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So far, intense simulation efforts on hole-spin qubits in germanium (Ge) have focused primarily on
singly occupied quantum dots. Here, we theoretically investigate three-hole qubits in germanium and
demonstrate that their performance can rival that of single-hole qubits in both strained and unstrained
systems. In particular, we find that—in the widely used quasi-circular geometry—a three-hole qubit
encoding can yield enhancements of the Rabi frequencies by up to 2 orders of magnitude and a large
advantage in terms of quality factors.
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I. INTRODUCTION

Spin qubits in semiconductor quantum dots (QDs) are
promising competitors for the implementation of quantum
computers [1–15]. In particular, the low natural abundance
of magnetic nuclei, combined with the possibility of
isotopic purification, grants long coherence times for spins
in silicon (Si) and germanium (Ge) [2,3,16–23]. In these
systems, high fidelities have been achieved in all funda-
mental computational tasks, from one- and two-qubit
gates [24–29] to initialization and readout [30–32].
Besides, the advanced fabrication techniques and integra-
tion circuitry provide excellent scalability prospects and
allow a high degree of control even at relatively high
temperatures [11,14,15,18,33–36].
In contrast to electrons, holes in Ge have no valley

degeneracy and are characterized by strong spin-orbit
coupling (SOC), which allows for all-electric manipulation
[21,37–48]. In addition, due to their p-orbital character,
they are less susceptible than electrons to the hyperfine

interaction [6,49–51]. Finally, the characteristic properties
of the hole-spin qubit, including the g tensor and the Rabi
frequencies, are electrically tunable [35,52]. This results
from the susceptibility to the electrostatic environment of
the mixing between heavy-hole (HH), light-hole (LH), and
split-off (SO) bands [8,12,39,53–58].
The vast majority of the literature on hole-spin qubits

focuses on single-particle encodings. Multiple holes,
localized in singly occupied QDs, have also been consid-
ered for alternative qubit encodings [10,20,59–64]. On the
other hand, an odd number of holes in a single QD enables
qubit encodings and manipulation schemes analogous to
those implemented in the single-particle case [65–67].
Such a multihole single-dot qubit has a twofold interest.
First, from an experimental point of view, it relaxes the
stringent requirement of achieving the single-occupation
regime. Second, and most significantly, it might result in
larger and more local couplings to the control gates and,
ultimately, in improved figures of merit [68]. However,
despite their past and recent occurrence in experiments
[11,12,44,45,68,69], few-particle effects in semiconductor
hole-spin qubits remain relatively unexplored at the
theoretical level.
In this work, we provide a theoretical study of multihole

qubits in Ge QDs, implemented in unstrained metal-oxide-
semiconductor (MOS)-like devices and in Ge=Si1−XGeX
heterostructures (Fig. 1). Focusing on the case of three
holes, we show that the main figures of merit are always at
least comparable to those obtained for single holes and

*Contact author: andrea.secchi@nano.cnr.it
†Present address: Dipartimento di Fisica, Università di
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significantly improved in specific regimes. More specifi-
cally, the Rabi frequency of the three-hole qubit (THQ) is
shown to exceed that of a single-hole qubit (SHQ) by up to
2 orders of magnitude in quasi-circular QDs. This occurs
without a significant modification of the g factor or loss of
the qubit coherence under charge noise. As the comparison
of the fully interacting THQwith its noninteracting counter-
part shows, this gain is caused, for the largest part, by the
occupation of the excited orbitals dictated by the Pauli
principle, the hole-hole interaction giving a quantitatively
smaller (albeit far from negligible) contribution in that
regime. Strain changes the absolute values of the manipu-
lation frequencies but does not substantially affect the
relative performances of the single- and multihole qubits.

II. QUANTUM-DOT MODEL

Single-hole states are derived through the numerical
diagonalization of the six-band k · p Hamiltonian resulting
from the Luttinger–Kohn (LK) envelope-function
approach [53,70–72]. The six bands needed to describe
single-hole states in Ge close to the top of the valence band
form a J ¼ 3=2 quadruplet and a J ¼ 1=2 doublet, with J
being the total atomic angular momentum associated with
the Bloch states at the Γ point. These two multiplets are
split at Γ by SOC, which induces a gap ΔSO ¼ 290 meV.
The J ¼ 3=2 quadruplet, degenerate at Γ, is split into the
HH (jMj ¼ 3=2), and the LH (jMj ¼ 1=2) doublets at
finite k. The band structure around the Γ point is
determined by the LK parameters, which, for Ge, are:
γ1 ¼ 13.38, γ2 ¼ 4.24, and γ3 ¼ 5.69. The reference
frame, specified by the unit vectors ux, uy, and uz, is
defined with respect to the crystallographic axes as
follows: uxk½110�, uyk½1̄10�, and uzk½001�.
The confining potential that defines the dot model varies

smoothly with respect to the unit-cell scale and is spe-
cifically given by:

VconfðrÞ ¼
1

2

m0

γ1
ðω2

xx2 þ ω2
yy2Þ þ V⊥ðzÞ: (1)

Here, m0 is the free-electron mass, while ℏωy (set to
6 meV) and ℏωx (from 3 to 5.5 meV) are the characteristic
energy scales associated with the anisotropic harmonic
confinement in the xy plane. The out-of-plane confinement
defines a quantum well, resulting from the band offset
between Ge and the barrier material:

V⊥ðzÞ¼WþW
2

X
ξ¼�1

tanh
�
ξ
z
s
−ð1þξÞ

2

L
s

�
þe⊥z: (2)

