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Photon-echo synchronization and quantum state transfer in short quantum links
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The short quantum link regime, where the photon travel time 7 is comparable to the emitter lifetime 1/y,
is experimentally relevant but theoretically underexplored: existing few-mode descriptions lose validity as
retardation and multimode effects become significant. Using a delay differential equation (DDE)
framework that admits exact analytical solutions from the single-mode cavity limit to the multimode
waveguide continuum, we show that emitters coupled to a short link spontaneously lock into self-
synchronized Rabi oscillations driven by coherent photon echoes, breaking the link’s discrete time-
displacement symmetry. The resulting spectral structure—persistent quasidark states and vacuum Rabi
splitting, including in the superstrong coupling regime—enables efficient quantum state transfer (QST):
benchmarking three protocols across the full yz parameter space, we find that STIRAP exploits the quasi-
dark-state structure to achieve a quadratic infidelity floor O[(y7)?], outperforming both SWAP (linear error
O(yr)) and wave-packet engineering for yz < 1.44, even in regimes where retardation cannot be neglected.
These results establish photon-echo synchronization as an engineering resource for quantum state transfer,
with DDE modeling providing the exact analytical predictions needed to design and optimize short-link

experiments on current circuit-QED hardware.
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L. INTRODUCTION

High-fidelity transfer of quantum states between distant
nodes is a central requirement of quantum networks [1-3].
This operation can be realized deterministically using
quantum optical networks based on superconducting trans-
mission lines [4-10], photonic waveguides [3,11], and
optical fibers [12—15].

Two extreme regimes bracket the physics of quantum
optical interconnects, as quantified by the dimensionless
product yz, where y is the effective emission rate into the
line and 7 is the photon propagation time between emitters.
In cavity-like links, yz < 1, the qubit interaction is
mediated by a single discrete field mode and is effectively
instantaneous, and the system is well described by a single-
mode Tavis-Cummings model, enabling QST protocols
such as SWAP [12] and stimulated Raman adiabatic
passage (STIRAP) [7,13,14]. In waveguide-like links,
yz > 1, the field forms a quasi-continuum and the finite
photon travel time 7 between emitters becomes a defining
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dynamical feature. This limit admits an input-output
formulation [16,17], which forms the basis of QST via
photon-shaping protocols such as the Cirac-Zoller-
Kimble-Mabuchi (CZKM) scheme [18].

However, the crossover through the intermediate regime
yz =~ 1, where a finite photon travel time coexists with a
still-discrete mode structure, remains far less explored.
Recent circuit-QED experiments already operate in this
regime: the 0.73-m link of Chang ef al. [7] (yz=0.2),
the 5-m cable of Magnard ef al. [6] (yz~ 1), and the
64-m cryogenic link of Qiu et al. [19] (yz = 2) all lie in
this parameter space. A prevailing intuition is that the
dynamics is governed by only a few dominant waveguide
modes, motivating single- or few-mode descriptions
[10,15,20,21]. Such treatments have two important limi-
tations. First, the effective number of modes depends
sensitively on the coupling strength, severely restricting
their universality. Second, these truncations often overlook
retardation effects and the intrinsically discontinuous
dynamical features that emerge [22-24].

This work explores the physics of short quantum links
y7 < 1 using the framework of delay differential equations
(DDEs). We show that, in the limit in which the photon
carrier frequency A is far from the bottom of the spectrum,
A > 1/z, this method is valid across a full range of
regimes, from the single-mode cavity limit to the wave-
guide quasi-continuum. DDEs naturally incorporate retar-
dation and encapsulate the entire spectral content in a
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compact set of functional equations, admitting exact
analytical solutions for both the orbital dynamics and
the spectral structure—eigenenergies and vacuum Rabi
splitting—all the way to the so-called superstrong
coupling regime [25], yz 2 1, recently observed [26,27].

In the short-link regime, where the single dimensionless
parameter yr governs the crossover from cavitylike to
retardation-dominated dynamics, we find that a single
emitter undergoes photon-echo synchronization: it locks
into piecewise nondifferentiable Rabi oscillations driven
by coherent photon echoes, a discrete time-crystal-like
spontaneous breaking of the link’s 27z time-translation
symmetry without any external drive.

The same photon-echo synchronization mechanism
exists for two emitters in a quantum link, where it becomes
a resource that enables the implementation of efficient,
high-fidelity quantum state transfer. Specifically, we dem-
onstrate that protocols originally developed for cavities
[7,12-15,20,28,29] can be adapted to the short-link
regime, where they leverage the persistent quasistationary
states with large vacuum Rabi splittings across the full
cavity-to-waveguide crossover.

We have developed and exhaustively benchmarked a
complete toolbox of QST protocols across the full yz
parameter space, deriving exact analytical error bounds
and regions of optimality. A cavity-inspired SWAP pro-
tocol directly converts the joint nondifferentiable Rabi
oscillation into state transfer, with an infidelity that scales
as O(yz). A STIRAP-like protocol exploits the adiabatic
quasi-dark-state structure to achieve a quadratic error floor
O(2 x 107(yr)?), making it the protocol of choice
throughout the short-link regime. Both STIRAP and
SWAP are more efficient than the CZKM protocol [18]
up to the crossover y7 = 1.44, where CZKM becomes the
fastest strategy. The region of parameters where STIRAP
is preferred becomes even larger if we consider photon
losses in the link.

The remainder of the paper is organized as follows.
Section II derives the DDE framework for one and two
emitters. Section III analyzes the single-qubit synchroni-
zation dynamics and spectral structure. Section IV extends
these results to two-qubit quantum state transfer, bench-
marking three protocols and establishing the superiority of
STIRAP in the short-link regime. We conclude in Sec. V
with a summary and mapping onto current circuit-QED
hardware.

