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Nonreciprocal scattering in a microwave frequency comb
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We investigate nonreciprocal scattering within the modes of a microwave frequency comb. Adjusting
the pump frequencies, amplitudes, and phases of a Josephson parametric oscillator, we control constructive
interference for the m −→ � scattering processes, while concurrently achieving destructive interference
for the inverse process � −→ m. We outline the methodology for realizing nonreciprocity in the context
of two-mode isolation and a three-mode circulation, which we extend to multiple modes. We find good
agreement between the experiments and a linearized theoretical model. Nonreciprocal scattering expands
the toolset for parametric control, with the potential to engineer alternative quantum correlations.
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I. INTRODUCTION

Microwave superconducting circuits have emerged as a
leading platform for quantum technology [1–5]. A mea-
surement of the quantum state of these circuits typically
requires amplifiers that introduce excessive backaction and
undesired decoherence. Measurement through nonrecip-
rocal devices mitigates the backaction and is therefore
considered essential to any microwave quantum technol-
ogy. Achieving nonreciprocity in a compact and reconfig-
urable measurement scheme, which does not rely on bulky
magnetic-based circulators, is highly desired. Josephson
parametric amplifiers (JPAs) can in theory work at the
quantum limit of backaction [6], but their typical mode of
operation is reciprocal [7–12].

Significant effort has focused on Josephson-junction
devices for directional quantum-limited amplification
[13–16] and nonmagnetic circulation [17–19]. Nonrecip-
rocal scattering was demonstrated in a passive Josephson-
junction ring [20], as well as nonreciprocal frequency
conversion and amplification in a multimodal Josephson
circuit [21–23]. These solutions often require multiple cou-
pled resonators and other components, which constrain
efficient signal routing, bandwidth, and tunability. Simpli-
fying the circuitry while maintaining nonreciprocal behav-
ior for tunable, selected bandwidths would greatly enhance
the scalability and integration of quantum hardware.
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This work explores the use of a single JPA to nonre-
ciprocally connect input and output tones in a microwave
frequency comb. We analyze nonreciprocity in the con-
text of asymmetric scattering between these tones. We
can calculate the scattering matrix elements using cou-
pled mode theory in terms of directional digraphs [24,25].
Multiple digraphs connecting two modes create the possi-
bility of interference, described by a loop phase analogous
to the phase acquired by charged particles circulating a
loop enclosing magnetic flux [26,27]. In our experiments,
we control this loop phase through the amplitude and
phase of multiple low- and high-frequency pumps, each
locked to the common phase reference of the tones in
the microwave comb. We explore different nonreciprocal
scattering regimes, ranging from two-mode isolation and
three-mode circulation to a general nonreciprocal scatter-
ing between n = 41 modes. Our scattering approach repre-
sents a first step toward a compact, scalable, and reconfig-
urable nonreciprocal measurement scheme for microwave
quantum technology.

II. SETUP AND EXPERIMENT

The experiments measure the scattering of a weak input
signal that intermodulates with a multifrequency pump
waveform, producing multiple intermodulation products
called idlers. The JPA consists of a lumped-element LC cir-
cuit, incorporating a gradiometric superconducting quan-
tum interference device (SQUID) whose inductance is
modulated by an external time-dependent signal applied
through the pump port [see Fig. 1(a)]. A dc bias at the
pump port tunes the resonant frequency of the JPA to
ω0 = 2π × 4.2 GHz. The signal port is overcoupled, yield-
ing a loaded quality factor Q = 37.5, corresponding to a
linewidth κ = 2π × 112 MHz. A circulator separates the
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FIG. 1. (a) Simplified experimental setup, neglecting multi-
ple filtering stages at intermediate temperatures in the dilution
refrigerator. The JPA’s resonant frequency is modulated by an
external flux gradient threading a gradiometric SQUID loop. (b)
Protocol for the scattering experiment: for each input tone at fre-
quency ωm, the response is measured simultaneously across all
modes in the defined frequency comb, capturing the full scat-
tering profile of the JPA. (c) Frequency-domain representation of
the measurement basis and the pump configurations. Blue arrows
denote the isolator pumping scheme with �1,2 = 2ω0 ± � and
�3 = 2�; green arrows denote the circulator pumping scheme
with �1 = � and �2 = 2�.

input and output signals, directing the output to a cryogenic
low-noise amplifier.

