation

AXA† − X + B = 0, (C6)

where B is positive semidefinite, tr(B) = 1, [A, A†] = 0,
and all eigenvalues of A have magnitude strictly less than
1 [the following are equivalent: (i) it is Schur stable, (ii)
its spectral radius is less than 1]. The spectral radius of a
normal matrix equals the operator norm. Let us introduce
the following notation for this section:

S(T) :=
T

∑

k=0

AkBAk†. (C7)

Note that B = CC† for some C, since B is positive semidef-
inite. Then the summand in S(T) can be written in the
form (AkC)(AkC)† and so it is also positive semidefinite.
It follows that S(T) itself is positive semidefinite and thus

‖S(T)‖1 = tr[S(T)] (C8)

S(N ) � S(T) for N ≥ T (C9)

‖S(∞)− S(T)‖1 = tr[S(∞)]− tr[S(T)]. (C10)

Equation (C6) has a unique solution X if and only if the
eigenvalues of A satisfy λiλj �= 1 for all i, j . This is satis-
fied because we assume ‖A‖ < 1. Furthermore, for ‖A‖ <
1 the solution to Eq. (C6) is X = S(∞). We can produce
a normalized version of Eq. (C6) by using the probabilis-
tic quantum algorithm with the following setup: the block
encoding of A is used to implement the map E(·) = A · A†,
and the Bernoulli probabilities given in Eq. (B10) are used
to implement constant coefficients ck. Then the expected
output state is

E[ρ] =
∑T

k=0 AkBA†k

tr
(
∑T

l=0 AlBA†l
) = S(T)

tr[S(T)] . (C11)

To prove the theorem we find the value of the parame-
ter T such that the expected output state is ε-close to the
normalized solution in trace distance.

Proof of Theorem 1. Using Claim 1 and, then,
Eq. (C10), we get

1
2

∥
∥
∥
∥

X
tr[X ]

− E[ρ]
∥
∥
∥
∥

1
= 1

2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(T)
tr[S(T)]

∥
∥
∥
∥

1

≤ ‖S(∞)− S(T)‖1

tr[S(∞)]
= tr[S(∞)]− tr[S(T)]

tr[S(∞)] . (C12)

For the numerator we find

tr[S(∞)]− tr[S(T)] =
∞
∑

k=T+1

tr
(

AkBA†k)

=
∞
∑

j=0

tr
(

Aj+T+1BA†j+T+1) (C13)

= tr

⎡

⎣(A†A)T+1
∞
∑

j=0

(A†A)j B

⎤

⎦

= tr
[

(A†A)T+1(I − A†A)−1B
]

,
(C14)

where we use the closed form of the Neumann series.
Since A†A is positive semidefinite, we can write its spectral
decomposition as A†A =∑

i αi |i〉〈i| where 0 ≤ αi < 1 and
{|i〉}i is an eigenbasis of A†A. Since B is positive semidefi-
nite, we have that βi = 〈i |B | i〉 ≥ 0. Thus we can continue
as

tr[S(∞)]− tr[S(T)]

=
∑

i

αT+1
i

βi

1− αi
≤ max

j

{

αT+1
j

}∑

i

βi

1− αi
(C15)

= max{|λi| | λi ∈ λ(A)}2(T+1) tr
[

(I − A†A)−1B
]

,
(C16)

with equality when T = −1, for which S(−1) = 0. Recall
that A is normal so its spectral radius equals the operator
norm. Then Eq. (C12) is bounded as

1
2

∥
∥
∥
∥

X
tr[X ]

− E[ρ]
∥
∥
∥
∥

1
≤ tr[S(∞)]− tr[S(T)]

tr[S(∞)]− tr[S(−1)]

≤ ‖A‖2(T+1) ≤ ε, (C17)

where we introduced a parameter 0 < ε < 1. Assuming
‖A‖ �= 0 and solving for T we conclude that

T ≥
⎡

⎢
⎢
⎢

ln
( 1
ε

)

2 ln
(

1
‖A‖

)

⎤

⎥
⎥
⎥

=⇒ 1
2

∥
∥
∥
∥

X
tr[X ]

− E[ρ]
∥
∥
∥
∥

1
≤ ε.

(C18)
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The trivial case ‖A‖ = 0 has solution X = B, which is
achieved by setting T ≥ 0. �

2. Proof of Theorem 2 (solution of the continuous-time
Lyapunov equation)

We consider the continuous-time Lyapunov equation

AX + XA† + B = 0, (C19)

where B is positive semidefinite, tr(B) = 1, [A, A†] = 0,
and all eigenvalues of A satisfy Re[λ(A)] < 0 (Hurwitz sta-
ble). Equation (C19) has a unique solution if and only if the
eigenvalues of A satisfy λi + λ ∗j �= 0 for all λi, λj ∈ λ(A).
This is satisfied because we assume Re[λ(A)] < 0 so the
sum of the real parts of λi + λ ∗j cannot be 0. Furthermore,
the unique solution is given by

X =
∫ ∞

0
etABetA†

dt, (C20)

which can be verified by plugging it back in Eq. (C19). We
approximate this integral in the domain [0, L] using the left
Riemann sum. We discretize the interval using L/�, which
is assumed to be an integer, and intervals of size � > 0:

X ≈ �
L
�
−1

∑

k=0

ek�ABek�A†
. (C21)

Suppose that we have a quantum state-preparation cir-
cuit for B and a block-encoding circuit for e�A. We can
implement the CP map E(·) = e�A · e�A†

by executing the
block-encoding circuit, measuring the ancilla, and postse-
lecting. For the coefficients, we want to use Eq. (B10) and
T = (L/�)− 1 so that the expected output state is

E[ρ] =
∑ L

�
−1

k=0 ek�ABek�A†

tr
(
∑ L

�
−1

l=0 el�ABel�A†

) , (C22)

which is the normalized version of Eq. (C21). Let us intro-
duce some notation for the calculations in this section. We
define

I(L) :=
∫ L

0
etABetA†

dt and S(L) := �
L
�
−1

∑

k=0

ek�ABek�A†
.

