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Multimode superconducting circuits offer a promising platform for engineering robust systems for
quantum computation. Previous studies indicate that single-mode devices cannot be engineered to
simultaneously exhibit resilience against multiple decoherence sources due to conflicting requirements.
In contrast, multimode systems offer increased flexibility and have proven capable of overcoming these
fundamental limitations. Here, we present a multimode device optimized for quantum information
processing. It features an anharmonicity of a third of the qubit frequency and reduced energy dispersion
caused by charge and magnetic flux fluctuations. It exhibits improvements over the fundamental errors
limiting transmon and fluxonium coherence and control, achieving ratios between the total coherence time
and the gate time T2=tg one order of magnitude larger than transmon and two times larger than fluxonium
for microwave charge drives, assuming equal dielectric and inductive loss quality factors and limited drive
strength. Simulations further demonstrate the device’s robustness to circuit parameter deviations, a known
limitation of many multimode devices.

DOI: 10.1103/ksnb-vhsl

I. INTRODUCTION

Among the various platforms for realizing quantum
information processing, superconducting qubits have
emerged as one of the leading contenders due to their
scalability, controllability, and compatibility with the
existing semiconductor fabrication techniques. However,
the widespread adoption of superconducting qubits for
practical quantum computation faces significant challenges,

primarily stemming from its scalability and limited coher-
ence times.
Since the first proposals of superconducting systems

to perform quantum computation, their capabilities and
computational power have been limited by decoherence.
Errors affecting superconducting devices have been tradi-
tionally classified into two main categories: errors pro-
ducing dephasing and errors producing depolarization. In
the development of the first superconducting qubits,
starting from the Cooper-pair box [1,2] and flux qubit [3],
dephasing was the limiting factor constraining operability
due to the large sensitivity to environmental fluctuations.
To overcome the initial limitations, superconducting sys-
tems were engineered to suppress specific noise vulner-
abilities, a representative example of that being the
transmon device [4], which exhibits an exponentially
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suppressed sensitivity to external charge bias. Despite this
improvement, the transmon still suffers from some limi-
tations, mainly stemming from the reduced anharmonicity
and large dipole matrix elements that lead to a strong
dissipation and induce depolarization. Strategies to miti-
gate [5] and to model [6] this phenomenon have been
widely studied, leading to advancements in coherence
[7,8]. At the same time, an alternative approach to
addressing charge sensitivity was proposed in the form
of the fluxonium device [9], which incorporates an addi-
tional shunting inductor to reduce charge matrix elements,
at the expense of increased flux sensitivity. By relying on
the reduced amplitude of external magnetic flux fluctua-
tions compared with charge fluctuations, coherence times
were improved. Further advancements in quasiparticle
suppression [10], improvement over dielectric losses at
low frequencies [11], and the exploration of very-low
frequency regimes [12] led to a significant improvement in
coherence times [13]. However, beyond these limitations,
practical operation requires the system to exhibit large
anharmonicity and large charge (flux) matrix elements in
order to enable fast gate operations and coupling to
neighboring qubits. This further imposes another tradeoff
between matrix elements, anharmonicities, and coherence
times. Consequently, fundamentally different error sources
require specific system characteristics that may conflict in
certain scenarios, thereby complicating the realization of
fully robust systems [14].
Most of the devices mentioned above rely on a single

degree of freedom to encode the quantum information, that
is, one single mode, which can be physically understood as
the number of Cooper pairs contained on an island of
superconducting material, the superconducting phase dif-
ference between two of them or even a persistent current
oscillating in a superconducting loop. In recent years, the
difficulties in finding proper tradeoffs for single-mode
devices have motivated the exploration of more complex
circuits, with an increasing number of elements constitut-
ing multimode systems [15]. Most of the multimode device
proposals made so far rely on the construction of a
protected subspace [16–18], creating an encoding of the
computational space in degenerate states expressing expo-
nentially suppressed tunneling amplitudes and external
effects sensitivity [19–21]. However, this still imposes
significant challenges for control, requiring operations that
take the system out of the protected state and may still
result in decoherence [14,19]. A different strategy is to
consider multimode architectures without fundamental full
state protection, but with improved tradeoffs between
noise protection and controllability [22,23]. Nevertheless,
the design of systems with an increasing number of
elements carries major difficulties. Not only does the
complexity of exploring the configuration space scale
dramatically with the number of free parameters, but
the analysis of the properties of each configuration also

scales exponentially with the number of modes. This fact,
combined with the difficulty of forming physical intuition
for these complex systems, renders the engineering and
optimization of multimode configurations a challeng-
ing task.
In this article, we introduce a multimode device and

identify a specific parameter regime for its operation,
which we refer to as the Difluxmon qubit, which exhibits
characteristics suitable for quantum computation. The
system was derived using computer-aided optimization
techniques, in the form of evolutionary algorithms, based
on the techniques developed in [24], to efficiently explore
the large parameter space, aiming to minimize the number
of iterations and computational power needed. At the
optimized parameter regime and operation point, the
system presents an anharmonicity of α ≈ 2π × 750 MHz
at a qubit frequency of ω10 ¼ 2π × 2.5 GHz, and charge
operator matrix elements of jh1jn̂j0ij ≈ 0.4 for microwave
control. It features sufficiently large anharmonicity and
qubit frequency to enable fast drive operations, along with
a charge dipole moment compatible with the limited drive
strength of the control signals. Excessive drive amplitudes
can introduce incoherent errors and heating, thereby
limiting fast operation in low-dipole-moment qubits [25].
We estimate T2 ∼ 2T1 ∼ 400 μs coherence times, having
dielectric losses as the limiting factor. Transition rules
were designed to overcome the most common leakage
channels, canceling the j1i → j2i transition. The reduction
of energy dispersion due to charge and flux noise was
targeted, with the goal of increasing dephasing times. By
finding proper matrix element values, allowing for the
implementation of fast operations while maintaining cer-
tain depolarization and dephasing resilience, together with
an increased qubit frequency and anharmonicity, we obtain
a system with a large ratio between total coherence time
and gate time.

II. SUPERCONDUCTING CIRCUIT PROPOSAL

The circuit consists of four nodes in two superconduct-
ing islands. The first island is composed of two inductors
connected in series and shunted by a Josephson junction,
forming a superconducting loop. The second island is
coupled to this loop via an additional Josephson junction,
resulting in a three-mode system. Additionally, it presents
capacitive connections between every node in the circuit.
The lumped-element schematic of the system is shown in
Fig. 1(a), where boxed elements denote the presence of
capacitances in parallel. This constitutes a general class of
multimode circuit [26], for which we define specific
parameter values and operation point, giving rise to the
Difluxmon qubit. The circuit parameters considered are
shown in Table I. The system was derived from the
optimization of a general four node structure, considering
capacitive connections between every node, to mimic the
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realistic capacitive relations in 2D lithographic designs,
and either a linear or nonlinear inductor connection (see
Appendix E for details).

A. Hamiltonian

The Hamiltonian modeling the device, in terms of node
variables (see Appendix A), is given by

Ĥ ¼ 4 nTEC nþ 1

2
φTEL φ − Eb0

J cosðφ̂1Þ

− Eb5
J cos ðφ̂2 − φ̂3Þ þ Ĥextðngext;φextÞ; (1)

where n ¼ ðn̂1; n̂2; n̂3ÞT and φ ¼ ðφ̂1; φ̂2; φ̂3ÞT are the
charge and phase vectors, choosing node N0 as reference;
with n̂i ¼ q̂i=ð2eÞ and φ̂i ¼ ð2π=Φ0ÞΦ̂i, being q̂i and Φ̂i
the charge and flux operators of node i respectively;
½EC�ij ¼ ðe2=2Þ½C−1�ij and ½EL�ij ¼ ðΦ0=2πÞ2½L−1�ij re-
present the matrices of charging and inductive energies,

respectively, with Φ0 being the flux quantum and e the
electron charge. From the circuit, we observe a system of
three modes, one periodic {N2} and two extended
fN1; N3g, strongly coupled together. The system is sub-
jected to contributions from external charge bias ngext and
external magnetic flux bias φext, modeled by Ĥext. The
effect of these external factors will be studied later in the
article.

