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Local intensity enhancement by plasmonic nanoparticles is widely used in optics and photonics; how-
ever, the effect is usually based on dipole resonances in the particles. Recently, it has been shown that
quadrupole and octupole resonances can exhibit comparable or even higher near-field enhancement. In this
work, we focus on the near-field enhancement by a metasurface composed of gold-disk dimers arranged
in a rectangular array. We find that, owing to an octupole plasmon resonance coupled to a surface lattice
resonance, exceptionally high near-field enhancement in the dimer gaps can be achieved in the visible
spectral range. To gain insight into the effect, we develop an analytical model for the effective dipole
and octupole polarizabilities of the particles in an array, and discover that at decreasing array periods, the
dipole polarizability tends to vanish, while the octupole polarizability rapidly increases. Hence, octupole
resonances can find applications in high-density arrays of plasmonic resonators. We propose a method to
numerically evaluate multipole polarizabilities of a single particle, applying it to the gold dimer that we
consider. The influence of the array on the effective polarizabilities is then verified by numerical calcula-
tions, and good agreement is obtained. Our results may open new avenues for investigating the properties
of periodic plasmonic structures based on higher-order multipole resonances and their applications.

DOI: 10.1103/h3t1-srh9

I. INTRODUCTION

Plasmonic nanoparticles have been extensively studied
and widely used in optics and photonics because of their
special optical properties, including near-field enhance-
ment and efficient scattering of optical fields. Central to
these properties are the localized surface plasmon reso-
nances (LSPRs), which are collective oscillations of con-
duction electrons at the surface of a metal particle excited
by an optical field [1,2]. The resonances are highly depen-
dent on the material composition of the particles, which
makes them tunable in a wide spectral range. Being sen-
sitive to small variations in the refractive index of the
surrounding medium, LSPRs provide an excellent plat-
form for applications in optical sensing, imaging, and
spectroscopy [3–9]. When nanoparticles form a periodic
lattice, the fields scattered by them can interfere construc-
tively at their own locations, leading to another type of

*Contact author: sagar.sehrawat@aalto.fi

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

resonance called “surface lattice resonance” (SLR) [10–
15]. SLRs are often narrowband and have a high qual-
ity factor. For metal particles, SLRs can overlap with
LSPRs of individual nanoparticles, leading to an addi-
tional near-field enhancement of light intensity [16–21].
Because of these properties, plasmonic nanoparticle arrays
have been successfully used, for example, in biochemical
sensing [18,19,22], nonlinear optics [23–25], laser technol-
ogy [26,27], and spectroscopy [11,28–30]. In general, the
higher is the density of the particles on the surface, the
stronger should be the overall optical signal received from
them. However, in plasmonic metasurfaces with subwave-
length periods, SLRs cannot be excited (since for them,
the lattice period should be comparable with or larger
than the wavelength λ used), while LSPRs weaken when
the separation approaches zero, since the particles start to
behave as a continuous film. This means that the density of
the particles is limited to about λ−2 in a two-dimensional
array of dipole scatterers, which is not necessarily
the case for particles supporting higher-order multipole
excitations.

Both LSPRs and SLRs are usually treated in terms of
electric dipole excitations in the particles, and higher-order
multipole resonances are rarely considered, except per-
haps when bound states in the continuum and other dark
excitations are studied [31,32]. Indeed, for subwavelength
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particles, higher-order multipoles are nearly absent in the
far field compared with electric dipoles. However, it was
recently shown that in individual scatterers, higher-order
multipoles, such as quadrupoles and octupoles, can lead
to an exceptionally high near-field enhancement [33,34].
In addition, these multipole excitations can hybridize with
the electric dipole excitation and result in both narrow-
band and bright far-field scattering [35]. These findings
show promise for many practical applications and also
open up prospects for the discovery of new phenomena
concerning higher-order multipole excitations in arrayed
particles.

In this work, we study scattering and near-field enhance-
ment of light by a two-dimensional array of metal particles
and find that the array periods can be tuned to significantly
enhance the hybrid dipole-octupole LSPR through its cou-
pling to an SLR. This makes this work differ from our
previous investigations of the near-field enhancement by
higher-order multipole resonances in individual particles
[33,34]. Choosing the particles in the form of gold-disk
dimers, we show that the coupling leads to an exception-
ally high intensity enhancement in the dimer gaps. The
enhancement is tuned to appear near λ = 700 nm, mak-
ing it suitable for biomedical sensing applications [using
surface-enhanced Raman spectroscopy (SERS) and other
plasmon-enhanced spectroscopic methods] and detectable
with standard silicon detectors. Moreover, we have discov-
ered that while the dipole polarizability vanishes when the
array period decreases below the wavelength, the octupole
polarizability rapidly grows, allowing the a high density of
hot spots in the array to be high. The effect is revealed in
our analytical calculations of the effective polarizabilities
of the particles. We propose a method to numerically cal-
culate the dipole, quadrupole, and octupole polarizabilities
of individual particles and apply it to verify our analyti-
cal calculations. Our results underline the importance of
higher-order multipole resonances in arrayed optical scat-
terers, demonstrating their ability to efficiently enhance

and scatter optical fields in the visible spectral range. In our
studies, we used the classical and scattering-current multi-
pole expansions [36], implementing them with the help of
COMSOL MULTIPHYSICS.