Here, L ¼ 10 nm is the well width, W is the barrier
height, and s ¼ 0.02 nm is a smoothing factor. The dc
electric field e⊥ ¼ 1 meV=nm, possibly associated with a
top gate voltage, is attractive for holes.
The coupling to the magnetic field is introduced into

the single-hole Hamiltonian through the Zeeman–Bloch
term and the Peierls substitution [35,52], with the electro-
magnetic vector potential expressed in the Coulomb
gauge. The magnetic field is given in polar form,
B≡ B ðsin θ cosϕ; sin θ sinϕ; cos θÞ, with B ¼ 0.05 T
and a variable orientation.
The few-particle (three-hole) eigenstates are computed

by diagonalizing the interacting Hamiltonian within the
full configuration-interaction approach [73,74]. The three-
hole Slater determinants are built from a set of 64 single-
particle states, which ensures the convergence of the
relevant quantities. Further details on the method are
provided in Appendix A.
A final note on the choice of parameters that define

the structure, and specifically the quantum well in the
vertical (z) direction. The values we adopt for the well
thickness L and for the band offset W are typical of MOS
structures. Strained Ge wells in SiGe barriers are charac-
terized by smaller band offsets and typically—though not
necessarily [75]—by larger well widths. The choice of
keeping also for the strained systems the same values of L
and W is primarily motivated by the intention of compar-
ing strained and unstrained systems on an equal footing.
Besides, as detailed in the following, the low-energy
excitations in the considered systems are mainly related
to the in-plane motion of the heavy holes, which is only
weakly affected by moderate changes in the vertical
confinement. From a computational point of view, the
current values of the well width and of the energy barrier
allow us to reduce the number of basis states along the
z direction, and thus to expand the basis set in the planar
directions. This, in turn, enables an accurate investigation
of the many-body effects and of their impact on the
relevant figures of merit, which is the central subject of
this paper. Further investigations will be needed in order to
provide a detailed comparison between different hetero-
structures and device designs.

FIG. 1. (a) Pictorial representation of a single-hole state (left)
and a three-hole state (right) in a QD elongated along the
x direction. (b) Schematic view of a MOS device, where the
Ge channel has a width L along the z direction. The bias applied
to the metal top gate determines the in-plane confining potential
Vk and the linear (in z) contribution in the out-of-plane confining
potential V⊥.
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III. SINGLE- AND THREE-HOLE SPIN QUBITS

The magnetic field breaks the Kramers degeneracy
within the ground doublet and induces the energy splitting

ΔðNÞ
10 between the states j0ðNÞi and j1ðNÞi, which define the

SHQ (N ¼ 1) and the THQ (N ¼ 3). This splitting can
equivalently be expressed in terms of the g factor

gðNÞθ ¼ ΔðNÞ
10 =μBB, which depends on the orientation of

B with respect to the z axis, defined by θ and ϕ; in the
following, we fix ϕ ¼ 45°.
We start by considering the case of unstrained QDs. As a

first means to characterize the three-hole ground state
j0ð3Þi, we compute the particle density:

nðrÞ ¼
X
β

nβðrÞ ¼
X
β

h0ð3Þjψ̂†
βðrÞψ̂βðrÞj0ð3Þi; (3)

where β runs over the six hole bands and the field operator
ψ̂βðrÞ annihilates a hole belonging to the band β at the
position r. Being the particle distribution along the vertical
direction weakly correlated with that in the planar direc-
tions (see Appendix B), we focus on the in-plane particle
density, given by Nzðx; yÞ≡

R
dz nðrÞ (Fig. 2). The three

holes clearly display a linear arrangement along the weak-
confinement direction (x), characterized by the presence of
three peaks [panel (a)], which become increasingly
resolved for decreasing values of ωx (see Appendix B).
Besides, the minority [M ¼ þ3=2, panel(b)] and majority

[M ¼ −3=2, panel(c)] HH components of Nzðx; yÞ are
clearly related to the central and external peaks, respec-
tively: the ground state of the THQ is thus characterized by
an “antiferromagnetic” ordering in the pseudospin defined
by the HH components (M ¼ �3=2). The in-plane dis-
tribution of the LH components [panel (d)], whose weight
represents less than 1% of the total, displays markedly
different features.
The comparison between single- and multihole qubit

encodings is mainly defined in terms of the respective g
factors and Rabi frequencies. Concerning the former ones,
no significant difference is observed between SHQs
and THQs. Both gð1Þ and gð3Þ are characterized by a weak
dependence on the in-plane aspect ratio ωx=ωy of the dot,
and by a dependence on θ that, for jθ − 90°j ≫ 1°, is given

by: gðNÞ
θ ≈ gðNÞ

0° cos θ. This relation results from the strong

g factor anisotropy (gðNÞ0° ≫ gðNÞ90° ), which—in the case of
the THQ—is significantly enhanced by the Coulomb
interactions (see the absolute values and the comparison
with the noninteracting three-hole states for the elongated
and quasi-circular QDs in Table I).

A. Rabi frequencies

The qubit manipulation is performed by applying
an oscillating electric field δEðtÞ ¼ δER cosðωtÞ ¼−∇VacðrÞ cosðωtÞ, in resonance with the Larmor fre-
quency (ω ¼ 2πfL). The resulting Rabi frequency is
given by:

fðNÞ
R ¼ e

h

���h0ðNÞjVacðr̂Þj1ðNÞi
���; (4)

where r̂ is the hole position operator. Unless differently
specified, we consider hereafter the case of a spatially
homogeneous ac electric field, corresponding to
Vacðr̂Þ ¼ −δER · r̂, with jδERj ¼ 1 mV=nm.
While the g factors of the THQ and of the SHQ show a

very similar dependence on the orientation of B, the Rabi
frequencies differ remarkably in the two cases (Fig. 3).

FIG. 2. In-plane particle distribution Nzðx; yÞ for the ground
state j0ð3Þi of the unstrained three-hole system, obtained by
integrating the particle density nðrÞ along the z direction. The
four panels display: (a) the function Nzðx; yÞ; (b),(c) the heavy-
hole contributions; (d) the sum of the two light-hole contribu-
tions. All the plotted functions are normalized to 1; the isolines
correspond to values that are multiples of 0.1. The values of the
parameters are: ℏωx ¼ 5 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T, and
θ ¼ 0 (parallel field orientation).

