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Analog Ising machines are dedicated hardware solvers designed to solve NP hard optimization prob-
lems. However, the global optimum is often not found as the system gets stuck in local minima. While
several strategies exist to increase the chance of escaping local minima, these methods often require exten-
sive parameter tuning. In this work, we investigate the injection of large noise as a standalone scheme and
in combination with annealing to improve the success rate and the time-to-target (TTT) of analog Ising
machines for MaxCut problems. We demonstrate that optimizing the noise improves the TTT by sev-
eral orders of magnitude and renders both approaches competitive with state-of-the-art schemes, such as
chaotic amplitude control. Moreover, we are able to predict an optimal noise value based on the problem
connectivity, statistics of the coupling matrix and the coupling strength, thereby eliminating the need for
costly parameter optimization.
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I. INTRODUCTION

As the demand for energy-efficient and high-speed com-
putational power continues to grow, there is increasing
interest in alternative computing systems to complement
or replace the traditional von Neumann system for spe-
cific highly demanding tasks. Combinatorial optimization
problems, in particular, would greatly benefit from faster
and more efficient computing paradigms. A nontraditional
approach to solve optimization problems in general is the
so-called Ising machine (IM), inspired by the NP-complete
Ising problem. In an Ising problem the goal is to find the
spin configuration of a magnetic material that minimizes
its energy. An IM is a piece of hardware where the Ising
problem is recreated using artificial spins. It relies on the
natural tendency of the Ising spins to evolve toward their
ground state. So, it naturally minimizes the Ising energy
function

HIsing = −1
2

N∑

ij

Jij σiσj −
N∑

i

hiσi, (1)

where Jij is the coupling interaction between two spins, N
is the number of spins in the problem, hi is the external
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field, and σi ∈ {−1, 1} is the binary spin. The optimization
problem to be solved is encoded in the coupling interaction
J and the local field h while the ground-state configura-
tion is the solution of the problem. It has been shown that
all combinatorial optimization problems can be mapped
polynomially onto an Ising problem. There are already a
range of problems for which it is known how to efficiently
map them on an Ising problem [1]. For example, IMs
can solve a wide range of real-life problems [2] ranging
from job scheduling [3] to protein folding [4], traffic-flow
optimization [5], and finance-related problems [6,7].

Here, we concentrate on analog IMs without local fields
(hi = 0). To facilitate optimization of an Ising problem,
the spin amplitudes are allowed to take a real value. We
then refer to analog spin amplitudes indicated by xi in ana-
log IMs. This analog spin system can be mapped back to
the original binary spin system by taking the sign of the
spin amplitudes (σi = sign(xi)). When using analog spins,
it must be verified that the ground state of the analog spin
problem, to which the spins evolve naturally, results in the
optimal energy of the original binary problem. To ensure
this, nonlinear terms are often employed to impose a binary
structure on the analog spin during the dynamic evolu-
tion [8]. The choice of a nonlinear term can also affect the
efficiency of the search for the ground state [9].

There exists a multitude of physical implementations
of IMs using electronic [10] or photonic [11] platforms.
Possible optical analog Ising implementations use (degen-
erate) optical parametric oscillators (DOPOs) [2,12–15],
opto-electric oscillators (OEOs) [16,17], or optical Kerr
resonators [18]. Different physical implementations induce
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different nonlinear terms, thereby influencing the efficiency
of the IM [9]. A major challenge in analog IMs is that
the spins can become trapped in a local minimum, pre-
venting convergence to the desired global optimum [8].
Several factors or techniques can limit the chance of being
trapped, including annealing [7,19], tweaking nonlineari-
ties [9], stochastic perturbations through noise injections
[20,21], simulated bifurcation [22,23], or using amplitude
control schemes [24].

Although both annealing and noise injection are com-
monly used in analog IMs [9,25], it remains unclear under
which conditions one approach is more beneficial than the
other. Furthermore, recent studies have shown that inject-
ing high levels of noise can be beneficial in improving the
performance of IMs in general [26–30], and analog IMs in
particular [20,21]. However, in most of these studies, noise
is treated primarily as a tunable optimization parameter,
without a deeper investigation into why or how it affects
the time-to-solution and success rate. The presence of an
optimal noise level has been reported in Ref. [21], but was
not further explored and was only demonstrated to be opti-
mal for the success rate. We aim to predict the optimal
noise level from basic system characteristics, such as the
distribution of the elements of the coupling matrix or the
coupling strength, rather than relying on exhaustive param-
eter scans or Bayesian optimization methods. Although
effective, these methods are often computationally expen-
sive or require prior knowledge of the ground-state energy,
which may not be available in practice.

In this work, we will investigate the role of noise injec-
tion in analog IMs, both as a standalone scheme and in
combination with annealing. We benchmark the perfor-
mances of the models including noise against the consid-
ered state-of-the-art chaotic amplitude control (CAC) IM
using MaxCut problems to better understand the effect of
noise in both situations. Additionally, we explore how the
optimal noise regime depends on problem characteristics,
particularly the average number of connections per spin
and the standard deviation of the elements of the coupling
matrix. We find a relationship between the noise and some
basic system parameters, allowing us to predict the optimal
noise strength.

In Sec. II, we will introduce the different schemes, non-
linearities , and benchmarks that have been used in our
investigation. We then use one benchmark as an example
to illustrate the influence of noise and investigate the rela-
tionship between different system parameters in Sec. III.
Section IV will dive deeper in the performance differences
between the different models. After that, we will investi-
gate the relationship between noise and the system param-
eters in Sec. V. We analyze small problems (N � 100) and
large problems (N > 100) separately. Afterwards, we will
verify the found relationship between noise and the system
parameters and conclude the paper with some discussion
and future work in Sec. VI.

II. MODELS AND BENCHMARKS

An analog IM is a (physical) system of interconnected
analog spins. The analog spins have the tendency to evolve
naturally towards the configuration of minimal energy.
This evolution can be modeled by the differential equation

dxi

dt
= G

⎡

⎣xi, α, β
N∑

j =1

Ji,j xj , γ F(t)

⎤

⎦ . (2)

Here, G is the nonlinear transfer function, α is the linear
gain, β is the coupling strength, xi ∈ R is the analog spin
amplitude, t is the renormalized time, and γ F(t) is a Gaus-
sian white-noise term with 〈F(t)〉 = 0 and 〈F(t)F(t′)〉 =
2δ(t − t′). As is described in Ref. [9], the transfer function
depends on the specific implementation and hardware of
the IM. As this paper is only based on simulations and the-
ory, we use transfer functions, which minimize the number
of parameters to simplify the analysis. Therefore, we will
use the so-called polynomial and clipped transfer function.
For these transfer functions, the parameter α can be elimi-
nated by (re)defining xi, t, and β, as described in Ref. [25].
The differential equation for the polynomial nonlinearity is

dxi

dt
= −xi − x3

i + β

N∑

j =1

Ji,j xj + γ F(t). (3)

This is the more basic nonlinearity for several reasons:
it is the normal form of the pitchfork bifurcation of the
spins. The polynomial transfer function also describes the
traditional optical setup of a coherent IM using DOPO
[2,12–15]. Furthermore, it is the Taylor expansion of the
other transfer function [9]. In this study, it is used to pro-
vide the necessary insight into the working of noise. The
performance of the IM with the clipped nonlinearity is sub-
stantially better than the performance of the polynomial
nonlinearity. Its performance is comparable with the other
nonlinearities investigated in Ref. [9]. The differential
equation for the clipped nonlinearity is

dxi

dt
=

{
−xi − x3

i + β
∑N

j =1 Ji,j xj + γ F(t), |xi| ≤ xcutoff

0, |xi| > xcutoff.
(4)

We have investigated several values for xcutoff and its effect
on the performance of the IM. The exact value does not
seem to be pivotal, as long as xcutoff is smaller than the
average spin amplitude (see Appendix A). The −x3

i term
is sometimes omitted in the literature for the clipped non-
linearity, but adding or omitting this term seems not to
influence the performance. Here we choose to keep this
term and take xcutoff = 1.

