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The ability to execute a large number of quantum gates in parallel is a fundamental requirement for
quantum error correction, allowing an error threshold to exist under the finite coherence time of physical
qubits. Recently, two-dimensional ion crystals have been demonstrated as a plausible approach to scale
up the qubit number in a trapped ion quantum computer. However, although the long-range Coulomb
interaction between the ions enables their strong connectivity, it also complicates the design of parallel
gates and leads to intrinsic crosstalk errors. Here we examine the effects of crosstalk errors on a rotated
surface code. We show that, instead of the distance-3 code considered in previous works, a distance-5
code is necessary to correct the two-qubit crosstalk error. We numerically calculate the logical error rates
and coherence times under various crosstalk errors, gate infidelities, and coherence times of the physical
qubits, and we optimize the parallelism level according to the competition between different error sources.
We show that a break-even point can be reached under realistic parameters. We further analyze the spatial
dependence of the crosstalk, and discuss the scaling of the logical error rate versus the code distance for
the long-term goal of a logical error rate below 10−10.

DOI: 10.1103/c7w3-pxls

I. INTRODUCTION

Ion traps are one of the leading physical platforms
for quantum computation [1], with the highest fidelity
for state initialization and readout [2–5], and single-qubit
[6,7] and two-qubit [8–11] quantum gates. Tens of indi-
vidually addressed ionic qubits have been realized in
one-dimensional (1D) ion crystals [12,13] and in quan-
tum charge-coupled device (QCCD) architecture [14–17].
However, due to the experimental noise, the number of
ions that can be stably trapped in the commonly used
1D structure is usually restricted to below 100 [16,18,19].
Although the QCCD architecture can surpass this limita-
tion by dividing a large number of ions into nearly isolated
small groups, it is currently bottlenecked by the relatively
slow ion transportation and sympathetic cooling processes
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[14]. Recently, two-dimensional (2D) ion crystals [20–26]
have become a promising alternative approach to scale up
the qubit number, demonstrating the stable trapping of up
to 512 ions and the global quantum control of up to 300
ions [26]. Individually addressed quantum gates on 2D ion
crystals have also been reported, entangling arbitrary ion
pairs in a small four-ion crystal [27].

For quantum computation on a large ion crystal, the
long-range Coulomb interaction between the ions enables
their strong connectivity [1]. Direct entangling gates
between arbitrary ion pairs have been achieved for 30
ions in 1D [12], which can largely reduce the circuit
depth when compiling quantum algorithms compared with
nearest-neighbor connectivity. However, such a long-range
interaction also leads to crosstalk errors on parallel entan-
gling gates [28,29]. Because the capability to execute gates
in parallel lays one of the foundations for quantum error
correction (QEC) to timely remove the idling errors on
individual qubits before they accumulate [30], it is cru-
cial to suppress such crosstalk errors and to incorporate
them into the theory of fault-tolerant quantum computa-
tion on trapped ions. On the one hand, polynomial-time
algorithms in the ion number have been developed to
design the pulse sequence for parallel entangling gates on

2331-7019/25/24(1)/014032(17) 014032-1 Published by the American Physical Society

https://orcid.org/0000-0001-5300-1259
https://orcid.org/0009-0001-5739-8887
https://orcid.org/0000-0002-5539-2721
https://orcid.org/0000-0003-2184-7553
https://ror.org/03cve4549
https://crossmark.crossref.org/dialog/?doi=10.1103/c7w3-pxls&domain=pdf&date_stamp=2025-07-16
http://dx.doi.org/10.1103/c7w3-pxls
https://creativecommons.org/licenses/by/4.0/


LIU, TANG, DUAN, and WU PHYS. REV. APPLIED 24, 014032 (2025)

arbitrary ion pairs in a large ion crystal [31], with the
crosstalk error between undesired ion pairs set to zero
in the ideal case through the cancellation between dif-
ferent pulse segments. However, in practice any noise in
the experimental parameters like the laser frequencies and
amplitudes can prevent the perfect cancellation and lead
to nonzero crosstalk errors. On the other hand, various
schemes have been proposed to suppress the crosstalk in
a more error-robust way through the engineering of the
collective phonon modes of the ion crystal by applying
external optical tweezers [32,33] or introducing different
ion species [34]. However, these schemes complicate the
ion trap setup and can be challenging for large ion crystals.

In this work, we analyze the effects of the crosstalk
errors on trapped-ion-based quantum error correction.
Note that throughout this paper by crosstalk we mean
the undesired spin-spin entanglement due to the coupling
to the shared collective phonon modes [28,32–34]. This
should be distinguished from another type of crosstalk con-
sidered in previous literatures due to a finite laser beam
radius compared with the ion distance [35–40]. In those
works the crosstalk errors are local and coherent, allowing
potential cancellation via the spatial refocusing technique
[35] or simply spin echoes [31,38]. In comparison, as we
will show, in our case the crosstalk errors are long-range
two-qubit errors, necessitating the use of distance-5 QEC
codes rather than the commonly used distance-3 codes for
a pseudothreshold to exist.

The paper is organized as follows. In Sec. II we intro-
duce the necessary background, including the rotated sur-
face code in Sec. II A and the physical model of the parallel
entangling gates in ion trap and their crosstalk in Sec. II B.
In Sec. III we present the detailed analysis for the perfor-
mance of a [[25, 1, 5]] rotated surface code [41–43] with
24 ancilla qubits for stabilizer measurements. We calcu-
late the logical error rates and the logical qubit coherence
times under practical gate infidelities, crosstalk errors and
physical qubit decoherence rates, and we discuss param-
eter regimes where a break-even point can be achieved.
Then in Sec. IV we further optimize the parallelism level of
the entangling gates and show the competition between the
crosstalk error and the idling error. In Sec. V we discuss the
scalability of ion trap QEC under the crosstalk error based
on detailed examples of parallel entangling gates on 2D
ion crystals. We consider two parameter regimes: for a gate
speed slower than the spatial propagation of local phonon
excitations, the crosstalk error is long-range and nearly
independent of the distance between the parallel gates; for
a gate speed faster than the acoustic speed on the 2D lat-
tice, the crosstalk is local and decays polynomially with
the distance between gate pairs. In both cases, we discuss
how a logical error rate below 10−10 can be reached, which
is a long-term goal for many practical applications of
quantum computation [43,44], using a 2D crystal with hun-
dreds to thousands of ions. Appendix A provides numerical

and analytical results for a unified expression of the log-
ical error rate under the gate infidelity, idling error and
crosstalk error. Appendix B reviews an efficient algorithm,
the efficient arbitrary simultaneously entangling (EASE)
gate protocol [31], to design parallel entangling gates in a
large ion crystal. Appendix C summarizes the error models
used for our numerical simulation. Appendix D list some
typical parameters for current ion-trap experiments.

II. BACKGROUND

A. Rotated surface code

The rotated surface code is a family of the [[d2, 1, d]]
QEC code where one logical qubit is encoded into d2 data
qubits to get protection from all the possible errors act-
ing on less than or equal to �(d − 1)/2� physical qubits.
An example of a d = 5 rotated surface code is shown in
Fig. 1(a). Apart from the d2 data qubits, it further uses
d2 − 1 ancilla qubits to extract the error syndrome from
the X -type and Z-type stabilizers. These stabilizers are
indicated by the red (green) plaquettes in Fig. 1(a) as the
tensor product of Pauli-X (Z) operators on the data qubits
surrounding the plaquettes.