TABLE I. Values of the g factors and of the Rabi frequencies
(expressed in MHz) for the unstrained single- and three-hole
qubits, for ℏωy ¼ 6 meV, B ¼ 0.05 T, and jδERj ¼ 1 mV=nm.
The value of ℏωx is 3 and 5.5 meV for QD1 and QD2,
respectively. In parentheses, we report the Rabi frequencies of
the noninteracting THQ.

QD1 gð1Þθ gð3Þθ fð3ÞR;x fð3ÞR;y

θ ¼ 0° 8.67 7.99 (6.25) 46.8 (239) 9.24 (27.3)
θ ¼ 90° 0.121 0.0848 (0.104) 7.29 (3.93) 2.07 (0.0775)

QD2 gð1Þθ gð3Þθ fð3ÞR;x fð3ÞR;y

θ ¼ 0° 8.00 4.88 (4.34) 394 (322) 313 (175)
θ ¼ 90° 0.114 0.220 (0.321) 27.1 (23.9) 11.3 (2.04)
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In fact, for all the considered orientations of B and of the
oscillating electric field δER, the Rabi frequency of the
THQ displays a nonmonotonic dependence on the dot

aspect ratio (ωx). Moreover, the fð3ÞR;α are characterized by
the presence of pronounced maxima, and by regions
corresponding to a large enhancement with respect to
the SHQ, mostly—but not exclusively—concentrated
in the quasi-circular dot regime (ℏωx ≳ 5 meV). The case
of the circular quantum dot is not considered, because the
energy gap between the ground and first-excited doublet
in the THQ decreases with the dot ellipticity for
ℏωx ≳ 3.8 meV, and tends to zero for ℏωx ¼ ℏωy ¼
6 meV (see Fig. 5), making this geometry unsuitable
for the implementation of the THQ.
These results are independent of the elongation direc-

tion. In fact, calculations performed with ℏωy < ℏωx ¼
6 meV give values of fðNÞR;α that are specular to the ones
displayed above. In other words, the Rabi frequency
associated with δER parallel to x, y, or z in one case
coincide, respectively, with the values of the Rabi fre-
quency associated with δER parallel to y, x, or z in
the other.
Sharp peaks in the Rabi frequencies of the THQ show up

at ℏωx ≈ 3.8 meV. These features certainly are a many-
body effect, because they disappear in the noninteracting
three-hole system, where the Coulomb interactions are set
to zero (see Appendix D). Besides, they are likely related
to the presence of a narrow avoided level crossing between
the first and second excited doublet, which results in a
hybridization of excited three-hole states and in small but
appreciable changes in the states that belong to the ground
doublet (see Appendix C).
In order to provide a wider analysis of Rabi fre-

quencies, we have explored their dependence on spatial

inhomogeneities in δER and on the in-plane orientation of
the magnetic field. In particular, concerning the first

aspect, we have considered the contributions fð3ÞR;α resulting
from nonlinear terms in the ac potential. Quadratic terms
(α ¼ x2 and α ¼ y2) give no contribution within numerical
accuracy. The cubic contributions [α ¼ x3; y3 in Figs. 4(a)
and 4(b)] display a dependence on ωx that is qualitatively
similar to that of the linear ones [Figs. 3(a) and 3(b)].
However, the ratio between the Rabi frequencies of the
three- and of the single-hole qubits is much larger for
the cubic than for the linear contribution, and largely
exceeds 102 as the circular-dot geometry is approached
(ℏωx ¼ 5.5 meV). For what concerns the role of the

magnetic-field orientation, we find that both fð1ÞR;α and

fð3ÞR;α display a cosine (α ¼ x) or sine (α ¼ y) dependence
on the angle ϕ, and therefore a cosine dependence on the
relative angle between the directions of the magnetic field
B and the oscillating electric field δER (see Appendix E).
The question arises as to whether these striking

differences between the THQ and the SHQ are mainly
due to Coulomb interaction or to the occupation of excited
single-particle states, imposed by the Pauli principle [76].
In order to discriminate between these two origins, we
compare the above values of the Rabi frequencies with
those obtained for the noninteracting three-hole system.
The difference between the two cases is always remarkable
and shows that the values of the Rabi frequencies are
strongly affected by the Coulomb interactions. Whether
the Rabi frequencies of the THQ are larger or smaller than
those of the noninteracting three-hole system depends on
the orientation of the magnetic field and on the degree of
elongation of the QD (Table I).
Despite the interacting and correlated character of the

three-hole states, the system is not in the Wigner-molecule
(WM) regime. This is clearly seen from the plot of the
excitation energies of the three-hole system (Fig. 5). There,
the lowest orbital excitations (those between different
Zeeman-split doublets and quadruplets) are of the order

FIG. 3. Rabi frequencies fðNÞR;α of the unstrained N-hole qubit as
functions of ℏωx, with N ¼ 1 (blue curves) and N ¼ 3 (red
symbols), when the oscillating electric field (of amplitude
jδERj ¼ 1 mV=nm) is oriented along the x (a),(c) or y direction
(b),(d). The magnetic-field amplitude is jBj ¼ 0.05 T; its direc-
tion is given by θ ¼ 0° (a),(b) or θ ¼ 90° (c),(d), with ϕ ¼ 45°.

FIG. 4. Rabi frequencies fðNÞR;α of the unstrained N-hole qubit
as functions of ℏωx, with N ¼ 1 (blue curves) and N ¼ 3
(red symbols). The oscillating potential VacðrÞ is proportional
to (a) x3 or (b) y3, with a proportionality constant
C ¼ 0.5885 meV=nm3. The magnetic-field amplitude is
jBj ¼ 0.05 T; its direction is given by θ ¼ 0°.
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of a few meV, and thus comparable to ℏωα (α ¼ x; y) and
to the single-hole excitation energies. In the WM regime,
instead, three-hole excitation energies would be much
smaller [77]. Consistently, the plots of the charge density
reveal that the density peaks, though identifiable, are not
well resolved, in contrast to the typical situation in theWM
regime [78,79].