A digital multifrequency lock-in amplifier [28] gener-
ates the pump tones and the weak coherent signal while
demodulating at up to 192 frequencies. We chose all pump,

signal, and demodulation tones from a mode basis {am}
whose frequencies are integer multiples of the measure-
ment bandwidth � = 1/T = 2π × 125 kHz, where T is the
measurement time window. This choice ensures orthogo-
nality of the modes {am} and establishes a global phase
reference for modulation and demodulation. We further
eliminate Fourier leakage between demodulated modes by
tuning � to be commensurate with the digital sampling
frequency. The enumeration scheme for the mode frequen-
cies is ωm = ω0 ± m�, m ∈ N, with the center frequency
ω0 placed within � of the resonant frequency of the JPA
[see Fig. 1(c) for details].

We synthesize the multifrequency pump waveform by
superposing tones selected from the same basis {am},
distinguishing between low- and high-frequency pump
tones. Low-frequency pumps have �k = k�, while high-
frequency pumps have �k = 2ω0 ± k�, where k is a small
positive integer [see Fig. 1(c) for details]. The synchronous
low- and high-frequency pumps are output through dif-
ferent ports of the multifrequency lock-in amplifier and
combined at the mixing chamber using a diplexer, as
shown in Fig. 1(a).

In Fig. 1(b) we sketch the protocol used to measure
the scattering matrix. We send a single coherent tone at
frequency ωm of approximately 140 photons, properly ther-
malized at 10 mK, through the input port of the JPA, while
measuring the scattered frequency comb in the output. We
step the single coherent tone, repeating the process for
every mode of the measurement basis.

III. NONRECIPROCAL SCATTERING

For small perturbations of the magnetic-flux gradient,
the effective Hamiltonian describes the JPA dynamics

ĤJPA = �̂2

2L0
+ Q̂2

2C
+ �̂2

2δL(t)
, (1)

where operators Q̂, and �̂ represent the node charge and
flux at the JPA’s input port, respectively. We express
the Hamiltonian in (1) in terms of the canonical ladder
operators of the unperturbed harmonic oscillator [29],

ĤJPA = ω0

2
(
A†A + AA†) + ω0

2
pL(t)

(
A + A†)2

, (2)

which results in the standard single harmonic-oscillator
Hamiltonian, plus a time-dependent quadratic term mod-
ulated by the pump signal pL(t). The pump waveform is
defined as a sum of coherent tones with amplitude pk,
frequency �k, and phase φk,

pL(t) =
∑

k

pk cos(�kt + φk). (3)

We expand Eq. (2) in a basis of discrete modes with
frequency ωm corresponding to traveling waves in the
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transmission line, which are orthogonal in the measure-
ment time interval T: A(†) = ∑

m a(†)
m e−iωmt. When the

pump signal takes the form (3), the time-dependent prob-
lem described by Eq. (2) can be mapped to the problem of
n-coupled harmonic oscillators [see Ref. [30] for the full
derivation and discussion]. Considering the classical limit
a(†)

m → a(∗)
m ∈ C, one recovers a linear system of equations

of motion

dam

dt
= −iω̃0am − iω0pL(t)(am + a∗

m) + √
γ ain,m, (4)

where ω̃0 = ω0 − i γ

2 and γ accounts for losses due to cou-
pling to the transmission line (here assumed constant for
all modes). In the frequency domain, the system (4) is
usually expressed in matrix form −iγ M�a = √

γ �ain, where
�a = (a1, a∗

1, . . . , am, a∗
m, . . .) is the vector containing the

complex mode amplitudes. We normalize M by γ as in
Ref. [25]. The solution of Eq. (A1) is then readily available
upon inversion of matrix M [31].