As a variant of the surface code using fewer physi-
cal qubits [41–43], the rotated surface code shares the
advantage of a high threshold, which is preferable for near-
term demonstrations, and requires only nearest-neighbor

(a) (b)

FIG. 1. (a) An illustration of a d = 5 rotated surface code. The
gray circles denote data qubits, and the red (green) plaquettes
represent the X (Z) stabilizers, each with an ancilla qubit for
measurement (not shown in the plot). The blue symbols illus-
trate the propagation directions of the X and Z errors on the data
qubit during the syndrome measurement. (b) Quantum circuits
for the measurement of X (top) and Z (bottom) stabilizers. CNOT
gates in the same layer (indicated by the vertical gray dashed
lines) can be applied in parallel. Suppose a crosstalk error occurs
between two CNOT gates in the second layer, leading to a two-
qubit XZ error (blue) on two ancilla qubits. After the following
gates, this crosstalk error propagates into a weight-4 error on the
data qubits as shown in (a). Fortunately, the propagation is per-
pendicular to the logical operators, so that this weight-4 error can
still be corrected with a code distance d ≥ 5.
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operations on a 2D lattice for error correction, leaving
it a promising candidate for quantum computation plat-
forms like superconducting circuits. As we will show later,
although ion trap naturally supports long-range entangling
gates, this local property can still be utilized to suppress
the effect of crosstalk errors.

Furthermore, the measurement of all the stabilizers in
the rotated surface code can be performed in parallel, mak-
ing it an excellent target for our purpose to study the
crosstalk between parallel gates. Each stabilizer measure-
ment involves at most four CNOT gates between an ancilla
qubit and four neighboring data qubits. These CNOT gates
can be parallelized into four layers as shown in Fig. 1(b),
each containing d(d − 1) pairs of gates. This results in a
constant circuit depth independent of the code distance
d. For stabilizers on the boundary of the code, only two
neighboring data qubits are involved, and we can sim-
ply remove two corresponding CNOT gates in the circuit.
Note that the parallel execution of the stabilizer measure-
ments is crucial for QEC under a finite coherence time of
the physical qubits. Later in Sec. IV we will examine the
competition between the increasing crosstalk error and the
decreasing idling error when parallelizing more gates and
discuss the optimal parallelism level.

To make the QEC process fault tolerant, the order of
the CNOT gates in Fig. 1(b) are carefully designed [43].
The goal is to prevent the propagation of errors in the
direction of the logical operators. For example, as shown
in Fig. 1(b), a single-qubit X (Z) error propagates in the
horizontal (vertical) direction, perpendicular to the logical
X (Z) operator, which is a weight-5 vertical (horizontal)
Pauli-X (Z) string across the 2D lattice. In this work, apart
from the commonly considered single-qubit and two-qubit
gate errors, we further include two-qubit crosstalk errors
between the parallel entangling gates. As an example, in
Fig. 1(b) we plot a correlated XZ error on two ancilla qubits
during the second layer of the entangling gates, which fur-
ther propagates into a weight-4 error on the data qubits.
Fortunately, owing to the scheduling of the CNOT gates
described above, such errors can still be corrected by a
code with a distance d ≥ 5.

Given the outcome of at least d rounds of syndrome
measurement, we can use the minimum-weight perfect
matching (MWPM) algorithm [45,46] to decode the error
syndrome. In this work we use the Stim package [47] to
numerically simulate the occurrence of the physical errors
and the performance of the QEC code. We average the
results for a logical qubit initialized in the logical |0L〉 and
the logical |+L〉 states.

B. Parallel gates in ion trap and the noise model

In ion traps, high-fidelity entangling gates are usu-
ally realized by the Molmer-Sorensen (MS) gate scheme
[48,49] or the light-shift gate scheme [50,51] based on

the spin-dependent force. Their mathematical frameworks
are similar and the difference mainly lies in how the spin-
dependent force is generated and whether the gate is in the
X or Z basis. Here we consider the MS gate as an example,
which has been realized for 171Yb+ ions on a 2D lattice by
pulsed 355-nm laser beams [27].

We start from the spin-dependent-force Hamiltonian
[52]

H =
∑

jk

ηkbjk�j sin μt
(

ake−iωkt + a†
keiωkt

)
Xj , (1)

where the index k labels the collective phonon modes of
the ion crystal with the frequency ωk, the Lamb-Dicke
parameter ηk, and the annihilation (creation) operator ak

(a†
k), and the index j enumerates the target ions, each

addressed by a controllable laser amplitude �j . The coef-
ficients bjk represent the participation of each ion j in the
phonon mode k, and Xj ’s are the Pauli-X operators. Here
we set the laser phase to zero and use μ to denote the laser
detuning from the resonant transition of the qubits.

Note that the Xj operators commute with the above
Hamiltonian and thus are conserved quantities. Therefore,
for each spin state in the X basis, the time evolution is just
displacements of all the phonon states, from which a geo-
metric phase can appear due to the commutation relation
between displacements in different directions. The over-
all unitary evolution after a gate time τ can be described
by two-qubit entanglements between all the ion pairs and
spin-dependent displacements on each phonon mode [52]

U(τ ) = exp

⎛

⎝i
∑

i<j

�ij XiXj

⎞

⎠
∏

k

Dk

⎛

⎝
∑

j

αjkXj

⎞

⎠ , (2)

where

Dk(α) = exp(αa†
k − α∗ak) (3)

is the displacement operator of the kth mode,

αjk = −iηkbjk

∫ τ

0
χj (t)eiωktdt (4)

represents the residual spin-phonon entanglement after the
gate,

�ij =
∑

k

η2
k bikbjk

∫ τ

0
dt1
∫ t1

0
dt2

× [
χi(t1)χj (t2) + χj (t1)χi(t2)

]
sin [ωk(t1 − t2)]

(5)

characterizes the spin-spin entanglement between all the
ion pairs, and

χj (t) = �j sin(μt + ϕ) (6)
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describes the controllable laser driving on the target ions.
Here we have added back the laser phase ϕ for complete-
ness.

To realize a maximally entangled two-qubit gate, ideally
we want αjk = 0 for both ions and all the phonon modes,
and �ij = ±π/4 between the ion pair. This can be real-
ized by a suitable sequence of the driving laser in Eq. (6)
by controlling its amplitude, frequency, or phase [52–54].
This maximally entangled gate is equivalent to a CNOT
gate up to additional single-qubit rotations [1]. Similarly,
to parallelize multiple entangling gates, we want all the
αjk’s to vanish, while all the �ij ’s to take the desired val-
ues θij for parallel entangling gates. An efficient numerical
algorithm to design the laser pulse sequence by amplitude
modulation is the EASE algorithm [31], which is briefly
summarized in Appendix B.

Small deviation from the above ideal conditions can lead
to an average gate infidelity [55]

δF = D
D + 1

⎡

⎣
∑

jk

|αjk|2(2n̄k + 1) +
∑

i<j

(�ij − θij )
2

⎤

⎦ ,

(7)

where n̄k is the average thermal phonon number of the
mode k and D = 2N is the total dimension of the system
with N qubits. Below we analyze how this total infidelity
decompose into single-qubit and two-qubit errors.