B. Energy spectrum

The numerically computed energy spectrum of the
device at the operation point φext ¼ 0.5 is shown in
Fig. 1(a) (see Appendix B for details on the numerical
representation). We observe a highly anharmonic energy
spectrum; the computational states present a frequency
difference ω10 ¼ 2π × 2.5GHz, above thermal frequency
assuming operation temperatures of 15–20 mK (approx-
imately 0.4 GHz). It presents an anharmonicity η ¼ ω2 −
2ω1 ¼ 2π × 1 GHz with respect to the j1i ↔ j2i transi-
tion. However, this leakage channel is further suppressed
as a result of the cancelation of the matrix elements
coupling j1i and j2i states (jh2jn̂ij1ij ≈ 0). Instead, the
main leakage channel corresponds to the j1i ↔ j3i tran-
sition that has a positive anharmonicity α ¼ ω3 − 2ω1≈
2π × 750 MHz.

C. Matrix elements

The matrix elements of charge and flux-node operators
dictate the coupling strength to the electromagnetic envi-
ronment and the control lines. Consequently, decreasing
the coupling strength intuitively increases the coherence
time. However, at the same time, high isolation from the

FIG. 1. (a) Lumped-element design consisting of four nodes N ¼ fN0; N1; N2; N3g, and five branches B ¼ fb0; b1; b2; b3; b4g,
where boxed elements denote the presence of an additional capacitor in parallel; and global energy spectrum of the system for all three
modes at φext ¼ π, where each element of the matrix represents the energy difference between states jii and jji. (b) Two-dimensional
phase-space projection of the probability density onto flux space, (c) and charge space, tracing out spatial direction 1 for the first three
eigenstates.

TABLE I. Circuit parameter of the device depicted in
Fig. 1(a).

Circuit parameters

Branch C (fF) L (nH) EJ (GHz)

b0 11.62 … 2.5
b1 12.48 … …
b2 15.31 35.21 …
b3 12.29 … …
b4 10.27 32.82 …
b5 10.94 … 6.85
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electromagnetic environment can make the system uncon-
trollable and difficult to measure. For that reason, it is
necessary to design devices with a balance between noise
protection and control. The node charge and flux matrix
elements of the device are shown in Fig. 2(a). Focusing on
the local charge matrix elements, if we select node N1 as
our coupling point for driving purposes, we observe a
decrease of over a factor of 2 from the usual charge matrix
element values in transmon devices (jhn̂ij ∼ 1) [4]. Despite
this reduction, the values are still sufficiently large for
external driving through a capacitively coupled microwave
line, overcoming the controllability problems produced
from the strong reduction of charge matrix elements in
devices such as fluxoniums (jhn̂ij ∼ 0.1Þ) [11,27], heavy
fluxoniums (jhn̂ij ∼ 0.01) [12] or parity protected devices
[20,28], and allowing for the implementation of optimal
control techniques developed for charge-driven systems.
Furthermore, we observe protection of the computational
space from charge noise fluctuations affecting all other
islands in the system, resulting from the reduction of the
matrix elements for the two nearest transitions affecting
the computational states (j1i → j2i and j1i → j3i) for the
rest of the circuit nodes fN2; N3g [see Fig. 3(a)]. The

magnitude of flux matrix elements is also suppressed
compared with implemented fluxonium and heavy fluxo-
nium devices (jhφ̂ij ∼ 1.5 – 2Þ) [11,12], and due to the fact
that flux fluctuations are typically around two orders of
magnitude smaller than charge fluctuations in experimen-
tal setups [14], we will not expect them to represent a
limiting factor.

D. External biases

In contrast to typical single-mode devices, the proposed
system is susceptible to both external charge and flux bias.
The susceptibility to external charge bias is due to the
presence of a periodic mode, or equivalently, a super-
conducting island coupled to the rest of the system only by
capacitors and Josephson junctions, located in node N2 of
the circuit. The susceptibility to external flux is due to the
presence of a closed loop formed by inductors and
Josephson junctions, observed in the series connection
of the branches fb0; b4; b2g [see Fig. 1(a)]. The addition of
the aforementioned effects can be modeled including

Ĥext ¼ 8ð½EC�11n̂2 þ ½EC�01n̂1 þ ½EC�12n̂3Þngext
þ ½EL�b2 φ̂3 φext (2)

to the description, where fb2g was chosen as the closure
branch of the inductive loop, ½EC�ij are the charging
energies defined by the charge energy matrix and
½EL�b2 ¼ 1

Lb2
ðΦ0

2πÞ2, with Φ0 being the flux quantum. The

effect of these external biases on the energy eigenvalues of
the system is shown in Figs. 3(a) and 3(b). Focusing on the
effect of external flux bias, we observe a reduced
dispersion around the operation point φext ¼ 0.5. For
fluctuations in external flux of around 10−2Φ0, we can
observe a dispersion of less than 10 MHz. For comparison,
in Fig. 3(c) we represent the energy dispersion from the
operation point for several fluxonium devices. We can
observe that the proposed device expresses a dispersion of
less than 0.5% from the qubit frequency, considerably
small compared with other flux-sensitive devices
[11,12,27]. When considering the effect of external charge
bias, we observe that the dispersion is around 90 kHz,
which is in the order of state-of-the-art charge-sensitive
devices employed for quantum computation. In Fig. 3(d),
we computed the energy dispersion due to external charge
bias effect and checked that it accounts for a dispersion
of 0.004% of the operation frequency. Furthermore, we
compare with the transmon device in different parameter
regimes, showing dispersions in the order of the proposed
device. For completeness, we further present the
dispersion of the charge operator matrix elements for
nodes N1 and N3 in Fig. 2(b), showing a reduced
sensitivity around the operation point φext ¼ π, suitable
for gate operation and readout.

FIG. 2. (a) Charge and flux-node operators matrix elements for
all three nodes in the system fN1; N2; N3g with respect to the
transition frequencies of the first three eigenstates of the device
at the operation point φext ¼ 0.5. (b) Charge matrix elements of
N1 and N3, of interest for driving and measurement purposes,
with respect to the external magnetic flux and charge bias.
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E. Wave functions

To gain a deeper insight into the system’s character-
istics, it is beneficial to analyze its wave functions.
Considering the three-dimensional potential landscape
of the device for the parameters listed in Table I, the
wave functions of the first three eigenstates remain
localized within the same potential well. However, an
analysis of their phase-space representation reveals that the
ground, first, and second excited states exhibit reduced
overlap with one another. This limited spatial support
mitigates external depolarization effects and further con-
tributes to the suppression of magnetic flux dephasing,
which couples to the system through the φ3 operator.
Figure 1(b) presents two-dimensional phase-space projec-
tions for modes f2; 3g in flux space (see Appendix C).
Additionally, the system’s resilience to charge fluctuations
is illustrated through the charge-space projections in
Fig. 1(c). In our model, charge fluctuations couple to
the system through node two, as it represents the only
periodic mode in the device. For the computational basis
states, encoded in the first two wave functions, fluctuations
along n2 direction do not induce transitions, as they satisfy
hϕ0jn̂2jϕ0i ≈ hϕ1jn̂2jϕ1i ≈ 0. Transitions to the third
eigenstate ϕ2 are theoretically possible but are strongly
suppressed due to the large energy separation. Finally,
matrix elements cancelation between the first and second

excited states can be understood due to the wave functions
parity. Both ground ÛPjψ0i ¼ jψ0i and first excited
ÛPjψ1i ¼ −jψ1i states present positive and negative
parity, respectively. However, the second excited state
ÛPjψ2i ¼ −jψ2i presents also negative parity, conse-
quently for any local operator Ô (i.e., n̂i and φ̂i) such
that Û†

PÔÛP ¼ −Ô we have hψ2jÔjψ1i ¼
hψ2jÛ†

PÔÛPjψ1i ¼ −hψ2jÔjψ1i ¼ 0 [29].