B. Qubit dephasing

Random fluctuations in the energy gap Δ10, induced by
charge noise, are generally regarded as the main source of
decoherence for hole-spin qubits [2]. The dephasing time
scale τ can thus be defined as:

1

τðNÞ
≡ e

h

���Ecn · ðh1ðNÞjr̂j1ðNÞi − h0ðNÞjr̂j0ðNÞiÞ
���: (5)

Here, Ecn is a characteristic value of the charge-noise-
induced electric field vector. If the field is spatially
homogeneous throughout the QD region, then, due to
the symmetries of the confinement potential, the dominant
contribution in 1=τ is the one related to the z component
of Ecn. As in the case of the Rabi frequencies, attention
should be paid to the trends and to the comparison between
single- and three-hole spin qubits, rather than to the
absolute values of the dephasing time scale, which depend
on the assumed value of the charge-noise-induced elec-
tric field.
The differences between the values of τ obtained in

the single- and in the three-hole qubits are remarkable.
Similarly to the case of the Rabi frequencies, the mono-
tonic dependence of τ on the dot aspect ratio (ωx) that is
obtained for the SHQ is replaced—in the case of the
THQ—by a nonmonotonic dependence, which varies
qualitatively with the magnetic-field orientation (Fig. 6).
In particular, we note that the dephasing time scale of the

THQ is lower than that of the SHQ for a quasi-circular dot.
However, the enhancement that the THQ allows in terms of
Rabi frequency overcompensates such an effect, resulting
in a higher value of a quality factor Qx ≡ fR;xτ (see
below). As for the Rabi frequencies, the region corre-
sponding to ℏωx ≈ 3.8 meV is characterized by strong
variations of τ, which we attribute to the effect on the
ground state doublet of the narrow anticrossing affecting
the two lowest excited doublets (see Appendix C).

C. Effect of strain

We hereafter investigate the effect of a homogeneous
biaxial strain, such as the one that can result from the
lattice mismatch in Ge=Si1−XGeX heterostructures. The
Hamiltonian term related to a small and homogeneous
strain is derived, within the k · p formalism, by the Bir–
Pikus theory [80–82]. In particular, we consider a diagonal
uniaxial strain tensor, εαβ ¼ δαβε

α
α, with εxx ¼ εyy ¼ εk and

εzz ¼ −2εkC12=C11, (where C11 ¼ 126 GPa and C12 ¼
44 GPa are the elastic constants of Ge [83]), and a typical
Ge concentration x ¼ 0.8 in the alloy, for which the
measured strain parameter is εk ¼ −0.0063 [84].

FIG. 5. Excitation energies of the lowest 16 states of the
unstrained three-hole system as functions of ℏωx, for jBj ¼
0.05 T and θ ¼ 0°. Figure inset: Expanded plot of the energy
splitting within the ground doublet, E1 − E0 (same energy units
as in the main plot).

FIG. 6. Dephasing time scale τ in the unstrained QDs as a
function of ℏωx (with ℏωy ¼ 6 meV), for a magnetic field of
intensity B ¼ 0.05 T oriented (a) parallel (θ ¼ 0°) or
(b) perpendicular (θ ¼ 90°) to the z axis. The charge-noise-
induced electric field is oriented along the z direction,
with jEcnj ¼ 10−2 mV=nm.

TABLE II. Values of the Rabi frequencies (expressed in MHz)
and of the dephasing time scales (in μs) of the strained single-
and three-hole qubits, for ℏωy ¼ 6 meV, B ¼ 0.05 T,
jδERj ¼ 1 mV=nm, and jEcnj ¼ 10−2 mV=nm. The value of
ℏωx is 3 and 5.5 meV for QD1 and QD2, respectively.

QD1 fð1ÞR;x fð1ÞR;y τð1Þ fð3ÞR;x fð3ÞR;y τð3Þ

θ ¼ 0° 57.5 27.0 5.78 23.0 5.30 5.92
θ ¼ 90° 0.276 0.0804 1480 0.0941 0.157 1130

QD2 fð1ÞR;x fð1ÞR;y
τð1Þ fð3ÞR;x fð3ÞR;y

τð3Þ

θ ¼ 0° 4.48 10.7 5.93 63.7 33.9 4.50
θ ¼ 90° 0.0223 0.0494 752 0.301 0.349 3690
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The presence of strain significantly affects the values of
the quantities considered so far. The strain increases the
energy difference between the HH and LH components,
enhancing the HH character of the single-hole ground
state. This results in an increased g-factor anisotropy, both
in the SHQ and in the THQ. As to the Rabi frequencies,
their values are generally reduced by the presence of strain,
to a similar extent for the SHQs and the THQs (see
Appendix F). However, the presence of biaxial strain also
results in a systematic increase of τð1Þ and τð3Þ, as shown in
Table II for the cases of the elongated and quasi-circular
dots. Overall, the QD quality factor presents nonmono-
tonic dependencies on the in-plane aspect ratio, with no
general advantage or disadvantage resulting from the
presence of strain (Fig. 7). On the other hand, the value
of Qx obtained for the THQ significantly exceeds that
of the SHQ in the quasi-circular geometry and in the
correspondence of the peak (ℏωx ≈ 3.8 meV), both for the
strained and for the unstrained dot. There, the advantage of
the three-hole encoding in terms of Rabi frequency over-
compensates the advantage of the SHQ at the level of the
dephasing time scale. On the other hand, the quality factor
of the SHQ exceeds that of the THQ in the case of
elongated QDs.

