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Solid-state defects such as nitrogen-vacancy (N-V) centers in diamond have been utilized for NMR
sensing at ambient temperatures for samples at the nanoscale and up to the microscale. Similar to stan-
dard NMR, N-V-sensitivities can be increased using tesla-valued magnetic fields to boost nuclear thermal
polarization, while structural parameters, such as chemical shifts, are also enhanced. However, with stan-
dard microwave- (MW) based sensing techniques, N-V centers struggle to track fast megahertz Larmor
frequencies encountered in high-field scenarios. Previous protocols have addressed this by mapping target
NMR parameters to the signal amplitude rather than the frequency, using a mediating radio-frequency
field. Although successful, protocol sensitivities are limited by the coherence time (T∗

2) of the NMR signal
owing to the presence of stages where the sample magnetization freely evolves. In this work, we propose
extending this coherence time, and consequently improving sensitivity, via amplitude encoding with weak
nuclear-spin locking instead of free evolution, thereby taking advantage of the longer sample coherence
times (T1ρ). We demonstrate that this can enhance protocol sensitivities by a factor of � 4.

DOI: 10.1103/m4vq-rgrn

I. INTRODUCTION

Progress toward realizable quantum technology plat-
forms has been considerable for solid-state defects [1,2]
such as nitrogen-vacancy (N-V) centers owing to their
optical accessibility, long coherence times, and ambient
operation temperatures [3,4]. Such properties are partic-
ularly promising for precision magnetometry or quantum
sensing [5–10], where the natural sensitivity of N-V cen-
ters to small-amplitude ac magnetic signals (approximately
10 pT/

√
Hz) and microscale platforms have been uti-

lized for chemical analysis [11–18], with an outlook to
replace classical induction-coil technology—the current
gold standard—for nuclear magnetic resonance (NMR)
sensing.

As well as for nanoscale or single-cell NMR [19], solid-
state defects are being investigated as a suitable platform
for portable benchtop NMR devices. These devices are
generally operated at lower magnetic fields (approximately
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2 T) than bulky superconducting-magnet devices (approx-
imately 10 T), but can provide compact and affordable
measurements. The utilization of ensembles of defects,
such as N-V centers, could enhance the sensitivity of
benchtop NMR devices, as they have a stronger coupling
to small magnetic fields compared to coils due to their
closer proximity to the sample.

For all NMR, sensitivity to small concentrations of
molecules is largely inhibited by the small nuclear thermal
polarization (10−5) at room temperature. This is enhanced
when operating at high-tesla-valued fields which addition-
ally simplifies NMR spectra [20], at the cost of higher
nuclear Larmor frequencies and consequently the sens-
ing of megahertz ac signals. Supplementary methods of
increasing polarization using low-entropy sources such as
electrons and parahydrogen have also been demonstrated
[14,15,21] and can be applied in tandem, but at the cost of
additional complexity.

Methods widely used for N-V-center-based sensing of
ac signals involve either applying a train of N-V inci-
dent instantaneous microwave (MW) pulses with periodic
arrival times matching the signal frequency [22] or contin-
uously driving the N-V with a Rabi frequency matching
the signal frequency [23–25]. Here, both methods pro-
vide the added benefit of dynamically decoupling (DD) the
N-V from unwanted experimental noise and thus increas-
ing signal-acquisition times. Nonetheless, high-frequency
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(approximately megahertz) sensing is problematic for both
continuous and pulsed dynamical decoupling. For pulsed
ac sensing, the requirement of instantaneous π pulses
requires an ultra-high-power driving (a Rabi frequency
�200 MHz for sensing protons at 2 T), which has to be
applied at a fast clock rate of the carrier frequency: this is
approximately 80 MHz for protons at 2 T. For continuous
sensing, high-power driving is required as well, where the
Rabi frequency has to match the high carrier frequency of
the protons. Despite being a technical challenge, applying
high-power MW induces a significant amount of unde-
sirable heating, which is problematic for sensing-protocol
robustness and for organic samples [25].

Much effort has been directed toward this high-
frequency problem [26,27]; however, this paper addresses
the family of amplitude-encoded radio-intensity sig-
nal sensing, or AERIS, protocols [28,29]. Here, radio-
frequency (rf) nuclear driving is used to manipulate the
NMR signal and encode information regarding the phys-
ical parameters, such as chemical shifts, in the ampli-
tude of the signal rather than the frequency. Benefi-
cially, an artificial rf signal is generated to contain the
same information with a lesser frequency than in con-
ventional ac sensing protocols, resulting in an easily
trackable signal ultimately limited by the nuclear free-
induction decay (FID) time, which typically takes values
T∗

2 ∼ 100 ms.
We build on previous studies by adapting standard

pulsed AERIS protocols to a continuous rf driving, which
we term continuous AERIS, by replacing free evolution
with nuclear-spin locking. We show that, if optimized,
this method can be used to decouple the nuclear sample
from environmental noise while preserving information
regarding key physical parameters of the original signal,
namely, chemical shifts and J couplings. In this way, the
continuous-AERIS protocol scan times can be lengthened
due to the enhanced coherence nuclear times. With mod-
est driving strengths (1 kHz), we demonstrate here an
increase of T1ρ ∼ 1 s, leading to an enhancement of the
amplitude and sensitivities of �4 times or 16 times faster
scans.

This paper is structured as follows. We begin by out-
lining our analytical model for a molecule in the presence
of noise in the context of microscale NMR. We then work
through the single-molecule dynamics in the absence of
J couplings under a low-power resonant rf driving, akin
to spin locking. We then show in simulations that our
method can decouple a target molecule from environmen-
tal noise while preserving important chemical information.
Next, we demonstrate how this driven NMR signal can
be coupled to the N-V at high magnetic fields using an
adapted continuous-AERIS protocol, providing simula-
tions of molecular samples with enhanced sensitivities.
Finally, we extend this to sensing molecules with nonzero
J couplings and discuss.

II. MODELING MOLECULE

We model a multinuclear species molecule in a isotropic
liquid placed in a global magnetic field B0 with the follow-
ing Hamiltonian:

Ĥ(t) =
N1∑

n

(ωT
n + ξ(t))Î (n)

z +
N2∑

n

(ωP
n + ξ(t))Ŝ(n)

z

+
N1∑

n

N1∑

m>n

J hom
n,m Î(n) · Î(m) +

N1∑

n

N2∑

m

J het
n,mÎ(n) · Ŝ(m)

+ Ĥc(t), (1)

where the operators Î (n) (Ŝ(n)) are the spin operators for
the nth target, T, (passive, P) nuclear spin of N1 (N2)
nuclei in the molecule, each with precession frequency
ω

T/P
n = γ

T/P
n B0(1 + δn). Target nuclei are taken to be iden-

tical species and so γ T
n /2π = γH/2π = 42.577 MHz T−1

where this paper considers hydrogen nuclei or protons.
Also, δn is a dimensionless chemical shift, noise ξ(t) is
a continuous random variable described by an Ornstein-
Uhlenbeck (OU) process with parameters (τc, σ) used to
model dephasing of the NMR signal, and J het/hom

n,m are the
heterogeneous or homogeneous J couplings between dis-
tinct or same-species nuclear spins in the molecule. By
modeling the noise as an OU process, we have assumed
that the dominant source of noise is independent of the
driving. The rf control Hamiltonian Ĥc(t) applied to target
nuclear spins in the sample is taken to be

Ĥc(t) =
N1∑

n

2
1 cos(ωrft − φ1)Î (n)
x , (2)

with Rabi frequency 
1, driving frequency ωrf, and phase
φ1. Driving of passive nuclear spins is ignored here, as we
assume that they are strongly detuned from the chosen rf
frequency.

To simplify this Hamiltonian, we move into the rotat-
ing frame of the target nuclei and set the rf frequency to
match their Larmor frequency, or ωrf = γH B0. After mak-
ing a rotating-wave approximation (RWA) for the nuclear
driving and a secular approximation for the heterogeneous
J coupling, the Hamiltonian simplifies to

Ĥ(t) =
N1∑

n

[
(δn + ξ(t))Î (n)

z + 
1Î (n)
y

]

+
N2∑

n

(ωP
n + ξ(t))Ŝ(n)

z

+
N1∑

n

N1∑

m>n

J hom
n,m Î(n) · Î(m) +

N1∑

n

N2∑

m

J het
n,mÎ (n)

z Ŝ(m)
z ,

(3)

014062-2



ENHANCED SENSITIVITY IN MICROSCALE NMR PHYS. REV. APPLIED 25, 014062 (2026)

FIG. 1. A schematic of the N-V-based microscale NMR sen-
sor. An ensemble of N-V centers sense the NMR signal generated
by a bubble of molecules in a liquid on the surface of the dia-
mond. The bubble has a radius proportional to the depth of the
N-V centers targeted by laser irradiation. Although the number of
molecules is generally constant, molecules can diffuse in and out.
Manipulation of this NMR signal can be performed by applying
rf driving resonant with the target nuclei; e.g., 1H. Measurement
and analysis of the NMR signal is performed on the collected
photons from the fluorescence of the N-V centers after applying
MW-pulse-sensing protocols.

where here we have rewritten γH B0δn → δn, the chemical
shift in units of hertz, and taken φ1 = π/2 for simplicity.
Precession dynamics of passive nuclei are assumed not to
contribute to the NMR signal and are neglected.