III. COHERENCE TIME ESTIMATION

In order to perform an estimation of the coherence time
of the device, focus has been made on the main
decoherence channels considered in the literature. In the
estimation, different types of errors have been classified
into two main categories, distinguishing between noises
causing depolarization and dephasing.

A. Depolarization noise

To model the depolarization of the device due to
different noise sources, we have employed the traditional
expression derived from Fermi’s Golden rule [30]. As the
device on hand presents multiple elements, creating
multiple branches B, to compute the total coherence time,
we have computed the coherence times of every individual

FIG. 3. (a, b) Effect of external flux φext and charge ngext bias, respectively, on the energy spectrum of the system. In ascending order,
the energy difference ω0n ¼ ωn − ω0 is shown for n∈ f1; 2; 3; 4; 5g for different values of external magnetic flux (charge) bias.
(c, d) Energy dispersion with respect to external effects. (c) Plot of the energy dispersion εflux ¼ ðω01 − ω01jφext¼0.5Þ=ðω01jφext¼0.5Þ for
different values of external flux bias around the operation point for the optimized device, in comparison with proposed fluxonium [27]
and heavy fluxonium [12] devices. (d) Plot of the energy dispersion εngext ¼ ðω01 − ω01jngext¼0.5Þ=ðω01jngext¼0.5Þ for different values of
external charge bias, in comparison with different transmon regimes.
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branch and added them together, to get a lower bound
estimation [31,32]. In general, for every depolarization
channel, we will have

Γλ
1 ¼

X
bn ∈B

X
ij

1

ℏ2
jhijÔbn

λ jjij2Sbnλ ðωijÞ; (3)

where at least i or j correspond to one of the computational
states f0; 1g, summing over all possible energy transitions
into or out from the computational space, being Ôbn

λ the
operator coupling to the noise source and Sbnλ ðωijÞ the
power spectral density of the noise source. The consid-
eration of all possible transitions involving at least one of
the computational states, in contrast with other expressions
used for single-mode devices, is due to the rich variety of
possible transitions in the system, where depolarization
due to excitation out of the computational space, although
exponentially suppressed by the Boltzmann factor, can
become one detrimental factor [31]. The main depolari-
zation mechanisms considered are dielectric losses, induc-
tive losses, and quasiparticle tunneling.

1. Dielectric losses

The appearance of an electric field across islands in the
superconducting circuit causes the polarization of charges
in the dielectric material to create electric dipole moments
that cause dissipation [33]. To model this kind of loss, we
are going to consider the charge operator as coupling to the
noise source Ôλ ¼ −2en̂ and a power spectral density of
the form [12,34]

SDielðωijÞ ¼
�

2ℏ
CQCap

�
Fðωij; TÞ; (4)

where

Fðωij; TÞ ¼
coth

�
ℏjωijj
2KbT

�
1þ exp

�−ℏωij

KbT

� ; (5)

C represents the capacitor of the branch, QCap is the
effective dielectric quality factor of the capacitor, T is
the assumed temperature of the device and Kb is the
Boltzmann constant. The computed TDiel

1 times for differ-
ent values of external flux are shown in Fig. 4(a). In the
same figure, we display a comparison with transmon
device with a EJ=EC ∼ 50 relation and EC ¼ 0.27 GHz,
which accounts for a capacitance of approximately 70 fF,
reasonably large considering usual qubit sizes of approx-
imately 600–800 μm2. We observe that the estimated
depolarization time for the device at the operation point
φext ¼ 0.5 doubles the one expected for the transmon
device assuming equal dielectric loss quality factors.
Furthermore, we also compare with several fluxonium
devices, where the stronger suppression of the charge
matrix elements produces an increase in coherence time,
overcoming the TDiel

1 expressed by the proposed configu-
ration at the cost of a decrease in controllability.

2. Inductive losses

Similarly as for dielectric losses, we can consider the
inductors of the system as having a lossy permeability
inducing a frequency-dependent resistance [33]. To model
this mechanism, we considered the phase difference
operator in every inductor Ôλ ¼ Φ0φ̂=ð2πÞ and a power
spectral density of the form [12,34]

SIndðωijÞ ¼
�

2ℏ
LQInd

�
Fðωij; TÞ; (6)

where L represents the inductance of the branch and QInd
accounts for the effective quality factor associated with

FIG. 4. Coherence times estimation for the most detrimental decoherence channels. (a) T1 estimation due to dielectric losses
assuming QCap ¼ 3 × 106 and T ¼ 15 mK. (b) TFlux

1=f dephasing time estimation due to fluctuations of the external magnetic flux φext,

assuming Aφext
¼ 10−6Φ0. (c) T2 times estimation. For comparison, estimated coherence times for the Difluxmon, tunable transmon

fω01 ≈ 5.2 GHz; EJ=EC ≈ 50; γ ¼ 2.5g [38], fluxonium [27], and heavy fluxonium [12] devices are shown assuming equal quality
factors and external fluctuation amplitudes.
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inductive losses. After estimating the effect of this loss
mechanism, we concluded that resistive loss in the
inductors is unlikely to be the primary factor limiting
coherence in the device, with coherence times on the order
of milliseconds. This we believe is due to the lack of large
inductances and consequently, small phase matrix ele-
ments, in contrast with other flux-sensitive devices where
this noise mechanism is more notable.

3. Quasiparticle tunneling

The tunneling of quasiparticles in the Josephson
junction elements is another well-known mechanism
of dissipation and decoherence [10,35]. To model this
effect, we consider the operator Ôλ ¼ 2Φ0 sin ðφ̂=2Þ. To
obtain a numerical representation of this operator in the
charge basis, we performed a redefinition for the
”charge-like” degree of freedom of N2, to the charge
basis defined by single electrons instead of Cooper pairs
[35] (see Methods section). Additionally, a noise spectral
density of the form

SqpðωijÞ ¼ 2ℏωijℜYqpðωijÞFðωij; TÞ; (7)

was considered, where ℜYqpðωijÞ can be approximated
via the expression proposed in [20]. From numerical
simulations, we concluded that quasiparticle tunneling
matrix elements vanish at the operation point of
φext ¼ 0.5, similarly to previously reported flux-sensitive
devices proposed for operation at the sweet spot [10,20].
Consequently, this depolarization mechanism is not
expected to constitute one of the most detrimental factors
constraining the coherence times.

B. Dephasing errors

For the estimation of the dephasing rate of the device,
we are going to focus on one of the expected main
contributions, which will come from the 1=f noise
sources. These sources of noise are characterized by a
power spectral density [11]

Sλ1=fðωÞ ¼
2πA2

λ

jωj ; (8)

where, away from the sweet spot, they cause a dephasing
rate of [4,11,12,32]

Γλ
1=f ¼

ffiffiffi
2

p
Aλ

���� ∂ω01

∂λ

���� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j lnωirtj

p
: (9)

1. 1=f flux noise

One of the main sources of decoherence in current flux-
sensitive devices is the 1=f flux noise coming from the
energy dispersion caused by the external magnetic flux

φext. For the estimation of the dephasing rate due to this
noise source, we considered a reference value for the
noise amplitude Aφext

of 10−6Φ0, around the experimen-
tally observed values [11,23,36,37], and we analytically
computed the derivative of the qubit frequency from the
Hamiltonian expression of Eq. (2) as ∂ω01=∂Φext ¼
1=ℏ½h1j∂Ĥext=∂Φextj1i − h0j∂Ĥext=∂Φextj0i� where
∂Ĥext=∂Φext ¼ ½EL�b2ðφ̂3 þ φext1Þ. The estimated dephas-
ing times for different values of external flux are shown in
Fig. 4(b). We observe that the reduced energy dispersion
causes an improvement in the estimated dephasing time. In
the same figure, we compare with the estimated dephasing
times for several fluxonium devices, where this effect is
one of the most detrimental factors for the total coher-
ence time.