IV. CONCLUSIONS

The various scenarios considered in this work consis-
tently point to the fact that three-hole spin qubits in Ge
perform better than their single-hole counterparts when the
QD is close to the circular regime. In both cases, the largest
Rabi frequencies associated with in-plane oscillating
electric fields are obtained for magnetic fields oriented
along the growth direction. Biaxial strain leads to an

overall reduction of the Rabi frequencies, which is how-
ever, balanced by a comparable increase in the character-
istic dephasing time, resulting in no significant difference
between strained and unstrained dots in terms of quality
factor.
The present work only indirectly addresses some of the

aspects related to the scalability of THQs. However, it was
recently shown that the three-hole encoding can simulta-
neously suppress crosstalk and achieve high electric
driving efficiencies, both of which are significant ingre-
dients for scalable architectures [68]. As a more specific
concern, three-hole systems generally present low excita-
tion energies, which might result in unwanted state leakage
and affect the qubit manipulation and readout efficiency.
These effects can be limited, on the one hand, by reducing
the dot symmetry and lifting the related degeneracies and,
on the other hand, by avoiding highly correlated regimes,
characterized by excitation energies much smaller than the
single-particle ones.
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FIG. 7. Quality factor Qx for the THQ as a function of ℏωx
(with ℏωy ¼ 6 meV), for a magnetic-field intensity B ¼ 0.05 T
oriented out of plane (parallel to the z axis). Yellow and purple
symbols correspond to the strained and the unstrained dots,
respectively. Inset: Qx vs ℏωx for the SHQ, with the same units
and the same color code as in the main plot.
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APPENDIX A: THE SINGLE- AND THE FEW-HOLE HAMILTONIANS

Single-hole envelope functions are obtained by diagonalizing the six-band LKHamiltonian [70,71], which describes the
hole states in Ge close to the Γ point. In the reference frame defined by the unit vectors uxk½110�, uyk½1̄10�, and uzk½001�,
the single-hole Hamiltonian is written in the strained-coordinate (r) representation [82] as:

Ĥ≡ ĤB¼0 þ ĤZB þ Ĥpara þ Ĥdia; (A1)

where

ĤB¼0 ≡

0
BBBBBBBBBBBBBB@

P̂þ Q̂þ V̂ −Ŝ R̂ 0 − 1ffiffi
2

p Ŝ
ffiffiffi
2

p
R̂

−Ŝ† P̂ − Q̂þ V̂ 0 R̂ − ffiffiffi
2

p
Q̂

ffiffi
3
2

q
Ŝ

R̂† 0 P̂ − Q̂þ V̂ Ŝ
ffiffi
3
2

q
Ŝ†

ffiffiffi
2

p
Q̂

0 R̂† Ŝ† P̂þ Q̂þ V̂ − ffiffiffi
2

p
R̂† − 1ffiffi

2
p Ŝ†

− 1ffiffi
2

p Ŝ† − ffiffiffi
2

p
Q̂

ffiffi
3
2

q
Ŝ − ffiffiffi

2
p

R̂ P̂þ V̂ þ ΔSO 0

ffiffiffi
2

p
R̂†

ffiffi
3
2

q
Ŝ†

ffiffiffi
2

p
Q̂ − 1ffiffi

2
p Ŝ 0 P̂þ V̂ þ ΔSO

1
CCCCCCCCCCCCCCA

(A2)

is the Hamiltonian in the absence of a magnetic field,
ΔSO ¼ 290 meV is the SOC parameter, and the
quantities:

P̂ ¼ ℏ2

2m0

γ1ðk̂2x þ k̂2y þ k̂2zÞ þ Pε;

Q̂ ¼ ℏ2

2m0

γ2ðk̂2x þ k̂2y − 2k̂2zÞ þQε;

R̂ ¼ ℏ2

2m0

ffiffiffi
3

p
½−γ3ðk̂2x − k̂2yÞ þ 2iγ2k̂xk̂y� þ Rε;

Ŝ ¼ ℏ2

2m0

2
ffiffiffi
3

p
γ3ðk̂x − ik̂yÞk̂z þ Sε (A3)

include the k · p kinetic terms and the Bir–Pikus terms
accounting for homogeneous strain. These read:

Pε ¼ −avðεxcr;xcr þ εycr;ycr þ εzcr;zcrÞ;
Qε ¼ − b

2
ðεxcr;xcr þ εycr;ycr − 2εzcr;zcrÞ;

Rε ¼ i

ffiffiffi
3

p

2
bðεxcr;xcr − εycr;ycrÞ þ dεxcr;ycr ;

Sε ¼ −eiπ=4dðεzcr;xcr − iεycr;zcrÞ: (A4)

Here av, b, and d are the Bir–Pikus deformation
potentials [81], and the strain tensor is expressed in the
crystal-axes reference frame for ease of comparison with
the literature; the various terms have been transformed
to the reference frame used here. In this work, we have
considered either the case of no strain (εμ;ν ¼ 0), or the

biaxial strain that arises in a planar Ge=Si1−XGeX hetero-
structure, due to the epitaxial growth of the Ge channel on
the top of a (001) SiGe substrate [83]:

εxcr;xcr ¼ εycr;ycr ≡ εk; εzcr;zcr ¼ −2εk C12

C11

; (A5)

where C11 ¼ 126 GPa and C12 ¼ 44 GPa are the elastic
constants of Ge [83]. For a typical Ge concentration
X ¼ 0.8 in the alloy, which we assume in this work,
one has εk ¼ −0.0063 [84].
In Eq. (A2), the operator V̂ ≡ Vconf;εðrÞ is the confining

potential in the strained coordinates [82]; it is assumed to
be separable and given by:

Vconf;0ðrÞ ¼
1

2

m0

γ1
ðω2

xx2 þ ω2
yy2Þ þ V⊥;0ðzÞ (A6)

in the unstrained system, where

V⊥;0ðzÞ¼WþW
2

X
ξ¼�1

tanh
��

ξz−ð1þξÞL0

2

�.
s
�
þe⊥;0z

(A7)

is the confinement along the growth direction, which is
practically a triangular well. In the chosen reference frame
(where the z axis points from the top gate toward the
underlying heterostructure), the potential generated by the
top gate attracts the holes toward z ¼ 0, i.e., the upper edge
of the channel. The well width is L0 ¼ 10 nm, and the
electrostatic bias is e⊥;0 ¼ 1 meV=nm; we assume a

HOLE-SPIN QUBITS IN GERMANIUM BEYOND... PHYS. REV. APPLIED 26, 054031 (2026)

