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A high-fidelity controlled-Z (CZ) gate utilizing a double-transmon coupler (DTC) has recently been
demonstrated as a building block for superconducting quantum processors. Like many other kinds of
tunable couplers, however, the DTC requires a finite dc current for flux biasing the coupler at the idling
point to turn off the coupling, necessitating extra care for wiring and heat-load management. To address
this issue, we theoretically propose and experimentally realize a coupling scheme by introducing a shunt
capacitance between the two transmons of the DTC at zero-flux bias, which demonstrates high-fidelity
CZ-gate performance comparable to the previous DTC. Through a comprehensive error budget analysis
using multiple randomized benchmarking methods, we also identify that the current fidelity is limited by
the decoherence through the coupler. Moreover, we experimentally demonstrate the wide operational flux
range of the capacitively shunted DTC, which solves the challenging issue of remnant flux existing even

with careful magnetic shielding.
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I. INTRODUCTION

Achieving high-fidelity gates is critical for enabling
quantum advantage in practical quantum computers. Con-
sequently, developing a highly stable and easily control-
lable coupling scheme for high-fidelity gates [1-4] has
emerged as a key challenge, drawing significant attention.
Particularly for the widely used superconducting trans-
mon qubits [5,6], a diverse range of coupling schemes has
been developed, employing both fixed [7—10] and tunable
[1-3,11-14] coupling modalities. Compared to the cases
with fixed coupling, the mediated qubit-qubit interaction
through a tunable coupler can be switched on and off with a
higher contrast using either a microwave drive or baseband
pulse control [15]. This typically enables faster two-qubit
gates, resulting in higher gate fidelity [16,17].
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Among various tunable couplers, the recently proposed
double-transmon coupler (DTC) [18-21] has experimen-
tally demonstrated its advantage in enabling high fideli-
ties for both single-qubit and controlled-Z (CZ) gates
[2]. Similarly to other tunable couplers [1,3,17], how-
ever, the DTC requires a large dc flux bias (approxi-
mately 0.3 flux quantum) to suppress residual interac-
tions between qubits, the so-called ZZ interaction [22],
for idling and to enable high-fidelity gates. In large-
scale quantum processors, wiring and heat-load manage-
ment for the individual dc current biasing are nontriv-
ial. Therefore, bias-free couplers are desired for further
scale-up.

In this work, we theoretically propose and experimen-
tally realize a dc-bias-free DTC scheme by introducing
a large coupling capacitance shunting the two coupler
transmons, referred to as the capacitively shunted double-
transmon coupler (CSDTC). We first explain why the
ZZ interaction can be suppressed by the shunt capaci-
tance even at zero flux bias. Then, we demonstrate that
a negligible ZZ interaction can be achieved over a wide
flux-bias range around the zero-flux point. This property
is important for bias-free tunable couplers, because rem-
nant stray flux within the chip package, even with adequate
shielding, is non-negligible in actual experiments. Fur-
thermore, by activating the CZ gate with a net-zero (NZ)
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pulse robust against low-frequency flux fluctuations [23—
25], we employ leakage randomized benchmarking (LRB)
[2] and purity randomized benchmarking (PRB) [26,27] to
characterize various CZ-gate errors, including the leakage,
coherent, and incoherent errors. By varying the gate dura-
tion, we show that the CZ-gate fidelities are dominated
by the incoherent error through the influence of decoher-
ence effects associated with the coupler modes. Finally, by
intentionally biasing the coupler flux within the range with
negligible ZZ interaction, we demonstrate that the CSDTC
enables high fidelities for both single-qubit and CZ gates
even in the presence of such a fictitious stray flux. This
result highlights its broad operational range, eliminating
the need for a dc bias to set the coupler to a specific idle
point. The high-fidelity CZ gates also benefit from the use
of a biased net-zero (BNZ) pulse, which is robust to flux
noise and pulse distortion, achieving a CZ-gate fidelity of
99.89%, comparable to the previous DTC study [2].