(C23)

We are now ready to prove the theorem: we find the value
of the parameters L and � such that the expected output
state is ε-close to the normalized solution in trace dis-
tance. Since B is positive semidefinite, we have B = CC†

for some C. Then the integrand can be written in the form

(etAC)(etAC)† and it is also positive semidefinite (similarly
for the summation). It follows that both I(L) and S(L) are
positive semidefinite, and, in turn, we have

‖I(L)‖1 = tr[I(L)] and ‖S(L)‖1 = tr[S(L)]. (C24)

Furthermore, we have

I(T) � I(L) for T ≥ L, (C25)

S(T) � S(L) for T ≥ L. (C26)

Proof of Theorem 2. Let us denote R := maxk{Re(λk)}
< 0. Using the triangle inequality

1
2

∥
∥
∥
∥

X
tr(X )

− E[ρ]
∥
∥
∥
∥

1
= 1

2

∥
∥
∥
∥

I(∞)
tr[I(∞)] −

S(L)
tr[S(L)]

∥
∥
∥
∥

1

(C27)

≤ 1
2

∥
∥
∥
∥

I(∞)
tr[I(∞)] −

S(∞)
tr[S(∞)]

∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε1

+ 1
2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(L)
tr[S(L)]

∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε2

.

(C28)

The values 0 < ε1, ε2 < 1 above are our desired bounds
for these two distances. The latter distance is bounded as
in the discrete case, namely, as in the proof of Theorem 1.
In particular, analogously to Eq. (C17), we get

1
2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(L)
tr[S(L)]

∥
∥
∥
∥

1
≤ ‖e�A‖2((L/�)−1+1) = e2RL.

(C29)

For this distance to be at most ε2, we can choose

L ≥ ln(1/ε2)

−2 maxj {Re(λj )} . (C30)

For the former distance, we apply Claim 1, getting

1
2

∥
∥
∥
∥

I(∞)
tr[I(∞)] −

S(∞)
tr[S(∞)]

∥
∥
∥
∥

1
≤ ‖S(∞)− I(∞)‖1

tr[S(∞)] .

(C31)

a. Bounding numerator

We define the function F(t) := etABetA†
with derivative

F ′(t) = etAABetA† + etABA†etA†
. Note that, for t ≥ �l, we
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have F(t) = F(�l)+ ∫ t
�l F ′(s)ds. We find

‖S(∞)− I(∞)‖1

=
∥
∥
∥
∥
∥
�

∞
∑

l=0

e�lABe�lA† −
∫ ∞

0
etABetA†

dt

∥
∥
∥
∥
∥

1

(C32)

=
∥
∥
∥
∥
∥

∞
∑

l=0

∫ �(l+1)

�l
(F(�l)− F(t)) dt

∥
∥
∥
∥
∥

1

(C33)

≤
∞
∑

l=0

∫ �(l+1)

�l

(∫ t

�l

∥
∥F ′(s)

∥
∥

1 ds
)

dt. (C34)

We note that

∥
∥F ′(s)

∥
∥

1 ≤
∥
∥esA

∥
∥
∥
∥AB+ BA†

∥
∥

1

∥
∥
∥esA†

∥
∥
∥ (C35)

= e2s maxk{Re(λk)} ∥∥AB+ BA†
∥
∥

1 (C36)

≤ 2‖A‖e2Rs, (C37)

since ‖XYZ‖1 ≤ ‖XY‖1‖Z‖ ≤ ‖X ‖‖Y‖1‖Z‖ by two appli-
cations of a corollary of von Neumann’s trace inequality
(follows from Ref. [27, Theorem 7.4.1.3(d)]). In the last
step we also use von Neumann’s trace inequality and
‖B‖1 = 1. We therefore get

‖S(∞)− I(∞)‖1 ≤ 2‖A‖
∞
∑

l=0

∫ �(l+1)

�l

(∫ t

�l
e2Rsds

)

dt

(C38)

≤ 2‖A‖
∞
∑

l=0

e2R�l
∫ �(l+1)

�l
(t−�l) dt

(C39)

= ‖A‖�2
∞
∑

l=0

e2R�l (C40)

= ‖A‖�2

1− e2R� . (C41)

b. Bounding denominator

We have

tr[S(∞)] = �
∑

j

Bjj

∞
∑

l=0

e2�l Re(λj ) (C42)

=
∑

j

Bjj�

1− e2�Re(λj )
≥ min

j

{
�

1− e2�Re(λj )

}

= �

1−minj
{

e2�Re(λj )
} = �

1− e2r� , (C43)

where we use tr(B) = 1 and introduce the notation r :=
minj {Re(λj )} ≤ R < 0. Note that (1− ey)/(−y) is a pos-
itive strictly increasing function in y, which means that
(1− e2r�)/(−2r�) ≤ (1− e2R�)/(−2R�). By combin-
ing the bound for the numerator and denominator, we get
that

1
2

∥
∥
∥
∥

I(∞)
tr[I(∞)] −

S(∞)
tr[S(∞)]

∥
∥
∥
∥

1
≤ ‖A‖� 1− e2r�

1− e2R�

≤ ‖A‖� r
R

. (C44)

For this distance to be at most ε1, we can choose

� ≤ ε1

‖A‖
maxj {Re(λj )}
mink{Re(λk)} . (C45)

Recall that T = (L/�)− 1. Combining our choices for L,
Eq. (C30), and �, Eq. (C45), we arrive at

T ≥
⌈

1
2ε1

ln
(

1
ε2

)‖A‖|mink{Re(λk)}|
|maxj {Re(λj )}|2

⌉

. (C46)