We simulate the natural evolution of the spin system
towards the ground state. To this end, Eqs. (3) and (A1) are
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FIG. 1. (a),(c) The spin amplitudes and (b),(d) energy evolution of g05_60.3 for β = 3 and γ = 0.1 (a),(b) or γ = 9.4 (c),(d). Both
trials are run for t = 75 and dt = 0.005. The ground state (grey dotted line; E = −191) is reached at t = 7.285 for γ = 9.4 and never
for low noise.

solved numerically using the Euler method. The evolution
is shown in Fig. 1 for problem g05_60.3 of the BiqMac
library [31]. In Fig. 1(a) the time evolution of all the 60
spin amplitudes is demonstrated over time for β = 3. Start-
ing from their almost zero position, the spin amplitudes
will evolve naturally to a clear “up” or “down” position.
Notice that there is a substantial difference between the
amplitudes of the spins, often referred to as amplitude
inhomogeneity. Amplitude inhomogeneity increases the
chance of the spins getting stuck in nonoptimal spin config-
urations [8]. The corresponding evolution of the energy of
the system is shown in Fig. 1(b). The energy level quickly
drops to a level close to the ground-state energy, here
shown by the grey dotted line. In this example, the system
never reaches the actual ground-state energy, but is trapped
in a local minimum just above it. In Figs. 1(c) and 1(d),
the spin amplitudes and energy evolution are shown for
a system with more noise. While γ = 0.1 in Figs. 1(a)
and 1(b), it is increased to γ = 9.4 for (c) and (d). Fig-
ures 1(c) and 1(d) demonstrate the effect of large noise,
which means that γ � β. Now there is no clear distinction
between up and down spins in the spin amplitudes’ evolu-
tion. While initially the energy also drops quickly, it keeps
fluctuating. It finally reaches the ground state at t = 7.285.
This is a first indication that injecting large noise can help
to reach the ground state.

We evaluate the performance of an IM by simulating
multiple independent runs. In each run, the parameters are
kept fixed and the initial conditions are randomly gen-
erated. We use two metrics to quantify performance: the
success rate (SR) and either the time-to-solution (TTS) or
the time-to-target (TTT). The success rate is defined as the
fraction of runs in which the ground-state energy or a pre-
defined target energy is reached. When the ground-state

energy is known and success corresponds to finding this
optimal solution, we use the TTS. When the ground-state
energy is unknown or when success is defined by reaching
a target energy, we use the TTT. Both the TTS and TTT
are computed as

TTS or TTT =
∑

i ti
Nsuccess

log 0.01
log (1 − SR)

, (5)

Here Nsuccess is the number of successful runs. ti is defined
as the simulation time required to reach the ground state or
target energy in the ith successful run. One iteration con-
sists of updating all the spin amplitudes once using the spin
amplitudes of the previous iteration. For the first iteration,
the spin amplitudes are randomly initialized using a uni-
form distribution with a boundary |xi| < 0.1. For practical
reasons, our simulations have a runtime limit. For this, we
distinguish between small problems (N � 100) and large
problems (N > 100). For small problems, the runtime limit
consists of 15 000 numerical iterations. Large problems
need more time to reach the ground state. Therefore, the
runtime limit is 20 000 iterations for large problems. More
information about the numerical simulations can be found
in Sec. VII.

To optimize the performance of an IM, several schemes
are proposed in the literature. Most schemes focus on
avoiding becoming trapped in local minima, as this prob-
lem drastically increases the TTS and lowers the success
rate [9,32]. Here, we will focus on the following three
schemes: The first scheme relies on the injection of noise
into the system. This perturbs the spin amplitudes, helping
the system escape local minima. This occurs because the
noise induces spin flips even when doing so is not ener-
getically favorable. This mechanism enables the system to
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explore a broader region of the phase space. This scheme
is referred to as the noise-only scheme.

In the second scheme, β is annealed linearly, i.e., β =
β0 + v t where v is the annealing speed. The working
of this scheme was partly explored in [25]. Here, it was
shown that for some problems annealing always leads to
the desired ground state as long as the annealing speed is
kept low enough. These problems were therefore labeled
“Ising easy” in [25]. There are, however, also problems for
which annealing leads to very low success rates, certainly
so if the noise strength γ is low. These problems are called
“Ising hard” in [25]. Noise is crucial to effectively solve
Ising hard problems. Notice that if a problem is Ising easy
or hard, depends on the chosen nonlinearity and param-
eters. For example, it is possible that a problem is Ising
hard for the polynomial nonlinearity and Ising easy for the
clipped nonlinearity.

The third and last scheme we include in our analysis is
chaotic amplitude control (CAC), which was introduced
by Leleu et al. in Ref. [24]. CAC is one of the most highly
performant analog IM schemes. We will use it as a base-
line for the other two schemes. The parameters of this
scheme will be tuned using Bayesian optimization [33] for
β = 1. Afterwards, we will scan over β using the opti-
mized parameters for β = 1. This scan will be similar to
those we will perform for the other two schemes. As this
scheme is inherently chaotic, it is not beneficial to add
noise, according to Ref. [34]. Therefore, we will not inves-
tigate the influence of noise for this scheme. We will only
use it as a baseline when comparing performances.

The influence of noise in both the noise-only and anneal-
ing schemes is investigated in Sec. III. In Sec. IV, we
compare the performance of the noise-only scheme and
the annealing scheme, using CAC as a baseline. Finally,
in Sec. V, we focus on the noise-only scheme to derive
relationships between the optimal noise strength and basic
system parameters. These results are then extrapolated to
the annealing scheme in Sec. V C. All this will be done
using simulations of MaxCut problems. In MaxCut prob-
lems, a graph structure needs to be partitioned in two parts.
The optimal solution corresponds to the solution with the
maximum cut number 1

4

(∑
ij Jij − ∑N

ij Jij σiσj

)
. This is

related to minimizing the Ising energy. Therefore, this type
of problem can be easily implemented on an IM. Maxi-
mizing the cut number and minimizing the energy is used
interchangeably in the remainder of the paper. We use
instances from the BiqMac library and the SuiteSparse
Matrix Collection [35]. Furthermore, extra problems are
generated using rudy [36]. Rudy is a random graph gener-
ator that was also used to generate the MaxCut instances
from the BiqMac library and the Gset problems from
the SuiteSparse Matrix Collection [31,37]. The coupling
weights in the MaxCut problems studied here are discrete
and uniformly distributed.

III. INFLUENCE OF NOISE IN THE ANNEALING
AND THE NOISE-ONLY SCHEME

Here, we study the effect of Gaussian noise on both the
polynomial and clipped nonlinearities for the annealing
and the noise-only scheme. Our objective is to maximize
the success rate and minimize the TTS. When these two
goals conflict, the TTS is prioritized, as we consider it to
be the most relevant metric for assessing the efficiency of
IMs.