II. MECHANISM

The mechanism of turning off the residual ZZ interaction
without using flux bias in the CSDTC is explained quali-
tatively as follows. The circuit diagram of the CSDTC is
shown in the center of Fig. 1(a) (the dark blue part), where
two fixed-frequency transmons, C3 and C4, are coupled
by a Josephson junction JJ5 with Josephson energy Ejs
and a shunt capacitance C34. When the flux through the
coupler loop, consisting of junctions JJ3, JJ4, and JJS, is
zero, JJS can be approximated well as an inductor with
the Josephson inductance Ljs = [®o/(27)]*/E)s, where
®y = h/(2e) is the flux quantum and /4 and e are the Planck
constant and the elementary charge, respectively. Then, the
composite impedance Z¢(w) of C34 and Lys is given by

L\
Zc(w) = (iwC34 + - ) . (1)
l(,()LJs

Note that this diverges at w = 1/4/Lj5Cs4. Therefore, we
can almost turn off the interaction between qubits Q1 and
Q2 by choosing the shunt capacitance as C34 = 1/(Ljsw?),
where w is set around the qubit frequencies w; and w,.
More accurate analyses based on classical and quantum
mechanics show that an appropriate value of w is the
geometric mean ,/w;w, (for details, see Appendix B).

III. DEVICE

To demonstrate the advantage of the CSDTC scheme,
we devise a circuit shown in Fig. 1 that utilizes a CSDTC
to couple two data transmons. The external flux penetrating
through the coupler ®, can be controlled either through an
adjacent fast flux line or a global flux coil. When the cou-
pler is biased at the zero-flux point by applying a global
flux compensating the remnant flux, Q1 has a frequency
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FIG. 1. (a) The circuit diagram of the device, where two trans-
mon qubits, Q1 and Q2, are coupled via the CSDTC. The CSDTC
consists of two coupler transmons, C3 and C4, which are cou-
pled through a Josephson junction JJ5 and a capacitance Cs4 in
parallel. Dedicated control and readout lines for the qubits and
the CSDTC are also illustrated. (b) A false-color image of the
device. The black circles are superconducting through-silicon
vias (TSVs) fabricated throughout the device to suppress spu-
rious modes by connecting the ground planes on the top and
bottom surface of the chip. The Josephson-junction sections are
magnified in the bottom panels.

of 3944 MHz and an anharmonicity of —175 MHz, while
Q2 has a frequency of 4438 MHz and an anharmonicity of
—208 MHz. The two data qubits are fixed-frequency trans-
mons. However, owing to the strong coupling between
the qubits and the coupler, the qubit frequencies can shift
depending on the flux bias to the coupler loop. The large
Cs4 is achieved through the direct mutual capacitance
between the coupler transmons, C3 and C4 [Figs. 1(b)].

Considering only the two data qubits and the CSDTC,
the Hamiltonian can be written as [2,18]

ﬁl:—ATC

Z EJz Cos §01

— Ejscos ($4 — ¢3 — ¢ex) 2)

064069-2



CAPACITIVELY SHUNTED DOUBLE-TRANSMON COUPLER...

PHYS. REV. APPLIED 23, 064069 (2025)

where 7; is the Cooper-pair number operator and ¢; is
the node-phase operator, with 7 € {1,2, 3,4} correspond-
ing to the nodes of {Q1, Q2, C3, C4} [Fig. 1(a)] and
fi = {A;}. The capacitance matrix C is constructed by
Ci= Z;zl Cyj and C; = —Cj; (i #). Ey; is the Joseph-
son energy of the Josephson junction JJi, where i€
{1,2,3,4,5} corresponds to the five junctions shown in
Fig. 1(a). The reduced flux pex = 27 @y / P has also been
introduced.

Similarly to the toy model developed in Ref. [2], the
CSDTC contains two low-frequency modes, denoted as P
and M. The P mode mimics a fixed-frequency transmon,
while the M mode acts as a capacitively shunted flux qubit
(CSFQ) [28]. Following Ref. [2], we continue using the

notation of |Q1, Q2, P, M) to represent hybridized states of
the two data qubits and the two coupler modes. Based on
the energy levels of the four modes measured by varying
the external flux, the circuit parameters in the Hamilto-
nian in Eq. (2) are fine tuned to fit the energy spectra, as
depicted in Fig. 2(a).
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FIG. 2. (a) The energy levels of the lowest four eigenstates as
a function of the reduced flux @ex. (b) The ZZ interaction ¢. In
(a) and (b), the data points represent the experimental results,
while the solid lines are calculated from the diagonalization of
the Hamiltonian in Eq. (2). An enlarged view of the ZZ inter-
action near the zero-flux point is shown in the inset of (b). The
point marked by a yellow diamond indicates a ZZ interaction of
—35.4 kHz at the zero-flux point. (¢),(d) Individual and simulta-
neous randomized benchmarking of single-qubit gates on (c) Q1
and (d) Q2 at the zero-flux point, respectively.