II. SCATTERING-CURRENT MULTIPOLE
EXPANSION AND MULTIPOLE

POLARIZABILITIES

The classical multipole expansion is an important tech-
nique used in electromagnetic theory to describe the fields
scattered by small particles, as these fields can be decom-
posed into orthogonal components produced by point mul-
tipoles located at the center of the scatterer. However, the
expansion does not provide a clear picture of the exci-
tations in the particle. Some of them, such as toroidal
multipole and anapole excitations, are not revealed by the
expansion. To reveal the actual excitations in the scatterer,
one can expand the scattering current density

J(r) = −iωε0 [ε(r) − εs] E(r) (1)

into orthogonal Cartesian current multipoles [36]. Here
ε(r) is the relative electric permittivity, whose value out-
side the scatterer is εs. Note that the scattering current
density includes also the displacement current density and
is not equal to zero for dielectric scatterers. The current
multipoles are not divided into electric and magnetic mul-
tipoles and are represented by very simple current config-
urations [36]. The expansion includes toroidal multipoles
as multipoles of higher orders. For example, the toroidal
electric dipole is a combination of octupoles in the current
expansion. The expansion is applicable to arrayed scatter-
ers, revealing the dependence of the multipole excitations
in them on the neighboring scatterers. In terms of point
current multipoles, the localized scattering current density
can be written as [36]

J(r) = iω
∞∑

l=1

∑

v̂=x̂,ŷ ,ẑ

l−1∑

a=0

l−a−1∑

b=0

M (l)(v̂, a, b)v̂
(−1)l(l − 1)!

a!b![l − (a + b + 1)]!
da

dxa

db

dyb

dl−(a+b+1)

dzl−(a+b+1)
δ(r), (2)

where M (l)(v̂, a, b) is the current multipole moment of
order l, with v̂ being a unit vector along the direction
of the current density, and a and b showing how many
times the current density reverses its direction when cross-
ing the particle in the x direction and the y direction,
respectively. Along the z direction, the current density
flips l − (a + b + 1) times. For scatterers that are much
smaller than the wavelength, the multipole moments can

be calculated as

M (l)(v̂, a, b) = i
ω(l − 1)!

∫
Jv(r)xaybz(l−a−b−1)d3r, (3)

where Jv(r) is the v component of the current density.
Beyond the small-scatterer (or long-wavelength) approxi-
mation, the current multipole moments are calculated from
the classical electric and magnetic multipole moments
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aE(l, m) and aM(l, m) with the use of the mapping rela-
tions presented in Ref. [36]. The classical multipole
moments are in turn calculated from the actual scattering-
current distribution in the particle obtained, for exam-
ple, numerically [see Eqs. (15) and (16) in Ref. [36],
where the related numerical calculations are demonstrated
as well]. The effective amplitude of the current density
associated with multipole moment M (l)(v̂, a, b) scales as
−iωv̂M (l)(v̂, a, b)/(xa

e yb
e zl−a−b−1

e ), where xe, ye, and ze are
the effective sizes of the scattering-current distribution
along the x, y, and z directions [33,34]. These effective
sizes can be considered as fitting parameters when the
contributions of individual multipole moments to the near-
field enhancement spectra have to be evaluated [33,34].
The near-field enhancement is proportional to the effective
amplitude of the localized current density that enhances
the field. Once the current multipole moments are calcu-
lated, one can find the polarizabilities of the particle related
to these moments. In general, the dipole polarizability is
a second-rank tensor that can be made diagonal by rotat-
ing the coordinate system such that its axes become the
symmetry axes of the particle. In this case, the three diag-
onal components of the dipole polarizability αv satisfy the
expression

pv = M (1)(v̂, 0, 0) = αvEv , (4)

where pv is the Cartesian component of the dipole
moment. The quadrupole polarizability is a third-rank ten-
sor with 27 elements. Choosing the coordinate system to be
aligned with the symmetry axes of the particle and deal-
ing with quadrupole moments Qvx = M (2)(v̂, 1, 0), Qvy =
M (2)(v̂, 0, 1), and Qvz = M (2)(v̂, 0, 0), one can reduce the
number of nonzero elements of the tensor from 27 to 9
and write them as βvi [37]. However, quadrupoles are
known to be sensitive to the field gradient rather than
to the field itself, with each Qvi sensitive to dEv/di.
Considering a finite-sized particle centered at the origin
of the coordinate system, we can use a Taylor series
expansion of the field with respect to coordinate i about
i = 0. Truncating the series after the second term, we
obtain Ev(i) = Ev(0) + idEv(0)/di. Using Eqs. (1) and
(3), one can find that the first term in the expression for
M (2)(v̂, a, b) vanishes for centrosymmetric particles. When
volume-averaged in Eq. (3), the expanded field can be writ-
ten as Ev(0) + iedEv(0)/di, where ie plays the role of the
effective radial size of the scatterer along the i direction.
Since ie is a parameter to be determined, we introduce
another parameter, β