Note that |mink{Re(λk)}| ≤ ‖A‖, with equality for Hermi-
tian A. In our use context, the factor ‖A‖/|maxj {Re(λj )}|
is similar to the condition number κ . Indeed if A is
Hermitian, and recalling that all its eigenvalues are
negative, then |maxj {Re(λj )}| = minj {|λj |}, so that T ≥
⌈

(κ2/2ε1) ln(1/ε2)
⌉

. �

3. Robustness

In this section we discuss the effect of approxima-
tions when implementing the algorithm. Conceptually, it is
straightforward to include such error in the analysis using
the triangle inequality. Let∼mark approximate quantities.
For the discrete Lyapunov equation, Eq. (C12) is replaced
by

1
2

∥
∥
∥
∥

X
tr(X )

− E[ρ]
∥
∥
∥
∥

1
= 1

2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(T)
tr[S(T)]

∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε

+ 1
2

∥
∥
∥
∥
∥
∥

S(T)
tr[S(T)] −

S̃(T)
tr
[

S̃(T)
]

∥
∥
∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε∼

,

(C47)

where T is still given by Eq. (C18), and we introduce a
parameter ε∼ ≥ 0 to bound the implementation error. In
the continuous case, Eq. (C28) is replaced by
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1
2

∥
∥
∥
∥

X
tr(X )

− E[ρ]
∥
∥
∥
∥

1
≤ 1

2

∥
∥
∥
∥

I(∞)
tr[I(∞)] −

S(∞)
tr[S(∞)]

∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε1

+ 1
2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(L)
tr[S(L)]

∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε2

+ 1
2

∥
∥
∥
∥
∥
∥

S(L)
tr[S(L)] −

S̃(L)
tr
[

S̃(L)
]

∥
∥
∥
∥
∥
∥

1
︸ ︷︷ ︸

≤ε∼

,

(C48)

and L = (T + 1)� is still given by the parameters in Theorem 2.
In the remainder of the section we inspect the newly added error term in order to obtain a more practical expression.

We begin by relating the error term to the approximate implementation Ẽ of CP map E . For the discrete-time Lyapunov
equation we use Claim 1 to obtain

1
2

∥
∥
∥
∥
∥
∥

S(T)
tr[S(T)] −

S̃(T)
tr
[

S̃(T)
]

∥
∥
∥
∥
∥
∥

1

≤

∥
∥
∥S(T)− S̃(T)

∥
∥
∥

1

tr[S(T)] =

∥
∥
∥

∑T
k=0 Ek(B)− Ẽk(B)

∥
∥
∥

1
∑T

l=0 tr
[E l(B)

] ≤
T

∑

k=0

∥
∥
∥Ek(B)− Ẽk(B)

∥
∥
∥

1
. (C49)

For the denominator, we use that
∑T

l=0 tr
[E l(B)

] ≥
tr
[E0(B)

] = tr(B) = 1. In the continuous-time case the
numerator and denominator of Eq. (C49) acquire a factor
�, which cancels, and we can also plug T = (L/�)− 1 to
obtain an identical expression. Thus the following steps are
valid for both continuous- and discrete-time cases.

Let us now consider the diamond norm of a lin-
ear map A : C

d×d → C
d×d, which is defined as ‖A‖� =

max{‖(A⊗ Id)(X )‖1 | X ∈ C
2d×2d, ‖X ‖1 ≤ 1}. The dia-

mond norm is submultiplicative under composition of
maps, ‖B ◦A‖� ≤ ‖B‖�‖A‖�, thus

‖B ◦A−D ◦ C‖�
≤ ‖B ◦A− B ◦ C‖� + ‖B ◦ C −D ◦ C‖� (C50)

≤ ‖B‖�‖A− C‖� + ‖B −D‖�‖C‖�. (C51)

For trace nonincreasing maps, e.g., ‖(B ⊗ Id)(X )‖1 ≤
‖X ‖1 ≤ 1, we have that ‖B‖� ≤ 1. So Eq. (C51) indicates
subadditivity with respect to composition of trace nonin-
creasing maps. Using this fact recursively in Eq. (C49) we
have

T
∑

k=0

∥
∥
∥Ek(B)− Ẽk(B)

∥
∥
∥

1
≤

T
∑

k=0

∥
∥
∥Ek − Ẽk

∥
∥
∥
�

≤
T

∑

k=0

k
∥
∥
∥E − Ẽ

∥
∥
∥
�
≤ T(T + 1)

2

∥
∥
∥E − Ẽ

∥
∥
∥
�

. (C52)

In the second inequality we use ‖F(X )‖1 ≤ ‖F‖� ‖X ‖1.
Recall that our algorithm utilizes an approximate block
encoding of the Kraus operator M to produce an approx-
imate implementation of the map E(·) = M ·M †. Let us
recap how this works.

Suppose we have a block encoding UM̃ such that M̃ = (〈G| ⊗ I⊗n)UM̃ (|G〉 ⊗ I⊗n) for a known state |G〉. Note the
absence of subnormalization constants as these could bias the transition probabilities of our algorithm (in Appendix C 4
we show how to produce such block encoding in practice). We now attach the ancilla register |G〉〈G| to the system register
ρ and apply UM̃ , producing UM̃ (|G〉〈G| ⊗ ρ)U†

M̃
. We then perform a projective measurement on the ancilla register with

elements {|G〉〈G| , I − |G〉〈G|}. If the measurement outcome is 1, we obtain |G〉〈G| ⊗ Ẽ(ρ)/tr
[

Ẽ(ρ)
]

. Discarding the
ancilla register, we obtain the desired approximation and the algorithm enters the “continue” branch in Eq. (B1). If the
measurement outcome is 0, the algorithm enters the “restart” branch. So how does the error in M relates to the error in
E? We have that

