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We employ the Boltzmann transport approach to derive the spontaneous Nernst coefficient for
ferromagnetic metals, explicitly treating the transverse current density due to Berry curvature as a Fermi
surface property. We find that the spontaneous Nernst coefficient is proportional to the inverse of the
scattering time constant, implying that efficient spontaneous Nernst materials should exhibit relatively
strong scattering, a stark contrast to ordinary Nernst materials. Furthermore, we establish a direct
connection between the strength and sign of the spontaneous Nernst coefficient and the itinerant
contribution to orbital angular momentum density arising from the Bloch bands. Finally, we construct a
rigid two-band model to evaluate the thermoelectric coefficients by which we find a good agreement with
the signs and orders of magnitude of the experimental coefficients of magnetic 3d transition metal
ferromagnets. We finally propose some practical recipes for maximizing the spontaneous Nernst effect
through electronic band structure tailoring.
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I. INTRODUCTION

The spontaneous or anomalous Nernst effect of metallic
ferromagnets is currently an active topic of research with
possible applications to the design of heat harvesters, heat
flux sensors, and active cooling devices [1–4]. Among the
relevant materials, we find MnBi [5,6], Fe3Ga [7,8],
Ni2MnGa [9], and Co2MnGa [10,11], and transition
metal—rare earths compounds (Nd2Fe14B, SmCo5, and
Sm2Co17) [12]. In these systems, one has the coexistence
of: (i) relatively strong Nernst effects and (ii) hard mag-
netic properties, able to permit to the device to work at the
remanence without the need of an additional applied
magnetic field. Unfortunately, the figure of merit for the
spontaneous Nernst effect is still orders of magnitude
below the ordinary Nernst one (zT ∼ 1) and an effort in
terms of search of new compounds or material optimiza-
tion is therefore needed [13]. However, the direction to
follow in order to optimize the active materials is not
clear yet.
The spontaneous Nernst effect of ferromagnets shares

its microscopic origin with the spontaneous Hall effect
[14]. This spontaneous contribution, typical of ferromag-
nets, is often called anomalous because it is not due to the

Lorentz force like the ordinary one. The striking difference
between spontaneous and ordinary effects is in the differ-
ent dependence on electron scattering. While for the
ordinary Hall effect, the transverse electrical resistivity
ϱH;xy is an intrinsic, scattering independent, parameter,
for the spontaneous effect it is the transverse electrical
conductivity σs;xy, which is intrinsic and scattering inde-
pendent [15]. The origin of the spontaneous effect has been
debated for decades [15–17]. Traditionally, it has been
interpreted in terms of different contributions: intrinsic
[18], side jump [19], and skew scattering [20,21]; however,
their relative importance remained elusive. The easiest
contribution to disentangle is the skew scattering because
it depends on τc. If we limit to metals characterized by
diffusive transport with relatively short mean free path
(i.e., with conductivities σe < 108 Ω−1 m−1), it is essen-
tially suppressed [15,22,23]. The other two effects, intrin-
sic and side jump, are difficult to disentangle because both
are scattering independent. Recently, it has been clarified
that the spontaneous transverse conductivity of ferromag-
nets, together with the spin Hall effect of metals and others
transverse effects [24], is related to the Berry curvature of
Bloch bands, a property accessible to first-principle band
structure calculation methods. Regarding the traditional
subdivision into intrinsic and side jump mechanisms, it has
been shown that both are related to the Berry curvature and
independent of disorder [25,26]. Their relative relevance is
then probably related to the transport model used. The
modifications needed to the Boltzmann transport picture in
order to account for the side jump have been described in
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Ref. [27]. By using the Kubo picture, Ref. [28] found that
the side jump is irrelevant with respect to the other two,
while Ref. [23] found that it is only a minor contribution at
least for transition metal. The results obtained by comput-
ing the anomalous Hall conductivity σs;xy by the tight
binding [29,30] or by the spin density functional theory
(DFT) [31–33] showed good agreement with the experi-
ments. A similar approach has been applied to compute the
anomalous Nernst conductivity αs;xy, which is related to
the energy dependence of σs;xy [8,23,34,35], also showing
good agreement with experiments [22,36]. However, this
success has not led to find materials with an optimized
Nernst effect yet.
In the most general case (independently of the ordinary

or spontaneous origin), the figure of merit, zT , of trans-
verse thermoelectrics is not related to Nernst conductivity
αxy, but rather to the Nernst coefficient εN given by

εN ¼ σxyαe − σeαxy
σ2e

; (1)

where αe is the longitudinal thermoelectric conductivity
and σe is the longitudinal electric conductivity [37]. The
Nernst coefficient εN is the quantity actually measured in
experiments, and the studies aimed at the verification of
the fundamental theories on the transverse thermoelectric
conductivity αxy have to derive its value from the meas-
urement of the other four coefficients of Eq. (1) [38,39].
Considering the efficiency of transverse thermoelectrics,
the point is that the Nernst coefficient εN is not scattering
independent, and in order to find its connection with
material properties, one has to study the scattering proc-
esses. Transport theories, including the effects of the Berry
phase, have been discussed by Sinitsyn [27] and by Onoda
et al. [40], but the Nernst coefficient εN and the figure of
merit were not explicitly worked out. Recently, Wang et al.
[41] have used a heat-bath approach to derive the trans-
verse thermal transport in the presence of inelastic scatter-
ing, but they have mainly focused their approach to the
determine the anomalies on the Wiedemann-Franz ratio.
In the present study, we address the problem of deriving

the spontaneous Nernst coefficient of ferromagnetic metals
εsN by using the Boltzmann transport approach [42,43]. To
our aims, we then limit, in the present work, to consider the
standard Boltzmann transport picture in which the trans-
verse effects arise from the spontaneous velocity term as a
direct consequence of the Berry curvature of the Bloch
bands [15]. In this way, we may loose some detailed effect
due to specific scattering sources giving rise to side jump
and skew scattering effects, but we are able to grasp the
main physics, which is lying behind the transverse electron
transport in ferromagnets. The central steps in our deri-
vation are to write the transverse current density due to the
Berry curvature of the bands as a Fermi surface property, a
fact already noted by several authors [14,44,45] but not

exploited to derive an expression for εsN. As a first result,
we find that the spontaneous Nernst coefficient εsN
is proportional to the inverse of the scattering time
constant τc. This fact is seen by using the Mott’s expres-
sion for the thermoelectric conductivity

αi ¼ −
�
kB
e

�
π2

3
kBT

∂σi
∂ϵ

; (2)

which is valid either for longitudinal (i ¼ e) or for trans-
verse (i ¼ xy) effects and relates them to the energy
dependence of the corresponding electrical conductivities.
This relation immediately permits to write

εl;N ¼
�
kB
e

�
π2

3
kBT

∂
∂ϵ

�
σl;xy
σe

�
; (3)

where l ¼ H is for the ordinary effect and l ¼ s is for the
spontaneous effect. σe is proportional to the scattering time
constant τc, while, the spontaneous effect, σs;xy is intrinsic.
Therefore, efficient spontaneous Nernst materials should
be found among magnetic materials with relatively strong
scattering. This result contrasts with what is found for the
ordinary Nernst effect (under magnetic field) for which
efficient ordinary Nernst materials have to be found among
materials with reduced scattering. Indeed, in that case, the
Hall conductivity σH;xy is proportional to τ2c and the Nernst
coefficient results to be proportional to τc [37].
As a second result, we draw the connection between the

spontaneous Nernst coefficient εsN and the properties of the
Bloch bands giving rise to σs;xy through the Berry curvature.
We are able to show that the spontaneous transverse
conductivity is directly related to the density of orbital
angular momentum due to the Bloch bands lb. The presence
of an orbital angular momentum for Bloch electrons is well
known in ferromagnets because it gives a small additional
contribution to the magnetization (in addition to the spin)
[46] and is the source of magneto-crystalline anisotropy
[47]. One part of the orbital angular momentum, la, is
formed at the atomic sites, but another part, lb, is due to the
Berry curvature of the Bloch bands and is itinerant in
character [48,49]. We discuss a reasonable assumption that
we call the third Hund’s rule for Bloch states, to understand
the placement of the large la and lb states inside energy
bands of ferromagnets, and we justify our assumptions by
using a simplified two bands tight binging model. By
making a rigid band model for 3d ferromagnets, we derive
a recipe for the possible maximization of the Nernst effect
by electronic band structure tailoring.
The paper is organized as follows. In Sec. II, we

introduce the phenomenology of the transverse thermo-
electric effects (called also thermomagnetic effects); in
Sec. III, we discuss the Boltzmann transport approach in
the presence of the Berry curvature of the Bloch states
and we demonstrate the Fermi surface properties of the
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spontaneous transverse kinetic coefficients. In Sec. IV, we
show the dependence of the thermoelectric and thermo-
magnetic coefficients and of the figure of merit on the
scattering time constant, and in Sec. V, we discuss the sign
and the order of magnitude of the Nernst effect in
transition metal ferromagnets. Finally, in Sec. VI we try
to give predictions for the optimization of the Nernst effect
within the series of 3d ferromagnets and discuss the
possible extensions to other magnetic metals.