Clearly, nonzero �ij ’s for undesired ion pairs lead to
XX -type crosstalk errors, while deviations of �ij ’s from
the ideal values of ±π/4 for the targeted entangling gates
contribute to part of the two-qubit gate errors. These
deviations may arise from the imperfect pulse design or
miscalibration of parameters in the experiment. Note that
given an imperfect pulse sequence or given the pattern of
parameter drifts in each experimental shot, these errors
may be coherent, which is detrimental for quantum error
correction. For example, we may obtain an additional
eiεij XiXj gate (εij � 1) between an undesired ion pair as
a crosstalk error. Fortunately, such coherent errors can
be turned into incoherent ones by inserting randomized
single-qubit rotations [56,57]. Therefore, here we model
the above crosstalk error as a two-qubit Pauli XX error,
where an XiXj gate is applied with a probability pc =
ε2

ij . Note that when we compile the CNOT gates used in
QEC into the MS gates following CNOT = (I ⊗ H)(S ⊗
S)(H ⊗ H)ei(π/4)X ⊗X (H ⊗ I), this XX error will be trans-
formed accordingly. Therefore, in terms of the crosstalk
error between CNOT gates, we always have Z-type errors on
the control qubits, and X -type errors on the target qubits.
[Note that it is opposite to the example plotted in Fig. 1(b).]

As for the residual spin-dependent displacement term,
we trace out the phonon states to examine its effect on the
qubits. Following the commonly used assumption, we con-
sider an initial thermal state of the phonons ρm with an

average phonon number n̄k in each mode k. Then an initial
spin state ρ evolves into

Trm

⎡

⎣
∏

k

Dk

⎛

⎝
∑

j

αjkXj

⎞

⎠ ρ ⊗ ρm

∏

l

D†
l

(
∑

i

αilXi

)⎤

⎦ .

(8)

We can consider a specific matrix element (s, s′) in the X
basis, where s and s′ represent two vectors of spin states
sj , s′

i ∈ {+1, −1}. The evolved matrix element is

ρs,s′Tr

⎡

⎣
∏

k

Dk

⎛

⎝
∑

j

αjksj

⎞

⎠ ρm

∏

l

D†
l

(
∑

i

αils′
i

)⎤

⎦

≈ ρs,s′Tr

⎧
⎨

⎩
∏

k

Dk

⎡

⎣
∑

j

αjk(sj − s′
j )

⎤

⎦ ρm

⎫
⎬

⎭

= ρs,s′ exp

⎡

⎢⎣−
∑

k

∣∣∣∣∣∣

∑

j

αjk(sj − s′
j )

∣∣∣∣∣∣

2

(n̄k + 1/2)

⎤

⎥⎦ ,

(9)

where in the second line we have dropped a phase fac-
tor when combining two displacement operators in dif-
ferent directions. The dropped phase is on the order of
O(|α|2), corresponding to an infidelity of O(|α|4), which is
dominated by the remaining term on the order of O(|α|2).

A direct observation is that Eq. (9) represents a dephas-
ing error in the X basis. For the diagonal matrix elements
s = s′ we have the terms inside the bracket equal to zero,
while the off-diagonal elements of the density matrix are
reduced according to the residual spin-dependent displace-
ment. In general, this dephasing is a joint effect on all the
spins and needs to be described as a multiqubit error. How-
ever, if we further assume that different αjk’s are random
numbers with independent magnitudes and directions, then
the effect of the residual spin-dependent displacement can
be represented as

ρs,s′ → ρs,s′ exp

⎡

⎣−
∑

jk

∣∣αjk
∣∣2 (sj − s′

j )
2(n̄k + 1/2)

⎤

⎦

= ρs,s′
∏

j

exp

[
−(sj − s′

j )
2
∑

k

∣∣αjk
∣∣2 (n̄k + 1/2)

]
,

(10)

which is just a dephasing error for each spin individually.
This error model ensures that, no matter how many gate
pairs we apply in parallel, we only need to deal with single-
qubit and two-qubit errors, then we can expect the errors to
be correctable by increasing the code distance. To justify
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the required assumption, note that ideally we have αjk = 0
and the nonzero values can arise from independent miscali-
bration of laser pulses on individually addressed ions. Also
note that we may introduce random laser phases for differ-
ent pairs of parallel gates, which on the one hand suppress
their crosstalk �ij ’s, and on the other hand also remove the
correlation between the dephasing terms. Given the above
analysis for the two-qubit nature of the gate error, we use
the standard two-qubit depolarizing channel to model the
two-qubit gate error, with an error probability of pg for
each targeted entangling gate.

Finally, due to the significance of the competition
between the crosstalk error and the idling error for paral-
lel gates, we also model an independent single-qubit idling
error for all the physical qubits. We take the duration of a
two-qubit entangling gate as the time unit, and set the typ-
ical duration of a single-qubit gate as 0.1 and that of the
state detection as 5. In the following sections, we either
set a physical coherence time T such that all the physi-
cal qubits are subjected to a single-qubit depolarizing error
with a probability pi = (3/4)(1 − e−t/T) during the syn-
drome measurement cycle duration t, where the factor of
3/4 is the maximal depolarizing error to generate a fully
mixed state, or we report an idling error rate pi for a unit
duration, from which the physical coherence time can be
computed as

T = −t0/ ln[1 − (4/3)pi], (11)

where we set the unit duration t0 = 1 for the CNOT gate
time.

Note that, we have neglected the single-qubit gate error
and the measurement error in our noise model, although
we still take into account their durations for the idling
error. This is because for trapped ions, these errors can
be made much smaller than the two-qubit gate error. In
other words, we are scaling the single-qubit error c1pg
and the measurement error cmpg together with the two-
qubit gate error pg with small proportionality constants
c1, cm � 1, rather than treating them as three independent
parameters in the following analysis. Also note that, when
performing parallel single-qubit gates using laser beams
with a nonzero wave vector along the concerned phonon
modes, the off-resonant coupling to the phonon modes can
also lead to MS-like two-qubit interactions, which can be
another source of two-qubit crosstalk errors. However, this
crosstalk is also typically much smaller than that from par-
allel two-qubit gates. For one thing, the duration of the
single-qubit gate is much shorter than the two-qubit one
under comparable laser intensities, and the detuning to the
motional modes is much larger, leading to much weaker
two-qubit interaction from each phonon mode; for another,
at large detuning there will be strong cancellation between
different phonon modes due to their orthogonality [58,59].

Therefore, again we ignore this type of two-qubit crosstalk
in our error model.

A complete summary for the error model used in our
numerical simulation can be found in Appendix C.

III. CORRECT CROSSTALK ERRORS BY
DISTANCE-5 CODE

From the error model described in Sec. II B, we can see
that the crosstalk errors are two-qubit errors and generally
do not have a well-designed spatial pattern as the two-
qubit gate errors. Therefore, these crosstalk errors cannot
be corrected by distance-3 codes like the Steane code or
the d = 3 rotated surface code, and we need a minimal
code distance d = 5 to demonstrate the correction of such
crosstalk errors.