‖E − Ẽ‖� = max
ρ
‖(E ⊗ Id)(ρ)− (Ẽ ⊗ Id)(ρ)‖1 (C53)

= max
ρ
‖(M ⊗ Id)ρ(M ⊗ Id)

† − (M̃ ⊗ Id)ρ(M̃ ⊗ Id)
†‖1 (C54)

= max
ρ
‖(M − M̃ ⊗ Id)ρ(M ⊗ Id)

† + (M ⊗ Id)ρ(M − M̃ ⊗ Id)
† − (M − M̃ ⊗ Id)ρ(M − M̃ ⊗ Id)

†‖1 (C55)

044040-12



PROBABILISTIC QUANTUM ALGORITHM... PHYS. REV. APPLIED 25, 044040 (2026)

≤ max
ρ

{‖(M − M̃ ⊗ Id)ρ(M ⊗ Id)
†‖1 + ‖(M ⊗ Id)ρ(M − M̃ ⊗ Id)

†‖1

+ ‖(M − M̃ ⊗ Id)ρ(M − M̃ ⊗ Id)
†‖1

}

(C56)

≤ max
ρ

{

2
∥
∥M − M̃ ⊗ Id

∥
∥ ‖ρ‖1 ‖M ⊗ Id‖ +

∥
∥M − M̃ ⊗ Id

∥
∥

2 ‖ρ‖1

}

(C57)

≤ 2
∥
∥M − M̃ ⊗ Id

∥
∥ ‖M ⊗ Id‖ +

∥
∥M − M̃ ⊗ Id

∥
∥

2
(C58)

≤ 2
∥
∥M − M̃

∥
∥+ ∥

∥M − M̃
∥
∥

2
. (C59)

Here we use ‖XYZ‖1 ≤ ‖X ‖‖Y‖1‖Z‖ [see comment after
Eq. (C37)],

∥
∥X †

∥
∥ = ‖X ‖, ‖ρ‖1 = 1 and ‖X ⊗ Id‖ =

‖X ‖. In the final step we also use that ‖M‖ ≤ 1 because
M is the Kraus operator of a trace nonincreasing map.

Putting together Eqs. (C49), (C52), and (C59) we arrive
at

1
2

∥
∥
∥
∥
∥
∥

S(T)
tr[S(T)] −

S̃(T)
tr
[

S̃(T)
]

∥
∥
∥
∥
∥
∥

1

≤ T(T + 1)
(
∥
∥M − M̃

∥
∥+ 1

2

∥
∥M − M̃

∥
∥

2
)

≤ ε∼.

(C60)

In the trivial case T = 0 the algorithm never uses the CP
map so the block-encoding error is irrelevant. When T �= 0
instead, solving for the block-encoding error we see that∥
∥M − M̃

∥
∥ ≤ √1+ (2ε∼/T(T + 1))− 1 with T given in

Theorem 1 for the discrete case and Theorem 2 for the
continuous case. This expression is rather complicated, so
we make one further approximation. Noting that x/4 ≤√

1+ x − 1 for 0 ≤ x ≤ 8, we conclude that

∥
∥M − M̃

∥
∥ ≤ ε∼

2T(T + 1)

=⇒ 1
2

∥
∥
∥
∥
∥
∥

S(T)
tr[S(T)] −

S̃(T)
tr
[

S̃(T)
]

∥
∥
∥
∥
∥
∥

1

≤ ε∼. (C61)

4. Block encoding the Kraus operator for the
continuous-time Lyapunov equation

In the previous section we showed how the implemen-
tation error is related to the block-encoding error of the
Kraus operator M . Here we provide an explicit construc-
tion for the continuous-time Lyapunov equation, where we
specifically need M = e�A (matrix inversion II is solved
via a reduction to the continuous-time Lyapunov equation
and thus the construction is very similar). For simplicity,
we assume A ≺ 0, � > 0, and that we are given a block
encoding of −A/‖A‖. That is, we have access to a cir-
cuit UA such that −A/‖A‖ = (〈G| ⊗ I⊗n)UA(|G〉 ⊗ I⊗n)

for some state |G〉. We now construct the block encod-
ing of M using the quantum singular value transformation
(QSVT) [24].

QSVT is a technique to apply a polynomial to a block-
encoded matrix with query complexity proportional to the
degree of the polynomial. In its basic version, the poly-
nomial must have a definite parity (even or odd) and
be bounded, |P(x)| ≤ 1 for x ∈ [−1, 1]. Our application
calls for the use of a polynomial approximation to e−βx.
This is discussed in Ref. [24] where, however, a subnor-
malization factor is used to ensure that the polynomial
remains bounded. The subnormalization factor is related
to the probability of success of the block encoding upon
projective measurement of the ancilla register. The subnor-
malization factor can therefore bias the carefully designed
transition probabilities in our algorithm. In the QSVT liter-
ature, the subnormalization factor is often removed using
the amplitude amplification algorithm, but this requires
quantum circuits that perform reflections with respect to
the initial state. Due to the probabilistic nature of our
algorithm, the system register is in an unknown mixed state
at all times, and thus we cannot construct such reflections.
In the following we present a solution that block encodes
our operator M without any subnormalization.

Let us define H := −A/‖A‖ 
 0 and β := �‖A‖, so
that e−β|H | = e�A = M . The condition number is κ :=
κ(H) = κ(A). We now seek a polynomial approximation
to the function f (x) = e−β|x|, which is accurate in the inter-
val [1/κ , 1] where the spectrum of H lies. We resort to the
following result.

