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The measurement-based architecture is a paradigm of quantum computing, relying on the entanglement
of a cluster of qubits and the measurements of a subset of it, conditioning the state of the unmeasured
output qubits. While methods to map the gate model circuits into the measurement-based are already
available via intermediate steps, we introduce a paradigm for quantum compiling directly converting any
quantum circuit to a class of graph states, independently from its size. This method relies on the stabilizer
formalism to describe the register of the input qubits. An equivalence class between graph states able
to implement the same circuit is defined, giving rise to a gauge freedom when compiling in the MBQC
frame. The graph state can be rebuilt from the circuit and the input by employing a set of graphical rules.
A system of equations describes the overall process. Compared with measurement calculus, the ancillary
qubits are reduced by 50% on the quantum Fourier transform and 75% on the Quantum Approximate
Optimization Algorithm, still preserving similar scaling laws for the number of entangling gates.
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I. INTRODUCTION

Measurement-based quantum computing (MBQC) also
referred to as one-way quantum computing [1] has become
a viable alternative computational paradigm to gate model
quantum computing mainly thanks to the development of
photonic quantum computers [2—4]. Instead of applying a
universal set of unitary operators to a register of initial-
ized qubits, the information processing is carried out after
entangling the qubits in a resource state [5,6]. Afterwards,
measuring a subset of the resource state, the quantum state
of the unmeasured ones (the output qubits) is purposely
altered [7-9]. The irreversibility of the measurement justi-
fies the alternative name of one-way quantum computing.
In the MBQC frame, a major hindrance consists of entan-
gling all the qubits into a cluster. The main hurdles when
entangling a cluster of qubits arise from technological
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limitations, e.g., photon loss [8,10]. However, protocols
such as entanglement purification, or entanglement wit-
nesses, allow to tackle such withdrawals, achieving a
high fidelity on the resource states [11—16]. Next to the
generation of the resource state, two-qubit gates are real-
ized by single-qubit measurements during the computation
[11,17]. Therefore, once the entangled state has been allo-
cated, it is possible to substitute coherent and long-ranged
operations on qubits, envisaging MBQC as a viable archi-
tecture in terms of qubit scalability and fault-tolerance
[10,18,19]. In MBQC, the entangling gates are applied
just before the algorithm executes, thus any error deriving
from such process will alter the cluster of entangled qubits,
but not necessarily the algorithm itself, which represents
a subtle difference to the error correction and mitigation
techniques developed for the gate model [10]. Indeed,
the latter assumption drops the need to maintain coher-
ent control over the quantum state of qubits, replacing it
with the less experimentally challenging goal of initializ-
ing a graph state before starting the computation [20,21]. In
their proposal, Danos et al. [22,23] provided a method, the
MCalculus, to translate a sequence of logic gates into a set
of entangling gates, quantum measurements, and Pauli cor-
rections to perform in order to translate the gate sequence
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into the MBQC formalism. Such sequence of operations is
named the MQBC pattern [23]. Causal flow, gflow, and
Pauli flow, for instance, are techniques aiming to opti-
mize the adaptive measurement patterns [24,25]. Other
techniques to translate the gate model into the MBQC are
exposed in Refs. [26,27] .

A cornerstone for clustering graph states into a family
of equivalent graphs is provided by LU-equivalence, i.e.,
a class of graphs which are equivalent up to local uni-
tary transformations [28]. Such transformations are help-
ful to capture nontrivial quantum properties, related to
the entanglement in the system, through a set of simple
graphical rules [29]. Nonetheless, even applying local uni-
tary transformations |W) = 01 Q- ® Un |Wo), the total
amount of quantum entanglement remains unaltered [28],
an issue which may call for alternative compiling tech-
niques. Local Clifford operations have been employed for
efficient compiling techniques, e.g., in Ref. [30], where
Clifford operations are carried out in order to minimize
the transpiling limited to conversions from cluster states to
graph states. Furthermore, specific compiling techniques
in the MBQC frame have been addressed for variational
quantum eigensolver (VQE) algorithms [31-33], where it
has been shown how measurement-based techniques prove
to be more efficient than their gate-based counterparts for
specific designed Hamiltonians.

Other works adapt Clifford quantum cellular automata
(QCA) to MBQC, where QCA form a class of unitaries
which are translationally invariant and locality-preserving
[34]. A useful protocol to reduce the number of Pauli oper-
ations, more specifically the byproduct correction, is the
Pauli tracking, which has been already implemented in
recent libraries [35-37]. Other frameworks which allow
to optimize the size of the cluster states are provided by
Ref. [38], whereas other protocols are suited to install
fault-tolerant graph states, according to specific error cor-
rection codes [39]. Another paramount tool employed for
MBQC compiling are the ZX diagrams, a tool which
allows the graph states to be described as tensors through
a set of rules similar to the Penrose notation [40]. ZX
diagrams compiling techniques, however, were limited to
measurements in the XY plane. Recently, new MBQC tech-
niques have extended the employment of these diagrams to
any direction of measurement [27].

Other methods to convert unitary operations into graph
states have been proposed, even without implementing
a universal computation, for example, to convert diago-
nal operators into specific graphs [41]. Recently, Wong
et al. [42] formulated an underlying gauge theory over the
MBQC, contextualized in the frame of condensed matter
and high-energy physics, not related to quantum compil-
ing. Introducing the present work, two short proceedings
which sketch the overall method without illustrating proofs
and details can be found in Refs. [43,44].

Instead, here we develop an exact method for MBQC
compiling, able to map any quantum circuit into a graph
state without any transposition from the gate model. The
description of the qubit system takes advantage of the nota-
tion introduced previously in Ref. [45] and it is described
by group theory instead of state vectors or the density
matrices. Indeed, the overall state is represented by a set of
stabilizers which act on the initialized register |0)®”. Such
formalism relies on applying a decomposition of the uni-
tary operator in terms of Pauli matrices, whose goal can be
accomplished, for instance, via the KAK decomposition
[46-51], or rather by any decomposition of a generic uni-
tary in terms of Pauli matrices. The decomposition of the
circuit into a set of universal gates could be employed as
well, by opportunely handling the rules of Clifford group
introduced in the following sections.

Thanks to such decompositions, it is shown that any
unitary operator can be converted directly into a graph
state, bypassing any circuit conversion from gate-based to
measurement-based formalism.

Indeed, we introduce a straightforward construction of
the graph relying on a technique which we call analysis
of the residual. Such technique relies on a set of graphi-
cal rules which allow the conversion of a graph state into
a linear combination of operators and vice versa. Such an
approach allows any unitary, opportunely decomposed, to
be mapped directly into a graph state, without transposing
the unitary itself through the gate model. Furthermore, as
discussed previously, it is known from the literature that
multiple graph states, belonging to an equivalence class,
are able to apply the same quantum circuit to a specific
input state. We extend such an equivalence beyond local
operations, giving rise to a gauge freedom, as different
graph states, differing not only in their topology but even
in their size (i.e., number of nodes), can be chosen without
affecting the outcome of the computation. In other words,
different graph states may prove to be equivalent even
beyond local, single-qubit operations, such as local com-
plementation [52], due to an underlying gauge equivalence
which can be deduced by the analysis of the residual.

Our method shows that, in order to construct the graph,
for mapping any generic unitary U representing the quan-
tum circuit into a graph G[V,E], at least one explicit
graph representing the solution exists. We refer to this
mapping as the fully symmetric gauge, a trivial but illus-
trative example being provided in the appendices. Such
gauge freedom, as well as the overall method, is expressed
by a system of algebraic equations. Exploiting the fully
symmetric gauge, we cut the number of ancillary qubits,
with respect to the MCalculus, by a factor of 1/4 the for
Quantum Approximate Optimization Algorithm (QAOA)
and 1/2 for the quantum Fourier transform (QFT). As
for the total entanglement of the graph state, the results
from the two methods are comparable, and they strictly
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depend on the instance of the problem (e.g., the topol-
ogy of the MaxCut graph for the QAOA or the number
of layers p to be applied). Nevertheless, the focus of
this benchmark is on the fully symmetric gauge, which
is universal (it can be applied to any algorithm without
methodological variations) and can be considered a fair
reference for this method we introduce. Since the MCal-
culus is a universal method as well, able to transpile any
gate-based circuit into a graph state, a worthy benchmark
can be established between these two mappings. How-
ever, more gauges can be inquired developing numerical
approaches or theoretical studies, even algorithm-based,
and future developments could compare more recent,
local-equivalent approaches with more sophisticated and

(a)

algorithm-based gauges. The main purpose of this work
remains introducing a new formalism able to rearrange
MBQC compiling through a gauge freedom. Eventually,
the formulation of MBQC compiling via a system of equa-
tions allows to invert the already acknowledged methods
for mapping unitary operators into a graph state.

II. RESULTS

The MBQC paradigm consists of entangling a cluster of
qubits and progressively measuring a subset of resource
qubits, whose entanglement with the unmeasured qubits
conditions the output state of the latter ones [Fig. 1(a)].
The rationale behind the direct compiling method, which
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(a) In the MBQC paradigm, the graph state (here represented by two nodes linked by the violet line, representing their

entanglement) is split into the resource state, i.e., the qubits which have to be measured to let the information flow (in a blue and
red superposition) and the output states (red and blue superposition). Due to the entanglement, the output qubits are affected by the
measurements over the resource qubits. (b) In quantum compiling, a generic unitary operator needs to be decomposed into elementary
operations. In the measurement-based architecture, the unitary operation is prompted by entangling the resource states with the output
qubits, thereafter measuring the previous ones. Currently, the process consists of two steps, namely J decomposition of the unitary
operator and then the construction of the graph state by using MCalculus. The aim of this work is to build a compiling algorithm to

cast directly the unitary matrix from U(2") into the graph state.
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prepares the starting graph state from any given arbitrary
unitary operator, representing a quantum circuit, discussed
in this section is represented in Fig. 1(b). The demonstra-
tion of the validity of this compiling method is demon-
strated by construction through three major steps. The first
step consists of the description of the input state, by merg-
ing the circuit and the state of the register by a single
operator, later called circuit endomorphism. Although it
would be possible to rely on the commonly adopted word-
ing, it is required to develop the following Heisenberg
picture of the stabilizer states in order to make manifest
the gauge freedom, the key feature of this work. The sec-
ond step consists of preparing the equivalence class which
leaves the output state unchanged after having consistently
altered both the input circuit operator and the input state
(expressed, in turn, as an operator). Finally, as a third step,
such gauge invariance provides the MBQC embedding by
graphical rules, defining an equivalence class of graphs,
from which the MBQC algorithm starts to be computed.
The overall picture of the MBQC compiling is expressed
by a system of core equations.

A. Preparation of the input state

We start by describing the first step, consisting of merg-
ing the given circuit with the register of input qubits. First,
the input circuit U is expressed by its decomposition into
rotations induced by elements of the Pauli algebra. Next,
the input state is expressed by operators G,» called Pauli
endomorphisms (PEs), i referring to each qubit, instead of
the usual vector state. These operators map the |0)®” state
into any state |C) available by employing only Clifford
operators. Therefore, the G operators act as endomorphism
inside the Hilbert space H®".

Eventually, the composition of the circuit U/ with the PEs
I G; gives rise to the circuit endomorphism 7, a tensor
representation of the orlgmal circuit and input register by
a single operator U [L G..