To illustrate the impact of the noise strength, we
begin by examining the MaxCut instance g05_60.3 of the
Biq Mac library. This problem was selected because it
clearly exhibits a relationship between noise and coupling
strength, is not Ising easy for the polynomial nonlinearity
[25], and is representative for the other problems studied.
In Fig. 2, we present parameter sweeps over β, γ , and v

as heat maps. The figure covers the polynomial and the
clipped nonlinearity and the annealing and the noise-only
scheme. The TTS and the success rate for a scan over β

and γ using the noise-only scheme and polynomial non-
linearity is shown in Fig. 2(a). The lowest TTSs are found
for large γ and large β, which we define here as β > 1.
For example, β = 3 and γ ≈ 9.4 results in a low TTS
and a success rate of 0.99 for the polynomial nonlinear-
ity. This is also demonstrated in Fig. 1(b). Additionally,
we see that for each β, there is an optimal noise that maxi-
mizes the success rate and minimizes the TTS. When going
away from the optimum, the success rate goes to 0. There
appears to be a linear relationship between β and the opti-
mal noise for that coupling strength. When following this
linear relationship from low β to high β, the success rate
and TTS are further optimized, which agrees with our first
observation that the lowest TTSs are found for high γ and
β. This linear relationship will be investigated in more
detail later in Sec. V.

In Fig. 2(b), the heatmap shows a scan over β and γ

for the TTS and success rate for the clipped nonlinear-
ity. Again there is an optimal noise per β and the TTS
decreases for high β and γ . However, the linear relation-
ship between β and γ does not exist anymore. Here, it
seems to be replaced by a square-root behavior, which we
will verify later in Sec. V. Due to this different relation-
ship, the noise values that lead to low TTS are not as high
as for the polynomial nonlinearity.

Similar results are obtained for annealing in Fig. 2(c) for
the polynomial nonlinearity and in Fig. 2(d) for the clipped
nonlinearity. Since the coupling strength β is annealed dur-
ing each run, it cannot be used as a scan parameter. Instead,
we scan over γ and the annealing speed v = (β − β0)/t.
We choose the range for the annealing speed such that
a parameter region is explored comparable to the region
for the noise-only scheme in Fig. 2. The initial coupling
strength is set to β0 = 0. For the highest annealing speed
(v = 0.1), β reaches a value of 7.5 within the simulation
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(a) (b)

(c) (d)

FIG. 2. The success rate and the time-to-solution as a function of γ and β for the noise-only scheme (a),(b) and γ and v for annealing
(c),(d) as heat map. The results for the polynomial nonlinearity can be seen at the left (a),(c) and the results for the clipped nonlinearity
at the right (b),(d).

time limit. As in the noise-only scheme, we observe that β

relates linearly to γ for the polynomial nonlinearity. For
the clipped nonlinearity, there is a square-root relation-
ship between β and γ . The key difference between the
noise-only scheme and the annealing scheme is that this
relationship now describes the optimal noise strength as a
function of the annealing speed v, rather than as a function
of the coupling strength β.

The existence of an optimal noise level is to be expected.
With insufficient noise, spin flips are rare. A lack of spin
flips prevents the system from effective exploration of the
phase space and causes the system to remain trapped in
local minima. Conversely, excessive noise drives the sys-
tem into a Boltzmann sampling regime [38], which reduces
the likelihood of reaching the ground state. Therefore, an
intermediate, optimal noise level exists, depending on β. A
similar effect is seen when annealing. If the velocity is too
low in comparison to the noise, the time limit of our sim-
ulations will prevent β from reaching high enough values
to escape the region of Boltzmann sampling. An annealing
speed that is too large would push the system out of the
region where the coupling strength is ideal for the amount
of noise. The spin amplitudes will not have the time to
reach low energy states before the noise becomes too small
to significantly affect them.

In this example shown in Fig. 2, the TTS is signifi-
cantly lower for the noise-only scheme than for annealing
with noise. While the MaxCut problem g05_60.3 is used to
showcase the significance of noise in the TTS and success
rate, similar behavior is observed in all the investigated
MaxCut problems (see Appendix B for other examples).
Although not all problems achieve success rates close to 1,
almost all exhibit an optimal noise level for each β.

IV. COMPARISON OF DIFFERENT SCHEMES
AND NONLINEARITIES

Different IM implementations are modeled by different
nonlinearities. Additionally, several schemes are proposed
in the literature to improve the efficiency of an IM. In this
section, we compare the performance of different schemes
and nonlinearities using optimized parameters. Specifi-
cally, we compare the annealing scheme and the noise-only
scheme to the baseline scheme (i.e., CAC). This compari-
son is performed for both the polynomial nonlinearity and
the clipped nonlinearity. For clarity, we refer to a combi-
nation of a scheme and a nonlinearity as a model. From
this point forward, we focus on TTS. Even when multi-
ple models achieve near-unity success rates, their TTS can
differ substantially.

We compare the TTS for the polynomial nonlinearity
and the clipped nonlinearity for all the g05 Biq Mac prob-
lems and G1-40 problems of the GSet. For this, we use
the best TTS per model of each problem obtained from a
parameter scan similar to the one shown in Fig. 2. The ratio
between the best TTS for each model and the best TTS
across all models (TTSmodel/TTSbest) is shown for each
g05 problem in Fig. 3 on a logaritmic scale. We compare
the relative TTS for five models: noise-only scheme (red)
and annealing scheme (blue) with the polynomial nonlin-
earity and the clipped nonlinearity, and CAC (green). To
provide a sense of absolute performance, the best TTS
value for each problem is displayed above the bars in
Fig. 3. We can count the number of times each model
yields the best TTS for the 30 g05 BiqMac problems.
The noise-only scheme always outperforms annealing for
the polynomial as well as the clipped nonlinearity. The
noise-only scheme with the clipped nonlinearity delivers
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FIG. 3. Time-to-solution of the noise-only scheme and the annealing scheme for the polynomial and clipped nonlinearity and CAC
relative to the best TTS of these models. The TTS of the best model is mentioned above the bars to give an idea of the timescale. All
the problems are from the BiqMac library.

for 16 out of the 30 benchmark problems the best TTS.
So this model performs the best for the g05 BiqMac
problems. The second-best performing model is the noise-
only scheme with the polynomial nonlinearity. This model
delivers the best TTS for 12 out of the 30 benchmark prob-
lems. The two last best values for the TTS are obtained by
CAC.

The best TTS is provided 16 times by the clipped non-
linearity, 12 times by the polynomial nonlinearity, and 2
times by CAC. Thus, CAC rarely achieves a better TTS for
small problems (N � 100) such as the BiqMac problems.

The relative best TTT of the noise-only scheme and the
annealing scheme for the polynomial and clipped nonlin-
earity and of CAC for the Gset are shown in Fig. 4. The
different models are displayed with the same colors and

patterns as in Fig. 3. Due to the difficulty level of these
problems and the absence of a known ground state, a run is
considered successful if it reaches 99.5% of the highest cut
value mentioned in the literature [39]. There are five prob-
lems omitted (G32, G33, G34, G39,G40), as neither CAC,
nor any of the other models reaches 99.5% of the best cut
value in the given simulation time. In Fig. 4, we see that
the best TTS is often given by CAC: it outperformed the
other models in 28 of the 35 problems. However, the other
models and specifically annealing with the clipped non-
linearity performs very similar to CAC: only in 8 of 35
cases is the TTT of the second-best model 5 times larger
than that of CAC. When comparing the noise-only scheme
with the annealing scheme, we see that annealing outper-
forms the noise-only scheme in 32 of the 35 problems.