The scattering matrix follows from the mode-matching
condition

√
γ �a = �ain + �aout between the internal degrees

of freedom, and the external incoming and reflected signals

�aout = S · �ain = (
iM−1 − 1

) �ain, (5)

where γ is the coupling to the transmission line, assumed
to be constant for all modes (see Ref. [30] for a detailed
derivation). Each element Smn �= 0 connects the input
mode at frequency ωn to the output mode at ωm through
pump-controlled mixing processes.

The pumps enable second-, third-, and higher-order
intermodulation (wave-mixing) products, which are the
idlers in the output signal. When multiple pumps are
involved, different mixing processes interfere at the same
idler frequency, effectively enhancing or canceling scat-
tering to that frequency, dependent on the amplitudes and
phases of the pumps. Carefully engineering the pump fre-
quencies, amplitudes, and phases, we exploit the interfer-
ence properties of overlapping mixing processes to create
nonreciprocal scattering. Nonreciprocity emerges as an
asymmetry of the scattering matrix S �= ST [25], i.e., Sij �=
Sji holds for at least a subset of matrix elements. Here we
use a stronger definition of nonreciprocity |S| �= |ST|, thus
excluding nonreciprocal phase shifts.

We know of no universal recipe for generating a specific
nonreciprocity, but a necessary condition is that the pump
frequencies satisfy �p = ∑

k �=p nk�k, where nk ∈ N is the
multiplicity of pump k, accounting for higher-order mixing
processes [21].

A. Two-mode nonreciprocal scattering: the isolator

Isolation is achieved with two high-frequency pumps at
�1 = 2ω0 − � and �2 = 2ω0 + �, together with a low-
frequency pump at �3 = 2� [see blue arrows Fig. 1(c)].
These pump detunings, which are arbitrary provided that
�2 = �3 + �1, achieve isolation between mode pairs ωa
and ωb = ωa + 2�. Figure 2(a) shows the S parameters
between such a pair of modes, measured as a function
of the phase of the low-frequency pump φ3. Figure 2(b)

a b

a

b

c

(e)

(a) (b)

(f)

(c)

(g)

(d)

(h)

FIG. 2. (a)–(d) Isolator. (e)–(h) Circulator. (a),(e) Scattering parameters as a function of the phase φ3 and φ2 for fixed pump powers,
respectively. (b),(f) Scattering parameters as a function of the relative amplitude prel for fixed phases. Blue dots refer to experimental
data and green lines to numerical solutions. (c),(g) Measured scattering matrix at the optimal amplitude and phase values given by the
vertical dashed lines. (d),(h) Graph representation of the scattering matrix.
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shows the dependence of the S parameters on the ampli-
tude of the low-frequency pump relative to that of the
high-frequency pumps prel = p3/p1,2. The high-frequency
pumps have phase zero and the same amplitude, which is
chosen to get 3-dB signal gain.

The diagonal elements |Sii| are weakly dependent on
φ3 and prel. At the optimal phase φ3 = 0.65 π and pump
amplitude prel = 12.7 simultaneous destructive and con-
structive interference gives about 39 dB of isolation and
6 dB of insertion loss. Reprogramming the pump wave-
form to φ3 = −0.67 π reverses the direction of isola-
tion, without physically changing the circuit or connection
ports. In Fig. 2(c) we plot the scattering matrix at the opti-
mal values φ3 and prel. The directed graph in Fig. 2(d) sum-
marizes the isolator, with arrows color-coded according to
the S parameters.

