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We generalize the van der Pol oscillator model to account for a realistic nonlinearity of the resonant-
tunneling-diode (RTD) /-V curve. In the case of weak nonlinearity, perturbation theory is applied, and
analytical expressions are derived for first-order corrections to the oscillation frequency, quadrature
component (phase shift), and higher harmonics. Applicability requirements for perturbation theory are dis-
cussed. These requirements are always satisfied at sufficiently high frequencies, but they can fail already
at frequencies as low as a few hundred GHz for RTDs with thicker barriers and at slightly above 500 GHz
for thin-barrier RTDs, where oscillators transition to a strongly nonlinear regime. Calculation results for
the above corrections for several RTD wafers, with typical parameters for sub-THz and THz oscillators,
are presented. In particular, our calculations indicate that first-order correction terms play an essential role
in the mechanism of variation of the RTD-oscillator frequency with bias. Taking into account the realistic
nonlinearity of the RTD /-V curve leads to significant quantitative and even qualitative differences in the
behavior of RTD oscillators, compared to the conventional van der Pol oscillator model. The presented
generalized model lays the groundwork for a more accurate analysis of nonlinear phenomena in RTD
oscillators, it can serve as a reference for numerical simulations, it is also essential for qualitative and

semiquantitative analysis of RTD oscillators.

DOI: 10.1103/hcgb-44hy

I. INTRODUCTION

Currently, the THz frequency range is still not in use
because of the lack of THz sources suitable for practi-
cal applications. That drives efforts to develop compact,
room temperature, sufficiently powerful, and simple THz
sources [1,2]. One of the most promising contenders for
practical use is resonant-tunneling-diode (RTD) oscilla-
tors, which have seen renewed interest over the past two
decades [3,4]. RTD oscillators show promise in satisfy-
ing the above requirements in the frequency range of up
to 2 THz [3-8].

Perhaps, an even more scientifically useful aspect of the
THz frequency range is that it offers opportunities and
incentives to gain a deeper understanding of the opera-
tional principles and limitations of different devices. Con-
ventional electronic or photonic devices have to operate
at and sometimes beyond their limits at THz frequencies,
while unconventional devices are also intensively explored
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[1,2]. This scientific aspect plays a pivotal role in the
research on RTDs and RTD oscillators [3,4].

Any oscillator and RTD oscillator in particular is an
essentially nonlinear system: the oscillation amplitude is
determined by the nonlinearity of the system. Typically,
the amplification (gain) of an active element in the oscil-
lator decreases with the increase of the amplitude, and the
oscillation amplitude assumes a steady-state value at some
point. More subtle oscillator parameters are also deter-
mined or affected by the system’s nonlinearity, e.g., phase
of the oscillator [9,10], its frequency [7], generation of
higher harmonics [11], etc. The mechanisms of the oscil-
lator control, specifically, injection locking [9,12,13], rely
on the system nonlinearity as well. In this paper, we aim
to refine and generalize the nonlinear model for an RTD
oscillator.

So far, the nonlinearity in RTD oscillators has been
analyzed by averaging of the large-amplitude RTD con-
ductance [14], by applying a third-order polynomial
approximation to the RTD /-V curve (van der Pol oscil-
lator) [12], or by numerical methods [15]. There are
several issues with these techniques. First, the applicabil-
ity range and conditions for some of the models are not
defined. Second, approximation of the RTD /-V curve by a
third-order polynomial can lead to quantitatively and even
qualitatively different results for the oscillator character-
istics [14,16]. Third, for qualitative and semiquantitative
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FIG. 1. Equivalent circuit of an RTD oscillator.

analysis, it is desirable to have an accurate but relatively
simple oscillator model.

Here, we present a generalized van der Pol oscilla-
tor model, where the real nonlinearity of the RTD /-V
curve is taken into account. The perturbation series for
the model is constructed up to the first order. There is
a large number of phenomena, which go beyond the
presented model—nonlinearity of the RTD capacitance,
variation of the RTD admittance with frequency, accu-
rate account of nonlinear RTD dynamics [17,18], more
accurate model for the resonator, rather than a simple LC
circuit, etc—nevertheless, the presented model describes
and predicts a number of phenomena that go beyond the
van der Pol oscillator. The presented model would also be
helpful as a reference for more complicated models and for
numerical simulations.

The paper is organized as follows. First, we outline the
model in Sec. II. Then, we describe the analytical calcula-
tions and perturbation theory up to the first order in Sec. I11.
In Sec. IV, we summarize the calculation results to facil-
itate their practical use. In Sec. V, we show consistency
of the calculation results with the van der Pol oscillator
model, when the RTD /-V curve is approximated by a
third-order polynomial. In Sec. VI, we apply the perturba-
tion theory to two typical RTD wafers used at sub-THz and
THz frequencies and illustrate the behavior of the oscilla-
tors in the framework of the presented model. Finally, we
summarize our results in Sec. VII.

I1. DEFINITION OF THE MODEL

The objective of this paper is to analyze the impact of
the nonlinearity of the RTD /-V curve on the oscillation
frequency and other characteristics of an RTD oscillator.

An RTD oscillator is represented by an equivalent cir-
cuit shown in Fig. 1 (notations are similar to Ref. [12]),
where the capacitance C is a sum of the RTD and resonator
capacitances; the conductance Gj represents the ohmic and
radiation losses of the resonator and L is its inductance; ip
and v are the RTD nonlinear ac current and voltage, respec-
tively; a positive sign of v corresponds in Fig. 1 to a higher
potential at point 2 than at point 1.

FIG. 2. dc RTD I-V curve, quiescent point, and ac voltage (v).

The currents of different elements of the oscillator circuit
are defined as follows:

ic = Cov, (1)
ip = %/vdt, 2)
ic = G, 3)
ip(v) = Igc(Vac +v) — Lac(Vae), “4)

where I4.(Vg.) is the dc RTD -V curve, see Fig. 2. In
Eq. (4), we assume that the RTD operates in a qua-
sistatic regime, i.e., its characteristics are independent of
frequency. The RTD capacitance, which is included in C, is
assumed to be a constant. That implies that the nonlinearity
of the RTD capacitance is ignored, i.e., the only nonlinear-
ity taken into account in Fig. 1 is that of the quasistatic
RTD I-V curve (4).