Theorem C1 (Restatement of Theorem 68 in Ref. [24],
bounded polynomial approximation based on multiple
local Taylor series). Let J ∈ N, (xj , rj ,μj ) ∈ [−1, 1]J ×
(0, 2]J × (0, 1]J , such that xj : j ∈ [J ] is monotone
increasing, and μj ≤ rj for all j ∈ [J ]. Let I :=
⋃

j∈[J ][xj − rj , xj + rj ] be the union of the intervals
[xj − rj , xj + rj ], and suppose that for all i < j ∈ [J ]
such that j − i ≥ 2 we have that xi + ri < xj − rj . Let
μ = min

[

minj∈[J ] μj , minj∈[J−1] |xj+1 − rj+1 − xj − rj |
]

.
Let f : I + [−μ/2,μ/2] → C, B ∈ R+ be such that
for all j ∈ [J ] we have f (xj + x) =∑∞

k=0 a(j )k xk for all
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x ∈ [−rj − (μj /2), rj + (μj /2)] and
∑∞

k=0(rj + μj )
k|a(j )k |≤ B. Let δ ∈ (0, 1/2BJ ], then there is an efficiently com-

putable polynomial P ∈C[x] of degreeO[(J/μ) log (BJ/δ)]
such that

max
x∈I

|f (x)− P(x)| ≤ δ, (C62)

max
x∈[−1,1]

|P(x)| ≤ max
x∈I+[−μ/2,μ/2]

|f (x)|, (C63)

max
x∈[−1,1]\(I+[−μ/2,μ/2])

|P(x)| ≤ δ. (C64)

Let us choose J = 2, and set (x1, r1,μ1) = (−1, 1−
1/κ , 1/2κ) and (x2, r2,μ2) = (1, 1− 1/κ , 1/2κ). First, we
Taylor expand the functions f1 : (−∞, 0)→ R, x �→ eβx

around x1 = −1 and f2 : (0,∞)→ R, x �→ e−βx around
x2 = 1 (both functions are analytic on their respective open
domains):

f1(x) =
∞
∑

�=0

f (�)1 (−1)
�!

(x + 1)� =
∞
∑

�=0

β�e−β

�!
(x + 1)�

⇔ f1(−1+ x) =
∞
∑

�=0

β�e−β

�!
x� for x ∈ (−∞, 1),

(C65)

f2(x) =
∞
∑

�=0

f (�)2 (1)
�!

(x − 1)� =
∞
∑

�=0

(−β)�e−β
�!

(x − 1)�

⇔ f2(1+ x) =
∞
∑

�=0

(−β)�e−β
�!

x� for x ∈ (−1,∞).

(C66)

Now we consider the intervals [xj − rj − μj /2, xj + rj +
μj /2] for j = 1, 2:

I1 =
[

−2+ 3
4κ

,− 3
4κ

]

, (C67)

I2 =
[

3
4κ

, 2− 3
4κ

]

. (C68)

Our target function f (x) = e−β|x| matches f1(x) for x ∈
I1 ⊂ (−∞, 0) and f2(x) for x ∈ I2 ⊂ (0,∞). Hence, we
can express the target function using the expansions in
Eqs. (C65) and (C66) on the intervals I1 and I2, respec-
tively, as required by the theorem:

f (−1+ x) =
∞
∑

�=0

β�e−β

�!
x�

for x ∈
[

−1+ 3
4κ

, 1− 3
4κ

]

⊂ (−∞, 1), (C69)

f (1+ x) =
∞
∑

�=0

(−β)�e−β
�!

x�

for x ∈
[

−1+ 3
4κ

, 1− 3
4κ

]

⊂ (−1,∞). (C70)

This defines the coefficients a(1)� = β�e−β/�! and a(2)� =
(−β)�e−β/�! for all � ≥ 0, and the other parameters

μ = 1
2κ

, (C71)

I =
[

−2+ 1
κ

,−1
κ

]

∪
[

1
κ

, 2− 1
κ

]

, (C72)

B =
∞
∑

�=0

(

1− 1
κ
+ 1

2κ

)� ∣
∣
∣
∣

(∓β)�e−β
�!

∣
∣
∣
∣

= e−β
∞
∑

�=0

β�(1− 1
2κ )

�

�!
= e−

β
2κ . (C73)

By the theorem, for δ ∈ (0, 1/4B] there exists an efficiently
computable polynomial such that

max
x∈I

∣
∣e−β|x| − P(x)

∣
∣ ≤ δ, max

x∈[−1,1]
|P(x)| ≤ e−

3β
4κ ≤ 1.

(C74)

Since P is complex and not guaranteed to have a defi-
nite parity, it cannot be directly implemented by QSVT.
Let us then take the real, even part of the polyno-
mial, Q(x) = [P(x)+ P(−x)+ P(x) ∗ + P(−x) ∗]/4. Not-
ing that the target function is real and even, we can also
write f (x) = [f (x)+ f (−x)+ f (x) ∗ + f (−x) ∗]/4. Sim-
ple applications of the triangle inequality show that
maxx∈I |f (x)− Q(x)| ≤ δ, and that maxx∈[−1,1] |Q(x)| ≤ 1.
This polynomial can be implemented by QSVT using
Theorem 17 and Corollary 10 in Ref. [24]. More specif-
ically, we can construct a block encoding UM̃ such that
M̃ = Q(−A/‖A‖) = (〈G| ⊗ I⊗n)UM̃ (|G〉 ⊗ I⊗n) with the
same state |G〉 used in the block encoding UA. By Theorem
C1 the query complexity, i.e., the number of uses of UA, is
proportional to the degree of the polynomial Q. That is,
O

[
J
μ

log
(BJ
δ

)] = O [

κ log
( 1
δ

)]

.
Specifically choosing δ = ε∼/2T(T + 1) we arrive at

‖M − M̃‖ ≤ ε∼/2T(T + 1) as required by Eq. (C61). The
total number of queries to UA is then O [κ log(T/ε∼)].
Note, however, that Theorem C1 requires δ ≤ 1/4B. Plug-
ging our parameters in we find that the construction is valid
for ε∼ ≤ (T(T + 1)/2)e�‖A‖/2κ .