We find qualitative agreement between the experimen-
tal results and the numerical solution of the equations of
motion, as shown by the green lines in Figs. 2(a) and 2(b).
We find a discrepancy between the experimental and the-
oretical value of the phase φ3 for destructive interference,
that we attribute to nonlinearity in the experiment, which
is not accounted for in the theoretical model. We ana-
lyze the interference process between Sab and Sba using
the graphical Cramer method [25,32] (see Appendix A for
details). For the isolator, the mode couplings, determined
by the pumping scheme, are illustrated in Fig. 3(a), with a
detailed discussion provided in Appendix A 1.

The exact expansion of Sab and Sba is shown in
Fig. 3(b). The diagonal elements of the matrix M, denoted
as �m = 1/γ (−ωm − ω0 + iγ /2) = κmeiαm , encode infor-
mation about the frequency and losses of the mode m,
while −�∗

m encode the anti-mode. Sab = 0 arises from the
destructive interference between the second-order inter-
modulation product involving the pump at �3 and the
third-order intermodulation products involving the pumps
at �1 and �2.

To match the experimental conditions, we assume
weak pumps with equal strengths for the high-frequency
pumps (|g1| = |g2| = g � 1) and a relative strength for
the low-frequency pump (|g3| = rg, with r ∈ R). Setting
Sab = 0 we arrive at the condition for perfect destructive
interference,

g2 = rgκd ≡ ρ, (6)

φloop = −αd, (7)

where φloop = φ1 − φ2 + φ3 is the total phase of the loop
between the three interfering pumps shown in blue in
Fig. 3(a). In our experiment we tune φ1 = φ2 resulting in
φloop = φ3 = −αd. Substituting the conditions (6) and (7)
into the expression for Sba, we find Sba ∝ ρ

(
1 − e−2iαd

)
,

which reaches a maximum when φ3 = π/2. The ana-
lytic expansion thus explains the nonreciprocal behavior

(a)

(b) a

b b

a

d* d*

d* b

a

d* b

a

loop

FIG. 3. Isolator mode coupling scheme (a), digraph expansion
of scattering matrix elements Sab, Sba (b).

observed in the experiment, which shows good agreement
with the numerical solutions of the equations of motion.

B. Three-mode nonreciprocal scattering: the circulator

Circulation is realized with two low-frequency pumps at
�1 = � and �2 = 2�, which couple three modes at fre-
quencies ωb, ωa = ωb − �, and ωc = ωb + � [see green
arrows Fig. 1(c)]. The interference between different orders
of intermodulation generating idlers at these three fre-
quencies depends on the phase of either pump and their
relative amplitude. Figure 2(e) shows the scattering as a
function of φ2 at a fixed value of prel = p1/p2 = 0.77. At
φ2 = 0.58 π , constructive interference enhances Sba, Sac,
and Scb, while destructive interference suppresses Sca, Sab,
and Sbc, establishing clockwise circulation between the
modes, a → b → c → a.

In Fig. 2(f) we sweep the relative pump amplitude
while fixing φ2 = 0.58 π . At prel = 0.77, we achieve
balanced isolation Sca, Sab, Sbc � −24 dB, insertion loss
Sac, Sba, Scb � −3 dB, and reflection Saa, Sbb, Scc �
−13 dB. At prel = 1.24 we minimize reflection to −25 dB
at the cost of reducing and unbalancing isolation to Sca �
−10 dB and Sab, Sbc � −19 dB. Figure 2(g) illustrates the
scattering matrix for balanced isolation. Figure 2(h) sum-
marizes the circulation in a directed graph. Changing φ2 to
−0.58 π reverses the direction of circulation.
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The theoretical model shows similarly good agreement
with the experimental results [see green lines in Fig. 2(e)
and 2(f)]. To understand the mixing processes underlying
the circulator’s nonreciprocal behavior, we consider the
five modes depicted in Fig. 4(a). With n = 5 modes the full
analytical Cramer method becomes impractical. However,
approximate expressions for Sab and Sba can be derived by
truncating the digraph expansion to higher-order terms in
pump power. Figure 4(a) shows the couplings provided by
the two low-frequency pumps. We define the couplings as
g1 = gei/φ1 and g2 = rgei/φ2 , with r = |g1|/|g2| ∈ R, and
assume g � 1 to match the weak pump regime of our
experiment (see Appendix A 2). Figure (4)(b) shows the
digraph expansion of Sab and Sba to second order in g,
corresponding to the expressions