II. DELAY DIFFERENTIAL EQUATION
FRAMEWORK

Our goal in this section is to derive a set of DDEs that
accurately describe the dynamics of one or two quantum
emitters coupled to a finite-length waveguide. Specifically,
we consider the setup sketched in Fig. 1. These are two
identical two-level emitters with transition energy #A
placed at opposite ends of a cable of length L. The field
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FIG. 1. Minimal quantum link. (a) Two qubits interact with a

closed waveguide of length L, with possibly time-dependent
effective emission rates y;,(z). (b) Waveguide supports an
approximately linear dispersion w; = ck, with a free spectral
range Swgsg = 7c/L = x/7 determined by the time 7 a photon
takes to travel from one of the waveguides to another.

in the cable has a linear dispersion relation w, = c|k| and a
discrete set of frequencies with a free spectral range
bdwpsg = nc/L = n/t, where we define 7 = L/c as the
time photons require to cover the cable’s length.

The interaction between the emitters and the field is
given by a dipole coupling under the rotating wave
approximation. The Hamiltonian of this system (2 =1)
is given by

2
H= ; Aal*o'l_ + ;a)kazak + ;[gk,l(t)ako'l+ +H.cl,
(1)

where g, ,(t) is the time-dependent coupling between the
[th emitter and the kth mode.

The Wigner-Weisskopf (WW) ansatz is an exact para-
metrization of all states in the single-excitation sector of
the previous Hamiltonian and is given by

2
W (0) = | o + Y (o)l @lahs ® vacuum),
=1 k =
)
where |¢;(1)|? is the probability for /th qubit to be excited,
and a; describes the photons in the link.

It is possible to simulate exactly the dynamics of this
quantum state for a relatively large number of modes. This
will be indeed our baseline for all comparisons in the
following sections. However, it is physically more inter-
esting to derive an effective description of the dynamics in
terms of the emitter coefficients ¢,(#) alone, which is the
goal of the DDE framework.

044034-2



PHOTON-ECHO SYNCHRONIZATION AND...

PHYS. REV. APPLIED 26, 044034 (2026)

In the WW simulations, we vary the mode truncation
between N .. = 100 and 400, depending on the param-
eter regime. The finite number of modes affects mainly the
Lamb shift and, to a lesser extent, the effective decay rate.
For a specified spectral cutoff, both quantities converge as
the number of retained modes is increased, and all WW
results reported below were checked for convergence with
respect to this truncation.

Provided g ,(¢) varies slowly, we can follow the
derivation in Ref. [30] to obtain scalar DDEs for the
coefficients [c;(7)]. These equations provide an accurate
description when the bandwidth of the interaction between
the emitters and the field is narrow enough that the
integration limits in frequency can be taken to +oo.
This approximation is valid when the link is large
compared to the photon wavelength, that is, A/Swggg is
large. However, as we will see below, these numbers do not
have to be very large for the bandwidths we are consid-
ering y < 1/7.

The resulting DDEs, in the frame rotating with the
emitters’ frequency, read

de;(t 1
— VD[P (1 — 20) 4 b3 (1 — 7)),
3)

The first term on the right-hand side of Eq. (3) describes
a local decay into the link with a time-dependent rate
7:(1)/2. The second term is the non-Markovian echo »°"
of all photons generated by both emitters in the past

B (t) = e[y (1,)ei(1,)0(1,) 4)
n=0

t,=t—2nt

The arrival of the photon echoes is guarded by
Heaviside step functions ®, while ¢ = Az is the phase
accumulated by each photon during a single traversal of
the link. As discussed in Appendix B, the solutions to
Eq. (3) admit analytical solutions for one and two emitters.

The single-emitter limit of Eq. (3) (retaining only the
self-echo term) already contains the complete physics of
photon-echo synchronization analyzed in Sec. III; the
cross-emitter echo then provides the interqubit coupling
that drives quantum state transfer in Sec. IV.

III. PHOTON-ECHO SYNCHRONIZATION IN
A SINGLE QUANTUM LINK

In the absence of external drives, the dynamics of a
single excited emitter in the link is completely governed by
the photon-echo mechanism. We characterize this mecha-
nism in two complementary ways. Section III A focuses on
the dynamics, revealing a photon-echo-induced synchro-
nization of the qubit, which develops a quasiperiodic

piecewise nondifferentiable Rabi oscillation with fre-

quency Qg ~ +/y/27. We understand these oscillations
as the emergence of periodic orbits 27/Qj that breaks
the link’s 27 discrete time-translation symmetry. This
synchronized Rabi-like dynamics is the basis for the
SWAP protocol from Sec. IVA. Section III B focuses
on the spectroscopy of the photons created during this
quasiperiodic dynamics. An exact calculation reveals the
emergence of well-separated stationary states and vacuum
Rabi splitting across the full coupling range, including
the superstrong coupling regime [25]. This spectral struc-
ture with large eigenenergy spacings will be the one
exploited by the quasiadiabatic STIRAP protocols from
Sec. IV B.