II. THERMOMAGNETIC EFFECTS

In the presence of a magnetic field or of a spontaneous
magnetization, we have the appearance of transverse

transport effects called thermomagnetic effects. With the
magnetic field and the magnetization along the z axis, we
can describe the thermoelectric effects in the plane ðx; yÞ.
We get therefore a matrix relating the two in plane
electrical current densities, je;x and je;y, and the two heat
current densities, jq;x and jq;y, to the gradients of the
electrochemical potential μe and of the absolute temper-
ature T. The number of independent kinetic coefficients is
reduced because of the Onsager reciprocal relations
[43,50,51]. For an isotropic metal (anisotropic metals
are reviewed in Refs. [52,53]), we get

0
BBB@

je;x
je;y
jq;x
jq;y

1
CCCA ¼

0
BBB@

σe

�
1 −θH
θH 1

�
σeεe

�
1 −θN
θN 1

�

σeεeT
�

1 −θN
θN 1

�
κe

�
1 −θR
θR 1

�
1
CCCA

0
BBB@

−∂xμe
−∂yμe
−∂xT
−∂yT

1
CCCA; (4)

where σe is the electric conductivity, εe is the thermopower
and κe is the thermal conductivity at constant electro-
chemical potential. To describe the transverse effects, we
have introduced the Hall angle θH, the Nernst angle θN,
and the Righi-Leduc angle θR. The angle θi depends on the
magnetic field or on the magnetization and appear in the
four (x; y) small-angle rotation submatrices of Eq. (4). The
kinetic coefficients are the matrix elements relating cur-
rents and forces. They can be either computed by using
statistical approaches for the electron transport such as the
Boltzmann equation [42,43] or determined experimentally.
The measurable effects depend on the thermodynamic
condition imposed (see Fig. 1). The electric conductivity
σe ¼ je;x=ð−∂xμeÞ (unit Ω−1 m−1) is defined under iso-
thermal conditions ∂xT ¼ 0. The thermopower εe (unit
VK−1) is defined as εe ¼ ∂xμe=ð−∂xTÞ and measured
under je;x ¼ 0. The longitudinal thermoelectric conduc-
tivity is given by their product αe ¼ σeεe. The thermal
conductivity, defined as κ ¼ jq;x=ð−∂xTÞ under je;x ¼ 0,
includes all the contributions: electrons, phonons, mag-
nons, and so on κ ¼ κðeÞ þ κðpÞ þ κðmÞ þ � � �. The elec-
tronic contribution to the thermal conductivity, κðeÞ, is
related to the kinetic coefficient κe appearing in the matrix
[Eq. (4)] as κðeÞ ¼ κe − σeε

2
eT. To derive the expressions

for the transverse effects, we disregard any term in θ2i as
small. Under isothermal conditions, we get, with je;y ¼ 0,
the transverse resistivity ϱxy ¼ −∂yμe=je;x (unit Ωm). The
ordinary Hall effect is characterized by an intrinsic trans-
verse resistivity ϱH;xy, proportional to the magnetic field.
The spontaneous Hall effect of ferromagnets is charac-
terized by an intrinsic transverse conductivity σs;xy. There-
fore, in the presence of the two effects, we get

ϱxy ¼ ϱH;xy − σs;xy
σ2e

: (5)

The isothermal Nernst coefficient or thermomagnetic
power (unit VK−1) is defined as εN ¼ −∂yμe=ð−∂xTÞ
under ∂yT ¼ 0 and je;x ¼ 0. The relation of εN with the
other coefficients is Eq. (1), i.e.,

y

x

- y e

y

- x e

- xT

y

x
m, H je,x

- y e

x

- xT

y

x
je,x

- x e

m, H

conductivity

Hall

Seebeck

Nernst

FIG. 1. Measurement conditions to determine the thermoelec-
tric transport coefficients: the two longitudinal i.e., the conduc-
tivity σe ¼ je;x=ð−∂yμeÞ and the Seebeck thermopower
εe ¼ ∂xμe=ð−∂xTÞ, and the two transverse, i.e., the Hall resis-
tivity ϱxy ¼ ð−∂yμeÞ=je;x and the Nernst coefficient
εN ¼ ð−∂yμeÞ=ð−∂xTÞ.
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σeεN ¼ σxyεe − αxy; (6)

where σxy ¼ σeθH and the transverse thermoelectric con-
ductivity is αxy ¼ σeεeθN . The efficiency of the thermo-
electric devices is determined by the dimensionless figure
of merit

zT ¼ σeε
2
i T
κ

; (7)

which is valid for both longitudinal i ¼ e and transverse
i ¼ N effects. Large zT corresponds to efficiency close to
the Carnot value [37]. To find paths for material optimi-
zation, one has to derive the relation between zT and the
microscopic parameter. In this paper, we aim to clarify this
connection for transverse spontaneous effects.

III. BOLTZMANN TRANSPORT FOR METALS

A. Transport of Bloch electrons

The theory of Bloch electrons in crystals is based on the
description of the single-electron wavefunction as
ψn;kðrÞ ∝ expðik · rÞun;kðrÞ given by a plane wave multi-
plied by a lattice periodic function un;kðrÞ. The quantum
numbers of the Bloch electrons are therefore the band
index n and the wavenumber k defined in the Brillouin
zone of the crystal. The equilibrium properties are fully
described by the knowledge of the energy of the bands
ϵnðkÞ and by the Fermi Dirac distribution function
f0 ¼ ð1þ expðϵ − μÞ=kBTÞ−1, where μ is the Fermi
energy. The nonequilibrium properties, in the presence
of a driving force, can be described by the change of the
parameter k in time. This change persists until some
scattering or collision process is able to bring the electron
state back to the equilibrium distribution. The competition
between these two effects is described by the Boltzmann
transport equation [42,43,54] giving the space and time
evolution of the nonequilibrium distribution function
fðk; r; tÞ. The equation is

df
dt

¼ ∂f
∂t

����
collisions

: (8)

The collision term at the r.h.s of Eq. (8) can be evaluated,
for example, in the relaxation time approximation

∂f
∂t

����
collisions

¼ − f − f0
τc

; (9)

where τc is the relaxation time describing all the collision
effects (see Ref. [55] for possible extensions beyond the
relaxation time approximation). The effective force driving
the system out of equilibrium is hidden inside the total
time derivative at the left hand side of Eq. (8). For
stationary states, ∂f=∂t ¼ 0, and considering the

Lorentz force F ¼ e∂rϕe − ev ×B (∂r is the gradient in
real space) acting on the Bloch electrons, where ϕe is the
electrostatic potential andB is the magnetic field, one gets,
by standard methods [42,43], the solution

f − f0 ¼ τv ·
�
Feff þ eτcB ×

�
1

m�

�
Feff

��
− ∂f0

∂ϵ

�
;

(10)

where ð1=m�Þ is the inverse of the effective mass tensor
defined as

1

m�
ij
¼ 1

ℏ2

∂2ϵ
∂kj∂ki

: (11)

The previous solution is valid for low magnetic fields,
i.e., with eBτc=m� ≪ 1. The effective force is

Feff ¼ −eð−∂rμeÞ þ ðϵ − μÞ
�
− ∂rT

T

�
; (12)

where μe ¼ ϕe − μ=e is the electrochemical potential. The
change of the wavenumber is therefore expressed in terms
of the effective force as

ℏ
∂k
∂t

¼ Feff − ev ×B: (13)

In writing the previous equations, we have dropped the
band index n for compactness.

B. Velocity of Bloch electrons

As a next step, in other to address the transport
properties, one has to derive the Bloch electron velocity
v given by the commutator of the position operator with
the Hamiltonian ℏv ¼ i½H; r�. It was not realized until
recently that in out-of-equilibrium dynamic conditions the
velocity has two terms [14,15], because the position
operator r acts as i∂k on both the coefficients of the
wavepacket, giving rise to the well-known group velocity,
vg ¼ ð1=ℏÞ∂kϵn (∂k is the gradient in reciprocal space),
and the lattice periodic functions, un;kðrÞ, giving rise to the
additional transverse velocity term, called spontaneous
velocity. The result is

v ¼ vg −Ωn

ℏ
× ℏ

∂k
∂t

; (14)

where we have recovered the band index n. We see that
the additional term is proportional to the time derivative
of the wavenumber k; therefore, it is nonzero only
under dynamic conditions. The proportionality factor
Ωn ¼ ∂k × rn is a gauge independent vector field called
Berry curvature (with unit m2), given by the curl of the
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Berry connection rn (with unit m, often called An in the
literature) defined as

rn ¼ ihunj∂kuni: (15)