Sab � i
|M |

(
ge−iφ1�d�e�c − r2g2e−i2φ2�e�c + o(g3)

)
,

(8)

Sba � i
|M |

(
geiφ1�d�e�c − r2g2ei2φ2�e�c + o(g3)

)
.

(9)

This expansion shows that the relevant interfering process
comes from mixing products that involve the pump �1 and
twice the pump �2. Taking Sab = 0 we retrieve the condi-
tions on the magnitude gκd = r2g2 ≡ ρ and on the total
phase of the loop of φloop = 2φ2 − φ1 = −αd [blue loop in

(a)

(b)

a c

b

a c

b

a c

b

a c

b

FIG. 4. Circulator mode-coupling scheme (a), second-order
digraph expansion of scattering matrix elements Sab, Sba (b).

Fig. 4(a)]. Setting φ1 = 0 we derive

Sba ∝ ρ
(
eiαd − e−iαd

) = 2iρ sin αd �= 0, (10)

which is generally nonzero because the diagonal elements
�m contain the losses γ due to coupling to the transmission
line. Similar arguments can be extended to higher-order
terms (O(g3)) to prove nonreciprocal scattering between
modes a and c. Details are provided in Appendix A 2.

This analytical approximation confirms the circula-
tion behavior shown in the experimental and numeri-
cal results. Whenever the condition Sab = Sbc � Sca � 0
holds,
Sba = Scb � Sac �= 0 holds.

C. n-mode nonreciprocal scattering

We extend the isolator and circulator schemes to achieve
nonreciprocal scattering across n = 41 modes. We mea-
sure the scattering of a coherent tone stepped through
the mode basis {am} while simultaneously listening at all
frequencies.

Top panels of Fig. 5 show the measured scatter-
ing matrix, normalized to the zero-pump case, for two
high-frequency pumps at �1,2 = 2ω0 ± 2�, and a low-
frequency pump at �3 = 4�, as in the two-mode isolator
configuration. We fix the pump amplitudes and phases
according to the optimal parameters in the two-mode iso-
lator [see vertical dashed lines in Figs. 2(a) and 2(b)] to

FIG. 5. Experimental (left) and theoretical (right) scattering
matrices. The upper panels correspond to pumping the JPA with
two high-frequency tones at �1,2 = 2ω0 ± 2� and one low-
frequency pump at �3 = 4�. The lower panels correspond to
pumping the JPA with two low-frequency pumps at �1 = 2�

and �2 = 4�. The magnitude of the scattering is expressed in
dB, normalized to the pump-off case.
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cancel the first upper diagonal in S, allowing transmis-
sion along the lower diagonal. Adjusting the phase to φ3 =
−0.67 π cancels the lower diagonal while transmitting the
upper diagonal.

Bottom panels of Fig. 5 show the normalized S matrix
for two low-frequency pumps at �1 = 2� and �2 =
4�, following the three-mode circulator scheme. We set
the pump amplitudes and phases according to the opti-
mal parameters in the three-mode circulator [see vertical
dashed lines in Figs. 2(e) and 2(f)]. The S matrix reveals an
imbalance between the upper and lower diagonals, demon-
strating nonreciprocity. However, we do not observe circu-
lation between all n = 41 modes, likely due to increased
complexity and overlapping scattering pathways.

Theoretical scattering matrices align well with the
experimental results, as shown in Fig. 5. We find optimal
parameters for the effective transmission line coupling γ ,
pump amplitudes pk, and pump phases φk that minimize
the sum of the element-wise square distance between the
numerical and measured scattering matrices.