(i)
vi = βviie, that contains ie and write

Qvi = βviEv + β
(i)
vi dEv/di, (5)

where the argument of Ev is dropped for brevity. With-
out the second term, quadrupole excitations by inho-
mogeneous fields would be ignored. The first term can

include excitations of quadrupole moments by inhomo-
geneous intraparticle fields, for example, of the excited
dipole moment. Thus, two parameters, βvi and β

(i)
vi , can

be considered to characterize quadrupole excitations in a
given scatterer. A similar expression can be written for
an octupole moment Ovij when the coordinate system is
aligned with respect to the symmetry axes of the particle:

Ovij = γvij Ev + γ
(i)
vij

dEv

di
+ γ

(ii)
vij

dEv

dj
+ γ

(iii)
vij

d
di

(
dEv

dj

)
.

(6)

Formally, also the terms γ
(iv)
vij d2Ev/di2 and γ

(v)
vij d2Ev/dj 2

must be present in the expression, but we ignore them for
the case of i �= j as terms containing second spatial deriva-
tives; if i = j , then these terms are automatically included
in the fourth term, being represented by γ

(iii)
vij . The num-

ber of terms in the above expression can in some cases be
further reduced by considering the actual geometry of the
particle. For example, the terms γ

(i)
vij dEv/di and γ

(ii)
vij dEv/dj

vanish for centrosymmetric particles. In any case, one can
see that for evaluation of the polarizabilities, the parti-
cle must be considered separately in the absence and in
the presence of spatial derivatives of the incident field. In
Sec. IV, we show how to evaluate the relevant dipole and
octupole polarizabilities of metal-disk dimers.

III. METAL-DISK DIMER

As a structure with a non-negligible octupole resonance
in the visible spectral range, we consider a dimer con-
sisting of two gold disks, each with a radius of 90 nm
and a thickness of 40 nm, separated from each other by
a gap of 10 nm. Metal dimers of this type are frequently
used in SERS, with the highest local-field enhancement
achieved in the gap between the disks [17,38–40]. Here
we consider the dimer to be located in glass, which has
refractive index n = 1.5. The optical constants of gold are
taken from Ref. [41]. In our simulations, we assume that
the dimer is illuminated with a plane wave polarized along
the longest dimension of the structure (the x axis) and prop-
agating along the shortest dimension (the z axis), as shown
in the inset in Fig. 1(a). The inset also shows the coor-
dinate system used in our calculations of the multipole
moments. The origin of the coordinate system is located at
the center of the dimer, i.e., at the central point of the gap
between the disks. The geometrical parameters are selected
such that the octupole resonance appears at the edge of
the visible spectral range (meeting the requirements for
applications in SERS and making the observation of the
resonance possible with standard silicon detectors). Figure
1(a) shows the spectra of the scattering cross section of
the dimer (Cs; red line) obtained from the contributions
of all the relevant classical electric and magnetic multipole
moments to it. The red circles show the scattering spectrum
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(a) (b) (c)

FIG. 1. (a) Spectrum of the scattering cross section Cs (red line) calculated by summing the contributions of the relevant multipole
moments of the gold-disk dimer shown in the inset. The red circles show the scattering cross section evaluated directly from the
overall scattered power in the COMSOL MULTIPHYSICS model. The contribution to Cs of the electric dipole (ED), electric quadrupole
(EQ), electric octupole (EO), magnetic dipole (MD), and magnetic quadrupole (MQ) are shown by the blue, black, magenta, brown,
and green lines, respectively. (b) Intensity enhancement factor (solid black line) and scattering current density (dashed red line). The
upper inset shows the normalized amplitude distribution of the enhanced field and the lower inset illustrates the charge (color) and
current (arrows) density distributions at λ = 672 nm. (c) The squared absolute values of the dipole (blue line) and octupole (red line)
current densities in the dimer. The dashed red line marks the wavelength of 672 nm.

obtained from the total scattered power in the full-vector
numerical simulations using COMSOL MULTIPHYSICS. The
spectra were calculated with the use of Eqs. (15) and (16)
in Ref. [36], and the required scattering current density in
the dimer was calculated with COMSOL MULTIPHYSICS. The
contribution of the electric dipole (blue line) prevails in
the infrared range, while the contribution of the electric
octupole (magenta line) is noticeable at λ < 700 nm. The
contributions of the electric quadrupole (black line), mag-
netic dipole (brown line), and magnetic quadrupole (green
line) are seen to be considerably weaker.