The connection rn is a gauge dependent quantity, i.e., its
value depends on the arbitrary choice of the phase factor
multiplying the wavefunction juni. rn has the unit of a
length, and it can be seen as an intrinsic displacement of
the position of the Bloch electron. Being gauge dependent,
its consequences can be seen only in the physical effects

that eliminate the arbitrary gauge choice, for example: in
the presence of electron trajectories running along closed
paths in the k-space, giving rise to the acquisition of a
geometrical Berry phase, or in the case of the electron
transport, involving directly the Berry curvature.
Geometrically, Ωn can be seen as the curvature of the
Hilbert space of the periodic part of the Bloch states juni as
a function of their k-space mapping [56,57]. If we
compose the system of Eqs. (14) and (13), we can derive
the velocity v and ∂k=∂t as a function of the group velocity
and of the effective force

�
v

∂k=∂t

�
¼ 1

1þ ðe=ℏÞB ·Ωn

�
1 −Ωn×

ðe=ℏÞB× 1

��
vg

Feff=ℏ

�
: (16)

Then, with jðe=ℏÞB ·Ωnj ≪ 1 we can approximate the
velocity as

v ≃ vg −Ωn

ℏ
× Feff : (17)

C. Current densities

The current density of the physical quantity Q is given
by the integral

jQ ¼ 1

ð2πÞ3
X
n

Z
vk

Qv fd3k; (18)

where vk is the volume of the Brillouin zone, the sum is
over all the bands and f is the nonequilibrium distribution
function. For the electric current je, we use the charge
Q ¼ −e, while for the heat current jq we useQ ¼ ðϵ − μÞ.
The velocity v has the two terms given by Eq. (17). Then,
also the current density is the sum of two terms
jQ ¼ jQ;c þ jQ;s, a conventional term jQ;c and a sponta-
neous term jQ;s. The conventional term is obtained by
taking the group velocity and considering that the isotropic
part of the distribution [see Eq. (10)] gives no contribution.
What remains is

jQ;c ¼
1

ð2πÞ3
X
n

Z
vk
Qvg ðf − f0Þd3k: (19)

With kBT much smaller than the typical energy band
width, the derivative of the Fermi distribution −∂f0=∂ϵ of
Eq. (10) is sharply peaked at the Fermi level ϵ ¼ μ and we
can make use of the Sommerfeld expansion to transform
Eq. (19) in a Fermi surface integral. By transforming the
integral over the Brillouin zone volume vk as an integral
over the energy and an integral over the surface Σk, one
writes

Z
vk

…d3k ¼
Z �Z

Σk

…
1

ℏvg
d2k

�
dϵ; (20)

where vg is the modulus of the group velocity. The density
of states (DOS) DN ¼ ∂N=∂ϵ

DN ¼ 1

ð2πÞ3
X
n

Z
ΣF

1

ℏvg
d2k; (21)

(unit J−1 m−3, N is the volume density of electrons) is a
Fermi surface integral with the integrand of Eq. (20) equal
to one. When the integrand of Eq. (20) depends on the
energy, it must be expanded in powers of ζ ¼ ϵ − μ.
The result reduces to Fermi surface integrals in which
the power zero contributes one, the power one does not
contribute and the power two contributes as ðπ2=3ÞðkBTÞ2.
The simplest example is the electric conductivity tensor
corresponding to power zero and given by the integral

σe;ij ¼
�
e2

h

�
1

ð2πÞ2
X
n

Z
ΣF

τcvg;ivg;j
vg

d2k; (22)

where ðe2=hÞ ≃ 38.7 · 10−6 Ω−1 is the conductance con-
stant so that the remaining factor of Eq. (22) has unit m−1.
The conductivity explicitly depends on the integrand,
which is proportional to the time constant τc evaluated
at the Fermi surface.
The spontaneous term of the current density is obtained

by taking the spontaneous velocity and considering that
the anisotropic part of the distribution, Eq. (10), gives a
second-order contribution in the effective force that can be
neglected. What remains is

jQ;s;i¼ ϵijk

�
−1

ℏ
1

ð2πÞ3
X
n

Z
vk
QΩn;jFeff;kf0d3k

�
; (23)
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where ϵijk is the totally antisymmetric Levi-Civita tensor.
Again, with kBT small, we can use the Sommerfeld
expansion of f0 and show that Eq. (23) can be transformed
into an integral up to the Fermi level (the occupied states)
of the expansion in powers of ζ of the integrand. However,
as the integrand contains Ωn;j, which is a curl in the k
space, we can show that also for the spontaneous effects
the current density can be written as Fermi surface integral
[44]. By making again the example of the conductivity,
we can write the constitutive equation in vector form as
je;s ¼ σs × ð−∂rμeÞ by using the spontaneous transverse
conductivity as the vector

σs ¼ −
�
e2

h

�
1

ð2πÞ2
X
n

Z
vF

Ωnd3k: (24)

Also in this case, we choose to factor out the conduct-
ance constant ðe2=hÞ and we are left with the remaining
factor with unit m−1. To transform the Fermi volume
integral of Eq. (24) into a Fermi surface one, we select one
component of the curvature, say the z component Ωn;z, and
slice the Brillouin zone along the ðkx; kyÞ plane at given kz.
In this way, it is possible to transform the volume integral
into a surface integral over the ðkx; kyÞ slice of the surface
sFðkzÞ and an integral along kz (see Fig. 2 left). As the
Berry curvature is the curl of the connection of Eq. (15),
we write

−
Z
vF
Ωn;zd3k¼−

Z
kz;max

kz;min

dkz

Z
sF;z

ð∂k×rnÞz d2k; (25)

then we apply the Stokes’ theorem to the slice and get a
contour integral in the ðkx; kyÞ plane along the closed path
cFðkzÞ surrounding the surface sFðkzÞ,

−
Z
sF;z

ð∂k × rnÞz d2k ¼ −
I
cF;z

rn · dk: (26)

The path cF;z is a Fermi contour at the energy ϵ ¼ μ and
is subdividing the Brillouin zone torus ðkx; kyÞ (always at
fixed kz) into two regions: filled and empty states. The set
of all the cðkzÞ paths can be parametrized by two variables:
the energy ϵ and a phase parameter φ. The energy ϵ selects
the curve, while the phase parameter φ runs along each
curve. The integrand in Eq. (26) corresponds to the
projection of the displacement vector rn along the tangent
unit vector of the curve cF;z (see Fig. 2 left). By adding
the kz integral, we obtain an integration over the Fermi
surface ΣF. By summing up the three components of the
vector, we finally obtain

σs ¼
�
e2

h

�
1

ð2πÞ2
X
n

Z
ΣF

rn × v̂g d2k; (27)

where v̂g is the unit vector of the group velocity, which is
normal to the Fermi surface. We have therefore trans-
formed the Fermi volume integral of Eq. (24) into the
Fermi surface integral of Eq. (27).
Since the spontaneous transverse conductivity of

Eq. (27) is physically observable and gauge independent,
we should also be able to give a physical interpretation to
its integrand. Indeed from the integrand, we can define the
angular momentum

lb;n ¼ rn × ðmevgÞ; (28)

where me is the mass of the electron and compute its
volume density Lb by summing over the occupied states

Lb ¼ 1

2π

Z
μ

ϵ0

�
1

ð2πÞ2
X
n

Z
ΣF

lb;n
1

ℏvg
d2k

�
dϵ: (29)

The spontaneous transverse conductivity results to be
directly related to the density (as a function of the Fermi
energy) Db ¼ ∂Lb=∂ϵjF as

σs ¼
�
e2

h

�
h
me

Db: (30)

The connection between the transverse conductivity and
an orbital angular momentum is in fact expected. In the last
few years, it has been clarified that the orbital angular
momentum of Bloch electrons is the sum of two terms
[48,49]. The first term, la, is the atomic component, while
the second, lb, is the band component. The atomic
component la originates from the contribution of
unquenched atomic orbitals and is spatially localized at
the atomic sites [47]. The second term, lb, is associated
with the Bloch electron as a wavepacket and is caused by

n(z)

t(z)

z

rn

vg

z

rn

y

x
rnxvg

cF,z
sF,z

F

FIG. 2. Sketch of the Fermi surface ΣF. Left. The line integral
of Eq. (26) corresponds to the projection of the displacement
vector rn onto the tangent unit vector tðzÞ of the curve cF;z. The
result (along the z axis) can be also written as
−ðrn · tðzÞÞẑ ¼ rn × nðzÞ, where nðzÞ is the normal to the cF;z
curve. Right. By combining the three components, we get the
vector rn × v̂g.
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the Berry curvature vector Ωn [48,49,58–64]. While a
magnetic field in the real space can cause curved electron
trajectories, a Berry curvature in the reciprocal space gives
rise to a nonlocal contribution to the orbital angular
momentum lb. The density Db appearing in Eq. (30) is
then labeled as the density of the itinerant angular
momentum, and it can be computed by either as a
Fermi volume integral

Db ¼ −me

h
1

ð2πÞ2
X
n

Z
vF

Ωnd3k; (31)

or as a Fermi surface integral

Db ¼ 1

ð2πÞ3
X
n

Z
ΣF

lb;n
1

ℏvg
d2k: (32)

By making an integration by parts, we can equivalently
write lb;n ¼ ðme=ℏÞðϵn − μÞΩn. This expression corre-
sponds to the itinerant contribution to the orbital angular
momentum derived within the theories of orbital magneti-
zation in solids [58]. Furthermore, if we write Eq. (24)
with Eq. (20), we get that the energy derivative of Db, is
directly related to the Fermi surface integral of the Berry
curvature

h
me

∂Db

∂ϵ
¼ − 1

ð2πÞ2
X
n

Z
Σk

Ωn
1

ℏvg
d2k: (33)

Equations (32) and (33) will be of fundamental help in
the definition of the spontaneous Nernst coefficient.

