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We present an analytical framework capable of describing spin-wave dynamics in magnetic
heterostructures composed of a pair of exchange-decoupled magnetic layers separated by a nonmagnetic
spacer, focusing in particular on garnet-based multilayers. The model captures the formation of collective
spin-wave modes, namely symmetric and antisymmetric, arising from dipolar coupling and provides direct
access to the dispersion relation of the system and consequent interference phenomena. This formalism
establishes a versatile theoretical tool for the predictive design of dipolarly coupled magnonic devices,
providing access to their eigenfrequencies and mode shapes.
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I. INTRODUCTION

The design of magnetic heterostructures lies at the core
of spintronics and nanomagnetism. Central to this effort
is the ability to engineer spin transport through careful
control of interfacial properties, material selection, and
layer composition [1–9]. Such heterostructures represent a
versatile platform for engineering the magnonic dispersion
relation and introduce tailored magnetic anisotropies
capable of breaking spin-wave reciprocity, enabling
compact and reconfigurable magnonic devices that offer
directional control, signal routing, and interference-based
functionalities [10–19]. Their theoretical description
builds upon foundational studies of single-layer thin-film
magnets [20,21] and it has been progressively extended to
multilayered systems [14,22–26].
In this work, we focus on magnetic heterostructures

composed of two exchange-decoupled magnetic layers

separated by a nonmagnetic spacer, describing their
collective behavior and its dependence on the dipolar
coupling. The nontrivial form of the interaction leads to
the formation of collective spin-wave modes. Higher and
lower frequency branches naturally emerge in the disper-
sion modes, accompanied by range of effects including
interference phenomena [27,28] and tunable energy trans-
fer. Consistent with previous studies on lateral dipolarly
coupled waveguides [28] and with vertical backward-
volume configurations in permalloy heterostructures [29],
vertically stacked magnetic systems support the simulta-
neous excitation of spin-wave eigenmodes characterized
by different wave vectors ks and kas, at fixed frequency
(ω�), corresponding to collective symmetric and antisym-
metric oscillations. Their resulting wave vector separation
Δkx ¼ ksðω�Þ − kasðω�Þ leads to interference and a trans-
fer of energy between the two magnetic layers over a
coupling length Lcouplingðω�Þ ≈ π=jΔkxðω�Þj. The resulting
spatial modulation of the averaged spin-wave intensity
arises from this coupled dynamics.
Stacking of magnetic layers along the out-of-plane

direction introduces a nontrivial behavior of the global
demagnetizing tensor of the system. This problem cannot
be treated as a simple lifting of the degeneracy of the
single-layer modes. Such an approach fails to capture the
spatially coupled nature of the dipolar interaction and its
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role in determining the symmetry and dispersion of the
heterostructure eigenmodes. Developing a compact ana-
lytical framework for dipolar-coupled systems is therefore
essential for identifying the physical mechanisms gov-
erning the formation of collective spin-wave modes.
In contrast to laterally coupled waveguides (see Fig. 1),

vertically coupled magnetic/nonmagnetic/magnetic (M/
NM/M) waveguides can exhibit a k ≠ 0 point where the
coupling length may diverge, signaling a transition to an
effectively uncoupled regime. This leads to coupling
lengths that can vary potentially from infinite distances
to sub-μm, thus paving the way to a rich variety of tunable-
purpose devices, such as power splitters and 3D power
transfer architectures [29,30].
In this work, we introduce an analytical model for spin

waves in vertically coupled magnetic layers separated
by a nonmagnetic spacer that suppresses direct exchange
interaction. The model exploits a Fourier-space
approach, starting from the linearized Landau-Lifshitz
equation, and extends formalisms previously developed
for planarly coupled waveguides [28,31]. By expressing
the problem in terms of a tensorial operator that incor-
porates exchange, anisotropy, and both self and mutual
dipolar interactions, we obtain a compact eigenvalue
formulation that naturally yields symmetric and anti-
symmetric collective modes without invoking ad hoc
splitting assumptions. The model is general to arbitrary

relative orientations between the spin-wave wave vector
and the equilibrium magnetization direction. We apply
the formalism to recently investigated vertically stacked
heterostructures and benchmark the analytical results
against micromagnetic simulations.

II. FOURIER-SPACE APPROACH

A. Hypotheses and validity of the model

The model relies on four main approximations. First, we
consider heterostructures that are uniformly magnetized,
thereby excluding complex micromagnetic configurations
such as multidomain states or noncollinear textures.
Second, the magnetization profile along the out-of-plane
direction is assumed to be uniform across the thickness of
each layer, thus restricting the analysis to magnetic thin
films, particularly concentrating on the fundamental vol-
ume mode (nz ¼ 0). This assumption also limits the
validity of the model for Damon-Eshbach configuration
to the dipolar region of the spectrum, i.e., where the
condition kt ≪ 1 can be satisfied [20].
Third, total pinning boundary conditions are assumed at

the lateral edges [28]. In particular, in this study, we focus
on the fundamental even width mode (ny ¼ 0) accounting
for mðyÞ ¼ cos ðπw yÞ. This framework may be generalized
to higher-order even and odd modes by adjusting the width
profile and pinning conditions accordingly [32–34].