Since the near-field amplitude of the scattered light is
proportional to the current density in the particle, we next
calculate the current densities associated with the two
most pronounced multipoles, which are the x-polarized
dipole px and the x-polarized octupole Oxxx. Here we deal
with current multipole moments obtained from the clas-
sical multipole expansion coefficients using the following
equations:

px = − 1
C1

(
aE(1, 1) + 7

3
aE(3, 1)

)
, (7)

Oxxx = − 1
3C3

aE(3, 1), (8)

where we have C1 = −ik3/6πεE0 and C3 = −ik5/

210πεE0. These equations are the same as Eqs. (6) and
(8) in Ref. [34]. The amplitudes of the current densities
associated with these multipole moments can be written as

Jpx = −iωx̂pxs, (9)

JOxxx = −2iωx̂Oxxx
s
x2

e
, (10)

where s is a proportionality coefficient and xe is the effec-
tive radial extent of the current density in the x direction

[see Eqs. (2) and (4) in Ref. [34] ]. Note that if Oxxx oscil-
lates in phase with px, the outer current density of its
excitation oscillates in phase with the current density of
px, but the inner current density is reversed, oscillating
out of phase with the current density of px. Therefore, the
sum of the current densities at the center of the dimer is
given by

J = −iωsx̂
(

px − 2
Oxxx

x2
e

)
, (11)

with a minus sign in front of the second term in the
parentheses. The parameter xe is considered as a fitting
parameter found by matching the spectrum of the magni-
tude of J to the spectrum of the field enhancement factor
evaluated numerically. Figure 1(b) shows a normalized
intensity enhancement (I/Ii; solid black line) in the gap
between the disks. It exhibits a broad dipole resonance cen-
tered at λ = 1200 nm and a weaker and narrowband hybrid
resonance at 692 nm. The latter includes the dipole and
octupole excitations. By adjusting xe, we obtain the current
density spectrum shown by the dashed red line in Fig. 1(b).
We used a linear dependence of xe on the wavelength with
its values at the wavelengths of 692 and 1200 nm equal to
109 and 124 nm, respectively. The spectra of the individ-
ual current densities of dipole and octupole excitations are
shown in Fig. 1(c) by the blue and red lines, respectively.
The vertical dashed red line at λ = 672 nm marks the peak
of the octupole current density that exceeds the dipole cur-
rent density at this wavelength. At λ ≈ 1200 nm, however,
the dipole current density is dominant.

The two relevant polarizabilities αx and γxxx are calcu-
lated with the use of Eqs. (4) and (6), respectively, for the
case of the plane-wave illumination considered [see the
inset in Fig. 1(a)]. Note that the derivatives of the incident
plane wave with respect to x are equal to 0, which removes

064031-4



NEAR-FIELD ENHANCEMENT. . . PHYS. REV. APPLIED 24, 064031 (2025)

(a) (b) (c)

FIG. 2. Spectra of the numerically calculated polarizabilities (a) αx, (b) γxxx, and (c) γ
(iii)
xxx for the dimer considered. The blue and red

lines represent the real and imaginary parts of the polarizabilties, respectively. The inset in (c) shows the illumination of the dimer by
two interfering plane waves for calculation of γ

(iii)
xxx . The vertical dashed black line marks the wavelength of 672 nm.

the three last terms from Eq. (6). Thus, calculating numeri-
cally the multipole moments px and Oxxx and dividing them
by the incident plane-wave field Ex gives the values of αx
and γxxx at each wavelength. The spectra of αx and γxxx
are shown in Figs. 2(a) and 2(b), respectively. In general,
the excitation of the octupole moment Oxxx in our cen-
trosymmetric dimer is sensitive to the second derivative of
the incident field, d2Ex/dx2, rather than to dEx/dx; hence,
it can be approximated as Oxxx = γxxxEx + γ

(iii)
xxx d2Ex/dx2.

The polarizability γ
(iii)
xxx can be calculated by making the

dimer interact with a standing optical wave, for exam-
ple, formed by two plane waves as shown in the inset in
Fig. 2(c). Evaluating Oxxx (numerically with COMSOL MUL-

TIPHYSICS) allows us to find γ
(iii)
xxx from Eq. (6), since γxxx

is already known. In the calculations, we use the incident
angle θ of the two plane waves equal to 10◦ and set their
phases equal at the center of the dimer, which makes also
Ex and d2Ex/dx2 known. Figure 2(c) shows the spectrum
of γ

(iii)
xxx . The calculated polarizabilities are used later, when

we consider an array of such gold dimers.

IV. DIMERS IN AN ARRAY

By arranging the dimers from Sec. III in a two-
dimensional periodic array, we aim to obtain additional
near-field enhancement at the octupole resonance wave-
length due to multiple scattering of light in the array. The
enhancement can be described by the increase of the effec-
tive polarizabilities of the particles as the incident field is
modified by the fields scattered by the other particles. We
start by developing a simple analytical model for the effec-
tive polarizabilities (Sec. IV A) and proceed to perform
numerical studies of the dimers in an array (Sec. IV B).