2. 1=f charge noise

Similarly as for the flux mechanism, we considered the
energy dispersion due to charge bias effects as a possible
mechanism inducing dephasing. Due to the reduced energy
dispersion caused by external charge bias [see Fig. 3(d)],
around 0.005% of the qubit frequency, this constitutes a
minor decoherence channel, and after estimation, we
observed that the coherence limit established by this
mechanism is well above the one dictated from other
decoherence channels.

C. T2 times estimation

In order to account for all depolarization and dephasing
effects, we consider the usual expression T2 ¼ ð1=2T1þ
1=TφÞ−1, defining the total depolarization time as T1 ¼
ð1=TDiel

1 þ 1=TRes
1 þ 1=Tqp

1 Þ−1 and the total dephasing
time as Tφ ¼ ð1=Tflux

φ þ 1=Tcharge
φ Þ−1. The estimated T2

for different external flux values are shown in Fig. 4(c). We
observe that around the operation point φext ¼ 0.5, dielec-
tric losses limit the coherence time. However, we can
estimate improved robustness to magnetic flux fluctua-
tions than fluxonium devices away from the sweet spot,
and larger coherence times than tunable transmon up to
fluctuations of approximately 10−3Φ0. These coherence
characteristics, considering the increase in anharmonicity
and charge matrix elements, lead to a device with proper-
ties balancing noise resilience and controllability.

IV. SINGLE-QUBIT GATES

Having studied the selection rules and coherence prop-
erties of our multimode artificial atom, the next step is to
analyze, which are the gates to be implemented in the
platform. In our case, in light of the selection rules of the
circuit operators provided in Fig. 2(a), we aim to imple-
ment fRxðθÞ;RyðθÞg gates at shorter time tg. Our goal is
to analyze the gate fidelity as well as the leakage channels
for different gate times. We assume charge-controlled
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quantum gates by driving a particular node. The
Hamiltonian reads

H̄ ¼
XN
k¼0

ωkjkihkj þ ΩðtÞ
X
k>j

ðOk;jjkihjj þ H:c:Þ;

ΩðtÞ ¼ ΩXðtÞ cosðωdtÞ þ ΩYðtÞ sinðωdtÞ; (10)

where ωk is the energy of the kth energy level, Ok;j ¼
nk;j þ imk;j is the matrix element of the charge operator,
and ωd is the driving frequency. In light of the spectrum
matrix in Fig. 1(a), we observe that the transition j1i ↔ j3i
is the nearest in frequency to the j0i ↔ j1i. Thus,
following the typical quantum control procedure, where
the system is expressed in the rotating frame, will not
capture the physics of our device. Instead, we express the
Hamiltonian in the interaction picture with respect to
H ¼Pωk − δk, where the latter refers to the detuning
between the driving and the transition to be addressed

HðtÞ ¼
X
k

δk þ
½n0;1 þ im0;1�½ΩXðtÞ − iΩYðtÞ�

2
j0ih1j

þ ½n1;3 þ im1;3�½ΩXðtÞ − iΩYðtÞ�
2

j1ih3jeiαt

þ H:c:; (11)

where α ¼ ω3 − 2ω1 is the energy of the main leakage
channel. Here, we focus on the performance of X rotation
considering Hahn pulses given byΩjðtÞ ¼ Ω0;jsin2ðπt=tgÞ.
In this scenario, we choose the amplitude such that the Y
rotation on the j0i ↔ j1i transition vanishes, leading to

HðtÞ ¼
X
k

δk þ
λ1ΩXðtÞ

2
ðj1ih0j þ j0ih1jÞ

þ ½λ2 þ iλ3�ΩXðtÞ
2

j1ih3jeiαt þ H:c:; (12)

where λ1 ¼ ðn20;1 þm2
0;1Þ=n0;1, λ2 ¼ Reðm0;1 þ in0;1Þ

ðm1;3 − in1;3Þ, and λ3 ¼ Im ðm0;1 þ in0;1Þðm1;3 − in1;3Þ

stand for the dressed matrix elements of the control
Hamiltonian. To quantify the performance of our multi-
mode device for performing either X or Y gates, we
compare it with transmon and fluxonium qubits. The
comparison is quantified through the gate error EðU;VÞ ¼
1 − FðU;VÞ, where F is the gate fidelity defined as [39]

FðU;VÞ ¼ Tr½UqU
†
q�

dðdþ 1Þ þ jTr½UqV†�j2
dðdþ 1Þ : (13)

Here,Uq represents the truncated unitary operator in the
computational subspace, and V ≡ fX; Yg is the gate to be
implemented. Another important metric corresponds to
leakage out of the computational space, defined as

Ljki ¼
1

d

XN
k≠j¼2

½jhjjUjkij2 þ jhkjUjjij2�; (14)

that quantifies the error produced by the outlier transitions.
To reduced leakage on the quantum gate, we use the pulse
shaping techniques of derivative removal by adiabatic
gates (DRAG) [40]. In this framework, we aim to eliminate
leakage contributions through perturbative diagonalization
provided by the generator

ŜðtÞ ¼ ϵΩðtÞ
2α

½βλ1j0ih1j þ ðλ2 þ iλ3Þj1ih3jeiαt� − H:c:;

where ϵ ¼ 1=ðtgαÞ is the perturbation parameter useful for
order counting in the effective Hamiltonian, ΩðtÞ is the
corrected pulse amplitude, and β is a free parameter that
controls which type of error DRAG can correct [41]. With
this generator, the effective second-order Hamiltonian reads

HeffðtÞ¼HðtÞþ½ŜðtÞ;HðtÞ�þ1

2
½½ŜðtÞ;HðtÞ�;HðtÞ�

þ i ˙̂SðtÞ; (15)

which at second order in ϵ has the following structure

HeffðtÞ ¼

2
6666664

− ϵ2βλ2
1
ΩReΩX

2α
ϵλ1
2

h
ΩX − i βΩ̇α

i
0

ϵ2ð1−βÞλ1ðλ2þiλ3ÞΩΩXe−iαt
4α

ϵλ1
2

h
Ω�

X þ i βΩ̇
�

α

i
δ1 þ ϵ2ðβλ2

1
−λ2

2
−λ2

3
ÞΩReΩX

4α 0
ϵðλ2þiλ3Þ

2

h
ΩX −Ω − i Ω̇α

i
e−iαt

0 0 δ2 0

ϵ2ð1−βÞλ1ðλ2−iλ3ÞΩ�Ω�
Xe

iαt

4α
ϵðλ2−iλ3Þ

2

h
Ω�

X −Ω� þ i Ω̇
�
α

i
eiαt 0 δ3 þ ϵ2ðλ2

2
þλ2

3
ÞΩReΩX

4α

3
7777775

(16)

where � refers to complex conjugate. From the effective Hamiltonian, we can eliminate leakage to the j1i ↔ j3i transition
by choosing the control to be

ΩXðtÞ ¼ ΩðtÞ þ i
Ω̇ðtÞ
α

: (17)
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We should note that independently of the value of the
parameter β, the DRAG correction eliminates up to second
order in ϵ for the j1i ↔ j3i leakage channel. Then, the beta
parameter can be set such that we minimize the phase error
on the gate. To do so, consider the difference between the
diagonal elements of the effective Hamiltonian in the qubit
subspace