From Kirchhoff’s law, the sum of all currents in Fig. 1 is
Zero, i.€.,

1
ip(v) + Cov + 7 / vdt+ Gv = 0. 5

Taking the time derivative of the above equation, we get
LC?v + v + L[Gidv + dip(v)] = 0 (6)
or
LC3?v + v + L[G; + d,ip(v)] dv = 0. (7
Introducing a nonlinear RTD conductance Gp(v) as
Gp(v) = dyip(v), (3)
we rewrite Eq. (7) as
LC3?v +v = —L[G,+ Gp(v)] dv. 9)

Our aim now is to recast this equation in a unitless
form, common in the mathematical literature on nonlinear
equations (e.g., van der Pol equation).
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As a first step, we split ip(v) and Gp(v) into their linear
and nonlinear (denoted by the preceding symbol §) parts:

ip(v) = Gp(0)v + 8ip(v), (10)
Gp(v) = Gp(0) + 86Gp(v), (11)

where Gp(0) = Gp(v)|y— ¢ is the linear RTD conductance
at a given dc bias point V4. and §Gp(0) = 0. Then, we can
rewrite Eq. (9) as

LC?v +v = —L[Gp(0) + G+ 8Gp(v)] dv.  (12)

In the following, we will need to evaluate the linear and
nonlinear terms on the right-hand side of Eq. (12). For this
purpose, we define the maximum value (—Gy) of the RTD
negative differential conductance (NDC)

Gy = max(—Gp(0)). (13)

If the amplitude of the RTD oscillations is large, then
the RTD will be sweeping twice through the whole NDC
region each oscillation period and Gy gives a good esti-
mate for the variation scale of the expression in the square
brackets on the right-hand side of Eq. (12). The condi-
tion for large-amplitude oscillations is G; < Gy, see Refs.
[14,16]. In the small-amplitude regime, when G; =~ Gy,
the expression in the square brackets can vary much less
than Gy. Nevertheless, Gy gives a good estimate of how
large the variation scale of the square-bracket expression
can in principle be. Subsequently, we normalize the square
brackets in Eq. (12) on Gy and introduce the parameter &:

LCO?v + v = LGy [g - SGD(U)] v, (14)
_ Gr) + G,
f= T (15)

& is a constant for a given bias point and G;. £ ~ 1, if
RTD is biased at the maximum of its NDC and G; <« Gy,
otherwise & < 1.

As a next step, we introduce a dimensionless voltage.
A natural characteristic scale for the RTD ac voltage is
the voltage separation (AV) between the peak and valley
points of the RTD /-V curve, see Fig. 2. Therefore, we
define a unitless ac voltage (v) as

v
b= —, 16
V=27 (16)

and rewrite Eq. (14) as

5Gp (D
LC*5 + 3 = LG, [g - D(”)] 3,7,

(17)

Now, we define the eigenfrequency of an ideal linear
oscillator, if the attenuation (gain) and nonlinearity are

ignored:

1

Substituting that into Eq. (17) and also expressing L as
1/ Ca)%, we can rewrite Eq. (17) as

Ry G 8Gp(D) 7 8,0
f_;+,j:_0|: _L(v)],_v. (19)
w} woC Go oy
Thereafter, we define a perturbation parameter
Go
=—), 20
€= Con (20)
and rewrite Eq. (19) as
320 8Gp(0)] 9,0
—2+v:e|:é§— G —. (21)
[©on 0 wo

If € = 0, then the right-hand side of Eq. (21) disappears
and we get a linear harmonic equation with the oscillation
frequency wy. Our aim is to construct a perturbation theory
for the weakly nonlinear solutions of Eq. (21), considering
that € determines the smallness of the subsequent terms
in a perturbation series. We will treat € as a small param-
eter (¢ < 1) in Sec. III. Indeed, ¢ — 0, when wy grows.
However, we will relax this condition later on, and show
that € does not necessary need to be small. The applicabil-
ity conditions for the perturbation theory are discussed in
Sec. IV.

Equation (21) has the advantage, that it has a structure
of a generalized van der Pol equation. The perturbation
parameter and the nonlinear term are clearly defined in the
equation. However, it is convenient to rewrite the equation
in a different form, which will eventually simplify the fol-
lowing calculations. In terms of §ip, Eq. (21) could be
written down in the form

2~
0v

2
@y

0= [ga,ﬁ - (22)

€
wo

8,8ip (D)
AVGy |’

as it follows from Egs. (6) and (10).

III. PERTURBATION THEORY

For the construction of the perturbation theory, we use
the Poincaré-Lindstedt method, see Refs. [19,20]. We are
looking for a periodic solution with the period (7) and
the initial conditions for v(¢) and 0,0(f) dependent on the
parameter €:

T=T(e), v0)=a(e), v(0)=0. (23)
The last equation in Eq. (23) does not impose a restric-
tion, since we are looking for a solution for an autonomous
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equation (not explicitly dependent on ¢) with the trajecto-
ries in the phase plane (v, 9,0) encircling the zero point;
i.e., a trajectory at some point in time must cross the axis
0;v = 0 and we take this point as the initial time (¢ = 0).

A. Fixed-period representation

It is convenient to deal with an equation with a fixed
(independent of ¢€) period. To this end, we define a funda-
mental frequency w of the solution as

2
= — 24
w=" 4)
and a unitless time 7 as
T = tw. (25)

Then, the period is fixed and equal to 2w. The time
derivative will become

3, = wds. (26)

Equation (21) can be rewritten as

w? 3Gp(v) | w
=0+ = — — 3, 0. 27
o ei=e|- 00| Lan )

Introducing further the unitless frequency
w=—, (28)

we rewrite Eq. (27) as

3, D. 29)

D2+ =c¢ [s - ‘SGD@)}

Go

Since we expect w ~ wy, then ® ~ 1, and we can write it
in the form

®=1+¢x, (30)

where |ex| << 1 and « is a parameter describing the fre-
quency deviation.

B. Perturbation series

Now, we collect all small terms [O(€) and smaller] on
the right-hand side of Eq. (29) and rewrite the equation as

5Gp( 21
a§5+ﬁ=%[s— g(f“)}armwcbz 5. @3

Thereafter, we introduce the function g:

g(ijs 8‘[ﬁa63K)
1 3Gp(v) - 2+ex .
= - 3, "
1+ ek [S Go ] erK(lJre/c)zv
(32)
and rewrite Eq. (31) as
320 40 = €g(D, 8, D, €, k). (33)

Equation (33) should be solved for v(t) with the initial
conditions (23). We also need to find such parameters a
and « that the solution is 27 periodic.

The solution of Eq. (33) could be written in the form

v(t) = acos(t) + 6/ 2(v, 0,0, €, k) sin(t — s) ds,
0 (34)

where the first term on the right-hand side is a homo-
geneous solution adjusted for the last initial condition in
Eq. (23). The last term in Eq. (34) is a particular solu-
tion [that could be verified directly by substitution into
Eq. (33)].

If v is a periodic function of 7, then g(t) is also peri-
odic. However, the integral appearing in the last term of
Eq. (34) is not necessarily periodic, although g(7) itself
is periodic. Therefore, we need to impose explicitly the
periodicity condition:

T2
/ 2(v, 050, €,k) sin(t —s)ds = 0. (35)

This condition could be rewritten in an equivalent form as
two equations

27
/ 2(v, 050, €, k) sin(s) ds = 0, (36)
0

27
/ 2(v, 00, €, k) cos(s) ds = 0, (37)
0

which we use to fix the values of @ and «. Essentially,
Egs. (36) and (37) require that the fundamental (first) har-
monics of g(t) are zero. That eliminates the secular terms
at the eigenfrequency of the left-hand side of Eq. (33); if
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present, the terms would lead to linearly growing in time
(not-periodic) solutions of Eq. (33).