This fundamental difference between d = 3 and d = 5
rotated surface codes can be seen in Fig. 2(a). Here we
set the same value p for the two-qubit gate infidelity pg ,
the idling error pi and the crosstalk error pc, and sim-
ulate the logical error rate per one round of syndrome
measurement pL. For d = 3, one crosstalk error is suffi-
cient to cause an incorrect prediction of the decoder as
its error syndrome can be indistinguishable from a single-
qubit error. Indeed, we get pL ∝ p , and the logical error
rate is always above the physical error rate by about one
order of magnitude. This is because we are parallelizing
k = d(d − 1) = 6 pairs of gates. Since there are 2k(k − 1)

possible locations for the two-qubit crosstalk error, effec-
tively the crosstalk error per targeted entangling gate is
scaled into p̃c = 2(k − 1)pc = 10pc. In contrast, for the
d = 5 code, a single crosstalk error, as well as a gate
error or an idling error, can always be corrected. Hence
we observe pL ∝ p2 in the small-p regime with a pseu-
dothreshold occurring around p ≈ 1.3 × 10−5 where the
logical error rate matches the physical error rate. As we
will see later, this level of crosstalk error is achievable for
parallel gate design under practical noise.

In the above definition of the pseudothreshold, we com-
pare the logical error rate pL to all the physical error rates
including pg , pi, and pc. However, as the crosstalk error is
usually not included in previous definitions [60], here we
may also want to separate it from the rest of the physi-
cal errors. As shown in Fig. 2(b), we set pi = pg = p , and
choose a practical crosstalk error pc = 10−4.5 ≈ 3 × 10−5

to maximize the difference between the d = 3 and the
d = 5 codes. Here no matter how we suppress the gate infi-
delity and the idling error, the logical error rate will always
be lower bounded by some values governed by pc, which
is O(pc) for the d = 3 code and O(p2

c ) for the d = 5 code.
For the chosen value of pc, we can observe that a pseu-
dothreshold does not exist for the d = 3 code, but can still
be reached for a reasonable gate infidelity and idling error
around p = 10−3.
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(a) (b)

FIG. 2. Logical error rates of d = 3 (blue) and d = 5 (orange) codes under physical errors including the two-qubit crosstalk. (a) We
assume the same value p for the two-qubit gate infidelity pg , the idling error on physical qubits pi, and the crosstalk between each
pair of parallelized two-qubit gates pc. For d = 3, we observe a logical error rate per each round of syndrome measurement pL ∝ p for
sufficiently small physical error rate p , and we always have pL > p . For d = 5, we have pL ∝ p2 and a pseudothreshold exists where
the logical error rate becomes smaller than the physical error rate. (b) We fix pc = 10−4.5 and vary pg = pi = p . Under such a practical
crosstalk error rate, a pseudothreshold does not exist for the d = 3 code no matter how we suppress the gate infidelity and the idling
error, while it can still exist for the d = 5 code.

To further visualize the significance of the crosstalk
error in ion trap QEC with parallel gates, in Fig. 3(a) we
compare the individual contributions of the three types of
physical errors to the logical error. As we can see, the

curves for the gate infidelity (red) and the idling error
(green) are far below that for the crosstalk error (orange)
with different scalings: While the curve for the crosstalk
error scales as pL ∝ p2, those for other physical errors

(a) (b)

FIG. 3. (a) The logical error rate for the d = 5 code under different types of physical errors. Due to the two-qubit nature of the
crosstalk error and the larger number of gate pairs to be applied in parallel, the logical error due to the crosstalk (∝ p2) is much larger
than those due to the two-qubit gate infidelity and the idling error (∝ p3). (b) The logical coherence time TL vs the physical coherence
time T under a fixed two-qubit gate infidelity pg = 10−3 and different levels of crosstalk errors pc. The coherence times are in the unit
of the two-qubit gate time. The dotted line indicate the break-even point TL = T, and the red curve is when the entangling gates are
applied in serial.
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scale as pL ∝ p3 which is the expected behavior of the
d = 5 surface code. In this sense, we conclude that under
similar values, the effect of the crosstalk error is much
more significant than those of the gate infidelity and the
idling error. Fortunately, later we will see that under typical
noise levels, the magnitude of the crosstalk error is usually
much smaller than the gate infidelity and the idling error,
leaving us some room for balancing their contributions and
optimizing the overall logical error rate.

Another widely concerned milestone for QEC is the
break-even point where the logical coherence time reaches
the physical coherence time. Here the logical coherence
time can be defined in a similar way as Eq. (11) with the
small modification that the factor of 4/3 for the depolar-
izing error is replaced by 2 for the bit-flip error of the
initial logical |0L〉 state and for the phase-flip error of the
initial logical |+L〉. Also we replace the time unit t0 by
the total duration of each syndrome measurement cycle.
In Fig. 3(b), we plot the logical coherence time TL of the
d = 5 code versus the physical coherence time T under a
gate infidelity pg = 10−3 and various crosstalk error rates.
For sufficiently small crosstalk error rates, e.g., pc < 10−6,
we observe that the curves converge to the pc = 0 case,
meaning that the logical error is dominated by the gate
infidelity and the idling error. As pc increases, TL gener-
ally decreases but can still be above the break-even point
TL = T (dotted line) for a wide range of parameters when
T is short. For longer T and larger pc, it will be more

advantageous to apply entangling gates in serial as shown
by the red curve. Note that in the regime of long physi-
cal coherence time T, the logical coherence time for serial
gates is above that for parallel gates even when pc = 0.
This is because, in this regime the logical error rates are
dominated by the gate infidelity, which is the same for the
parallel and serial cases. However, for serial execution, the
time for each round of syndrome measurement is longer,
leading to longer effective logical coherence time.

IV. OPTIMIZING PARALLELISM LEVEL

From the above discussion, we see that the advantage of
parallelism is governed by the relative strength of different
types of physical errors. In this section, we further opti-
mize the parallelism level for different parameter regimes.
Specifically, we fix a gate infidelity pg = 10−3, and exam-
ine the competition between the crosstalk error and the
idling error.

As described in Sec. II A, each round of syndrome mea-
surement can be divided into four layers of CNOT gates
under maximal parallelism, where each layer contains
d(d − 1) pairs of gates. Here we further assume that we
apply k pairs of gates in parallel, with k = d(d − 1) being
the full parallelism case and k = 1 being the serial case. In
Fig. 4(a) we plot the logical coherence time TL versus the
physical coherence time T under a fixed crosstalk error rate
pc = 10−5 and different parallelism levels. As we can see,

(a) (b)

FIG. 4. (a) The logical coherence time TL of the d = 5 code vs the physical coherence time T under a fixed two-qubit gate infidelity
pg = 10−3, a fixed crosstalk error rate pc = 10−5, and different levels of parallelism. We use k to represent the number of gate pairs to
be applied in parallel. The coherence times are in the unit of the two-qubit gate time. At low T it is more advantageous to parallelize
the gates, while at high T it is preferable to apply gates in serial. For intermediate parameters, an optimal parallelism level can be found
due to the competition between the crosstalk error and the idling error. (b) The logical coherence time TL vs the crosstalk error rate pc
under a fixed two-qubit gate infidelity pg = 10−3, a fixed physical coherence time T = 103.5, and different levels of parallelism. Under
weaker pc it is more advantageous to execute gates in parallel while stronger pc prefers serial gates. Nevertheless, for a wide range of
parameters, the break-even point TL = T (dotted line) can be surpassed.
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for a short physical coherence time (say, below 103 CNOT
gate time), it is more advantageous to fully parallelize the
entangling gates and the shortened cycle duration can pre-
vail the increased crosstalk error. On the other hand, for a
very long physical coherence time (say, above 105 CNOT
gate time), for the d = 5 code it is preferable to perform
the entangling gates in serial while the idling error is still
moderate. In the middle of these two extreme cases, we can
design an optimal parallelism level to maximize the logical
coherence time, exceeding the break-even point TL = T for
a wide range of parameters.