Heff½1; 1� −Heff ½0; 0� ¼ δ1 þ
ϵ2ð2βλ21 − λ22 − λ23ÞjΩj2

4α
:

(18)

We can eliminate the phase accumulation by setting
δk ¼ kðδϵ2Þ, obtaining

δ ¼ − jΩðtÞj2ð2βλ21 − λ22 − λ23Þ
2α

: (19)

The validity of δk relies on the effective Hamiltonian,
where diagonal terms come from even commutators which
scale as ϵ2j. Thus, a time-dependent detuning is able to
eliminate (also at second order in ϵ) the phase error on
our gate. Another alternative without relying on time-
dependent detuning consists in setting β such that the
phase from the qubit subspace destructively interfere. For
our control, the optimal value is given by

β ¼ λ22 þ λ23
2λ21

: (20)

For the transmon circuit, we have that the control
Hamiltonian satisfies λ1 ¼ 1, λ2 ¼

ffiffiffi
2

p
, and λ3 ¼ 0 so that

the optimal β reducing the phase error is β ¼ 1=2, such
variation of the DRAG pulse is known as half-DRAG [41].
Notice that either using time-dependent detuning or setting
the β in the optimal configuration, we should be able
to reduce phase error. However, from the effective
Hamiltonian, choosing β ≠ 1 induces leakage between
the j0i ↔ j3i transition, which for shorter gating time
should also reduce the performance of the gate. For
achieving smaller gate error in single-qubit gates below
tg ¼ 10 ns, we can use typical control strategies such as:
considering a nonresonant drive ωd ¼ ω10 þ δ1 and find
the optimal detuning that cancel out most of the phase error
[42]. Additionally, we can optimize over the drive ampli-
tude Ω0 and DRAG parameter β to cancel higher order
effects. The numerical optimization was performed using
the Nelder-Mead subroutine included in the SCIPY

minimize package [43]. We compare our findings with
the same gate optimized for a transmon circuit with typical
parameters ω10 ¼ 2π × 5 GHz, and α ¼ −2π × 250 MHz
[4], and a fluxonium with parameters EC ¼ EL ¼ 1.0 GHz
and EJ ¼ 4.0 GHz, leading to ω10 ¼ 2π × 0.58 GHz, and
α ¼ 2π × 3.39 GHz [27]. In order to make a fair com-
parison among all the devices and match experimental

capabilities, we bound the parameters Ω ¼ 2 × πð−500;
500Þ MHz, δ ¼ 2 × πð−500; 500Þ MHz and β ¼ ð−3; 3Þ,
respectively. Figures 5(a) and 5(b) show the gate error E
and the leakage Lj1i as a function of the gate time resulting
from the optimization process for all devices. From the
figure, we observe a decrease in more than two orders of
magnitude in the gate error for our architecture in
comparison with transmon and fluxonium devices. This
improvement arises from the effective cancelation of the
principal leakage channel j1i ↔ j2i in contrast to the
transmon and fluxonium devices, whose control operators
follow a ladder-type structure. In direct comparison with
transmon, our device achieves superior performance owing
to a larger anharmonicity associated with the most relevant
leakage channel, featuring an anharmonicity three times
larger than that observed in transmon. Regarding fluxo-
nium, although its anharmonicity is larger, its matrix
elements and frequency are approximately three times
smaller than those featured by our device. This difference
enables high-fidelity gate operations even with bounded
drive strengths, suppressing counter-rotating errors that
arise at low qubit frequencies. Our optimized dynamics
yield a gate error of approximately 10−7 for an X gate at a
gate time of 5 ns. Furthermore, while we observe a
reduction in leakage, this decrease is less pronounced
than the improvement in gate error. Consequently, we
conclude that for short gate times, leakage may limit the
qubit performance.
It is worth noting that the results presented here

correspond to the unitary limit of the gate simulations
and do not include incoherent errors arising from finite

FIG. 5. (a) Gate error E and (b) leakage Lj1i as a function of the
gate time tg by optimizing the pulse parameters fΩ0; δ; βg
corresponding to the drive amplitude, detuning and DRAG
coefficient, respectively.
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coherence times or other noise sources. The inclusion of
such effects is expected to increase the total error.
However, given the short gate durations and moderate
drive strengths considered, these incoherent contributions
are expected to remain subdominant.

V. READOUT AND ACTIVE RESET

The next step in the characterization of our multimode
qubit corresponds to the study of the dispersive readout
when it is coupled to a transmission line resonator [44]. We
denote as jki and ϵk to the kth states and energies of the
circuit, respectively. In this basis, the Hamiltonian reads

H ¼
X
k

ϵkjkihkj þ ωrâ†âþ ΩðtÞ cosðωrtÞðâ† þ âÞ

þ
X
k;k0

gk;k0 jkihk0jðâ† þ âÞ; (21)

here, gk;k0 ¼ ghkjn̂3jk0i=jh0jn̂3j1ij is the dressed charge
coupling strength for the node f3g and ΩðtÞ the envelope
of the microwave drive used for the readout. We can
simplify the Hamiltonian by expressing it in the rotating
frame with respect to the drive frequency and eliminate
the counter-rotating terms through the rotating wave
approximation, leading to the generalized Jaynes-
Cummings model

HJCM ¼
X
k

ðϵk − ωrkÞjkihkj þ
ΩðtÞ
2

ðâ† þ âÞ

þ
X
k

gkðjkihkþ 1jâ† þ jkþ 1ihkjâÞ: (22)

Considering common resonator characteristics [45],
for a resonator frequency of ωr ¼ 2π × 6.990 GHz, we
obtain cavity-qubit detuning Δ10 ¼ jω1 − ω0 − ωrj ¼
2π × 4.502 GHz, which, for coupling strength g1 ¼ 2π ×
37 MHz and κ ¼ 2π × 1.32 MHz, allows us to operate

in the dispersive regime, where the Hamiltonian is diago-
nal up to second order in the expansion parameter
χ̄1 ¼ g2=Δ10

Heff ¼
X
k

ðϵk − ωrkÞjkihkj þ
X
k

χkjkihkjâ†â

þΩðtÞ
2

ðâ† þ âÞ: (23)

Here, χk ¼
P

l½χ̄k;l − χ̄l;k� is the total dispersive shift
taking into account the multilevel nature of our device,
with χ̄l;k ¼ jgl;kj2=ðϵl;k − ωrÞ being the state-dependent
stark-shift. Notice that for artificial atoms truncated in the
qubit subspace, we obtain the typical Stark-shift of the
form χ1 ¼ χ̄1. Nevertheless, accounting for higher-lying
energy levels modifies the Stark shift to χ1 ¼ g21=Δ10 −
g22=ð2Δ21Þ [46], obtaining a smaller contrast between the
computational states. Figure 6(a) shows the relevant Stark
shift that contributes to χ0 and χ1 to measure the states j0i
and j1i, respectively. Thus, we need to choose the
appropriate node for implementing the readout. Thanks
to the multimode nature of the device, we can choose
different nodes for different operations. In particular in our
device, we set the node f1g for driving purposes while the
remaining could be used for readout by coupling either an
additional resonator with Purcell filters at the qubit
frequency [47]. In light of Fig. 2(a) we see that the matrix
elements of the node f3g have larger values than the
second one, so that the capacitive coupling is stronger
allowing to achieve better contrast χ and consequently
faster readout. To understand how the measurement
works, let us consider the Heisenberg equation of motion
for the cavity operator â. In this scenario, the equation of
motion reads

h ˙̂ai ¼ iχkhâi − κ

2
hâi þ iΩðtÞ; (24)