FIG. 1. (a) Comparison of the spin-wave dispersion relation between laterally coupled waveguides (red), vertically coupled
heterostructure waveguides (orange), and an infinite film heterostructure (blue), in backward-volume configuration. The vertical
heterostructure (blue and orange) is calculated for YIGð100 nmÞ=NMð50 nmÞ=YIGð100 nmÞ in which the vertical waveguides have a
width w ¼ 100 nm. The lateral waveguide configuration (red) has two waveguides of thickness t ¼ 50 nm of YIG separated by
100 nm. The applied external field is μ0Ha ¼ 10 mT. (b) Schematic of the reference frames employed in the study: x is the longitudinal
propagation direction, y is the transverse direction along the width (w) of the sample, z is the out-of-plane direction, θ the polar angle
and ϕ the azimuthal one. (c) Schematic of the system consisting of two magnetic layers of thickness tp and tq, separated by a
nonmagnetic spacer of thickness δ, supporting symmetric and antisymmetric oscillations under radio-frequency excitation.
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Finally, magnetic damping is not included in the present
discussion. These four assumptions enable an analytical
evaluation of the demagnetizing tensor in Fourier space
and lead to a compact eigenvalue formulation for the
coupled spin-wave modes. As a consequence, the model
does not capture phenomena associated with nonuniform
thickness profiles, boundary pinning effects, or partially
saturated magnetic states. In particular, deviations from
full agreement with micromagnetic simulations are
expected at increasing wave vectors, where thickness-
mode hybridization and nonuniform magnetization pro-
files become progressively more relevant.

B. Dipolarly coupled waveguides

The magnetization vector is defined within the small-
signal approximation as

M⃗ðr⃗; tÞ ¼ Msμ⃗þ m⃗ðr⃗; tÞ; km⃗ðr⃗; tÞk ≪ Ms; (1)

where μ⃗ is the unit vector along the equilibrium magneti-
zation direction, Ms is the saturation magnetization, and
m⃗ðr⃗; tÞ ¼ ðmx;my;mzÞ is the space- and time-dependent
dynamic component describing the magnetization preces-
sion in the linear regime.
By substituting Eq. (1) into the Landau-Lifshitz-Gilbert

equation, neglecting the damping term, and linearizing the
resulting expression (see Supplemental Material S1 [70]),
a Fourier-space representation [20] for spin waves propa-
gating along the x direction is obtained,

−iωðpÞ
kx

Î m⃗ ðpÞ
kx

¼ μ⃗ ×
X
q

Ω̂ðpqÞ
kx

m⃗ ðqÞ
kx
; (2)

where p; q∈ f1; 2g label the magnetic layers, Î is the
identity matrix, kx is the wave vector along the propagation

direction, and Ω̂ðpqÞ
kx

is a tensor operator incorporating
exchange, dipolar, and uniaxial anisotropy contributions.
Solving this equation allows us to write the associated
eigenvalue problem of the system in the frequency domain.

The general form of the operator Ω̂ðpqÞ
kx

reads

Ω̂ðpqÞ
kx

¼ γ½BðpÞ þ μ0M
ðpÞ
s ðλðpÞex Þ2ðk2x þ κ2Þ�δpqÎ

− ωðpÞ
M

2KðpÞ

μ0ðMðpÞ
s Þ2

ðu⃗ ðpÞ ⊗ u⃗ ðpÞÞδpq

þ ωðqÞ
M F̂ðpqÞ

kx
ðdpqÞ; (3)

where γ is the gyromagnetic ratio and μ0 is the vacuum
permeability. The quantity BðpÞ denotes the static internal
magnetic field of layer p, while the exchange length is
defined as λex ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2A=ðμ0M2

sÞ
p

. Here KðpÞ and u⃗ ðpÞ are the
anisotropy constant and anisotropy axis of layer p,
respectively, and dpq is the distance between the centers
of the magnetic layers along the thickness direction. The
contribution of the transverse wave vector is accounted for
by κ ¼ π=w, while ωM ¼ γμ0Ms is the zero-field Larmor
frequency. The internal field BðpÞ [35] can be written
explicitly as

BðpÞ ¼ B⃗a · μ⃗− μ0M
ðpÞ
s μ⃗ ·

�
F̂ðppÞ
kx¼0ð0Þ þ

MðqÞ
s

MðpÞ
s

F̂ðpqÞ
kx¼0ðdpqÞ

�
μ⃗

þ μ⃗ ·
2KðpÞ

MðpÞ
s

ðu⃗ ðpÞ ⊗ u⃗ ðpÞÞμ⃗; (4)

where B⃗a denotes the external magnetic field, F̂ðppÞ
kx¼0 is

the static self-demagnetizing tensor of the layer p, and

F̂ðpqÞ
kx¼0 accounts for the correction arising from the embed-

ding layer p within the heterostructure. The tensor F̂ðpqÞ
kx

describes the dipolar interaction in reciprocal space,
including self- and mutual coupling between the layers.
Following Wang et al. [28], we exploit the Fourier-space
approach developed by Beleggia et al. [36] to compute
the dipolar field components of the coupled system. The
dipolar tensor elements are given by

ðF̂ðpqÞ
kx

Þ
ij
¼ 1

2π

Z þ∞

−∞
ðN̂ðpqÞ

k Þijdky; i; j ¼ x; y; z; (5)

N̂ðpqÞ
k ¼ jσkj2

w̃

0
BBB@

k2x
k2 Δpq

kxky
k2 Δpq i kxk Δ̃pq signðzp − zqÞ

kxky
k2 Δpq

k2y
k2 Δpq i kyk Δ̃pqsignðzp − zqÞ

i kxk Δ̃pq signðzp − zqÞ i kyk Δ̃pqsignðzp − zqÞ δpq − Δpq

1
CCCA; (6)

with auxiliary functions,
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Δpq ¼ f̃ðk; tp; tq;δÞþ ½fðktpÞ− f̃ðk; tp; tq;δÞ�δpq;
Δ̃pq ¼ f̃ðk; tp; tq;δÞð1− δpqÞ;

fðktpÞ ¼ 1− 1− e−ktp
ktp

;

f̃ðk; tp; tq;δÞ ¼
ð1− e−ktpÞð1− e−ktqÞ

2ktp
e−kδ;

where k2 ¼ k2x þ k2y, δpq is the Kronecker delta, tq in-
dicates the thickness of layer q, zp and zq denote the z
positions of the centers of the two magnetic layers, σk is
the Fourier transform of the transverse spin-wave profile,
and w̃ is the normalization constant associated with the

transverse mode mðyÞ [28], and N̂ðpqÞ
k is the magneto-

metric tensor [31] (the main steps of the derivation of
the magnetometric tensor are reported in Supplemental
Material S2 [70]).
In order to solve Eq. (2), it is possible to note that μ⃗ × v⃗

