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Crosstalk is a key obstacle to scaling up quantum computers. It may arise from persistent qubit-qubit
couplings or dynamically during gate operation, with the latter being particularly difficult to detect.
Here, we introduce the perfect-entangler spectrum as a means to identify dynamic crosstalk leading to
undesired entanglement. It leverages the geometric classification of two-qubit gates in terms of perfect
entanglers. We exemplify the application of the spectroscopy for fixed-frequency transmons and
parametrically driven gates. When scanning the frequency of a spectator qubit, peaks in the perfect-
entangler spectrum signal dynamic crosstalk, and analysis of the peaks reveals the mechanisms causing
the crosstalk. We discuss the experimental implementation of the crosstalk spectroscopy, which requires

two two-qubit gate tomographies.

DOTI: 10.1103/8nj6-qnzf

I. INTRODUCTION

Quantum computing relies on well characterized, indi-
vidually addressable qubits that can be initialized, read out
and operated in the desired way [1]. A major challenge in
many platforms is crosstalk, which describes the unwanted
interactions of different parts within a quantum processor
[2]. Tt can be divided into two categories: persistent
crosstalk due to constant interactions between different
parts of the quantum processor and crosstalk that occurs
during operations. The latter can be caused directly by the
presence of other qubits or by controls acting on more than
the intended qubits. Hardware architectures that rely on
frequency to address qubits are particularly prone to
crosstalk errors, and the problem becomes more severe
as the number of qubits is scaled up due to frequency
crowding. Examples are superconducting qubit architec-
tures [3,4] and trapped ions [5]. In superconducting qubits,
control is exerted via macroscopic electromagnetic fields
that easily leak onto adjacent qubits [6,7]. In ion chains,
crosstalk is a problem even in architectures with single-site
addressability, since entanglement generation relies on the
shared normal modes of vibrations in the trap, which get
more dense for a larger number of ions [8,9].

In recent years, significant efforts have been made to
detect [2,10-12], characterize [4,10,13,14], and mitigate
[15-19] crosstalk. Detection of crosstalk often uses a
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variant of randomized benchmarking [2,4,13,20], whereas
mitigation approaches include optimization of both the
architecture design [21-24] and the pulses that implement
gates [25-27]. While the focus has been on coherent
crosstalk errors, correlated noise spectroscopy can be used
to assess the impact of the environment [28,29]. For
superconducting quantum computing, mainly ZZ crosstalk
has so far been analyzed [15,18,30-32]. It originates from
unwanted, persistent couplings, which result in undesired
entanglement even if no gate is applied. By improving
hardware designs and utilizing new types of superconduct-
ing couplers, ZZ crosstalk has been mitigated effectively
[23,31,33,34]. In contrast to such persistent crosstalk,
crosstalk during gate operation, due to the undesired
interaction with other qubits or due to signal leakage, is
more difficult to detect and mitigate [35,36]. Of particular
interest is the influence of spectator qubits on gate
operations. For example, for superconducting architec-
tures, the importance of understanding and mitigating
the impact of idle spectator qubits has been highlighted
[37—-41]. However, most analysis methods are tailored to a
single two-qubit gate, such as the CR gate [37-39] or do
not consider excited spectator qubits [23]. Furthermore,
many protocols consider any deviation from the gate
protocol as crosstalk, but different deviations are more
or less easy to correct. It is thus useful to distinguish
between two types of deviations. The first type affects the
entangling power of the two-qubit gate, i.e., it leads to
gates that are no longer perfectly entangling. The second
type comprises deviations leading only to single-qubit
rotations, which leave the gate perfectly entangling.
This distinction is crucial since the entangling power is
the primary resource of the two-qubit gate and any
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deterioration leads to the necessity of more two-qubit
gates. On the other hand, single-qubit rotations can be
corrected effectively or accounted for in a compiling step.
Ref. [38] addresses this issue and analyzes the entangling
power for the CR gate between two qubits, but surprisingly
this step is missing from their consideration of additional
spectator qubits.