IV. RESULTS

A. ZZ interaction
The ZZ interaction ¢, defined as

h¢ = E|1’150> - E\16‘60> - E|oﬁo> + E|0650)a 3)

is then measured [Fig. 2(b)] by using the joint ampli-
fication of ZZ (JAZZ) interaction method [2,10], where
E| GLOZTM denotes the eigenenergies of the four modes.
The simulated results match the experimental values well,
validating our circuit model. A ZZ interaction of —35.4
kHz is observed at the zero-flux point, which is con-
firmed to have a negligible influence on the single-qubit
gate fidelities, maintained up to 99.985%, as verified with
simultaneous randomized benchmarking [Fig. 2(c)].

Within the flux range of |@ex /27| < 0.2, the ZZ interac-
tion |¢ /27| < 35.4 kHz [Fig. 2(b)] demonstrates a broad
operational range of the CSDTC without requiring any
intentional dc bias current, assuming only a moderate
remnant flux in the package with adequate shielding. On
the other hand, a sufficiently large ZZ interaction, on the
order of several tens of megahertz, in the flux range of
0.3 < |@ex/27| < 0.5, can be utilized to achieve a fast and
high-fidelity CZ gate.

B. CZ-gate error budget

We first investigate the CZ-gate errors when biasing
the CSDTC at the zero-flux point. In addition to carefully
mitigating the Z-pulse distortion using the cryoscope tech-
nique [2,29], we choose the NZ pulse to activate the CZ
gate to further reduce long-time pulse distortion and take
advantage of its intrinsic echo effect to extend the coher-
ence time. The NZ pulse is initialized by concatenating
two Slepian pulse shapes [30] with opposite poles and
then optimized using a model-free reinforcement-learning
algorithm [2]. By employing the LRB and PRB techniques,
we systematically decompose the CZ-gate error into three
primary components: incoherent error, coherent error, and
leakage error (for details, see Appendix C).

By varying the gate duration #g,, we find that the CZ-
gate fidelities are primarily limited by incoherent errors
[Fig. 3(a)]. Reducing the gate duration is typically an obvi-
ous approach to minimize incoherent errors. However, two
main factors hinder this strategy. First, all the above three
types of errors increase sharply when the gate duration is
reduced to 56 ns in our case. The sudden rise in leakage
error can be attributed to the nonadiabatic transitions dur-
ing the CZ pulse, which may result from a limited band gap
between the coupler and qubit modes or suboptimal pulse
optimization. We note that a simulation of a CZ gate with
a numerically optimized 50-ns pulse gives about 99.99%
fidelity. The increase of coherent errors could be caused by
sequence-dependent phase errors arising from uncalibrated
pulse distortions. Additionally, these sequence-dependent
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FIG. 3. (a) The error budgets of the CZ gate as a function of its

duration Zq. The solid blue line represents a linear fit to the inco-
herent errors, excluding the first point, which is marked with a
cross to highlight it as an obvious outlier. (b) The relaxation rates
of Q1, Q2, and the M mode as a function of the ZZ interaction
¢ between Q1 and Q2. The data points represent experimental
results, while the dashed lines serve as guides to the eye.

phase errors, combined with the randomness of the bench-
marking sequence, may introduce significant decoherence
during the benchmarking process, thereby increasing the
incoherent error. Tuning the frequency of the M mode
closer to the qubits is essential to achieve stronger ZZ
interactions, enabling shorter gate durations. As shown
in Fig. 3(b), however, it results in a degradation of qubit
coherence [2,3] and an increase in incoherent errors.
Indeed, by linearly fitting the incoherent error as a func-
tion of the gate duration, we observe a nonzero error
offset (rg = 0.07%) at zero gate duration [Fig. 3(a)]. To
quantitatively explain this phenomenon, we model the
incoherent error as 1$Z . = 'plgae, Where I'p represents
the depolarizing rate during randomized benchmarking.
We further observe that the relaxation rates for Q1 and
Q2 are correlated with the ZZ interaction [Fig. 3(b)],
which can be attributed to the coupling between the qubits
and the M mode. As the M mode approaches the qubits,