A. Analytical model for effective dipole and octupole
polarizabilities

Consider a system of periodically arranged pointlike
scatterers with periods �x and �y in the x and y directions,

respectively. The scatterers are presented by the red dots
in Fig. 3(a), and the circular dashed lines in Fig. 3(a)
schematically show the spherical-like scattered waves of
the particles. We assume that the array is illuminated by an
x-polarized plane wave at normal incidence and that only
dipole and octupole moments px and Oxxx are excited in
the scatterers. By symmetry, the total scattered field at the
position of any particle is x-polarized as well. The fields
scattered by the particles via dipole and octupole excita-
tions can be separated. At the position of any individual
particle, the total complex amplitudes of these separated
fields can be written in terms of the (actual) excited dipole
and octupole moments as

Ed = p̃xζd = α̃xEiζd, (12)

Eo = (γ̃xxxEi + γ̃ (iii)
xxx d2Ei/dx2)ζo, (13)

where Ei is the incident field amplitude, and the quanti-
ties with the tilde are the actual (or effective) quantities
that take into account the presence of the fields scattered
by the other particles. The functions ζd and ζo are the spa-
tial distribution functions of the scattered fields taking into
account the propagation directions and distances in the
array (see the Appendix). They depend on �x and �y , as
shown below. The second term in Eq. (13) is equal to zero,
since for the incident plane wave, we have d2Ei/dx2 = 0.
The dipole moment excited in each particle is calculated as

p̃x = αx(Ei + Ed + Eo)

= αxEi(1 + α̃xζd + γ̃xxxζo) = α̃xEi, (14)

which implies that α̃x = αx (1 + α̃xζd + γ̃xxxζo). When cal-
culating the effective dipole polarizability α̃x, one can
ignore the highly confined octupole fields (which are
relatively dark in the far field) and obtain

α̃x = αx

1 − αxζd
(1 + γ̃xxxζo) ≈ αx

1 − αxζd
. (15)
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The octupole moment Õxxx can be written in a similar way
in terms of the effective polarizabilities:

Õxxx = γxxxEi (1 + α̃xζd + γ̃xxxζo)

+ γ (iii)
xxx Ei

(
α̃x

∂2

∂x2 ζd + γ̃ (iii)
xxx

∂2

∂x2 ζo

)
= γ̃xxxEi.

(16)

Using this result and Eq. (15), we obtain

γ̃xxx =
(
γxxx + γ (iii)

xxx αxζ
′′
d

)/

(
(1 − γxxxζo − γ (iii)

xxx ζ
′′
o )(1 − αxζd)

−αxζo(γxxxζd + γ (iii)
xxx ζ

′′
d )
)

. (17)

Again, assuming the scattered octupole fields are weak
compared with the dipole fields, we set ζo and ζ ′′

o to 0 and
obtain

γ̃xxx ≈ γxxx + γ
(iii)
xxx αxζ

′′
d

1 − αxζd
. (18)

Hence, for the scattered dipole fields dominating over the
octupole fields at the position of each scatterer, the eval-
uation of the effective polarizabilities α̃x and γ̃xxx requires
knowledge of the dipole-field distribution function ζd only.
This function at a point shifted from the particle in ques-
tion by a distance x along the x axis is expressed as follows
(see the Appendix):

ζd =
N−1

2∑

n=− N−1
2 ,(n�=0)

(
k2

2πε0ε|n�x − x|
[

1
k2(n�x − x)2 − i

k|n�x − x|
]

eik|n�x−x|
)

+
N−1

2∑

n=− N−1
2

⎛

⎜⎝

M−1
2∑

m=1

(
k3

2πεε0

[
2(n�x − x)2 + (m�y)

2

k3
(
(n�x − x)2 + (m�y)2

)3/2 − i(2(n�x − x)2 + (m�y)
2)

k2((n�x − x)2 + (m�y)2)

− (m�y)
2

k
√

(n�x − x)2 + (m�y)2

]
1

(n�x − x)2 + (m�y)2 eik
√

(n�x−x)2+(m�y )2

))
. (19)

For a single dimer, the intensity enhancement spectrum
has been shown to exhibit two peaks corresponding to the
dipole and hybrid dipole-octupole plasmon resonances. At
the wavelength of the dipole resonance (1184 nm), the
absolute value of the dipole polarizability α̃x is shown
as a function of �x by the blue line in Fig. 3(b) for the
case of �y = 300 nm. In Eq. (19), x was set to zero,
and both N and M were set to 9, making the array con-
tain 81 scatterers. This size of the array is large enough
to be equivalent to an infinite array when one is evaluat-
ing the effective polarizability of the particle at the center.
The effective polarizability stays approximately constant
at large values of �x, but when �x decreases toward 0, it
vanishes. This shows that the density of “hot spots” in a
plasmonic array cannot be made arbitrarily high, because
of their self-quenching. At the resonance wavelength of
672 nm, we calculate the scaled octupole polarizability
2γ̃xxx/x2

e of the array. This quantity reflects the octupole
contribution to the current density [see Eq. (11)]. It is
represented by the red line in Fig. 3(b) for the case of
xe = 110 nm obtained previously for this wavelength. As
the array period decreases, the octupole polarizability at
672 nm grows, in contrast to the dipole polarizability. This

suggests that plasmonic hot spots due to octupole excita-
tions become even “hotter” when their density increases,
which is a surprising and potentially useful discovery in
view of many applications, including surface-enhanced
fluorescence and Raman spectroscopy. In the above cal-
culations, absorption of the scattered spherical waves by
the other particles was ignored. To take this into account,
we introduce a complex wave vector for these waves, with
the imaginary part of it determined from the expression