Here, we introduce the “perfect-entangler spectrum” to
detect crosstalk in qubit gate operations that arises from
the presence of additional qubits. We focus on crosstalk
that results in an imperfect entangling gate for two qubits
due to the presence of other qubits that are not expected to
participate in the gate operation. Two-qubit entangling
gates are a fundamental building block of quantum
computation, in particular in the context of quantum
circuits and universal quantum computation [42]. They
are particularly prone to crosstalk since engineering an
interaction between two qubits can easily result in
unwanted interactions with other, nearby qubits. Such
crosstalk can manifest in different forms: either the gate
is no longer capable of perfectly entangling the targeted
qubits, or the gate generates entanglement with nontar-
geted qubits. Focusing on this type of crosstalk, we employ
the geometric classification of two-qubit gates in terms of
local invariants [43,44] to derive a protocol for its
detection. To this end, we extend a measure that quantifies
how far a two-qubit gate is from the set of all perfect
entanglers [45,46] to operations involving also a third—
spectator—qubit. The value that the extended measure
takes as a function of the spectator frequency is what we
call the perfect-entangler (PE) spectrum.

To illustrate the use of our protocol, we consider fixed-
frequency transmons that interact via a tunable coupler
[17,30,31,47-52]. For two popular, parametrically driven
gates, the +/iSWAP and the controlled-phase gate
[17,31,47,48,50,51,53-56], we show that, when crosstalk
occurs, the PE spectrum displays peaks as a function of the
frequency of a spectator qubit. Analysis of the peaks
allows us to identify the mechanism that leads to the
crosstalk. Importantly, we find that crosstalk occurs not
just at obvious resonances that can be read off the
Hamiltonian but also through complex interactions with
the pulse that lead to a variety of crosstalk pathways.
Finally, we discuss how PE spectroscopy can be realized
experimentally.

II. THEORETICAL FRAMEWORK

A. The perfect-entangler spectrum

Our starting point is a measure that quantifies, for a
given gate acting on two qubits, its distance to the space”
of perfect entanglers. These are all gates capable of
generating maximally entangled states from initially sepa-
rable states [44]. The measure was constructed as an
optimization functional in quantum optimal control theory

to target an arbitrary two-qubit entangling operation rather
than a specific gate [45,46],

Tpp = <93\/9%+9%—91>~ (1)

Here, g;, ¢,, and g5 are the so-called local invariants
[43.,44], the theory of which is recalled for completeness in
Appendix A. Jpg goes to zero as the space of PEs—the so-
called polyhedron of PEs—cf. Appendix A, is approached.
Note that this is true for both sides of the polyhedron
boundary such that it is necessary to ascertain whether
initially the gate coordinates are already within the poly-
hedron, in which case it is a perfect entangler. If the gate is
located outside the polyhedron, Jpg provides a measure for
the proximity between the gate and the closest perfect
entangler.

The framework of local equivalence classes and thus
Eq. (1) is only valid for unitary evolutions within SU(4).
Typically, however, the logical subspace is embedded in a
larger Hilbert space, and the evolution within the logical
subspace may be nonunitary. To quantify the nonunitarity,
Jpgp is amended by an additional term [46]

)<g3\/g% + g5 — 91) +wylAy,  (2a)

Jpg = (L —wy
with
Ay = (1 =Te[U0)/4). (2b)

Ay leads to an increase of the functional value in case
the evolution is nonunitary. The weight w; should be
chosen large, since the first term becomes meaningless for
strongly nonunitary evolutions [46].