(where v⃗ is a generic vector here) can be expressed in
matrix form as

μ⃗ × v⃗ ¼ μ̂ v⃗; μ̂ ¼
0
@ 0 −μz μy

μz 0 −μx−μy μx 0

1
A: (7)

Equation (2) can thus be written for layers p ¼ 1; 2
expressed as

8<
:

−iωð1Þ
kx
Î m⃗ ð1Þ

kx
¼ μ̂

�
Ω̂ð11Þ

kx
m⃗ ð1Þ

kx
þ Ω̂ð12Þ

kx
m⃗ ð2Þ

kx

�

−iωð2Þ
kx
Î m⃗ ð2Þ

kx
¼ μ̂

�
Ω̂ð21Þ

kx
m⃗ ð1Þ

kx
þ Ω̂ð22Þ

kx
m⃗ ð2Þ

kx

� (8)

with m⃗kx ¼ ðmx;my;mzÞ∈C3. This allows us to reformu-
late the mathematical equations framework in an explicit
eigenvalue problem:

−iω m̂ ¼ μ̂C Ω̂C m̂; (9)

with mkx ∈C6 referring to the three spatial components of
the magnetization in layers p and q, while μ̂C denotes the
skew-symmetric matrix unveiling the coupling mecha-
nism. This can be directly appreciated from the explicit
tensor formalism below:

−i
�
ω̂ 0

0 ω̂

��
m⃗ ð1Þ

m⃗ ð2Þ

�
¼
�
μ̂ 0

0 μ̂

��
Ω̂ð11Þ Ω̂ð12Þ

Ω̂ð21Þ Ω̂ð22Þ

��
m⃗ ð1Þ

m⃗ ð2Þ

�
;

(10)

with ω̂ ¼ ωÎ3, and indices kx have been neglected to
simplify the notation.
This formulation enables a direct evaluation of the

eigenmodes and dispersion relations in vertically coupled
magnetic systems, where symmetric and antisymmetric

spin-wave modes emerge from the dynamic dipolar inter-
action encoded in the off-diagonal tensors Ω̂ð12Þ and Ω̂ð21Þ.
Within this framework, the associated eigenvalue

problem can be solved, allowing direct access to the
spin-wave dispersion relations and the corresponding
dynamic magnetization profiles, along the propagation
direction (x̂) for each layer. Expressing the equilibrium
magnetization direction in spherical coordinates as μ⃗ ¼
ðsin θ cosϕ; sin θ sinϕ; cos θÞ enables a unified treatment
of arbitrary orientations of the applied magnetic field with
respect to the propagation direction x̂, under the full-
saturation approximation. The substitution of μ⃗ into the
skew-symmetric matrix μ̂ in Eq. (10) then allows the direct
numerical evaluation of the eigenvalue problem.
Within this formalism, the model can be generalized

to account for arbitrary relative orientations between the
wave vector and the external magnetic field, as well as
different layer thicknesses, saturation magnetizations,
exchange constants, and anisotropy strengths and direc-
tions. The resulting eigenvalue problem can be efficiently
solved using standard numerical approaches.

C. Homogeneous saturation magnetization
in the absence of anisotropy

To extract the essential physical features of dipolarly
coupled systems, we focus the analysis on two identical
magnetic layers separated by a nonmagnetic spacer,
neglecting magnetic anisotropies (Fig. 2). For these cases,
it is possible to derive a closed and compact analytical
formulation that highlights the role of dynamic dipolar
coupling.
The diagonal blocks of the interaction tensor satisfy

Ω̂ð11Þ ¼ Ω̂ð22Þ, while the mutual interaction blocks obey
Ω̂ð12Þ ≠ Ω̂ð21Þ. This asymmetry originates directly from the
opposite signs of the off-diagonal demagnetizing tensor

components N̂ðpqÞ
k;xz and N̂ðqpÞ

k;xz . The physical origin of this
behavior lies in the layered geometry: the presence of an
upper magnetic layer introduces a directional dependence
in the dipolar interaction that is absent in laterally coupled
systems [28], where the dipolar tensor remains symmetric,
i.e., Ω̂ðpqÞ ¼ Ω̂ðqpÞ.
In vertically coupled heterostructures, the relative dis-

placement along the out-of-plane direction introduces a
nontrivial phase factor in the mutual dipolar interaction. In
particular, this results in a π-phase shift between the
antidiagonal components of the interaction tensor Ω̂c.
This distinction can be formally understood by examining
the construction of the diagonal and off-diagonal tensor
blocks. The diagonal terms Ω̂ðppÞ arise from integration
over the thickness of each individual waveguide and
therefore describe intralayer interactions, remaining for-
mally analogous to the lateral case. In contrast, the mutual
terms Ω̂ðpqÞ (p ≠ q) involve integration across the full
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heterostructure thickness and encode interlayer dipolar
coupling. This structural asymmetry is explicitly captured
by the auxiliary functions Δpq and Δ̃pq, which govern self-
and mutual-layer contributions, respectively, and the sign

function signðzp − zqÞ present in xz and yz terms of N̂ðpqÞ
k .