κi = 1
2�i

ln
(

I1

I2

)
. (20)

Here i is equal to x or y for the wave propagation along
the x axis or the y axis, respectively. When evaluating κi
numerically, we consider a plane wave instead of a spheri-
cal wave and calculate the local intensity of the wave on
the array surface before and after propagation over one
unit cell, obtaining I1 and I2 for Eq. (20) (see Sec. IV B).
Then, in Eq. (19) we replace k with 2π/λ(n + iκ), where
κ = (κx + κy)/2 only in the arguments of the exponential
functions.
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(a) (b)

FIG. 3. (a) Point scatterers (red dots) in an infinite periodic
array. The dashed lines show schematically the fields scattered
by the particles. (b) Magnitude of the effective dipole polariz-
ability α̃x (blue line, function f1) at λ = 1184 nm and magnitude
of 2γ̃xxx/x2

e (red line, function f2) at λ = 672 nm.

B. Numerical studies

The array of gold dimers considered in our numerical
studies is shown in Fig. 4. It is embedded in glass and
has periods �x and �y in the x and y directions, respec-
tively. The incident wave propagates along the z axis and
is polarized along the x direction. We optimize the peri-
ods �x and �y to be 430 and 300 nm, respectively, for
the gap enhancement in the dimers to be highest at the
wavelength of the octupole resonance. The optimization
was done with the help of COMSOL MULTIPHYSICS. The
array was modeled as an infinite array with unit-cell sizes
�x and �y , applying the Floquet periodic boundary con-
ditions in the x and y directions. The perfectly matched
layers were used for light propagating in the z direction to
absorb all outgoing radiation and prevent back-reflections.
The system was excited by a periodic port launching a
plane wave. The computational domain was meshed with
free tetrahedral elements, with free triangular elements on
the periodic interfaces. A finer mesh was used near the
dimer gap and on the dimer surfaces to ensure accurate
field calculations. The near-field intensity enhancement
was calculated in the center of the dimer gap relative to the
reference electric field calculated for the case of an empty
unit cell (dimer removed). Finally, the multipole expansion
was implemented by integration of the scattering current
density over the total volume of the dimer in the unit
cell. The intensity enhancement spectrum calculated for
the optimized structure is shown in Fig. 5(a) by the solid
black line. The scattering current density obtained with
the effective radial extension xe is shown by the dashed
red line. At the peak, we have xe = 109 nm. For dimers
in the array, the hybrid dipole-octupole resonance is seen
to result in a higher enhancement, such that the dipole
resonance becomes nearly negligible. The changes are
attributed to the collective optical response of the dimers
to the incident wave. It was shown previously also that
the multipole expansion can be applied to arrayed parti-
cles at lattice resonances [42]. The normalized near-field

FIG. 4. Interaction geometry of the gold-dimer metasurface
considered with an incident x-polarized plane wave.

amplitude distribution of one of the dimers is shown in the
inset. In Fig. 5(b), we show the spectrum of the scattering
cross section of a dimer in the array (see the red line) and
the contributions of the relevant classical electric and mag-
netic multipoles to this spectrum. As before, the electric
dipole contribution (blue line) to this spectrum is dominat-
ing, and the electric octupole contribution (magenta line) is
almost equal to it at λ = 690 nm. The dipole peak is seen
to be blueshifted compared with that of a single dimer.
The squared absolute values of the current density asso-
ciated with the dipole and octupole moments are plotted
in Fig. 5(c). At the wavelength of 672 nm (marked by
the vertical dashed red line), the octupole current density
(solid red line) is twice as large as the dipole current den-
sity (blue line). Indeed, when resonantly supported by the
lattice response of the array, the octupole excitation stays
relatively dark. However, the current density and the near-
field enhancement associated with it significantly increase,
which is not the case for the dipole resonance.

At the wavelengths of 692 and 1184 nm, the current and
surface charge densities exhibit the distributions shown in
Fig. 6. In Fig. 6(a), corresponding to λ = 692 nm, a clear
octupole excitation is observed, including the moments
Oxxx and Oyxy . Note that the latter does not contribute to
the gap enhancement. At the same wavelength, the dipole
excitation coexists with the octupole excitation, being
phase-shifted by π/2 as shown in Fig. 6(b). The octupole
charge density is seen to be an order-of-magnitude higher
than the dipole charge density. In Fig. 6(c), corresponding
to λ = 1184 nm, only the current dipole can be observed.