We model dephasing of the NMR signal for a molecule
as an OU noise with parameters fitted to the context of
microscale NMR sensing using N-V centers, illustrated in
Fig. 1. Here, the NMR signal is captured by an ensemble of
N-V centers. The sensing volume of the N-V ensemble is
characterized by a bubble with a height proportional to the
depth of the N-V centers dN-V and a surface area related
to the cross-section diameter of the incident laser [30].
These characteristic lengths for microscale NMR are taken
to be of order 1 µm. On this scale, the dominant source
of noise is relatively unknown, with mechanisms such as
fluctuations in the signal due to nuclear spins entering and
abandoning the sensing region and susceptibility gradi-
ents proposed. We use a general OU noise to model this
dephasing, with parameters motivated by experiment [13].

We estimate that the correlation time of the noise is
correlated with the three-dimensional diffusion rate of the
target molecules in the sample, where they are related as
τc � (2dN-V)2/(6D) for a diffusion coefficient D [13]. In
this way, the noise distribution is assumed to be symmet-
ric in all directions. The diffusion coefficient for water
molecules in water at room temperature has been mea-
sured to be D = 2.30 × 10−9 m2/s; however, for heavier
molecules such as alcohols and esters, this can be lower,
e.g., D � 1.30 × 10−9 m2/s [31,32]. Taking the depth of

the N-Vs to be dN-V = 3 µm, the correlation time for larger
molecules in water, which we consider here, is calculated
to be τc � 4.6 ms. The noise strength is then found using
this correlation time and the expected dephasing time of
the signal, which is taken to be T∗

2 � 60 ms. Using this,
we find σ/2π � 10 Hz [33,34]. Here, we simulate noise
with these parameters; however, other regimes are studied
in Appendix C.

III. DRIVING SHIFT

As an illustration, we first only consider the terms
appearing in the first line of Eq. (3) or, explicitly, a
molecule consisting only of target nuclear spins and
neglecting nuclear-nuclear J couplings. The other terms
in Eq. (3) will be returned to and studied later. In addi-
tion, we focus on the dynamics in the absence of noise to
remove complexity, whereas this is retained in full sim-
ulations. The remaining terms of the Hamiltonian can be
written in a new so-called dressed basis of eigenstates of
the following:

Ĥ =
N1∑

n


̄nÎ (n)
P , (4)

where we have written the generalized Rabi frequency


̄n =
√


2
1 + δ2

n and Î (n)
P = αnÎ (n)

z + βnÎ (n)
y , defining αn =

δn/
̄n and βn = 
1/
̄n. Interestingly, the generalized
Rabi frequency is dependent on the chemical shift and so
each target nuclear spin will rotate with a different fre-
quency, as well as around a different axis, dependent on
its chemical environment. Of course, in the usual regime
of spin locking, the driving Rabi frequency is set such
that 
1 � δ and so the dynamics are well described by
collective Rabi oscillations. However, for more moderate-
strength Rabi frequencies, this degeneracy may be lifted
by the chemical shift. Using the approximation 
1 � δn,
we find the first nonzero term of the Magnus expansion to
be second order in δn, and it is found to be

Ĥ =
N1∑

n


1

(
1 + 1

2
δ2

n


2
1

)
Î (n)
y (5)

(see Appendix A). We note that an identical result is also
obtained by taking the Taylor expansion in Eq. (4) with
respect to δn/
1. The new reduced chemical shift is then
defined as δ̃n = 
̄n − 
1 � δ2

n/2
1. For a low Rabi fre-
quency of 
1/2π = 1 kHz, the chemical shifts considered
here (�300 Hz) are reduced to �40 Hz. This reduction in
chemical shift is anticipated to produce a lower spectral
resolution for similar signal-acquisition times—although
later, we find that the increase in coherence time outweighs
this effect, providing a net positive enhancement.
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To study this driving shift in the presence of noise, we
consider the NMR signal generated by a sample of methyl
acetate (C3H6O2) due to 1H nuclei at B0 = 2 T. There
are two unique methyl groups for hydrogen nuclei in this
molecule, with chemical shifts measured to be (δa, δb) =
(2.05, 3.662) ppm (parts per million). As the methyl groups
are not neighboring in the molecule, homonuclear J cou-
plings can be neglected. Also, there are no homonuclear
couplings within the methyl groups due to their magnetic
equivalence, and as the paramagnetic 13C has a natural
abundance of 1.1%, we neglect heteronuclear H-C cou-
plings. Then, the simplistic model in Eq. (5) is appropriate
[35]. Nonetheless, all the simulations performed in the fig-
ures employ the full Hamiltonian described by Eq. (3). In
Fig. 2, we compare the FID of the rf signal after an initial
π/2 trigger pulse on the 1H nuclei, to the signal gener-
ated with nuclear-spin locking at a low Rabi driving of

1/2π = 1 kHz. The parameters for the OU noise of each
molecule are set to σ/2π = 10 Hz and τc = 4.6 ms, such
that T∗

2 � 60 ms for the FID signal, as previously calcu-
lated. For the simulations in Fig. 2 including hydrogen-
nuclei driving, we find an increase in the coherence time
of the NMR signal to T1ρ � 600 ms, even for this rela-
tively low Rabi frequency. Such a significant increase in
the NMR signal coherence times allows for longer scan
and signal-acquisition times, ultimately enhancing the sen-
sitivity to lower-amplitude signals. Importantly, we are still
able to recover the chemical shifts in the molecule, albeit at
reduced values, which are well predicted by the expression
in Eq. (5). This is demonstrated in the Fourier transform
in the inset of Fig. 2(a), where the peak amplitudes are
approximately 4 times higher for nuclear-spin locking.

In Fig. 2(b), we illustrate the increase in the T1ρ coher-
ence time for different values of 
1. Increasing values of
the Rabi frequency produce longer coherence times at the
expense of ever-reducing chemical-shift values predicted
by Eq. (5). However, without any other decay mecha-
nism, the coherence times increase rapidly. In Fig. 2, we
also include a truncated effective decay time calculated as
T̃1ρ = 1/(1/T1 + 1/T1ρ), where the signal will decay as
e−t/T̃1ρ . This includes a T1 � 1.5 s decay time that is unaf-
fected by the driving. Here, the effective coherence time
is shown to instead converge to this T1 value, limiting the
signal-acquisition times.

IV. N-V ACQUISITION OF SIGNAL

Although this method can be applied to sensing using
many two-level solid-state defects, here we choose to study
N-V centers, owing to their ideal properties and ambient
operator temperatures [3,4]. The N-V center is a spin-
1 system that, due to a large zero-field splitting (D �
2.87 GHz), can be reduced to a two-state subspace {|ms =
0〉, |ms = ±1〉} by applying MW driving resonant with the
transition between a magnetically active (ms = ±1) and

(a)

(b)

FIG. 2. Simulations of the NMR signal generated by hydro-
gen nuclei in a sample of methyl acetate (C3H6O2) under rf
manipulation. (a) The simulated NMR signal generated by the
hydrogen nuclei at B0 = 2 T is numerically simulated by com-
bining single-molecule signals for 104 separate realizations, each
with a unique noise trajectory sampled from an OU process with
σ/2π = 10 Hz and τc = 4.6 ms. For FID (orange), the NMR
signal is shown to decay with a coherence time T∗

2 � 60 ms,
whereas by applying an rf driving in the x-y plane with 
1/2π =
1 kHz (purple), the coherence time of the signal increases sig-
nificantly, to T1ρ � 600 ms. In the inset, a Fourier transform of
the signal illustrates the characteristic chemical shifts for methyl
acetate (δa, δb) = (2.05, 3.662) ppm (parts per million) for FID
and Fourier peaks enhanced by a factor of approximately 4 under
rf driving at shifts predicted by Eq. (5). (b) Increasing coher-
ence times for large Rabi frequencies are shown, albeit with
increasingly small chemical shifts to sense, where T1ρ (pur-
ple) increases indefinitely. We also plot T̃1ρ = 1/(1/T1 + 1/T1ρ)

(gray), where T1 ∼ 1.5 s is a decay time through a different
mechanism. Including this, the effective decay time converges
to T̃1ρ = 1.5 s.

nonactive (ms = 0) state. This MW driving is then used
to manipulate and couple the N-V centers to an external
ac signal. Spin-state readout and initialization can also be
performed using optical-laser illumination.