054031-7



barrier height W ¼ 4 eV, and we use s ¼ 0.02 nm as a
smoothing factor for numerical convenience. In the
presence of strain, as discussed in Ref. [82], we must
use the potential

VεðrÞ ¼ V0½rþ uðrÞ� ¼ V0ðrþ εrÞ: (A8)

In the case of homogeneous diagonal strain that we are
considering here, the transformed potential is similar to
the unstrained case, but with some small renormaliza-
tions of the parameters. More complicated couplings
between the different directions would exist if the
potential were not separable and/or the strain tensor
were not diagonal.
Finally, the remaining terms of Eq. (A1) are linear (ĤZB,

Ĥpara) and quadratic (Ĥdia) in the magnetic field. In

particular, ĤZB is the Zeeman–Bloch term, while the
paramagnetic (Ĥpara) and diamagnetic (Ĥdia) terms are
the B-dependent terms obtained from the Peierls substi-
tution in ĤB¼0, which is performed using the vector
potential in the symmetric Coulomb gauge, A ¼ − 1

2
r × B.

To compute the three-hole states within the configura-
tion-interaction (CI) scheme, we need to evaluate the two-
body matrix elements of the Coulomb interaction between
single-particle states [74]. Keeping only intraband con-
tributions, and neglecting the small corrections due to the
use of strained coordinates, the quantities to be evaluated
preliminarily to the CI calculation are:

Vfν1;ν2;ν3;ν4g ¼
X
τ;σ

X
τ0;σ0

Z
dr

Z
dr0ψ�

ν1;ðτ;σÞðrÞψ�
ν2;ðτ0;σ0Þðr0Þ

× VCðr − r0Þψν3;ðτ0;σ0Þðr0Þψν4;ðτ;σÞðrÞ;
(A9)

where

VCðr−r0Þ¼ e2

ϵ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx−x0Þ2þðy−y0Þ2þðz−z0Þ2

p (A10)

is the standard Coulomb potential, ϵ being the dielectric
constant.

APPENDIX B: PARTICLE DENSITIES

We start by reporting the expressions that have been
implemented for the calculation of the hole density. The
generic Fock state α for N holes reads:

jΦαi ¼ jξ1;α; � � � ; ξN;αi ¼ c†ξ1;α � � � c
†
ξN;α

j0i; (B1)

where ξ1;α < ξ2;α < � � � < ξN;α denote spin-orbitals, such
as the multiband single-hole eigenstates. The relation
between the operator that annihilates a hole in the generic
single-particle eigenstate jξi and the one that annihi-
lates a hole in a generic basis set jλ; βi is given by the
equations:

ĉξ ¼
X
β

X
λ

hξjλ; βiĉλ;β ¼
X
β

X
λ

a�λ;β;ξ ĉλ;β;

ĉλ;β ¼
X
ξ

hλ; βjξiĉξ ¼
X
ξ

aλ;β;ξĉξ; (B2)

where jξi ¼ P
β

P
λ aλ;β;ξjλ; βi and β≡ ðJ;MÞ runs over

the six (heavy-hole, light-hole, and split-off) bands.
The band-resolved fermionic field operator reads:

ψ̂βðrÞ ¼
X
ξ

hβ; rjξiĉξ ≡
X
ξ

Fξðβ; rÞĉξ; (B3)

where λ specifies the orbital state (here assumed to be band
dependent). As a result, the “band-diagonal” one-particle
density operator reads:

ρ̂ðrÞ ¼
X
β

ψ̂†
βðrÞψ̂βðrÞ

¼
X
ξ;ξ0

X
β

F�
ξðβ; rÞFξ0 ðβ; rÞĉ†ξ ĉξ0 ≡

X
ξ;ξ0

fξ;ξ0 ðrÞĉ†ξ ĉξ0 :

(B4)

The k-th N-particle eigenstate can be expanded in the
basis of the Fock states:

jΨki ¼
X
α

Ck;αjΦαi: (B5)

The expectation value of ρ̂ðrÞ in jΨki, the one-particle
density, thus reads:

nðrÞ ¼ hΨkjρ̂ðrÞjΨki ¼
X
β

nβðrÞ

¼
X
α;α0

C�
k;αCk;α0

X
ξ;ξ0

fξ;ξ0 ðrÞhΦαjĉ†ξ ĉξ0 jΦα0 i: (B6)

The matrix element hΦαjĉ†ξ ĉξ0 jΦαi can be nonzero
only if the spin-orbital ξ (ξ0) is occupied in jΦαi (jΦαi),
and all other occupied orbitals coincide in the two Fock
states. If this is the case, the above matrix element takes the
values of þ1 or −1, depending on the relative order of the
states ξ and ξ0 within the Fock states jΦαi and jΦαi,
respectively.
The integrated particle density Nzðx; yÞ ¼

R
nðrÞdz

obtained from the three-hole ground state jΦ0i is reported
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in Fig. 2 for ℏωx ¼ 5 meV. In order to complete the
picture, we report here the spatial distributions Nyðx; zÞ ¼R
nðrÞdy and Nxðy; zÞ ¼

R
nðrÞdx for the same quantum

dot. For the sake of clarity, each of the plotted functions is
normalized to 1. In order to account for the different
occupation of the bands in the three-hole ground state,
we report in the text the spatial integrals Aβ ¼

R
dr nβðrÞ,

whose sum over the six bands corresponds to the particle
number.
The function Nyðx; zÞ [Fig. 8, panel (a)] shows a linear

arrangement along the x direction and a weak correlation
between the spatial distributions in the x and z directions,
resulting from the strong confinement in the vertical
direction. The minority HH component [AðJ¼3=2;M¼þ3=2Þ ¼
0.994, panel (b)] is characterized by a central peak; the
majority HH component [AðJ¼3=2;M¼−3=2Þ ¼ 1.98, panel
(c)] displays two side peaks. The sum of the two LH
components [AðJ¼3=2;M¼þ1=2Þ þ AðJ¼3=2;M¼−1=2Þ ¼ 0.0249,
panel (d)] displays a more complex spatial distribu-
tion with respect to the HH components. The function
Nxðy; zÞ [Fig. 9, panel (a)] also shows a weak correlation
between the spatial distributions in the y and z directions,
resulting from the strong confinement in the vertical
direction. The minority HH component [panel (b)] is
slightly more delocalized than the majority HH component