We look for a solution of Eq. (34) in the form of a
perturbation series:

3(0) = ) €"un(v), (38)
n=0

a= Z €"ay, (39)
n=0

K=Y €k (40)
n=0

Substituting Eqs. (38)+40) into Eq. (32), we can group
different terms together and write down also g as a series

g =g+ e€g + g + 0. (41)

The perturbation series is constructed in the following
way. One starts with Eq. (33). In the zero-order approxi-
mation, it is a homogeneous equation. Its solution contains
free constants, which are adjusted by imposing the require-
ment, that €g(uo) [the right-hand side of Eq. (33)] does
not contain fundamental-harmonic terms. This require-
ment could be applied to g (ug) either directly by inspection
or by applying the conditions (36) and (37). Essentially,
this requirement implies that the fundamental harmonics
are zero in the next-order right-hand side of Eq. (33), since
€ stands in front of g there. In the calculation of the next
orders of the perturbation series, we repeat the procedure,
keeping the proper-order terms in the right-hand side of
Eq. (33).

Now, we rewrite Eq. (32) in the terms of §ip(v)

g(ijn atﬁ’E’K)
2+ ex

K——1.
(1 + €x)?
(42)

1 ~ 1 9;8ip(v)
- £0,5 — — 2
1+ ek AV Gy

Equation (42) has the advantage that it does not contain
a product of two functions, like §Gp(v)d,v in Eq. (32),
which would lead to a product of multiple terms, when we
use a Fourier-series representation for the functions.

C. Fourier-series representations

For the following calculations, we will need the Fourier-
series representation of the RTD current and conductance,
if a harmonic bias oscillation @ cos(t) with the zero-order
amplitude a is applied to the RTD. The RTD current and
conductance are periodic functions of t with a period of

2. We define the representations as

oo
8ip(agcos(t)) = Zéig’”) cos(nt), 43)
n=0

and
oo
8Gp(agcos(r)) = Y 3Gy cos(nt), (44)
n=0
where
om _ 2 [T,
dip " = — Sip(ag cos(t)) cos(nt) dt 45)
T Jo
and

2 g
SGg)’") = ;/(; 8Gplagcos(t)) cos(nt) dt (46)

orn # 0, and

8i0 = % /O ’ Sip(ag cos(v)) dr (47)
and

SGYY = % /O ’ 8Gpl(ag cos(t)) dr (48)

for n=0. Due to the symmetry of the functions
dip(agcos(t)) and §Gp(ag cos(t)), the series (43) and (44)
contain only cos harmonics.

Furthermore, integrating Eq. (45) by parts and using
Eq. (8), we derive the following recurrent relations for the
Fourier coefficients. Forn > 2,

2n
5G(0,n—1) _ 3G(0’n+l) — 8.(O,n) 49
D D AVa lD > ( )
and forn =1,
5689 _ Lsgon _ 1 500 (50)
b 2P AVay P
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D. Zero-order approximation

In the zero-order approximation, Eq. (33) is
32ug + up = 0, (51)
and its solution, satisfying the initial conditions (23), is
Uy = ag cos(T). (52)

As a next step, we need to analyze gy. Collecting the zero-
order terms in Eq. (42), we write them down as

0. 8ip(up)
AVG,

Substituting Egs. (52) and (43) into Eq. (53), we get

go = &0.up — + 2K0uy. (53)

oo

1
g0 = —§ag sin(t) + —A VGo n31

01 sin(nt)

+ 2Kpagy cos(T). (54

The first-harmonic terms in this equation are

+(0,1)

L} sin(t)

80l first harm. = —do |:€ - agAVGy,

+ 2Kpag cos(T). (55)

Now, we need to impose the condition that the cos and sin
first harmonics are zero, and that leads to the equations for
ag and «g:

Koy = 0, (56)
s .(0,1)
= (57)
Cl()AVG()

Equation (56) means that the oscillation frequency is equal
to wg in the zero order of the perturbation theory. Using
Eq. (15), Eq. (57) could be rewritten in the form

(0,1)

81
G, = —Gp(0) — DAV. (58)

The solution to this equation defines the amplitude ay,
since the Fourier coefficients, see Eq. (45), depend on ay.
Equation (58) is equivalent to Egs. (7) and (19) in Ref.
[14]:

00

G =- (39

ao A V,
where the first-harmonic RTD current is defined as

2 T
ig)’l) - ;/(; ip(ap cos(t)) cos(t) dt. (60)

To complete the calculations, we write down gy. After
elimination of the first-order harmonics, Eq. (54) takes the

form
NN Zn&D sin(nt). (61)

E. First-order approximation
In the first-order approximation, we write Eq. (33) as
O2uy 4+ up = go(7), (62)

where g is given by Eq. (61). The solution of this equation
is

ui(t) = ay cos(t) + by sin(t)

— l
AVGy = n? — 1 >

sm(nt) (63)

The coefficient b; is determined by the initial condition
(0:u1(0) = 0) on the time derivative (23):

1 . n?
by = 8iH™. 64
! AVGO;nZ—IZD 64

As outlined above, the parameters a; and x| are deter-
mined by the requirement, that g; does not contain the
first-order harmonics. As it follows from Eq. (42), g; is

0; [6G
g1 =§&0u — % + 2x1up. (65)
0

As a next step, we need to collect all the first-harmonic
terms in Eq. (65) and set them to zero. We start with the
second term. From Eqgs. (44) and (63), it follows that the
first-harmonic terms of § Gp(ug)u; are

1) GD (uO)ul |ﬁrst harm.

1
= a; cos(t) [(SG,S‘”O) + Eacg’ﬂ

1
+ by sin(z) [3(;%”0) — 53(;}2’2)}

1 sin(t)
2 AVG

o0
n
XD
2
n* —1
n=2

50" [5G§$’”‘” . 5G§$’”+“] . (66)
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Using the identities (49) and (50), we can rewrite them as

SGD (u())ul |ﬁrst harm.
+(0,1)

ip
= a; cos(T)
|: agAV

(0 9]

+8Gy 2)}

+ b sin(t)

AV

1 sin(7) n? [ (On) 2
- § : 510 ] (67
ao AV2Gy 2 — 1177 (©7)

Substituting that into Eq. (65), we get

1osiy?  8Gy?
aoAV Go G()

1 sit%Y
b _ D
+ by cos(t) [S AV Gy

81 |ﬁrst harm.