IV. CONCLUSION

We studied the nonreciprocal scattering of a JPA in
different regimes. We defined nonreciprocity in terms of
asymmetry in scattering magnitude between input and
output frequency modes. Pumping the JPA with a com-
bination of low- and high-frequency pumps, we realized
different nonreciprocal behavior ranging from two-mode
isolation to three-mode circulation. The presence of mul-
tiple pumps creates a multitude of three- and four-wave
mixing processes (second- and third-order intermodula-
tion) connecting the input signal to a given idler. By
carefully tuning pump frequencies, phases, and amplitudes
we create destructive interference for processes m −→ �

while simultaneously creating constructive interference for
the inverse � −→ m processes. We provided a general
recipe for nonreciprocity extending the case of a two-
mode isolator to a measurement basis of n = 41 modes,
with good agreement between experiment and theory. This
approach constitutes another building block in the toolset
of parametric control, with the ability to easily reconfigure
nonreciprocal mode scattering.
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APPENDIX: ANALYTICAL ANALYSIS OF
SCATTERING

The equations of motion (4) in the frequency domain
take the form

i (ωm + ω̃0) am + i
∑

n

(
gmnam + g∗

mna∗
m

) = √
γ ain,m,

(A1)

where the couplings gmn = ∑
k g̃kδm,n±k between modes m

and n depend on the sum of the pump complex amplitude
g̃k = ω0pkeiφk . Here δm,n±k selects modes whose frequen-
cies satisfy ωm = ωn ± �k, where �k is the pump fre-
quency. We refer to Ref. [30] for a full derivation of this
theoretical framework. As mentioned in the main text, the
equations of motion (4) can be written in the matrix form

−iγ M�a = √
γ �ain, (A2)

where we normalize M by γ as in Ref. [25]. The matrix M
is a 2n × 2n matrix and takes the general form

M = M0 +
∑

k

Gk. (A3)

Here M0 is a 2n × 2n diagonal matrix containing the mode
frequencies

M0 =

⎛

⎜⎜
⎜⎜⎜⎜⎜
⎜
⎝

�− n
2

−�∗
− n

2
. . .

� n
2

−�∗
n
2

⎞

⎟⎟
⎟⎟⎟⎟⎟
⎟
⎠

, (A4)

where an element �m = 1/γ (−ωm − ω̃0) ∈ C, while the
Gk are 2n × 2n coupling matrices due to pump k. The
nonzero elements m� of each matrix Gk couple modes m
and � through pump k, in direct proportion to the complex
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amplitude gk = (|g̃k|/γ )eiφk . Note that while the g̃k have
units of frequency, the rescaled gk in the matrix represen-
tation of the equations of motion are nondimensional. For
low-frequency pumps, where �k = k�, we have

Gk =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 gk

0 −g∗
k

. . .
. . .

g∗
k 0 gk

−gk 0 −g∗
k

. . .
. . .

g∗
k 0

−gk 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

(A5)

with two nonzero off-diagonals at position ±k. For high-
frequency pumps, where �k = 2ω0 + k�, we have

Gk =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 gk
0 −g∗

k
. . . . .

.

. .
. . . .

gk 0
−g∗

k 0
. . .

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

(A6)

with one nonzero antidiagonal in position k.
Solutions to Eq. (A2) are readily available by inverting

the matrix M, with the scattering matrix given by Eq. (5).
For a small number of modes, one can analytically com-
pute M−1 following the graphical Cramer method used
in Refs. [25,32]. This diagrammatic method computes the
determinant of M and the elements of M−1 by summing
weighted directed graphs, called digraphs. Digraph ver-
tices represent modes, while edges correspond to mode
couplings induced by the pumps.