1. Pauli decomposition.

The input circuit U of n qubits is first represented by
rotations induced by elements from the Pauli group 6 € P.
Such representation can be borrowed, e.g., from the KAK
decomposition:

U=00-,---U
= [cos(0)) + isin(6;)6] - - - [cos(0;) + isin(B)o1].

(M

Each of the Uj; refers to a specific operation described in
a quantum circuit, which may involve a number of qubits
ranging from 1 to n.

2. Expression of the input state as PEs.

A suitable formalism to describe the input state is intro-
duced. Given a register | W) of n qubits, |¥) e [C*]®", the
PE G; of the ith qubit is defined as a linear combination
of the 1dent1ty fNX N (N =2") plus a Pauli operator K =
X ®] , 0; which we call stabilizer, where 6; € {szz,Z},
the latter being a subgroup of the Pauli group P;:

Gi(a,b) = alyy + bK;. )

From now on, to ease notation, ij y will be omitted. In
a dedicated lemma from Appendix A, we prove that the
PEs G are not unitary, even though returning (0| G'G |0) =
1. Any quantum state encoding a single qubit can be
represented by

= G(a,b)10). (3)

lY) =al0) +b|1) = [a+ bX]|0)

A register of n nonentangled qubits can be generalized as

n

W) = [ [la + 6:X110)® 1"[G(al,bn0> )

i=1 i=1

The coefficients in front of the K; operator (the b;) are
from now on referred to as the interactive coefficients of
the PE Gi. The coefficients in front of the iNX N identity
(the a;) are referred to as the idle coefficients of the G;
PE. The entanglement between two PEs G,», Gj can be
induced by the éZy phase operator, morphing their stabi-

n CZij o~ A ~ . .
lizer X; — X;Z i = K;. A qubit i entangled with a set N (@)
of qubits displays a stabilizer such as

k=% ® 7, )

JENQ)

with NV (i) representing the sequence of all the cz ; Clifford
operations. In Appendix B, we show, as a quick reminder,
that the K;, IA(J stabilizers still commute each other with,
even after applying the C¢Z,»j phase gates. In Appendix C,
we summarize the rules for the Clifford algebra, which
éZg belongs to. Therefore, when dealing with MBQC,
the PEs allow us to implement the overall system in a
much more compact representation than by installing a
state vector.

3. Construction of the circuit endomorphism tensor.

We define the circuit endomorphism 1 as the composi-
tion between the product of the PEs [ [, G; and the unitary
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implementing the quantum circuit:

h=U]]G- (6)

i=1

The circuit endomorphism, as a 2" x 2" matrix, can be
expressed in a tensor formalism by the canonical basis ¢;
of the 2 x 2 matrices:

ﬁ — nil.“inéil ® é[z R - ® éin’

N 1 0 0 1 0 0 0 0

oo 0):(0 0)(1 )G D o
where we followed the Einstein notation on the indices.

B. Definition of the equivalence class

Once the input register and the quantum circuit are uni-
fied into the circuit endomorphism tensor, we now turn
to the definition of equivalence class of the circuit endo-
morphism operators. In order to natively adopt operatorial
expressions ready for the next step of the compiling pro-
cess, we aim to describe the quantum circuit and the
register as a linear combination of elements from the Pauli
algebra. Therefore, in order to define the equivalence class,
we start by expressing the circuit endomorphism tensor in
the Pauli basis. Next, the equivalence class is established
between those combinations of quantum circuits U and the
register [ [; G; which act identically over |0)®", i.e., which
are characterized by a circuit endomorphism with identi-
cal first column. Eventually, we introduce a map between
elements of the same equivalence class, which constitutes
the gauge transformations exploited in the final step of the
compiling method.

1. The circuit endomorphism in the Pauli basis.

Due to Egs. (1) and (4), the circuit endomorphism 7 can
also be described as a linear combination with generators
from the Pauli group o € {f ,)A( ,2, 7X }. Such linear com-
bination in the Pauli basis is referred to as the transfer
tensor T

T= TVn6; @61, @ -+ Q6. (3)

The transfer tensor and the circuit endomorphism describe
both the same tensor object but for a change of basis,
implemented by an isomorphism M

Miyeiy = Migjy - Miyj, Ty - )

2. Criterion to establish the equivalence class.

By construction, the action of the circuit endomorphism
is expressed over the |0)®" state:

710)*" = 7, (10)

where 7 is the first column of the 2" x 2" matrix imple-
mented by 7). From now on, 7 is referred to as vector circuit
endomorphism (which we shorten to vector circuit).

3. Equivalence class between circuits.

As the output of the computation is determined by the
sole 7 vector circuit, as stated by Eq. (10), a class of equiv-
alence between different circuit endomorphisms 7, n’ is
established, once the criterion of equivalence is set by the
condition = 17’

N~ n=1. (11

Transforming the circuit endomorphism, and therefore the
circuit itself, without spoiling the output of the compu-
tation gives rise to a gauge transformation, i.e., a map
between different elements of the aforementioned equiva-
lence class. As we are interested in quantum computation,
expressed by Pauli operators, we implement such gauge
transformation on the transfer tensor:

Tl'/lmin = Sil-“in i T}ljn (12)
or, by shortening notation,
T = SyT;, My, - My, = M. (13)

We refer to the tensor S as the gauge tensor (Fig. 2). Col-
lecting all the information from Egs. (9), (10), and (12), the
following system holds:

T} = 8iT; = SiiMik 1k, (14a)
=1, (14b)
)7: = Mi;lz}/ = MiEISjka' (14C)

C. MBQC graphic rules and core equations

After the equivalence class is established, we explicitly
refer to the MBQC framework by imposing that the linear
combination of Pauli operators (expressed by the transfer
tensor) is the result of a measurement process over a graph
state. Therefore, we build a special transfer tensor, suitable
for MBQC, implementing the action of the measurement
process by defining a to-be-called residual operator. Next,
we apply topological rules expressed by two major the-
orems. Symmetry constraints are imposed to select those
transfer tensors suitable for MBQC compiling and thus
generating a graph state, associated to the original input
circuit. This MBQC compiling method is embodied by a
system of core equations.
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FIG. 2. Graphical representation of two equivalence classes. All of the elements inside a class share a common 7 vector circuit. The
maps between graphs belonging to the same class are implemented by the S gauge tensor. Note that the color code for the nodes in the

graph does not encode any physical meaning.

1. Measurements in the PE formalism.

A measurement on the ith qubit is implemented by a pro-
jector operator 15y = |y;) {yil], where |y;) is the eigenstate
of an observable 6. After the measurement of the ith qubit
is performed, the measured qubit lies in the |y),; state. To
simplify the notation, we write down the measurements as
(y1], instead of |y;) (y;]. A measurement over a generic state
(y:] can be represented as

(vil =a; (0] +B; (Ll = (04] [o] + B} Xi]= (0;] T (e, B),
(15)

with T being the PE for such measurement, and &, 8 € C,
la|? + |B]> = 1. Here I" involves no 7 Pauli operator as the
measurements act as projections over a single-qubit Hilbert
space, with no entanglement involved. In the literature, the
measurements with respect to the Pauli observables can be
performed over three planes, XY, XZ, and YZ [7,53,54],
each of them being a linear combination of two Pauli
matrices, whose coefficients are given as cos(8), sin(9). In
Appendix D, we explain how to represent such projections
in the PE representation.

2. The residual operator.

The action of the measurements over an input state
|W) can be therefore described by an operator R, which
we call the residual of the measurements, or simply the
residual. Such operator is nothing but the PE of a qubit
transformed after the measurement itself, i.e., after pro-
jecting the single-qubit state described by the PE over a
subspace as in Eq. (15). Given a state |¥) of n + m qubits,
the residual R is the operator acting over the new n-qubits
state |W’), after a subset of m qubits has been measured,

according to

m n+m
"yl [ [l + ;K51 T T+ biki1 10) 20+
j=l1 I=m+1
A n+m A
=R [] la+b:&j110)" (16a)
I=m+1
R="% (yul [ [la; + b;K;110)®" (16b)

j=1

where the (y;| = (0] [ + ,Bf)A(i] are the measurements
over the |W) state, the latter being allocated by the n + m
PEs. After the measurements, the new |W') state is defined
by n new IA(,’ PEs, determined by the previous measure-
ments, whereas the previous m PEs IA(j are transformed into
the R residual. In physical terms, the transformation K; —
K| means that the entanglement between the unmeasured
qubits and the measured ones has been severed. In fact,
the n stabilizers K; of the unmeasured qubsits transform as
follows:

b=t ®z-k=% & % a1
JEN () JEN(D\M

where N (I) denotes the set of the qubits entangled with
the Ith one before the measurements and M denotes the
set of measured qubits. In order to tackle the expression of
the residual in Eq. (16b), all the |0)®™ kets must be con-
tracted to compute the expectation value. As VA [0) = 10),
the action of such contraction over the PEs can be summed
up as follows: suppose p is the qubit to be measured, any
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G, PE thus transforms into a G} as

Gi10,) = [az+bzf(, X Zj] 10,)

JEN()
& 2,] =10,) G}, (18)

= 10,) |:az + biX,
JeND\{p}

proving the validness of Eq. (17). Furthermore, the residual
R, over a register of n qubits, is expressed as a linear com-
bination of )?_, k; operators, with k; € {izxz, VA }. The
residual is yielded by the following expectation value over
the ith qubit:

R=(0i][o] + B K] [a,- +b:X% Q) Z}] 10;)
JENG)

=ozl-*a,~+ﬂ;"b,» ® Zj =A,‘+Bi ® 2]

JEN () JENH

(19)

To prove such statement, refer to Appendix E. Conse-
quently, in the MBQC frame the action of a unitary
operator can be expressed into a linear combination of
Ai+ B; ®j'7:1 k; operators. For the sake of clarity, we may
now introduce two definitions. Any coefficient 4; # 0 from
the residual R, as in Eq. (19), is labeled as an idle coeffi-
cient. Instead, any coefficient B; from the residual f?, as in
Eq. (19) and N (i) # @, is called an interactive coefficient.
It is now possible to enunciate the two theorems men-
tioned previously. The first theorem states that, after a
measurement, the interactive coefficients from the PEs
are multiplied in the interactive coefficient of the resid-
ual, and separately the idle coefficients from the PEs are
multiplied in the idle coefficient of the residual, with no
cross-terms. In the second theorem, we state how two
measured qubits, previously entangled, output a minus
sign multiplying their interactive coefficients in the resid-
ual, a property which is a key element of the compiling
algorithm. Indeed, from the second theorem a corollary
follows which is exploited, along with the corresponding
theorem, to build the compiling algorithm for MBQC.

3. Coefficients theorem.
After a (y;| measurement, (y;| in the form of Eq. (15)
andi € {0, ...,n}, the interaction coefficients b;, ;" and the
idle coefficients a;, o', where «;, B; are from the PE [ of

the measurement and a;, b; from the PE G of the measured
qubit, are separately multiplied into two distinguished idle
and interaction coefficients 4; and B; of the residual. The
proof is provided by Appendix F.

4. Sign theorem.

Given a register of N qubits, with qubits i and j entan-
gled each other and generated respectively by Gi(a;, b;)

and Gj (a;, bj), after their measurement the residual R dis-
plays a term with their interacting coefficients B;, B;, a

minus sign in front of it and a set of operators Z; €
NGj)=NGHUNG\NGNNG)\ M, where such
set denotes the unmeasured qubits previously entangled
with either the ith or the j th site:

—BiB; (X Zi,

keN (iy)

(20)

and M still denotes the set of the measured qubits. The
proof lies in Appendix G.