Given the applicability of AERIS-based methods for N-
V-based NMR sensing at high frequencies, we extend them
to the context of nuclear-spin locking to achieve greater
sensitivity. AERIS follows a standard formulation where
the protocol is separated into three stages, as illustrated in
Fig. 3(a); a trigger rf pulse used to initialize the net sam-
ple magnetization into the x-y plane of the Bloch sphere;
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(a)

(b)

(c)

(d)

FIG. 3. A schematic for our protocol—continuous AERIS—and simulated spectra of three chemical compounds. (a) A pictorial
demonstration of how to execute the protocol. A π/2 rf pulse incident on the target nuclei initializes their net magnetization into the
x-y plane. Unlike standard-AERIS methods, a low-amplitude rf driving (
1/2π = 1.0 kHz) is applied in the encoding stage to perform
a 2πn1 rotation. Due to the low amplitude, any detuning from the Larmor frequency owing to chemical shifts δ or J coupling leads to
an incomplete rotation for components of the magnetization on the Bloch sphere, as highlighted in (b). Applying a strong orthogonal
rf driving (
2/2π = 200 kHz) in the measure stage performs a 2πn2 pulse, causing any components of the magnetization in the x-z
plane to oscillate with frequency 
2 and amplitude ∝δ2, as in Eq. (5). Simultaneously, MW pulses are applied to couple the N-V to the
generated rf signal. This is repeated R times, with N-V measurements stored between repetitions. (c) A comparison of the sensitivity
of continuous AERIS, η, to that of standard AERIS, η∗, using Eq. (7) for different 
1, comparing both T1ρ (purple) and T̃1ρ (gray). For
the Rabi frequency considered here, an enhancement in sensitivity by a factor of approximately 4 is expected. We take n1 = n2 = 1
and R = 1000. (d) The Fourier transform of simulations for the NMR signal gathered by an N-V using continuous (blue) and standard
AERIS (orange) for, from left to right, methyl acetate, trimethyl phosphate, and chloroethane. The signal for chloroethane differs, with

1/2π = 0.6 kHz. The noise parameters have been taken to be the same as in Fig. 2. For continuous AERIS, instead of plotting the

frequency shift, ω, on the x axis, we map the spectrum to ω′ =
√

ω2 − 
2
1 such that the spectral peaks align with standard AERIS.

Both are plotted in dimensionless units (ppm).

an encoding stage in which important physical parame-
ters are encoded into the amplitude of the signal (note
that standard AERIS uses 
1 = 0); and finally a measure-
ment stage in which the sample is driven strongly and
the longitudinal magnetization is measured by synchro-
nizing the delivery of MW pulses on the N-V with the
induced Rabi frequency of the signal. The latter two stages
are repeated R times in order to sample the dynamics of
the NMR signal for analysis. Alterations to the measure-
ment stage of the process have been proposed in order
to make the protocol more robust to realistic experimen-
tal noise [29]. We study improvements to the encoding
stage.

For standard AERIS, the net magnetization of the NMR
signal is allowed to evolve freely such that, due to their
unique chemical environments, components of the mag-
netization with differing precession speeds disperse. How-
ever, for periods of free precession, the signal decays at
a rate ∝1/T∗

2. For continuous AERIS, we instead propose

applying low-amplitude (
1) continuous nuclear driving
in the encoding stage to decrease the decay rate to ∝1/T1ρ ,
allowing for longer scan times or more repetitions R. Apart
from the reduction in the chemical shifts predicted in
Eq. (5) the dephasing axes also differ, aligning with the
driving axis (in our work, y) rather than the usual z axis.
This only requires a minor adaptation to standard pulsed
AERIS, shown in Figs. 3(a) and 3(b), where the driving
in the measurement stage must be orthogonal to that in
the encoding stage. At most, this adaptation may lead to
a change in the phase of the acquired signal and so the
analytical framework for N-V-signal coupling in Ref. [28]
also applies here. As is standard, rf driving during the mea-
surement stage (
2) must be stronger than that applied in
the encoding stage 
1 � 
2, to protect the signal from all
detunings, including chemical shifts.

We can combine the effect of degenerate (in chemi-
cal environment) nuclear spins within the molecule into
groups labeled k of population nk. Then, the signal
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acquired at the j th measurement stage is

〈σ̂y〉j = 2γeτ2

π

∑

k

bk sin(
̄kj τ1), (6)

where σ̂y is the Pauli operator of an N-V center and we
take the signal amplitude bk � nk × 150 pT. For a deriva-
tion of Eq. (6), see Appendix B or Ref. [28, Appendix A].
If the duration of the encoding stage τ1 = 2π/
1, then
the amplitude of the signal will oscillate with the reduced
chemical shift δ̃n.

To compare continuous to standard AERIS, we estimate
the ratio of sensitivity for the two methods labeled η and
η∗, respectively. For this, we assume that the measurement
stage of the two protocols is identical in both duration,
τ2, and decoherence but allow the encoding stage to dif-
fer. Here, as well as the coherence times, the values of
chemical shifts also differ between the two protocols and
so the duration of the encoding is altered to reflect this. For
equality, the phase accumulation in the encoding stages are
set to be equal, such that δ̃τ1 = δ2τ1/2
1 � δτ ∗

1 , where τ1
and τ ∗

1 are the durations of our protocol and the standard
protocol, respectively. We note here that τ1 > τ ∗

1 and so
the scan time for our protocol will be longer. Using these
assumptions, we find that

η∗

η
� Teff(1 − e−Rτ1/Teff)

T∗
eff(1 − e−Rτ∗

1 /T∗
eff)

√
δ

2
1
, (7)

where Teff = T1T1ρ(τ1/(τ1T1 + τ2T1ρ)) and T∗
eff = T1T∗

2
(τ ∗

1 /(τ ∗
1 T1 + τ2T∗

2)) and R is the number of repetitions of
the encoding and measurement stages without resetting
the experiment. Note that this approximation holds when
τ2 � τ1, τ ∗

1 . More details can be found in Appendix C. The
terms in the square root of Eq. (7) account for a reduced
sensitivity enhancement due to the increased scan time
and smaller chemical shift under spin locking. In Fig. 3,
we show Eq. (7) for a range of 
1 using both T1ρ and
T̃1ρ as before. For the truncated decay time where T1 is
added, the maximum enhancement appears to be when

1/2π � 2 kHz, although the chemical shifts considered
here (approximately 300 Hz) are increasingly small for
larger Rabi frequencies (�20 Hz) and therefore the res-
olution may be reduced. We choose 
1/2π = 1 kHz as
it yields improved sensitivity while maintaining sufficient
resolution. Also, it is expected that for stronger driving,
frequencies will converge to the reference peak at δ = 0,
known as the tetramethylsilane (TMS) peak.

For systems with more severe noise, or decoherence
times T∗

2 � 60 ms, we expect that larger Rabi strengths
will be needed to achieve the same level of decoupling
from the noise. However, the increase in coherence time
relative to the free decay time is similar and can reach
high levels. Consequently, for systems with more severe

noise than studied here, continuous AERIS can achieve
similar or even greater improvements to protocol sensi-
tivity. For inherently long dephasing times such as T∗

2 =
600 ms, measurements using standard AERIS naturally
exhibit good sensitivity. If we assume that the T1 time
does not also change, then applying weak nuclear driv-
ing, in general, may not improve the sensitivity. In this
case, the free decay time is in the regime T∗

2 � T1 and so
the system is quickly limited by the decay mechanisms T1.
Note that the T1 signal-decay mechanism is not affected by
spin locking. Of course, this regime is also a limitation for
spin locking in standard NMR. We provide a more detailed
discussion of this in Appendix C.

In Fig. 3(d), we demonstrate the Fourier transform
of sequential N-V measurements on the coupled NMR
signal from a sample using the continuous-AERIS pro-
tocol in Fig. 3(a). We simulate coupling to a hydrogen
NMR signal from samples of three different molecules,
namely, methyl acetate (C3H6O2), trimethyl phosphate
[(CH3O)3PO], and chloroethane (C2H5Cl). The param-
eters used for these simulations are identical to those
in Fig. 2 unless stated otherwise. As before, methyl
acetate has a unique spectral signature of two chemi-
cal shifts, where continuous AERIS obtains the correct
spectrum with amplified peak heights, thereby enhancing
sensitivity. By fitting the obtained Fourier spectrum to
Lorentzian functions, we can obtain the spectral resolu-
tion or full width at half maximum (FWHM) for each
protocol, where for methyl acetate FWHM � 0.04 ppm
(approximately 4 Hz) and FWHM � 0.02 ppm (approxi-
mately 2 Hz) for standard and continuous AERIS, respec-
tively. Hence, although the lower sensing frequency
reduces spectral resolution, the extended coherence time
results in an overall net improvement in resolution.
Other molecules studied in Fig. 3 introduce nuclear-
nuclear J coupling, which is studied in the following
section.