= —a, sin(1) |:§ -

cos(7) (0]
5 ”
* (AVG0)2 Z " — [ 'D ]
+ 2k1ag cos(T). (68)

According to Eq. (57), the expression in the square
brackets in Eq. (68) in the term with b, is zero. Addition-
ally, the expression in the square brackets in the term with
a; becomes —§ Gg)’z) /Gy. Since this is the only term with
sin(t), it must be zero and then

ar =0, (69)

if we ignore the special case SGg)’z) = 0. Note, the con-
dition SGS’Z) =0 is fulfilled at the outer edges of the
oscillator hysteresis regions (where the derivative over ag
from the right-hand side of Eq. (57) is zero; use Egs.
(50), (45), and (8) in the derivation), when the oscillation
amplitude becomes unstable and, therefore, a; becomes
undefined; see the hysteresis examples in Sec. VI.

Setting the other terms with cos equal to zero, we get the
following equation for «:

1 2
- — 5i0n " 70
o T (W AVG,)? 2:2: 21 [ 'p ] (70)

IV. SUMMARY OF THE
PERTURBATION-THEORY RESULTS AND
DISCUSSION

In the beginning, we make several comments on the
structure of the generalized van der Pol equation (21). Its

left-hand side is linear and it describes a lossless harmonic
oscillator with the eigenfrequency wy. The right-hand side
of the equation describes the linear gain (or loss) and
nonlinearity of the oscillator.

It is instructive to note that the parameter €£ is an insta-
bility gain (or loss) parameter of a linear (small-signal)
oscillator equation, since it stands in front of the first-order
time derivative d,v. The nonlinear term on the right-hand
side of Eq. (21) disappears in the small-signal limit. The
product €£ is

Gp(0) + G,

€& = _C—wo’ (71)

as it is seen from Egs. (15) and (20). Gy is introduced in
the definitions of € and &, see Egs. (15) and (20), to give a
common scale to different conductance-related parameters
and to keep them unitless, but eventually it cancels out in
€&. If RTD is biased at the maximum of its NDC (Gp(0) =
—Gy) and also G; K Gy, then & =~ 1, see Eq. (15). In
this case, the parameter ¢ has a straightforward physical
meaning: it determines a small-signal (linear) instability
rate. If € « 1, the instability evolves slowly on the time
scale of the period of the eigenfrequency oscillations. On
the other hand, if € 2 1, the instability develops faster or
on the timescale of the oscillation period. At other bias
points and/or at larger values of Gj, the linear instability
rate is reduced by & (note, £ < 1). This dynamic behav-
ior is relevant to the modulation speed of RTD oscillators,
particularly for on/off keying. In the case of a relaxation
oscillator (€ >> 1), the oscillation amplitude indeed sets up
within one cycle.

The nonlinear term in the square brackets on the right-
hand side of Eq. (21) defines the scale of the variable
v, when the nonlinearity becomes large enough to com-
pensate for the linear gain in the system. That happens
when the nonlinear term, averaged in a certain way over
the oscillation period, becomes approximately equal to &
(or 1, if the RTD is biased at the NDC maximum and
G; is small). Here, we can face two situations. First, the
slightly nonlinear regime, when the oscillating voltage is
sinusoidal (zero-order approximation), its shape is deter-
mined by the harmonic equation on the left-hand side of
Eq. (21). Note, the nonlinearity and the small-signal insta-
bility are decoupled in this case: the gain-compensation
condition is independent of €, and € does not influence the
zero-order oscillation amplitude.

Second, the regime with stronger nonlinearity, when
€ becomes sufficiently large, and higher order(s) of the
perturbation theory should be taken into account (or the
perturbation theory becomes not applicable). The time
dependence of the oscillating voltage becomes more (or
essentially) nonsinusoidal and the impact of the nonlinear
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terms becomes dependent on the shape of the oscillat-
ing voltage. Then, the dynamic and nonlinear parameters
become intertwined.

Now, we summarize the perturbation-theory results. The
solution of the oscillator equation (33) is determined by
the perturbation parameter €, see Eq. (20). The solution of
Eq. (33) in the zero-order approximation is

v(t) = agcos(t) + O(e), (72)
where ag is determined by the solution of Eq. (59); we
recall that ig)’l) is dependent on ay. Note that Eq. (59)
and the amplitude @ are independent of €, as mentioned
above. The oscillation frequency stays equal to the eigen-
frequency of the LC resonator:

& =14+ 0(?). (73)
As a next step, we summarize the first-order approxima-

tion results. Since 8i%"” = i for n # 1, we can drop 8
in the sums in Sec. III E and wrlte the results as

v(t) = ag cos(t) + €by sin(t)

+e€ Z bﬁ") sin(nt) + O(e?),

(74)
n=2
= s S e
1 n
n) __ (On)
bl = AVGO m D s for n > 2, (76)
& =1+ + 0, (77)
1 ad }12 0,n) 2
= - o (78
O T (G AVG,)? g w2 — 1 [ZD ] (78)

Now, we will make several general comments on the
results that were obtained.

First, v in the zero-order approximation is purely har-
monic, see Eq. (72). Nonfundamental harmonics appear
only in the first order of the perturbation theory, see
Eq. (74). Their amplitudes decrease as o<ig)’")/n, see
Eq. (76).

Second, a nonzero correction to the oscillation fre-
quency appears starting at the first order of the perturbation
theory. That is true for the van der Pol equation, but this
also holds true in the generalized case of an arbitrary RTD
I-V curve. The first-order frequency correction is of the
second order in the perturbation parameter (o €2), see
Eq. (77). Nevertheless, it originates in the first order of
the perturbation theory and, following the mathematical
literature (Poincaré-Lindstedt method), we denote it as a
first-order perturbation term.

Third, the zero-order amplitude a( and first-order coeffi-
cients by, b(ln), and «; are determined exclusively by the dc
RTD /-V curve and the load conductance G;. The dynamic
RTD parameters (C and wy) appear only in the perturba-
tion parameter €, see Eq. (20), which further determines
the strength of the first-order terms in Eqgs. (74) and (77).

Fourth, we introduced the maximum NDC G to give a
scale to the nonlinear variation of the RTD conductance
and to the linear instability and perturbation parameter €
and to eventually write the equations in a unitless form.
However, amplitudes of the first-order terms are deter-
mined by the parameters €b, ebﬁ"), and €%k, see Egs.
(74)«78), which are independent of Gy, since € & Gy and
by < 1/Gy, bg") o 1/Go, k1 o 1/G3, and G cancels out.

Fifth, a subtle point needs to be discussed. When is the
perturbation theory applicable? Obviously, it is applicable
when € < 1. However, this condition could be relaxed. We
can define the validity range of the perturbation theory by
imposing the condition that the first-order corrections are
small, since ay ~ 1. That means that we need to require

ebil <1, Jeb”| <1, |kl <1 (79
Essentially, as it follows from Egs. (74)+78), we can
define the small parameter in the problem as

)
Ip

€e——— forn > 2,
aoAVG()

<1, (80)

or we can write it in the form

1 lg)")

Ca)() a()A V

<1, forn>2. (81)

In practical terms, we can replace the strong requirement
<« 1 in the inequalities (79) by < 0.3. The above inequali-
ties are dependent on €, which is o 1/wy. Therefore, these
inequalities are always satisfied at sufficiently high oscil-
lator frequencies. However, they always fail at sufficiently
low frequencies. At those low frequencies, the perturba-
tion theory (including its zero-order approximation) is not
applicable anymore, the RTD oscillators are entering a
strongly nonlinear oscillation regime, and they work essen-
tially as relaxation oscillators. In this regime, the RTD
oscillator should be analyzed using different mathemat-
ical or numerical methods. In particular, the oscillation
frequency of the RTD oscillator should drop significantly
below its eigenfrequency wy, as indicated by the negative
sign of 1 in Eq. (78).