[panel (c)] along the direction y. The sum of the two LH
components [panel (d)] also displays a more complex
spatial distribution with respect to the HH components.
The occupation of the HH states represents more than
the 99% of the overall band occupation. The picture that
emerges from the above plots is thus the following:
the holes in the ground state of the three-hole system
display an antiferromagnetic ordering in the pseudospin
j↑i≡ jJ ¼ 3=2;M ¼þ3=2i, j↓i≡ jJ ¼ 3=2;M ¼ −3=2i.
The above behaviors do not change qualitatively in a

more elongated QD. To show this, in the following we plot
the integrated particle densities for the case ℏωx ¼ 3 meV.
The function Nzðx; yÞ [Fig. 10, panel (a)] shows a linear
arrangement along the x direction, characterized by the
presence of three peaks. The central peak is related to
the minority HH component [AðJ¼3=2;M¼þ3=2Þ ¼ 0.995,
panel (b)]; the two side peaks are related to the majority
HH component [AðJ¼3=2;M¼−3=2Þ ¼ 1.99, panel (c)]. The
sum of the two LH components [AðJ¼3=2;M¼þ1=2Þ þ
AðJ¼3=2;M¼−1=2Þ ¼ 0.0249, panel (d)] displays a more
complex spatial distribution with respect to the HH
components. This linear arrangement, essentially charac-
terized by an alternation ofM ¼ −3=2 andM ¼ þ3=2 HH
components, also emerges from the plots of the Nyðx; zÞ
(Fig. 11) and Nxðy; zÞ (Fig. 12) functions, qualitatively

FIG. 8. In-plane particle densities obtained from the ground
state jΨ0i of the three-hole system. The four panels display:
(a) the overall density Nyðx; zÞ; (b),(c) the heavy-hole contri-
butions; (d) the sum of the light-hole contributions. All the
plotted functions are normalized to 1; the isolines correspond to
values that are multiples of 0.1. The values of the parameters are:
ℏωx ¼ 5 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T, and θ ¼ 0 (parallel
field orientation).

FIG. 9. In-plane particle densities obtained from the ground
state jΨ0i of the three-hole system. The four panels display:
(a) the overall density Nxðy; zÞ; (b),(c) the heavy-hole contri-
butions; (d) the sum of the light-hole contributions. All the
plotted functions are normalized to 1; the isolines correspond to
values that are multiples of 0.1. The values of the parameters are:
ℏωx ¼ 5 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T and θ ¼ 0 (parallel
field orientation).
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similar to the ones obtained for the quasi-circular
QD (ℏωx ¼ 5 meV).

APPENDIX C: AVOIDED LEVEL CROSSING

By examining the plot of the three-hole excitation
energies (Fig. 5), it is seen that a level crossing occurs
between excited states, exactly in the region where
peaks or sharp transitions are obtained for the three-hole
Rabi frequencies fð3ÞR and for the dephasing time scale τ
(see Figs. 3, 4, 6). The fact that this is an avoided
crossing, rather than a crossing, results from the
inspection of the three-hole wave functions correspond-
ing to the eigenstates jΨki belonging to the first and
second excited doublets (k ¼ 2; 3; 4; 5). These eigen-
states undergo a mixing for 3.8 meV≲ ℏωx ≲ 3.9 meV,
where the gap between the two excited doublets dis-
plays a minimum.
The same applies to the strained QD, where an avoided

level crossing between the first and second excited
doublets takes place in the region 3.8 meV ≲ ℏωx ≲
3.9 meV. This coincides with the region where strong
variations in the three-hole Rabi frequencies (see
Appendix F below) and quality factor (Fig. 7) are obtained
in the case of a strained QD.

FIG. 10. In-plane particle densities obtained from the ground
state jΨ0i of the three-hole system. The four panels display:
(a) the overall density Nzðx; yÞ; (b),(c) the heavy-hole contri-
butions; (d) the sum of the light-hole contributions. All the
plotted functions are normalized to 1, the isolines correspond to
values that are multiples of 0.1. The values of the parameters are:
ℏωx ¼ 3 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T and θ ¼ 0 (parallel
field orientation).

FIG. 11. In-plane particle densities obtained from the ground
state jΨ0i of the three-hole system. The four panels display:
(a) the overall density Nyðx; zÞ; (b),(c) the heavy-hole contri-
butions; (d) the sum of the light-hole contributions. All the
plotted functions are normalized to 1; the isolines correspond to
values that are multiples of 0.1. The values of the parameters are:
ℏωx ¼ 3 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T and θ ¼ 0 (parallel
field orientation).

FIG. 12. In-plane particle densities obtained from the ground
state jΨ0i of the three-hole system. The four panels display:
(a) the overall density Nxðy; zÞ; (b),(c) the heavy-hole contri-
butions; (d) the sum of the light-hole contributions. All the
plotted functions are normalized to 1; the isolines correspond to
values that are multiples of 0.1. The values of the parameters are:
ℏωx ¼ 3 meV, ℏωy ¼ 6 meV, B ¼ 0.05 T and θ ¼ 0 (parallel
field orientation).
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In order to better clarify the nature of the level crossings,
we compute the differential fidelity:

Fjkðω0
x;ωxÞ ¼ jhΨjðω0

xÞjΨkðωxÞij2: (C1)