IV. KINETIC COEFFICIENTS AND
THE FIGURE OF MERIT

The kinetic coefficients relating the current densities
and the effective forces introduced in Sec. II can be
computed as integrals over the Fermi surface ΣF. In the
remaining of the paper, the summation over the band index
n is understood to simplify the notation. In the determi-
nation of the kinetic coefficients, it is essential to know the
energy dependence of all the terms appearing in the
integrand of Eqs. (22) and (30). However, the energy
dependence is strongly different for the longitudinal and
for the transverse effects.

A. Longitudinal effects

The electric conductivity tensor is given by the integral
of Eq. (22) and depends explicitly on the time constant τc.
By placing the symmetry axis of the crystal along the
reference frame, we obtain a diagonal tensor and by
assuming isotropic behavior we get the scalar conductivity

σe ¼
�
e2

h

�
1

ð2πÞ2
Z
ΣF

τcvg cos2 θ d2k; (34)

where θ is the angle between the velocity and the direction
of conduction. A number of important observations can be
made at this point. The first is that the collision time
constant τc can be taken, to a good approximation, as
independent of the direction k, but dependent on the
energy, then τc can be taken out of the integral. The
remaining integration can be performed, in principle, by ab
initio DFT methods [65]. For the aims of the present work,
it is sufficient to observe that for transition metals the
result is not strongly energy dependent. The conductivity
can be written in a compact form by taking the average
values at the Fermi surface of the integrand. We define the
Fermi surface average of the quantity QðkÞ as

QF ¼ 1

SF

1

ð2πÞ2
Z
ΣF

Qð:Þd2k; (35)

where SF ¼ ð2πÞ−2 RΣF
d2k (with unit m−2) is the area of

the Fermi surface and with the compact notation Qð:Þ we
mean that one has to distinguish between the argument
kept fixed (i.e., the energy ϵ) and the argument being
integrated (i.e., the k values on the Fermi surface) as done
in Eq. (20). Therefore, the conductivity can be written as

σe ¼
�
e2

h

�
1

3
SFvFτc; (36)

where the factor (1=3) is the result of the average in three
dimensions. The mean free path is the average distance
travelled by an electron before scattering λ ¼ τcvF. The
thermoelectric effects are obtained by taking the derivative
with respect to the energy of the conductivity [Eq. (2)].
The thermoelectric power coefficient εe is given by the
Mott’s formula [37,66]

εe ¼ −
�
kB
e

�
π2

3
kBT

∂ ln σe
∂ϵ

: (37)

The constant ðkB=eÞ ≃ 86 · 10−6 V=K is the scale of the
thermoelectric effects, and the remaining factor of the
Mott’s formula is dimensionless. The thermoelectric
power depends on the energy variation of the conductivity,
then on both the band structure and the type of scattering
processes [67]. With the same method, one gets the
Wiedemann-Franz law for the thermal conductivity due
to electrons

κe
σeT

¼
�
kB
e

�
2 π2

3
: (38)

To have a large zT [Eq. (7)], one has to first minimize the
thermal conductivity κ ¼ κðeÞ þ κðpÞ and one possible
strategy is to increase the lattice thermal resistivity.
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In the best conditions, with a negligible κðpÞ, we remain
with κ ¼ κðeÞ and we get z−1T ¼ z−1e − 1 where

ze ¼
σeε

2
eT

κe
¼ π2

3

�
kBT

∂ lnðσeÞ
∂ϵ

�
2

; (39)

is the electronic figure of merit 0 < ze < 1 independent
of τc: ze is typically maximized by selecting materials
with a Fermi level lying very close to the beginning or to
the end of an energy band as for example in doped
semiconductors.
As an example of an optimized longitudinal thermo-

electric material, we can take the Bi2Te3-type compounds.
Many years of efforts have let to select doped p-type
and n-type Bi2Te3 typically characterized by
σe ≃ 0.1 × 106 Ω−1 m−1, εe ≃�200 × 10−6 VK−1 and
κ ≃ 2 Wm−1 K−1 so that zT ≃ 0.6 at T ≃ 300 K [37].

B. Transverse effects under magnetic field

The transverse thermoelectric effects in metals appear
under an applied magnetic field [68]. Take a magnetic field
along z, Bz, and currents and forces in the perpendicular
plane ðx; yÞ. To simplify the description, assume isotropic
behavior in the plane. The Hall conductivity can be
obtained by combining Eqs. (19) and (10), resulting

σH;xy ¼
�
e2

h

�
1

ð2πÞ2
Z
ΣF

τ2ceBz

m� vg cos2 θd2k: (40)

Equation (40) can be written in a compact way by using
the Fermi surface averages as

σH;xy ¼
�
e2

h

�
1

3
SFvFτ2cωc; (41)

where ωc ¼ eBz=m� is the cyclotron speed computed by
using the Fermi surface averaged effective mass m�.
The Hall angle θH ¼ ωcτc is proportional to τc, while
the Hall resistivity ϱH;xy ¼ −σH;xy=σ2e results to be an
intrinsic coefficient, independent of τc. The Nernst coef-
ficient is computed by Eq. (3) resulting in the
Sondheimer’s formula [68–70]

εN ¼
�
kB
e

�
π2

3
kBT

∂θH
∂ϵ

: (42)

By passing to the Fermi surface average values, we
observe that the Nernst effect is due to the energy
dependence of the effective mass m� and of the time
constant τc. The thermal Hall angle results to be equal to
the Hall angle θR ¼ θH. As the Nernst coefficient is
proportional to τc, and assuming that the electronic
thermal conductivity is the dominant contribution, the
whole zT of Eq. (7) rescales with τ2c. Therefore, efficient

materials with the ordinary effect must have a large τc, i.e.,
minimal scattering.
As an example of a material for ordinary Nernst

refrigeration, we can take the semimetal Bismuth. Good
quality crystals have σe ≃ 0.75 × 106 Ω−1 m−1, εN ≃ 20 ×
10−6 VK−1 (polycrystalline at B ¼ 1 T [71]), and κ ≃
7.5 Wm−1K−1 [72]. At T ≃ 300 K, we get only
zT ≃ 0.012; however, at low temperature (T ≃ 80 K), the
scattering with phonons is substantially reduced (and τc
increases correspondingly) so that a much larger value
zT ≃ 0.24 is obtained. This makes the ordinary thermo-
magnetic effect a possible alternative to the longitudinal
one only at low temperatures and with high-quality
materials [37].

C. Spontaneous transverse effects

The spontaneous transverse conductivity is given by
Eq. (30). By taking only effects in the x; y plane, we get

σs;xy ¼
�
e2

h

�
h
me

Db;z; (43)

where Db;z ¼ ∂Lb;z=∂ϵjF (unit sm−3) is the density of the
itinerant angular momentum at the Fermi level [Eq. (32)].
Another way to write the conductivity is to employ directly
Eq. (27) and take the Fermi surface averages to get

σs;xy ¼
�
e2

h

�
SFrb; (44)

where rb (unit m) is the Fermi surface average of the
intrinsic displacement ðrn × v̂gÞz from Eq. (15). We can
write the spontaneous Hall angle θsH ¼ σs;xy=σe as the
ratio between the two lengths: intrinsic displacement rb
and (one third of the) mean free path λ:

θsH ¼ rb
λ=3

: (45)

The spontaneous Nernst coefficient is computed by
Eq. (1) resulting in

εsN ¼
�
kB
e

�
π2

3
kBT

∂θsH
∂ϵ

: (46)

In this case, we get the spontaneous Nernst coefficient
depending upon the inverse of τc; therefore, the whole zT
for the spontaneous Nernst effect rescales with τ−2c then
making the increase of the scattering processes convenient
for maximization of zT . The previous relations are, how-
ever, valid for a single spin band. For metals with spin
inversion symmetry, they are all zero. For ferromagnets,
we have to consider the two spin bands and write the
expressions for conductivity and thermopower making
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specific assumptions on the band structure (see below,
in Sec. VI).
As an example of a ferromagnet that can be employed as

spontaneous transverse thermoelectric we take MnBi. At
room temperature, MnBi has a large uniaxial anisotropy
and the material can be easily prepared with small grain
size in order to develop hard magnet properties. Therefore,
a thermomagnetic device of MnBi (once magnetized) can
work in the absence of a magnetic field. MnBi has
σe ≃ 1.2 × 106 Ω−1 m−1, εsN ≃ −2 × 10−6 VK−1, and
κ ≃ 7 Wm−1 K−1 [5,6,73] so that at T ≃ 300 K we get
the extremely low value of zT ≃ 2.1 × 10−4. Other candi-
date transverse thermoelectric materials have zT values in
the same range: zT ≃ 3.2 × 10−4 for Co2MnGa [11] and
zT ≃ 4.5 × 10−4 for SmCo5 [12]. Then, in order to make
the spontaneous thermomagnetic effect of interest for any
type of application, one has to act on any possible source of
zT improvement.