FIG. 6. (a) Dispersive Stark shift χ̄k;l of the lowest two Difluxmon energy levels as a function of the resonator-drive detuning Δ.
Vertical lines corresponds to the first two energy transition of the artificial atom, where the shift diverges. (b) evolution of the
assignment error of the Difluxmon states for a readout using Gaussian pulse and using DRAG-corrected pulse. (c) Photon number
stored on the resonator as a function of the measurement time for the Gaussian and the DRAG-corrected pulses. The simulation
parameters are given by ωr ¼ 2π × 6.99 GHz, ϵ10 ¼ 2π × 2.5 GHz, g ¼ 2π × 37 MHz, and κ ¼ 2π × 1.32 MHz.
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where κ is the decay rate of the resonator. For a constant
drive, ΩðtÞ ¼ Ω, and the resonator initialized in the
vacuum, we obtain an steady state solution of the form

hâðtÞi ¼ − 4χkΩ
κ2 þ 4χ2k

þ i
2κΩ

κ2 þ 4χ2k
; (25)

which represents the position of the multilevel system in
the IQ plane of the resonator. Thus, different states may
arrive to different points of such plane, which could be
maximized depending on the microwave envelope to
be used. In our case, we consider a pulse of the form
ΩðtÞ ¼ Ω0sin3ðπt=tmÞ, where Ω0 is the pulse strength
and tm ¼ 100 ns is the measurement time. We calibrate
Ω0 ¼ 2π × 35.39 MHz such that the number of photons
stored in the resonator is equal to five at the midpoint of the
dynamics. We characterize the readout process according
to two key criteria: (i) a negligible photon number stored in
the resonator after the readout process, ensuring that the
cavity is effectively empty for reuse, and (ii) minimal
assignment error, such that a qubit initialized in state jgi
(or jei) remains in that state after the readout. Figure 6(b)
displays the photon number in the resonator for initializa-
tions in jgi and jei. From the figure, we observe two key
aspects. First, the resonator is driven in such a way that its
critical photon number n̄crit ≡ ½Δ10=ð2g1Þ�2 ≡ 11 × 103 is
not exceeded. This ensures that the multimode system is
not driven outside the potential, avoiding ionization
phenomena [48], and mitigating the influence of non-
linearities in the measurement outcome [49]. Secondly, we
observe that, although the envelope vanishes at t ¼ tm, the
residual photon number does not decrease during the
readout due to the slow decay rate of the resonator.
Consequently, for an effective use of the multimode qubit
and readout resonator in the described configuration, it is
necessary to implement an active reset mechanism.
The reset mechanism to be analyzed, DRACHMA, is

the same as introduced in Ref. [50] and experimentally
demonstrated Ref. [51], which relies on using DRAG-like
pulses to reverse engineer the resonator’s transfer function,
guaranteeing at the same time reduced leftover photon and
qubit population. The starting point is the input-output
equation of motion for the resonator operator, expressed in
the Fourier domain

iωāðωÞ ¼ iχkāðωÞ − κ

2
āðωÞ þ iΩ̄ðωÞ − ffiffiffi

κ
p

āinðωÞ;

where the bar variables are the Fourier transformed
function, and āinðωÞ is the input field on the transmission
line resonator. We have many input-output relation as
states in our multimode qubit. In our derivation, we will fix
a single value of χk, and the generalization to higher states
is straightforward. In absence of the drive, we write the
input field as

āinðωÞ ¼
1ffiffiffi
κ

p
�
iðω − χkÞ þ

κ

2

	
āðωÞ; (26)

That corresponds to the inverse of the transfer function
of the qubit-resonator transfer function TðωÞ−1jki . If we
choose the drive envelope to be

Ω̄ðωÞ ¼ − iffiffiffi
κ

p
�
iðω − χkÞ þ

κ

2

	
Ω̄trialðωÞ; (27)

where Ω̄trialðtÞ ¼ Ω0 sin3ðπt=tmÞ is a trial function to be
optimized. This selection allows us to obtain zero output
field āðωÞ ¼ 0 at the end of the measurement time when
the system is initialized in the state jki. For correcting
several qubit states, the pulse envelope reads

Ω̄ðωÞ ¼
YN
k¼0

TðωÞ−1jkiΩ̄trialðωÞ; (28)

Figures 6(b) and 6(c) show the evolution of the photon
number and the error assignment ½PðejgÞ þ PðgjeÞ�. We
observe a photon number of hâ†âi ≈ 10−2 at the end of the
readout process demonstrating an empty cavity, which
differs with the hâ†âi ≈ 101 present in the absence of
control. Furthermore, we see a decrease in two orders of
magnitude in the error assignment. More precisely, using
DRACHMA pulses we expect errors of 1.39 × 10−4
and 4.12 × 10−4 for the readout and reset, whereas without
pulse shaping we obtain errors of 9.07 × 10−4 and
27.6 × 10−4 for the readout and reset, respectively.
Additionally, we can also quantify the induced dephasing
rate due to shot noise given by Γ2;m ¼ −2χ0ℑ½αj0iα�j1i� [52]
where αjli is the field amplitude when the qubit is
initialized in the state jli. We observe that with the
DRAG pulse Γ2;m¼2π×0.02233 kHz while without pulse
shaping the dephasing rate is Γ2;m ¼ 2π × 27.14 kHz,
which is again almost two order of magnitude larger than
the one obtained with pulse shaping. Another critical
aspect that has not been analyzed so far is the T1 limit
set by Purcell decay into the readout resonator. For the set
of parameters considered here, the qubit-resonator system
can be assumed to operate well within the dispersive
regime. In this case, the Purcell-induced decay rate can be
estimated as γ ¼ ðgΔÞ2κ [53]. This corresponds to a decay
time on the order of milliseconds, suggesting that Purcell
decay does not constitute a dominant limitation on the T1

time in the present parameter regime.

VI. RESILIENCE TO PARAMETER
FLUCTUATIONS

The proposed device requires a specific parameter
regime in order to exhibit the desirable characteristics
discussed in the previous sections. For that reason, in this
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section we focus on studying how fluctuations in physical
values of the components constituting the circuit, expected
from fabrication inaccuracies, modify the characteristics of
the device. For that purpose, we computed the system
characteristics for multiple circuit instances modifying the
capacitors, Josephson junction energies, and linear induc-
tors, considering normal distributions around the optimal
values for different degrees of standard deviation. In Fig. 7,
we show the variation of the anharmonicity, charge,
and flux dispersion under different degrees of deviation,
compared with transmon and fluxonium devices. We
observe that under reasonable values of deviation expected
from fabrication, the desired characteristics of the device
are preserved, thus accounting for certain fabrication
resilience of the obtained solution. As a proof of concept
on fabrication, in Appendix D section we present a
lithographic proposal of the device, optimized to fulfill
the capacitive relations obtained in the theoretical design
optimization, where the capacitive relations are matched
with an estimated error smaller than approximately 10%.
This capacitive mismatch could also be decreased by
considering the extra capacitance induced by the intro-
duction of the junction and junction arrays to the design, so
that a lower-shooting approach to match the capacitive
relations could be beneficial.