We now generalize Eq. (2) to three qubits for which all
ideal gates are elements of SU(8). If there is no crosstalk,
the third qubit is not influenced by the entangling oper-
ation between the first two qubits. Thus, the logical
subspace can be decomposed into two SU(4) subspaces,
one for each basis state of the third qubit. If the two-qubit
gate is executed without any influence of the third qubit,
the two-qubit gates in the two subspaces must be the same.
To verify the similarity of the gates in the logical subspaces
for the third qubit being in |0) and |1), we introduce

§ = 1= [Te[(Ule=O(T) U= (1)) /4P, (3)

where U=19)(T) and U4=")(T) are the two-qubit gates
in the two subspaces. Combining S with the PE functional
evaluated in each of the two subspaces, we obtain a
measure for how well two qubits are entangled without
affecting a third qubit,
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J= (T g7 4 wgs). )

Here, wg is a weight for the similarity measure, relative
to the first two. Note that S is phase agnostic: any relative
phase between the two gates is not detected. Such a rela-
tive phase corresponds to a local Z-rotation of the third
qubit that does not impair the entanglement of the first two
qubits. In other words, J quantifies whether the two qubits
on which the entangling operation (no matter which one
precisely) is executed remain unaffected by a third qubit.
To assess when the presence of the third qubit causes
crosstalk, we vary its frequency and determine for each ws,
the smallest value of J throughout the protocol. The
resulting curve is the “PE spectrum.”

B. Tunable coupler architecture

To exemplify the application of the PE spectrum for
identifying crosstalk, we consider a system of three fixed-
frequency transmons, which are coupled via a central
transmon with a tunable frequency, acting as a coupler [47],

3
Ae rinin g At a]A‘ATA ~
—?b b bb—l—Z{a)Jajaj—?a;ajajaj
=1
3 ~ ~ 4
+Y gi(b+b")(a; +a)). (5)

Here, b is the annihilation operator of the tunable coupler
and a; are the annihilation operators of the fixed-frequency
transmons. The logical states are the eigenstates of the
uncoupled transmon qubits, with the tunable coupler being
in the ground state, |ny, ny, n3, n, = 0) = |n nyn3).

Modulating the frequency of the central coupler allows
for driving transitions between the qubits, which leads to
controllable interactions [57,58]. This feature forms the
basis for implementing various gates between the qubits.
For flux-tunable couplers, the frequency typically varies
with the flux ® as [59]

(1) = @M/ | cos (7 D(1))], (62)

where
®(1) = O + Scos(wyt). (6b)

Such single-frequency flux drives ®(7) have been used
in parametrically driven two-qubit gates [47,48,60-62].
They result in (approximately) two nonzero frequency

components w, and 2w, in .(t). To model the exper-
imental turn-on and turn-off process, we use a Gaussian
flattop as envelope with width o,.

Below we study exemplarily a controlled-phase gate

(also referred to as controlled-Z (CZ)) and a iSWAP
gate. In preparation of our analysis of the PE spectrum, it is
instructive to recall the mechanisms that implement the
gates. The CZ gate is obtained via a population swap
between |11) and |20), with the population in all other
logical states staying constant [48]. Upon the transition to
|20) and back, the state |11) acquires a phase ¢, relative to
all other logical states. Tuning this phase to be 7 yields CZ.
The second gate, v/ iSWAP, is implemented by driving the
tunable coupler close to the resonance frequency of the
|01) <> |10) transition [47,53]. This induces a partial swap
together with a relative phase between these states.

For both protocols, the tunable coupler stays in its ground
state during gate execution; its role is merely to mediate the
coupling between the qubits, which, by design, are not
directly coupled. Although the drive () only modulates
the coupler frequency, in the dressed basis, with the dressing
due to the qubit-coupler interaction A o—c» it obtains an off-

diagonal component (X) and thus can induce transitions.
We refer to those as first-order X-transitions. Transitions
between logical states occur at second- and higher-order
perturbation theory with respect to the drive w.(). In
second-order perturbation theory, transitions may involve
both diagonal and off-diagonal components of the drive (XZ
or ZX) or correspond to two simultaneous X-transitions. We
refer to the latter as second-order X-transitions. A detailed
discussion of which transitions occur at what perturbative
order is provided in Appendices B and C.