FIG. 4. TTT of the polynomial and clipped nonlinearity for the noise-only scheme and the annealing scheme and of CAC relative to
the best TTT of these models. The TTT of the best model is mentioned above the bars. When no bar is visible, 99.5% of the best-known
cut value is never reached by that model. All the problems are from the Gset.
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FIG. 5. The highest percentage of the best-known cut value that is reached with annealing, the noise-only scheme and CAC for the
Gset. When the bar reaches 100%, the highest found value and the best-known value are equal.

Specifically annealing with the clipped nonlinearity gives
the best results, which are often in the same order as CAC.

As the TTT is based on 99.5% of the best-known cut
value, it is also interesting to examine the cut value. For
each problem, we determine the highest cut value found
within the time limit per run of t = 75 during the parame-
ter scan or Bayesian optimization. In Fig. 5, it is displayed
which percentage of the best-known cut value is found for
each model. Notice that the parameters yielding the high-
est cut value need not to be identical to the parameters
producing the lowest TTT. A bar reaching 100% indicates
that the model achieved the best-known solution. CAC
often reaches the best-known solution and reaches in gen-
eral higher cut values than the other models. Annealing
with the clipped nonlinearity performs almost equally good
as CAC. Annealing mostly outperforms the noise-only
scheme: annealing finds a lower energy than the noise-only
scheme in 37 out of the 40 problems. For 33 problems, this
energy was found by the clipped nonlinearity.

Comparing the results for the smaller BiqMac problems
with those for the Gset reveals some contrasting trends.
For the BiqMac problems, the noise-only scheme always
results in better TTS, but annealing reaches higher cut
values and lower TTTs for the Gset problems. This indi-
cates that annealing with large noise is a better scheme
for larger and more difficult problem sets, such as Gset,
whereas the noise-only scheme performs better for sim-
ple tasks. The comparison with CAC shows that injecting
large noise seems to speed up the process of finding the
target. For small problems or when it is not pivotal to find
the lowest possible energy value, injecting noise is faster
than CAC. For larger problems, annealing with the clipped
nonlinearity obtains similar efficiencies as CAC. So, large
noise significantly improves the performance of previously
slower nonlinearities, making them competitive with fast
and promising approaches such as CAC.

V. RELATION BETWEEN THE COUPLING
STRENGTH/THE ANNEALING SPEED AND THE

NOISE STRENGTH

In the previous section, we have compared several non-
linearities and schemes, using the minimum TTS (or TTT)
obtained from parameter scans. We demonstrated that with
optimal noise, these nonlinearities are competitive with
CAC. Now we investigate which parameter values lead to
the best TTS. We are particularly interested in the relation
between the optimal noise strength γopt and the coupling
strength β. From Fig. 2, we noticed a roughly linear rela-
tionship between the noise and coupling strength for the
polynomial nonlinearity and a square-root dependence for
the clipped nonlinearity. From here on, we will focus on
the noise-only scheme, as the relationship between γopt and
β looks clearer for the noise-only scheme than for anneal-
ing in all the observed problems, as can be seen in Fig. 2
and in Figs. 14–16 in Appendix B. This is because the area
of low TTS is smaller and more delineated in the noise-
only scheme. Additionally, the coupling strength β and the
annealing speed v are related. Therefore, it will be possible
to derive the relationship between the noise strength γopt
and the annealing speed v from the relationship between
the noise strength γopt and the coupling strength β. It is
therefore sufficient to investigate the relationship between
γopt and β. We will look at small (N � 100) and large
problems (N > 100) separately, as they have a different
definition of success. For large problems, the best-known
solution is never reached or only a few times, so it is not
possible to analyze it. Therefore, the success rate is based
on a target energy, which is a bit higher than the actual
ground-state energy. For the small problems, this is no
issue. This difference in the definition in success rate will
influence the relation between the coupling strength and
the noise strength.
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A. Small problems

First, we will consider small problems (N � 100),
starting with our illustrative problem g05_60.3 from the
BiqMac library. For this problem, the relationship between
β and γopt is shown in Fig. 6(a) for the polynomial non-
linearity and in Fig. 6(b) for the clipped nonlinearity. We
determined γopt for each β using parameter scans simi-
lar to Fig. 2. To minimize the influence of randomness
on the relationship, we have repeated the whole parame-
ter scan 10 times. The optimal noise value is determined
for both the TTS (blue) and the success rate (red). For the
TTS, there is always one minimal TTS, but for the suc-
cess rate, multiple values of the noise strength yield the
best success rate. This can also be seen in Fig. 2, where the
success rate maximizes to one for multiple parameter val-
ues. We always choose the lowest noise strength for which
the best success rate is reached as the optimal noise value.
The standard deviation of the γopt values is displayed as
a color spread in Fig. 6, to give an idea of the differences
between the repeated parameter scans. We not only show
the best noise value per coupling strength, but also the cor-
responding TTS and success rate. As the noise strength is
only scanned in the interval [2,10], the linear relationship
in Fig. 6 flattens when the maximum noise is reached.

op
t

(a) (b)

FIG. 6. The optimal noise strength as a function of the cou-
pling strength β for the g05_60.3 problem. The noise strength
that leads to the maximal success rate is in red and to the mini-
mal TTS in blue. This is shown for the polynomial nonlinearity
(a) or clipped nonlinearity (b). The minimal TTS and maxi-
mal success rate are added as two small figures under the main
figure. The standard deviation (shown as light-colored areas) of
the γopt values is determined by repeating the whole parameter
scan 10 times. For each parameter scan, the noise value leading
to the maximal success rate and the minimal TTS are determined.
The relationship is fitted with a line through the origin for the
polynomial nonlinearity and with a square root for the clipped
nonlinearity. Due to the scan limits, this relationship can fail for
too high or low coupling strength values.

The best TTS is fitted with a straight line through the
origin (γopt = Aβ) for the polynomial nonlinearity and
with a square root (γopt = B

√
β) for the clipped nonlinear-

ity. When β increases, we see that the TTS decreases and
success rate increases for both nonlinearities. So the best
TTS values consistently occur at high noise and coupling
strengths. For β � 2, the TTS changes several orders of
magnitude when changing β. After β ≈ 2, the decline in
TTS slows down. While further increases in β and thus
also in γopt are still beneficial, the variations in the TTS
will not exceed an order of magnitude. It is thus possible
to find better values for the TTS in Fig. 3 by expanding the
range to higher β and γopt. However, the improvement will
be less than an order of magnitude. Therefore, we will typ-
ically set β ≈ 2 when we are searching for the best TTS
without extensive parameter scans.