Despite the lack of symmetry between the mutual
interaction tensors, the mathematical properties of the
integrals defining the demagnetizing tensor allow a partial
simplification of the problem. In particular, it leads to:

(i) Fð12Þ
kx;xy

¼ Fð21Þ
kx;xy

¼ 0,

(ii) Fð12Þ
kx;xz

¼ −Fð21Þ
kx;xz

, with Fð12Þ
kx;xz

; Fð21Þ
kx;xz

∈ Im,

(iii) Fð12Þ
kx;ii

¼ Fð21Þ
kx;ii

, with Fð12Þ
kx;ii

; Fð21Þ
kx;ii

∈R,
where i ¼ x; y; z. This approach enables a unified treat-
ment of spin-wave dispersion according to the relative
angle between the magnetization and the applied external
magnetic field, leading to the general mathematical form:

ωs;as ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω0 � ωM

ffiffiffiffiffi
Ω0pq
: (11)

In each case, the unit vector μ⃗ defines the equilibrium
magnetization direction, and its substitution into the skew-
symmetric matrix μ̂C allows the derivation of the respec-
tive analytical expressions. Here, we explicitly state the
analytical forms for the three main dipolar configurations:

(i) Backward-volume (BV) waves (k⃗kμ⃗, coplanar):

Ω0 ¼ ΩyyΩzz þ ω2
MF

ð12Þ
yy Fð12Þ

zz ;

Ω0 ¼
�
ΩyyF

ð12Þ
zz þ ΩzzF

ð12Þ
yy

�
2
: (12)

(ii) Damon-Eshbach (DE) surface waves (k⃗⊥μ⃗,
coplanar):

Ω0 ¼ ΩxxΩzz þ ω2
MF

ð12Þ
xx Fð12Þ

zz þ ω2
MðFð12Þ

xz Þ2;
Ω0 ¼

�
ΩzzF

ð12Þ
xx þΩxxF

ð12Þ
zz

�
2

þ 4ω2
MF

ð12Þ
xx Fð12Þ

zz

�
Fð12Þ
xz

�
2
: (13)

(iii) Forward-volume (FV) waves (noncoplanar k⃗
and μ⃗):

Ω0 ¼ΩxxΩyyþω2
MF

ð12Þ
xx Fð12Þ

yy

þω2
M

�
Fð12Þ
xy

�
2−ω2

MF
2
xy;

Ω0 ¼
�
ΩyyF

ð12Þ
xx þΩxxF

ð12Þ
yy

�
2

þ 4ω2
MF

ð12Þ
xx Fð12Þ

yy

�
Fð12Þ
xy

�
2− 4ω2

MF
2
xy

�
Fð12Þ
xy

�
2
:

(14)

Upon numerical evaluation of the integrals defining the
tensor elements ðF̂ðpqÞ

kx
Þ
ij
, the corresponding dispersion

relations can be obtained. The resulting spectra, shown
in Figs. 2(a)–2(c), display good agreement with Object
Oriented MicroMagnetic Framework (OOMMF) micro-
magnetic simulations [37] and the TetraX [38,39] pack-
ages. Simulation details are provided in Supplemental
Material S3 [70]. From the eigenvalue solution, the
associated eigenvectors can be obtained, allowing the
reconstruction of the spatial profiles of the dynamic
magnetization, as illustrated in Figs. 3(b)–3(d). When

FIG. 2. (a)–(c) Comparison between micromagnetic simulations performed using OOMMF (see Supplemental Material S3 [70]) and
the analytical model for the backward-volume, Damon-Eshbach, and forward-volume configurations, respectively, in the absence of
magnetic anisotropy, for YIG100 nm=NM4 nm=YIG100 nm thin film heterostructure with a 200 × 200 μm simulation size,
with μ0Ha ¼ 300 mT.
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the system is driven at a fixed frequency, the excitation
intersects both the symmetric and antisymmetric branches
at the wave vectors ks and kas. The real space magneti-
zation profile along the propagation direction for each of
these modes is expressed as

mðx;ωiÞ ¼

			mðpÞ
ki

						mðpÞ
ki

			þ			mðqÞ
ki

			 cos ðkixþ ϕki − ωitÞ; (15)

with i ¼ s; as and p; q ¼ 1; 2.

The resulting superposition of symmetric and anti-
symmetric modes gives rise to the spatial modulation
of the spin-wave intensity across the heterostructure.
For a given magnetic layer p and component i, the
specific dynamic magnetization component can be written
explicitly as

m̃ðx; tÞ ¼ 2jmks j cos ðksxþ ϕks − ωtÞ
þ 2jmkas j cos ðkasxþ ϕkas − ωtÞ; (16)

FIG. 3. (a) Qualitative sketch of the symmetric and antisymmetric spin-wave profiles (i), (ii) and their collective behavior due to
interference at fixed frequency (iii). (b)–(d) Dispersion relations in the positive-wave vector region for a YIG=NM=YIG heterostructure
(micromagnetic parameters of YIG are listed in Table I), with t ¼ 100 nm, δ ¼ 4 nm, w ¼ 200 μm and an applied external field
μ0Ha ¼ 300 mT, highlighting the symmetric and antisymmetric character of the oscillating magnetization at the resonant frequency
for each spin-wave configuration. Insets show the associated spin-wave mode normalized profile amplitude mp;qðxÞ, with p and q the
top and bottom layers. (e)–(g) Normalized oscillating spatial intensity [cosðΔkxxþ ΔϕkÞ] of the dynamic magnetization resulting from
the coexistence of the two wave vectors selected at a fixed excitation frequency [as indicated in (b)–(d) dashed lines], shown for the BV,
DE, and FV configurations, respectively, together with the associated coupling length LC.
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where jmks j, jmkas j and ϕks , ϕkas are the moduli [weighted
over the heterostructure as expressed in Eq. (15)] and
phases of the respective eigenvectors. This can lead to an
associated time-averaged intensity IðxÞ ∝ hm̃2ðx; tÞit:

IðxÞ ∝ 2jmks j2 þ 2jmkas j2
þ 4jmks jjmkas j cos ðΔkx xþ ΔϕkÞ; (17)

showing that the resulting interference pattern is sinus-
oidally distributed along the propagation direction, peri-
odically concentrating the energy into one or the other
layer, as depicted in Figs. 3(e)–3(g). For each wave vector
kx, the dispersion relation exhibits both higher and lower
frequency branches, corresponding to collective symmet-
ric and antisymmetric excitations of the heterostructure,
as can be appreciated from the reported spatial profiles
mp;qðxÞ in Fig. 3.
Even within this simplified setting, we emphasize that

the analytical model is built upon the linearization of the
Landau-Lifshitz-Gilbert equation, where the two magnetic
layers are initially treated as independent subsystems, as
reflected in the structure of the tensor Ω̂ðpqÞ

kx
on the right-

hand side of Eq. (10).
The dynamic coupling between the layers emerges only

through the careful evaluation of the coupled terms. In fact
recasting the right-hand side of Eq. (2) with the auxiliary
skew matrix properly captures the complex dipolar land-
scape of the structure. It describes both the behavior of the
single layer as an isolated system, and the energetic terms
from being embedded in the heterostructure, thus prevent-
ing a simple linear Bloch-type picture of the formΩ0 �Ω0.
This highlights the intrinsically nontrivial nature of the
modes in dipolarly coupled systems, where the eigen-
frequencies result from the full tensorial structure of the
mutual interaction rather than from a perturbative splitting
of uncoupled modes. Figures 3(b)–3(d) schematically
illustrates the spatial profiles associated with the symmet-
ric and antisymmetric modes. The two precession states
exhibit the same resonant frequency with distinct spatial
modulation. In principle, this can be exploited to induce
controlled interference effects within the heterostruc-
ture through appropriate design of the radio-frequency
transducers [40,41].

III. SIMPLIFIED PERTURBATIVE APPROACH

As discussed above, a full analytical determination of
the eigenvalues and eigenvectors of the system requires
solving the complete coupled spin-wave eigenproblem,

μ̂CΩ̂Cm ¼ −iωm; (18)

where the intrinsic coupling between the layers is encoded
in the tensor Ω̂. While this formulation captures the
physics exactly, its complexity motivates the introduction

of a simplified perturbative approach, which nevertheless
provides insight into the nature and energy of the collec-
tive modes.
Within this simplified model we can think to separate

the eigenvalues of the uncoupled layers from the coupling
mechanism. Let us introduce the matrix Θ0, accounting for
the intralayer terms, and Θ0 for the interlayer terms.
We may rewrite Eq. (18) as

ðΘ0 þ λΘ0Þðϕþ λϕ0Þ ¼ −iðω0 þ λω0Þðϕþ λϕ0Þ; (19)

where we write m as the sum of an unperturbed eigen-
vector ϕ plus a perturbative correction ϕ0.
Noting that in the BV, DE, and FV configurations, the

full operator μ̂CΩ̂C can always be reduced to a four-
dimensional subspace, the eigenproblem can be written as

��
Θ0

pp 0

0 Θ0
qq

�
þ
�

0 Θ0
pq

Θ0
qp 0

���
c1
c2

�
¼ −iω

�
c1
c2

�
:

(20)

Since the problem is non-Hermitian, left and right
eigenvectors must be introduced, satisfying the biortho-
normality condition hϕL

i jϕR
j i ¼ δij [42,43].

The perturbative eigenproblem then takes the general-
ized form

� hϕL
1 jΘ0jϕR

1 i hϕL
1 jΘ0jϕR

2 i
hϕL

2 jΘ0jϕR
1 i hϕL

2 jΘ0jϕR
2 i

��
α

β

�
¼ −iω0

�
α

β

�
: (21)

This system yields two degenerate unperturbed solu-
tions at frequency ω0, associated with left and right
eigenvectors ϕL;R

1;2 . A compact expression, valid for all
three configurations in an infinite film, is obtained by
choosing ði; jÞ ¼ ðy; zÞ in the BV case, ðx; zÞ in the DE
case, and ðx; yÞ in the FV case:

ϕL
1 ¼ 1ffiffiffi

2
p

�
�i

Ωii

ω0

; 1; 0; 0
�
; ϕR

1 ¼ 1ffiffiffi
2

p

0
BBB@

∓i Ωjj

ω0

1

0

0

1
CCCA;

ϕL
2 ¼ 1ffiffiffi

2
p

�
0; 0;�i

Ωii

ω0

; 1
�
; ϕR

2 ¼ 1ffiffiffi
2

p

0
BBB@

0

0

∓i Ωjj

ω0

1

1
CCCA:

(22)

Projecting the perturbation onto the degenerate sub-
space yields
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Θ0 ¼
�

0 − iωM
2

Δ
− iωM

2
Δ 0

�
; Δ ¼ ΩiiFjj þ ΩjjFii

ω0

;

(23)

which allows the calculation of the frequency correctionω0
and the associated eigenvectors ϕ0

� ¼ α�ϕ1 þ β�ϕ2:

ω0 ¼ �ωM

2
jΔj;

ϕ0þ ¼
� Δ

jΔj
1

�
; ϕ0− ¼

�− Δ
jΔj
1

�
: (24)

These solutions represent the collective symmetric and
antisymmetric oscillations of the two magnetic layers.
Within this framework, it is possible to identify how the
mode symmetry is associated with the, higher and lower,
frequency branches at a given wave vector. Inspection of
Fig. 4 reveals that the sign of Δ exhibits opposite behavior
in the BV configuration compared with the DE and FV
cases. As a consequence, the symmetric and antisymmetric
modes belong to the lower and higher frequency branches,
respectively, in the DE and FV configurations, while the
opposite occurs in the BV configuration. This implies that,
at a fixed excitation frequency, the symmetric mode is
associated with the smaller wave vector and therefore
with the larger wavelength, in the case of an infinite film.
Within this simplified perturbative approach, the separa-
tion between the bands and its behavior in laterally con-
fined cases can be directly evaluated and compared with
the computed Ω0 from Eqs. (12)–(14) (see Supplemental
Material S4 [70]).