V. J COUPLINGS

The J couplings are modeled as a scalar coupling
between two nuclear spins in a molecule, as in Eq. (1). In
fact, the coupling is understood not to be a direct interac-
tion between the nuclei, but instead an electron-mediated
interaction due to the shared bonds in the molecule [36,37].
They are also taken to be magnetic field independent and
are a fixed value. Here, we study our protocol for the two
different types of J coupling.

Heteronuclear J couplings. These J couplings arise
from nuclear-nuclear couplings between nonidentical
species. As differing species have vastly different Larmor
frequencies, often a secular approximation can be made
such that the J coupling is simplified to a J hetÎz Ŝz inter-
action. In our protocol, no driving is being applied to the
passive spin; hence the eigenstates of Ŝz|s, ms〉 = ms|s, ms〉
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are also eigenstates of the Hamiltonian in Eq. (1). Then,
the heteronuclear J coupling enters the Hamiltonian as
a chemical shift dependent on the state of the passive
nuclear spin. By making the transformation δn → δn,ms =
δn + msJ het, all the analysis of the previous sections is
applicable and the Hamiltonian for the driving shift for a
particular spin-state ms becomes

Ĥms = 〈s, ms|Ĥ |s, ms〉 =
∑

n


̄n,ms Î
(n)
P , (8)

where the effective Rabi frequency 
̄n,ms =√

2

1 + (δn + msJ het)2 depends on the state of the passive
nuclear spin. The characteristic splitting of heteronuclear
J couplings into 2s + 1 separate frequencies is preserved
by our protocol in the same manner as chemical shifts. As
an example, we study trimethyl phosphate [(CH3O)3PO]
in which there are three magnetically equivalent methyl
groups bound to a phosphorous atom. The hydrogen
nuclei in each methyl group have a chemical shift of δ =
3.799 ppm and a J coupling JH−P/2π = 11 Hz to a spin-
1/2 phosphorous nucleus. Similar considerations as to the
treatment of methyl acetate are made for other possible J
couplings. In Fig. 3(d), we show simulations of the NMR
signal acquired by an N-V center using continuous AERIS.
The chemical signature, or spectral splitting, is preserved
with increased amplitude.

Homonuclear J couplings. In this case, J couplings
arise from same-species nuclear-nuclear couplings. Unlike
heteronuclear couplings, the coupled nuclei have the same
Larmor frequency and, in general, the secular approxi-
mation may not hold. However, for cases in which the
difference in chemical shifts is much larger than the J
coupling |δ1 − δ2| � J12, the nuclear interaction can be
effectively treated as heterogeneous or as a Î (1)

z Î (2)
z interac-

tion. This is usually true for large magnetic fields, whereas
for lower fields, higher-order splitting appears due to a
breakdown in the secular approximation. When applying
a driving, the Hamiltonian with homogeneous J couplings
in the rotating frame of

∑
n 
1Î (n)

P reads

Ĥ =
∑

n

(
δ̃nÎ (n)

P +
∑

m>n

J hom
n,m Î(n) · Î(m)

)
, (9)

where the interaction Î(n) · Î(m) will be in the new dressed
basis. The Hamiltonian structure is the same as for free
evolution, only with a different rotational axis and reduced
chemical shifts δ̃n = 
̄n − 
1 � (δn/2
1)δn, or as if the
nuclei are in a reduced magnetic field B̃0 = (δn/2
1)B0.
Hence the spectrum of the driven NMR signal may align
more with the FID NMR spectrum at a lower magnetic
field. As an example, we study chloroethane (C2H5Cl),

which has two nonequivalent methyl groups. The hydro-
gen nuclei in each methyl group a and b have chemi-
cal shifts (δa, δb) = (1.488, 3.505) ppm and homogeneous
J coupling of Ja,b/2π = 7.232 Hz. In Fig. 3(d), we
show simulations of the N-V-acquired NMR signal for
chloroethane with 
1/2π = 0.6 kHz. The amplitudes of
some peaks are enhanced with similar chemical shifts.
However, the size of the J -coupling splitting appears to be
larger when represented in the dimensionless scale (ppm),
the reason being that nuclei can be considered to feel a
reduced magnetic field, B̃0 = (δn/2
1)B0, due to the weak
nuclear driving introduced.

VI. DISCUSSION

The effect of prevailing J couplings during nuclear driv-
ing is also present in the measurement stage of standard
AERIS, as highlighted in Ref. [29]. Here, corrections to the
distorted spectra can be made using a magnetic field rescal-
ing factor obtained via an average Hamiltonian method.
In the same way, our protocol could also include this
analysis. For spectra with increased complexity due to
J couplings as in Fig. 3(d), further optimization in 
1
could be performed to achieve sufficient noise decoupling
without significantly distorting the spectrum. This opti-
mization may not be general and could differ for sensing
of particular molecules.

In addition, important chemical information may still be
extracted from a distorted spectrum with the use of numer-
ical data-processing methods [38–41]. Alternatively, one
could also utilize additional rf driving methods for remov-
ing homogeneous J couplings and obtaining a pure-shift
NMR spectrum [42]—although these protocols are to some
extent limited, owing to their long operation times.

The coherence-time enhancement presented here
addresses protection of the nuclear spins from the dom-
inant noise contribution for microscale NMR. We have
studied an experimentally led case in the regime T∗

2 �
T1 [13,18]. Of course, for scenarios in which T∗

2 � T1,
improvements to sensitivity are limited, as is the case for
standard spin locking. Extended studies of different noise
strengths can be found in Appendix C. Also, this model
does not address T1 times as well as other sources of noise,
which may cause dephasing of the nuclear spins in a liquid,
such as experimental noise, which causes T1ρ to saturate.
For example, one source of noise is fluctuations in the
amplitude of the nuclear driving.

Robustness to errors in driving during the measurement
stage of AERIS has been considered previously in Refs.
[28,29] and can be applied to the work here. Equally,
we study the driving robustness of the encoding stage
of our protocol to Rabi-frequency fluctuations (for more
detail, see Appendix D). In the case of severe driving noise
(�2%), similar alterations such as phase switching can be
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made to the encoding-stage driving to improve robustness,
albeit with a further reduction to chemical shifts.

An interesting extension not studied here would be to
include repetitive readout of the N-V during the evolution
time of the AERIS protocol. Here, the phase accumulated
by the N-V is stored in a nuclear memory—which has a
longer coherence time—with repeated measurements of
this stored phase made by the N-V using a series of qubit
logic gates [43]. This has also been performed for ensem-
bles of N-V centers using the nitrogen host as a memory
[44]. Due to the small sensing frequency (Rabi frequency
approximately 1 kHz), the evolution-time duration is long
at approximately 1 ms, in contrast to the measurement
time, which is approximately 50 µs, and the repetitive
readout time of 20 µs. Owing to this, we estimate that
approximately 30–40 measurements can be made in this
period, leading to a reduction in experimental repetitions
by the same factor. This would yield a stark reduction
in experimental time and hence measurement sensitivity,
at the cost of adding another rf channel to address the
nitrogen host.

VII. CONCLUSIONS

In our work, we have demonstrated a continuous-AERIS
protocol that has been shown to improve sensitivity by a
factor of approximately 4 and the spectral resolution by a
factor of approximately 2 due to an increase in NMR signal
dephasing time to T1ρ > T∗

2.
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APPENDIX A: NUCLEAR SPIN DYNAMICS IN
MOLECULE

Consider a liquid sample of molecules in which each
molecule is composed of N1 active or target (T) and N2 pas-
sive (P) nuclei. They are labeled in this way as only the sig-
nal generated by the target species of nuclei is considered,

with the passive nuclei being different species. A strong
global external magnetic field is applied along an axis B0ez.
This is used to set the direction of the quantization axis
of the nuclear spins. Due to the liquid state of the sam-
ple, the nuclear dipole-dipole coupling between molecules
is assumed to average to zero and will be neglected here.
However, other forms of nuclear-nuclear coupling will be
considered. The Hamiltonian for a molecule in this sample
is then

Ĥ(t) =
N1∑

n

(ωT
n + ξ(t))Î (n)

z +
N2∑

n

(ωP
n + ξ(t))Ŝ(n)

z

+
N1∑

n

N1∑

m>n

J hom
n,m Î(n) · Î(m) +

N1∑

n

N2∑

m

J het
n,mÎ(n) · Ŝ(m),

(A1)

where the operators Î (n) and Ŝ(n) are nth spin operators
for the target- and passive-species nuclear spin in the
molecule, respectively, with precession frequency ω

T/P
n =

γ
T/P
n B0(1 + δn). The gyromagnetic ratios for the target

spins are identical, so γ T
n = γT. Also, δn is the local field

screening or the dimensionless chemical shift; ξ(t) is a ran-
dom noise contribution; and J het/hom

n,m are the heterogeneous
or homogeneous J couplings between distinct or same-
species nuclear spins in the molecule. Note that unlike
dipole coupling, this is a scalar coupling and it is a model
for a nondirect nuclear-nuclear spin interaction. We make a
pure-dephasing approximation, or neglect perturbations to
the magnetic field in directions other than z. In addition, for
nuclear-spin control, an rf driving of frequency ωrf, phase
φ1 and Rabi frequency 
1 is applied. The Hamiltonian for
this rf control is

Ĥc(t) =
N1∑

n

2
1 cos(ωrft − φ1)Î (n)
x

+
N2∑

n

2
1
γT

γ P
n

cos(ωrft − φ1)Ŝ(n)
x . (A2)

We will now assume that the passive nuclei are sig-
nificantly detuned from the driving frequency (|ωrf −
γ P

n B0| � 
1 ∀ n) and so the effect of the driving on
them is negligible. As this paper will only consider
sensing of hydrogen nuclei, we set γT/2π = γH/2π =
42.577 MHz T−1.