V. TRANSITION METAL FERROMAGNETS

In this part of the paper, we make use of the back-
ground obtained so far to find the line of improvement of
zT of the spontaneous Nernst effect. A detailed derivation
of the electron transport requires not only the detailed
knowledge of its band structure but also of the scattering
processes. Therefore, here we limit to the case of
transition metal ferromagnets, at temperatures well below
the Curie point, in which it is possible to make a few
simplifying assumptions on the band structure and on the
scattering processes [74]. This assumptions will provide
compact expression for the transport coefficients σe, εe,
σs;xy, and αs;xy.

A. The Fermi golden rule for scattering

The conductivity, Eq. (36), contains two main factors:
the product SFvF, evaluated at the Fermi surface, and time
constant τc. The product SFvF is accessible to ab initio
DFT methods [65]; however, the main point is that only a
small portion of the Fermi surface, with states charac-
terized of low effective mass (light carriers), contributes
significantly to the SFvF, while most of the Bloch states,
characterized by a much larger mass (heavy carriers),
contributes very little. On the other hand, the scattering
time constant τc must be determined by the Fermi golden
rule, i.e., the scattering rate 1=τc is proportional to the
density of states DN at the Fermi level (unit J−1 m−3), i.e.,
1=τc ¼ fcDN, where fc is the scattering strength param-
eter (unit Jm3 s−1) independent of the energy but depen-
dent on temperature (see Appendix). These two
simplifying assumptions have been extensively considered
as a reasonable model for transition metals with 4s and 3d
electrons [75,76]. The hybridization between s and d
electrons produces a subset of s-type light electrons
contributing to the product SFvF and another subset of

d-type heavy electrons contributing greatly to the density
of states. This second subset acts as a trap for the first
mobile subset. The conductivity, Eq. (36), results

σe ¼
�
e2

h

�
1

3

SFvF
fc

1

DN
: (47)

To compute the thermoelectric coefficient, Eq. (37), we
assume that the factor SFvF does not depend significantly
on the energy, while the density of states DN does. Then,
the main energy variation of the conductivity is contained
in the τc factor. We get

εe ¼
�
kB
e

�
π2

3
kBT

∂ lnDN

∂ϵ
; (48)

where now, with respect to Eq. (37), the sign is plus instead
of minus. In nonferromagnetic or paramagnetic metals, the
density of states due to the d bands is rich of peaks
and valleys; however, as a general rule, one expects, in a
naive rigid band approach, that varying continuously the
Fermi level from the beginning to the end of the d band
one goes from positive to negative thermoelectric power.
This is indeed the trend, which is observed experimentally
[66]. Close to the complete filling of the d band, one
finds the constantan alloys (Ni45Cu55) with εe≃
−45 × 10−6 VK−1. The alloy NixAu1−x with x ¼ 0.37
has been recently shown to display one of the largest
thermopower, εe ≃ −75 × 10−6 VK−1, among metals. A
sketch of the DOS is shown in Fig. 3 top and center.

B. The Mott’s two currents model

In the Mott’s two currents model, one considers the spin
flip process as highly unlikely (an assumption, which is
reasonably correct for light transition metals, see
Appendix), so that the two spin channels for transport
can be considered as independent [46,77]. We take ↑ for
the majority electrons (those contributing to positive
magnetization along z for ferromagnets, i.e., with negative
spin) and ↓ for the minority electrons. The conductivity is
then given by the sum of the two independent spin
contributions. We may assume that the product SFvF is
approximately the same for the two spin bands. Then, we
write the conductivity as

σe ¼
�
e2

h

�
1

3

SFvF
fc

�
1

DN;↑
þ 1

DN;↓

�
; (49)

and the thermoelectric coefficient as

εe ¼
�
kB
e

�
π2

3
kBT

DN;↓∂ϵ lnDN;↑ þDN;↑∂ϵ lnDN;↓

DN;↑ þDN;↓
;

(50)
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where DN;i with (i ¼ ↑;↓) is the density of states for
each spin band.

C. The third Hund’s rule for Bloch states

The spontaneous effects are given by the transverse
conductivity of Eq. (43). We consider only the z compo-
nent and the two spin bands, writing

σs;xy ¼
�
e2

h

�
h
me

ðDb;↑ þDb;↓Þ: (51)

The Nernst coefficient is computed by Eq. (6), i.e.,
σeεN ¼ σs;xyεe − αs;xy, where

−αs;xy¼
�
kB
e

�
π2

3
kBT

�
e2

h

�
h
me

�
∂Db;↑

∂ϵ
þ∂Db;↓

∂ϵ

�
; (52)

and Db;↑;↓ with their energy derivative are given by
Eqs. (32) and (33). We have therefore to try to get some
insight into the energy dependence of Db;↑ and Db;↓. Our
driving idea is that the factors leading to the band
contribution Db are the same factors leading to the atomic

one Da. For the atomic ones, we can extend the third
Hund’s rule to the energy bands to grasp its behavior. The
third Hund’s rule for atomic states is related to the spin-
orbit energy, which is proportional to the product between
the spin and the orbital angular momentum. With elec-
tronic orbitals that are partially unquenched and still
possess an orbital angular momentum, we will find
Bloch states with orbital momentum with opposite sign
with respect to the spin at lower energy with respect to the
ones with same sign [84]. This criterion resembles the third
Hund’s rule for the filling of atomic orbitals but is here
applied to the Bloch states. Finally, following our driving
idea, we further assume that the band contribution Db is
just proportional to the atomic one Da. A sketch is shown
in Fig. 3 bottom. A justification of this assumption is given
in Sec. VI A on the basis of a simplified two orbitals tight
binding calculation of the band structure.

D. Exchange splitting

In ferromagnets, we have the formation of an atomic
magnetic moment and the establishment of a long range
magnetic order. The atomic moment corresponds to the
presence of electrons with same spin on the same atom,
which is energetically advantageous in terms of a reduced
shielding of the nuclear potential (the first Hund’s rule,
also called intraatomic exchange). The long range order
depends on the interatomic Heisenberg interaction
between electrons. Two electrons with the same spin must
be characterized by a spatially antisymmetric wavefunc-
tion, the so-called antibonding states [74]. Then, in a
metallic ferromagnet, an exchange energy splitting occurs
between majority and minority antibonding states and the
energy gain corresponds to a reduced electrostatic repul-
sion between electrons. Therefore, in a simplified rigid
band model at zero temperature, the filling starts from the
bonding states in which majority and minority bands
are filled in parallel. Then, the filling proceed with the
majority antibonding states giving rise to the first half of
the Staler-Pauling curve in which the zero-temperature
magnetization is proportional to the number of d electrons
(the so-called weak ferromagnets, like Fe). Then, when the
majority d band is full, the extra d electrons are accom-
modated in the minority band and the zero-temperature
magnetization decreases accordingly (the so-called strong
ferromagnets like Co and Ni) [83]. A sketch of the band
structure is shown in Fig. 4. When temperature is not zero,
the spontaneous magnetization is reduced and the
exchange splitting is decreased accordingly. However,
for Fe, Co, and Ni the Curie temperature is large enough
to allow us to employ the zero-temperature band structure
to interpret the transport coefficients.

E. Transport coefficients of 3d ferromagnets

With the assumptions made up to now, one has all the
elements to grasp the behavior of the transport coefficients

FIG. 3. Sketch of the density of states DN and of the density of
itinerant angular momentum Db in the case of unquenched
orbitals and for a single spin band. (i) Top, density of states DN
and its energy derivative. (ii) Center, for transition metals the
conductivity of Eq. (47) is proportional to the inverse of the
density of states 1=DN and the thermopower is given by Eq. (48).
(iii) Bottom, in the case of a majority band (spin negative) the
density of itinerant angular momentum Db is positive at low
energy and negative at high energy.
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of Eqs. (49), (50), (51), and (52) as a function of the
number of electrons in a rigid band model. Figure 4 shows
the particular sequence of signs and amplitudes obtained
for the 3d ferromagnets as a function of the electron filling.
It is worthwhile to compare the sequence of Fig. 4 with the
experimental values [16,66,85]. The transport coefficients
of 3d bulk ferromagnets Fe, Co, and Ni around room
temperature are reported in Table I. From experimental
values, we can compute the three terms of Eq. (6). Of
particular interest are the coefficients changing sign as
the electron filling increases, i.e., εe [Eq. (50)], σs;xy
[Eq. (51)], and −αs;xy [Eq. (52)]. The change of sign of
the thermopower is due, in the rigid band model with
exchange spitting, to the fact that the main contribution is
given by the minority band for weak ferromagnets (Fe) and

by the majority band for strong ferromagnets (Co and Ni).
The other two coefficients are instead proportional to Db
and ∂ϵDb of the band being filled (majority for Fe and
minority for Co and Ni). We see that the signs obtained in
Table I are in agreement with the scheme of Fig. 4. For Fe,
Db is negative but still decreasing, for Co negative and
increasing and for Ni positive and increasing. This
explains the large values obtained for σeεsN for Fe
(negative) and Co (positive). In both cases, the two
contributions to the Nernst effect have the same sign.
Having established a connection between the signs of the
contribution and the resulting Nernst effect, it is worth-
while to try a possible maximization of the effect, at least
with the series of the 3d ferromagnets. To this aim in the
next section, we put together the basic ingredients to obtain
a simple predictive model.