5. Operator corollary.

When a single interactive coefficient i holds in a term
from the residual, the operators in front of it are set as

QkeNiN\MZk:

Ay Ai1Bidiy1 -+ - A, ® 7.
keN (D\M

e2y)

The proof of the corollary is provided in Appendix H. The
two theorems and their corollary provide a set of rules on
how to map a graph into a sequence of operators, a graphic
approach which could ease the computation. Figure 3 por-
trays a practical example where such rules are applied. A
practical application of the two theorems along with the
corollary is provided in Appendix I. A practical example
of an application of the two theorems is provided in Fig. 4
of Appendix I.

(O Output qubits

FIG. 3. Graphical rules which link the residual operator to the
graph states. When two resource qubits are neighbors (Greek let-
ters, dashed borders), a minus sign occurs in front of their interac-
tive coefficients, whereas a Z operator is used when a measured
qubit neighbors with the output m, n ones. The computational
flow follows the arrows on the edges of the graph.
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FIG. 4. Two qubits 4 and 5 (in light blue) are measured. The
yellow qubits are entangled with 4 or 5, whereas the red qubit
is entangled with both of them. After the measurements, the PE
of 1 switches from )?12425 — )A(I and so on for 2 and 3. The
interactive coefficients of 4 and 5 in the residual, therefore, yield
the (—)5342 12> 352 123 term. As both the qubits are entangled
with the 1th one, 1 € N'(4) N N/(5), and therefore no Z; operator
appears. If the dashed line were a solid one, i.e., the two qubits
were entangled, it holds that s = 1, otherwise s = 0 and no line
appears between 4 and 5. The qubits 2 and 3 (yellow) belong
to N(4,5) = N(4) UN(5) \ N'(4) N N(5), whereas the 1st one
(red) belong to A/ (4) N N(5), and thus it is erased from the B4Bs
term.

6. Considerations on the dimensionality.

We now ponder where the curse of dimensionality may
affect this formalism. Writing down the operators in the
Heisenberg picture, this action does not entail overheads
in the memory storage, since any operator can be settled
in the Heisenberg representation as a; + b;6 (the & oper-
ator belonging to the Pauli group P). Therefore, for any
gate displaced in a quantum circuit, its Heisenberg repre-
sentation follows with ease. The curse of dimensionality
arises when computing the residual, as can be noted from
Appendix 1. Any measurement doubles the length of the
residual, whose size increases by 2", m being the num-
ber of measurements. Nevertheless, for the analysis of the
residual, only the terms involving the B; and the B;B;
coefficients are needed, i.e., a total number of n + n(n +
1)/2 = O(n?) elements. Since the B; terms are required to
study the connections between the resource qubits to be
measured and the output ones, whereas the B;B; are used to
inquire the connections between the resource qubits them-
selves, no further terms are required when expanding the
residual operator.

7. Symmetries on the transfer tensor.

When implementing a single-qubit operation, the graph
state holds a single output qubit, whereas the other qubits

in the cluster remain to be measured. Although the output
qubit can be represented via its PE, the measured qubits
can be expressed in the residual. For a single-qubit sys-
tem, the PE is given by Gl (a,b) = [a+ b)?l], where the
index 1 referring to the single qubit can be therefore omit-
ted. In the PE there are no Z; terms, as no further entangled
qubits i are involved. Therefore, following from Eq. (19),
in the residual R only a Z operator is present as \/; consists
of the sole output qubit. The PE and the residual are thus
explicitly expressed as

R|W) = [A + BZ][a + bX]10), (22)

where 4 and B are C-numbers which collect all the coef-
ficients from the residual, whgreas a and b are the coef-
ficients which form the PE G over |0), i.e., the output
qubit. From here we introduce the circuit endomorphism
1, explicitly expressed as

~ |Aa+Ba Ab+ Bb
”—[Ab—Bb Aa—Ba] 23)

The transformed state |/') is described by the vector

circuit 7, consisting of the first column of the circuit
endomorphism:

L |:Aa+Ba]. (24)

ﬁ|0>:777 n= Ab — Bb

The corresponding object in the Pauli basis, i.e., the trans-
fer tensor, reads as

T = Aal + AbX + BaZ + BbZX = (Aa, Ab, Ba, Bb).
(25)

Even though all of the residuals R from a graph state
correspond to a unitary operation, or at least to a linear
combination of Z- operators, the reverse condition does
not necessary hold, i.e., a generic unitary U cannot be
straightforwardly decomposed as a linear combination of
Z; lacking a proper rearrangement. Such a hurdle prompts
us to study under what conditions the MBQC computation
can be performed, and eventually leads us to focus on the
symmetries on the transfer tensor. Such symmetry can be
expressed as

ToTs = T) T = AaBb = AbBa. (26)

The swap between the a, b coefficients can be imple-
mented, in terms of indices, by a finite and discrete group
(i, 0), whose operation o implements the transformations
in Table I. Thanks to the action of such group, Eq. (26) can
be reformulated as follows:

Tl]} = Tioj 7}'01" (27)

It is quite straightforward to show that, except for 0 o 3,
300, 102, and 2 o 1, all the other labels yield a simple
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TABLE 1. Group operations o for the symmetries on transfer
tensor 7. How the labels i, j of the transfer tensor 7 transforms
under exchange of the a, b idle and interactive coefficients, the
second being linked to the X Pauli operator. Such operation is
expressed explicitly in Eq. (26). The i oj = k operation is sum-
marized in the table: the first column collects the i terms, the first
row thej terms, whereas the crossed cells show the final product
k. All the operations consist of a swap or an identity operation,
with respect to the ith and the j th elements, except for those on
the antidiagonal (in bold).

o

W = o
NN OO
W W = = =
[\ 2N \S RNl ) O]
W W = = | W

identity, i.e., 7;7; = T;T;. Such achievement is summa-
rized in Table I: while almost every couple of elements
is closed with respect to the o operation, e.g., i,j — j, i
or the identity i, j — i, j, the coefficients on the antidi-
agonal (in red) overturn such rule. When dealing with an
n-qubit register, Eq. (27) must be rearranged properly for
the n-qubit transformations. The residual of the measured
qubits, providing a Z; term for all the output qubits along
with the Z, iZ ; combinations:

Z > ( ®Z,>HG(a,,b), (28)

m=0 zC[l ,,,,, n] lei

i.e., the sum runs over all the possible combinations of 7
operators. For the case » = 2 in Appendix J, 1 varies to
be @, [1], [2], and [1, 2], raising the Cy, C;, C;, and C;
coefficients. The PEs are supposed to install nonentangled
qubits, therefore G’(ai, b)) =a; + b;X;. The C; coefficients
are C-numbers, which collect all the other coefficients, as
follows from the sign theorem and the operator corollary.
The formalism from Table I needs to be extended for
the general case n. Leaving the proof in the methods,
the composition operation translates into the following
expression:

TiTy = TiojTioi = Ty inseenin)oGi o) LGt daseedn)o (it i2,eein) o
(29)

the expression of which involves all the possible composi-
tions between (i1, 1, . ..,1,) © (j1,/2, - - - ,j») and vice versa
between (ji, /2, - . .,Jjn) © (i1,i2,...,iy). Section [V B sets a
rigorous proof, whereas a didactic example is provided for
the n = 2 case in Appendix J.

8. Core equations of MBQC compiling

A system of equations is eventually formulated, by
adding Eq. (29) into the already encoded system of

Egs. (14):
T} = 8iT; = SiiMijk nx, (30a)
Mo = M. (30b)
= M 'T] = My ' ST (30c)
TlTJ = TiojTjoi, (3Od)

where M;j = M, ;, - - - M;,;, is the generalized tensor for the
change of basis. The importance of these equations is sum-
marized in the pseudocode 1. First, the unitary operator
must be decomposed into operators which suit a represen-
tation of the form a; + b,f(i. Afterwards, the corresponding
representation of the transfer tensor 7 can be built. Once
the representation of T is provided, it is possible to plug
it into the above system of equations to query the most
suitable gauge Sj;, which returns a new 7" tensor from
Eq. (30a). However, the new transfer tensor corresponds
to a graph state if and only if Egs. (30b) and (30d) are
satisfied. While Eq. (30b) checks whether the logic opera-
tion we implement is left invariant (i.e., we are operating a
gauge transformation), Eq. (30d) verifies if the logic oper-
ation physically correspond to an implementable graph
state. The mapping from 7" to 1}, (as well as from T to
ni) can be accomplished by Eq. (30c). Once a new suit-
able transfer tensor T’ is provided, the topology of the
graph state directly descends from the graphic rules estab-
lished by the theorems in Sec. IIC. Note that if we set
the same register of qubits in a different state, the com-
piling process is not altered, since the value of the idle and
interactive coefficients a;, b; does not carry any topological
information.

III. DISCUSSION

A. From graphs to the residual and vice versa

It is therefore possible to introduce a set of tech-
niques to rebuild the graph state from the residual of
the unitary operator. First, a decomposition of the uni-
tary matrix U has to be given in terms of Pauli matrices,
such as KAK decomposition or any composition of uni-
versal gates. Once such Pauli decomposition is provided,
it is possible to transcribe the transfer tensor. However, the
resulting outcome may not fit into the relation expressed
by Eq. (30d), which requires a gauge transformation to
be applied, in order to satisfy both Eqgs. (30d) and (30b).
Techniques to be applied over a specific gauge transfor-
mation, which we call the fully symmetric gauge, are
introduced in Appendix K. A practical example to exploit
the fully symmetric gauge is illustrated in Appendix L,
whereas an alternative technique, employing solely local
Clifford transformations, is given in Appendix M. A class
of equivalence between graphs corresponding to the same
unitary via different gauge transformations is stated in
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ALGORITHM 1.

Gauge Compiling.

1: Decompose U unitary operator 2™ x 2" into Pauli basis {f, X, Z;, Z,XZ}?:l

2: Build 7', 7

3: Unsolved = True
4: while Unsolved do
5: Set a Sj; gauge

6: Get Tyep from Equation (30a)

7: Solved = Equations (30b), (30d) are satisfied

8: Unsolved = NOT Solved

9: end while

10: Apply Sign Theorem, Coefficient Theorem on T to get the graph state

Appendix N. Once the new 7' transfer tensor is pro-
vided, the next step consists of distinguishing between the
coefficients belonging to the residual and the coefficients
assigned to the PEs. To tackle such issue, the coefficient
theorem turns out to be of paramount importance. The
coefficients from the PEs report information about the X;
operators, whereas the coefficients from the residual report
information about the Z; operators. From the sign theorem,
it is possible to check when two interactive coefficients B;,
B; in the transfer tensor output a minus sign, tracking the
neighborhood of the measured i and j qubits. Such infor-
mation reduces by far the number of required operations,
as it suffices to check for all the terms involving two B;
coefficients whether a minus sign occurs. Thanks to the
coefficient and the sign theorems, a set of graphic rules is
derived, thanks to which the residual can be mapped into

TABLE II.

a graph and vice versa. We refer to such rules as analy-
sis of the residual, and practical examples are illustrated
in Appendices I and K. An overall perspective on how to
build a graph state from the residual, thanks to the gauge
transformation by the tensor S, is reported in Algorithm 1.
The fully symmetric gauge proves to reduce the size of the
graph state, with respect to the MCalculus, to 50% when
applied to compiling the QFT, and to 25% for the QAOA.
The results are given in Table II.