The random noise ξ(t) is a time-dependent random-
valued field assumed to follow an OU process. This is
defined by three key properties:

(1) The mean value is

〈ξ(t)〉 = 0,
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where this average is over different realizations or trajec-
tories. Equally, for one realization, the average over long
time periods is zero.

(2) The magnitude of the fluctuations at a set time is
defined not to be zero, such that

〈ξ(t)2〉 = σ 2 �= 0.

(3) The noise has some memory, which is measured
by the autocorrelation function C(τ ) = 〈ξ(t + τ)ξ(t)〉. For
long times τ , the system loses memory, such that

C(τ ) = σ 2e−|τ |/τc

for all nuclear spins n.

Here, τc is the correlation time or a measure of how quickly
the random variable field loses memory. To construct
the time evolution of the noise, the stochastic differential
equation for an OU process must be used, and follows

dξ = −ξ(t)
dt
τc

+ σdW, (A3)

where dW ∝ √
dt is a Weiner process and is the source of

the random noise. This can be solved analytically such that
numerically we can use the discretization

ξj +1 = ξj exp
(

− δt
τc

)
+ σNj

√
1 − e−2δt/τc (A4)

to simulate the dynamics, where δt is the time step and Nj
is a random number sampled from the normal distribution
N (0, 1) [34]. Note that ξ(t) = ξ(j δt) = ξj .

Throughout the appendix, we will only consider nuclei
of the same species for simplicity, or a homonuclear
treatment. We will also ignore homonuclear J couplings,
which are studied in the main text. As is common prac-
tice, we move into the rotating frame of the nuclear-
spin bath—specifically for the reference Hamiltonian Ĥ =∑

n γH B0Î (n)
z . The rf driving frequency is chosen to be res-

onant with this Larmor frequency, such that ωrf = γH B0.
Then, the Hamiltonian for large nuclear-procession fre-
quencies (ωL � 
1) is approximately

Ĥ(t) =
∑

n

[
(δn + ξ(t))Î (n)

z + 
1Î (n)
φ1

]
, (A5)

where the operator Î (n)
φ1

is defined Î (n)
φ1

= cos φ1Î (n)
x −

sin φ1Î (n)
y . The dynamics of the passive nuclei have been

neglected here, as we assume that they do not contribute to
the NMR signal of the target nuclei. Equally, we could take
bn(t) = (δn + ξ(t)) as a Gaussian random variable from the
OU equation, defining that the mean is 〈b(t)〉 = δn and the
covariance is 〈b(t)b(t′)〉 = σ 2e−|t−t′|/τc .

1. Free-induction decay

Initially, consider that there is no driving, such that 
1 =
0. Then, the Hamiltonian for each nuclear spin is simpli-
fied to just Ĥn(t) = (δn + ξ(t))Î (n)

z . Although this is time
dependent, the operators for different nuclei commute for
all times and so the time-evolution operator is constructed
simply as

Û(t; 0) =
∏

n

exp
[
−iÎ (n)

z (δnt + ϕ(t))
]

, (A6)

where ϕ(t) = ∫ t
0 ξ(t) dt′. As these are independent spins,

the evolution operator may be written as the tensor product
of nuclear-spin spaces or Û(t; 0) = ⊗

n Ûn(t; 0). For anal-
ysis, the dephasing coherence is calculated to be Ln(t) =
ρ

(n)
↑↓ (t)/ρ(n)

↑↓ (0), where ρ
(n)
↑↓ is the off-diagonal matrix ele-

ment of the nth nuclear-spin density matrix [34]. These
diagonal elements are calculated as ρ

(n)
↑↓ = 〈Î (n)

x 〉 − i〈Î (n)
y 〉.

Assuming that the sample has been initialized into the
(| ↑〉 + | ↓〉)/√2 state using an rf pulse, for a single
nuclear spin the coherence is then

Ln(t) = 〈exp[−iδnt] exp[−iϕ(t)]〉ϕ , (A7)

where the average 〈〉ϕ remaining here is over random phase
trajectories ϕ(t). This notation will be dropped from now
on, and any other average in this appendix will be stated
otherwise. To find the coherence of the total signal gen-
erated, we must sum this coherence over all the nuclear
spins and then find the average over many trajectories
for a molecule, to find L(t) = ∑

n Ln(t). For simplicity,
we study a single chemical shift of δ. Note here that for
indistinguishable randomly distributed molecules, averag-
ing over noise trajectories for a single molecule is the same
as averaging—or summing—over all identical molecules
in the sample. The coherence of the signal simplifies to

L(t) = exp[−iδt] exp
[
−〈ϕ(t)2〉

2

]
, (A8)

where we have used 〈e−iϕ〉 = e−〈ϕ2〉/2 for Gaussian ran-
dom phases. This is decomposed into two components, the
envelope E(t) = exp[−〈ϕ(t)2〉/2] and the oscillatory part
�(t) = exp[−iδt]. The envelope is defined by the average
properties of the random field that the nuclear spins expe-
rience. Taking the properties of the random phase above,
the envelope can found [34] to be

E(t) = exp[−σ 2τct + τ 2
c σ 2(1 − e−t/τc)]. (A9)

For our scenario, we assume that the noise is Markovian
that the coherence time of the noise is much less than the
measurement cycle employed, or that the measurements
have no prior history. However, in simulations, the full OU
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noise expression is utilized. Explicitly, we take τc � t and
the exponential expression in Eq. (A9) reduces to a linear
exponent E(t) = exp[−t/T∗

2] with

T∗
2 � 1

σ 2τc
, (A10)

which is observed in microscale NMR. By knowing the
correlation time τc and T∗

2 of a particular signal, the
noise strength σ can be calculated using Eq. (A10). In
the main text, a correlation time of τc = 4.6 ms for
heavy molecules with a diffusion coefficient of D = 1.3 ×
10−9m2/s in an approximately 2 × 3 µm radius sensing
bubble is used alongside the expected T∗

2 = 60 ms to esti-
mate the noise strength to be σ/2π � 10 Hz, using the
diffusion-coefficient relation

τc = (2dN-V)2

6D
(A11)

found in Ref. [13].
To find the frequency composition of the signal, a

Fourier transform is made. Here, peaks will appear at the
frequency of the oscillatory modes of the signal—allowing
for spectral analysis. Note that the function L(t) is a prod-
uct of two functions. The Fourier transform of the product
of two functions can be simplified to the convolution
between their two Fourier transforms, or

F{L}(ω) = {�̃ ∗ Ẽ}(ω), (A12)

where f̃ (ω) = 1/2π
∫

f (t)e−iωtdt denotes the Fourier
transform of f and the convolution

{g̃ ∗ f̃ }(ω) =
∫ ∞

−∞
g̃(
)f̃ (ω − 
) d
. (A13)

Now, we only need to find the Fourier transform of the two
functions and then perform this convolution integral. The
Fourier transform of �(t) is trivial, as it is just a single-
mode oscillatory function, such that �̃(ω) = δ(ω − δ), the
Dirac delta function. Evaluating the envelope is more com-
plex, but if we assert that we are in the domain t > 0 or
multiply by a Heaviside step function h(t) such that the
envelope is integrable, it can be shown that the Fourier
transform for Markovian noise is

Ẽ(ω) = 1
σ 2τc + iω

. (A14)

Using these two transformations, the Fourier transform of
the signal can be found to be

Re(L(ω)) = σ 2τc

(σ 2τc)2 + (ω − δ)2 . (A15)

Important characteristics of this function to note are
the FWHM, σδ , which is equal to σδ = 2σ 2τc and the

peak amplitude (in this infinite-scan limit), which is A =
1/σ 2τc = T∗

2.
This can be extended to nuclei in a molecule of the same

species but with different chemical shifts due to the local
environment. To account for this, we consider a molecule
where nuclear spins are collected into degenerate groups,
each with a chemical shift δk and degeneracy nk. We
can also broaden this and allow for nuclei with different
chemical shifts to have different decay times or different
noise parameters σk and τ k

c . However, despite this, we still
assume that all the nuclei are independent. Then, the signal
after averaging over many molecules is

L(t) =
∑

k

nke−iδkte−(σk)2τ k
c t, (A16)

where we have again assumed Markovian noise. The
Fourier transform of this is similar to that in Eq. (A15),
where

Re(L(ω)) =
∑

k

nk
(σk)

2τc

((σk)2τ k
c )2 + (ω − δk)2 , (A17)

and there is a separate Lorentzian for each frequency mode.