IV. MODEL EVALUATION

Having established the analytical framework, we now
evaluate the predictive capabilities of the model and illus-
trate how appropriate choices of geometry and material
parameters allow engineering of the spin-wave dispersion
relations and the associated spin-wave modes. We begin by
considering common representative magnonic materials:
yttrium iron garnet (YIG), permalloy (NiFe), and cobalt
iron boron (CoFeB), in BV and DE spin-wave configura-
tions [27–29,44–47]. The corresponding material para-
meters and film thicknesses used in the calculations are
summarized in Table I.
In Fig. 5, the resulting dispersion relations for the

studied heterostructures are shown, including symmetric
CoFeB, NiFe, and YIG bilayers, as well as their asym-
metric combinations.
As expected, the ferromagnetic resonance (FMR, i.e.,

kx ¼ 0) coincides in the DE and BV configurations. In
contrast, making the two layers from different materials
leads to the opening of a gap at kx ¼ 0 with respect to the
case of heterostructures composed of the same magnetic
material [vertical arrows in Figs. 5(c) and 5(d)]. No dipolar
coupling occurs for k → 0, due to vanishing off-diagonal
terms in Eq. (10), i.e., retrieving the expected distinct
FMR of the two layers. Interestingly enough, in DE con-
figuration, comparison between the NiFe=CoFeB and
CoFeB=NiFe stacks reveals that reversing the material
order provides an additional degree of freedom to control
the propagation direction and group velocity of spin
waves, as correctly captured by the presented model.
In general, when the two magnetic layers possess

different micromagnetic parameters, a finite gap opens
between the symmetric and antisymmetric branches.
Equivalently, this behavior can be interpreted as the lifting
of a degeneracy at kx ¼ 0, as will be discussed in more
detail in Sec. IVA. The gap opening between two branches
can be directly traced back to the micromagnetic contri-
butions entering the definition of the internal fields,
which modify the diagonal terms of the interaction tensor.
This indicates that material doping, interface engineering,
or growth-induced variations in magnetic parameters
can be used to tune the dispersion relations and mode
symmetry according to the desired functionality of the
heterostructure.
In particular, in the DE configuration for nonequivalent

layers, a pronounced nonreciprocal behavior emerges
[48–50]. In contrast to the BV case, in the DE configu-
ration the Fxz and Fzx terms enter explicitly into the
eigenvalue formulation, thereby introducing a nonrecip-
rocal correction. As will be further clarified in Sec. IVA,
this behavior represents a general property of this micro-
magnetic configuration, namely that any micromagnetic
asymmetry between the two layers is translated into a
nonreciprocal spin-wave response.

FIG. 4. Frequency correction,Δ, calculated from the simplified
perturbative model for different spin-wave configurations in
the case of YIG heterostructure (micromagnetic parameters in
Table I with w ¼ 100 μm, t ¼ 100 nm, δ ¼ 4 nm, and
μ0Ha ¼ 300 mT. Notably, the BV configuration exhibits an
opposite trend compared with DE and FV, accounting for the
distinct association of symmetric and antisymmetric modes with
the two branches.
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A. Dipolarly coupled iron garnets

Given the model’s material agnosticism, we now focus
our analysis on iron-garnet-based heterostructures. These
materials offer a unique combination of low damping,
tunable magnetization and anisotropy, while maintaining
high epitaxial quality [51–57]. For instance, in pulsed-laser-
deposited films, not only can the cation-site occupancy be
tailored through chemical composition, but growth para-
meters such as substrate choice, deposition atmosphere,
and temperature can be exploited to engineer strain and
anisotropy [58,59]. Perpendicular magnetic anisotropy can

be induced via magnetoelastic or magnetotaxial effects and
tuned through lattice or thermal mismatch strain between
the film and the substrate [60–62]. Moreover, an appropriate
choice of the nonmagnetic spacer could allow the suppres-
sion of interfacial exchange coupling, while preserving the
epitaxy, and then ensuring that the interaction between the
magnetic layers is purely dipolar. From a modeling per-
spective, iron garnets therefore represent a nearly ideal
material framework to explore the parameter variations
presented in this work [62–68].
As a result, garnet-based heterostructures provide a

clean and experimentally relevant testbed to assess the
predictive power of the model and to explore how con-
trolled layer asymmetry influences collective spin-wave
dispersion and mode behavior [51,52,54,56]. We start by
considering the simplified case of two identical YIG layers
separated by a nonmagnetic spacer. In Figs. 6(a)–6(d), the
impact of the YIG layer thickness and spacer thickness on
the spin-wave dispersion is presented.
At a fixed spacer thickness δ, increasing the magnetic

layer thickness leads to an increase in the group velocity.
Conversely, for increasing spacer thickness, the band

TABLE I. Micromagnetic parameters employed in the model
evaluation [saturation magnetization (Ms), exchange stiffness
(A)], and in the micromagnetic simulations (damping α).