Another compiling method we include in this bench-
mark is provided by GRAPHIX, an open-source PYTHON
library which leverages classical preprocessing of Pauli
measurements and local Clifford operations in MBQC
(LC-MBQC) to optimize the amount of operations and
resource qubits involved when installing the graph state
[33]. As it can be seen, the asymptotic performances for the

Number of involved qubits and entangling operations both in the MCalculus and fully symmetric gauge (FSG) by scaling

with the number of input qubits # and, for the QAOA, with the layer depth p. Cyclic refers to the QAOA for tackling the MaxCut
problem on cyclic graphs, whereas complete means the same algorithm is employed to solve the MaxCut for the complete graphs.

Here p stands for the number of layers set in the QAOA.

MCalculus LC-MBQC FSG (this work)

Resource qubits analytic complexity empirical trend analytic complexity
3 3

QFT 3n% +2n 1— En + Enz Enz + En
Cyclic n(1+47p) n+2np 2n(1 +p)

2 p 2 1 2 3
Complete 2pn* + n(1 4+ p) n+§(n+n ) Epn +n Ep -2
Entanglement analytic complexity empirical trend empirical trend
QFT 4n(n —3/4) + 7[n/2] 2 — 4n + 2n? dn(n —1) +2
Cyclic n+ 10np 3np + np? O(np?)
Complete n+ pn(dn —2) on*p?) on® + pn?)
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resource qubits required are equal to those from the fully
symmetric gauge. Instead, when dealing with the number
of entangling operations, for the QFT GRAPHIX halves the
asymptotic number of these gates (2n® instead of 4n?),
but when considering the QAOA for complete graphs,
the number of operations scales as O(n’p?), whereas the
MCalculus and the fully symmetric gauge do not exceed
pn® or n,

As for the number of controlled-phase gates to apply, for
this specific gauge, we compare the analysis from MCalcu-
lus with numerical experiments. While for QFT the amount
of entangling gates scales with equal trends, for the QAOA
different scalings occur. If the number of layers p, i.e.,
the times the logic operations are repeated throughout the
circuit, scales as n, or in general n’ with ¢ > 1, the fully
symmetric gauge slightly outperforms the MCalculus. In
contrast, for ¢+ < 1, MCalculus proves to be more effi-
cient. Some considerations arise, mainly depending on the
hardware we are running the algorithm on. For instance,
trapped ions demonstrate an ability to provide excel-
lent connectivity, whereas IBM superconducting qubits
are usually displaced in a honeycomb topology, which
is sparser by far [55]. Summarizing all the information,
raising the number of entangling operations in the graph
state may hinder the computation, especially for architec-
tures with a sparse connectivity (such as IBM). Neverthe-
less, for highly connected topologies such as trapped ions,
this hurdle may be reduced to a polynomial law of entan-
gling gates to be applied, while still allowing the number
of involved qubits to be reduced. Moreover, we have seen
that the global amount of entangling gates depends on the
algorithm, on the instance of the problem, and, moreover,
different gauge choices may affect the final result. Further
details are given in Appendix O.

B. General considerations

We have introduced a new formalism, based on the
PE of a qubit and the residual operator, to describe the
graph state and to perform measurement-based computa-
tion. Next, we introduced a set of algebraic tools, such as
the circuit endomorphism and the transfer tensor, to define
an equivalence class between different graph states imple-
menting the same quantum circuit. The map between the
elements of the equivalence class give rise to a gauge trans-
formation between different graph states. Thereafter, we
set the action of the measurement in the new formalism,
by defining the residual operator and stating the coefficient
and the sign theorems, which allow us to reconstruct the
graph state starting from the residual: a technique we call
analysis of the residual. In the later sections, we fix the
global picture of this work by writing the core equations of
this scheme of MBQC compiling.

Thanks to such a system of equations, different ways to
encode a graph state from a single unitary are now avail-
able. In order to make such equations work properly, the
unitary gate must be decomposed in terms of Pauli gates.
Methods such as KAK, or even gate-based circuits, pro-
vide a suitable decomposition for any unitary operator. A
system of equations turns out to be more adaptive than an
algorithm, providing specific solutions for any instance of
unitary. Furthermore, deploying the techniques from the
statements in the coefficient theorem, the sign theorem,
and the following corollary, the compiling challenge can
be tackled from a topological rather than a numerical per-
spective, avoiding memory bounds due to the allocation
of n-qubits matrices with exponential size 2", handling
instead a G[V; E] graph. Future development could inte-
grate this gauge theory with already existing compiling
techniques, such as ZX diagrams or stabilizer tableaus, to
integrate different approaches. The actual work provides
a useful and universal example of gauge transformation
in Appendix K, nominally the fully symmetric gauge.
In this example, and more specifically in Appendix K,
the construction of the gauge is built via a purely theo-
retical approach, avoiding numerical computation which
may incur into any dimensional curse. Potentially, future
gauges could be prospected to be found following such an
approach. As already stated in Sec. II C, the analysis of the
residual do require a complexity equal to O(n?), which is
pretty affordable for any classical device.

Future works may focus on developing numerical and
topological techniques to find the most suitable S gauge
tensors for a specific unitary to be mapped into a graph
state, or rather discover specific symmetries, related to cer-
tain classes of circuits or unitaries, to exploit to tackle new
gauges via a theoretical approach.

IV. METHODS

A. Isomorphism between the Pauli and the canonical
basis

As stated from Eq. (9), the M map represents the iso-
morphism between the canonical C and the Pauli P basis:

10 0 1
1o 1 1 o
M=211 o o | M:P—cCo oGl
01 -1 0
10 1 0
S lo1 o0 1 o
M=o 1 o _{| M':c—>P. Gl
1 0 -1 0
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In a tensor formalism, the M isomorphism acts on each
index:
M = Niyein = My Mjpiy = - - Mo, Ty oty = M Tx. (32)

B. Group symmetries on the transfer tensor
In order to generalize to »n the group operations from
Table I, we first focus on the 1-qubit case:
AaBb = AbBa = TyT5 = T T>. (33)
We then relabel such coefficients as C; for the 4, B and ¢;
for a, b, making the previous equation into
IiT; = CiciCjc; = Cic; Ci¢i = Tigj Tois (34)
WhereCo = C1 =A,C2 = C3 =B,Co =C =a,andcl =
c3 = b. Such a method may be adapted for the n-qubit
system in the following formalism:

LT = Ty,

15i25esin L J1J25--Jn

ii20eeinCi1 Ciy ** Cin Gl oojn iy G+ G- (35)
In the previous notation, the capital letter C; coefficients
refer to the coefficients from the residual in Eq. (28),
whereas the lowercase c;, refer to the idle or active coeffi-
cients ay, by of the PE Gk. As all of the coefficients c;, of
the PEs may be exchanged as in Eq. (33), the composition
translates into the expression from Eq. (29):

TiTy = TicjTjoi = Ty igsesin)oGiaseesn) LG1jsmin)o i1 iaseemin)
(36)

which involves all the possible compositions between

(1,12, -+ ,in) © (1,J2,---,Jn) and vice versa between
(ilajZa s 5jn) o (il’ i25 AR ] ln)
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APPENDIX A: NONUNITARITY OF THE PAULI
ENDOMORPHISMS

lemma. The PE G is not unitary in general.

Proof. The product between a PE G and its adjoint turns
out to be

G Gi=al> + b + @b+ b*a)K; =1+ (a*b + b*a)K;.
(A1)

Thus, the condition for being unitary holds if and only if
(a*b + b*a) = 0. |

Nevertheless, the expectation of G; over the zero state
|0)®" is equal to one, as the expectation value of K; =
Xi @ ey Zi over |0)®" turns out to be null:

0161 Gi10)™"

=1 (A2)
Such condition is weaker than requiring G € U(2"). Nev-
ertheless, if a single qubit i can be described by a PE G; as
in Eq. (B2), the condition of normalization is still satisfied.

APPENDIX B: CLOSURE OF THE STABILIZER
GROUP UNDER CLIFFORD OPERATORS

lemma. 1f two Pauli operators K 1 K commute, the new
elements f({, IAQ still commute. In other words, the sta-
bilizer group is closed under the action of the Clifford
algebra.

Proof. We have

[Ki;K] = 0= 0= UK, K]0 = [K7; K31, (BD)
where U is any element from the Clifford algebra. |

Corollary. It is possible to entangle a register of n
qubits, represented by an opportune set of n corresponding
PEs, by applying a set of C:Zij gates on the overall state,
without affecting the commutativity of the PEs. The new
state [¥'), in terms of PEs, now reads

(W) = [ Jla: + 6:5110)°" — |W)
i=1

= [ [la: + 6:&110)°" = [ | Gitai b 10)°" . (B2)

i=1 i=1

APPENDIX C: ACTION OF THE CLIFFORD
ALGEBRA

Let us recall that the overall entanglement between
qubits can be described by a graph, picturing the qubits
as the vertices of such graph and the entanglement as
its edges. The corresponding graph state, composed for
instance by two qubits 1 and 2, in terms of stabilizers will
be the simultaneous eigenstate of the ()A( 1 22; VA I)A(z) stabiliz-
ers. While the X operators denote the nodes of the graph

044068-12



MEASUREMENT-BASED QUANTUM COMPILING...

PHYS. REV. APPLIED 285, 044068 (2026)

or, equivalently, the qubits of the system, the Z operators
refer to its edges, corresponding to the physical entangle-
ment between the qubits [12]. Any stabilizer state can be
described by a graph, the X; corresponding to its vertices
and the Z to the edges. Therefore, the stabilizer states are
often referred to as graph states [6,10]. The purpose of this
appendix is to compute the action of the elements of the
Clifford group on the PEs Gi.

The stabilizer group S, is defined as the abelian sub-
group of the Pauli group P,:

Si=15 e PuI8 =5, 8:51=0vij). (€D
A stabilizer state |¥) can be described as a simultaneous
eigenstate for such a set of commutative operators [1,56—
58]. In order to build the entangled states, single- and two-
qubit unitary operators are required, more specifically the
Hadamard H gate and the controlled-phase cz gate. Such
operators belong to the so-called Clifford group C,, which
features the property to map any element of the Pauli group
into itself [41,57,59,60]:

={CeSUQ") |PeP, CPCeP,).  (C2)
Some algebraic rules are summed up [22,23,61]:
Ai_l = ]:Ii’
1% = 20,
A (C3)
ZiX =X2; CZ;,
Cx, = H,Cz; H;,

with j being the target qubit and i the control qubit.
Therefore, starting with a graph of unconnected vertices
and making /4 i promote the connections between them,
the overall entanglement of the system, i.e., the num-
ber of required entangling operations to perform, can be
described by a graph and its adjacency matrix. Conversely,
any regular graph can be represented by the stabilizer
group, the X; operators in Eq. (C3) pointing to the ith nodes
of the graph and the Zj referring to the (i,j) edges. It is
trivial to compute that both the CX and CZ operators do
not affect the |0)®” state.

APPENDIX D: DISRUPTIVE MEASUREMENTS IN
THE HEISENBERG PICTURE

In the literature, the measurements with respect to the
Pauli observables can be performed over three planes, X7,
XZ, and YZ [7,53,54], each being a linear combination of
two Pauli matrices, whose coefficients are given as cos(9),
sin(@). In the formalism of the PEs, such measurements

can be respectively expressed as

(XY(®)| = (0| [1 + e X12°,

YZ(6)| = (0 O) —isin(2) 2| &0
(YZ(6)| = (0] cos(z)—zsm(z) .