leading to a stronger ZZ interaction, its faster relaxation
also leads to an enhanced relaxation rate of the qubits.
Within the ZZ interaction range of 1 MHz < £ /27| <
25 MHz, which approximately corresponds to the gate-
duration range investigated, the relaxation rate of each
qubit exhibits a linear dependence on the ZZ interac-
tion [Fig. 3(b)]. This leads to a reasonable assumption
of the form T'p = a¢ + k, which yields %, = (a¢ +
k)tgate = 10 + ktgae With a constant coefficient @ and a ¢-
independent incoherent error rate k. Here, ) = a{ gy can
be approximated as a nonzero constant, since {fge ~
is required to achieve a w phase shift necessary for the
CZ gate. We note that a precise estimation of 7y is highly
dependent on the state trajectory during the adiabatic CZ
gate, as well as the contribution of qubit decoherence
to depolarization during the benchmarking process [24].
However, our result offers a self-consistent quantitative
explanation of how the coherence properties of the coupler
influence the fidelity of the CZ gate.

C. Bias-free CZ gate

So far, we have discussed the error budget of the CZ gate
with the flux bias at the zero-flux point, where the residual
ZZ interaction is negligible and a NZ pulse can be applied.
However, the random distribution of remnant flux within
the chip package poses challenges for maintaining the per-
fect zero-flux bias for large quantum processors with many
qubits and couplers without using individual dc bias cur-
rents. Here, we demonstrate that the CSDTC can sustain
high-fidelity operations across a wide range of flux-bias
values, effectively addressing this challenge. In compar-
ison to the conventional single-pole (SP) pulse, we first
introduce a biased net-zero (BNZ) pulse [Fig. 4(a)], which
demonstrates improved CZ-gate fidelity at ¢ex/2m = 0.2
[Fig. 4(b)] as an example. This flux bias is applied via a
global coil as a constant offset mimicking a remnant flux.
In these measurements, we focus exclusively on the states
of Q1 and Q2, omitting the coupler-state readout because
of the significant crosstalk observed between Q2 and the
readout resonator of the coupler under a certain current-
bias condition. Combined with PRB, our analysis reveals
that for the BNZ pulse, the CZ-gate fidelity is primarily
limited by the incoherent error. In contrast, for the SP
pulse, the CZ-gate fidelity is constrained by the incoher-
ent error and a comparable level of coherent error (for
details, see Appendix D). In both cases, leakage errors
are an order of magnitude lower than incoherent errors.
By varying the global flux within a narrow range with-
out recalibrating the CZ-gate pulses, we demonstrate that
the standard RB-sequence population is almost an order of
magnitude more sensitive to the flux-bias shift for the SP
pulse compared to the BNZ pulse [Fig. 4(c)]. These results
highlight the intrinsic echo effect of the BNZ pulse, which
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FIG. 4. (a) Typical biased net-zero (BNZ) and single-pole (SP) pulses optimized for achieving a CZ gate in the presence of a finite
flux-bias offset ¢ex /27 = 0.2. (b) Interleaved randomized benchmarking results for the CZ gate using the optimized BNZ and SP
pulses shown in (a), where ¢ex /27 = 0.2 is applied through a global coil, featuring the experimental data points and the fitting curves.
The gate and leakage errors are 7“Z = 0.14% and L§* = 0.01% for the BNZ pulse, while 7 = 0.34% and L$* = 0.01% for the SP
pulse. (¢) The population of |(i)), PGy, measured using a standard RB sequence of length 100, as a function of the external flux-
bias shift Agex from ey /2w = 0.2, where the BNZ and SP pulses are calibrated. The experimental data points are fitted to Gaussian
curves, with the offset determined by the randomization and leakage. (d) The single-qubit gate errors rgs? and measured ZZ interaction
¢ against different dc-flux-bias values e, provided by the global coil. The single-qubit gate errors are estimated from the CZ-gate
interleaved randomized benchmarking (IRB) experiments in (e). The solid blue curve represents the simulated ZZ interactions. (¢) The
error budgets of the CZ gate against different dc-flux-bias values by using a BNZ pulse shape optimized at each bias. The coherent

and incoherent CZ-gate errors, ¥*Z and 1<%

ol imeon» are separated with the purity randomized benchmarking (PRB). The dashed black line

indicate a gate error of 0.1%.

makes it more robust to low-frequency flux noise and pulse
distortion [24].