We are interested in the slope A of the green-dotted fit
in Fig. 6 and we investigate if this slope is determined by
some easy determinable problem characteristics, such as N
or the number of connections. We assume that for the noise
to make an impact on the spin amplitude, it has to have a
magnitude similar to the size of the rest of the polynomial
nonlinear transfer function. As both are on average zero,
we look at the standard deviation.

std

⎛

⎝−xi − x3
i + β

∑

j

Jij xj

⎞

⎠ ∼ std(γoptF(t)). (6)

We assume that | − xi − x3
i | 
 |β ∑

j Jij xj |, which corre-
sponds to high β and/or a high number of connections per
spin (resulting in a large sum). Furthermore, we enforce
amplitude homogeneity (∀i ∈ {0, 1, . . . , n − 1} : x = |xi|).
To simplify the notation, we contract the sign of Jij xj in sj .
This results in

β std

⎛

⎝x
∑

j ,Jij �=0

|Jij |sj

⎞

⎠ ∼ std(γoptF(t)). (7)

We notice that |Jij | and sj are independent. Thus

βx std

⎛

⎝
∑

j ,Jij �=0

sj

⎞

⎠ std(|Jij |) ∼ std(γoptF(t)). (8)

When simulating problems, we observe that the spins
have approximately a 50% chance to be “up” and 50%
to be “down.” So sj is approximately binomial distributed
(see Appendix C), and we can approximate the stan-
dard deviation as std

(∑
j ,Jij �=0 sj

) = √
C, where C is the

average number of connections per spin. Furthermore,
|Jij | follows a discrete uniform distribution U{0, Jmax},
where Jmax is the maximum value of Jij . Thus std(|Jij |) =
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√
((Jmax + 1)2 − 1)/12. This leads us to the formula

γopt ∼ β

√
C

(Jmax + 1)2 − 1
12

x. (9)

When each spin is connected to more than half the
other spins (C > N/2) and the connections are purely anti-
ferromagnetic, there are for sure connected spins, which
will have the same direction. More specific, each spin is
connected with at least C − N/2 spins, which have the
same direction. This means that C − N/2 spins have a
negative impact on the sum

∑
j sj and another C − N/2

connected spins are needed to neutralize them, making the
sum 0 again. This impacts the derived formula (9), as now
std

(∑
j ,Jij �=0 sj

)
= √

N − C and thus

γopt ∼ β

√
(N − C)

(Jmax + 1)2 − 1
12

x.

We have derived that the slope A = γopt/β depends on
the number of connections per spin and the standard devi-
ation of the coupling matrix elements. However, it should
be noted that the assumptions, such as amplitude homo-
geneity, only hold approximately in practice. Therefore, it
is necessary to verify this relationship with numerical sim-
ulations. To this end, we analyze several MaxCut problems
with varying connectivity and coupling matrix properties.
For each problem, there is a linear relationship between
the optimal noise and coupling strength when using the
polynomial nonlinearity, as illustrated in Fig. 6. We deter-
mine the slope A = γopt/β by performing a linear fit to this
relationship. In Fig. 7, we show the resulting slope A as a
function of the number of connections per spin C and the
maximum value of the coupling element Jmax. We simu-
late several problems for each combination of C, N , and
type of coupling matrix. We call problems similar when
they have the same value for C, N , Jmax, and the same dis-
tribution of the coupling matrix elements. Each data point
represents the mean slope of a group of similar problems.
The error bar indicates the standard deviation of the slope.
In Fig. 7, all the problems have 100 or less spins. We
divided the problems in four groups: the BiqMac problems
with the uniform distribution U{−Jmax, Jmax} as distribu-
tion of the coupling matrix elements (blue), the BiqMac
problems with U{0, Jmax} as distribution (red), the self-
generated problems with U{−Jmax, Jmax} as distribution
(green), and the self-generated problems with N = 100,
C > N/2, and U{0, 1} as the distribution of the coupling
matrix elements (yellow). Notice that for the last group
of problems, the slope A depends of N − C rather than C,
reflecting a slightly different scaling behavior.

The slope A is not always determined in the same way.
For all the problems, the relationship between β and γopt
is fitted on the basis of the minimum TTS or the maxi-
mum success rate. Mostly, the fit parameters for these two

max

FIG. 7. A is the slope of the linear fit relating the optimal
noise strength γopt to the coupling strength β. Here A is shown
as a function of the average number of connections per spin C
and maximum coupling element Jmax. The four groups of prob-
lems are as follows: BiqMac problems with mixed interactions
(blue dots), antiferromagnetic BiqMac problems (red stars), self-
generated problems with mixed interactions (green triangles),
and self-generated problems with predominantly antiferromag-
netic connections (yellow triangles).

were very similar. In extreme cases, such as very easy
or very hard problems, the TTS and success rate lead to
different relationships. For easy problems, we used the
minimum TTS to fit and for difficult problems, we base
the fit on the maximum success rate. In Fig. 7, we also
show a fit of the slope A as a function of C and Jmax using
Eq. (9), so A = γopt/β ∼ c1

√
C((Jmax + 1)2 − 1)/12 + c2

where c1, c2 are fit parameters. While the exact coupling
matrix is required to accurately deduce the optimal noise
level, we see that the number of connections per spin and
the distribution of Jij predicts the ratio γopt/β fairly well.
In Fig. 7, c1 = 1.26 ± 0.04 and c2 = 0.29 ± 0.12 with a
R2 of 0.96. Hence, this scaling law can be used to predict
the best noise value for a chosen β in random problems
without local fields.

B. Large problems

We now investigate MaxCut problems between 200
and 2000 spins with densities 0.5, 0.1, 0.06, and 0.01. We
generated them using the method rnd_graph of rudy. We
estimate the ground-state energy relying on a Bayes opti-
mization of a CAC IM [24]. These problems, together
with the random problems in Gset, namely G1-G10 and
G22-G31, are used to qualify the influence of the num-
ber of connections on the slope A = γopt/β in Fig. 8(a).
The similar Gset problems are grouped together and have
an error bar to show the variation between the problems.
Here Jmax is always kept 1, as these larger problems are
already more difficult to solve and varying the distribution
of Jij would further increase the difficulty level. The slopes
A are fitted using A = γopt/β = c10.25

√
C + c2, leading

034068-9



MYS, VERSCHAFFELT, and VAN DER SANDE PHYS. REV. APPLIED 25, 034068 (2026)

(a)

(b)

FIG. 8. (a) A is the slope of the linear fit relating the optimal
noise strength γopt to the coupling strength β. Here A is shown
as a function of the average number of connections per spin C.
The Gset problems with the same C, N and distribution of J are
averaged and shown with an error bar. The average slope of self-
generated C = 40 problems of subfigure (b) is also included (red
triangle). All the other self-generated problems (green triangles)
have different values for C or N , so these data points are not
averaged. The data are fitted using Eq. (9), with Jmax = 1. (b)
The slope A as a function of the number of spins N . The predicted
slope using the fit in subfigure (a) is shown as a grey dotted line.

to c1 = 1.22 ± 0.17 and c2 = 0.2 ± 0.3 with a R-squared
value of 0.76.

As most problems are newly generated, we cannot rely
on an established best-known cut value. Moreover, since
we consider large problem instances and we first must
determine the best cut value, the simulations are more time
consuming. Due to computation time constraints, each data
point in Fig. 8(a) corresponds to a single problem instance.
In contrast, the data points in Fig. 7 represent averages over
at least three similar problems. These two issues likely
explain why there is more variation in Fig. 8(a) and the
fit quality is lower compared to Fig. 7. Including more
problems and determining the highest cut value more accu-
rately would likely make the relationship more apparent
and improve the R-squared value.