A. Symmetry-breaking self-synchronization

Let us assume a single emitter with frequency A and a
constant effective emission rate y into the waveguide.
Tuning the emitter’s frequency on resonance with one of
the link’s eigenmodes A =~ w,, facilitates the release of the
emitter’s energy as one propagating photon. Initially, the
qubit’s excitation probability decays exponentially with a
rate y [see Fig. 2(a)], creating a similarly shaped wave
packet. At t =2z, the photon returns to the emitter,
reinteracting with the qubit and inducing a discontinuity
in the population’s derivative [see Fig. 2(b)]. This and
the subsequent photon echoes lock the emitter into a
self-synchronized dynamics, with sustained, piecewise-
differentiable quasiperiodic oscillations, at a frequency

Qr ~ +/[y/(27)] that is generally incommensurate with the
27 time-translation symmetry of the free link.
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FIG. 2. Dynamics of an initially excited two-level emitter in a
medium-size cable. (a) Population of the excited state of the
emitter as a function of time. (b) Time derivative of the
population of the excited state for the first six periods of time.
The solid black line represents the analytical solution of the
DDE, and the dashed blue line shows the result of a numerical
simulation using a Wigner-Weisskopf ansatz. The parameters
taken were yz = 0.1 and A = 500@ggR * Npodes = 100 for the
WW simulation.
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This physics realizes the far-from-equilibrium opera-
tional core of the time-crystal concept introduced by
Wilczek [31]: the spontaneous breaking of a discrete
time-translation symmetry by quantum dynamics, without
any external periodic drive. Our system circumvents no-go
theorems that prevent time-translation symmetry breaking
on the ground state by operating in a far-from-equilibrium
subspace. In this region, the discrete time-crystal order
[32,33]—persistent, autonomous, subharmonic oscillation
of a physical observable—arises without Floquet driving,
directly from the interaction between one quantum of
excitation and the infinite-dimensional photonic field of
the link, and is witnessed by the qubit’s probability c(¢)
and the field it generates b°"'(7)—the order parameters of
the broken symmetry.

This self-synchronization mechanism is intrinsically
multimode, as evidenced by the agreement between large
simulations of the full dynamics [dashed blue line in
Fig. 2(a)] and the analytical solutions of the DDE (solid
black line). Fortunately, the DDE shows that the complete
dynamics is ruled by a single parameter yz that controls the
crossover from a Jaynes-Cummings model in the limit
y7 — 0 to the waveguide mode yz > 1 (Fig. 3). It must be
remarked, however, that in all these regimes, the dynamic
exhibits characteristic corrugations, with nondifferentiable
features that are upper-bounded by 2y, as discussed in
Appendix C.

This result, which is consistent with related theoretical
observations in cavity-QED [22,34-37] and studies of
open waveguide-QED setups [23,24], is actually a feature
that can be observed in actual experiments with super-
conducting qubits and microwave waveguides [6,7,19]. In
particular, those setups that can tune the effective emission
rate y, such as Ref. [5], may explore the full crossover from
apparently smooth Rabi dynamics to weak corrugations
y7 = 0.02 (brown dashed line, Fig. 3) and to fully resolved
kinks yz = 2 (green dashed line, Fig. 3). This can be done
both by observing the qubit’s dynamics—e.g., abruptly
disconnecting the qubit-waveguide coupling prior to the
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FIG. 3. Dynamics of an initially excited two-level emitter in a

medium-size cable for different values of yz. The solid black
lines correspond to the solution of the DDE, while the dashed
lines represent the solution using a truncated Hamiltonian.
Niodes = 150 for each truncated Hamiltonian curve.

measurement—as well as by tracking the field that
leaks from the waveguide and measuring the microwave
field [6].

B. Spectroscopy

The spectral analysis of the photons emitted by the qubit
during this self-synchronized dynamics reveals a rich
structure of eigenfrequencies and spectral weights that
depend on the dimensionless parameter yz, and on the
detuning A of the qubit from the quantum link’s modes.
These eigenfrequencies 4 can be computed analytically
from the DDE (Appendix D), giving rise to the eigenvalue
equation

A ot H
/1—A+2c0t<2>. (5)

This equation reveals a structure of well-separated
polaritonic branches and avoided level crossings, with a
translational symmetry 1 — A 4+ dwgsp, A = A + Swggg,
that is consistent with the approximation A/éwgsg > 1.

In the limit of moderate coupling yz < 1, the analytical
results confirm the predictions of a Jaynes-Cummings
model, as illustrated in Fig. 4(a). When the qubit
approaches the resonance frequency of one waveguide
mode (A7t = z X Z), we observe a vacuum Rabi splitting

with the expected dependency éw =~ 2+/y/2t represented
in the inset in Fig. 4(a) for the case with Az =0. In
contrast, the spectrum exhibits a pronounced suppression
of spectral weight—a quasidark state—at the antireso-
nance points At = (2n — 1)z/2, where the qubit fre-
quency is equidistant from two waveguide modes
and the qubit’s ability to decay or hybridize with the
field is minimized. Both features are hallmarks of the
strong coherent exchange between the emitter and
the effective cavity formed by the cable, even though
the complete dynamics still exhibits nonzero weights at
other frequencies.

As the dimensionless parameter yz increases [Fig. 4(b)],
the system enters a deeply non-Markovian regime, also
referred to as superstrong coupling [25-27]. In this limit,
the effective emission rate y becomes comparable to the
free spectral range dwggg = /7, and the qubit hybridizes
with multiple modes of the link, leading to a more complex
spectral structure. Despite this complication, the DDE
still provides an exact analytical solution, revealing
an enhancement of the vacuum Rabi splitting, whose
growth necessarily falls below the single-mode prediction
2+/y/2z, saturating to a fixed value z/z, in the limit
y7T — +oo. In this limit, participation of multiple modes
becomes more evident in the Fourier transform, as shown
in Fig. 4(b) and the inset therein.