0 DO\ A An
(XZ(®)| = (0] |:cos (5) + sin (E) Xi| X7

As the outcome from the measurement is probabilistic, in
order to make the computation deterministic some correc-
tions need to be fixed. Such adjustment in the MBQC liter-
ature are called byproducts, and are implemented as Pauli
operators X, Z. A practical way to describe the overall
measurement is therefore to exponentiate such byproducts
to s = 0, 1, depending on the outcome from the measure-
ment. In the XY plane, for instance, the observable 0(9)
from which to measure is given by

(D1)

i

e
o)‘ (D2)

The eigenvalues can be evaluated from the characteristic
polynomial:

0@0) = cos(®)X + Ysin®) = (69,9

M—1=0= iy ==+1. (D3)

Thus, the eigenvalue equation provides the following
equations:

(& 96 ()0

whose solutions are given by b = +ae™, |a|* + |b|* = 1,
and therefore the state vectors are given by

(D4)

L ( L ) = i[iie-’@f(] 0)
NZAC="20 BN '
Therefore, linear combinations of multiple observables
allow us to introduce rotations, when measuring the graph
state. In addition, it is possible to prove that such rotation
on the XY plane is equivalent to a z rotation over the |+)
state. Introducing a global phase /2, the same state vector
evolves into

(D5)

[ei(0/2) ie—i(9/2))’(\'] |O>

B Gmer Q]

which can be easily rearranged into R.(6 /2) |£).

As quantum measurements are not deterministic, when
dealing with qubits in a C? Hilbert space, the possible out-
comes turn out to be 2. Quantum measurements make the

Sl -

(Do)

044068-13



SEBASTIANO CORLI and ENRICO PRATI

PHYS. REV. APPLIED 285, 044068 (2026)

qubit collapse into a bit state, i.e., destroying any superpo-
sition, without specifying, however, which bit state they
will collapse into. Therefore, when performing MBQC
algorithms, a deterministic computation is required. For
this reason, some correction operators, called byproducts,
are introduced whenever the measurements happen. The
value of such operators depends on the outcome s of the
measurements, as it can be seen from Egs. (D1). How-
ever, corrections X, Z% must be applied on the unmeasured
qubits.

When performing a measurement over the ith qubit
on the YZ plane, the transformation on such a qubit is
implemented as follows:

<0,<|[C+iS)?i])%f[ai+ﬁi)?i X Zk} 0). (D7)

keN (i)

Erasing the X; operators, whose expectation value over |0)
is null, for s = 0, s = 1 the possible results are

CO(,' + iS,B,' ® Zk’ iSOl,' + Cﬁ,’ ® Zk

keN (i) keN (i)

Thus, a statement follows: if the measured qubit is set on
a superposition state |+), or in any state with o # 0 or
B # 0, the byproduct correction consists of applying the
Z neighbors of the qubit,

[ X Zk} (041 [C+iSfG]f(f[ai+ﬂf)?,- X z}} 10:).
keN (i) keN (i)
(D8)

When performing a measurement over the ith qubit on the
XY plane, the transformation on such qubit is implemented
as follows:

<oi|[i+e—f9)?,-]25[a,-+ﬁ,-)?,- (0%4) Zk} 0). (DY)
keN (i)

Erasing the X; operators, whose expectation value over |0)
is null, for s = 0, s = 1 the possible results are

Olizl:eiieﬂi ® Zk.

keN (i)

(D10)

If any of the neighbors of the ith qubit is set in a superpo-
sition state |+), or in a more generic formulation « # 0,
B # 0, it is possible to apply the K; = X; ®jeN() Zj stabi-
lizer, with [ € N (k) (i.e., belonging to the neighborhood of
k) in order to correct the measurement:

[I%I]S[aiie*’ﬁi X Zk][a,+e"yazk1]. (D11)

keN (i)

APPENDIX E: EVOLUTION OF THE RESIDUAL
OPERATOR

Proof. To compute how a generic measurement (y;]
affects the overall state in the formalism of the PEs, first
commute the ith PE up to the leftmost position. Such oper-
ation is always allowed thanks to the commutativity of the
stabilizer group:

W) = [a; + biKi] [ | G (a7, 5;) 10)®".

j=1
J#i

(ET)

Thereafter, contract the |0;) state to the ith PE, which has
been granted to be possible as stated in Eq. (18):

[ai + b:K110) [ ] G (@, ) 10)*" ", (E2)

Jj=1
J#i

where G’ are the PEs affected by such operation, as
described in the previous lemma. In second place, apply
the (yi| = (0 [ + ,Bi*f(i] measurement over the ith PE.
The residual is yielded by the following expectation value
over the ith qubit:

R= (0[] + ﬂ:‘fc][a,» +b:X: (X z}] 10:)
JEN()

=ajai+ b Q) 2 =4i+8 Q) Z;.  (E3)

JEN() JEN()

which matches Eq. (19). Here, NV (i) is again the set of
qubits entangled with the ith qubit before its measurement,
and 4; = ofa;, B; = BI'b;. No )?, terms appear anymore, as
(0] X |0) = 0. The residual operator R can be settled as the
operator which acts on the unmeasured qubits, as a conse-
quence of the entanglement with the previously measured
ones. The new |W’) state, after such measurement, now
reads as

W) =R [[Ga.b;) 100"
=1
S

(E4)

To complete the proof, one recursively applies the mea-
surement operation (y;| over the |\’) state, as follows:

(il 19') = (0] [ + B} Xi]R[a; + b:K1] 10;)

< [16"@.5;) 100" 2.

Jj=1
J#il

(ES)
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As K; :f(,@_fej\m) Z} and R = 4; + B; ®jEN(i) Zj, the
new residual reads

o Ray + Bby (0| XiRK; |0)) , (E6)

where R = A4; + B, ®j€N(i)\{,} Zj,as (0,1 Z;10;) = 1. From

the new operator (0;] )A(IIAUA(I] |0;) no X, term survives, there-
fore the new residual is still not composed by any X
operator, as occurred during the first iteration in Eq. (19).
It is possible to relabel the new residual as R:

R < afR'a+ B (0| XiRK; |0)) (E7)

and iterate such procedure recursively for any measure-
ment. |

APPENDIX F: PROOF OF THE COEFFICIENT
THEOREM
Proof of the coefficient theorem. Recalling Eq. (E7), it
follows that
R < 4R’ + By (0| XiRK110)) . (F1)

Since this operation is repeated recursively, it holds for any
measurement. n

APPENDIX G: PROOF OF THE SIGN THEOREM

Proof of the sign theorem. The proof follows from
Egs. (E6) and (E7). The second term from Eq. (E6) can
be rearranged as

By (04| X;RK; 10;)

= A:B; (0| XiK; 0)) + BB, (0| X; Q) Z;K:10) .
JEN ()
(G1)

The A;B; belong to the first order of recursion, as in
Eq. (19):

AiB (01| XK, 10)) = 481 Q) Z, (G2)

weN (1)
whereas the second term reads
BB (0 X Q) ZiK,10))
JEN (@)

= (—)'BB; (0| Q) Z; XK, 10,)
JENG)

=BB Q) Z Q) Zu,

JENONL  weN (D)

(G3)

where s € {0, 1} represents the condition / € NG). If it
holds, then the X;Z; operators anticommute, yielding a

minus sign and thus s = 1; otherwise, if no 21 is present
(because [ ¢ N (i), then s = 0. The final expression reads

By (0| XiRK;107) = 4:B; Q) Zw + (—)'BiB,
weN (1)

R 7 R 7

JENO\IY  weN(D)

(G4)

The two tensor products of the term on the right-hand side
can be decomposed as follows:

® 7 ® %

JENONN O\ weNDUNO\N DNN @O\{1}

(G5)

from which the assumption of the theorem, setting {/} =
M. A practical example is provided in Fig. 4. As such pro-
cedure can be iterated, it holds for any measurement. Wl

APPENDIX H: PROOF OF THE OPERATOR
COROLLARY

Proof of the operator corollary. As the idle coefficients
are not associated with any operator, recalling Eq. (G2)
the interactive terms B; in the residual display a Z; for the
output qubits k € N (i):

Ay A Bidigr - - Ay ® Z,
keN (i)

(HI)

with B; being the sole interactive coefficient in the
sequence of 4;, j # i. If more interactive terms would
contribute to the sequence, the sign theorem should be
invoked. |

APPENDIX I: AN EXAMPLE OF GRAPHIC RULES

In this appendix, we deploy the case of a 5-qubit graph
state built as in Fig. 4 where 4 and 5 qubits are measured,
resulting in a 3-qubit output state. Such a process provides
a practical example to apply the two theorems until now
exposed. In order to assess how the entanglement between
measured qubits affects the minus sign as stated by the sign
theorem, we compare two cases where the 4 and 5 qubits
may be entangled or not. In the first place, we write down
the PEs of the system, following the Clifford rules of the
entangling gates as expressed in Eq. (B2):

\Ws) = [a) + 51X ZaZs][ar + baXaZyl[as + b3 X3 Z5]
x [as + baXaZ>2125] - [as + bsXsZ212525]10)%°
(I1)

with s € {0,1} depending on whether the entanglement
occurs between 4 and 5, represented by the dashed line
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in Fig. 4. We then choose to measure the qubit 4, which
measurement sets the overall state |Ws) — |Wy):

(yalWs) = (04] [a4 + BaXal[as + baXaZ22,75]104)
[a1 + biX1Z51[as + baXs][as + b3 X3 Zs] (12)
x [as 4+ bsX52123]110)%* = R |Wy) .

The expectation over |04) yields the residual of the mea-
surement:

R = (04| [ots + BaXallas + baXsZ1 25 25] 04)

= aqay + PabsZ) 2,75 = Ay + BiZ, 2,75 (13)

Afterwards, we perform the measurement over the qubit 5
on the |W,) state:

(ys| R |Wy)
= (05| [as + BsXs)R[as + bsX52,23]10s) [ar + b1.X]
x [ay + by Xol[as + b3 X3](0)®3 . (14)

We now compute the residual after the second measure-
ment:

(05| [ars + BsX51[A4 + BsZ1Z22251[as + bsXsZ1 23] |0s)
= A4As + A4BsZ1Z3 + BsAsZ:1 2,

AAAAA

+ B4Bs (05| X52,2525X5 |0s) . (I5)

Depending on s =0 or s = 1, it holds a minus sign in
front of the two interactive coefficients B4Bs. After the two
measurements, the residual reads

R = A445 4 A4BsZ\Z3 + ByAsZ, 2 + (=)' B4BsZr7;3.
(16)

As stated by the operator corollary, each interactive coef-
ficient carries a sequence of Z; operators, i pointing to the
output qubits the measured ones were entangled with. The
sign theorem, instead, states that if two measured qubits
were entangled, a minus sign arises in front of their inter-
active coefficients. Thanks to such theorems, it is possible
to achieve the result in Eq. (I6) avoiding all of the algebraic
calculations.

APPENDIX J: GAUGE TRANSFORMATIONS FOR
TWO QUBITS

In this appendix, we adapt the multiqubit formalism for
the gauge transformations to the particular case n = 2, in
order to ease the comprehension of the tensor depiction
of the MBQC compiling equations. In order to introduce
transformations on systems of two qubits, we describe at

TABLE IIl. How to arrange, in the tensor format, the coeffi-
cients to their respective PEs from the Pauli basis, which are
described as a linear combination in Eq. (J1). The transfer ten-
sor for the single-qubit case, indeed, matches the first row (or
first column) of the table.