We also want to further verify that only the average
number of connections per spin C and the distribution of
Jij influences the relationship between the noise strength

γopt and the coupling strength β. We will investigate the
influence of N on this relationship for a certain connec-
tivity. In Fig. 8(b), the slope A of self-generated problems
with C = 40 and Jmax = 1 but different problem sizes are
shown as a function of N . As a reference, we also dis-
played their predicted slope A calculated using the fit in
Fig. 8(a) as a black dotted line. For large problems, the
size of the problem does not seem to influence the slope A.
For smaller problems, there is more variation in A and it is
less clear if there is no link between N and A. This varia-
tion on A is quite large in comparison to the Gset problems,
as can be seen in Fig. 8(a). There are several explanations
for this. First of all, smaller problems are more prone to
statistic variations. Additionally, the variation can be due
to how well the ground-state energy is known. Since the
Gset problems are often used, the best-known cut value
probably approaches the optimum cut value quite well. The
highest cut value of the self-generated problems was only
estimated by us using CAC. We often encountered higher
cut values during the simulations with all models.

C. Predicting the best parameter set

Both the small and the large problems follow the the-
oretical relationship (9). Here, we investigate whether the
ideal noise value can be predicted using the fits from Fig. 7
and Fig. 8(a). We first focus on small problems, where the
success rate is based on the ground-state energy. To illus-
trate this, we first look at two specific problems: g05_60.3
and w09_100.3 from the BiqMac library. We use the noise-
only scheme with the polynomial nonlinearity. We keep β

fixed at 2, and then predict the optimal noise strength using
the fit from Fig. 7. Figure 9 shows the TTS as a function of
the noise strength for β = 2. The predicted optimal noise
for each problem is shown as a blue dot. While the pre-
dicted optimal noise does not always yield the best TTS or
success rate, the values of both metrics at this noise level
are fairly close to their optimum for β = 2.

FIG. 9. The TTS and success rate as a function of the noise
strength γ . We demonstrate this for the problems g05_60.3 (C =
30 & Jmax = 1) and w09_100.3 (C = 90 & Jmax = 10) for β = 2.
The predicted optimal noise strengths for β = 2 using the fit in
Fig. 7 are shown as blue dots.
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FIG. 10. The TTS using the predicted noise value for β = 2.5 and the best TTS for β = 2.5 relative to the best TTS using the
polynomial nonlinearity for BiqMac problems. The two left red striped bars are for the noise-only scheme (abbreviated as NO in the
legend) and the two right blue dotted bars represent annealing (abbreviated as A in the legend). For both annealing and noise, the TTSs
are relative to the best TTS for that problem and nonlinearity. As we want the predicted TTS to be as good as possible, we want our
relative TTS to be close to 1.

We now turn from illustrative examples to a system-
atic evaluation over all g05 BiqMac problems. We assess
the accuracy of the predicted noise strength for the noise-
only scheme and the annealing scheme. For the noise-only
scheme, we choose β = 2.5 as this is already large enough
to improve the TTS drastically and is not too big to lead
to numerical instabilities in the simulations. Nonetheless,
choosing β a bit higher or lower would provide similar
results. The corresponding annealing speed v is obtained
from the relation between the annealing speed and the cou-
pling strength: v = β/t. Since the time required to reach
the ground state varies between runs, we use an estimated
average time tA. Here, we set tA = 50 for all problems,
although any value between 25–75 is adequate.

To examine the influence of our choice for the coupling
strength β or the annealing speed v, we compare three
TTS values. First, we consider the TTS obtained using
the predicted noise strength at β = 2.5 (or at v = 0.05

for the annealing scheme), denoted TTSpredict. Second,
we consider the optimal TTS over all noise values for
fixed β = 2.5 (or for fixed v = 0.05 in the annealing
case), denoted TTSfixed. Finally, we consider the optimal
TTS over all noise and coupling strengths (or annealing
speeds), denoted TTSbest. We use the TTSbest as the base-
line and compare the ratios of the other TTS values to it. In
Fig. 10, we display TTSpredict/TTSbest and TTSfixed/TTSbest
for each g05 BiqMac problem for the noise-only scheme
and the annealing scheme. Using the predicted noise value
results in TTS values, which are about twice TTSbest. The
difference with TTSfixed is even smaller, indicating that our
prediction of the best noise for a certain β value works fine.
Nonetheless, there are some instances where the TTSbest
is significantly lower than the TTSpredict. For example, the
ground state is never reached for problem g05_100.5 dur-
ing annealing using the predicted noise value. Due to the
overall low success rate for this problem, the TTS does

FIG. 11. The TTT using the predicted noise value for β = 2 and the best TTT for β = 2 relative to the best TTT using the polynomial
nonlinearity for the C = 40 problems. The two left red striped bars are for the noise-only scheme and the two right blue dotted bars
represent annealing. For both annealing and noise, the TTT is relative to the best TTT for that problem and nonlinearity. As we want
the predicted TTT to be as good as possible, we want our relative TTT to be close to 1.
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not change smoothly anymore, making it harder to predict.
The same occurs for the problem g05_80.3. For problem
g05_100.8, the TTSpredict is only a factor of 2 higher than
TTSfixed, but the TTS can be much improved by choosing
a higher β value.

The same comparison is done in Fig. 11 for the C = 40
problem from Fig. 8(b) to verify the fit for the large prob-
lems. Here we take β fixed at a value of 2 and use the fit
in Fig. 8(a) to predict γopt. (Remark that we choose a dif-
ferent β value, as the predicted noise values for higher β

values fell outside of the scanned noise range.) For anneal-
ing, the corresponding annealing speed is then v = 0.04.
Similar to the BiqMac problems, we find that using the
fitted relationship allows us to identify a decent parame-
ter set, which gives TTTpredict values that are very close
to the best TTT (TTTbest). For annealing, the TTTpredict is
never larger than twice the TTTbest. This also indicates
that our choice of β was sufficiently good. In general,
a larger coupling strength leads to a better TTT, but the
choice of β is often constrained by some numerical or
physical limitations. Choosing a large β, that is experi-
mentally or numerically feasible, almost always produces
good results. Thus, despite wide variation on the slope A in
Fig. 8(b), predicting the best parameter set using the slope
of the fit together with a large β yields consistently good
outcomes.

VI. DISCUSSION AND CONCLUSION

We have investigated the significance of injecting noise
in an IM when it evolves to the ground state. It is evident
that choosing appropriate noise and coupling strengths can
significantly improve the TTS and success rate. By com-
paring the annealing scheme and the noise-only scheme
to CAC, we observe that adding large noise could make
these models competitive. While the noise-only scheme
performs faster for smaller problems, annealing with large
noise proves more effective for larger problems.

The noise strength can be selected based on the connec-
tivity and the distribution of the coupling matrix elements.
This eliminates the need to scan over noise values. For esti-
mating the noise strength, we use the fits of the theoretical
correlation (9). We verified the predicted noise strength for
the Biq Mac MaxCut problems in Fig. 10 and the self-
generated C = 40 problems in Fig. 11. We observe that it
is possible to predict a good noise value using the fitting
parameters in Fig. 7 and in Fig. 8(a). Furthermore, just
choosing β high enough (β > 2) almost always leads to
good TTS. The specific coupling matrix still influences the
optimal noise strength. However, a rough estimation using
the connectivity and the coupling matrix distribution gen-
erally yields a TTS (or TTT), which differs from the best
TTS (or TTT) by no more than a factor of 2.

Our analysis has focused on the relationship between
the noise strength γopt and coupling strength β, ignoring

the annealing cases. Nonetheless, annealing is faster and
has a higher success rate for more difficult problems. We
choose to focus on the relationship between γopt and β as
the relation between the annealing speed v and the noise
strength γopt can be derived from it as v = β/t. As the time
to reach the ground state varies across runs, we used an
estimated average time tA. We found that the exact value
is not pivotal, as long as it roughly approximates the time
needed to reach the ground state. In fact, there is always a
wider spread in the good parameter values for annealing,
as can already be seen in Fig. 2. This phenomenon is even
more pronounced for larger problems, such as the Gset,
where annealing results in lower TTT than the noise-only
scheme.