Despite the complexity of the spectrum, the combined
photon-link system exhibits a robust ladder of hybridized
states with large energy spacings O(éwgggr). These
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FIG. 4. Power spectrum (v, A) of the photons in the link. The
horizontal axis is the normalized emitter detuning Az/z, the
vertical axis is the normalized spectral frequency vr/z, and
the blue color scale gives the spectral intensity / in arbitrary
units. In both cases, the orange dotted line is the analytical result
of the eigenvalues, while the heat map is the result of a numerical
analysis using the analytical solution. (a) weak coupling regime
with yz = 0.15. (b) superstrong coupling regime with yz = 1.5.
The insets show line cuts at the resonant setting A = 0, indicated
by the vertical gray dashed lines in the main panels. Their
horizontal axis is vz/z and their vertical axis is the spectral
intensity / in arbitrary units.

spacings suggest the possibility of inducing quasiadiabatic
protocols that exchange excitations between the emitters
and the link they couple to. These quasiadiabatic methods
can operate at timescales O(1/7) and underlie the most
successful quantum state transfer methods in the following
section.

IV. QUANTUM STATE TRANSFER

The single-qubit self-synchronization mechanisms,
studied in Sec. III, extend naturally to two emitters
connected by a short link. The cross-emitter photon-echo
term b3™,(t — 7) in Eq. (3) transmits the emission of one
qubit to the other after a single traversal time 7, producing
a joint Rabi oscillation between the two emitters at

frequency Qg & +/70/27—the same frequency identified
in Sec. III A for the single-qubit self-echo—which can be
used to exchange information between the quantum link’s
nodes. Similarly, the semi-infinite ladder of hybridized
qubit-photon stationary states, discovered in Sec. III B,
persists across the full cavity-to-waveguide crossover,
suggesting STIRAP-like quasiadiabatic protocols to

exchange information while keeping the link nearly
depopulated.

In this section, we exploit these two features—the joint
photon-echo-induced Rabi oscillation and the quasi-dark-
state structure of the hybridized emitter-photon system—
via two protocols: one relies on always-on couplings that
produce spontaneous synchronization (SWAP, Sec. IVA)
and another that adiabatically engages the synchronization
through smooth STIRAP-like controls (Sec. IV B).

Both techniques operate well beyond the single-mode
approximations used in the cavity-QED QST literature
[7,12-15,20,28,29] and outperform traditional quantum
state transfer protocols based on wave-packet engineering.
We include the CZKM photon-shaping protocol [18]
(Sec. IVC) as a performance baseline to quantify this
advantage and to identify the crossover beyond which wave-
packet engineering becomes competitive. Throughout, we
work in the single-excitation sector; by linearity of the
Schrodinger equation, the fidelity computed for the |1)
component applies directly to arbitrary superposition
states a|0) + p|1).

A. SWAP: Linear error scaling
from coherent Rabi exchange

The ideal SWAP is inspired by the equivalent cavitylike
regime protocol at yz < 1, where the single-mode Tavis-
Cummings model predicts a cavity-mediated coherent
Rabi exchange of excitations between the two participating
emitters [8,12]. Consequently, the equivalent protocol for
the short quantum link is defined by two constant emis-
sion-rate profiles

tel0,7], 6)

?,\VAP (t) =7o

Vi2
where T denotes the total duration of the state-transfer

protocol. Similar to Sec. III A, the two qubits couple to the
link with an effective Jaynes-Cummings-like interaction
g~ \/70/2t. This suggests that Rabi oscillations happen-
ing at a frequency Q = \/EQR = \/ig can implement a
perfect swap of excitations at some resonant time Q7 = 7.

While this is strictly true in the limit yoz — 0, as we
move away from the zero-length waveguide toward the
short-link regime, both the nondifferentiable multimode
effects (Sec. III A) and the finite photon travel time distort
the ideal cavity resonance condition. These effects cause
the optimal QST duration to oscillate around the Rabi
period and also reduce the overall transfer fidelity. Both
predictions are confirmed by the DDE simulations pre-
sented in Appendix E.

Empirically, the minimal infidelity of the SWAP pro-
tocol follows a linear scaling,

3
E~ 5 yOT, (7)
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with an optimal duration Tgwap/7~ 7/\/707; see
Appendix E for details. SWAP thus performs optimally
only in the quasicavity limit yyr < 1, with the fidelity
degrading rapidly as retardation effects grow.

B. STIRAP: Quadratic error suppression
via quasidark states

While SWAP harvests the joint Rabi oscillation directly,
STIRAP takes a more controlled approach: a pulse
sequence adiabatically engages the interemitter coupling,
steering the state through the eigenstate manifold and
keeping the link’s electromagnetic field closer to vacuum
than for other protocols [7,13—-15,28] (cf. Sec. IV D). The
quasidark states of the single-qubit spectral analysis
(Sec. III B) persist into the two-qubit problem, enabling
this adiabatic passage across both the cavitylike and short-
link regimes and decoupling the protocol from the multi-
mode distortions that limit the SWAP. In the cavitylike
limit, the instantaneous quasidark state reduces to the
familiar zero-photon expression

ID(1)) ~ \/}’2—@|€g; vacuum) — \/m|ge;vacuum> |

ri(t) +72(1)

®)

It continuously evolves from |eg; vacuum) at ¢ = 0 to
—|ge; vacuum) at r = T, thereby transferring the excitation
from qubit 1 to qubit 2 while suppressing the link
population [7]. In the multimode and superstrong-coupling
regimes, the corresponding state is instead a generalized
quasidark eigenstate of the full emitter-link system and
may contain small photonic components. The spectral gaps
identified in Sec. III B remain open throughout the pulse
sequence, permitting quasiadiabatic following of this
branch from |eg; vacuum) to —|ge; vacuum) across the
full passage.