APPENDIX D: LOWER BOUND FOR THE
DISCRETE-TIME ALGORITHM

We can show that the choice of T ∗ := ⌈ 1
2 ln(1/ε) /

ln(1/‖A‖)⌉ in Theorem 1 is asymptotically optimal. In
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particular, the following theorem implies that, if we had
chosen T ∗ < 1

4 ln(1/ε)/ ln(10/‖A‖) in Theorem 1, then it
would have been false.

Theorem D1. For every 1/2 ≤ λ < 1, there exists a nor-
mal matrix A of operator norm λ and a state B such that the
matrix S(T) defined in Eq. (C7) satisfies

1
2

∥
∥
∥
∥

S(∞)
tr[S(∞)] −

S(T)
tr[S(T)]

∥
∥
∥
∥

1
≥ λ4T

10
. (D1)

Note that Theorem D1 does not rule out the exis-
tence of an algorithm for solving the discrete-time Lya-
punov equation that is more efficient than Algorithm 1.
That is, an algorithm that produces a state ρ satisfying
1
2 ‖X /tr(X )− ρ‖1 ≤ ε while consuming less copies of
the initial state ρ0 = B and with less calls to the block
encoding of A.

Proof of Theorem D1. We choose the maximally mixed
state for a single qubit, B = 1

2 (|0〉〈0| + |1〉〈1|), and

A := √μ |0〉〈0| + √ν |1〉〈1| , (D2)

with 0 < ν < μ < 1 and μ = λ2. Note that the operator
norm of A is λ, as required. Eventually, after Eq. (D14),
we will effectively choose ν := (3λ2 − 1)/2. For A and B
chosen as above, from Eq. (C7) we see that

S(T) = 1
2

T
∑

k=0

(

μk |0〉〈0| + νk |1〉〈1|)

= 1
2

(
1− μT+1

1− μ |0〉〈0| + 1− νT+1

1− ν |1〉〈1|
)

. (D3)

For brevity, define η(T) := S(T)/ tr[S(T)], so we have

η(T) =
1−μT+1

1−μ |0〉〈0| + 1−νT+1

1−ν |1〉〈1|
1−μT+1

1−μ + 1−νT+1

1−ν

= |0〉〈0|
1+ 1−μ

1−ν
1−νT+1

1−μT+1

+ |1〉〈1|
1+ 1−ν

1−μ
1−μT+1

1−νT+1

. (D4)

Because η(T)− η(∞) is an Hermitian matrix of trace 0
and it is diagonal in the basis {|0〉 , |1〉}, its diagonal entries
have the same absolute value yet opposite signs. Hence, by
symmetry we have

‖η(T)− η(∞)‖1

2
= |〈0 | [η(T)− η(∞)] | 0〉| (D5)

= 1

1+ 1−μ
1−ν

− 1

1+ 1−μ
1−ν

1−νT+1

1−μT+1

(D6)

=
1−μ
1−ν

(
1−νT+1

1−μT+1 − 1
)

(

1+ 1−μ
1−ν

) (

1+ 1−μ
1−ν

1−νT+1

1−μT+1

) (D7)

= (1− μ)(1− ν)(μT+1 − νT+1)

(1− ν + 1− μ) [(1− ν)(1− μT+1)+ (1− μ)(1− νT+1)
] . (D8)

Let 0 < δ ≤ 1/2 be such that μ = 1− δ and, in turn, c > 1 be such that ν = 1− cδ. Hence we have

‖η(T)− η(∞)‖1

2
= cδ2

[

(1− δ)T+1 − (1− cδ)T+1
]

(cδ + δ) {cδ[1− (1− δ)T+1]+ δ[1− (1− cδ)T+1]
} (D9)

= c
[

(1− δ)T+1 − (1− cδ)T+1
]

(c+ 1)
[

c+ 1− c(1− δ)T+1 − (1− cδ)T+1
] . (D10)

For bounding the numerator of Eq. (D10), we will use

(1− δ)T+1 − (1− cδ)T+1 = [(1− δ)− (1− cδ)]
T

∑

k=0

(1− δ)k(1− cδ)T−k (D11)

≥ (c− 1)δ
T

∑

k=0

(1− cδ)k(1− cδ)T−k = (c− 1)δ(T + 1)(1− cδ)T. (D12)
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Above, the former equality is analogous to the equality
1− xT+1 = (1− x)

∑T
k=0 xk concerning the finite geomet-

ric series where we have taken x := (1− cδ)/(1− δ). For
bounding the denominator of Eq. (D10), we will use

c(1− δ)T+1 + (1− cδ)T+1

≥ c[1− δ(T + 1)]+ [1− cδ(T + 1)]

= c+ 1− 2cδ(T + 1). (D13)

By incorporating the two inequalities, we get

‖η(T)− η(∞)‖1

2
≥ c(c− 1)δ(T+ 1)(1− cδ)T

(c+ 1)[c+ 1− c− 1+ 2cδ(T+ 1)]

= (c− 1)(1− cδ)T

2(c+ 1)
. (D14)

We choose c := 3
2 , for which we have ν = 1− cδ ≥ (1−

δ)2 = μ2 = λ4 because δ ≤ 1/2. Thus, we get

‖η(T)− η(∞)‖1

2
≥

( 3
2 − 1

)