1 X5 Z, 2,X)
Xi XX X172 X12,X,
Z 21X VAVA YAVAY.S)
VA€ Z1X1X VAD, V%) VAP, (V42.€)

first the circuit endomorphism for such system, assuming
the output qubits not to be entangled:

2
i = [Co+ Q121 + CoZa + CuZ1 2] [ | Glay, by). (1)
j=1

The next step consists of representing the transfer tensor
T. From a 1-qubit system to a 2-qubit one, 7 scales from a
l-rank 7; tensor to a 2-rank Tj;. Its expression is therefore
reshaped into

Coaray  Coarby Crajay  Crarb,
Cobiay Cob1by Cibray  Cabiby (12)
Ciaiay Ciarby Cpayay  Cpaib
Cibiay Cibiby Cipbiay Cipbib

A representation of all the coefficients with respect to their
PEs in the Pauli basis is given in Table III. The trans-
formations induced by M and M~' can be generalized
to

Tiljl - Slllzhjolzlz - lllzluzle3A/[le3771y3' (J3)

The following compact notation on the indices helps in
lightening such formalism:

T = SiTj = SiMjknx. (J4)
In such case, M;j = M,,;, M;,;,, whereas the gauge transfor-
mation Sj; is not constrained to factorize into two 2-rank
tensors.

The group operations for the symmetries over the trans-
fer tensor 7 need to be explained for the case n = 2. In the
first place, we may review the group operations as swaps
between the coefficients of the PE:

AaBb = AbBa = ToT3 = T T>. J5)

We may relabel such coefficients as C; for the 4, B and ¢;
for a, b, making the previous equation into

TiT; = CiciCic; = CicjCic; = Tioj Tjoi, (Jo)

where C() = Cl =A, C2 = C3 =B,C0 =C :a,andcl =
¢3 = b. Such method may be adapted for the 2-qubit
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system in the following fashion:
Tivjy = Ciyji i€y J7)

where, referring to the tensor format in Eq. (J2), Cop =
Coi=Cio=Ci11=Cy, then Cp=0C 1 =0C3p=
(3,1 = C) and so on. Indeed, the above expression can be
read as an identity:

Ti i = CGiyjici¢jy = Tijoiy jyoji» (J8)

which composition returns, in fact, the identity. Such
consideration nonetheless leads to a nontrivial result:

Ty i Ty jy = Ciy iy 65y Cin iy €in

=Ci1J1Cizcjlcizzizci1Cjz = Tiyoizy Tioir (J9)

and the same operation may be repeated for j; and j,. Note
that this formalism on the indices of the transfer tensor has
been justified in Sec. IV B. Group compositions between
different indices (e.g., i; and j;) commute each other. Such
freedom can be encoded in the following formalism:

TiTy = Tioj Tioi = T j)otinn) Tlinga)otirin) (J10)

which expression involves all the possible compositions
between (i1, /1) o (i2,/2) and vice versa, including the triv-
ial ones (the identity):

i10i1,/19/1 Tizoizz/20./2’

~N N

i1oi,j] Tizoil J2°

(J11)

ﬂ

i1/192 Tinsz1 >

Pﬂ

i1002,/19/2 TizOl‘Msz‘l'

APPENDIX K: THE FULLY SYMMETRIC GAUGE

In this appendix, we introduce the fully symmetric
gauge S, a universal gauge which fits for any unitary
transformation. For the single-qubit case, the gauge opera-
tor reads as

1
1
—1
—1

(K1)

\S]
— — — =
—_—

It is straightforward to compute det(S" ) = 0, which makes
such transformation a singular one. We now briefly prove
how such 1d transformation can be achieved. The action
of the circuit endomorphism, for the » = 1 qubit case, can

be explicitly written as

. Mmoo Mot (1
0) = .
n10) <7710 7711) (0)

Recall the isomorphism M in Eq. (31) between the canon-
ical and the Pauli bases:

(K2)

1o o 1
1fo1 1 o

M=3110 o -1 M:P=C
01 -1 0 :

K

10 1 0 ()

Lo fo1 0 1 o

M = 01 o -1l M7 :C— P.
10 -1 0

It is possible to set the following choice of gauge when
building the transfer matrix, and thus the graph state:

Too — Too + v = Toos
Toi — Toi +v' = Toi,
Tig — Tio— y = Thos
Ty — Ty +y' =T,

(K4)

with y, y’ being two constants, and 7 the new trans-
fer matrix. In fact, such operation makes the 7 invariant,
according to Egs. (31) in fact noo = Too + ¥ + T10 — ¥
and 1o = To1 + ¥’ — (11 + ¥'). Thus, the relation 7’ = 71
is satisfied. Imposing the symmetries on the new transfer
tensor 7, it is possible to get the values for y and y’:

T, =T, T =T ¢
00 o _ J1oo +vy 01 + )//, (K5)
T,l():T/“ T]O_)/:Tll—i_y’
which always admits a solution,
, 1
y = E(Too +Tio — Tor — Tn1),
(K6)

1
y = E(Tm + T1o — Too — T11).

Of course, when the transfer matrix is already symmetric,
the y and y’ vanish, as far as Too = To1 and 719 = T11. The
new transfer matrix 7 thus reads as

T:l Too + Tor + Tio — Tui Too + Tor + Tio — T
2| Too — Tor +Two+Ti1 Too — Tor + Tio+ T11 |
(K7)

with T}; being the coefficient of the original transfer matrix
T. It is quite straightforward to show that 7’ now satis-
fies the constraint of symmetry 7;7; = Tj,; Tj.;. The same
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transformation can be better represented in the tensor
format:

T = 5,7, (K8a)
T, 111 =1\ (T
) 1t 11 1)
=201 -1 1 1) |1 (K8b)
Tl/l 1 -1 1 1 T

Equation (K8a) indeed matches the cardinal equation for a
single-qubit system

T =S Tj = Sy My

i (K9)
The same transformation for the 1-qubit case can be
described via the cardinal equation

m =My T = My ST

l (K10)
Here ny = noo and 1, = ny9, which are the elements
belonging to the vector circuit we want to preserve. Indeed,
in order to check this fact, a manipulation of the previous
equation turns out to be useful:

n = S, T, (K11)

o -1 . =
where S, = M; S;;. Therefore, in order to preserve 7,

we want S(’)]. = Mo;l and Séj =M, ! so that the elements
from the vector circuit are still preserved. By a simple
computation, for the fully symmetric gauge S/ we achieve

1o 1 0 111 -1
P S G U I I (R T
MiSi=1o0 1 o —1|3|1 =1 1 1
10 -1 0 -1 1 1
101 0
101 0
=lo 1 o -1 (K12)
01 0 —I

Hence, Sy =(1,0,1,0) = M,', Sy =(0,1,0,—1) =
M271, which accomplish our purpose. The multiqubit case

is quite straightforward, as the fully symmetric gauge A
is introduced as a factorized product of the single-qubit
version S :

(K13)

A =(é)sf.
i=1

Therefore, the previous cardinal equation can be rewritten
as

_ ¢ -1 -1

Mirin = Siyinjy - inMity Mty Tl
_d Sf -1 -1
- SiLil SininA/[jlkl A/Ijnkn Tty

= Sz{kl T Sl:rf;kn Ty k- (K14)

Nonetheless, each of the Sl{ s, tensors obeys to the constraint

Sé; =M, !, proving the scalability of the s, gauge along
with 7.

For a generic n-qubit case, the fully symmetric gauge
can be set to be S{j =@ S/; Consider now the trans-
fer tensor for n qubits in the matrix format. First we need
to introduce some considerations. In order to reduce the
tensor 7} j,..;, t0 a matrix, we first map the index i, €
{0,1,2,3} to iy, j, € {0,1}. In this case, the explicit map
between the two formalisms on the indices is

0 — 00,
1 — 01,
2 — 10,
3> 11.

(K15)

The transfer tensor now reads 7j,j iyj-iyj,- 1he next step
consists of folding all the i,, j, indices into just two by
introducing the following notation:

T ontip, S0 27l (K16)

For instance, for n = 3, the coefficient T; ;i ,i, 1S pointed
to by the new one Ty; 42y +i3 4/, +2j,+j5- After applying the
symmetric gauge for the 1-qubit case, we have noted in
Eq. (K7) that Tj; = TI;, where 0 =1 and 1 = 0 (i.e., the

negation). Since the gauge transformations Sz act index-
wise, see Egs. (30a) and (30c), we may state that, for any p:

U /!

itipiinin = Ligjyipfyinin (K17)

We now prove that all the columns are equal by employing
the matrix formalism in Eq. (K16). We may apply random
transformations on the j; coefficients converting them in
k;, in other words k; = j; or k; = j; at will. This freedom
translates into a precise symmetry:

Ty on—tiy 50 on=tjyy = Tigjiinj-inan

= T’ilkl inky -+ inkn = TZ;‘:O 2"71i]+1,z;1:0 2"71k1+1 . (K] 8)
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After the fully symmetric gauge has been applied, thus all
the columns are displayed equal to each other:

T, T, --- T
1|2 T - T
T=—1] . . 1, (K19)
P
Ty Ty --- Ty

where N = 2". In this form, Eq. (30d) is already satis-
fied. This consideration can be proved for the single-qubit
case, then it is straightforward to be generalized. Return-
ing to the index conversion in Eq. (K15), the tensor
(Ty, T, T», T3) can be converted into

Ty T,
(2 7)
Thus, relying on the group operations stated in Table I,
we can see that, for the nontrivial operations, 0 is mapped
into 1 and vice versa, as well as 2 into 3 (and vice versa).
If the two columns are equal, this swap leaves the matrix
unaltered, proving that Eq. (30d) is satisfied.

Next, the 1/2" coefficient can be factored into 2n factors
equal to 1/+/2. The output qubits belonging to the PEs,
whose number amounts to n, can be setasa; = b; = 1/ V2,
meaning that the output qubits lie in an overall superposi-
tion state |+). Nevertheless, other n terms survive, which
can be addressed as supplementary coefficients 4;, B; to the
residual. A practical visualization is sketched in Fig. 5(a).
Here, the qubits referred to as B; are those corresponding
to the PE [4; + B,f(,»]. Instead, the output qubits referred to
as O; are those represented by the coefficients [a; + b,f(,-].
The remaining qubits in the residual have their coefficients
included in the 7; terms from the above equations. While
each interactive term b; from the PEs contributes with the
corresponding X; operator, the 4; ones from the residual,

(K20)

i # 0, carry a Z; Pauli matrix. Now the technique which
we called analysis of the residual can be performed: fitting
such coefficients into the transfer tensor in Eq. (K19), the
T; matrix elements will shape into

S

To() = T1A1A2-~-A,,a1a2~--a,, — [,

T =1B14y---Aparaz - - - a, — 23,

Ty = T34\By - Aparay - - - a, — 2,

(K21)
Tiv—1yo = TuB\By -+ - Bpayay - - - ay — 2y Zn,
whereas the Tj; elements will read
Too = T]A]Ag . -Analaz ey —> j,
Toy = 1A Ay - - Aybray - - - a, — X1,
Ty = Tididy - Aparby - - ay > X, (K22)

T()(Nfl) = T1A1A2 . ‘Anblbz c bn — X1 o 'Xn.