Next we calculate the effective dipole and octupole
polarizabilities α̃x and γ̃xxx for the arrayed dimers both
numerically (from the values of px and Oxxx) and analyt-
ically with the help of Eq. (19) averaged over the total size
of the dimer in the x direction. The period �y is fixed at
300 nm, while the period �x is varied. In Fig. 7, we show
the dipole (blue) and scaled octupole (red) polarizabilities
as a function of �x obtained numerically (dots) and ana-
lytically (solid lines) at λ = 692 nm. The scaled octupole
polarizability 2γ̃xxx/x2

e can be compared with α̃x, because
the associated current densities are proportional to these
quantities. The dipole polarizability stays below the scaled
octupole polarizability for all values of �x. Additionally,
the octupole polarizability can be seen to increase when
�x decreases from 600 nm down to the dimer extension.
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(a) (b) (c)

FIG. 5. (a) Spectra of the near-field intensity enhancement factor (solid black line) and the squared absolute value of the normalized
current density (dashed red line) calculated for a dimer in an optimized array. The inset shows the electric field amplitude distribution
at the peak wavelength of 692 nm. (b) Total scattering cross section (red line) of a dimer in the array and the contributions to it from
the constituent multipoles [blue, black, magenta, brown, and green lines corresponding to the electric dipole (ED), electric quadrupole
(EQ), electric octupole (EO), magnetic dipole (MD), and magnetic quadrupole (MQ)]. (c) Squared absolute value of the dipole (blue
line) and octupole (red line) contributions to the scattering current density. The dashed line marks the wavelength of 672 nm.

This observation supports our finding that octupole exci-
tations become stronger at high densities of the particles
in the array. At �x = 400 nm, the numerically evaluated
octupole polarizability becomes low compared with its

(a)

(b)

(c)

FIG. 6. Distribution of the charge and current densities on the
surface of a disk dimer in an array for the two characteristic
wavelengths of 692 nm in (a),(b) and 1184 nm in (c). The dis-
tribution in (a) shows the peak current density of the octupole
excitation, while in (b), a dipole excitation shifted in phase by
π/2 is observed. In (c), corresponding to λ = 1184 nm, we find
a dipole excitation only.

analytically calculated value because the period starts to
approach the size of the dimer. While the two calcula-
tion approaches do not yield identical results, they show
reasonable agreement.

In Fig. 8, we show the gap enhancement calculated for a
dimer array as a function of periods �x and �y at the vac-
uum wavelengths of the octupole and dipole resonances of
692 and 1184 nm, respectively. The corresponding wave-
lengths in glass are 461 and 789 nm. The lattice resonances
occur when the lattice period is close to these values;
hence, in Fig. 8, these values are shown by the vertical and
horizontal dashed lines. Obviously, close to the intersec-
tion of these two lines, two guided-mode lattice resonances
(corresponding to two waves propagating along the x axis
and the y axis) can hybridize with the plasmon resonance

FIG. 7. Effective dipole polarizability |α̃x| (solid and dot-
ted blue lines, function f1) and scaled octupole polarizability
|2γ̃xxx/x2

e | (solid and dotted red lines, function f2). The solid
and dotted lines correspond to the analytical and numerical
calculations, respectively.
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(a)

(b)

FIG. 8. Near-field intensity enhancement in a gold-dimer array
as a function of periods �x and �y at (a) λ = 692 nm and (b)
λ = 1184 nm.

and contribute to the near-field enhancement by the par-
ticles. The hybridization leads to Fano resonances [43] in
the field enhancement along the x and y directions. From
Fig. 8(a), we see that the hybridized lattice-plasmon reso-
nance of the octupole nature yields the highest near-field
enhancement for parameters �x and �y close to their pre-
viously optimized values of 430 and 300 nm, respectively.
A similar behavior is observed for the dipole resonance
at a wavelength of 1184 nm. The enhancement is max-
imized at �x ≈ 780 nm and �y ≈ 700 nm. The dipole
resonance can be used if the near-field enhancement of
infrared light is of interest. Note that here the maximum
enhancement factor is larger than in the case of octupole
excitation characterized in Fig. 8(a). However, the periods
�x and �y have each increased by a factor of approxi-
mately 2, which means that the density of the hot spots has
decreased by a factor of about 4, so the surface-averaged
enhancement factor at its maximum is expected to be of
the same order of magnitude at wavelengths of 692 and
1184 nm.

V. CONCLUSIONS

In this work, we have shown that the array factor plays
a significant role in the near-field enhancement by plas-
monic particles, with a clear distinction between multipole
resonances of different orders excited in the particles.
As an example, the dipole polarizability vanishes when
the period decreases to far-subwavelength values, while
the octupole polarizability rapidly grows. To observe this
effect, we have (1) developed an analytical model for
the effective dipole and octupole polarizabilities of point-
like particles forming a periodic array and (2) proposed
and implemented a method to numerically calculate these
polarizabilities for arbitrary particles. The observed effect
is explained by efficient excitation of octupole moments
by inhomogeneous near fields of the neighboring par-
ticles. It can find applications in the fields of surface-
enhanced fluorescence and Raman scattering, as well as
in optical sensing and nonlinear nano-optics. For exam-
ple, octupole resonances exhibit much narrower spectral
peaks and much higher Q factors than the dipole reso-
nances. This leads to a higher intensity enhancement and
a stronger nonlinear response, including second harmonic
generation [44]. As a limitation of the method, we mention
the fact that octupole resonances are difficult to excite in
small particles, and large particles limit the unit-cell size
of the structure, by which they limit also the achievable
density of hot spots. However, a strong dipole resonance
also requires the particles to be elongated in the direction
of light polarization, which also limits the lattice period
and shifts the resonance to the red. Hence, resorting to
octupole resonances can be a good option, especially if the
resonant enhancement is required in the range of shorter
wavelengths. Another limitation is that denser arrays are
more difficult to fabricate with the same high precision. We
believe, however, that the the development of nanofabrica-
tion technology will give us new, unprecedented opportu-
nities in the future. We have presented a design of gold
dimers providing particularly high near-field enhancement
at the octupole resonance in the visible spectral range
when arranged in a two-dimensional periodic array. Using
the proposed method to numerically evaluate the relevant
polarizabilities for the arrayed particles, we achieved rea-
sonable agreement between the numerical and analytical
calculations of their values at different periods of the array.