By applying conditions (79), we assume that the higher-
order terms in the perturbation series will keep decreasing
as the higher orders of the parameter (80). Although intu-
itively expectable, that is not guaranteed and remains to be
proved or verified by analysis of the high-order terms or
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with numerical simulations. We leave this question open
and beyond the scope of this paper.

Lastly, it can be shown from the parity symmetry of g
that only odd orders of the perturbation affect ¥ and gen-
erate sinusoidal harmonics, while even orders perturb the
coefficient ag and cos harmonics. Consequently, the next
correction to x beyond the leading term scales with €*.
Therefore, for small €, the first-order perturbation provides
a very accurate prediction of «.

Sixth, one additional point needs to be addressed: under
what conditions does the quasi-static approximation for the
1-V curve (4) hold? This approximation is valid when the
charge-relaxation processes inside the RTD can be con-
sidered fast. This condition can be expressed as Wty K
1, where 7, is the small-signal charge-relaxation time
constant [21-24]. However, this condition becomes less
stringent (i.e., the effective averaged 7, decreases) when
RTDs operate in a large-amplitude regime [18]. Since one
usually tries to operate RTD oscillators in this regime,
the applicability condition of the presented theory may
be approximately reformulated for simplified assessments
as wTe S 1, where the largest value of 1, at the NDC
maximum is used [21-24].

Beyond this approximation, the analysis of RTD oscil-
lators in the form of a generalized van der Pol oscillator,
as presented in this paper, remains valid when applied
to a “flattened” high-frequency RTD /-V curve, which
becomes frequency independent when wte > 1 [17].
Otherwise, more accurate oscillator models based on gen-
eral large-signal dynamic RTD models [18] are required to
describe RTD oscillators at intermediate frequencies.

V. VAN DER POL EQUATION

To verify the model, we apply it to an RTD with its /-
V curve approximated by a third-order polynomial. This
approximation leads to the van der Pol equation.

In this case, we approximate the nonlinear RTD /-V
curve as the following third-order polynomial

ip(v) = —Gov + Bv, (82)

where B is the third-order nonlinearity coefficient. In
Eq. (82), we assume that the RTD is biased at the cen-
tre of its NDC region, i.e., at the point of its maximum
NDC (Gp(0) = —Gyp). We adjust the parameters Gy and B
in such a way that the peak and valley points of the real and
the approximated RTD /-V curves are coinciding. Then,
the parameters in Eq. (82) take the following values:

_3AI 53)
"7 oAV
and
4 Gy
B=-——— 84
3 A (34)

where Al and AV are the current and bias separation
between the peak and valley points of the real RTD /-V
curve.

Rewriting (82) in terms of the normalized voltage (16),
we get

ip(D) = —GoAVD + gGoAVfP (85)

Gp(D) = —Gy + 4Gy (86)
Correspondingly,

Sip(D) = gGOA Vo (87)

8Gp(D) = 4Gy*. (88)

Applying the zero-order solution leads to the following
Fourier series representation of the RTD current

ip(ap cos(t))
1
= GyAVay [(—1 + a3) cos(t) + gag cos(3r):| . (89)
Taking the first-harmonic term in the above equation

(which is i'") and substituting it into Eq. (59), we get
an equation for the amplitude a,

Gy — G
Go

B=k= (90)
This completes the solution in the zero order of the pertur-
bation theory, according to Egs. (59), (72), and (73).

As a next step, we calculate the solution up to the first
order of the perturbation theory, Eqs. (74)~(78). As it fol-
lows from Eq. (89), only the third harmonic is nonzero in
the sums in Egs. (74), (75), and (78), with

1
iV = 3 G0l Vay. (91)
Substituting that into Egs. (74)—(78), we get
v(t) = agcos(t) + €b; sin(t) + ebf) sin(371)
+ O(€?), 92)
3
by = gag, 93)
1
b = —gag, (94)
14
1 = —cdh (95)

For completeness, we rewrite Eq. (21) in the usual form of
the van der Pol equation. First, we substitute Eq. (88) into
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Eq. (21), and it takes the form

3?0 027 9,0
U0 e [1 —4—] o, %)
w, S ()]

Second, we rescale v as

then Eq. (96) takes the usual form of the van der Pol
equation

30 - -7 0D
’—”+ﬁ=es[1—az]wﬂ (98)
0

with the perturbation parameter €£. Applying Eq. (97) to
Egs. (92)+95), keeping €& as the perturbation parameter,
and using Eq. (90), we get

b=2 cos(t) + 65% sin(t) — eé% sin(37) + O((€€)?),
99)

~ 1
Kl = ——. 100
K1 16 ( )
The coefficients in Egs. (99) and (100) correspond exactly
to those for the zero- and first-order solutions of the van
der Pol equation, see Refs. [19,20].

VI. EXAMPLES

For illustration, we apply the perturbation theory to the
analysis of oscillators based on two RTD wafers with
rather typical parameters. Those are InGaAs/AlAs RTDs
with the main parameters listed in Table I. One RTD
(“1.6-RTD”) has relatively thick AlAs barriers of 1.6 nm.
This RTD has a peak current density of 6.2mA/um?
and Gy ~ 44 mS/um?, see Table I. This RTD wafer was
designed for sub-THz frequencies. It was extensively used
by us in a number of experimental studies in the past
[14,16,25,26]. The other RTD (“1.0-RTD”) has very thin
barriers of 1.0 nm, the peak current density of 24 mA /pm?
and Gy ~ 105 mS/pum?, see Table I. It was designed for
THz frequencies, and used in a number of experimental
studies [7,16,27-29]. The RTD layer sequences of both
wafers are provided in the above references. Theoretically
calculated dc RTD /-V curves are shown in Fig. 3. These
I-V curves match very well the measured ones, see the
above references. Figure 4 shows the differential conduc-
tances (Gp) of the RTD wafers. 7, in Table I denotes the
small-signal charge-relaxation time constant at the NDC
maximum [21-24]. As discussed in Sec. IV, the quasistatic

0.0 0.5 1.0 1.5 2.0
Ve, V
(b)
25
20
E 15
=
<
£
$10
g
5
0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
VdCY V
FIG. 3. Theoretical /-V curves for the 1.6-RTD (a) and 1.0-

RTD (b) wafers. Blue lines show stable dc /-V curves. Orange
and green /-V curves are the dc /-7 curves of an oscillating RTD
in an oscillator. The red lines show third-order approximations
of the real /-V curves. The magenta lines show the third-order
polynomial /-7 curves modified by the oscillations.

approximation for the /-7 curve (4) is expected to hold
approximately up to the frequency defined by the condition
wTel ~ 1, which corresponds to approximately 2 THz for
the 1.0-RTD and approximately 400 GHz for the 1.6-RTD.