Thanks to operator corollary, the B; interactive terms are
linked to the Z; operators. In contrast, all the coefficients
contained inside the 7; terms are related to qubits not
neighboring with the output ones. Referring to Fig. 5(b),
the a;, b; output coefficients belong to the output qubit |o),
the 4;, B; coefficients to the |B) qubit, all the other coef-
ficients in the 7; terms form the PEs for the |a) and |0)
states.

The analysis of the residual returns that the combination
of the 4;, B; along with the a;, b; coefficients gives rise to

all the Z and )A(l terms. In order to study the interactions

FIG. 5.

(a) The fully symmetric gauge outputs a graph state where the outputs are set in a [+) state, linked to a second layer of qubits

in the |+) state. From such layer, all the connections with the residual are established. (b) The graph state for a R, (0) rotation resulting
from a fully symmetric gauge, as exposed in Appendix L. All the qubits, except the O one, have to be measured, specifically in the
(4] basis. Above the edges, the terms of the residuals with the interactive coefficients are shown. While the minus sign is justified
by the sign theorem, the Z operator is justified by the operator corollary. (c) The same graph, with reduced dimension thanks to the
merging of the two nodes in the residual. Thanks to such a reduction, the second qubit is measured in the XY plane instead of by |+).
As |0) = |+), ao = By = 1/+/2, and therefore it is possible to apply the opportune byproducts.
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between the qubits in the residual, without any regard to
the output, focus on the Ty term, as the Z- operators do
not appear. In addition, in order to study the interaction
between the residual and the PEs, focus on the Tj; ele-
ments, j > 1. From the Ty element, in fact, no interactive
terms B;, b; appear, along with no )A(i, 21- operators. Thus,
it is possible to apply the sign theorem, focusing over all
the coupled interacting terms By, B; contained inside the
T, coefficient, filtering all the other terms with a number
m # 2 of B, interacting terms. For this same reason, there
is no need to allocate a 2" x 2" matrix to perform computa-
tion, but just a very small subset of it, involving the terms
needed for the analysis of the residual, i.e., O(n?) terms
instead of 2" x 2", as stated in Sec. II C. Resorting back to
the sign theorem, it is possible to check which interactive
coefficients from 7; outputs a minus sign in front of the B;.
Therefore, all the terms with a number m # 1 of interac-
tive terms will be filtered away. In such conditions, if two
interactive coefficients By, B; yield a minus sign in front of
the term, the stabilizers of the underlying graph state will
reshape as

(Xi; Xo) = (XiZi; XiZy), (K23)
thus expressing the entanglement between the two qubits
in the stabilizer formalism. A picture representing the coef-
ficients from the 1/2" factor is illustrated in Fig. 5(a). A
practical example for a full symmetric gauge transforma-
tion is provided for the R, rotations in Appendix L.

APPENDIX L: ONE-QUBIT GATE EXAMPLE

The action of the IAQX(G) operator, in terms of circuit
endomorphism, can be depicted as

O wisin (2)4 | 1a + 62110
|:cos<5>+lsm<z> ][a—|— 110} .

In the canonical basis, such operation assumes the follow-
ing matrix form:

acos <€> + ibsin (Q) b cos (g) + iasin <€>
2 2 2 2
0 .. (0 0 L. (0
bcos (5> + iasin <5> acos (5) + ibsin <§)
0]

For the sake of simplicity, we now rename C = cos (6/2)
and S = sin (6/2). The transfer matrix reads as

LD

(L2)

(L3)

r— Ca+iSh Cb+iSa
- 0 0 ’

which does not fit the symmetries ruled by the cardinal
equations. The action by the fully symmetric gauge yields

T’—l Ca+iSh+Cbh+iSa Ca+iSh+ Cb+iSa
T2 |Ca+iSh—Cb—iSa Ca+iSb—Cb—iSal’
(L4)

Applying the rules from Eqgs. (K21) and (K22), the transfer
tensor morphs into

Tgo = (Ca + iSh + Cb + iSa)AO,,
Ty, = (Ca 4+ iSh + Cb + iSa)A0O;,
T|, = (Ca + iShb — Cb — iSa)BO,,
T{, = (Ca +iSh — Cb — iSa)BO;.

(L5)

The 4 and B elements are, respectively, the idle and the
interactive coefficients cast into the residual, whereas O,
and O; are the idle and interactive coefficients for the out-
put qubit. All these new coefficients, 4, B, O,, and O,,
are set to 1 /ﬁ. We are interested in the sole Ty and
Typ terms, the first representing the coefficient associated
to the 7 basis element, the second representing the coef-
ficient associated to the Z basis element. As no minus
sign occurs between the interacting terms b and iS, the
respective qubits are not neighbors. In contrast, a minus
sign appears in front of the Ch and iSa terms, suggesting
that such qubits neighbor with the G(A,B) one. For con-
struction, the G(A,B) and the G(Op,Oi) interact among
them, and the overall graph state is therefore provided in
Fig. 5(b). Within such scheme, the measurements over all
the qubits are given by
(0 [7 + X1, (L6)

i.e., by a projection over the |+) state.

Nevertheless, it is possible to manipulate Eq. (L5) sum-
ming over C + iS = e/2:

Too = (ae/? + beie/z)AOp,
T4, = (ae? + be®?)40;,
T/, = (ae™/* — e7"/2b)BO,,,
T|, = (ae™™* — e=®/2p)BO;.

L7

It is possible to trace out an irrelevant global phase ¢?/2,

making the transfer tensor equal to

T = (a+b)AO,,
T}, = (a+ b)40;,
T}, = (a—b)e "BO,,
T|, = (a — b)e " BO.;.

(L8)

Applying the coefficient theorem, it is possible to split e

and B as two interactive coefficients, from a measurement
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and from a PE, respectively, b interacting with B and there-
fore yielding the minus sign. The overall graph state is now
described in Fig. 5(c), and the corresponding algebraic
description, in terms of PEs, is provided by

la + bX\Z,][A 4+ BZ1%,25][0, + 0,2:X3]. (L9)

Recalling that A =B=0;,=0, =1/ «/5, the overall
result is

1 AA A A A A A Ao
The first qubit, pinned by )Aﬁ, is measurefl in Athe [+)
basis, whereas the second, provided by the Z,X,Z; PE, is
projected into the following state:
O[] +e™X] (L11)
Equation (L10) is the stabilizer state to be measured, in

order to achieve the transformation in Eq. (L1) (rotation
around the x-axis) via the fully symmetric gauge.

APPENDIX M: EMPLOYING CLIFFORD
OPERATIONS FOR GAUGE TRANSFORMATIONS

Beyond the transformations described by the cardi-
nal equations, another set of gauge operations is pro-
vided by the elements from Clifford algebra. As stated in
Appendix C, the elements belonging to the stabilizer group
are closed with respect to the Clifford operations. There-
fore, local Clifford operators can be employed even after
the measurements, without attributing their action to the
sole entanglement of the graph state. Rotations around the
x-axis (Ry) are a simple but still interesting example to
showcase. In the first place, we embed the action of a R, )
gate in the PE formalism:

R(0) |¥) = [cos(6/2) + sin(6/2)X ][a + bX]]0) .
(M1)

Of course, such PEs do not fit the form of the residual in
Eq. (J1). Nevertheless, it is possible to raise a I = H? oper-
ator in front of the kets, so that, employing the rules from
Appendix C, the overall state now reads

[cos(0/2) + sin(0/2)X |[a + bXH? |0)
= H[cos(6/2) + sin(6/2)Z][a + bZA]%[A +X110),

(M2)

making use of H0) =1/v2[Z+X110) =1/v2[I +
X110). The actual form now fits a possible residual.

Reversing the coefficient theorem, the second and third
term are reshaped into

[cos(6/2) + sin(0/2)2] — (YZ(6), %[i +X,2110),
[a + bZ] — (XY(0)|, [a + bX>2]0)

| PR | A
—[ +X110) > —=[I + XZ,2,]10),
ﬁ[ 110) ﬁ[ 122]10)

where (YZ(0)|, and (XY(0)|, belong to the measurement
projections described in Appendix D, and the indices
underline which space the X; operators in Eq. (D1) act on.
The graph state to be measured displays now as

U+ X200 + X2, 2a)(a + baZ]1000)

(M3)
After the (YZ(9)|;, (XY(0)|, measurements, the H
Hadamard operator needs to be applied on the output state.

APPENDIX N: FORMALIZATION OF THE
EQUIVALENCE CLASS

The gauge freedom summarized by the cardinal equa-
tions makes straightforward to implement an equivalence
relation between different graphs:

GV E ~u GV, E] 38 : T — T| T} = 5475

2 1
v I = STy,
Ll ol il
T =TT

ioj * joj?

22 __ g2 g2
TIY] _]}ojT—}oj'

(NT)

Here G represents a simple graph, i.e., a graph with no
self-loops nor multiple edges [62]. The sole distinction
between these two G graphs is represented by the sets of
vertices and edges [V}, E;]. The equivalence relation ~ is
given with respect to a certain unitary operator U, meaning
that the MBQC operations over G[V1, E1] and G[ V>, E;]
will yield the same outcome. Here ¥ stands for the space
[C*1®", r being the rank of T' and 72, the transfer tensors
underlying the first and the second graphs. However, due
to the potential singularity of the S tensor, it is manda-
tory to state that the S gauge operator could both map
T' — T? or T> — T'. The last constraint is pointed out
by TiTj = Ti.jTj.j, as such condition endows T with the
required symmetry to represent a graph in the stabilizer
formalism. Once a unitary operator U can be implemented
by a set of measurements over a graph G[V, E], it fol-
lows that G € [U], i.e., G belongs to the class of graphs
able to operate the U unitary transformation, thanks to the
measurement techniques described in the MBQC theory.
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APPENDIX O: MCALCULUS VERSUS FULLY
SYMMETRIC GAUGE VERSUS LC-MBQC

Here the number of resource qubits involved by both
the MCalculus and the fully symmetric gauge are com-
pared. By invoking the rules from the MCalculus, the
total number of qubits is left invariant for both optimized
and unoptimized correction-measurement-entanglement
(CME) pattern.

Another useful tool to settle a fair benchmark is pro-
vided by GRAPHIX [37], a software which leverages local
Clifford operations in MBQC (LC-MBQC) and classical
preprocessing of Pauli measurements in the measurement
patterns.

In the MCalculus, every circuit, as can be visualized in
Fig. 1, must be decomposed in terms of J and cz gates,
the representation of the J gate being given in Eq. (07),
and any J (9) gate can be decomposed as [63]

J(O) = X," M E) 5. (O1)
In this MCalculus notation (where we omit the hat over the
operators), E;; stands for the phase gate C¢Zij, Meta for
the disruptive measurement --- as in - - -, and eventually
the Pauli correction X depending on the outcome of the
measurement. If the measurement is |0), then s = 0 and no
byproduct is applied; otherwise, for |1), s = 1. A sequence
of J,J,—1 - - -J) yields n + 1 qubits and » edges:

Xs,,

0, s1a701
n+1MnnE”,'l+1 .- -X2 Ml Eps.

(02)
Here, it is possible to shift all the £ gates at the end of the
queue (i.e., at the beginning of the computation), all the
measurements in the mid and the corrections at the head of
it. This sequence is called the CME pattern. Without get-
ting into further details, the number of ancillary qubits and
edges remains unaltered, which entails the fact that, given
a sequence of gates acting on a single qubit in the circuit
we want to translate into a graph state, we achieve n addi-
tional ancillary qubits and n edges on the corresponding
graph.