Similarly, in Fig. 4(b) we fix the physical coherence time
to be T = 103.5 CNOT gate time, and scan the crosstalk error
rate pc. Here it is desirable to fully parallelize the entan-
gling gates when the crosstalk is extremely low, say, below
5 × 10−6, while it is better to serialize gates for sufficiently
high crosstalk error rate, say, above 10−3. Again, in the
middle we can find an optimal parallelism level due to the
competition between the crosstalk and the idling error, and
the break-even point can be reached for a wide range of
parameters.

V. SCALING OF THE LOGICAL ERROR RATE
VERSUS CODE DISTANCE

After examining the effect of the crosstalk error and its
competition with the idling error in gate parallelism for a
d = 5 code, now we further discuss the scalability of ion-
trap QEC under the crosstalk error when increasing the
code distance d. As shown in Appendix A, for large code
distances and for high error rates near the threshold, we
can use a unified expression

pL ≤ 0.015[(pg + 3t/8T + 1.3p̃c)/0.013](d+1)/2 (12)

to bound the total effect of the three types of physical errors
on the logical error rate, where t is the duration of each
round of syndrome measurement, T is the physical coher-
ence time of the qubits, and p̃c is the average crosstalk
error per targeted entangling gate. Suppose we parallelize
k pairs of entangling gates, we have t ≈ 4d(d − 1)/k + 5
where we have neglected the faster state initialization and
single-qubit gate operations, and the last term of 5 is the
measurement time. To estimate p̃c and its scaling with the
code distance d and the parallelism level k, we need to
specify the physical arrangement of the ion crystal and
the laser pulse sequence of the parallel gates. As shown
in Fig. 5(a), we embed the rotated surface code onto a
2D triangular lattice of trapped 171Yb+ ions. We assume a
practical transverse trap frequency ωx = 2π × 3 MHz per-
pendicular to the plane, and we use counter-propagating
355-nm pulsed laser beams to address the qubits by Raman
transitions [27]. The edges represent the entangling gates
between nearest-neighbor data qubits and ancilla qubits for
the syndrome measurement. We use four colors for the

(a) (b)

(c) (d)

FIG. 5. Scalability of ion trap quantum error correction under
crosstalk errors. (a) We embed the rotated surface code onto
a triangular lattice with a lattice constant of a. White (black)
dots represent data (ancilla) qubits. Each color of edges repre-
sents a group of two-qubit gates that can be fully parallelized
in (b). The dashed box represents a further division into sub-
lattices in (c) with totally 8l2 parallel groups (l = 2 illustrated
here). (b) Crosstalk error in the “slow-gate” regime vs the dis-
tance r between the ion pairs. The crosstalk shows no significant
dependence on the distance r between the ion pairs. (c) Crosstalk
error in the “fast-gate” regime vs the distance r between the ion
pairs. The intrinsic crosstalk error due to the simplified pulse
design and the additional crosstalk error due to the parame-
ter fluctuation both scale polynomially with the distance r. (d)
For the spatially uniform crosstalk in (b), we choose an opti-
mized parallelism level k = d − 1. Assuming a gate infidelity
pg = 3 × 10−3, a crosstalk pc = 10−5, and a coherence time
T = 5 × 104, we obtain the logical error rate pL as the blue curve.
For the local crosstalk in (c), we choose a sublattice size l = 4 to
obtain a total crosstalk per gate p̃c = 10−6. For a gate infidelity
pg = 10−3 and a coherence time T = 105, we get an exponential
decay of pL vs d as the red dashed line.

edges to represent the four layers of entangling gates in
Fig. 1(b) that can be fully parallelized.

First, we consider a realistic ion spacing a = 5 µm,
and design all the required parallel gates for a d = 5 code
[with totally 2d2 − 1 = 49 physical qubits and four lay-
ers of parallel gates each containing d(d − 1) = 20 gate
pairs] by the EASE algorithm [31] (see Appendix B for
details). As an example, we consider the gate pairs colored
in red in Fig. 5(a) and design the pulse sequence using 500
segments and a total gate time of 500 µs. The complete
pulse sequence can be found in Ref. [61] with a maximal
Rabi frequency of 2π × 385 kHz and an average Rabi fre-
quency of 2π × 66 kHz. By rotation symmetry, the same
pulse sequence also works for the other three parallel gate
groups.

Ideally, these parallel gates are designed to com-
pletely suppress the crosstalk error. However, due to the
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miscalibration of parameters in the experiment, such a can-
cellation is not perfect. In Fig. 5(b) we randomly sample an
independent amplitude fluctuation for each ion and each
segment which distributes uniformly in ±1%, and a fre-
quency shift of the laser, which distributes uniformly in
±2π × 0.5 kHz. For each sampled parameter shift, we
compute the actual two-qubit phase �ij between all the
undesired ion pairs and obtain the crosstalk error as pc =
�2

ij . We further average over 100 independently gener-
ated samples to get the crosstalk errors in Fig. 5(b) versus
the distance r between the ion pairs. As we can see, the
crosstalk error shows no significant spatial dependence,
and we obtain an average crosstalk pc ≈ 1.1 × 10−5 for all
the pairs. Also note that, under the same noise level, the
gate infidelity for these individual gates already reaches
5 × 10−3. This suggests that under typical noise levels, the
magnitude of the crosstalk error should be much smaller
than that of the gate infidelity.

Based on the above simulation results, we model a uni-
form crosstalk error pc = 10−5 between all the ion pairs.
In this case, we have p̃c = 2(k − 1)pc since there are
2k(k − 1) possible locations of two-qubit crosstalk errors
when parallelizing k pairs of gates. Then in Eq. (12) we
have O(d2/k) idling error and O(k) crosstalk error, hence
an optimal parallelism level can be chosen as k = O(d).
Note that Eq. (12) suggests that in this parameter regime,
an error threshold does not exist in the sense that for any
finite T and nonzero pc the logical error does not go to
zero in the limit d → ∞. Nevertheless, under reasonable
parameters and a suitably choice of the code distance d,
a sufficiently low logical error rate, e.g., below 10−10 can
still be achieved, which suffices for practical applications
[43,44]. For example, in Fig. 5(d) we set pg = 3 × 10−3

and T = 5 × 104, and obtain the scaling of the logical error
rate pL versus the code distance d as the blue solid curve.
We can choose d = 41, requiring a 2D crystal of thousands
of ions, to reach the logical error rate of 10−10.