The STIRAP protocol uses a counterintuitive pulse
sequence where the emitter node is activated

PITIRAP (1) = yosin? <%>, tef0, 7], )
while the receiver node is deactivated with some delay
ySTIRAP () — ySTIRAP(T — 1), For a fixed dimensionless
parameter y,z, the QST error 1 — F overall tendency is
to decrease with increasing 7', with relevant oscillations
induced by the residual bright-state components [28].
Since the first local minimum already corresponds to
sufficiently high fidelity, we choose the associated time
as the optimal operating time 7grirap-

As shown in Appendix F, scanning across y,7 yields a
quadratic error scaling

£~2x 1075 (yo7)2, (10)

FIG. 5. QST dynamics and efficiency comparison across the
cavity-to-retardation crossover. Minimum infidelity 1 — F for
the three QST protocols as a function of their respective optimal
dimensionless transfer durations 7'/z. Each protocol is evaluated
at its own optimal T/t (SWAP: T/t~ x/,/yo7; STIRAP:
T/t ~9/\/ro7; and CZKM: T /7 = 9/, /7¢7), so the comparison
is performed at different absolute durations. The dashed line
denotes the exact CZKM lower bound on the infidelity. The nine
discrete symbols are selected from renormalized WW bench-
mark results for the STIRAP protocol, corrected for the Lamb
shift at finite detuning: three representative points are shown for
each of A/Swpsg = 50 (circles), 5 (diamonds), and 1 (triangles).
Niodes = 201 for the WW benchmark points.

with optimal duration Tgrrap ~ 94/7/79- The quadratic
suppression of errors reflects the adiabatic protocol’s insen-
sitivity to retardation-induced perturbations: STIRAP’s
dark-state trajectory accrues error only at second order
in the deviation from perfect adiabaticity, which is itself
set by yo7. As shown in Fig. 5, STIRAP outperforms SWAP
across both the cavitylike and short-link regimes. Even at
707 = 1.44, for which the duration used in Fig. 5 is
T/t =698, the STIRAP infidelity remains below
4 x 1074, confirming near-ideal performance throughout
the entire short-link regime and challenging the traditional
view that STIRAP is exclusive to single-mode cavity
systems [12—-14].

While the STIRAP protocol was derived in the DDE
limit, the overall tendency remains the same in full WW
simulations with specific detunings A/dwgsg = 50, 5, and
1 (cf. Fig. 5). The introduction of a lower cutoff in the
spectrum only changes the denominator from 5 x 10* to a
slightly smaller value, confirming the robustness of the
STIRAP protocol even in regimes A ~ dwpgg Where a
more sophisticated treatment of the Lamb shift and of the
memory function is required.

C. When synchronization outperforms
wave-packet engineering

The CZKM protocol [18] is the established approach to
quantum state transfer in the long-link (waveguide) regime,
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where propagation delay dominates and resonant exchange
between emitters is unavailable [9,10,15,19,38-41].
Rather than exploiting synchronization, CZKM engineers
the emitted photon wave packet so that the field exiting
qubit 1 is perfectly absorbed by qubit 2 with no reflection
back into the link; we include it here as the natural perfor-
mance baseline to identify the crossover beyond which
wave-packet engineering becomes the preferred strategy.
Within our DDE framework, the perfect-absorption con-
dition reads

Vie [0, T],
(11

ri(0)ei (1) + Vra(t +7)er(t+17) =0,

which is the generalization of the input-output dark-state
condition to the short-link regime. Following Ref. [9],
we choose a sech-like photon wave packet, yielding the
control profile

y$PEM (1) = %0 [1 + tanh <M)} , t€|0,T],
(12)

with ySZM (1) = yCZRM(2¢  — 1), where the 1. = T/2 + 7/2
means the center of symmetry.

The DDE framework reveals that CZKM remains viable
in the short-link regime (yyz < 1), contrary to the view
that it is exclusive to the long-link limit [10]. The DDE
simulation at yyr = 0.1, presented in Appendix G and
confirmed by the WW simulation, shows that retardation
effects persist even in this limit, consistent with the single-
qubit physics of Sec. III A, and the protocol achieves
high fidelity. We derive an exact lower bound on the
CZKM infidelity

e 2 exp [—yo(T —1)], (13)

which depends on the maximum effective emission rate y,,
and the total duration 7' as independent parameters.
However, specifically for the sech-like pulses, we empiri-
cally find a larger error,

& ~exp[—yo(T —17)/2, (14)

that can be explained by the truncation of the hyperbolic
secant tails (see Appendix G).

Unlike SWAP and STIRAP, where the error is set by y,7
alone, CZKM can achieve high fidelity at any y,z by
extending 7, at the cost of a longer protocol. Comparing
the protocols under identical resource constraints (yq, 7)
(Fig. 5), we find a crossover at yyz =~ 1.44, T =~ 6.987: in
the lower-7'/7 range, T/7 < 6.98, CZKM yields a lower
infidelity than STIRAP, whereas for 7/z > 6.98, STIRAP
performs better.

€loss

10' 10°

T/t

FIG. 6. Photon loss in the link. Solid lines show the estimated
loss &, as a function of T/r at fixed xr = 0.01 for the
three protocols (SWAP, STIRAP, and CZKM), while dashed
lines of the same color indicate the corresponding power-
law fits. The fitted scalings are &),5 = 0.0034 (T/7)% (SWAP),
0.0014 (T /7)*? (STIRAP), and 0.0005 (T/7)'3 (CZKM).

D. Sensitivity to photon loss in the link

If our link loses photons with a global loss rate x, our
quantum state will deviate from the Wigner-Weisskopf
ansatz, introducing some probability of the experiment
ending with zero excitations. We can quantify the prob-
ability of this happening as a multiplicative contribution to
the infidelity, giving an error

Eloss = 1 —exp (—K/Tn(t)dt>. (15)
0

In this formula, n(z) is the number of photons in the link.
This quantity may be computed from the numerical
simulations of our protocols.