Focusing instead on the fully symmetric gauge, we can
deduce from Appendix L that the number of qubits Ng,y is
explained to scale as

N fully = Minputs + Hoperations T Zninputs = 3ninputs + Hoperations-
(03)

To calculate the total number of entangling operations
required by the fully symmetric gauge, we perform numer-
ical simulations. First, we generate the graph state corre-
sponding to this choice of gauge, retrieving as output the
number of edges e; for the corresponding graph. Here,
the k& subscript refers to the number of input qubits n; we
choose (e.g., n; =, np = 2, and so on). Since the process

does not involve the computation of the residual, as already
stated in Sec. II C, when installing the graph state on a
classical device no overhead occurs. The graphs are gen-
erated varying with the number of input qubits » and, for
the QAOA, also along with the number of layers p. In the
former case, we approximate the scaling law as a polyno-
mial a;n', and by plugging in some values 7;, we study the
corresponding number of edges e;:

a,~nfC = ey. (04)
In this case, n;( forms a matrix with the i exponent and
the subscript k as indices. By inverting the n; matrix, it
is straightforward to assess the scaling law for the number
of entangling gates in the graph state:

a; = (n) e (05)
As for the QAOA, we have to involve the scaling law for
p as well. In this case, the polynomial assumes the form

aij nfcpf = a; Ty = en (06)
Via some tensor calculus, it is thus possible to derive the
complexity of the algorithm by computing a;; . For the sake
of completeness, we computed the edges e, ey of the
graphs in the range n € {2,3,4,5,6} and p € {1,2,3,4,5}.
In all cases, we check that the maximum degree of the
polynomial is bounded to 3. The numerical results are
shown in Fig. 7.

Since GRAPHIX is an open-source PYTHON software, we
adopted this empirical method to characterize the number
of entangling gates and resource qubits involved by this
method for the examined algorithms.

Example 1: Quantum Fourier transform

In order to provide an explicit example, a paramount and
widespread algorithm is considered, consisting of the QFT.
The QFT involves the applications of several controlled
phase gates, whose number increases along with the num-
ber n of involved qubits. First, a decomposition of such
controlled rotation gate is required. A valid model is pro-
vided in Fig. 6(b). Such circuit must therefore be converted
into J(¢) operators in order to perform the MCalculus,
which is exposed in Fig. 6(c). The representation of the
J(¢) gate is given by [22]

j _ 1 1 €i¢
(¢) = AR
The conversion is straightforward, once we acknowledge
the fact that

(©7)

P(p) = 0 (9), (08)

where P is the phase gate. On the other hand, the fully sym-
metric gauge requires a decomposition in terms of Pauli
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FIG. 6.

(a) Scheme for the quantum Fourier transform (QFT) implemented with 4 qubits. (b) The controlled phase is decomposed in

terms of Clifford gates and rotations. (c) Decomposition of the controlled-phase gate in terms of J (¢) and H operators, A being J (0).

matrices. By applying the rules from the Clifford group,
the controlled-phase gate turns out to be

CP(¢) = [cos(¢) + isin(¢)Z;][cos(¢) + i sin(—p)Z1Z5]
x [cos(¢) + isin(¢)Z]. (09)

Approaching the MCalculus, therefore, as A =.J(0), a
qubit to be measured is involved per each Hadamard gate,
whose number we refer to as ny. Per each controlled-phase
gate instead, as from Fig. 6(c), six measurements arise.
Moreover, an additional qubit is required for any input
qubit, whose total amount we refer to as n. Next, the final
swaps need to be taken into account. The number of swap
operations ngyap scales as [7/2 ] with respect with the total
amount of qubits #, thus, in an asymptotic regime, as n/2.
The swap gate can be decomposed into three CNOT gates:

SWAP; = CX ; CX ;;:CX ; (010)

Due to the decomposition CAX,-]- = ﬁj-C:Z,-jﬁj, the num-
ber of measurements in the MCalculus amounts to 6 per
swap. In contrast, in the fully symmetric gauge, the CNOT
gates can backpropagate at the head of the circuit, where

CX ;; 10)®" = |0)®", transforming all of the K;, K; stabi-
lizers but without affecting the number of required qubits.

The overall scaling for the number of measurements N})‘gc,
varying with the number of input qubits #, is reported to be

nn—1)

N3 =n+ng +nce + ONgyap = S+ 3n(n — 1)

(Ol11)

where 6ngy,, = 6n/2 = 3n, while ny = 1. The n(n — 1)
factor is linked to the number of controlled-phase oper-
ations, scaling from 1 to n for each qubit to be added.
The overall summation, Z?:l i, returns indeed n(n — 1)/2.
Furthermore, the number of Hadamard gates ny, as previ-
ously stated, equals the total number 7 of qubits. Switching
to the fully symmetric gauge, the total number of oper-
ations amounts to n for the Hamadard gates, 3ncp for
the controlled-phase rotations, and 2# due to the peculiar
structure of the gauge:

NpY = 3n + %n(n —1. (012)
Summing up the two scaling laws, we can eventually
benchmark their complexity in terms of measurements
and, therefore, involved qubits. As both the laws scale
asymptotically with n?, it is straightforward to check
that the MCalculus requires double the size of the graph
state, O(3n?), compared with the fully symmetric gauge,
0(3n?/2).
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We now focus on the entanglement in the system, i.e.,
how many controlled-phase operations we need to per-
form. Referring to Fig. 6, the number of controlled rota-
tions scales as Z;’;ll with the number # of logic qubits.
Referring to Fig. 6(c), we have two gates for the target
qubit and four gates for the control one, plus two addi-
tional entangling gates. We set these parameters as n, = 4,
n; = 2, and n, = 2. The total account of operations then
scales as

n—1
—1
(nc+nt+ne)zi:(nc+nt+ne)n(n7)

i=1

=4nn—1).

(013)

Then, we need to add a single Hadamard gate for every
logic qubit, and the final swaps. The contribution from the
first is simply #, whereas the swaps, referring to (O10),
involve two Hadamard gates and a controlled-phase one
repeated three times, for a total of 2 additional entangling
gates for mapping a single Hadamard in the CME pattern
and three entangling gates inherited from the decompo-
sition of the CX, the total number of CZ amounting
t0 Ngwap = 7. The number of swaps is equal to [n/2] =
O(n/2), and the computation of all the operations leads to
dn(n —1) +n+7[n/2] = O(4n?). (014)
As for the fully symmetric gauge, we numerical experi-
ments return the following scaling law:
4n* —4n + 2. (015)
Therefore, no substantial changes occur switching from the
MCalculus to the fully symmetric gauge, when focusing
on the connectivity (i.e., the number of entangling gates)
in the graph state.

To assess both the number of entangling gates and
resource qubits involved by GRAPHIX, we exploit the
numerical method detailed at the beginning of this
appendix. All the values are reported in Table II.

Example 2: QAOA

To carry a new example, we now focus on the QAOA, a
variational algorithm whose depth can scale at will with the
number p of layers. When the QAOA is adapted to tackle
the MaxCut problem each layer is composed by a set of
two operations, i.e., a two-qubit rotation R.. and single-
qubit rotation R,. In the MCalculus frame, the R, rotations
demand three qubits to be implemented:

~ 0 N N
R, (5) =JO)H = X;M; " Ey 3 X; ME15.  (016)

On the other hand, each R., operation can be decomposed
as follows:

R. (6) =
= Cj)(,-j [cos(0) + isin(Q)Z]CfXU
= HCZ,,HR (Q)HCZU i >

[cos(B) + isin(G)ZiZj]

(017)

from which 4 qubits are required by the CME decompo-
sition, plus two additional input qubits. The fully sym-
metric gauge, instead, enables us to convert directly
the [cos(0) + isin(Q)ZAiZAj] and [cos(F) + isin(@))A(,-] gates,
already decomposed in terms of Pauli matrices. The num-
ber of R.. operations, when approaching the MaxCut prob-
lem, depends on the total amount £ of connections in the
graph it has to be partitioned. We consider two limit cases,
i.e., the cyclic graph and the complete graph. In the first
case, £ = n, in the latter £ = n(n — 1)/2. Hereafter, we
can benchmark the complexity between the MCalculus and
the fully symmetric gauge for the cyclic case:

(018)

NMC =n+p@n+3n) =n(l +7p),
Nf““y = 2n+2np = 2n(1 +p).

Even for a number of layers p = 1, the MCalculus requires
the double of qubits, whereas for p >> 1 the ratio asymp-
totically scales to 7/2. We now revert to the complete
graph:

(019)

NMC =n+ 2pn(n — 1) + 3pn,
Nfully

=2n+ pn(n—l)—l—np

In such case, the leading term is #?, and for n > 1 the
MCalculus requires 4 times the number of qubits with
respect to the fully symmetric gauge.

As for the amount of controlled-phase gates in the cir-
cuit, we can state that, in the MCalculus, for each R,
rotation two controlled-phase gates are added, referring to
Eq. (016). This operation is repeated for every layer, and
thus the number of entangling gates is equal to

nenp = 2np, (020)

with n, the number of entangling gates per each gate
from the original, high-level formulation of the algorithm.
As for the double Z rotation, the decomposition involves
four H gates, a IAez(qﬁ) =HJ (¢) and two éZ, thus the
total amount of entangling operations in the MCalculus
is equal to 8. We need to add the number p of times the
layer is repeated and the topology £ of the MaxCut graph,
leading to

8pE. (021)

Moreover, the Hadamard gates at the beginning at the
circuit contribute by a n factor. Therefore, backing to
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An empirical characterization of the scaling laws for the entanglement in the fully symmetric gauge. The grid lines (in blue)

represent the polynomials described in Egs. (O4) and (O6), whereas the red dots represent the numerical values plugged into these
algebraic equations to infer the polynomial coefficients. (a) Complexity laws for the entanglement in the QFT. (b) Complexity laws
for the entanglement in the QAOA MaxCut for cyclic graphs. (¢) Complexity laws for the entanglement in the QAOA MaxCut for

complete graphs.

the topology of the MaxCut graph, £ =n or £ = n(n —
1)/2, depending the graph to be cyclic or complete. The
corresponding scaling law for the entanglement, in the
MCalculus, is for the cyclic topology equal to

Eggc =n+ 8pn+2pn=n+ 10pn, (022)
whereas for complete graphs it reads
Eggc =n+8pn(n—1)/2 + 2pn. (023)

To take into account the amount of entangling gates when
adopting the fully symmetric gauge, we engage a numer-
ical approach. In the first place, we assume the scaling
law of the entanglement to be polynomial both in p and
n, then we generate a set of values for p and » ranging,
respectively, in {1,...,5} and {2,...,6}. Next, we invert
the tensor in Eq. (06) in order to get the coefficients a;;
of the polynomial, since the amount of entangling gates ey,

is retrieved from the numerical simulations. The results for
the scaling laws of the QAOA can be visualized in Fig. 6(c)
for the cyclic topologies and in Fig. 7(c) for the complete
topologies. Globally, we observe that, for cyclic topolo-
gies, the asymptotic trend for the entanglement scales as
O(np?), whereas for the complete topologies it is up to
on® + pn?).

Again, the performances of GRAPHIX have been mea-
sured by a numerical approach. While GRAPHIX works
slightly better for the cyclic topologies, we see that for
complete topologies the number of entangling operations
scales with n’p?, where the MCalculus and the fully
symmetric gauge scale with n%p.

All the results are summed up in Table II.
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