Material Ms ðkA=mÞ A ðpJ=mÞ α

YIG 140 4 1 × 10−4
NiFe 800 10 5 × 10−3
CoFeB 1600 15 1 × 10−3

FIG. 5. Calculated spin-wave dispersion relations for an external applied field μ0Ha ¼ 300 mT in the backward-volume and Damon-
Eshbach configurations for M=NM=M trilayers composed of the same magnetic material: YIG=NM=YIG, CoFeB=NM=CoFeB, and
NiFe=NM=NiFe (a),(b). All structures have identical magnetic layer thicknesses tp ¼ tq ¼ t ¼ 80 nm and a spacer thickness
δ ¼ 20 nm. The dashed black lines indicate the coincident FMR frequencies of the two magnetic layers in the homogeneous case.
(c),(d) Spin-wave dispersion relations in the BV and DE configurations, respectively, for trilayers containing different magnetic
materials: YIG=NM=NiFe, YIG=NM=CoFeB, and NiFe=NM=CoFeB, as well as the inverted stacking order CoFeB=NM=NiFe. The
layer thicknesses are tp ¼ tq ¼ t ¼ 80 nm and δ ¼ 20 nm. These panels highlight the impact of material asymmetry on the separation
(vertical arrows) between the spin-wave branches and on the emergence of nonreciprocal behavior in the DE configuration.
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separation progressively decreases, approaching the limit-
ing case of a single, isolated layer.
In Figs. 7(a) and 7(d), we perform an equivalent analysis

by varying the width of the YIG=NM=YIG stack, ranging
from the infinite-film limit, where the FMR resonances of
two identical layers are indistinguishable, to laterally con-
fined waveguides. Specifically, in the Damon-Eshbach
configuration, we observe a minimum frequency gap
(anticrossing point) between the branches that increases
as the waveguide width decreases and shifts toward larger
wave vectors. Conversely, in the backward-volume con-
figuration, the two branches exhibit an intersection point
(crossing point), which also migrates toward larger wave
vectors as the waveguide width decreases. It is significant
to note that higher-order transverse modes, arising from
the finite width of the waveguide, are neglected here.
Despite this simplification, the model captures the essen-
tial physical trends.
While the dipolar interaction vanishes at k ¼ 0, making

the FMR frequencies of the two infinite equivalent
magnetic layers truly degenerate, the behavior at k ≠ 0
of the waveguide geometry warrants further discussion.

In fact, the degeneracy with respect to an isolated magnetic
waveguide is always lifted by nontrivial dipolar terms;
however, in the backward-volume configuration, equiva-
lent magnetic materials truly present a degenerate point
(crossing). On the contrary, in the Damon-Eshbach con-
figuration, it is always lifted. Specifically, as reported in
Fig. 7, this behavior arises from the dependency of Ω0

on Fð12Þ
zz in both DE and BV configurations. Given that

Fð12Þ
zz ≤ 0 while Fð12Þ

xx ; Fð12Þ
yy ≥ 0, the terms ΩyyF

ð12Þ
zz þ

ΩzzF
ð12Þ
yy in Eq. (12) and ΩxxF

ð12Þ
zz þΩzzF

ð12Þ
xx in Eq. (13)

cross zero, a feature absent in the FV configuration,
which does not depend on Fzz. This results in a local
minimum of Ω0 for both in-plane field configurations; this
minimum manifests as an exact crossing in the BV case,
whereas in the DE configuration, it is lifted by the term

4ω2
MF

ð12Þ
xx Fð12Þ

zz ðFð12Þ
xz Þ2, which is null only at kx ¼ 0

[see Figs. 7(c), 7(f), and Supplemental Material S5

[70]]. Interestingly, the Fð12Þ
xz term is responsible for the

broken parity symmetry of μ̂CΩ̂C in the DE configuration;
this symmetry is also absent in heterostructures with

FIG. 6. (a),(b) Calculated spin-wave dispersion relations with an applied external field μ0Ha ¼ 300 mT for two identical infinite YIG
layers with thickness t ¼ 50 nm (micromagnetic parameters in Table I), separated by a nonmagnetic spacer of increasing thickness δ.
(c),(d) Calculated spin-wave dispersion relations for two identical infinite YIG layers with thickness t ¼ 100 nm (micromagnetic
parameters in Table I), separated by a nonmagnetic spacer of increasing thickness δ. Increasing the spacer thickness progressively
reduces the separation between the symmetric and antisymmetric branches, approaching the single-waveguide limit, consistent with the
decay of dynamic dipolar coupling with interlayer distance.
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different micromagnetic parameters in the two layers.
In addition, the dispersion branches are shifted in opposite
directions depending on the configuration: in the BV
geometry, the bands are shifted upward, as shape
anisotropy favors magnetization alignment parallel to
the propagation direction, while in the DE geometry the
dispersion is shifted downward, since shape anisotropy
makes the y direction a hard axis.
We next consider the impact of layer asymmetry by

introducing different saturation magnetizations Ms for the
top and bottom layers at fixed width [27,47], as well as the
effect of an interfacial magnetoelastic term. The latter can

be modeled as an additional perpendicular magnetic
anisotropy in the top layer. The corresponding results
are shown in Fig. 8.
The saturation magnetization Ms has a pronounced

impact on both the overall bandwidth of the dispersion
relations and the resulting group velocities. In particular,
lowering Ms of one layer leads to a systematic shift of the
spin-wave branches toward lower frequencies and enhan-
ces the separation between the symmetric and antisym-
metric modes at low k.
This analysis reveals the range of dispersion rela-

tions, gap opening and nonreciprocal behavior that can

FIG. 7. (a) Calculated spin-wave dispersion relations in the BV configuration for two identical YIG layers of thickness t ¼ 100 nm
(micromagnetic parameters listed in Table I), separated by a nonmagnetic spacer of thickness δ ¼ 4 nm, for increasing lateral width w
and an applied field μ0Ha ¼ 300 mT. (b) Individual terms entering the frequency correction Ω0 in the BV configuration, for a lateral

dimension w ¼ 1 μm. The absolute minimum of Ω0 is exactly zero because the negative sign of Fð12Þ
zz makes the combination