λ4T

2
( 3

2 + 1
) = λ4T

10
, (D15)

as claimed. �

APPENDIX E: ESTIMATING EXPECTATION
VALUES, OVERLAPS, AND NORMALIZATION

CONSTANTS

Here we discuss how to read-off information from the
output state of the quantum algorithm. Let us assume ρ
is a state generated by the probabilistic algorithm, e.g.,
encoding the solution to a Lyapunov equation, or a matrix
inverse. It is straightforward to measure the expecta-
tion tr(ρO) of simple observables, such as Pauli matrices
O ∈ {I , σX , σY, σZ}⊗n or a linear combination thereof O =
∑

i aiOi where ai ∈ R.
We can also interpret ρ itself as an observable. The task

is then to estimate the expectation 〈ψ | ρ |ψ〉 with respect
to another state |ψ〉. If we know the state-preparation cir-
cuit U |0〉 = |ψ〉 then we can simply prepare U†ρU and
measure the overlap with the zero state. If we do not know
U, but have access to copies of |ψ〉 then we can use the
well-known SWAP test as follows. We start the computa-
tion from |+〉〈+| ⊗ ρ ⊗ |ψ〉〈ψ |, where the first register is
an ancilla qubit in state |+〉 = 1√

2
(|0〉 + |1〉). We apply a

circuit CS that swaps the second and third registers if the
ancilla is in state |1〉. Finally, we measure the σX ⊗ I ⊗ I
observable. It can be verified that

tr
[

(σX ⊗ I ⊗ I)CS(|+〉〈+| ⊗ ρ ⊗ |ψ〉〈ψ |)C†
S

]

= 〈ψ | ρ |ψ〉 . (E1)

It is also possible to estimate matrix entries 〈φ | ρ |ψ〉.
If we know the state-preparation circuits U |0〉 = |ψ〉 and

V |0〉 = |φ〉 we can use the well-known Hadamard test as
follows. We start from |+〉〈+| ⊗ ρ and use a circuit CU,V
that applies U† if the ancilla is in state |1〉, and V† if it is in
state |0〉. Finally, we measure σX ⊗ |0〉〈0|. It can be verified
that

tr
[

(σX ⊗ |0〉〈0|)CU,V(|+〉〈+| ⊗ ρ)C†
U,V

]

= Re 〈φ | ρ |ψ〉 .

(E2)

The imaginary part is obtained by measuring σY ⊗ |0〉〈0|
instead.

Another interesting task is the estimation of the nor-
malization constant, i.e., the denominator in Eq. (B9).
This quantity can be interpreted as the probability that
the algorithm stops without ever performing a restart (see
Fig. 1 for intuition). This fact is used in Ref. [18, Proposi-
tion 11] to estimate the partition function of Gibbs states.
More generally, suppose we execute the algorithm nruns
times and keep track of the total number of restarts nrestarts.
Then

T
∑

k=0

rkRk tr
[Ek(ρ0)

]

=
T

∑

k=0

P(stop at iteration k | algorithm not restarted)

≈ nruns

nruns + nrestarts
. (E3)

As an example of application, consider the estimation
of tr(X ) where X is the solution to the discrete-time
Lyapunov equation AXA† − X + B = 0. From Theorem
1 the expected output state of the algorithm is ε-
close in trace distance to the normalized solution. From
Appendix C 1 we have that the outputs state is normalized
by

∑T
k=0 rkRk tr

[Ek(ρ0)
] = tr[S(T)], and thus we can use

Eq. (E3) as an estimator. Inspecting Eq. (C17) in the proof
of the theorem we find an upper bound on the relative error
of the normalization constant:

1
2

∥
∥
∥
∥

X
tr(X )

− E[ρ]
∥
∥
∥
∥

1
≤ tr[S(∞)]− tr[S(T)]

tr[S(∞)]
︸ ︷︷ ︸

∣
∣
∣

tr(X )−tr[S(T)]
tr(X )

∣
∣
∣ (relative error)

≤ ‖A‖2(T+1) ≤ ε. (E4)

Thus the relative bias of the estimator decreases exponen-
tially in T.

APPENDIX F: COMPARISON OF ALGORITHMS
FOR THE CONTINUOUS-TIME LYAPUNOV

EQUATION

Here we discuss four quantum algorithms for solving
the continuous-time Lyapunov equation. The algorithms
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TABLE II. Quantum algorithms for the continuous-time Lyapunov equation AX + XA+ B = 0. For all algorithms we assume nega-
tive definite A with ‖A‖ = 1/2 and B positive semidefinite with tr[B] = 1. A (α, ε) block encoding UX of X means ‖X − α�UX�‖ ≤
ε for a suitable projector �. Query complexity is in terms of access to the stated input oracles.

Runtime or query
Algorithm Input Output Primitives complexity

[11] s-sparse matrix oracle
for A, state
preparation of
|vec(−B)〉

Pure state |x̃〉 with
‖|x̃〉 − |vec(X )〉‖2 ≤ ε

HHL Õ
(

log(N )s2κ2

ε

)a

[15, Theorem 4] Block encoding of A, B (‖B‖, ε) block encoding
of X

LCU, imaginary-time
Hamiltonian
simulation

Õ
(√

‖B‖κ5

ε

)b

[17, Theorem 1] block encoding of A, B (ακ‖B‖ log(κ‖B‖/ε), ε)
Block encoding of X c

LCU, real-time
Hamiltonian
simulation

O
(

κ polylog
(
κ‖B‖
ε

))b

This work Block encoding of A,
state preparation for B

Mixed state E[ρ] with∥
∥
∥E[ρ]− X

tr[X ]

∥
∥
∥

1
≤ ε

Conditional restarts,
imaginary-time
Hamiltonian
simulation

O
(

κ3

ε
log

(
1
ε

)

log
(κ

ε

))

aIncludes amplitude amplification. Could be improved by replacing HHL with recent quantum linear system solvers.
bSuccess probability p not included. Boosting success probability to 1 would lead to an additional factor O(1/p) from amplitude
amplification.
cFor some real constant α �= 0.

are highly heterogeneous with respect to the assumptions
on the problem. To make the comparison possible we
focus on the problem instance AX + XA† + B = 0 where
A, B ∈ C

N×N , A is negative definite with ‖A‖ = 1/2, and
B is positive semidefinite with tr[B] = 1. Furthermore, the
algorithms use different query access models and produce
output in different formats. Thus their runtime or query
complexity comparison is for informational purposes and
should not be interpreted as conclusive. Table II summa-
rizes the algorithms in terms of input, output, primitives
and runtime or query complexity, where the Õ notation
suppresses polylogarithmic factors and κ denotes the con-
dition number of A. We did not include [16, Lemma 5],
which can solve the Riccati equation AX + X †A† + B =
X †DX when D, B 
 0 and D−1A is Hermitian. To solve
our problem instance we would need D = 0, which is not
allowed.