In this study, we used a disk dimer geometry to achieve
a high near-field enhancement through octupole plasmon
resonances in a rectangular array of the particles. How-
ever, many other shapes of the particles and the unit cells of
the arrays, as well as other higher-order multipoles, could
be studied in the future. As a simple example, we have
applied the proposed formalism to our optimized dimer
array by placing it on a glass substrate and covering it
with water. The resulting spectral peak at the octupole res-
onance was as strong and narrow as the peak in Fig. 5(a).
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Furthermore, to provide better confinement of the scattered
fields at the array’s surface, one can place the particles on
a thin slab waveguide. Other strategies to further increase
the enhancement factor by higher-order multipole reso-
nances could also be proposed and verified in the future. In
general, higher-order plasmon resonances in arrayed metal
particles have not been studied much, and we believe that
the field is still open to many scientific and technological
discoveries.
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APPENDIX: DERIVATION OF DIPOLE-FIELD
DISTRIBUTION FUNCTION ζd

Consider an oscillating electric dipole located at the ori-
gin of a spherical coordinate system and oriented along the
direction θ = 0. The electric field radiated by the dipole
has only the radial and polar vector components given
by [45]

Er = |p|cosθ
4πεε0

eikr

r
k2
[

2
k2r2 − 2i

kr

]
, (A1)

Eθ = |p|sinθ

4πεε0

eikr

r
k2
[

1
k2r2 − i

kr
− 1

]
, (A2)

where p is the amplitude of the dipole moment and k is the
wave number in the surrounding medium.

Consider next a periodic array of such dipoles dis-
tributed in the x-y plane and oscillating in phase (see
Fig. 9). Let the size of the array be N × M . We want to
find the total field at a coordinate (x, 0) radiated by all
the dipoles except the one at the origin of the coordinate
system. The fields of the dipoles located on the x axis
are purely radial at this point. Hence, using Eq. (A1) and
summing these fields, we obtain

Ey=0 = pζ
(y=0)

d

= p

N−1
2∑

n=− N−1
2 ,(n�=0)

(
k2

2πεε0|n�x − x|
[

1
k2(n�x − x)2

− i
k|n�x − x|

]
eik|n�x−x|

)
. (A3)

Here the distance from dipole pn0 to the considered
point (x, 0) is equal to |n�x − x|. In Fig. 9, this dis-
tance is shown for dipole p20. In pnm, the subindices n ∈
[−(N − 1)/2, (N − 1)/2] and m ∈ [−(M − 1)/2, (M −
1)/2] show the position of the dipole in the array. The
numbers N and M are assumed to be odd. For a dipole
pnm with m �= 0, the distance to the point (x, 0) is equal to√

(n�x − x)2 + (m�y)2. This distance is shown in Fig. 9
for dipole p22. In addition, the radial and polar vector
components of the electric field are both present at that
point. However, by symmetry, when the fields of dipoles
with positive and negative values of m are summed, only
the x component remains. Hence, we can sum x compo-
nents of the fields of the dipoles with m > 0 only and
double the result. The radial and polar components pro-
jected onto the x axis are Er cos θ and Eθ sin θ , where
cos θ = |n�x − x|/√(n�x − x)2 + (m�y)2 and sin θ =
m�y/

√
(n�x − x)2 + (m�y)2. Using Eqs. (A1) and (A2)

and summing the contributions of all the dipoles with
m �= 0 to the field at the point (x, 0), we obtain

Ey �=0 = pζ
(y �=0)

d = p

N−1
2∑

n=− N−1
2

⎛

⎜⎝

M−1
2∑

m=1

(
k3

2πεε0

[
2(n�x − x)2 + (m�y)

2

k3
(
(n�x − x)2 + (m�y)2

)3/2 − i
(
2(n�x − x)2 + (m�y)

2
)

k2
(
(n�x − x)2 + (m�y)2

)

− (m�y)
2

k
√

(n�x − x)2 + (m�y)2

]
1

(n�x − x)2 + (m�y)2 eik
√

(n�x−x)2+(m�y )2

))
. (A4)
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FIG. 9. Periodic array of electric dipoles oscillating in phase
with each other distributed in the x-y plane. The distances from
dipoles p20 and p22 to the observation point (x, 0) are shown by
double arrows. In pnm, the subindices show the location of the
dipole in the array.

The overall field at the point (x, 0) is expressed as
E = Ey=0 + Ey �=0 = pζd, from which we obtain the overall
function ζd given by Eq. (19).
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