2. The rf driving

We now study the effect of nuclear-spin locking. For
this, we recover the rf driving 
1 from the start of this
appendix and investigate its effects on the signal from
the nuclei in a molecule. We again study the independent
nuclear-spin dynamics for simplicity. As this is a spin-
1/2 system, the dynamics Hamiltonian can be computed
exactly, where we can use a dressed-basis representation,
or the eigenstates of

Ĥ =
N1∑

n


̄nÎ (n)
P + ξ(t)[αnÎ (n)

P + βnÎ (n)

P⊥ ], (A18)

defining the effective Rabi frequency 
̄n = √
δ2

n + 
2 and
operators Î (n)

P = αnÎ (n)
z + βnÎ (n)

φ1
and Î (n)

P⊥ = βnÎ (n)
z − αnÎ (n)

φ1
,

where αn = δn/
̄n and βn = 
1/
̄n. However, here we
also consider the Magnus expansion, to gain further insight
into the nuclear dynamics.

To represent the Hamiltonian with only small-valued
terms (� timescales), we first move into the rotating
frame of the MW control field with reference Hamiltonian
Ĥref = ∑

n 
1Î (n)
φ1

, where it is

Ĥ(t) =
∑

n

(δn + ξ(t))(cos(
1t)Î (n)
z − sin(
1t)Î (n)

φ⊥
1
),

(A19)

in which we define Î (n)

φ⊥
1

= sin φ1Î (n)
x + cos φ1Î (n)

y .
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The time-dependent Hamiltonian in Eq. (A19) is,
in general, hard to compute, as it requires computing
the time-ordered expansion of potentially noncommut-
ing operators. However, we assume in this paper that
the chemical shifts and noise are small compared to the
driving (δ � 
1). In this way, we can perform a Mag-
nus expansion and construct an effective time-independent
Hamiltonian, which still preserves the unitary nature of
the time-evolution operator. To first order in the Mag-
nus expansion, the effective Hamiltonian is just the time
average, or

Ĥ (1) = 1
τ1

∫ τ1

0
Ĥ(t) dt. (A20)

For simplicity, we exclude noise such that ξ(t) = 0,
although we retain these terms in simulations. Then, only
the static chemical shifts are considered. The time-average
of the Hamiltonian in Eq. (A19) without noise is then

Ĥ (1) =
∑

n

δn

[
sin(
1τ1)


1τ1
Î (n)
z + cos(
1τ1) − 1


1τ1
Îφ⊥

1

]
.

(A21)

Note that if we assume that either the rf driving is strong

1τ1 � 1 or the condition 
1τ1 = 2πn1, then all the terms
vanish and Ĥ (1) = 0. This is as expected, as nuclear driv-
ing produces a spin-locking effect, which reduces the effect
of dephasing noise. However, second-order terms may
contribute. The second-order effective Hamiltonian in the
Magnus expansion is

Ĥ (2) = 1
2iτ1

∫ τ1

0
dt1

∫ t1

0
dt2[Ĥ(t1), Ĥ(t2)]. (A22)

Terms with the same operators will vanish due to the com-
mutator and so only terms with [Î (n)

z , Î (m)

φ⊥
1

] for m = n and

their Hermitian conjugate survive. It can be shown that the
Hamiltonian of this order can be written as

Ĥ (2) = −
∑

n

δ2
n

2iτ1
[Î (n)

z , Î (n)

φ⊥
1

]

×
∫ τ1

0
dt1

∫ t1

0
dt2 sin(
1(t2 − t1)). (A23)

As with the first-order expansion, this result can be greatly
simplified in the strong-driving regime (
1τ1 � 1) or
when 
1τ1 = 2πn1, where in this case some of the terms
survive this approximation. The resulting Hamiltonian is

found to be

Ĥ (2) = 1
2

∑

n

δ2
n


1
Î (n)
φ1

. (A24)

Hence, along the driving axis, there will be an added rota-
tion frequency proportional to the square of the chemical
shift. This driving shift is shown in Fig. 11.

APPENDIX B: N-V SIGNAL
ACQUISITION—AERIS

We now briefly outline how a solid-state defect such as
an N-V center can be used to capture the nuclear signal
using an adapted AERIS-style method, we refer to as con-
tinuous AERIS. This is described in the main text and in
Fig. 3. The coupling between the N-V and the target nuclei
is a hyperfine interaction described by the pure-dephasing
Hamiltonian in the rotating frame of the N-V center, taken
to be

ĤN-V =
Nmol∑

p

N1∑

n

ŜzA(rp) · Î(p ,n)(t), (B1)

where we have only considered the coupling to the tar-
get spins, Nmol is the number of molecules in the sample,
Ŝz is the N-V operator taken to be in the usual {|0〉, |1〉}
subspace, as is common in the N-V literature [2–4], and

A(r) = −�
μ0

4π

γeγH

r3

(
3xz
2r2 ,

3yz
2r2 , 3

z2

r2 − 1
)

= (Ax, Ay , Az), (B2)

defining rp = (xp , yp , zp) as the vector from the N-V to
the pth molecule and μ0 as the permeability of free
space. To describe the net magnetization from the sam-
ple of molecules as a whole, we can make a semiclassical
approximation for the nuclear spins. That is, we neglect
backaction of the N-V on the nuclear sample due to the
small hyperfine coupling compared to the timescales (τ1,2)
considered here (|A(rp)|τ1,2 � 1). Then, the Hamiltonian
above is assumed to take the form

ĤN-V = γeB(t)Ŝz. (B3)

To obtain an expression for B(t), we invoke the semi-
classical approximation to replace the nuclear-spin oper-
ators with classical nuclear magnetons such that mp ,n(t) =
〈Î(p ,n)(t)〉 [45]. This approximation allows the signal of a
molecule to be simulated separately to the coupling to the
N-V, as there is no backaction. Next, we discretize the
total sample volume into small volumes �V at positions
rp , where it is assumed that all molecules have similar
hyperfine couplings to the N-V. Contributions from the nth
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unique nuclear spin from different molecules within this
volume are assumed to be identical. Then, if the concentra-
tion of molecules in this volume is assumed to be constant,
taking a value ρ, Eq. (B1) can be rewritten as

ĤN-V = Ŝz

N∑

p

N1∑

n

A(rp) · mp ,n(t)ρ�V, (B4)

where N is the number of small volumes in the total
sample. Also, in this classical model, nuclei in the same
molecule with the same local environment are indistin-
guishable and so can be grouped. This nuclear group all
have the same chemical shifts, as well as J couplings,
and will ultimately produce the same NMR spectra. In
general, in a molecule there are k nuclear groups, each con-
taining nk degenerate nuclei, giving a total magnetization
of Mk = nkmk. Then, by taking the volume �Vk to the
infinitesimal limit, the form in Eq. (B3) can be obtained
with magnetic field

B(t) =
∑

k

�2γ 2
Hμ0ρB0

16πkBT
Mk(t) ·

∫

V
f(r) dV =

∑

k

Bk(t),

(B5)

where f(r) = (fx(r), fy(r), fz(r)), with each function taking
the form of the spatial terms in Eq. (B2) and containing
information about the geometry of the N-V-sample system.
Also, we have used the thermal polarization of the nuclear
spin to be 1 − e−γH B0/kBT � γH B0/kBT, with temperature T
and kB as the Boltzmann constant. This is identical to that
used in Ref. [28]. Strictly, the magnetization contribution
may be spatially dependent and is included in the integral.
However, here we include this spatial dependence solely as
a time-dependent random noise on the nuclear spin given
by Eq. (A1) and we set mn,p → mn. As in Ref. [28], if we
take the axis and magnetic field of the N-V center to be
perpendicular to the surface (other N-V orientations will
be off resonant), the off-axis terms in the integral involving
fx,y(r) average to zero, leaving only fz(r) terms. Hence, this
is often referred to as longitudinal signal measurement.

Simulations are performed based on this framework.
The signal from a single molecule, which could contain
five or six nuclear spins, is simulated for a particular noise
trajectory. The sum of the z-expectation values for all of
the hydrogen nuclei (or target nuclei) in the molecule is
calculated at each point of the time evolution during the
AERIS protocol. This is repeated greater than 104 times for
molecules with different noise trajectories and the results
are summed to find a numerical times series for B(t). The
N-V is then coupled to the signal during the time windows
of B(t) where the strong measurement rf driving (
2) is
being applied.