ITII. ANALYZING CROSSTALK MECHANISMS:
APPLICATION TO A CONTROLLED-Z GATE

We now show how the PE spectrum signals crosstalk,
starting with the example of the CZ gate and the param-
eters of Ref. [61], cf. Table I. As suitable weights in
Eq. (2a) and Eq. (4), we heuristically find w;; = 0.8 and
wg = 0.5, which allow us to readily identify all relevant
features in the PE spectrum. The larger value of wy
guarantees a considerable penalty for nonunitary two-
qubit gates, while preserving the perfect-entanglement
measure observable in the spectrum. Further, wg was
chosen to reduce the visual contribution of S in the
spectrum, thereby ensuring that the magnitude of all
features remains comparable. For each spectator frequency
w3, we solve the time-dependent Schrédinger equation for
all logical basis states as initial state and calculate the value
of the functional J (4).

Figure 1 displays the minimum of J over time plotted
against w5 (black solid line) for two different anharmonic-
ities a3 of the spectator qubit. Peaks in the resulting
spectrum signal a failure of the protocol due to crosstalk.
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TABLE I. Parameters for CZ gate [61].

Qubit 1 Frequency w/2zr  5.089 GHz
Anharmonicity a/2rn 310 MHz
Coupling q1/2x 116 MHz

Qubit 2 Frequency w,/2xr  6.189 GHz
Anharmonicity a,/2x 286 MHz
Coupling 9/ 2x 142 MHz

Qubit 3 Frequency w3/2x  Varied
Anharmonicity az/2x Varied
Coupling g3/ 27 85 MHz

Tunable coupler Frequency o™ /27 8.1 GHz
Anharmonicity a./2x 235 MHz

Drive Offset (C) 0.15
Amplitude 0 0.19
Frequency w,/2x  816.58 MHz
On/off flank width o, 13 ns

Small values, on the other hand, indicate the implementa-
tion of a perfectly entangling gate between qubits one and
two without being affected by the spectator qubit. In other
words, regions with small values of J can be considered
crosstalk-free. The gray area in Fig. 1 indicates the range in
which the frequency of the tunable coupler w, () is varied.
The increase in overall amplitude of the spectrum within
and close to this region reflects the dressing that is caused
by the drive and that leads to a distortion of the protocol.

In addition to the full perfect-entangler spectrum, the
first and second term in Eq. (4) are shown as blue and red
lines, respectively. Considering these contributions sepa-
rately allows for identifying the type of crosstalk. For
example, there are regions where the PE spectrum displays
large peaks, whereas the red and blue curves are almost
zero, e.g., around 4.7 GHz in both panels of Fig. 1 or
around 5.45 GHz for a; =200 MHz in Fig. 1(b). The
small values of the red and blue curves indicate the correct
implementation of a PE in each of the subspaces with the
spectator qubit in |0) and |1), respectively. The large value
of the PE spectrum is then due to the last term S. In this
case, the two-qubit gates in the two subspaces are not
identical, which signals unwanted entanglement with the
spectator qubit.

We will see below that the occurrence of resonances
between energy levels is the main reason for crosstalk.
There are two types of resonances—static and drive-
induced ones. We use the term static resonance to refer
to two or more transitions having the same transition
frequency. These resonances result in population
exchange, even without an external drive. They are easily
inferred from the Hamiltonian of the uncoupled transmons,
without any knowledge of the dynamics. Static resonances
were designated as type II and III resonances in Ref. [38]
(which differ from each other by occurring between
nearest-neighbor, respectively next-to-nearest-neighbor
qubits). By contrast, drive-induced resonances are tran-
sitions that occur only when the drive is on. They are

—— Perfect Entangler Spec. ~ —— Jpg [@Q3:]0)] —— Jpg [@Q3:[1)] Pulse ampl.
1.00 :
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0.00 T e
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1.00 T 7 7/ w3 + as
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—_—
ﬁ
= 0.50 I
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FIG. 1.