By varying the global flux within the range 0 <
Yex /2 < 0.2, we demonstrate that the CSDTC is effective
in achieving high fidelities for both single-qubit [Fig. 4(d)]
and BNZ CZ gates [Fig. 4(e)]. We initially characterize
the CZ-gate error using interleaved randomized bench-
marking (IRB) and then estimate the single-qubit gate
fidelity based on the Clifford-gates decomposition [31] in
the protocol of randomized benchmarking. The averaged
single-qubit gate fidelity obtained in this way accounts for
the potential influence of the CZ gate, which is more rele-
vant to practical quantum algorithms. In the CZ-gate error

budget, incoherent errors are found to be an order of mag-
nitude larger than leakage and coherent errors across the
entire investigated flux range. The CZ-gate fidelity given
by F =1 — % — L§%/4 [2] exceeds 99.85% at each flux
bias point, with a maximum fidelity of 99.89 4 0.01%,
primarily attributed to fluctuations in qubit coherence.

V. CONCLUSIONS

In conclusion, we have theoretically proposed and
experimentally realized a capacitively shunted double-
transmon-coupler scheme aiming at achieving a high-
fidelity CZ gate without dc flux bias for idling. At the
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zero-flux point, we have evaluated the CZ-gate fidelity
using a net-zero pulse and shown that the incoherent error
is dominant in the CZ-gate error budget. We have also
shown quantitatively that the incoherent error is due to the
contribution of the decoherence of the coupler, revealing
a potential direction for developing quantum operations
with higher fidelity. The wide flux-bias range with neg-
ligible ZZ interaction in the CSDTC eliminates the need
for a dc bias even in the presence of remnant stray flux,
making it advantageous for reducing wire congestion and
potential crosstalk. With an intentionally added bias off-
set within the range |@ex /27| < 0.2, we have demonstrated
single-qubit gate fidelities exceeding 99.97% and CZ-gate
fidelities exceeding 99.85%, highlighting the advantages
of using a biased net-zero pulse. Our results demonstrate
that the CSDTC is a promising candidate for a building
block for future large-scale quantum processors.
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APPENDIX A: DEVICE PARAMETERS

The circuit parameters, detailed in Table I, are utilized to
simulate the energy levels and ZZ interactions depicted in
Fig. 2. We also utilize these circuit parameters to simulate
Z7 interactions by adjusting C34 (Fig. 5). In our configura-
tion, with C34 = 30 fF, we not only achieve a wide range of
suppressed ZZ interactions around zero flux bias but also
maintain a sufficiently large interaction strength at large
flux bias to enable fast CZ-gate operations.

The frequencies, anharmonicities, and coherence times
of the four modes, Q1, Q2, P, and M, evaluated experi-
mentally with the coupler biased at the zero-flux point, are
provided in Table II.

APPENDIX B: CONDITION FOR SUPPRESSED ZZ
INTERACTION AT THE ZERO-FLUX POINT

Here, we show the validity of the condition for sup-
pressed ZZ interaction [see Eq. (1)] derived from the

TABLE I. The circuit parameters for the simulation.
Capacitance Cn Co Cs3 Cyq
Value (fF) 108 80 90 90
Critical current Irmcl [rmCZ Irmc3 Irmc4 IrmcS
Value (nA) 26.7 26.6 55.2 55.2 11.9

Capacitance Ciz Ci3 Cis Cxs Coy Csy
Value (fF) 0.002 12,6 006 0.06 12.6 303

composite impedance of Ljs and C34 in the main text by
employing detailed theoretical models.

1. Derivation with a classical Lagrangian

We start with the following Lagrangian for the CSDTC
at the zero-flux point (¢ex/27 = 0), while ignoring para-
sitic capacitances for simplicity (Cj4 = Cy3 = C; = 0):

L= Z St 4+ L (b - )’

O;— @
—|—ZEJ,COS( >+Ejscos<%), (B1)
0

where ®; and Ej; = ®yl.;/27 are the node flux variable
and Josephson energy for JJi, respectively. By expanding
the cosine functions to the fourth order, we obtain

L>Li3+ Log+ Lag— Va, (B2)
Cii+Cis . Cii+Ci3+Cay .
£13= ! 3 QJ%—I— ! 5 @%
.. En®* Ep+E;s®?
L Gy by — 2 BB RS DS gy
2 o 2 9
Cy + Co . Cy + Coq + Cyy .
Los = 222 24q>§_|_ 22 224 34q’421
- Ep ®}  Eu+Ej;s @
— Cydyby — 22 ZHTEB T4 gy
214P2®y — = 2 > 2 (B4)
<D3CD4
L34 = —C3 D3P, + Ejs——— (B5)
5
4
Ey @} Ejs (03 — dy)*
Vy=—y M7 iM. (B6)

4 4
— 24 O 24 D,
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FIG. 5. ZZ interactions simulated with different C34 values and the other parameters listed in Table I. The solid red line corresponds

to the specific condition used in our experimental demonstration.