We now briefly discuss—analytically—the dynamics of
this NMR signal B(t) and the N-V measurements. In the

encoding stage of the AERIS protocol detailed in Fig.
3, the nuclear sample is being driven by a low-Rabi-
frequency rf driving. In this stage, the Hamiltonian is
assumed analytically to take the form given in Eq. (A24)
and so it can easily be shown that the NMR signal takes
the form

B(t) =
∑

k

bk sin(
̄kt) �
∑

k

bk sin
((


1 + δ2

2
1

)
t
)

,

(B6)

where bk = (�2γ 2
Hμ0ρB0/16πkBT)nk

∫
V fz(r) dz. Note that

if a trigger pulse is not applied, the signal will instead oscil-
late as a cosine. By measuring at stroboscopic times t =
n1τ1 = 2πn1/
1, this signal oscillates with the reduced
chemical shift δ̃k = 
̄k − 
1 � δ2

k/2
1. Although simpli-
fied here, the full Hamiltonian is considered for simula-
tions in the main text.

Then, after a time τ1, a measurement stage is performed.
Here, the nuclear spins are driven with a much larger Rabi
frequency 
2 � 
1 or with Hamiltonian

Ĥc(t) =
N1∑

n

2
2 cos(ωrft − φ2)Î (n)
x , (B7)

such that the NMR signal undergoes collective Rabi oscil-
lations of frequency 
2. For our protocol, the phase of
this driving is orthogonal to the encoding driving φ2 =
φ1 + π/2. After the initial encoding stage, the NMR signal
during this measurement stage is

B(t) = sin(
2t)
∑

k

bk sin(
̄kτ1), (B8)

assuming that the chemical shifts are significantly less
than the Rabi frequency 
2 � δk. An extension of this to
include homonuclear J couplings, which are nonvanishing
in this stage, can be found in Ref. [29]. For the simulations
in the main text, we include these couplings throughout.
The N-V is coupled to this NMR signal in the usual way
by MW pulsed driving with a pulse spacing resonant with
the Rabi frequency of the signal 
2. The signal acquisition
by an N-V center using XY4 is found in Ref. [28] to be

〈σy〉 = 2γeτ2

π

∑

k

bk sin(
̄kτ1), (B9)

where the duration of the signal acquisition is τ2 and σy
is the Pauli operator in the N-V subspace {|0〉, |1〉}. This is
repeated R times, where for the j th the repetition the signal
acquired is

〈σy〉j = 2γeτ2

π

∑

k

bk sin(
̄kj τ1). (B10)
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APPENDIX C: SENSITIVITY OF MEASUREMENT

Here, we compare the estimated sensitivity between
the two N-V-based sensing protocols in the main
text—standard AERIS and continuous AERIS. Our anal-
ysis follows that in Refs. [46,47]. To differentiate between
the two protocols, we label the sensitivities η∗ and η for
standard and continuous AERIS, respectively. Both the
protocols are separated into two stages, an encoding state
of duration τ1 and a measurement stage of duration τ2.
These stages are repeated sequentially R times without
resetting the experiment. For a fair comparison, we allow
for the encoding-stage duration to differ between protocols,
owing to their differing sensing frequencies. Explicitly,
we set the phase accumulation of the NMR signal in the
encoding stage to be equal such that δτ ∗

1 � δ2τ1/2
1,
defining τ ∗

1 as the duration of the encoding stage for
standard AERIS.

The signal during the experiment will decay with differ-
ent rates in the two stages. For the measurement stage, both
protocols decay with a rate that we label approximately
1/T1, due to the strong driving, 
2. The protocols differ
in the encoding stage with decay rates 1/T∗

2 for standard
AERIS and 1/T̃1ρ for continuous AERIS. The truncated
coherence time T̃1ρ has been described in the main text
to be T̃1ρ = 1/(1/T1 + 1/T1ρ), where T1ρ is the increased
coherence time due to the driving (see Fig. 2).

As in Ref. [47], we are only interested in the decay of
the signal with respect to the unique encoding times τ1 and
τ ∗

1 , as these stages are the ones that are different in contin-
uous and standard AERIS. Then, we can write the decay
envelope for continuous AERIS as

E = e
−R

(
τ1

T̃1ρ
+ τ2

T1

)

= e−Rτ1/Teff , (C1)

where Teff = T1T̃1ρ(τ1/(τ1T1 + τ2T̃1ρ)). Equally, for stan-
dard AERIS, the envelope will decay with e−Rτ∗

1 /T∗
eff , where

T∗
eff = T1T∗

2(τ
∗
1 /(τ ∗

1 T1 + τ2T∗
2)). Using this decay enve-

lope, we can find the Fourier peak amplitude at the sensing
frequency for a finite time scan, also demonstrated in
Ref. [46], to be

A ∝ Teff[1 − e−Rτ1/Teff] (C2)

for continuous AERIS, so that η ∝ 1/A. Similarly, for stan-
dard AERIS, A∗ ∝ T∗

eff[1 − e−Rτ∗
1 /T∗

eff] and η∗ ∝ 1/A∗. For
fairness, we also set the number of AERIS repetitions, R,
to be the same for each protocol, such that the same total
phase is accumulated.

As in common practice, the scan of length ts = R(τ1 +
τ2) may be repeated M times to enhance the sensitiv-
ity. The scaling of the sensitivity with scan repetitions is
1/

√
M , so that η ∝ 1/A × 1/

√
M , where for a set exper-

imental time texp, the number of scans can be rewritten

as M = texp/R(τ1 + τ2). For fairness, the two protocols
are assumed to have the same experimental time, so that
M ∗ = texp/R(τ ∗

1 + τ2). Other factors such as the properties
of the diamond and the nuclear sample can influence the
sensitivity, but for comparison we assume that both proto-
cols are applied to the same system, such that the ratio of
their sensitivities is

η∗

η
= A

A∗ ×
√

M
M ∗ = Teff(1 − e−Rτ1/Teff)

T∗
eff(1 − e−Rτ∗

1 /T∗
eff)

×
√

τ ∗
1 + τ2

τ1 + τ2
.

(C3)

As 
2 � δ, we have that τ2 � τ1, τ ∗
1 , so that

√
(τ ∗

1 + τ2)/(τ1 + τ2) � √
τ ∗

1 /τ1 =
√

δ̃/δ. If 
1 � δ, we
have that δ̃ � δ2/2
1 and hence

η∗

η
� Teff(1 − e−Rτ1/Teff)

T∗
eff(1 − e−Rτ∗

1 /T∗
eff)

√
δ

2
1
. (C4)

When taking the limit 
1 → 0 (note that 
1 = 0 corre-
sponds to standard AERIS), the condition that 
1 � δ

is not met and we need to consider the definition of δ̃

given in Eq. (4), δ̃ = 
̄ − 
1 =
√


2
1 + δ2 − 
1, so that

δ̃ → δ when 
1 → 0. Then, the phase accumulated in the
encoding stages for both continuous and standard AERIS
is the same, i.e., τ1 → τ ∗

1 , and the truncated coherence time
T̃1ρ → T∗

2, so that Teff → T∗
eff and therefore η → η∗, mean-

ing that the sensitivity of continuous AERIS converges to
the case of standard AERIS in the absence of driving.

In Fig. 4, we compare the expected increase in weak-
spin-locking signal coherence, and hence sensitivities, for
varying noise strengths of σ = 3, 10, 30 Hz, correspond-
ing to T∗

2 � 600, 60, 6 ms. For fairness, we assume that all
cases have the same T1 = 1.5, although it is possible that
this time scales with T∗

2. In Fig. 4(a), we display T̃1ρ as cal-
culated in the main text, which includes a T1 = 1.5 decay
time for different noise and Rabi strengths. The decay times
are extracted from simulations involving the full Hamilto-
nian in Eq. (A5). For large noise strengths, the increase of
the signal coherence time is slower with increasing Rabi
strength; however, the total increase relative to the free
decay time is more significant. Ultimately, this provides a
greater improvement in sensitivity (approximately 9 in this
range) for modest Rabi strengths—which still allows for
resolvable chemical shifts. This demonstrates that even for
cases of severe noise, improvements in sensitivity can still
be achieved with weak spin locking or continuous AERIS.
For the case of low driving strength, if we assume an iden-
tical T1 time, the signal decoherence time approaches the
regime of T∗

2 � T1. Here, as with standard NMR spin lock-
ing, less improvement can be made to the total coherence
time of the signal, as the ceiling for improvement is set
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(a) (b)

FIG. 4. Comparisons of the T̃1ρ coherence-time improvement in simulations with weak spin locking for a microscale NMR signal
with different T∗

2 times and hence noise strengths σ . Note that this coherence time includes a T1 decay as presented in Fig. 2. We assume
the same T1 decay channel for all cases. Signals with noise strengths of σ = 3, 10, 30 Hz are considered, corresponding to coherence
times T∗

2 � 600, 60, 6 ms, respectively, for the same correlation times τc = 4.6 ms. (a) The expected increase in the coherence time
including a T1 = 1.5 s decay time for different spin-locking Rabi frequencies and noise strengths. (b) A plot of the expected increase
in sensitivity from Eq. (C3) for different Rabi strengths and hence coherence times. The same parameters are taken in the main text,
but with each noise strength taking different R = 2500, 250, 25 for noise strengths σ = 3, 10, 30 Hz, respectively.

by the T1 time. We have assumed that this time is not
affected by the driving. This is shown in Fig. 4(a), where
the effective coherence time quickly saturates for increas-
ing Rabi strength and only small improvements are seen in
sensitivity in Fig. 4(b).