TABLE I. Main parameters of the considered RTD wafers.
RTD wafer 1.6-RTD 1.0-RTD
Barrier thickness 1.6 nm 1.0 nm
AV 0.55V 04V
Peak current density 6.2 mA /pm? 24 mA/pum?
Gy 44 mS/pum? 105 mS/pm?
G (third order) 14 mS/pum? 65mS/pm?
C 6 fF/pm? 8.9 fF/um?
Trel (at max NDC) 380 fs 85 fs
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FIG. 4. Differential RTD conductances (blue lines) for the
1.6-RTD (a) and 1.0-RTD (b) wafers. The orange and green
lines show the zero-order RTD conductances, modified by the
large-amplitude oscillations; these conductances are defined as
ig)”l) /agAV. Red and magenta lines correspond to third-order
approximations of the real RTD /-V curves, see notations in the
subscript to Fig. 3.

A. Zero-order solutions and first-order perturbation
terms

Our aim is to illustrate the RTD-oscillator character-
istics in the regime of nearly maximal oscillation ampli-
tudes. Therefore, we choose fixed small values of the load
conductance (different for different wafers): G; = 0.1 Gy.
The solutions of Eq. (59) define the zero-order oscillation
amplitudes ay. The calculation results are shown in Fig.
5. The figure shows that ay~1 for both wafers and a, are
dependent on the dc operating bias (V4.). On both sides
of the oscillation regions, one can see hysteresis regions
(between the green and orange curves). The correspond-
ing effective large-signal RTD conductances are shown in
Fig. 4. As expected, they exhibit plateaus in the oscillation
region at the level —Gj, as defined by Eq. (59). The I-V
curves with steplike behavior due to the self-rectification
effect in and near the NDC region, where RTD oscillates,
are shown in Fig. 3; the /-V curves also exhibit hysteresis

regions. These /-V curves are calculated as /4. (V) + ig)’o).

(a)

0.5} )
{0.8
0.4}f
{0.6
> 0.3}
>; T
ot ( 0.4
0.1F f {0.2
0 1 0
0.50 0.75 1.00 1.25 1.50
Vdc: \
(b)
0.4} | 41.00
0.3f {0.75
>
E &
> 0.2p {0.50
0.1} Jo.25
0 0
0.4 0.6 0.8 1.0
Vde \
FIG. 5. Oscillation amplitudes with G; = 0.1 Gy for the 1.6-

RTD (a) and 1.0-RTD (b) wafer, see notations in the subscript
to Fig. 3. Magenta lines show the oscillation amplitudes for the
third-order approximations of the /-¥ curves.

To calculate the first-order terms, we need to define the
parameter €, which is dependent on the RTD capacitance,
see Eq. (20). In the calculations, we assume that the oscil-
lator capacitance C is equal to the RTD capacitance. We
set the values of the RTD capacitance as given in Table
I, see discussion later. The corresponding values of € as a
function of frequency are shown in Fig. 6.

Now, we need to check the applicability conditions
for the perturbation theory. As pointed out in Sec. IV,
the inequalities (79) should be satisfied. First, we look
at the data for the 1.6-RTD wafer. The calculation results
for the first-order terms at 200 GHz are shown in Figs. 7(a)
and 8(a). Figure 7(a) shows that the first-order terms nearly
satisfy the requirement < 0.3 at this frequency. The coeffi-
cient x is strongly dependent on the operating bias point,
as one can see in Fig. 8(a). The condition < 0.3 is valid
for the frequency-deviation term €| in the bias range
Ve = 0.75-1.0V, see Fig. 8(a). However, at lower dc
biases of <0.75V, this term becomes significantly larger
and the perturbation theory stops to be applicable there
already at frequencies of around 300 GHz. The data for the
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FIG. 6. Coefficients € (blue lines) for the 1.6-RTD (a) and 1.0-

RTD (b) wafer. Red lines show the results for third-order poly-
nomial approximations of the RTD I-V curves (G for the same
wafers are correspondingly adjusted, see Table I and Fig. 4).

1.0-RTD wafer, shown in Figs. 7(c) and 8(b), look simi-
lar, but the lower-bound frequency for applicability of the
perturbation theory is approximately 700 GHz in this case.

To illustrate how much the oscillator frequency drops
compared to its eigenfrequency, we plot the parameter €2k
vs frequency in Fig. 9. For the plots, we choose the dc
bias points, where the RTD oscillators have nearly max-
imal oscillation amplitude (see Fig. 5) and also a small
value of k) (see Fig. 8), i.e., the frequency deviation is
minimal at these points. These dc bias points are close to
Vic = 0.9V for the 1.6-RTD wafer and to V3. = 0.7V for
the 1.0-RTD wafer. For the 1.6-RTD wafer, the oscillation
frequency should drop by 30% at f; = 100 GHz (that is
already nearly strongly nonlinear regime); at 200 GHz, the
frequency drop is approximately 7%, which is a significant
value; at higher frequencies, the oscillator should operate
closer to its eigen frequency. For the 1.0-RTD wafer, the
frequency drop is approximately 8% at fy = 700 GHz and
it is lower at higher frequencies.

As indicated in Sec. IV, beyond the specified range of
biases and at lower frequencies, the perturbation theory is
not applicable, the RTD oscillators go into a relaxation-
oscillator regime, and the oscillation frequency should
drop significantly below the resonator eigenfrequency wy.
With respect to the 1.6-RTD wafer, these considerations
indicate why we had to choose (empirically) a somewhat
larger value of the RTD capacitance of C = 9 fF/um?
in Ref. [14] (contrary to 6fF/pum? in Table I), where
this wafer was used for RTD oscillators at approximately
100 GHz: it turns out, that those oscillators were proba-
bly working in the nearly strongly nonlinear regime with
a reduced oscillation frequency. The frequency reduc-
tion was mimicked (unknowingly) by the increased RTD
capacitance.
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FIG. 7. first-order terms €b; and ebi”) for the 1.6-RTD (a),(b)
and 1.0-RTD (c),(d) wafers at fo = 200 GHz and fy = 700 GHz,
respectively. (a),(c) Calculation results for the real /-V curves;
(b),(d) similar results for the third-order polynomial approxima-
tions of the RTD /-V curves.