VI. MODEL WITH TWO d ORBITALS

To build a minimal model of 3d transition metal
ferromagnet able to account for the transport properties
as described in the previous section, we take only two
electronic orbital per spins with partially unquenched
orbital momentum. This simplifying assumption is jus-
tified in transition metals with d electrons because the
crystal field energy term Δϵcf produces a splitting
between d orbitals with different symmetry: the eg-type
(d3z2−r2 and dx2−y2) and t2g-type (dxy, dyz, dzx). The
hybridization between the three t2g orbitals can still
produce partial unquenching then preserving an orbital
angular momentum (ml ¼ �1) [47]. If we limit to take a
specific direction for the spin, say the z axis, we have
only two relevant quenched orbitals, dyz and dzx or the
corresponding two unquenched orbitals, dþ1 and d−1. We
therefore limit to take only two unquenched orbitals and
apply the spin-orbit splitting, Δϵsoc, to them. In this
section, it is appropriate to use the density of states per
atom, then we replace D → vrD, where vr is the volume
of the atomic unit cell.

(a) (b)

FIG. 4. The two spin bands of antibonding states of ferro-
magnets. Top: sketch of the density of states DN and its energy
derivative ∂ϵDN. Bottom: sketch of the density of itinerant
angular momentum Db and its energy derivative ∂ϵDb. (a) Ma-
jority band. For Fe, it is partially filled and the Fermi level lies in
the region of negative orbital momentumDb. For Ni and Co, it is
completely filled (strong ferromagnets). (b) Minority band. For
Fe, it is empty (weak ferromagnet), while for Ni and Co, it is
partially filled, but the Fermi level lies in the region of negative
orbital momentum Db for Co and positive for Ni.

TABLE I. Experimental thermomagnetic transport coefficients of 3d ferromagnets, Fe, Co, and Ni around room temperature, taken
from the literature.

σe (Ω−1 m−1)
(×106)

εsN (VK−1)
(×10−6)

σeεsN
(Am−1 K−1)

σs;xy (Ω−1 m−1)
(×106)

εe (VK−1)
(×10−6)

σs;xyεe
(Am−1 K−1)

−αs;xy
(Am−1 K−1)

κ
(WK−1)

zT
(×10−6)

Fe 8.6b −0.44b −3.9 −0.103d 14a −1.4 −2.5 80 6.2
Co 9.7c 0.39c 3.8 −0.020e −32a 0.6 3.2 70 6.3
Ni 8.2b 0.34b 2.8 0.066f −20a −1.3 4.1 90 3.2

athermoelectric coefficient εe from Ref. [23], Nernst coefficient εsN and the electric conductivity σe from Ref. [23].
bspecifically from Ref. [78] (Fe, T ¼ 313 K and Ni, T ¼ 313 K, polycrystals).
cRef. [79] (Co, T ¼ 320 K); spontaneous Hall conductivity σs;xy from Ref. [45] (the signs are adapted to the convention of Eq. (5)).
dspecifically from Ref. [80] (Fe, T ¼ 298 K),
eRef. [81] (Co, T ¼ 293 K).
fRef. [82] (Ni, T ¼ 293 K); thermal conductivity κ from Ref. [83]; zT is computed by Eq. (7).
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A. Atomic and band orbital momentum

To get a justification of our working hypothesis on the
relation between the energy dependence of the atomic
contribution, Da, and the band contribution, Db to the
orbital angular momentum discussed in Sec. V C, we show
their behavior in simplified tight binging model with
two bands.
We consider a tight binding model with the dzx and dyz

orbitals on a bcc lattice both with ms ¼ −1=2 (majority
electrons) [29,62,86]. To account for the spin orbit
interaction, we employ the unquenched basis dþ1 and
d−1. With just two bands, the tight binding Hamiltonian is
written in the standard form

H ¼ S1þ P · σ; (53)

where 1 is the unit matrix and σ are Pauli matrices. The
matrix elements: S and the components of the vector
P ¼ Xx̂þ Yŷ þ Zẑ are all functions of the wavevector k.
After diagonalization, we find the energy of the two bands
as ϵ� ¼ S ∓ P and their Berry curvature (in the case, the
spin is along z and Z is a constant) as

Ω� ¼ � 1

2

Z
P3

ð∂kxX∂kyY − ∂kyX∂kxYÞ; (54)

as shown by Eq. (14) of Ref. [87]. The matrix elements can
be computed from the hopping integrals by the help of
the Slater-Koster expressions [88], using the relation
between quenched and unquenched orbitals dyz ¼ iðdþ1 þ
d−1Þ=

ffiffiffi
2

p
and dzx ¼ ð−dþ1 þ d−1Þ=

ffiffiffi
2

p
and by considering

both first-neighbor and second-neighbor interaction. For
the bcc lattice with k0x ¼ ðkx þ kyÞ=2, k0y ¼ ð−kx þ kyÞ=2,
and k0y ¼ kz in the range ½−π∶ π�, one obtains a cubic
Brillouin zone. By dropping the prime, we can write

S ¼ −γ1m 1

2
cos

�
kz
2

�
½cosðkxÞ þ cosðkyÞ�; (55)

X ¼ −γ2 sinðkxÞ sinðkyÞ; (56)

Y ¼ γ1p
1

2
cos

�
kz
2

�
½− cosðkxÞ þ cosðkyÞ�; (57)

where the coefficients γ1p, γ1m, and γ2 are related to the
Slater hopping integrals

γ1m ¼ 8

3

�
γddσ;1 − 2

3
ðγddπ;1 − 2γddδ;1Þ

�
; (58)

γ1p ¼ 8

3

�
γddσ;1 þ

1

3
ðγddπ;1 − 2γddδ;1Þ

�
; (59)

γ2 ¼ 2ðγddπ;2 þ γddδ;2Þ; (60)

and the subscripts 1 and 2 refer to first- and second-
neighbor interaction. The coefficient Z is due to the spin
orbit interaction. Appropriate normalized values are
γ1m ≃ 0.5, γ1p ≃ 1, γ2 ≃ 0.2, and Z ≃ −0.05 [89]. The
density of d states Dd is given by Eq. (21). As we are
working with the unquenched orbital basis, we know that
the z component of the atomic contribution to the orbital
momentum is laðdþ1Þ ¼ 1 and laðd−1Þ ¼ −1 (in unit ℏ).
Therefore, for the two bands we get lað�Þ ¼∓Z=P. The
density Db of band orbital angular momentum (in unit ℏ)
is computed by Eq. (31). The results are shown in Fig. 5.
The hybridization between the two orbitals gives rise to
Da and Db with the same signs in the same regions of the
energy spectrum. It should be noted that the presence of
the spin orbit term Z is essential to obtain unquenched
orbitals giving rise to a nonzero atomic orbital momen-
tum, Da, and an additional presence of nonzero γ2
coefficient gives a nonzero Berry curvature and a non-
zero band orbital momentum Db. Further developments
of the two bands models will be presented in a sub-
sequent paper [90].