The determinant of M is computed by summing all pos-
sible digraphs, while the matrix element M−1

m� is the sum of
those digraphs with a path from mode � to m (see Fig. 3 for
an example). The elements of the scattering matrix are

Sm� = i
|M|

paths∑

�→m

(−1)2n+lM�,i1 . . . Min−4,m − δm�, (A7)

where the sum runs over all the possible paths from mode
� to m, each with 2n − 1 edges. The paths are defined by
the product of edges M�,i1Mi2,i3 . . . Min−4,m through permu-
tation of the indices {m, i1, . . . i2n−4, �}, ij ∈ {[1, 2n], ij �=

m, �}. The sign is determined by the exponent l referring to
the number of loops (closed paths) in the digraph.

Exact computation beyond a few modes is infeasible
due to factorial growth of the number of digraphs Ng =
(2n)!. Even the minimal cases considered here are chal-
lenging. However, truncating the sum to the most relevant
digraphs offers insights into the dominant mixing processes
responsible for nonreciprocity.

1. The isolator

To explain the nonreciprocal scattering of the isolator
one has to consider at least three modes: the two modes
ωa = ω0 and ωb = ω0 + 2�, and an auxiliary mode ωd =
ω0 − �. The two high-frequency pumps couple modes
symmetrically around half their pump frequency by cou-
pling their respective anti-modes, while the low-frequency
pump couples modes separated by the pump’s frequency,
as shown in Fig. 3(a)].

The dynamics of the three modes is described by the
6 × 6 matrix M. An analytical approach using Eq. (A7)
would involve Ng = 6! = 720 digraphs. We distinguish
two independent subsets that are not coupled to each other:
the set of equations of modes aa, ab, and anti-mode a∗

d and
the set of equations of anti-modes a∗

a, a∗
b, and mode ad. By

focusing on one subset, the dimensionality of the problem
reduces, simplifying M to

M =

⎛

⎜
⎝

−�∗
d g1 g2

−g∗
1 �a g3

−g∗
2 g∗

3 �b

⎞

⎟
⎠ . (A8)

In Fig. 3(b) we use Eq. (A8) to graphically compute
the digraphs contributing to the scattering terms Sab and
Sba. For consistency with our experimental setup, we
assume equal pump strengths |g1| = |g2| = g for the high-
frequency pumps and a relative value |g3| = rg for the
low-frequency pump, with r ∈ R. The mode couplings
become g1 = geiφ1 , g2 = geiφ2 , and g3 = rgeiφ3 , result-
ing in

Sab = i
|M |

(
g2e−iφ2eiφ1 − rge−iφ3�∗

d

)
, (A9)

Sba = i
|M |

(
g2eiφ2e−iφ1 − rgeiφ3�∗

d

)
. (A10)

Imposing Sab = 0 and assuming �∗
d = κde−iαd , we derive

the equation

g2e−iφ2eiφ1 = rge−iφ3κde−iαd . (A11)

We then retrieve the conditions

g2 = rgκd ≡ ρ, (A12)

φloop = −αd, (A13)
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where φloop = φ1 − φ2 + φ3 is the total phase of the loop
among the three pumps, as shown in blue in Fig. 3(a).
In our experiment we set φ1 = φ2, leading to φ3 = −αd.
Plugging the conditions (A12) and (A13) into Eq. (A10)
we find

Sba ∝ ρ
(
1 − e−2iαd

) �= 0, (A14)

which is generally nonzero, as αd �= 0 due to the presence
of losses and coupling in our transmission-line setup (γ �=
0), proving nonreciprocity since Sab = 0, Sba �= 0.

Finally, adding mode ωe = ω0 + � does not alter the
validity of the results but would increase the dimensional-
ity of M and the number of digraphs. However, it is always
possible to retrieve an approximate expression for Sab and
Sba identical to Eqs. (A9) and (A10) by truncating the
digraph expansion to the second order in pump power g,
adopting the same approach shown for the circulator case
below.