If a small increase in the value of ωx does not lead to
significant changes in the three-hole eigenstate jΨji, then
Fjj is close to 1 and all the Fjk with k ≠ j are close to 0. If,
instead, Fjj is significantly lower than 1 and some of the
Fjk is nonnegligible, then a small variation in ωx induces a
mixing between the three-hole eigenstate jΨji and jΨki.
From the quantities F01 and F10, reported in the upper

panels of Fig. 13, it follows that the states belonging to the
ground doublet undergo a small but appreciable variation
for ℏωx ≈ 3.9 meV, resulting from a slight mixing with
excited states. A much more dramatic transition takes
place in the same region with the states that belong to the
first and second excited doublets (middle and lower panels,
respectively). The fidelities Fkk with k > 1 on opposite
sides of the critical region are approximately zero. In
particular, the states jΨ2i (yellow) and jΨ3i (orange)
evolve into jΨ4i (light blue) and jΨ5i (blue), respectively,
and viceversa. The complete mixing between the states

jΨ3i and jΨ4i for ℏωx ¼ 3.95 meV (middle right and
bottom left panels) demonstrates that the two states
undergo an avoided level crossing, and not a crossing,
as a function of ωx. It is reasonable to expect, on the basis
of symmetry arguments, that the same occurs for the other
pair of states that cross, ðjΨ2i; jΨ5iÞ, and probably also for
the pairs ðjΨ2i; jΨ4iÞ and ðjΨ3i; jΨ5iÞ. However, all these
avoided level crossings are very narrow, and the resulting
mixing of the diabatic states cannot be seen with the
current grid of ωx values.

APPENDIX D: ROLE OF THE COULOMB
INTERACTIONS

To highlight the role played by the Coulomb inter-
actions, we compare the values of the Rabi frequencies
reported in Fig. 3 with those obtained for the noninteract-
ing case. Here, the three-hole ground state corresponds to a
single configuration (Slater determinant), and specifically
to that where the three lowest-energy single-particle spin-
orbitals are occupied. The behaviors are qualitatively
different with respect to those obtained for the interacting
case (Fig. 14). In particular, the peak between ℏωx ¼
3.5 meV and ℏωx ¼ 4 meV disappears for all the Rabi
frequencies: it can thus be related to the Coulomb
interactions and to the resulting multiconfigurational
character of the three-hole ground state jΨ0i.
No systematic difference emerges between the non-

interacting and the interacting Rabi frequencies, i.e.,
neither is higher than the other one for all values of ωx.

FIG. 13. Differential fidelity Fjk between three-hole eigenstates
jΨji at ℏω0

x ¼ 3.85 meV and the eigenstate jΨki at the value of
ℏωx denoted in the horizontal axis. Different values ofk correspond
to different colors in the four lower panels: k ¼ 2 is light blue
(symbol �), k ¼ 3 is orange (symbol□), k ¼ 4 is yellow (symbol
◼), k ¼ 5 is blue (symbol ◯). The values of the parameters are:
ℏωy ¼ 6 meV, B ¼ 0.05 T and θ ¼ 0 (parallel field orientation).

FIG. 14. Rabi frequencies fð3ÞR;α of the three-hole qubit as
functions of ℏωx in the absence of Coulomb interactions (red
circles), when the oscillating electric field (of amplitude
jδERj ¼ 1 mV=nm) is oriented along the x (a),(c) or y direction
(b),(d). The Rabi frequencies obtained in the presence of
Coulomb interactions, already plotted in Fig. 3, are reported
here for a comparison (light blue). The magnetic-field amplitude
is jBj ¼ 0.05 T; its direction is given by θ ¼ 0 (a),(b) or θ ¼ π=2
and ϕ ¼ π=4 (c),(d).
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For a parallel orientation of the magnetic field [panels
(a,b), θ ¼ π=2], the Coulomb interactions produce a
reduction or an enhancement of the Rabi frequencies,
depending on whether the dot is elongated (ℏωx≲
4.7 meV) or quasi-circular (ℏωx ≳ 4.7 meV). However,
the opposite applies to the case of a perpendicular
magnetic-field orientation, if the oscillating electric field
is oriented along the x direction [panel (c)]. The interacting
Rabi frequencies are larger than the noninteracting ones in
all the considered range of ωx values, for θ ¼ π=2
and ERkux.

APPENDIX E: ROLE OF THE MAGNETIC-FIELD
ORIENTATION

Our analysis of the dependence of the Rabi frequencies
on the magnetic-field orientation has mainly focused so far
on the role of the polar angle θ. In order to complete this

analysis, we consider here the dependence of fðNÞ
R;α on the

azimuthal angle ϕ, for θ ¼ π=2 (Fig. 15). Both for the
single- and for the three-hole qubits, the Rabi frequencies
display a cosinelike or a sinelike dependence on ϕ when
the electric field is oriented along the x or y directions,
respectively. This behavior can be summarized by saying
that the Rabi frequencies vary as (the modulus of) a cosine
function, whose argument corresponds to the difference
between the in-plane orientations of the static magnetic
field and of the oscillating electric field.
The fact that both the single- and the three-hole qubits

are characterized by the same angular dependence implies
that the value of ϕ does not affect the relative figure of
merit between the two. We also note that, if the magnetic
field is tilted away from the xy plane (θ < π=2), the
contribution to the Rabi frequencies related to the vertical
(z) component of the field overwhelms that coming from
the in-plane component, so that the dependence on the in-
plane orientation of the magnetic field (ϕ) becomes
essentially irrelevant.

APPENDIX F: ROLE OF THE BIAXIAL STRAIN

We consider the effect of a homogeneous biaxial strain,
such as the one that can result from the lattice mismatch in
Ge=Si1−xGex heterostructures. The strain tensor is defined
in Sec. III C.
The Rabi frequencies corresponding to parallel and

perpendicular orientations of the magnetic field, and to
an oscillating electric field ER oriented along the x and y
directions, are plotted in Fig. 16. The effect of strain is
highlighted by the comparison with the Rabi frequencies
obtained for the unstrained QD, which are reported in
Fig. 3. Overall, the strain induces a significant reduction of
the Rabi frequencies (by at least a factor of 2) for all values
of ωx, both for the single- and for the three-hole qubits.
However, as shown by the values of the quality factor
(Fig. 7), this is compensated by a comparable increase of
the dephasing time scale τ.
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