Our main conclusion, using a pessimistic estimate
kt = 0.01, is the superiority of the STIRAP protocol from
the point of view of losses (cf. Fig. 6). This can be
explained by the fact that STIRAP protocols keep the link
weakly populated throughout the transfer [15], while the
SWAP and CZKM protocols rely on the creation of one
flying photon.

Note also that the improved losses in STIRAP can
enlarge the range over which this protocol becomes more
favorable than CZKM, reaching slightly above yyr = 1.44.
However, this is more of a setup-specific consideration.

V. CONCLUSION

The DDE framework introduced here allows us to
systematically benchmark three quantum state-transfer
protocols across the full y,r parameter space, with pre-
dictions that survive for finite values of A/Swggr. STIRAP,
exploiting quasidark states, achieves a quadratic error floor
O(2 x 107 (y,7)?) and outperforms SWAP throughout the
short-link regime. Photon-shaped CZKM becomes optimal
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beyond the crossover yyr =~ 1.44, as quantified by the
analytical infidelity bound that applies to all CZKM
protocols.

These protocols are enabled by a photon-echo-driven
synchronization in short quantum links: emitters spontane-
ously lock into piecewise nondifferentiable Rabi oscillations
at frequency Qp ~ \/y/2z, driven by coherent echoes
returning after each round trip 2z, constituting an autono-
mous discrete time-crystal-like phenomenon in the single-
excitation sector. The Rabi exchange drives SWAP, while the
persistent quasidark states—confirmed by spectral analysis
across the full cavity-to-waveguide crossover—sustain
STIRAP. The DDE framework provides a unified, exact
description of this regime, yielding closed-form analytical
solutions for both the dynamics and the spectral structure.

The self-synchronization kinks are experimentally
accessible via time-resolved field detection: the derivative
discontinuities at t = n-27 in the emitter excited-state
population manifest as abrupt changes in the emitted photon
field via the input-output relation b*"(f) /7 c(1). At
vz =~ 0.2, the kink amplitude is bounded by 2y; platforms
with larger y7, such as the 5-m link of Magnard et al. [6]
(yr =~ 1) and slow-light waveguides that extend the effective
travel time [42], provide more favorable signal conditions
for a first observation.

Spectroscopic confirmation follows equally directly
from sweeping the qubit frequency across a resonance
of the link and measuring the avoided crossings and quasi-
dark-state suppressions of Fig. 4. These results map
directly onto current circuit-QED hardware: the 0.73-m
link of Chang et al. [7] (yz = 0.2) and the 5-m link of
Magnard et al. [6] (yz = 1) lie squarely in the STIRAP-
optimal regime, while the 64-m cryogenic cable of Qiu
et al. [19] (yz = 2) enters the CZKM-optimal, retardation-
dominated regime.

The short-link regime is not a trivial transition zone
between cavity and waveguide QED but a physically rich
parameter space where photon-echo synchronization
becomes an engineering resource—one for which DDE
modeling provides the exact analytical foundations needed
to design and optimize quantum link experiments. We
anticipate that the DDE framework, which complements
recent investigations based on tensor network formalisms
[43—45] and operator DDE [30], will be a powerful tool for
exploring and exploiting the physics of quantum links and
larger quantum optical networks, enabling discovery of
phenomena and development of protocols that leverage the
unique features of this regime.
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APPENDIX A: TWO-QUBIT DDE DERIVATION
We apply the Hamiltonian in Eq. (1) to the ansatz in

Eq. (2), which yields

&) = —ife, () = i) _gu(t)a(0), (A1)
k

ay (1) = —iway (1) — izglt.j(t)cj(t)? (A2)

where gy, (1) = ¢,(t) cos(kx;). Here, g;(¢) denotes the time-
dependent coupling strength between qubit-/ and the
waveguide, whereas cos(kx;) represents the position-
dependent mode-function factor arising from the propa-
gation phase at the qubit position x;. And then the last
equation can be formally integrated

2
. 1 .
(1) = o (0)e ot — i/ Zg’,;j(u)e"“’k“_”)cj(u)du,
0 j=1
(A3)

which is then inserted into the equation for c¢;(¢),
resulting in

&(1) = =ide)(r) =iy _gu(Dax(0)e ™, (A4)
k
;2
_/ ZKIJ-(I, u)c;(u)du. (AS5)

This last term is the effective emitter-emitter interaction,
weighted by a kernel function

Ky(t,u) = ngl<t)gkj(u)*€_iwk<z_u)' (A6)
%

The full kernel K ;(¢, u) retains a joint dependence on its
two time arguments through the coupling envelopes

9i(t)g;(u) &< \/yi(t)y;(u). Only the bath correlation aris-
ing from the mode sum depends on the relative time ¢t — u.

In the broadband limit, this correlation becomes a sum of
delta functions in # — u: a local contribution proportional
to 5(¢r — u) together with the propagation echoes of the
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closed line. The slowly varying coupling envelopes remain
outside these delta functions and are therefore evaluated at
the present time ¢ and at the corresponding retarded time u,
as shown explicitly in Eqgs. (A7) and (AS).