2. The circulator

The minimum number of modes to explain the nonre-
ciprocal scattering of the circulator discussed in this paper
is n = 5 [see Fig. 4(a)]. With five modes, the total number
of digraphs is Ng = (2 × 5)! = 3628800. However, in this
case, the pumping scheme involves only low-frequency
pumps �1 = � and �2 = 2� rendering the set of equa-
tions of motion of modes am and anti-modes a∗

m completely
decoupled to each other. Without loss of precision, one
can therefore half the number of equations. The matrix M
restricted only to the modes becomes

M =

⎛

⎜⎜⎜⎜
⎜⎜
⎝

�a g2 g1

g∗
2 �d g2 g1

g∗
1 g∗

2 �b g2 g1

g∗
1 g∗

2 �e g2

g∗
1 g∗

2 �c

⎞

⎟⎟⎟
⎟⎟⎟
⎠

. (A15)

The total number of digraphs is now significantly reduced
to Ng = 5! = 120, but the full analytical method is still
largely impractical. Let us redefine the coupling of the
pumps as g1 = geiφ1 and g2 = rgeiφ2 with r = |g1|/|g2| ∈
R. Within the weak pump regime used in this work,
we assume both |g1|, |g2| � 1 (i.e., |g̃1,2|/γ � 1), which
implies g � 1. We use the analytical Cramer method to
estimate the approximate expressions of the matrix ele-
ments Sab and Sba by truncating the sum over the digraphs

at second order in pump power g.

Sab � i
|M | ( ge−iφ1�d�e�c − r2g2e−i2φ2�e�c + o(g3) ),

(A16)

Sba � i
|M |

(
geiφ1�d�e�c − r2g2ei2φ2�e�c + o(g3)

)
.

(A17)

Figure 4(b) shows the relevant digraphs participating in the
expression of Sab and Sba. Asking for Sab = 0 leads to the
condition

ge−iφ1κdeiαd = r2g2e−i2φ2 , (A18)

where we assume �d = κdeiαd as for the isolator case.
Equation (A18) leads to the conditions

gκd = r2g2 ≡ ρ, φloop = −αd, (A19)

where φoop = 2φ2 − φ1 is the total phase of the loop
between the three interfering pumps shown in blue in
Fig. 4(a). Inserting Eq. (A19) into Eq. (A17) and setting
φ1 = 0 to match our experiment conditions we get

Sba ∝ ρ
(
eiαd − e−iαd

) = 2iρ sin αd �= 0, (A20)

which is generally different from zero as αd �= 0 for finite
coupling γ . We have thus proved the nonreciprocal scat-
tering between modes a and b. Nonreciprocity between
modes c and b follows by symmetry of the coupling
scheme.

The nonreciprocity between the elements Sac and Sca is
less obvious. As direct coupling between modes a and c
is missing in the considered pumping scheme, the expla-
nation requires extending the digraph expansion to terms
O(g3).

Sac � i
|M |

(−g2e−2iφ1�d�e

+ r2g3e−iφ1e−2iφ2(�d + �b + �e) + o(g4)
)

(A21)

Sca � i
|M |

(−g2e2iφ1�d�e

+ r2g3eiφ1e2iφ2(�d + �b + �e) + o(g4)
)

. (A22)

Forcing Sca = 0 leads to the condition

g2e2iφ1κdeeiαde = r2g3eiφ1e2iφ2κTeiαT , (A23)

where we define �d�e = κdeeiαde and �d + �b + �e =
κTeiαT . Reshuffling the equation we obtain

g2κdeei(2φ2−φ1) = r2g3κTei(αT−αde), (A24)
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which leads to the conditions

g2κde = r2g3κT ≡ ρ ′, (A25)

φloop = −(αT − αde). (A26)

It is straightforward to see that when condition (A26)
is met Sac �= 0. Furthermore, if αT − αde ≈ αd condi-
tion (A26) coincides with condition (A19) that sets
Sab � 0. This confirms Sab = Sbc � Sca � 0 yielding full
circulation.
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