ΩzzF
ð12Þ
yy þΩyyF

ð12Þ
zz cross zero, which in turn makes Ω0 truly vanish. (c) Frequency correction Ω0 ¼ ðΩzzF

ð12Þ
yy þ ΩyyF

ð12Þ
zz Þ2 evaluated

for a lateral width w ¼ 1 μm in the BV configuration, showing the exact zero discussed in the text. (d) Calculated spin-wave dispersion
relations in the DE configuration for two identical YIG layers of thickness t ¼ 100 nm (micromagnetic parameters listed in Table I),
separated by a nonmagnetic spacer of thickness δ ¼ 4 nm, for increasing lateral width w and an applied field μ0Ha ¼ 300 mT.
(e) Individual terms entering Ω0 in the DE configuration, for a lateral dimension w ¼ 1 μm. As in the BV case, the diagonal

combination ΩzzF
ð12Þ
xx þ ΩxxF

ð12Þ
zz crosses zero because of the negative sign of Fð12Þ

zz ; taken by itself, its square would vanish and would

produce an exact crossing. (f) Full frequency correction Ω0 ¼ ðΩzzF
ð12Þ
xx þ ΩxxF

ð12Þ
zz Þ2 þ 4ω2

M Fð12Þ
xx Fð12Þ

zz ðFð12Þ
xz Þ2 evaluated for w ¼

1 μm in the DE configuration. Because Fð12Þ
xz is purely imaginary, ðFð12Þ

xz Þ2 < 0; together with Fð12Þ
zz ≤ 0 and Fð12Þ

xx ≥ 0, the off-diagonal

term 4ω2
M Fð12Þ

xx Fð12Þ
zz ðFð12Þ

xz Þ2 is positive. At the wave vector where the diagonal combination ΩzzF
ð12Þ
xx þ ΩxxF

ð12Þ
zz crosses zero this term

is strictly positive, so Ω0 never reaches zero and the two branches anticross rather than cross in the DE configuration.
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be obtained by modifying the magnetic properties and
geometry of the two layers [14]. In principle, the full
anisotropy landscape of each garnet layer can be engi-
neered. For example, Fig. 8 presents the effect of varying
the anisotropy axis u⃗p of the layers to be orthogonal,
altering the nonreciprocal response of the heterostructure
[57]. These configurations highlight how anisotropic
asymmetries between the layers modify the frequency
separation between the symmetric and antisymmetric
branches and can affect the dispersion reciprocity. From
a mathematical standpoint, this behavior originates from
the introduction of off-diagonal nonreciprocal terms pro-
portional to Ku, independently of the micromagnetic
configuration, as can be directly inferred from Eq. (3).

V. CONCLUSION

We developed a physical model describing spin-wave
dynamics in magnetic/nonmagnetic/magnetic heterostruc-
tures and benchmarked its predictions against well estab-
lished micromagnetic simulation platforms. The model
captures the essential features of dipolarly coupled spin-
wave modes in vertically stacked systems, providing
direct access to their dispersion relations, mode hybridi-
zation, and symmetry properties. We show how the
intrinsic tunability of iron garnets, arising from composi-
tional variability, strain-induced effects, and controllable
anisotropy landscapes, could be exploited for systematic
tailoring of the collective spin-wave spectrum within the
proposed theoretical framework.

FIG. 8. (a),(b) Spin-wave dispersion relations at an external applied field μ0Ha ¼ 300 mT in the backward-volume and Damon-
Eshbach configurations for two YIG layers of thickness tYIG ¼ 100 nm, separated by a nonmagnetic spacer of thickness δ ¼ 4 nm,
with different saturation magnetizations, where Ms;q ¼ ηMs;p and η ≤ 1, in the absence of magnetic anisotropy. As the mismatch
between the saturation magnetizations of the two layers increases, the separation between the symmetric and antisymmetric branches
increases, with the lower branch shifting to lower frequencies. (c),(d) Spin-wave dispersion relations in the BVand DE configurations
for two YIG layers with identical saturation magnetization, where the top layer hosts a perpendicular magnetic anisotropy modeled as a
uniaxial anisotropy along u ¼ ð0; 0; 1Þ. Results are shown for different values of the anisotropy constant K. The introduction of
anisotropy produces an asymmetry between the layers, leading to an increased separation between the branches, reproducing the same
qualitative trend observed in panels (a),(b). In the DE configuration, this anisotropy-induced asymmetry modifies the dispersion and the
spatial distribution of the dynamic magnetization. (e),(f) Spin-wave dispersion relations in the BVand DE configurations for two YIG
layers with identical saturation magnetization and an anisotropy constant K ¼ 1000 Jm−3. The panels illustrate the effect of crossed
anisotropy directions between the two layers. Specifically, configurations with the bottom layer anisotropy axis u ¼ ð1; 0; 0Þ and
the top layer axis u ¼ ð0; 1; 0Þ (xy crossed anisotropy), as well as mixed in-plane and out-of-plane (x or yz) configurations with
u ¼ ð1; 0; 0Þ or ð0; 1; 0Þ in the bottom layer and u ¼ ð0; 0; 1Þ in the top layer are considered.
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The possibility of independently varying the magnetic
properties of the two layers, while retaining dipolar
coupling as the dominant interaction mechanism, estab-
lishes garnet-based heterostructures as a particularly suit-
able platform for modeling and design studies of collective
magnonic phenomena. Beyond fundamental interest, the
presented framework provides a predictive and physically
transparent tool for the design of functional magnonic
elements.
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