For a linear dispersion relation, we have w; =
,, = Mg, With o, =76 =2 Assuming that the cou-
pling strengths vary slowly in time and that the waveguide
bandwidth is sufficiently broad, we consider two qubits
located at the two ends of the waveguide, with x; = 0 and
x, = L. For convenience, we further assume that g;(7) is
real and positive, i.e., g;(f) €Rsy. The corresponding
kernels are

Ky(t.u) Z (y,(u) 8(t—u—77), (A7)
Ky(tu)= > \r@r(w) s(t—u—13),  j#L
(A8)

where we use the standard input-output normalization
lg:(£)|> = 7,(t), with the density-of-states factors absorbed
into the effective emission rate y,(¢) [30], and where
7' = 2mz and 7' = (2m + 1)z. If the field’s initial state
is the vacuum, a;(0) = 0 and the equations simplify to

¢(t) = —iAc(t) — ﬂzﬂc,(t), (A9)
VS = el = e — 2,
m=1
(A10)
—Vri(1) 2"‘: \73-1(t = 78') ey (1 = 75)O (1 — 73').
m=0
(A11)

Upon transforming to a frame rotating at the qubit
frequency and collecting the retarded contributions into
the output fields b, while retaining the time-dependent
emission rates y,(z), we recover Eq. (3) in the main text:

dei(t) — 1i(1)
i~ 2 ai(?)
—1i(8)[e2Pb5 (1 — 27) + € B3, (1 — 7)),
(A12)
where ¢ = Az, and
oul i2n¢
b Z () e(n)®n)| - (A13)

APPENDIX B: SOLUTION OF THE
SINGLE-QUBIT DDE

We show how the dynamics of a single qubit in a
quantum link can be described as a polynomial series
multiplied by an exponential factor. We solve for a single
qubit, using y;(t) = yd;; and ¢,(t) = c(t)d;,. Performing
the change of variables ¢(t) = e f(t) yields

—f =—r26 i+5)

We use the Laplace-transformed version of the equation,

f(t—nt)®(t —nz). (BI)

with F(s) = L[f](s) the Laplace transform, our DDE
becomes
sF(s) — f(0) = —y {—1 + Z eniA+3) e‘”"} F(s),
n=0

(B2)

where we have used ¢ = Az. Letus call @ = iA 4 5. Using
the geometric series, we get
1

1— e(a—s)r
f(s) = ; |:1 _ e((z—s)‘r(l _};):| .

Once we expand the denominator using the geometric
series again, we use the binomial formula to get

=t e 5 () ()

n=0 m=0

(B3)

(B4)

After some manipulation, this can be converted into

—nst
e

ORI B (M [Ty

n=1 m=1

and, finally, making the inverse Laplace transform
results in

(S e pmer-m). @0
n=1 m=1

n— 1) [=r(t —no)]" (B7)

Pn,m(t) = <m _ ] m!

Inverting the change of variables gives the solution we
were seeking.

APPENDIX C: UPPER BOUND ON THE
DERIVATIVE’S DISCONTINUITIES

The discontinuities in the derivative occur when t = Nz.
We can use the DDE’s structure to analyze these
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discontinuities by making small perturbations. In particu-
lar, we can find
gir%[d,c(Nr) —0,c(Nt — 68t)] = —yeNc(0),  (Cl)
t—
Since |c¢(0)| < 1, we can establish that the discontinu-
ities in the derivative of ¢(¢) are upper bounded by 7.
The generalization to the excited-state population |c(?)

follows the same approach. Using |c(7)]> = c¢*(#)c(2)
we get

| 2

lim [0c(Ne) [~ d,Je(Ne— 0] = (C2)

= |2y Re{e™?c*(N7)c(0)}| < 27, (C3)

where we use the fact that ¢(z) < 1.

APPENDIX D: COMPUTATION OF
EIGENFREQUENCIES

We can use input-output theory to compute the field
operator a,,(t) in the cavity. To the standard relation
Ao () = ain(t) + /7c(t), we add the condition arising
from the closed ends from the cavity,

ain(1) = ePagy(t —7), (D1)
which means we can write
Aou(t) = e agu(t —7) + \fre(t). (D2)
By performing a Laplace transform, this is just
Aguls) = 7L (), ©3)

The Laplace transform C(s) can be obtained from the
DDE directly, and, after some manipulation, we get

14
Aou(s) = VA
Out(s) (S + %)(1 . el¢_s-[) + yelqg_”- ( )
We make the change in variables s = —i@ and look at
the poles of A, (@), which gives the equation
i(p+wr)
—iw+ L4 yC —0. (D5)

2 1—e i(p+wr)

After some manipulation, it results in the trascendental

equation:
w:gm(%§f> (D6)

which only has solutions within the real plane, meaning
that those are eigenfrequencies with no decay. Finally,
one can revert the rotating frame by displacing the energies
o — o — A, resulting in the equation presented in the
main text.

APPENDIX E: QUANTUM STATE TRANSFER
VIA SWAP

Under constant qubit-waveguide couplings, the ideal
single-mode cavity-QED description predicts optimal
quantum state transfer at Q7 = 7. In the short-link regime,
multimode effects and propagation delay shift the optimal
transfer point away from this condition.

Results from numerical optimization are shown in Fig. 7.
At fixed yq7, the fidelity peak deviates from the ideal Rabi
time 7 = /€, as seen in Fig. 7(a). The optimized transfer

(a)
1.0 1 ~\\\
—~ \
| \\ —— Q
© 05 N !
+ N\ Q
S ~ 2
~— \\
S /0
00l Soemoooeoo
0.0 2.5 5.0 7.5 10.0 12.5
ey — Tiw)/7
- - 7/Q
=
10" 4

10° 10° 10"

YT

FIG. 7. Dynamics and transfer efficiency of the SWAP proto-
col. (a) Typical system dynamics at a fixed dimensionless
parameter yoz = 0.09. The vertical dashed line indicates the
ideal Rabi period T = /€. (b) Optimal transfer time 7'(y) as a
function of the maximum effective emission rate. The orange line
denotes the baseline given by the Rabi resonance condition.
(¢) Minimum transfer error 1 — F (solid line) versus the
dimensionless parameter yyz. The dash line shows a linear fit
1-F 2%;/01, illustrating that the optimal SWAP infidelity
increases approximately linearly with yz.
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time [Fig. 7(b)] fluctuates around 7' = 7/Q, accompanied
by oscillations in the infidelity due to multimode
interference.