For comparison, we now apply the third-order polyno-
mial approximations to the RTD /- curves and calculate
the same zero- and first-order parameters of the perturba-
tion theory. We keep the values of G; for each of the wafers
the same as before (to have a fair comparison), but Gy will
have modified values, corresponding to the approximated

0 0
(a) (b)
02 o
M M
= -04 2
W 02
-06
03
-0.8

06 07 08 09 10 1.1 05 0.6 0.7 0.8
Ve, V Ve V

FIG. 8. First-order terms €?k; (blue lines) for the 1.6-RTD
(a) and 1.0-RTD (b) wafers at fo = 200 GHz and f; = 700 GHz,
respectively. Red lines: similar results in the case of the third-
order polynomial approximation of the RTD 7-V curve.
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FIG. 9. Frequency reduction (blue lines) compared to the
eigen oscillator frequency for the 1.6-RTD (a) and 1.0-RTD (b)
wafers at Vg = 0.9V and Vg = 0.7V, respectively. Red lines:
similar results for the third-order polynomial approximations of
the RTD -V curves.

1-V curves, see Table 1. Figure 3 shows the third-order
polynomial approximations of the RTD /-V curves. The
polynomial parameters are defined as described in Sec. V.
Figures 3—9 show the calculation results applied to the
I-V curves given by the third-order polynomial approxima-
tions. Figure 5 shows that the oscillation amplitudes retain
the same scale as for the real /-V curves. However, there
are quantitative and even qualitative differences. First, the
third-order polynomial approximations do not reproduce
hysteresis regions; higher-order polynomial approximation
better matching the real RTD /- curves are required for
that. Correspondingly, the behavior of the RTD conduc-
tance and /-V curves for the oscillating RTDs also do not
exhibit hysteresis, see Figs. 3 and 4. Second, one can notice
certain quantitative deviations in the positions and shapes
of the oscillating zero-order characteristics in Figs. 3—5.
Further on, the first-order characteristics also exhibit
a number of quantitative and qualitative differences. The
value of € drops by approximately 3 times for the wafer
1.6-RTD, although the reduction is not that large for wafer
1.0-RTD, see Fig. 6. The differences are due to lower
peak NDC for the third-order polynomial approximation,
see Fig. 4. In Fig. 7, we see that the third-order polyno-
mial approximation results (as they should) contain only
the fundamental, second- (when bias is shifted from the
center of NDC) and third-order harmonics, although the
real RTD exhibits much more rich output spectrum with
many harmonics with nonzero amplitudes. Significantly
larger value of €b; in the case of third-order polynomial
approximation is also apparent; this component is respon-
sible for a phase shift of the fundamental harmonic (with
respect to t = 0 defined by the initial conditions (23), the
phase shift accompanies deformation of the trajectories in
the phase plane (v, 9,0)) with the variation of the dc bias.
One can also clearly notice the qualitative differences in
the behavior of the first-order terms in Fig. 7: all terms

converge to zero at the edges of the oscillation region
in the case of the third-order polynomial approximation,
although some terms remain large and exhibit an abrupt
jump at the edges of the oscillation region for the real RTD
I-V curves. This behavior is related to the hysteresis at the
edges of the oscillation region and sharp changes of the
oscillation amplitude there, see Fig. 5.

The variations of the frequency deviations with dc bias
look different for the real /-V curves and their third-
order polynomial approximations, see Fig. 8. The former
ones are quite smooth, although the latter ones are wavy.
Such nonmonotonous dependence on the dc bias has never
been observed experimentally, which indicates that the real
RTD -V curves are not well approximated by the third-
order polynomials, as far as the frequency deviations in
RTD oscillators are concerned. Significant quantitative dif-
ferences between these two curves are also apparent. If
we choose the dc operating point close to the NDC max-
imum or a maximum amplitude (aj), in our case it is
Vie = 0.9V for 1.6-RTD wafer, then the frequency devi-
ation may become quite similar, see Fig. 8(a) and also Fig.
9(a), at least for this example RTD wafer. However, at a
similar bias of V4. ~ 0.7V for 1.0-RTD wafer, the dif-
ference is quite large, it is a factor of approximately 2,
see Figs. 8(b) and 9(b). Again, the third-order polynomial
approximation can lead to significant quantitative errors.

B. Variation of the oscillation frequency with bias

It is known that the RTD-oscillator frequency is chang-
ing with dc bias [30]. However, the mechanism of this
change and its quantitative and qualitative behavior were
not thoroughly investigated. Here, we try to elucidate cer-
tain characteristic features of the frequency variation in
RTD oscillators with bias.

We start with several experimental observations. There
are experimental works reporting or mentioning the fre-
quency change in RTD oscillators with bias; the fre-
quency variation is usually rather small (approximately
1% and less), but sometimes it can become quite large
(approximately 5—7%) [10,28-31]. The frequency typi-
cally increases with the increase of RTD bias [30]. How-
ever, the shape of this frequency change is sometimes
[28,29] very peculiar: first, the frequency grows with
bias, but then it reaches a maximum and later somewhat
(smoothly) drops until the opposite side of the oscillation
region is reached.

It is intuitively clear why the oscillation frequency is ris-
ing with bias: the RTD collector region gets more depleted
and longer with the increase of bias; that leads to the reduc-
tion of the RTD capacitance and, as a consequence, to
the increase of the oscillation frequency. However, that
does not explain why the frequency starts to decrease at
high biases. Something essential is missing in this simple
explanation.
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FIG. 10. Small-signal RTD capacitances (blue lines) for the

1.6-RTD (a) and 1.0-RTD (b) wafers. Green lines: large-signal
RTD capacitances (Crs(Vq.)) in the oscillation region.

In an attempt to make these capacitive arguments more
accurate, we include effects related to the large-signal
capacitance. This goes beyond the van der Pol equation,
which is based on the assumption of a constant capacitance
in the oscillator. So, first, we calculate a small-signal RTD
capacitance (Cy), see Fig. 10. The calculation procedure
follows [21-23]. The small-signal capacitance exhibits a
characteristic peak in the NDC region of the RTD [-V
curve. Then, we calculate a large-signal RTD capacitance
(Crs): when large-amplitude oscillations are applied to
an RTD, its effective capacitance is averaged in a certain
way over the oscillation cycles. The calculation procedure
follows that described in Ref. [7]:

2 (7 .
Crs(Vae) = ;/ Co (Vae + AVag cos(t)) sin’(z) dr.
0
(101)

As the oscillation amplitudes, we take the zero-order
amplitudes shown in Fig. 5; the large-signal capacitances
(Cvs) for both wafers calculated in such a way are shown
in Fig. 10. For 1.6-RTD wafer, Crs changes smoothly
in the range 57 fF/wm?. Therefore, we take an average
value of C = 6 fF/um? in our calculations in Sec. VIA,
see also Table 1. In a similar way, we estimate an average
capacitance of C = 8.9 fF/um? for the 1.0-RTD wafer.