Our results are based on numerical simulations, but this
study also provides a guideline to improve experimen-
tal setups. A key requirement for testing our predictions
experimentally is the ability to control the noise strength.
There are several ways to inject a controlled amount
of noise in physical systems. The exact implementation
depends on the experimental platform and hardware com-
ponents. Consequently, it is not possible to prescribe a sin-
gle, universal approach. Instead, we will discuss a few pos-
sibilities for several experimental setups. In many setups,
an FPGA is used to efficiently compute the coupling terms.
Noise can be generated internally on the FPGA, using a
pseudorandom number generator. Alternatively, the noise
can be generated externally and injected into the system. In
Ref. [38], the authors use a broadband noise signal gener-
ated by an electrical analog noise source and amplified by
an electronic amplifier. In other setups, the noise strength
can be tuned by controlling intrinsic noise sources [20,29],
for example, by adjusting the camera exposure time.

In this study, the focus is on the polynomial nonlinear-
ity and the clipped nonlinearity, even when it is already
shown that other nonlinearities, in particular the sigmoid
nonlinearity, work better. We restricted our study to non-
linearities that could be explored using a single parameter,
but we suspect that injecting noise is also beneficial for
other nonlinearities. Especially, we expect the behavior of
the sigmoid nonlinearity to be similar to that of the clipped
nonlinearity.

Furthermore, it would be interesting to explore coupling
matrices whose elements are drawn from distributions
other than discrete uniform ones. We conjecture that using
the standard deviation of Jij will also work for different dis-
tributions of the coupling matrix elements, but testing this
conjecture will be done in future work. We also remark
here that due to computational limits, the role of Jmax was
only checked for small problems. Nevertheless, it is highly
likely that Jmax influences the optimal noise strength sim-
ilarly for larger problems. So the fitted relationships can
be used to predict the optimal noise value for different
types of problems and different problem sizes, eliminat-
ing the need for scans of the noise strength. This makes it
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possible to solve alternative problems efficiently without
prior extensive parameter scans.

VII. METHODS

All results are obtained from numerical simulations of
Eqs. (3) and (A1). The differential equations are solved
using a first-order time discretization, also known as the
Euler method. The three schemes are implemented in c++,
to allow for a consistent comparison. To keep the sim-
ulations computationally feasible, we set a maximum of
15 000 iterations per run for the small problems and 20 000
iterations for the large problems. We take a time step
of �t = 0.005. We verified that this time step is suffi-
ciently small such that it does not influence the results.
For all problems, we computed the transient success rate
by repeating each run multiple times: 100 runs for the g05
problems, 200–300 runs for the self-generated problems,
and 500 runs for the Gset. Larger problems typically have
lower success rates and therefore require more repetitions
to obtain reliable statistics. Noise is injected at every time
step as explained in Ref. [40].

To quantify the processing speed of an IM, we use
the time-to-solution. The TTS estimates the average time
required to find the ground-state energy with 99% con-
fidence. Several definitions of TTS exist in the litera-
ture. In the following, we introduce two commonly used
definitions. A widely used definition is [34,41]

TTS = min
tR

tR
log(0.01)

log(1 − SR)
, (10)

where tR is the run time of a single attempt and SR is the
success rate. The success rate is defined as the probability
of reaching a predefined target energy in a single run of
duration tR. In the case of the TTS, this target corresponds
to the ground-state energy. So, the success rate is defined
as SR = Nsuccess/N , where N is the total number of inde-
pendent runs and Nsuccess is the number of runs in which
the target is reached. The run time tR is optimized to obtain
the minimum TTS.

Another commonly used definition is employed in
Refs. [9,24]. In this approach, each simulation is stopped
once the ground state is reached. The TTS is then
defined as

TTS =
∑

i ti
Nsuccess

log(0.01)

log(1 − SR)
, (11)

where ti is the simulation time required to reach the
ground state in the ith successful run. To facilitate com-
parison of results from different implementations, we use
a re-normalized time variable t. This removes the explicit
dependence on the system bandwidth τ , which varies
across physical implementations. The renormalized time
is defined as t = t′/τ , where t′ denotes the physical time.

Since the time is renormalized, the TTS is dimensionless.
The physical time-to-solution of a specific Ising machine
setup can be obtained by multiplying the dimensionless
TTS from this paper by the characteristic bandwidth of the
physical IM implementation.

In this work, we use the second definition. It avoids
an additional optimization over the run time and is there-
fore less computationally expensive, which is key for large
numerical studies. To verify that this choice does not affect
our conclusions, we compared both definitions by examin-
ing the behavior of the TTS in parameter scans for several
benchmark problems. In particular, we performed scans
over the coupling strength and the noise strength, such
as those shown in Fig. 2. Both definitions show the same
qualitative behavior across these scans, and the resulting
TTS values are of the same order of magnitude.

Although these definitions will result in slightly different
TTS, the conclusions will not change. We compared for
several problems the TTS for both definitions and the TTS
behaved similarly. In general, the TTS using Eq. (10) is the
double of the TTS using Eq. (11). The relative TTS were
the same independent on the choice of definition of TTS.
As we are only comparing TTS in this study and a TTS also
differs slightly between simulations, the small difference
between these definitions is negligible and unimportant in
this study.

When the target energy corresponds to a fixed percent-
age of the best-known cut value rather than the true best cut
value, we use the TTT. The TTT is computed in the same
way as the TTS but is used to clearly distinguish approxi-
mate optimization from a ground-state search. In this work,
we use TTS for problems where the optimal solution is
known, such as the small MaxCut problems from the Biq-
Mac library. We use TTT for larger problems, such as the
Gset instances, where the optimal solution is unknown and
performance is evaluated relative to a target energy. The
best TTS or TTT obtained with CAC is determined using
Bayesian optimization with the BayesOpt library [33],
using 40 initial samples and 120 iterations. Table I lists the
parameters that are optimized and their boundaries. More
information about the parameters can be found in Ref. [34].
We use the same symbols and equations for CAC as in
Ref. [34]. For the Gset problems, the coupling strength β

is included as an optimization parameter. For the BiqMac
problems, β is not optimized using Bayesian optimiza-
tion, but an additional sweep over β is performed for 50
values between 0 and 5. The best TTS/TTT for the noise-
only scheme and the annealing scheme are determined by a
parameter scan of 50 × 50 (BiqMac) or 25 × 25 (Gset and
self-generated problems) over noise and coupling strength.

We consider MaxCut problems from three different
sources: the BiqMac library [31], the Gset problems from
the SuiteSparse library [35], and additional self-generated
problems created using the random generator rudy. For
the BiqMac problems, the exact ground-state energies are
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TABLE I. The parameters of CAC that are optimized using
Bayesian optimization, together with the preset ranges.

Symbol Meaning Min Max

α Target amplitude baseline 0.5 5
δ Sensitivity to energy variations 1 20
ρ Amplitude and gain variation 0 10
ξ0 Rate of change of error variables

for t = 0
0 0.01

� Rate of increase of ξ 0 0.01
nx Number of iterations for nonlinear

terms
1 20

ne Number of iterations for error
terms

1 20

�t Max number of iterations before ξ

resets
10 1000

β Coupling strength 0.1 5

known and provided with the dataset. These values are
used to compute the success rate and the time-to-solution.
For the Gset problems, the exact ground-state energies are
unknown. In this case, we use the best-known solutions
reported in Ref. [39] as target energies.