B. Analytical model for 3d metals

With the aim to derive an approximate rigid band model
for 3d ferromagnets, we generalize the previous result
valid for a specific lattice model and assume reasonable
shapes for the densities Dd, Da, and Db in order to
compute the transport properties. We assume a density
of states DðϵÞ for each of the two d orbitals and takeDd as
the superposition of the spin orbit energy split bands:

DdðϵÞ ¼ DþðϵÞ þD−ðϵÞ; (61)

FIG. 5. Results of a tight binding model with the two orbitals,
dzx and dyz, on the bcc lattice, both with ms ¼ −1=2 (majority
electrons). Density of d states Dd [Eq. (21)], density of atomic
orbital angular momentum (in unit ℏ)Da and density Db of band
orbital angular momentum (in unit ℏ) computed by Eq. (31). The
parameters of the tight binding model are given in the main text.
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where D�ðϵÞ ¼ Dðϵ� ΔϵsocÞ refers to the dþ1 and d−1
orbital states and the distribution DðϵÞ is normalized to
one

R∞−∞D dϵ ¼ 1. DðϵÞ is assumed to be a semi-circular
distribution DðϵÞ ¼ ð2=πÞ½1 − ðϵ=ΔϵdÞ2�1=2=Δϵd. This
distribution, behaving ∼

ffiffiffi
ϵ

p
at the band edges, is widely

used in dynamical mean field theory treatments [91,92].
The parameter Δϵ0 ¼ Δϵd þ Δϵsoc, i.e., the half of the
width of the bandDd, is the energy scale of the problem. In
the ferromagnetic state, the spin polarized bands are split
by the exchange energy Δϵex:

Dd;↑ ¼ Ddðϵþ ΔϵexÞ; (62)

Dd;↓ ¼ Ddðϵ − ΔϵexÞ: (63)

In agreement with the discussion of Sec. V D, we
assume that at zero temperature the exchange splitting
parameter Δϵex depends on the electron filling of the d
band as

Δϵex ¼ Δϵ0 − jμj: (64)

With the above-mentioned assumptions, the number of
d electrons per atom is N d ¼ R μ−∞ðDd;↑ þDd;↓Þdϵ and
ranges from 0 to 4, i.e.,: from 0 to 2 for weak ferromagnets
(like Fe) and from 2 to 4 for strong ferromagnets (like Co
and Ni). In such a simplified rigid band model of transition
metal magnetism, we allow 0.3 holes for Fe in the majority
band, 0.7 electrons for Co and 0.6 holes for Ni in the
minority band [74]. Figure 6 shows the corresponding
density of d-states for Fe, Co, and Ni, and Fig. 7 showsN d
as a function of the Fermi level μ. The final density of
states will also include the contribution of s; p electrons as
DN ¼ Dd þDs, where Ds, associated to a much wider
energy band, is taken as a constant.
For the density of atomic orbital momentum (in unit ℏ),

we also take the superposition of spin orbit energy split
atomic orbital distributions, but we have to account for the
different signs, so that

Da;↑ ¼ Dl;þ;↑ −Dl;−;↑; (65)

Da;↓ ¼ −Dl;þ;↓ þDl;−;↓: (66)

In Fig. 5, we observe that the densities of atomic and
band orbital momentum (in unit ℏ), Da, and Db have a
different functional behavior at the band edges with
respect to Dd; therefore, we assume that the individual
orbital distribution DlðϵÞ is smoothed at the band edges.
We assume DlðϵÞ ¼ sðϵÞDðϵÞ where sðϵÞ is the smoothing
function taken as sðϵÞ ¼ ð1 − coshðϵ=ηÞ= coshðΔϵd=ηÞÞ2.
Finally, the density of itinerant angular momentum Db is
taken to be proportional to Da, i.e.,

Db ¼ bDa; (67)

where b is a dimensionless coefficient b < 1. As we have
seen in the previous paragraph, both Da and Db can be
determined by means of the hopping integrals in a tight
binding approach [90]. However, in the present context,
b is taken an adjustable parameter.

(a) (b) (c)

FIG. 6. Density of d-states for the model with two orbitals of Eqs. (62) and (63). The picture shows the majority (blue) and minority
(orange) spin bands and the three cases of electron filling, i.e., (a) Fe (N d ¼ 1.7), (b) Co (N d ¼ 2.7) and (c) Ni (N d ¼ 3.4). Band
structure parameters: Δϵd ¼ 1.0 eV;Δϵsoc ¼ 0.1 eV.

FIG. 7. Electron filling N d as a function of the Fermi level μ.
The red, blue, and green horizontal dashed lined represent
the electron filling levels of Fe (N d ¼ 1.7), Co (N d ¼ 2.7),
and Ni (N d ¼ 3.4), respectively.
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C. Reduced transport coefficients

To derive the d-band parameters Δϵd, Δϵsoc, and Ds, η
and b, we divide the transport coefficients of Eqs. (49),
(50), (51), and (52) by the known constants:

σ̂e ¼ σe=ðG0c=ΔϵdÞ; (68)

ε̂e ¼ εe=ðεe;0tΔϵdÞ; (69)

σ̂s;xy ¼ σs;xy=ðG0dΔϵdÞ; (70)

α̂s;xy ¼ αs;xy=ðεe;0tG0dΔϵ2dÞ; (71)

where G0 ¼ ðe2=hÞ ≃ 38.7 × 10−6 Ω−1, εe;0 ¼ ðkB=eÞ≃
86 × 10−6 VK−1, c ¼ ðð1=3ÞSFvFvr=fcÞΔϵd is the colli-
sion parameter (unit m−1), d ¼ ð2πℏ2=mevrÞ=Δϵd is
the displacement parameter (unit m−1) (for transition
metals, we use vr ≃ 1.1 × 10−29 m3 and get dΔϵd ≃
4.34 × 1010 eVm−1), t ¼ ðπ2=3ÞkBT=Δϵd is the normal-
ized temperature (Δϵdt ¼ 0.082 eV at T ¼ 296 K) and
write the reduced coefficent as

σ̂e ¼
1

DN;↑
þ 1

DN;↓
; (72)

ε̂e ¼
DN;↓∂ϵ lnDN;↑ þDN;↑∂ϵ lnDN;↓

DN;↑ þDN;↓
; (73)

σ̂s;xy ¼ Db;↑ þDb;↓; (74)

and

−α̂s;xy ¼ ∂Db;↑

∂ϵ
þ ∂Db;↓

∂ϵ
: (75)

To deal with the energy derivatives at the kink points of
the DOS (observe the band edges in Fig. 6), we recall how
our model assumes the system to be at room temperature,
implicitly setting a minimal energy resolution of kBT for
the DOS. We therefore define the energy derivatives such
as those found in, e.g., Eq. (73) as the finite difference

∂ϵDN ¼ DNðϵþ kBTÞ −DNðϵ − kBTÞ
2kBT

: (76)

The corresponding reduced experimental values of
Table I are reported in Table II.

D. Results

A good agreement between the model of
Eqs. (72)–(75) and the experimental values of Table II
is obtained by setting Δϵd ¼ 1.0 eV, Δϵsoc ¼ 0.1 eV,
Ds ¼ 0.55 eV−1 and the collision parameter
c=Δϵd ¼ 2.8 × 1010 eV−1 m−1.
The conductivity σ̂e of Eq. (72) is shown in Fig. 8(a).

We observe that at the band edges (0 and 2 electron
filling each of the two sub-bands) the conductivity is
completely supported by the s-band and reaches the
value of 3.6, which corresponds to 2=Ds. As soon as the
d-band start to fill up, the conductivity drops because of
the increased scattering due to the d-states. We can see
how all three levels of filling relative to Fe, Co, and Ni
correspond to similar values for the conductivity, a fact
that is also reflected in Table II, reporting experimen-
tal data.
The thermopower ε̂e of Eq. (73) is reported in Fig. 8(b).

We observe a characteristic change of sign as we cross the
filling of the majority band and proceed to the filling of the
minority band. The switch is related to the derivative sign
at the edge of the minority (large positive derivative) and
majority electrons (large negative derivative), which ends
up being the dominating contribution for this effect in our
simplified model (see Fig. 6). A comparison with the
experimental data of Table II reveals agreement with the
signs of the coefficients.
The spontaneous Hall conductivity σ̂s;xy of Eq. (74) is

shown in Fig. 9. In the lower part of the majority band
(0 < N d < 1), the band orbital moment is aligned to the
majority spin (dþ1;↑ states) and therefore, has positive
values. As we cross N d ¼ 1, the band orbital moment
changes sign. As soon as we start filling the minority
band, the first states that start to be occupied are in
the d−1;↓ state, because SOC (Δϵsoc) pushes states
aligned with the spin lower in energy. Once the first
half of the minority band is filled (3 ≤ N d < 4), the band
orbital moment density changes sign again. Since the η
and b parameters introduced in Eq. (67) are purely
phenomenological in the present model, we set them
to η ¼ 0.35 and b ¼ 0.5 in order to approximately align
the theoretical values obtained with Eq. (74) with the

TABLE II. Reduced experimental values of the thermomagnetic coefficients (from Table I) as described in
Sec. VI C.