The spatially uniform crosstalk error can be understood
from a comparison between the gate speed and the speed of
the sound wave on the 2D crystal. For a large ion crystal,
the collective oscillation modes in the transverse direction
can be decomposed into traveling waves in different direc-
tions [62,63], with a group velocity proportional to εωxa
where ε = e2/(4πε0mω2

x a3) is a dimensionless parame-
ter characterizing the bandwidth of the transverse phonon
modes, a is the lattice constant and m is the mass of the
ions. When the gate speed is much slower than 1/(εωx),
we can expect that each target ion is effectively interacting
with all the ions reached by the wave front of the sound
wave, resulting in a long-range crosstalk error. For the
above example with a = 5 µm, we have ε = 0.0183, and
the sound wave from one site can propagate to a radius
of hundreds of sites during the gate time τ = 500 µs,
already covering the d = 5 lattice considered above. Actu-
ally, as the ions are effectively interacting with more ions,

the design of the pulse sequence also becomes more com-
plicated and requires a longer time and more segments
to disentangle all the phonon modes, which in turn leads
to the propagation of the interaction to even farther away
ions.

Given the above understanding, we may attempt to
move to the “fast-gate” regime to obtain a more prefer-
able spatially localized crosstalk error. Note that here by
“fast-gate” we do not require the gate speed to be below
or comparable to 1/ωx, which is the topic of many previ-
ous literatures based on spin-dependent momentum kicks
[63–67]. Instead, here we slightly increase the ion spac-
ing to a = 8 µm to reach ε = 0.0045, and use a moderate
gate time τ = 100 µs to limit the propagation to just a
few sites. Then we can design the pulse sequence for a
high-fidelity entangling gate between a central ion pair in
a d = 11 lattice using the standard amplitude modulation
method [52] (note that here we are not using the EASE
algorithm), and apply the same sequence to all the tar-
geted parallel gate pairs (we rescale the laser amplitude
for different gate pairs slightly to compensate the bound-
ary effect to get an ideal two-qubit phase �ij = ±π/4).
The complete pulse sequence together with the rescal-
ing factor for different gate pairs in a larger d = 31 code
lattice can be found in Ref. [61]. Then again we com-
pute the crosstalk error between the undesired ion pairs
in Fig. 5(c) assuming ±1% amplitude fluctuation in each
segment, and ±2π × 0.5 kHz frequency shift of the laser.
However, note that in this case apart from such crosstalk
errors due to the experimental noise, we further have an
intrinsic crosstalk because of the use of a simplified pulse
sequence, which does not set �ij to zero for undesired ion
pairs even in the ideal case. We plot the intrinsic crosstalk
error as p (intrinsic)

c = �2
ij without the sampled noise, and

generate 100 samples of pulse noise to compute the stan-
dard deviation δ�ij and the crosstalk error due to noise as
p (noise)

c = δ�2
ij . As we can see, both types of errors decay

polynomially with the distance r between the ion pairs,
verifying the expected spatial locality in the “fast-gate”
regime. We fit a total crosstalk between one ion pair at a
distance of r as pc = 0.015(r/a)−5.87 for r ≥ 4a, indicated
by the black dashed line. This is close to the expected 1/r6

scaling for the dipole-dipole interaction between the ions
[62,63].

This local crosstalk error model suggests that the aver-
age crosstalk error per targeted entangling gate p̃c can
converge to a finite number even as d → ∞. However,
the price we pay is that we are not able to parallelize
entangling gates close to each other because their intrin-
sic crosstalk is too large [62,63]. As shown by the green
dashed box in Fig. 5(a), we can divide the whole trian-
gular lattice into sublattices with a lattice constant 2la
(l = 1, 2, 3, . . .). This divides all the entangling gates into
8l2 subgroups to be parallelized, represented by the edges
in the box. The sublattice structure ensures that the parallel
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gate pairs are separated by a distance of at least (2l − 1)a,
upperbounding the crosstalk between them. Specifically,
for l = 4 we can compute the crosstalk error between all
the parallel gate pairs using the above fitted model, and
obtain p̃c = 10−6. Also we get t = 8l2 + 5 for the 8l2 lay-
ers of parallel gates together with the measurement of the
ancilla qubits, independent of the code distance d. Fur-
ther assuming a gate infidelity pg = 10−3 and a physical
coherence time T = 105, we obtain the red dashed line in
Fig. 5(d). Here d = 17 is sufficient to reach a logical error
rate below 10−10, requiring a 2D crystal of hundreds of
ions.

VI. CONCLUSION AND OUTLOOK

To sum up, in this work we show that the crosstalk
error between parallel entangling gates in a large 2D ion
crystal is a key consideration for quantum error correc-
tion. By its nature, the crosstalk error is a two-qubit error
and requires a minimal code distance d = 5 to correct it.
Through an example of a d = 5 rotated surface code, we
show that the pseudothreshold and the break-even point
can be reached under realistic experimental parameters,
and we discuss how the parallelism level can be optimized
according to the competition between the crosstalk error
and the idling error. We further study the spatial depen-
dence of the crosstalk error in two different parameter
regimes characterized by how the gate speed compares to
the propagation speed of local oscillation on the 2D ion
crystal. In the “slow-gate” regime, the design of the par-
allel gates requires considering all the ions, leading to a
long-range crosstalk error which only weakly depends on
the distance between the parallel gates. In the “fast-gate”
regime, the design of the parallel gates can be simplified to
include only a small fraction of ions that can be reached by
the sound wave, and we obtain a crosstalk, which decays
polynomially with the distance between gate pairs. We dis-
cuss how the logical error rate scales with the code distance
based on a unified formula to describe the joint effect of
the gate infidelity, the idling error and the crosstalk error,
and we show that in both parameter regimes a logical error
rate below 10−10 can be achieved using a 2D crystal with
hundreds to thousands of ions.

Note that, although trapped ions are well known for
their long coherence time, with the current record above
one hour for a single ion [68] and hundreds of millisec-
onds for hundreds of ions [69], these performances are
only achieved with respect to a stable phase reference like
a microwave source. For laser-based quantum gates, the
physical coherence time may actually be limited by the
laser dephasing time, which is typically tens to hundreds of
milliseconds [70,71]. (For magnetic-field-sensitive qubits,
additional limitation may come from the magnetic field
noise [72].) Such a relatively short coherence time, about
102–103 of the two-qubit gate time, is advantageous for

the demonstration of the break-even point in the near-term,
but is not desirable for the ultimate goal of reaching suf-
ficiently low logical error rates. To solve this problem,
it may be preferable to use co-propagating Raman laser
beams to realize single-qubit gates, and apply the light shift
gate [8,10,50,51], the phase-insensitive MS gate [73], or
the phase-sensitive one with additional single-qubit gates
to cancel the dependence on the laser phase [9,73] for
two-qubit entangling gates.