We transform the flux variables in L3, ®;, and ®;, as
follows:

L= %cb’ﬁ + %cbgz — %—qyf;_%q)g, (B7)
(gi) = YIITRIY (g;) (BS)
ROY — <r(J)1 r‘;) , (BY)
= %1 (B10)
r13=,/EJ3ELJEJ5, (B11)
uERE (Cll_—glf13 Cs3 +_C?;3+ C34> R
_ (%1 &) , (B12)

TABLE II. The parameters of the four modes, Ql, Q2, P,
and M, including dressed-state frequencies, anharmonicities and
coherence times, i.e., the energy-relaxation time 77, the Ramsay
dephasing time 7%, and the echo dephasing time 7%, when the
CSDTC is biased at the zero-flux point.

Qubit Q1 Q2 P M
Drive frequency (GHz) 3.945 4443 6358 5.987
Anharmonicity (MHz) —175 =208

T1 (s) 2325 1619 379 59.5
= (us) 299.2 1712 66.0 85.8
75 (ns) 316.0 2023 655 90.8

where Ej is an arbitrary energy, e.g., £y, for normalization,
Cy and Cj are the eigenvalues of the normalized capaci-
tance matrix for £;3, U3 is the unitary matrix composed
of the corresponding eigenvectors, and U'3T is the trans-
pose of U'Y . We also transform the flux variables in L4,
®,, and P, similarly and obtain the following:

G . Cy .
Loy = —2<D/22 + —4¢f -

Ey @7 + of
2 2 ‘

B13
R (B13)
Note that & and @), correspond to the two qubits.

By the above transformations, L34 approximately gives
the following interaction Lagrangian between the two data
qubits:

5/ A/ q>/1q>/2
—Cu®| @)+ Es— 2 ). (Bl4)
0

13) 7 A24)
Uy U,

ry3rya

L =

From Egs. (B7) and (B13) and assuming that the inter-
action and detuning between the two qubits are suffi-
ciently small, @} is approximately expressed as ®(t) =
' (r)cos(wit + 6;) (i = 1,2), where @ (#) is a slowly
varying amplitude, o; = 1//L;C; (Ly = ®}/E)), and 6,
is a phase. Dropping ci>§°) () and using the rotating-wave
approximation, the interaction Lagrangian £, becomes

13) 7 A24)
Uy U, <

rj3ri4

E
L = —Cywiwy + ﬁ) q’io) (f)q’go) ®
0
y cos[(w; — wp)t + 6 — 6]

2

(B15)

Thus, neglecting V4, the condition for turning off the qubit-
qubit coupling is given by

Ejs 1
—C34a)1(1)2 + — = 0 S = \/M>
P} VLysCsq
(B16)

064069-7



RUI LI et al.

PHYS. REV. APPLIED 23, 064069 (2025)

which is exactly the same as that derived from the compos-
ite impedance of L5 and C34 in the main text.

2. Derivation with a quantum mechanical Hamiltonian

The Hamiltonian corresponding to the Lagrangian in
Sec. B 1 approximately becomes as follows [18]:

E , E|
H—4hnTWn+Z[ ot - 22’%?‘]

i=12
1’
— Eispr92 = 20103, (B17)

where ¢; = @/ ®, is the node phase and the Cooper-pair
numbers n = (n; n,)! are defined as

1 Ol
G -G
M, = , 4. B19
() (B19)
The other parameters are defined as follows:
&2
hW = EMc—l, (B20)
Cly = kueCsa, (B21)
U3 @4
e = 221 (B22)
F13ri4
i) 4
Ejy=En |-, (B23)
)
4
U2
Ej, = Ep ( L , (B24)
ry2
E}s = ku:E)s, (B25)
Es = kb, Ejs. (B26)