As a next step, one can evaluate the frequency change
(Aw) due to the change in Crg with bias [ACrs(Vae)];
according to Eq. (18), it is

Ao 1 ACLS(Vdc). (102)
w 2 C

The corresponding frequency deviations with bias are
shown in Fig. 11. They exhibit a smooth monotonous
increase of frequency with bias, i.e., the capacitance
change with bias does not fully explain the effect.
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FIG. 11. Frequency deviations for the 1.6-RTD (a) and 1.0-
RTD (b) wafers. Green lines: variation of the oscillation fre-
quency due to the bias dependence of Crs(Vy4.). Blue lines:
frequency deviation due to the first-order corrections of the per-
turbation theory at the oscillation frequency of fy = 300 GHz
(compare with Fig. 8) for the 1.6-RTD wafer and f; = 700 GHz
for the 1.0-RTD wafer. Orange lines: the sums of both contribu-
tions.

Now, let us include the first-order frequency corrections
of the perturbation theory into our analysis. As Fig. 8 indi-
cates, first-order frequency corrections have qualitatively
the right shape. We choose the oscillation frequency of
300 GHz for 1.6-RTD wafer, so that the corrections are
smaller than those in Fig. 8 and roughly fall within the
validity range of the perturbation theory. For the 1.0-RTD
wafer, we choose the frequency of 700 GHz, where the
perturbation theory is still roughly applicable. The cal-
culation results are shown in Fig. 11. We also show the
sum of both contributions of Cis(Vy.) and the first-order
frequency corrections. The combined contributions have
qualitatively correct shapes for both wafers in agreement
with experimental observations: the frequency grows with
bias, reaches a maximum and then slightly drops.

In such a way, we demonstrate that the first-order cor-
rections of the perturbation theory are, probably, playing
an essential role in determining the frequency variation of
the oscillation frequency with bias. Note that these correc-
tions could also be quantitatively larger than those related
to Crs(V4e), as the given examples show.

We need to address one more point in this context.
The 1.0-RTD wafer was used in the experiments in Refs.
[28,29], where the frequency variation of 5.5% with dc
bias at approximately 650 GHz was measured. Instead,
the scale of the frequency variation shown in Fig. 11 is
approximately 30% at 700 GHz, although the shape of
the frequency variation agrees well with the experimental
data. Where is this large quantitative discrepancy com-
ing from? There could be several factors responsible for
that. First, in the above calculations, we assumed that the
RTD Cis is equal to the total oscillator capacitance. In
reality, the RTD capacitance constitutes a part of the total
capacitance C, the other part is coming from the antenna
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and resonator. Therefore, the frequency variation due to
Crs(V4c)—around 10%, see the green line in Fig. 11—will
be scaled down as o Crs/C with an increase in the total
capacitance. Additionally, the first-order frequency correc-
tion is oc €2, and it will decrease quadratically with the
increase of C. Second, we assumed that the RTD oscilla-
tor is working in nearly ultimately large-amplitude regime:
G; was assumed to be equal to a very small fraction of the
RTD NDC (G; = 0.1 Gy), this led to approximately 20% of
frequency variation due the first-order corrections, see blue
line in Fig. 11. In reality, Gy likely constitutes a larger frac-
tion of Gy; then, the RTD oscillation amplitude is smaller
and, as a consequence, the scale of the frequency varia-
tion with bias due to this mechanism should be smaller.
Third, the RTD was assumed to be working in a quasistatic
regime in the presented analysis. In reality, high-frequency
effects might be already leading to some change in the
RTD conductance (reduction of NDC) at 700 GHz; those
effects might also reduce frequency variation with bias.
Fourth, there are several effects that go beyond the gen-
eralized van der Pol oscillator model we discuss in this
paper. For example, such effects are as follows: account
of the nonlinearity of the RTD capacitance in the oscil-
lator equation, variation of the resonator parameters (L,
C, Gy) with frequency (resonator is not a simple LC cir-
cuit), etc. Those effects may also change quantitatively and
qualitatively the bias dependence of the corrections to the
oscillation frequency. Fifth, the measurements were not
performed over the entire oscillation region due to diffi-
culties in precise biasing closer to the current peak (due
to large NDC) and hysteresis region, where the frequency
variation is expected to be the steepest. As a result, a con-
siderable portion of the frequency tuning range may be not
measured. Presumably, careful incorporation of these fac-
tors into the oscillator model and measurements can lead
to a good quantitative agreement between the theory and
experimental data, but that goes beyond the scope of this

paper.

VII. CONCLUSION

Generalized van der Pol oscillator models are essential
for qualitative and semiquantitative analysis of nonlin-
ear oscillators, in particular, RTD oscillators. Here, we
develop such a model to account for a realistic nonlinear
RTD [-V curve. To describe a weak nonlinear operation
regime of the oscillators, we construct a perturbation the-
ory and derive analytical expressions for the relevant per-
turbation terms up to the first order. The derived analytical
expressions can serve as a reference for more compli-
cated models and numerical simulations. We show that
the nonzero corrections to the oscillation frequency (o
€2), higher harmonics (o< €), and quadrature fundamental-
frequency component (o< €, which is responsible for the
oscillator phase shift) appear only in the first order of the

perturbation theory, where (¢) is the perturbation param-
eter. That was true for the van der Pol oscillator model
with a third-order polynomial approximation for the RTD
I-V curve, but that remains valid also for the generalized
model. We also indicate that the applicability conditions
for the perturbation theory could be relaxed and they
can require smallness of the first-order corrections [Eqs.
(79)~«81)], rather than a much stronger condition € < 1.

For two typical RTD wafers—one with relatively thick
1.6nm and the other one with quite thin 1.0-nm AlAs
barriers, designed for sub-THz and THz frequencies,
respectively—we compare perturbation-theory calculation
results for a real and approximated (third-order polyno-
mial) RTD /-V curves. We show that the account of
nonlinearity of a real RTD /-V curve is responsible for
qualitatively different features in the behavior of the oscil-
lator parameters, like the appearance of harmonics of
the order higher than 3, hysteresis features, smooth non-
monotonous variation of the oscillator frequency with
RTD bias. Furthermore, our calculations indicate that the
first-order corrections to the oscillation frequency play an
essential role in the mechanism of the variation of the oscil-
lator frequency with bias. Apart from qualitative features
listed above, quantitative differences between the calcu-
lated parameters for real and approximated /-V curves are
also apparent and illustrated.

Furthermore, we show that RTD oscillators in a large-
amplitude operation regime—this regime is aimed in high-
output-power RTD oscillators—can be at the edge of the
applicability region of the perturbation theory already at
the frequencies of a few hundred GHz for RTDs with
thicker barriers and slightly above 500 GHz for thin-barrier
RTDs. At lower frequencies, these RTD oscillators should
be operating in a strongly nonlinear regime of the relax-
ation oscillators.

If, along with RTD capacitance, the parasitic or res-
onator capacitances also contribute significantly to the total
oscillator capacitance C, this would lead to the increase
in C, to the reduction of € o« 1/C, and to a correspond-
ing reduction of the first-order corrections. This would
also extend the applicability range of perturbation theory
to lower frequencies.
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