For the self-generated problems, the ground-state ener-
gies are estimated using CAC. We apply Bayesian opti-
mization with the BayesOpt library to minimize the energy,
and we use the lowest energy found as the target value.
Exact solvers are not used in this work because they are
computationally prohibitive for large problem sizes. For
consistency, we determine the ground-state energies in
the same way for small and large problems. So we do
not use exact solvers for small problems, even though
exact solvers would give the exact solution with certainty.
We claim that CAC almost always gives the ground-state
energy of small problems for the following two reasons.
For small benchmark problems with known solutions,
CAC consistently reaches the exact ground state. In addi-
tion, for the small self-generated problems, the solutions
found by CAC were never improved by the other schemes

considered in this study. This supports the appropriate-
ness of using CAC as a ground-state estimator for small
self-generated instances.
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APPENDIX A: CLIPPED NONLINEARITY

We compared the TTS for several clipped nonlineari-
ties: we investigate the influence of xcutoff by taking xcutoff ∈
{0.5, 1, 2}. Additionally, we examined the influence of −x3

i
of omitting the cubic term xcutoff = 1 in the dynamical

FIG. 12. The TTS of the noise-only scheme (red, stripes) and annealing (blue) scheme for the polynomial nonlinearity and four
different clipped nonlinearities (xcutoff ∈ {0.5, 1, 2} and xcutoff = 1 when −x3

i is omitted) relative to the best TTS. The relative TTS
for CAC is shown as a reference. In the legend, the several nonlinearities are abbreviated: NO stands for the noise-only scheme, A
for the annealing scheme, poly for the polynomial nonlinearity, clip c for the clipped nonlinearity with xcutoff = c, and only clip for
omitting −x3

i .
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FIG. 13. The TTS of the noise-only scheme (red) and annealing scheme (blue) of the polynomial nonlinearity, several clipped
nonlinearities (xcutoff ∈ {0.5, 1, 2} with −x3

i included and xcutoff = 1 without −x3
i ) and CAC relative to the best TTS of these models. The

TTS of the best model is mentioned above to give an idea of the timescale. In the legend, the several nonlinearities are abbreviated: NO
stands for the noise-only scheme, A for the annealing scheme, poly for the polynomial nonlinearity, clip c for the clipped nonlinearity
with xcutoff = c, and only clip for omitting −x3

i .

equation

dxi

dt
=

{
−xi − x3

i + β
∑N

j =1 Ji,j xj + γ F(t), xi ≤ xcutoff

0, xi > xcutoff.
(A1)

The TTS of these clipped nonlinearities is shown in Fig. 12
for three exemplary BiqMac problems of 60 (g05_60.3), 80
(g05_80.3), and 100 (g05_100.3) spins. As a reference, the
results for the polynomial nonlinearity and CAC (green)
are also included. The complete comparison of the TTS
for all g05 BiqMac problems can be found in Fig. 13. Like
Fig. 12, it shows the TTS for 11 different models, and both
figures have the same color code for the models. While in
Fig. 12, the models are grouped per scheme, in Fig. 13, the
models are grouped per nonlinearity.

Both figures deliver the same message: Fig. 13 pro-
vides an overview of all considered g05 problem instances,
whereas Fig. 12 is included for better readability. Although
the clip values and the different clipped nonlinearities
influence the TTS, the differences in TTS are modest and
fall mostly within the expected variability due to the lim-
ited number of repetitions. Additionally, using excessively
high clip values is generally counterproductive; the clip
value 2 almost always leads to a higher TTS. Therefore,
we only looked at xcutoff = 1 with the term −x3

i included
in the differential equation for all the problems. Further-
more, the parameter set that leads to the best TTS differs
depending on xcutoff. Larger cutoff values require stronger
noise for a given coupling strength. Since varying xcutoff

does not substantially affect the TTS, we do not further
investigate its influence on the relationship between noise
strength and coupling strength. Instead, it suffices to ana-
lyze this relationship and the influence of C for a single
choice of xcutoff.

APPENDIX B: INFLUENCE OF NOISE FOR
SEVERAL PROBLEMS

In Fig. 2 of the paper, we studied the influence of noise
strength and coupling strength β on the TTS and success
rate. Here we give the results for nine other problems
of the BiqMac library with different problem size (N ∈
{60, 80, 100}) in Figs. 14–16. The figures are build up sim-
ilar to Fig. 2. The TTS and success rate are shown for the
noise-only scheme and the annealing scheme for both the
polynomial and clipped nonlinearity. For these nine prob-
lems, we also see a linear relationship between γ and β or
v for the polynomial nonlinearity and a square-root depen-
dence between γ and β or v for the clipped nonlinearity.
Furthermore, we see a larger spread on the good parame-
ter sets for the annealing scheme than for the noise-only
scheme.

APPENDIX C: THE BINOMIAL DISTRIBUTION

During the derivation of the relationship between β and
γopt, we reasoned that

∑
j sj follows approximately a bino-

mial distribution. We conclude this from the fact that the
spin signs have equal chances to be 1 and −1. In a bino-
mial distribution, sj have to be independent events, but
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(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

FIG. 14. The success rate and the time-to-solution in a function of γ and β for the noise-only scheme (a),(b) and γ and v for
annealing (c),(d) as heat map for three problems. From top to bottom, these problems are g05_60.0, g05_80.0, and g05_100.0 from the
BiqMac library. The results for the polynomial nonlinearity can be seen at the left (a),(c) and the results for the clipped nonlinearity at
the right (b),(d).

034068-16



PREDICTING THE OPTIMAL NOISE STRENGTH... PHYS. REV. APPLIED 25, 034068 (2026)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a)

(b)

(c)

FIG. 15. The success rate and the time-to-solution in function of γ and β for the noise-only scheme (a),(b) and γ and v for annealing
(c),(d) as for three problems. From top to bottom, these problems are g05_60.1, g05_80.0-1, and g05_100.0-1 from the BiqMac library.
The results for the polynomial nonlinearity can be seen at the left (a),(c) and the results for the clipped nonlinearity at the right (b),(d).
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(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a)

(b)

(c)

FIG. 16. The success rate and the time-to-solution in function of γ and β for the noise-only scheme (a),(b) and γ and v for annealing
(c),(d) as heat map for three problems. From top to bottom, these problems are g05_60.2, g05_80.2, and g05_100.2 from the BiqMac
library. The results for the polynomial nonlinearity can be seen at the left (a),(c) and the results for the clipped nonlinearity at the
right (b), (d).
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(a) (b) (c) (d) (e)

FIG. 17. The distribution of
∑

j sj for five different problems: (a) BiqMac problem g05_60.3, (b) BiqMac problem pm1d_100.0,
(c) Gset problem G1, (d) Gset problem G22, (e) Gset problem G27. The blue line gives the expected binomial distribution for these
respective problems.

here they are connected via the coupling matrix. However,
the added noise will make them more independent and we
are looking over all local minima, so then we will be able
to approximate them as independent events. To verify this
claim, we check this for five different MaxCut problems
using Boltzmann sampling for

∑
j sj . The resulting distri-

bution and the expected binomial distribution are shown in
Fig. 17. Clearly, these distributions match very well.
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