PE spectrum, i.e., value of J, Eq. (4), obtained when varying the spectator frequency for two spectator anharmonicities a;

(black line) and the spectra conditional on the spectator state being |0) (blue) and |1) (orange). Note that the black curve is not simply
the sum of the blue and orange curves, but also contains the measure for the similarity of the two-qubit gates in the two subspaces [cf.

Eq. (3)]. The vertical lines indicate resonance conditions.
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mediated by coupling between the transmons and can be
understood with low-order perturbation theory. Drive-
induced resonances were labeled type I resonances in
Ref. [38]. In the following, we analyze both types of
resonances in detail.

A. Static resonances

Typically, the qubit parameters are chosen to avoid static
resonances, but adding more qubits introduces additional
levels, which may lead to static resonances. In Fig. 1,
we indicate the static resonances by vertical blue lines.
The strongest static resonances appear if the spectator
frequency is the same as one of the other qubits’, i.e.,
w3 = wy ), (dashed vertical lines in Fig. 1). These reso-
nances do not necessitate a dedicated spectroscopy, as they
are readily understood as addressability problem associ-
ated with the degeneracy of qubit frequencies.

Another type of static resonance involves higher levels
of the transmons, beyond the logical subspace. Resonances
due to transitions between |1) <> |2) (dotted and dash-
dotted vertical lines in Fig. 1) clearly coincide with high
peaks in the spectrum, indicating strong crosstalk.
Transitions involving the second excited states of the
spectator (dotted vertical lines in Fig. 1), vary between
the two panels, as expected for different anharmonicities
a3. Note that it is not sufficient to consider resonances
involving transitions |0) <> |1) in one qubit and |1) <> |2)
in another qubit. For example, in the CZ gate protocol,
population may cycle through various states |02k), where k
labels the spectator state. This enables transitions involv-
ing higher energy levels, such as |021) < [030) or
|021) <> |012). In Fig. 1, these transitions are indicated
by dash-dotted lines near 5.6 GHz and by a solid line
near 6.0 GHz for a; = 100 MHz (for a; = 200 MHz, the
latter is shifted out of the plotted frequency range). The
transitions near 6.0 GHz align with a peak in the spectrum
which shifts with as. In contrast, for the transition around
5.6 GHz, we do not observe a single well-defined peak.
Instead, a larger region is affected by substantial crosstalk.
The corresponding feature in the spectrum cannot be
understood by considering only static resonances, but
becomes clear when considering drive-induced resonances
below.

B. Drive-induced resonances

In order to quantify the drive-induced resonances, we
first need to know which transitions can possibly occur.
Analysis of a simpler model, cf. Appendix B, suggests that
the flux drive from Eq. (5) induces transitions between
levels which are coupled by H o—c- Furthermore, the
effective drive is comparatively strong, which enables
higher-order X-transitions as detailed in Appendix C.
This is necessary, since the gate mechanisms discussed
in Sec. II B rely on second-order X-transitions.

Based on these observations, we define a resonance
measure that collects the information on all X-transitions
of a given order n, that are allowed, in terms of a single real
number,

M N
(n) _ 1 n —(w,—w;;)*/20%
M, = P E g (X7);;e ( 226t ()
v i

In Eq. (7), we have introduced the coupling matrix X,
with

1 if (Hy_¢);; #0
X.. = 0-CJij
Y {O otherwise ®

to capture the transitions which are allowed by H o—c in

Eq. (5). M((f ) expresses the proximity of all relevant
transition frequencies to a reference frequency w,. The
transition frequencies are given by w;; = |E, — E |, where

Ei/j denote eigenenergies of the undriven system. The
transition frequencies change when varying the spectator
frequency ws. In order to determine the undriven eigen-
states, we need to fix the value of the coupler frequency.
We take a value close to the average drive and adjust it in
order to match the spectrum perfectly. The index j runs
over all N states of the truncated Hilbert space, whereas the
index i is limited to the set of M < N states consisting of
all logical basis states of the three qubits plus those states
that are purposefully involved in the gate protocol. To

adjust the sensitivity of Mg’) we use a narrow Gaussian
with width ¢ and found 7 = 4 MHz to be a good choice to
identify all relevant features.