Finally, because in this work we use the rotated surface
code as the example to discuss the effect of crosstalk errors,
we only use nearest-neighbor entangling gates on the 2D
crystal. However, due to the long-range Coulomb inter-
action between the ions, long-range entangling gates can
also be performed with similar analysis for the crosstalk
error, in particular in the “slow-gate” regime. This enables
the application of our results in other QEC codes like the
quantum low-density parity-check (LDPC) code [74,75],
which can be partially parallelized, and may be used in
transversal logical CNOT gates between two logical qubits
encoded in different regions of a large 2D crystal. Besides,
the long-range connectivity also allows one to map the 2D
surface code into 1D, hence possibly demonstrating the
QEC break-even point with parallel entangling gates in a
1D ion chain with around 50 ions using the d = 5 code.
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APPENDIX A: ANALYTICAL SCALING OF
LOGICAL ERROR RATES

In Fig. 6, we simulate the logical error rate pL versus the
crosstalk pc under different parallelism levels k and differ-
ent code distances d. Note that when applying k entangling
gates in parallel, the number of possible locations of two-
qubit crosstalk is 2k(k − 1). Assuming a constant crosstalk
pc between all gate pairs, the crosstalk per entangling gate
is p̃c = 2(k − 1)pc. Therefore we scale the horizontal axis
for different parallelism levels by 2(k − 1) accordingly.
As we can see from the plot, the curves for different par-
allelism levels collapse well onto each other after this
rescaling, which suggests that we can use a single num-
ber of the crosstalk per entangling gate p̃c to characterize
the strength of the crosstalk error. Note that, to remove the
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FIG. 6. The logical error rate pL under different parallelism levels k and different code distances d. The horizontal axis is scaled by
2(k − 1) for different parallelism levels. The fitting lines for data below the threshold 2(k − 1)pc ≈ 0.01 are shown in gray in the same
line shape as the simulated data.

internal structure in the errors for better scaling analysis,
here different from the main text, we model the crosstalk
error as a two-qubit depolarizing channel rather than the
two-qubit Pauli XX error. Numerically, the former error
model leads to more propagation of the physical errors
than the latter, thus a higher logical error rate as shown
in Fig. 7. Therefore we can use this depolarizing model as
an upper bound for the logical error rate of our physical
crosstalk error model in the main text. Also we randomize
the order of the entangling gates when dividing them into
subgroups for partial parallelism. Further optimization of
this order for lower logical error rates may be the topic of
future studies.

To further understand the scaling of the logical error rate
versus the code distance d, in Fig. 8 we plot the slope
of the curves in Fig. 6 near the error threshold. For all
the three types of parallelism levels, we see that the slope
approaches �d/2� as d increases. This scaling may appear
surprising, because by the two-qubit nature of the crosstalk
error, we expect pL ∼ p�d/4�

c in the limit pc → 0. However,
this asymptotic scaling may not hold for practical physical
error rates close to the threshold [76]. Here we provide a
hand-waving argument for the observed scaling under full
parallelism.

For simplicity, we consider surface codes with d = 4m
(m = 1, 2, . . .) such that we do not need to deal with the
�·� function in the derivation. We assume an indepen-
dent probability of pc to have two-qubit crosstalk errors
between any qubit pairs that are involved in the O(d2) par-
allel gates. In the limit pc → 0, the most probable uncor-
rectable errors correspond to a shortest error chain with
d/2 sites in the same row or the same column in Fig. 1(a)
(along the logical X or Z operators), or d/4 independent
crosstalk errors. This corresponds to the above asymptotic
scaling of pL ∼ pd/4

c . If we count the total probability of
such events, we have

pd/4 = 2d
d!

(d/2)!(d/2)!
(d/2)!

(d/4)!2d/4 pd/4
c , (A1)

where the first term represents the 2d possible rows or
columns, the second term chooses the locations of the d/2
sites in the same row or column, and the third term divides
these sites into d/4 ion pairs without considering their
order.

On the other hand, the observed pL ∼ pd/2
c scaling

suggests that we consider events with d/2 independent
crosstalk errors. These errors involve d sites randomly

014032-11



LIU, TANG, DUAN, and WU PHYS. REV. APPLIED 24, 014032 (2025)

FIG. 7. Comparison between the two-qubit depolarizing error model used in Appendix A and the two-qubit Pauli XX error model
considered in the main text for the crosstalk error. The physical error model has a lower logical error rate than the depolarizing error
model at the same parameters, with larger fluctuation in particular for small code distance d.

chosen from the total O(d2) qubits. We compute the prob-
ability that d/2 of these sites are in the same row or the
same column, while the rest d/2 locate elsewhere, which
is given by

pd/2 = 2d
d!

(d/2)!(d/2)!
(d2pc)

d/2, (A2)

where the first two terms are the same as those for pd/4 and
the factor of d2 in front of pc comes from the fact that each
given qubit may have crosstalk with O(d2) qubits, which
is basically the p̃c defined above. Note that this expres-
sion already looks similar to that for memory errors of
the surface code [43] after substituting the physical error
rate p with p̃c, hence explaining the observed scaling of
pL ∝ (p̃c/pth)

d/2.
Finally we examine the condition where Eq. (A2) dom-

inates over Eq. (A1). Note that both equations are derived
under full parallelism of O(d2) gates. By requiring pd/2 >

pd/4, we get pcd3 > e− ln 2−1, i.e., pcd2 > (1/d)e− ln 2−1.
Although the detailed value on the right-hand side may
deviate from the observed threshold due to the rough
estimation of parameters, this condition suggests that
the parameter regime where the pd/2

c scaling dominates

becomes larger as d increases, which is consistent with the
observation in Fig. 8 that the slope approaches d/2 as d
increases.

Based on the above numerical results, now we can
fit pL = A(p̃c/pth)

(d+1)/2 where A ≈ 0.01, pth ≈ 0.01, and
p̃c is the average crosstalk error per targeted entangling
gate. Similarly, for the two-qubit entangling gate with a
depolarizing error pg , we perform numerical simulation
(not shown) and fit pL = B(pg/p ′

th)
(d+1)/2 where B ≈ 0.015

and p ′
th ≈ 0.013. As for the idling error, for a physical

coherence time T and a duration t � T for each cycle,
we can regard it as a single-qubit depolarizing error of
(3/4)(1 − e−t/T) ≈ 3t/4T. Therefore, we can upper bound
its effect by absorbing it into a gate error of 3t/4T × 2/4 =
3t/8T for each entangling gate where an additional fac-
tor of 1/4 comes from the four entangling gates acting
on each physical qubit in a QEC cycle, and a factor of
2 from the fact that each entangling gate involves two
qubits.

Finally, we combine all these three types of error
together into pL ≤ max{A, B}{[pg + 3t/8T + (p ′

th/pth)p̃c]/
p ′

th}(d+1)/2. This gives the expression we use in the main
text for the asymptotic scaling of the logical error under
large d.
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FIG. 8. We plot the slope of the fitting lines in Fig. 6 below
the error threshold under different parallelism levels k and dif-
ferent code distances d. Theoretically, the asymptotic scaling
approaches �d/4� (red dashed curve) in the small pc limit. How-
ever, for practical crosstalk error rates near the error threshold
and for large d, the scaling is closer to �d/2� (black dashed
curve).

APPENDIX B: EASE ALGORITHM FOR
DESIGNING PARALLEL ENTANGLING GATES

The efficient arbitrary simultaneously entangling
(EASE) protocol is a method for designing parallel entan-
gling gates by amplitude modulation [31]. It divides the
total gate time into nseg equal segments, and finds an nseg-
dimensional vector �j for each ion j to represent the laser
amplitude on each segment. The target is to set the resid-
ual spin-dependent displacement αjk to zero in Eq. (4) and
the two-qubit phase �ij in Eq. (5) to the desired values θij .
Here we briefly summarize the procedure of this algorithm
for completeness.

Consider parallel gates between N ions in a crystal with
K collective phonon modes. For the piecewise-constant
laser amplitudes defined above, we can integrate Eqs. (4)
and (5) over each segment to express the conditions for the
ideal gate design as

A�j = 0 (∀j ), (B1)

and

�T
i Mij �j = θij (∀i < j ), (B2)

where A is a K × nseg matrix for the spin-dependent
displacement, and Mij is an nseg × nseg matrix for the
two-qubit entangling phase between the ion pair i and j.