The Hamiltonian in Eq. (B17) is quantized as

H= hwlalral + hwza;az + g (aiaz + a;al) +V,,

(B27)
¥
SVVii a; + a;
=[St a B28
¢ o (B28)
i
w; ad; —a;
’ (B29)

n= |—— ,
Wi /2i

where w; = /8W;wy (w; = Ey/h), aj, and q; are the cre-
ation and annihilation operators for Cooper pairs on node i,

the rotating-wave approximation has been used, /', denotes
the fourth-order terms, and the effective coupling rate g,
between the qubits is defined as follows:

1 w1y E W w-
g = (W J5 P11 22
2V Wi Wy

12 —8—
h w1y

) . (B30)
Using Wiy > [€2/2M)][Cy,/(C11Ca)] = 8W1 1 Wiy Cy
®3/h, Egs. (B21) and (B25), and Ejs = &3 /Ljs,

1

Lyswiwy

gn=0 & Cu= , (B31)
which is again exactly the same as that derived from the
composite impedance of Lys and C34 in the main text.

The ZZ interaction ¢ can also be formulated as fol-
lows. First, we transform the two modes to the eigenmodes
including the interaction as follows:

by _ yaot (@

bz B an ’

yaT wr  Z12 U2 — 60/1 0
g 0 )’

where b, and b, are the annihilation operators for the
eigenmodes, | and w) are the corresponding eigenfre-
quencies, and U!? is the unitary matrix composed of the
eigenvectors. By substituting the relation into V7, the ZZ
interaction ¢ (cross-Kerr coefficient) is identified as the
coefficient of bJ{blb;bg as follows (wj; = EY./h):

1/ 2
wy (8Whi 12)2 7 (12)2
{=——" < ) Ugl ng

(B32)

(B33)

4 w1

6012 EW>, 12)2 5 12)2
b (W) ey

wys 8W11 8 U(12)2 U(12)2

B34
4 w1 w7 ( )

To verify the above approximations, we numerically
compare the ZZ interaction ¢ using Eq. (B34) with that
calculated by numerical diagonalization of the Hamilto-
nian without approximations [18]. The results are shown
in Fig. 6, where the circuit parameters are set to the values
reproducing the experimental data except for Cj4 = Cp3 =
C1; = 0 and varying Cs4 [Fig. 6(a)] or I [Fig. 6(b)],
respectively. Thus, our formula reproduces the actual
¢ well, particularly around the minimum-ZZ-interaction
point.

APPENDIX C: ERROR BUDGET OF THE CZ
GATE

Here, we employ LRB and PRB methods to system-
atically decompose the CZ-gate error into its constituent
components: incoherent, coherent, and leakage errors.

064069-8
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(a)

0 T T T T T

g/2n (kHz)

~120 1 1 1 1 1
0 10 20 30 40 50 60

Cs4 (fF)

(b)

0 T

¢/2m (kHz)

-120 L
5 10 15

les (nA)

FIG. 6. The ZZ interaction ¢ as a function of (a) the shunt capacitance Cs4 and (b) the critical current /.s. The solid and dashed
curves are ¢ obtained by Eq. (B34) and numerical diagonalization without approximations, respectively. The solid and dotted arrows
indicate our formula Cs4 = 1/(L;5w1w,) and the parameters demonstrated in our experiment, respectively.

1. Leakage error

By using the population in the computational subspace,
X1 = {]0000), |0100), | 1000}, |1100)} measured during the
IRB, a leakage error L?Z can be calculated [Fig. 7(a)] [23].
The resulting curves are fitted to

Px, (m) = A+ B\Y, (C1)

where m is the Clifford-gate number in one sequence.
For standard randomized benchmarking (SRB) and IRB,

the leakage error L?RB(IRB) for an average Clifford gate is
estimated as

L3P — (1 — 4y (1 — 23%B0P)y, (C2)

Then the leakage error of the CZ gate can be calculated as

2. Incoherent error

Purity randomized benchmarking [27] is employed
to estimate the incoherent error 5%, as illustrated in
Fig. 7(b). Initially, the state population p,, is reconstructed
through tomography and then the normalized purity [26] is
modeled as

d
Pincoh(m) = 7 7

d—1 [tr ["il(’”)] - cll}

= A\ + B, (C4)

as a function of the sequence length m. The dimension
d = 4 represents the two-qubit computational subspace.