1. Including repolarization time

When repeating the scan M times in experiment, the
sample may have to be allowed some time for repolar-
ization (or thermalization), or an overhead time may be
required before starting another scan. This is often referred
to as down time or overhead time. Overhead time is gen-
eral and may also include other experimental times such
as N-V measurement and reinitialization times—although
these are often much shorter than sample repolarization. If
this time is significant, then this may reduce the number of
times the scan can be repeated in a constant experimental
time. Explicitly, the total scan time including this overhead
time is then ts = R(τ1 + τ2) + to. This overhead time does
not appear in the amplitude of the Fourier peak, as no mea-
surements are performed in this time; however, it changes
the number of scan repetitions to M = texp/(R(τ1 + τ2) +
to) and in a similar fashion for M ∗. Hence, the ratio of sen-
sitivities for continuous and standard AERIS can be taken
from Eq. (C3) to be

η∗

η
� Teff(1 − e−Rτ1/Teff)

T∗
eff(1 − e−Rτ∗

1 /T∗
eff)

×
√

τ ∗
1 + τ2 + to/R

τ1 + τ2 + to/R
, (C5)

where we have assumed identical overhead times for each
protocol. For repolarization of the signal, repetitions must

be delayed by a wait time of T1 before the experiment is
performed. In Fig. 5, we plot the sensitivity ratio given in
Eq. (C5) for the case of σ = 10 Hz in Fig. 4. Here, we see
that the larger the overhead time, the more improvement
in sensitivity there is for continuous AERIS. This is due to
the lower reliance on experimental repetitions due to the
larger T1ρ time.

FIG. 5. Comparisons of sensitivities between continuous and
standard AERIS for different overhead times to—calculated
using Eq. (C5). As the NMR signal for standard AERIS has a
shorter decay time T∗

2 , more repeated scans M are used compared
to continuous AERIS. The overhead time used here provides a
penalty on resetting the NMR signal and hence for larger val-
ues of to, the ratio of sensitivities η∗/η increases. In this figure, a
signal with T∗

2 � 60 ms and hence noise σ = 10 Hz is studied.
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APPENDIX D: ERROR IN DRIVING

The nuclear driving that we apply for spin locking may
not be perfect in a realistic setup. For example, there may
be errors such as drifts in the phase of the rf or fluctuat-
ing errors in the Rabi frequency. For the latter, we may
model this similarly to the detuning error with an OU pro-
cess. We define the error in Rabi as ε(t), an OU process,
where 
1(t) = 
1(1 + ε(t)). The error in driving enters
the Hamiltonian

Ĥ(t) =
∑

n

[
ωT

n Î (n)
z + 
1(1 + εn(t)) cos(ωrft − φ1)Î (n)

x

]
,

(D1)

where, as before, 〈ε(t + τ)ε(t)〉 = σ 2(1 − e−τ/τc). For
simplicity, if we have neglected the effect of the detuning
noise for analysis, then the Hamiltonian in Eq. (A24) in the
rotating frame

∑
n ωrfÎ (n)

z is

Ĥ(t) =
∑

n

(
δnÎ (n)

z + 
1(1 + εn(t))Î
(n)
φ1

)
(D2)

as before. If we now move into the rotating frame of
the Rabi frequency,

∑
n 
1Î (n)

φ1
, then the Hamiltonian is

approximately

Ĥ(t) �
∑

n

(
δ2

n

2
1
+ 
1εn(t)

)
Î (n)
φ1

, (D3)

where we have used the result from Eq. (A24). This has
assumed that the noise is relatively static compared to the
Rabi period. Hence, the noise in the driving enters the
Hamiltonian in the same manner as the error in detuning
without driving. The T1ρ and hence the sensitivity will then
be dictated by the stability of the driving. An example of a
particularly stable rf drive has parameters σ = 0.24% and
τc = 1 ms [28,48]. This is shown in Fig. 6 to yield similar
results to the errorless driving. However, weak nuclear-
spin locking is not fully robust to the error in driving, as
a σ = 1, 2% error in driving brings the peak amplitude
below that of free evolution.

1. Robust-driving encoding

In the same vein as Ref. [28], we may apply reverse-
nutation driving to cancel this error. This is done by
applying the rf driving in one direction for a duration
T = 2π/
1 (or a 2π pulse) and then applying a reverse
driving with opposite phase for the same time. If the error
is assumed to be constant throughout the pulses, then it
will average to zero. To understand the dynamics of these
pulses fully, we study the Hamiltonians of a single nuclear

Free

Robust Driving Encoding

RD-E CD-E

(a)

(b)

FIG. 6. Comparisons of FID, continuous driving (see Fig. 3),
and robust driving in the encoding stage of AERIS with added
driving amplitude noise. The noise is taken to have a coher-
ence time of τc = 1 ms and differing strengths. (a) Robust
driving in the encoding stage (RD-E) is actuated by applying
opposite-phase driving immediately after the first application
within the encoding stage of Fig. 3(a). (b) A comparison of
the Fourier transform of an encoded signal using RD-E to
continuous-driving methods of encoding (CD-E) with 
1/2π =
1 kHz and free evolution for a three-tone signal with δ/2π =
(375, 400, 425) Hz, coherence time T∗

2 = 100 ms and τc = 1 ms
in the presence of a range of driving errors. High-amplitude
noise is shown to diminish the advantage of the CD-E over
free-evolution encoding (black); however, this may be recovered
by applying reverse nucleation in RD-E, albeit with a further
reduction in the chemical shifts which is well predicted by
Eq. (D9).

spin

Ĥ1 = δÎz + 
1Îx, (D4)

Ĥ2 = δÎz − 
1Îx, (D5)

where Ĥ1 is for the first driving pulse and Ĥ2 is with the
second driving pulse. The sign of the driving has changed
due to the phase and we have assumed that the noise
is static in our timescale T. We have for now neglected
the noise in order to understand the dynamics of the
chemical shift. The full time-evolution operator for this
Hamiltonian can be computed as Û(2T) = Û2(T)Û1(T),
with Ûn(T) = exp[−iĤnT]. Each of the Hamiltonians in
the above expressions can be rewritten in a dressed-state
basis where, e.g.,

Ĥn = 
̄Î n
P , (D6)
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with 
̄ =
√

δ2 + 
2
1 and Î 1/2

P = cos θ Îz ± sin θ Îφ1 defin-
ing tan θ = δ/
1. We now invoke that the driving is
much stronger than the detuning (
1 � δ) as before, to
approximate the time-evolution operators further to

Û(2T) = exp
[
−i

δ2

2
1
Î 2
PT

]
exp

[
−i

δ2

2
1
Î 1
PT

]
. (D7)

As we are assuming that the detuning is small, then the
angle of rotation around this effective axis will also be
small and hence we may Trotterize the expression above
to obtain the nonpiecewise time-evolution operator and
effective Hamiltonian as

Û(2T) = exp
[
−2i

δ2


1
cos θ ÎzT

]
� exp

[
−i

(
δ3

2
2
1

Îz

)
2T

]

(D8)

and so

Ĥeff = δ3

2
2
1

Îz. (D9)

The effect of the pulsed driving has removed the leading-
order driving directional part of the Hamiltonian, leaving
only the z-directional terms. In other words, the second-
order effect cancels as well as the noise in the driving. The
leading-order term of the remaining dynamics appears as
a third-order effect, with δ3 appearing. As the noise of the
driving is not along the z axis, the effect of this reverse
pulse is to “undo” the noise dynamics. Hence, the fre-
quency of the signal will be robust against Rabi-fluctuation
noise, but at the expense of a more significant frequency
and resolution reduction. This is demonstrated in Fig. 6,
which highlights the new group of peaks for robust driving
in the encoding stage. Of course, this expression could be
derived using higher-order terms in the Magnus expansion.

Other methods such as concatenated dynamical decou-
pling [48] could be considered to cancel this noise in
driving. Here, a second orthogonal driving with a weaker
Rabi frequency is applied in tandem to the nuclear spins.
The Rabi frequency 
2 is chosen so that it is small enough
to not effect the dynamics of the main driving but strong
enough to effectively cancel the noise in an ordering of

1 � 
2 � ε. We have found that for the systems stud-
ied here, this window of frequencies is small and it may be
hard to gain significant noise canceling, but it is noted that
this may be advantageous in other scenarios.
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