To enforce Eq. (B1), we restrict each �j to the null space
of A by organizing its orthonormal basis vectors into a

matrix Ã and requiring

�j = Ã�̃j , (B3)

where �̃j is a column vector with the same dimension as
the null space of A, satisfying ‖�̃j ‖2 = ‖�j ‖2.

By substituting Eq. (B3) into Eq. (B2), we transform the
quadratic constraints into

�̃
T
i M̃ij �̃j = θij (∀i < j ), (B4)

where M̃ij = ÃTMij Ã.
Now the EASE algorithm proceeds as follow. First we

identify the connected components among the ions such
that θij = 0 for all the ion pairs located in different com-
ponents. We reorder the ions to group the ions within the
same component together, and to ensure that the first two
ions in each component have nonzero targeted entangle-
ment θij . (For the application in the main text, we have
pairwise entanglement between the parallel gates, so either
θij = 0 or θij = ±π/4, but here we describe the gen-
eral algorithm to design arbitrary parallel gates.) Then we
sequentially determine �̃j for each ion.

(1) For the first and the second ions in a connected com-
ponent labeled by k and k + 1, we note that they are not
entangled to any preceding ions, hence

�̃
T
k′M̃k′,k�̃k = �̃

T
k′M̃k′,k+1�̃k+1 = 0 (∀k′ < k). (B5)

We can construct a matrix for ion k

εk =

⎡

⎢⎢⎢⎢⎢⎣

�̃
T
1M̃1,k

�̃
T
2M̃2,k

...

�̃
T
k−1M̃k−1,k

⎤

⎥⎥⎥⎥⎥⎦
, (B6)

and similarly a matrix εk+1 for ion k + 1. Then the condi-
tions in Eq. (B5) can be expressed as

εk�̃k = εk+1�̃k+1 = 0, (B7)

where again the solutions are restricted to the null space
of these matrices.The original EASE protocol determines
�̃k and �̃k+1 by finding the largest eigenvalue of M̃k,k+1
and projecting the corresponding eigenvector onto the null
spaces of εk and εk+1. Here we slightly modify this step to
further lower the required laser intensity.Similar as before,
we use matrices ε̃k and ε̃k+1 to denote the orthonormal
basis vectors of the null spaces of εk and εk+1, respectively.
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To restrict �̃k and �̃k+1 to these null spaces, we require

�̃k = ε̃k
˜̃�k, �̃k+1 = ε̃k+1

˜̃�k+1. (B8)

Then Eq. (B4) becomes

˜̃�
T
k
˜̃M k,k+1

˜̃�k+1 = θk,k+1, (B9)

where ˜̃M k,k+1 = ε̃T
k M̃k,k+1̃εk+1. Now we get ˜̃�k and ˜̃�k+1

as the left and right singular vectors of ˜̃M k,k+1 correspond-
ing to the largest singular value, and rescale them to get
the desired θk,k+1. By plugging them back to Eqs. (B8)
and (B3), we obtain the solutions to �k.

(2) For a subsequent ion k + l in a given connected
component (l ≥ 2), we similarly construct a matrix εk+l as
Eq. (B6) and require

εk+l�̃k+l = [0, 0, . . . , θk,k+l, . . . , θk+l−1,k+l]T. (B10)

We can further minimize ‖�̃k+l‖2 subjected to this con-
straint, which is just the minimum-norm solution to a
system of linear equations and can be computed using the
standard linear algebra method. Note that here we mention
this part of the algorithm for completeness, although in the
main text we only consider pair-wise entangling gates so
that the current situation will not occur. Overall, the time
complexity of the algorithm is O(KN 2n2

seg + Nn3
seg).

APPENDIX C: ERROR MODELS IN KRAUS
REPRESENTATION

Here we summarize the error models considered in the
numerical simulation.

(1) Gate error. We apply a two-qubit depolarizing chan-
nel with an error probability pg after each two-qubit gate
CNOTij between qubits i and j, given by

Eij (ρ)= (1 − pg)ρ + pg

15

∑

Ei,Ej ∈{I ,X ,Y,Z}
Ei⊗Ej �=I⊗I

(Ei ⊗ Ej )ρ(Ei ⊗ Ej ).

(C1)

(2) Idling error. We apply a single-qubit depolarizing
channel on all the qubits with an error probability pd before
each round of QEC cycle, given by

E(ρ) = (1 − pd)ρ + pd

3

∑

E∈{X ,Y,Z}
EρE. (C2)

Here pd = 3
4 (1 − e−t/T) can be computed from the coher-

ence time of the physical qubit T and the duration of each
QEC cycle t. When reporting an idling error rate pi per

unit time t0 (the duration of the CNOT gate), we also have
pd = 3

4 [1 − (1 − 4
3 pi)

t/t0 ] ≈ (t/t0)pi.
(3) Crosstalk error. For each pair of two-qubit gates

CNOTij and CNOTkl that are applied in parallel (there is no
overlap between any i, j , k, l for parallel gates), we apply
the following error channel with a crosstalk probability pc

Eij (ρ) = (1 − 4pc)ρ + pc(Zi ⊗ Zk)ρ(Zi ⊗ Zk)

+ pc(Xj ⊗ Xl)ρ(Xj ⊗ Xl)

+ pc(Zi ⊗ Xl)ρ(Zi ⊗ Xl)

+ pc(Xj ⊗ Zk)ρ(Xj ⊗ Zk). (C3)

Note that we always have Z-type errors on the control
qubits, and X -type errors on the target qubits. Also note
that in Appendix A, to remove the internal structure of
the errors for better scaling analysis, we replace this error
model by two-qubit depolarizing channels between the
ion pairs (i, k), (i, l), (j, k), and (j, l), each with an error
probability of pc.

APPENDIX D: TYPICAL EXPERIMENTAL
PARAMETERS

We list some typical parameters for single-qubit gates,
two-qubit gates, and measurements in current ion-trap
experiments in Table I. Note that for different ion species
and different gate or measurement protocols, the duration
for these operations can vary significantly. In the main
text we set the typical single-qubit gate time as 0.1 of the
two-qubit gate time, and the measurement time as 5. Also,
we consider a two-qubit gate time of 500 µs and 100 µs
as numerical examples in Sec. V. The physical coher-
ence times of 5 × 104 and 105 then translate into 25 and
10 s, respectively, which are much shorter than the longest
reported coherence time of a single ionic qubit above one
hour [68].

TABLE I. Typical parameters for single-qubit (1Q) gates,
two-qubit (2Q) gates and measurements in current ion trap
experiments.

Operation Error Duration
Duration in 2Q

gate time

2Q gate 1 × 10−3 [8] 100 µs [8] 1
8 × 10−4 [9] 30 µs [9]

5 × 10−3 [12] 900 µs [12]

1Q gate 7 × 10−5 [8] 7.5 µs [8] ∼0.1
4 × 10−5 [9] 2 µs [9]

2 × 10−4 [12] 110 µs [12]

Measurement 2 × 10−3 [4] 100 µs [4] 1 ∼ 10
6 × 10−6 [4] 1 ms [4]
9 × 10−5 [5] 4.55 ms [5]

9 × 10−4 [77] 2.5 ms [77]
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