Therefore, the incoherent error 7<% , is calculated as

1nco!

1— L8 1—7RB g1 AIRB
LCZ =1 1 ) C3 I"-CZ =1— incoh <1 _ 1ncoh> , C5
B s e U )
(@) (b) (@
1.00 T T 1.00 T T 1.00 T T

rpR8, = 0.373 + 0.005%

incoh —

riR8 = 0.477 = 0.006%

incoh — Y

rSR8 = 0.385 + 0.009%

rRE = 0.529 + 0.008%

CZ _—
0.95 ri%%oh — 0.105 + 0.008% <\:€ r-¢ =0.145 * 0.012%
Q.
< 41 1 050FF -
< 4 SrB . % SRB
IRB S IRB
0.90 | [$"8 = 0.022 + 0.004% | ] .
L'lRB = 0.031 = 0.004%
L$? = 0.009 + 0.006%
0.00 0.00 B
0.85 1 1 1 1
0 250 500 0 250 500 0 250 500
Number of Clifford gates m Number of Clifford gates m Number of Clifford gates m
FIG. 7. IRB for (a) leakage error L{%, (b) incoherent error 7% , , and (c) CZ-gate error 7Z.
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(a) (b)
1.00 T T 1.00 T T
.\ b
BNZ pulse rSR8, = 0.304 = 0.005% SP pulse rSR8 = 0.540 = 0.017%
| rARE = 0.424 * 0.007% ARE = 0732 +0.031%
\
§ 050} r&Zon = 0.120 £ 0.009% | | § osol r&Zon = 0.193 £ 0.036% | |
a’ a’
¢ SRB ¢ SRB
IRB IRB
0.00 ; - 0.00 : :
0 250 500 0 200 400

Number of Clifford gates m

FIG. 8.
which correspond to the pulses shown in Fig. 4(a)

where

SRB(IRB) __
incoh =

(1 _ )LSRB(IRB))(1 _ 1/d)

incoh (C6)
We note that a maximum-likelihood estimation [32] can
be employed to reconstruct the quantum state, under the
intrinsic assumption of no leakage during quantum state
tomography. For simplicity, however, we directly construct
the state density matrix, which results in the baseline of
the normalized purity values falling below zero due to the
leakage, as seen in Fig. 7(b). Additionally, we neglect the
contribution of leakage errors in fitting the PRB curves,
as they are an order of magnitude smaller than incoherent
errors in our study. While this approximation may slightly
affect the precise analysis of the CZ-gate error budget, it
does not alter the CZ-gate fidelity we have estimated.

3. Coherent error

We use the method detailed in Ref. [2] to extract the
coherent error using the IRB method. By measuring the
population of |0000), P55, @ gate error % can be esti-
mated in combination with the leakage error benchmarking
results [Fig. 7(c)]. The curves are fitted to

P50y (m) — Px, (m)/d = CA' + D. (C7)
Then, #“ can be calculated as
1 — RB d—1 AIRB
e =1- ~ )<1— . ) (C8)
| — /SRB ] 2SR

with 7SRBURB) — (1 _ pSRBARB)y (1 1) Note that /% =
Kz 4 S5 + 3157 [2], where r5% represents the coherent
error. Therefore, the coherent error can be estimated as

3
= (158 + 3157,

Feoh =1 —

Number of Clifford gates m

Purity randomized benchmarking of the CZ gates with (a) a biased net-zero (BNZ) pulse and (b) a single-pole (SP) pulse,

The total gate error can be well characterized as [2,33]

1
L= P = oL =i + 7 + LT
APPENDIX D: INCOHERENT ERROR FOR BNZ
AND SP PULSES

When the CSDTC is biased at ¢e, /27 = 0.2, the BNZ
pulse achieves higher CZ-gate fidelity than the SP pulse,
as characterized in Fig. 4(b). Here, we use PRB to identify
the dominant error in each case (Fig. 8). For the BNZ pulse,
incoherent error accounts for 86.4% of the total error, while
for the SP pulse, it contributes 57.5% of the total error.
In each case, the leakage-error contribution is below 10%,
indicating that coherent error constitutes a significant por-
tion of the total error in the SP-pulse CZ gate. Furthermore,
we estimate that the incoherent error induced by 1/f flux
noise remains below 4 x 107° in both cases, consistent
with the previous results [2].
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