1. Sun and Zhang [11]

The algorithm in Ref. [11] prepares a pure quantum state
proportional to the solution of the vectorized Lyapunov
equation (A⊗ I + I ⊗ A) vec(X ) = vec(−B), where I is
the N × N identity and vec(B) stacks the columns of B.
Their input consists of a quantum circuit that prepares
the state |vec(−B)〉 = vec(B)/ ‖vec(B)‖2 and an oracle
for (A⊗ I + I ⊗ A). Assuming A is also s-sparse, the lat-
ter oracle can be implemented with a constant number of
queries to a sparse oracle for A. Their work then applies the

HHL algorithm, which is a quantum linear system solver,
to approximate the normalized state |vec(X )〉. This state
is a normalized solution to the equation up to error ε in �2

distance. The runtime of HHL is Õ(log(N )s2κ2/ε), which,
however, could be improved by using modern quantum
linear system solvers.

2. Clayton et al. [15]

The algorithm in Ref. [15] constructs a block encod-
ing of the solution X . It begins by discretizing the inte-
gral solution to the continuous-time Lyapunov equation
into a sum. Recall from our main text that the kth term
of the sum is of the form ek�ABek�A†

. In Ref. [15] a
block-encoding oracle for B is provided by assumption,
while block encodings for ek�A and ek�A†

shall be pro-
duced by imaginary-time Hamiltonian simulation meth-
ods. It is worthwhile to note that the product of block
encodings is not the block encoding of the products in
general, Uek�AUBU

ek�A† �= U
ek�ABek�A† , so achieving this

will require additional ancilla registers [24, Lemma 53].
Clayton et al. then take a linear combination of unitaries
(LCUs) with all the terms in the sum. The final result is
obtained upon postselecting all the ancilla registers on the
|0〉 state, which introduces a probability success. We do not
include this factor in the complexity in Table II. Assuming
the best possible normalization factor for the block encod-
ings of B and A, i.e., their operator norm, the algorithm
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outputs an approximation to X /‖B‖. For the query com-
plexity of the algorithm we refer to the proof in Ref. [15,
Theorem 4], which gives Õ(√‖B‖κ5/ε).

3. Somma et al. [17]

The algorithm in Ref. [17] constructs a block encoding
of the solution X using an LCU and real-time Hamiltonian
simulation as the main primitives. Their algorithm solves
the more general problem A′X + XB′ = C′. To specialize
to our problem instance we set A′ = −A, B′ = −A† = −A,
C′ = B. Inputs of the algorithm are block encodings of
the matrices A and B. The output is a quantum circuit
UX /x for a block encoding of the normalized solution
matrix X /x with x ≥ κ‖B‖, Q = −A⊗ I − I ⊗ A. The
vectorized form of the Lyapnuov equation reads vec(X ) =
Q−1 vec(B). Now Somma et al. consider an integral rep-
resentation of Q−1 and express X in terms of this integral
after reverting the vectorization of the Lyapunov equation.
Truncating and discretizing the integrals results in an LCU
applied to the block encoding of B. The unitaries in the
LCU are Hamiltonian simulations of the form e−iωtA with
real ω. Reference [17] considers an implementation of the
Hamiltonian simulation via QSVT to error ‖�UX /x�−
X /x‖ ≤ ε. Note that Q 
 0 and we assume access to a
block encoding of A for comparable input models. Hence,
we use Theorem 1, Case 2 [17] to achieve query com-
plexity O[κ polylog(κ‖B‖/ε)] for x ∝ κ‖B‖ log(κ‖B‖/ε).
To use the block encoding UX /x in a concrete task, such
as preparing a state ∝ X |ψ〉 or computing matrix ele-
ments 〈φ |X |ψ〉, requires additional queries to the ora-
cle owing to the success probability p < 1 of preparing
the block encoding. This leads to an additional factor of
either O(1/√p) if amplitude amplification is available or
O(1/p) if the state preparation is repeated upon the wrong
postselection outcome. We do not include this factor in the
complexity in Table II. Note that their Theorem 1, Case
4 [17] for Q 
 0 requires access to a block encoding of√

A but gives improved query complexity. This assumption
would also improve the query complexity of our algorithm
but we do not consider it here.

4. Our work

Consider our algorithm for the continuous-time Lya-
punov equation. Recall that we have three additive error
terms in our algorithm: discretization of integral ε1, finite
limit of integration ε2, and approximate implementation
error ε∼. Suppose we want a total error ε, so we set each
individual term to ε/3. This requires a block encoding
of M = e�A. As discussed in Appendix C 4, given access
to a block encoding of −A we can construct a suitable
approximate block encoding with O [κ log(T/ε)] queries
at each step. From Theorem 2 our algorithm uses parame-
ters T = (3κ2/2ε) log(3/ε) and� = ε/3κ . By Corollary 1
our algorithm is expected to run for T + 1 steps. Thus we

expect to require at most

O
[

Tκ log
(

T
ε

)]

= O
[
κ3

ε
log

(
1
ε

)

log
(κ

ε

)]

(F1)

queries to the block encoding of −A. Here we dropped
log log(1/ε) terms.
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