VII. TOWARD SCALABILITY

A crucial aspect to consider when engineering super-
conducting qubits is scalability. Proposals for novel super-
conducting qubits have primarily focused on improving
the coherence time of the computational space by reducing
the charge (flux) matrix elements involving the computa-
tional states. This approach reduces the coupling of the
system to both the environment and other circuit com-
ponents. Although this method effectively improves
coherence, it has the side effect of significantly reducing
controllability. Although this reduction in matrix ele-
ments can be compensated by increasing the driving
strength, it may introduce significant issues such as
heating [54,55] or ionization [56]. Therefore, it is
important to balance the coupling elements so that the
device remains protected yet addressable. This effect is
even more significant when considering two-qubit oper-
ations, as the coupling between the qubits decreases
quadratically with the reduction in matrix elements.
This is a crucial limiting factor in scaling protected
devices such as (heavy) fluxonium or zero-π, which
ultimately rely on the application of CPhase operations
that also lead to parasitic interactions [19]. Conversely,
for the transmon, the large matrix elements facilitate its
coupling to other qubits; however, its relatively limited T1

times constrain the total coherence times.
As an illustrative example, we consider the cross-

resonance gate in fixed-frequency architectures. In trans-
mon qubits, large charge matrix elements yield strong XZ
interactions but also sizable static ZZ terms that produce
crosstalk. The Difluxmon qubit instead exhibits charge
matrix elements approximately a factor of two smaller than
those of a transmon, while remaining about three times
larger than in experimentally demonstrated fluxonium
implementations [57]. This intermediate regime is
expected to mitigate static ZZ interactions while still
allowing fast two-qubit gates, at the cost of moderately
increased drive amplitudes.
The balance found for the matrix elements of the qubit

proposed here takes a step forward toward finding proper
configurations suitable for the implementation of two-
qubit operations, while maintaining sufficiently relevant
anharmonicity and coherence times, thereby decreasing
the ratio between the gate time and the total coher-
ence time.

VIII. CONCLUSION

In this article, we have presented a qubit based on a
multimode superconducting circuit operated in a specific
parameter regime, which we refer to as the Difluxmon
qubit. We have compared its characteristics with two of the
most extensively studied superconducting qubits, trans-
mon and fluxonium. We have demonstrated that the
characteristics of the Difluxmon qubit achieve a balance

FIG. 7. Resilience to parameter fluctuations simulation. Mean
values and standard deviation of (a) anharmonicity αij, (b) energy
dispersion for 10−2Φ0 flux fluctuations δωflux

01 , and (c) energy
dispersion for e− charge fluctuations δωcharge

01 ; for 500 circuits
instances with values taken from a normal distribution around the
optimal physical values considering different standard deviation
σ of the normal distributions.
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between transmon’s controllability and resilience to
dephasing effects, and fluxonium’s anharmonicity and
resistance to depolarization. To quantify this performance,
we consider usual coherence times and microwave charge
control gate times for π rotations with error E < 10−6.
Considering transmon coherence and gate times of
(T2 ∼ 200 μs, tg ∼ 20 ns) [58], we compute a fundamental
limit of operations to be T2=tg ∼ 104. Similarly for
fluxonium systems, reasonable coherence and gate times
(T2 ∼ 800 μs, tg ∼ 10 ns) [25] would lead to T2=tg ∼
8 × 104, offering an eightfold improvement over transmon.
For the device presented here, we estimate coherence and
gate times (T2 ∼ 400 μs, tg ∼ 2 ns) leading to T2=tg ∼
20 × 104, offering more than a twofold improvement over
fluxonium device. This comparison does not account for
additional critical factors, such as coupling to neighboring
qubits, readout performance or other gate schemes, such
as flux controlled gates. However, based on the computed
matrix elements, we expect the Difluxmon qubit to
perform at least equally than other depolarization-resistant
qubits. Future studies should focus on evaluating the
experimental feasibility of the device—some prospects
for which are discussed in Appendix D—including other
possible decoherence channels that could limit the coher-
ence time, as well as its scalability and the performance of
two-qubit operations.
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APPENDIX A: HAMILTONIAN DERIVATION

The Lagrangian description of the circuit presented in
Fig. 1(a), considering node f0g as reference, is given by

L̂ ¼ 1

2
ϕ̇TCϕ̇ − 1

2
ϕTL−1ϕþ Eb0

J cos
�
2π

Φ0

ϕ̂1

�

þ Eb5
J cos

�
2π

Φ0

ðϕ̂2 − ϕ̂3Þ
�
; (A1)

where ϕT ¼ ðϕ̂1; ϕ̂2; ϕ̂3Þ is the flux-node vector. The
capacitance and inductance matrices are given by

C¼

0
B@
Cb0 þCb3 þCb4 −Cb3 −Cb4

−Cb3 Cb1 þCb3 þCb5 −Cb5

−Cb4 −Cb5 Cb2 þCb4 þCb5

1
CA

and

L−1 ¼

0
B@

1=Lb4 0 −1=Lb4

0 0 0

−1=Lb4 0 1=Lb2 þ 1=Lb4

1
CA:

Performing a Legendre transform, we can obtain the
Hamiltonian of the system, given by

Ĥ ¼ 1

2
qTC−1qþ 1

2
ϕTL−1ϕ − Eb0

J cos
�
2π

Φ0

ϕ̂1

�

− Eb5
J cos

�
2π

Φ0

ðϕ̂2 − ϕ̂3Þ
�
: (A2)

By performing the change to dimensionless variables
q̂ ¼ −2e n̂ and ϕ̂ ¼ Φ0

2π φ̂, we can rewrite

Ĥ ¼ 4 nTEC nþ 1

2
φTEL φ − Eb0

J cosðφ̂1Þ

− Eb5
J cos ðφ̂2 − φ̂3Þ; (A3)
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with ½EC�ij ¼ e2
2
½C−1�ij and ½EL�ij ¼ ðΦ0

2πÞ2½L−1�ij. In order
to complete the description, we should include the effect of
external biases on the system. In every node of the system
Ni with i∈ f1; 2; 3g we may experiment an external
charge bias ½ngext �i. Considering this bias to be static in
time, we can always make a proper choice of gauge to
eliminate it in “flux-like” degrees of freedom [59],
keeping only the contribution to the “charge-like” degree
of freedom of our system N2, so that we can represent its
effect by making the substitution n̂2 → n̂2 þ ngext in the
Hamiltonian description in Eq. (A3). For the introduc-
tion of the external flux effect to the model, we should
consider every inductive loop in the system. The single
inductive loop in the device is the one produced by the
series connection of the branches fb0; b4; b2g. To reflect
the effect of external magnetic flux bias threading the
loop we include an extra static constant φext in the linear
inductor term of the branch b2, selected as the one
closing the loop. All the described effects can be
modeled, including the term

Ĥext ¼ 8ð½EC�11n̂2 þ ½EC�01n̂1 þ ½EC�12n̂3Þngext
þ ½EL�b2 φ̂3 φext; (A4)

to the Hamiltonian description in Eq. (A3).

APPENDIX B: NUMERICAL SIMULATION

To implement the Hamiltonian numerically, we dis-
tinguish between charge-like or periodic modes, and
flux-like or extended modes. The former ones are
represented in the so-called charge basis where operators
are represented as

n̂ ¼
XNc

n¼−Nc

njnihnj;

cosðφ̂Þ ¼
XNc

n¼−Nc

1

2
ðjnþ 1ihnj þ jnihnþ 1jÞ;

sinðφ̂Þ ¼
XNc

n¼−Nc

1

2i
ðjnþ 1ihnj − jnihnþ 1jÞ:

(B1)

Additionally, for the estimation of the coherence times
due to quasiparticle tunneling effects, we need to redefine
the charge and the phase operator, where instead of
representing number and tunneling of Cooper pairs,
now it represents the number and tunneling of electrons
jnSEi [35]. In this representation, the relevant operators are
expressed as follows

n̂ ¼
XNE;c

n¼−NE;c

nSEjnSEihnSEj;

cosðφ̂Þ ¼
XNE;c

n¼−NE;c

1

2
ðjnSE þ 2ihnSEj þ jnSEihnSE þ 2jÞ;

sinðφ̂Þ ¼
XNE;c

n¼−NE;c

1

2i
ðjnSE þ 2ihnSEj − jnSEihnSE þ 2jÞ;

cos
�
φ̂

2

�
¼

XNE;c

n¼−NE;c

1

2
ðjnSE þ 1ihnSEj þ jnSEihnSE þ 1jÞ;

sin
�
φ̂

2

�
¼

XNE;c

n¼−NE;c

1

2i
ðjnSE þ 1ihnSEj − jnSEihnSE þ 1jÞ:

(B2)

On the other hand, to obtain the numerical representa-
tion of the flux operator for modes represented in the
charge basis, we obtained an expression relating the flux
operator of the mode with all the charge operators of the
device, computing the commutator [12]

hij½φ̂m; Ĥ�jji ¼ ℏωijhijφ̂mjji ¼
X
k

8i½EC�kmhijn̂kjji

For the implementation of operators representing flux-
like modes, we made use of the harmonic oscillator basis,
considering the linear part of each mode to construct the
numerical representation of the operators by means of
creation and annihilation operators such that

n̂m ¼ iffiffiffi
2

p
� ½EL�mm

8½EC�mm

�1
4ðb̂m − b̂†mÞ

φ̂m ¼ 1ffiffiffi
2

p
�
8½EC�mm

½EL�mm

�1
4ðb̂m þ b̂†mÞ

(B3)

In order to assure convergence of the numerical results,
convergence test was conducted, leading to consider the
cutoffs of Nc ¼ 20 for charge-like modes and Nf ¼ 41 for
flux-like modes.

APPENDIX C: WAVE FUNCTION
REPRESENTATION

As described in the numerical methods section, the
representation of the system is performed expressing the
periodic mode two in charge basis N∈ ½−Nc; Nc�, and
extended modes one and three in Fock basis fn;mg∈
½0; Nf �. To go from the original eigenstates obtained from
diagonalization jΨi ¼PnNm CnNmjnijNijmi to the flux
space representation, we use

ψðφ1;φ2;φ3Þ ¼
X
n;N;m

CnNmhφ1jnihφ2jNihφ3jmi; (C1)
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where flux space representation of Fock states is given by

hφijki ¼
1ffiffiffiffiffiffiffiffiffi
2kk!

p
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½EL�ii
8½EC�ii

s
1

π

!1
4

e
−
ffiffiffiffiffiffiffiffi
½EL �ii
8½EC �ii

q
φ2
i
2

×Hk

�� ½EL�ii
8½EC�ii

�1
4

φi

�
;

(C2)

for i∈ f1; 3g and k∈ fn;mg. The representation of the
charge states in flux space is given by the discrete Fourier
transform

hφ2jNi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nc þ 1

p
X
N

eiφ2
N

2Ncþ1: (C3)

Similarly, to obtain the charge-space wave functions ϕi
we perform the Fourier transform of the obtained flux
space representation. For the projections depicted in
Figs. 1(b) and 1(c), we used φ1;3 ∈ ½−5π=2; π=2� and
φ2 ∈ ½0; 2π� and traced out one of the dimensions to get
a two-dimensional representation.

APPENDIX D: LITHOGRAPHIC
IMPLEMENTATION

In the optimization process, special attention was put
into evaluating designs in a range of physical parameters
possible to implement in an experimental setup. As a proof
of concept on the possibilities of fabrication of the device,
here we propose a lithographic implementation of the
system. The geometry was optimized using evolutionary
optimization methods to best suit the capacitive relations
between circuit islands, still taking into consideration
usual fabrication constraints. The procedure consisted of
generating different parameterized geometrical layouts,
which were optimized using evolutionary methods,
numerically computing the capacitive relations between

islands using a fast field solver [60,61], and optimizing the
parameters looking to match the capacitive relations of the
theoretical design. For the evaluation of the degree of
similarity between the theoretical and the lithographic
design, the Frobenius norm of the matrix difference

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

ij ðCtheo
ij − Clitho

ij Þ2
q

was chosen. For simple geo-

metrical designs, such as the one shown in Fig. 8,
similarities of around γ ≈ 8.5 fF were achieved, showing
that the device expresses realistic capacitive relations for
experimental setups.

APPENDIX E: EVOLUTIONARY ALGORITHM

The task of identifying superconducting architectures
exhibiting specific system characteristics can be described
as a double optimization over both discrete and continuous
parameter spaces. The algorithm must find suitable topol-
ogies by changing the arrangement (discrete) of the circuit
component while finding the optimal circuit parameters
(continuous) such that the device gives rise to the targeted
features. This problem is computationally demanding
because the discrete exploration needs to be constructed
such that it discards configurations with not available
circuit Hamiltonian, i.e., we need to eliminate frozen and
free terms corresponding to nodes where more than one
inductor/capacitor are connected [62]. Another consider-
ation relies on the exponential increase in the Hilbert space
with the number of nodes, which makes such exploration
intractable by brute-force methods.
To address this problem, we adopt an evolutionary

optimization approach following the guidelines presented
in Ref. [24]. Further technical details and numerical
convergence analyses can be found in that reference.
However, for completeness, we provide a qualitative
description here. The goal of the algorithm is to find a
circuit topology T and its correspondent component
values PT that best match the requirements established
by the cost functionF . The cost function used to tackle the
optimization problem consisted of four terms

d1 ¼
1

min
�jω01−ωijj

ω01
þ ϵ
� for



i∈ f0; 1g
j > i

; (E1)

d2 ¼ jmax ðjh0jn̂pj1ij − 1Þj for p∈ f1;…; N − 1g;
(E2)

d3 ¼

��� ∂ω01

∂φext

���
φext¼0.5−δφext

ξφext

; (E3)

d4 ¼

��� ∂ω01

∂ng

���
ng¼0.5−δng
ξng

; (E4)

FIG. 8. Proposed lithographic implementation for the opti-
mized device. Lumped-element description of the device (top)
followed by the geometric design (bottom) with indicated:
nodes Ni, links between islands, driving and readout points.
The colored part represents the optimized geometry, while the
white parts act as schematics of branches and driving/readout
structures.
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where ωij ¼ ωj − ωi are frequency differences between
levels, ϵ is a correction term to avoid divergence, n̂p is the
charge operator of node p, N is the total number of nodes,
δφext ¼ 0.01 and δng ¼ 0.25 represent external magnetic
flux and charge fluctuations, and ξφext

¼ 10 MHz and
ξng ¼ 10 kHz are normalization factors obtained from
reference magnetic flux and charge dispersion values.
The total cost function to minimize is given by
F ¼Pi d

2
i . The circuit structure considered for the

optimization is the one depicted in Fig. 9, where we have
established all-to-all connectivity between superconduct-
ing islands, assuming always a capacitive coupling, and
either a linear and(or) nonlinear inductor connection. The
physical values of the circuit components were constrained
to fabrication capabilities, to avoid unrealistic capacitive
relations or extreme component values, complicating
fabrication and reproducibility [63]. The optimization
results were furthermore restricted to systems including
three modes, discarding configurations expressing a lower
number of modes. The recombination process was per-
formed by properly combining suitable modes of the
parent configurations, to obtain a resulting circuit with
characteristics similar to the previous configurations.
Mutations were performed over the circuit components
and their physical values, by properly choosing the
probability of mutation p. The obtained solutions were
observed not to represent global minima of the cost
function but rather local solutions. While these solutions
did not fully meet the cost function requirements, they
showed resilience under small deviations in the continuous
optimization parameters.
The optimization of the system relies on targeting the

low energy sector of the physical device. The algorithm
computes the characteristics of the system in terms of node
variables and then takes the lowest energy mode, best
matching the characteristics targeted, and combines it with
other higher-energy ones. As the algorithm works in terms
of node variables, to fully include one mode, it needs to
include all circuit components connected to the most
optimal node. The low energy modes are usually observed

as dispersively coupled to the rest of the system modes,
although the large coupling values make this assumption
intractable in many cases, for that reason the optimization
procedure remains under investigation.
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