σ̂e ε̂sN (eV−1) σ̂eε̂sN (eV−1) σ̂s;xy ε̂e (eV−1) σ̂s;xyε̂e (eV−1) −α̂s;xy (eV−1)
Fe 4.45 −0.074 −0.33 −0.060 2.0 −0.12 −0.21
Co 5.03 0.063 0.32 −0.012 −4.5 0.05 0.27
Ni 4.25 0.054 0.23 0.039 −2.9 −0.11 0.34
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dimensionless experimental values σ̂s;xy of Table II. We
now proceed and plot all the remaining thermomagnetic
coefficients without any additional adjustable parameter.
Figure 10 shows (a) the product ε̂eσ̂s;xy, (b) −α̂s;xy, and

(c) the product ε̂sNσ̂e, which is given by the sum of (a)
and (b). All this plots are odd functions with respect to
the half filling point N d ¼ 2. Observing Fig. 10(a), we
notice how the multiplication of the thermopower and the
spontaneous Hall conductivity σ̂s;xyε̂e provides a contri-
bution, which is changing sign during the filling of each
spin band, whereas −α̂s;xy [Fig. 10(b)] given by the
energy derivative of the orbital moment density displays

a plateau in the middle of the majority and minority band
filling (i.e., in the regions 0≲N d ≲ 2 and 2≲N d ≲ 4).
This is related to the slope of the orbital moment density
in those regions (see Fig. 9), which is almost constant in
our approximation. The sign of the spontaneous Nernst
coefficient contained in the product ε̂sNσ̂e [Fig. 10(c)] is
largely determined by the sign of the plateau of −α̂s;xy,
which is negative for weak ferromagnets and positive for
strong ferromagnets. Despite the strong approximations
of this model, we observe how the three components of
Fig. 10, ε̂sNσ̂e ¼ ε̂eσ̂s;xy − α̂s;xy are well superposed to the
experimental ones (see Table II). We therefore expect
that with the obtained model, it is possible to make some
statements regarding maximization strategies of the
spontaneous Nernst coefficient.
As visible in Fig. 10(c), a viable maximization strategy

could be to push the Fermi level as close as possible to the
complete filling (N d ≈ 4) or emptying (N d ≈ 0). In these
regions, the contributions from the spontaneous Hall and
Nernst conductivities have the same signs (observe
Figs. 10(a) and 10(b)) and act constructively. For example,
atN d ≃ 3.93, we find a maximum of ε̂sNσ̂e ≃ −0.85 eV−1.
Among the many transition metal alloys in the 3d-series
close to the complete filling of the minority band, we find
the Ni1−xCux alloys. In this regard, it is worth to mention
that the Ni70Cu30 alloy has recently been shown to show
interesting spin orbit effect as for example a large spin
Nernst effect [13]. Taking the result of ε̂sNσ̂e from
Fig. 10(c), using x ¼ Nd − 3.4 and taking the composition
dependence of the thermal conductivity and the electric
conductivity as σeðxÞ ¼ σeð0Þð1þ ασxÞ−1 and κðxÞ ¼
κð0Þð1þ ακxÞ−1 with σeð0Þ and κð0Þ taken from Table I
(Ni) and ασ ¼ 10 and ακ ¼ 7, we get the plot of Fig. 11
top. The predicted values of zT versus x are shown in
Fig. 11 bottom. The curve shows a drastic improvement
with respect to pure nickel (zT ¼ 3.2 × 10−6), when x is
increased, reaching a maximum of around zT≃1.32×10−3
at x ≃ 0.53. It is worth mentioning that this improvement is
obtained by acting on both sources of the spontaneous
Nernst effect: (i) an improved scattering, due to the
disordered alloy structure of the metal and (ii) an opti-
mized band structure contribution. However, close to
the complete filling of the minority band not only the
spontaneous, zero temperature, magnetic moment per
atom Mð0; xÞ, decreases (approximately as Mð0; xÞ ¼
0.6 − x Bohr magnetons per atom), but also the Curie
temperature decreases (approximately as TcðxÞ ¼
Tcð0Þð1 − x=0.6Þ). Therefore, the Curie temperature
reaches room temperature already at compositions
x ≃ 0.3. A more precise prediction should be therefore
be able to take into account the decrease of the exchange
splitting Δϵex as the temperature gets closer to the Curie
point, then extending the simple zero temperature
exchange splitting of Eq. (64) by considering for example
a computation of the splitting as Δϵex ¼ mðΔϵ0 − jμjÞ,

FIG. 8. Model predictions of the longitudinal transport coef-
ficients. Lines: theory: (a) longitudinal electrical conductivity σ̂e
[Eq. (72)] and (b) thermopower coefficient ε̂e [Eq. (73)].
Symbols: experimental values from Table II.

FIG. 9. Model predictions of the spontaneous Hall conductivity
σ̂s;xy. Lines: theory of Eq. (74) as a function of d electron filling.
Symbols: experimental values on Fe, Co, and Ni from Table II.
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where m is the reduced magnetization, a parameter equal
to 1 for zero temperature and 0 at T ¼ Tc. This extension
will be the focus of future developments of the pre-
sented model.

VII. CONCLUSIONS

In this paper, we use the Boltzmann formalism, com-
bined with the Berry curvature theory of Bloch electrons in
solids to set up theoretical framework able to predict the
energy dependence of all thermoelectric coefficients
determining the strength of the spontaneous Nernst coef-
ficient εsN. As a first qualitative consequence of this
theory, we observe how the spontaneous Nernst coefficient
is inversely proportional to the electron scattering time τc,
in contrast to the ordinary effect. Making use of Mott’s two
currents model [46,77], we write the energy dependence of
all the thermoelectric coefficients explicitly. We show how
the spontaneous Hall conductivity σs;xy as well as the
intrinsic Nernst conductivity αs;xy are determined by the
band orbital momentum density Db and its energy deriva-
tive near the Fermi level. In particular, we explicitly show
how the intrinsic Nernst conductivity αs;xy is related to the
Fermi surface integral of the Berry curvature field Ωn.
Finally, we construct a minimal model for the DOS and the
density of itinerant orbital magnetic moment in 3d ferro-
magnetic metals using the semi-circular DOS approxima-
tion [91,92] accounting for the presence of SOC and
exchange splitting. This model allows to explicitly write
and plot all the thermomagnetic coefficients as a function
of electron filling of the d bands. Despite its simplicity, the
model is able to correctly predict the signs and orders of
magnitudes of all the relevant thermoelectric coefficients
necessary for the computation of εsN . With the obtained
model, we are able to semi-quantitatively study regions of
the DOS in which the different coefficients of Eq. (1) act
constructively, speculating on some possible optimization
strategies for the magnitude and sign of the spontaneous
Nernst coefficient εsN. We envision an extension of the
method derived in this paper applicable to other classes
of metals by replacing the rigid band model with more
accurate tight binding and DFT calculations (e.g., Ref. [8])
together with appropriate scattering models.

(a) (b) (c)

FIG. 10. Model predictions of the transverse transport coefficients. Lines: theory from Eqs. (73), (74) and (75). (a) Combined effect
of ε̂eσ̂s;xy, (b) spontaneous Nernst conductivity −α̂s;xy and (c) spontaneous Nernst coefficient multiplied by the electron conductivity:
ε̂eσ̂s;xy − α̂s;xy. Symbols: experimental values on Fe, Co, and Ni as reported in Table II.

FIG. 11. Model prediction of the behavior of Ni1−xCux alloys.
Top: product ðεsNσeÞ2 taken from ε̂sNσ̂e of Fig. 10(c) using x ¼
Nd − 3.4 and inverse of the product of the thermal conductivity κ
and the electric conductivity as σe as a function of composition x.
Bottom. Predicted values of zT versus x from Eq. (7) by using the
values of the top plot. The inset shows the same result in
logarithmic scale.
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APPENDIX: FERMI GOLDEN RULE

The Fermi golden rule expresses the fact that scattering
rate depends not only on the scattering sources but also
on the density of available states after the scattering
event [43,77]. Consider the scattering of an electron
initially in state k into a state k0. The scattering rate is

1

τcðkÞ
¼ vr

ð2πÞ3
Z
vk

Pk;k0 ð1 − cos θÞd3k0; (A1)

where the integral extends over the Brillouin zone, θ is
the angle formed by the velocities vk and vk0 , the factor
ð1 − cos θÞ describes the different weights of forward and
backward scattering and Pk;k0 is the transition rate. The
perturbation theory permits to compute Pk;k0 between
states with the same energy as

Pk;k0 ¼ 2π

ℏ
jUk;k0 j2δðϵðkÞ − ϵðk0ÞÞ; (A2)

where Uk;k0 ¼ hψk0 jUsjψki is computed by using the
scattering potential Us between the states of the unper-
turbed Hamiltonian. The scattering rate is then a Fermi
surface integral

1

τcðkÞ
¼ 1

ð2πÞ2
Z
ΣF

vrjUk;k0 j2
ℏ2

ð1 − cos θÞ
vgðk0Þ d2k0: (A3)

With isotropicUk;k0 ¼ Uk, the scattering rate is found to
be given by the product

1

τc
¼ fcDN; (A4)

where DN is the density of states of Eq. (21) depending on
the energy and fc is a scattering strength (with unit
Jm3 s−1)

fc ¼
jUkj2
ℏ2

hvr; (A5)

depending on the temperature. The scattering strength fc
can be computed for the main scattering processes such as:
(i) the scattering at defects and crystal imperfections
(Ref. [43], p. 387), giving rise to the residual resistivity,
and (ii) the scattering with the phonons (Refs. [43], p. 389,
[77], p. 252) giving the main linear temperature depend-
ence of the electrical resistivity of metals and (iii) the
scattering with magnons. The contribution to the resistivity
due to the scattering with magnons is known to be small
with respect to the other two, but has the important role to
be one of the sources of the change of the spin state of the
electrons in transition metal ferromagnets, i.e., the spin flip
scattering [66]. It is know from the literature that in 3d
transition metals at temperatures well below the Curie
point the spin flip events are much more rare than the
momentum scattering events (with a different of at least a
factor 100) [46,77]. This fact justifies the use of the Mott’s
two currents model of Sec. V B.
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