The minimal infidelity follows a linear scaling with y,7

[Fig. 7(c)]:
3

This linear scaling characterizes the performance limit
of the SWAP protocol in the short-link regime.

APPENDIX F: QUANTUM STATE TRANSFER
VIA STIRAP

We numerically optimize the optimal quantum state
transfer (QST) position for the STIRAP-like protocol,
whose performance is summarized in Fig. 8.

10° 1
~07%
|
-
1071
0 10 20 30 40
YT

102; — T(w)/7
. e
~
E 1

10 3

FIG. 8. Dynamics and transfer efficiency of the STIRAP
protocol. (a) Infidelity 1 — F as a function of the protocol
duration T at a fixed dimensionless parameter y,z. (b) Optimized
transfer time 7'(y,) as a function of yyz. (¢) Minimum transfer
infidelity 1 — F (solid line) versus y,z. The dash line represents a

power-law fit given by 1 —F :%‘0’80, illustrating that the

STIRAP infidelity scales approximately quadratically with y,z.

At a fixed value of y,z, the QST error decreases with the
protocol duration 7 while exhibiting oscillatory behavior,
as shown in Fig. 8(a). Because of the adiabatic nature of
the protocol, the overall fidelity decreases continuously
over time, and the oscillations arise from the accumulated
phase of the residual bright state.

For each value of the dimensionless parameter y,r,
we optimize T to achieve the highest fidelity at the first
infidelity 1 — F valley, which we define as the optimal
QST position. The corresponding optimal transfer time
and minimal infidelity are presented in Figs. 8(b) and 8(c),
respectively.

The infidelity follows a quadratic scaling relation with
the dimensionless parameter y,z, and the corresponding
fitting asymptote is given by Eq. (10). This fitting
asymptote indicates that even when y,z~1 (in the
short-link regime), the QST error remains as low as
approximately 107>

APPENDIX G: QUANTUM STATE TRANSFER
VIA CZKM

In the photon-shaping protocol, a target wave packet
w (1) is generated by controlling the emitter coupling y, (7).
Under the ideal dark-state condition, the emitter amplitude
satisfies

71(t)

f3‘1(f):—701(t)’ (G1)

with solution |c¢;(7) . The emitted

= exp[— ft yi(t

photon is y(r) = yl( ey (1), Wthh leads to
_ P
(1) = L= Jl ()P (G2)

For an infinitely long normalized sech wave packet,

t
WP =2 sect? (%)

S ()]

with 7,(t) = r2(t +7) = 71 (—1).

For a finite protocol duration, however, the exact dark-
state condition cannot be maintained throughout the
evolution. We therefore derive the QST error directly
from the full DDE dynamics.

Introducing the shifted variable ¢,(7)
define the dark and bright amplitudes

(G3)

one obtains

ri(t) = (G4)

=cy(t+71), we
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V() er(t) = \/11(1) &5(1)
d(t) = 7o , (G5)
b(r) = V(1) ei(t) +/7a(1) Ez(f). (G6)
V70

For the sech protocol, one finds d(¢) = 0, while

N
b(1) = —%b(z) 7 ; b(t — 2n7)®(t — 2n7).  (G7)

We define the QST duration as [—T /2, T /2], Where
T = T — 7. With initial conditions ¢;(—T./2) = 1 and
Cy(—Tesr/2) = 0, we introduce u = tanh(yoT e /4), yield-

ing dy=+/(1+u)/2 and by = /(1 —u)/2.

The final transfer amplitude can be written as

14+u
2

1 _
Co(Tegr) = — + Tu P(Tes), (G8)

where (1) = b(t)/by satisfies

N
Ble) = =2p0) =10 Y plr — 20000 (1 — 207, (G9)
n=1

with ﬂ(—Teff/Z) = 1.

The exact QST error is therefore
1+u 1—u 2
2 2

(G10)

e(Teg,7) = 1 — ‘ P(Tes)

For yoTeg > 1, using u = 1 — 27 70Tex/2  O(e=70Terr),
Eq. (G10) reduces to

&(Tegy,7) = 2e7707ert/2[1 4 Re f(Tegr)] 4 O(e70Ter)
(G11)

~ e~ 70Teit/2

Thus, the leading error still scales as e 707«/2 while the

prefactor is renormalized by the bright-state dynamics
encoded in f(Teg).

Furthermore, in the ideal dark-state limit, probability

conservation implies 4 [|c;(1)|* 4 |¢,(1)|*] =0 so that

|€2(Tete)|?> = 1 — |c; (Tege)|>. Using the solution of ¢, (),
one obtains

T2
F=1-—exp {—/ ! yl(t’)dt/}

Tefe/2

(G12)

(b)
10
‘_l' 1071 sech-shape
——— o (T=7)/2
101 o (T
10° 10 10" 10° 10'
YT

FIG. 9. QST error and dynamics for the CZKM protocol.
(a) Population dynamics for the same sech-like photon-shaping
scheme at yyz = 0.1 and 7 = 2007 - N o4es = 201 for the WW
benchmark points. (b) QST error. The solid curve shows exact
DDE simulations using a sech photon-shaping scheme under the
same resource constraint as STIRAP (T =9/, /7y7). The two
dashed lines denote the approximate sech? prediction and the
ideal dark-state bound.

For any protocol with y; () < y,,

1-F > exp [_VOTeff}' (Gl3)

These results are shown in Fig. 9(b). The exact DDE
results closely follow the sech-like pulse prediction, while
both remain above the ideal dark-state bound, indicating
that finite-duration effects primarily renormalize the pre-
factor without altering the exponential scaling.
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