We will start by analyzing M&ﬁ =V for first-order
X-transitions. These require the transition frequency to be
equal to a frequency component of the drive, i.e., @y and
2w, according to Eq. (6a). When treating the drive by
perturbation theory, first-order X-transitions occur not only
in first-order perturbation theory, as one would expect, but
also in second-order perturbation theory, where the combi-
nations XZ and ZX contribute, as we detail in Appendix C.
These lead to multiphoton processes, and we need to
consider transitions with integer multiples of @, up to four,
see Appendix D for a detailed discussion of the contribu-
tions at first- and second-order perturbation theory.

When going to second-order X-transitions, only con-
tributions starting from second-order perturbation theory
are relevant. In addition to considering integer multiples of
@, up to four, as just explained above, we anticipate that
the diagonal part of the drive also gives rise to contribu-
tions from the next higher-order perturbative term. Thus,
we expect third-order perturbation theory to contribute
second-order XX-transitions, which will result in combi-
nations of three times the original drive frequencies w, and
2w,4. Hence, we will consider integer multiples of w,, up to

six for MU=,
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— PE-Spectrum —_— W =Wy

Drive ampl. —_— Wy = 2wy

— wr = 3wy Wy = dwy wr = 6wy

—_— w, =4wy

(2)

./\/l‘(‘,lr) (arb. units)

./\/l‘(i) (arb. units)

FIG. 2. Comparison of the PE spectrum (black line) to the resonance measure Mgl,), Eq. (7), for the CZ gate with a3 = 100 MHz,
shown for various reference frequencies w, and n =1 (a) and n = 2 (b). The dashed purple line indicates the offset of M((,Jz ):a, "

originating from the transition used to implement the CZ gate.

Figure 2 compares the resonance measure Mgf ) with
the PE spectrum for (a) first-order and (b) second-order
X-transitions using reference frequencies w, that are
multiples of wy, as discussed above. In the calculation
of the w;; in Eq. (7), . was adjusted to 7.266 GHz
(compared to an average of ~7.25 GHz) in order to

improve alignment of Mﬁ? ) with the peaks in the PE
spectrum. All curves exhibit multiple peaks, which align
well with peaks in the PE spectrum, indicating that drive-
induced resonances represent a major source of crosstalk.
Figure 2(a) displays only a single peak in /\/l((ulr) for a given
reference frequency w,. These correspond to drive-induced
transitions between the tunable coupler and the spectator
qubit. Such first-order couplings are in general strong and
population swaps between the tunable coupler and the
spectator qubit occur even at large detunings of the
spectator frequency from the resonance. This is reflected
by the comparatively broad regions in the PE spectrum that
indicate crosstalk around the first-order resonances. In
these regions, the gate protocol is severely impaired, which
leads to a significantly reduced population transfer to
|02k). This also explains the missing peak for the static
resonance peak around w; = 5.6 GHz, discussed at the
end of Sec. III A, which required contributions of |02k). In
contrast, the peak for w, = 4w, in Fig. 2(a) is not very
broad, since the resonance consists of two excitations with
frequency 2wy. This frequency component in the drive
o, (1) is already comparatively small.

Second-order transitions account for the remaining
peaks in the PE spectrum, cf. Fig. 2(b). In the CZ gate

protocol, the drive frequency w, is taken to be (near-)
resonant with the second-order transition |11k) <> |02k).
The corresponding resonance measure (purple line) exhib-
its a constant nonzero offset (dashed purple line). We
estimate the offset from regions with zero crosstalk and
plot it as dashed purple line. Deviations from the constant
offset indicate either additional transitions with a fre-
quency of @, or changes in the transition frequency of
|[11k) <> |02k) due to dressing by the third qubit. Both lead
to unwanted crosstalk, as seen in the coincidence with
large values of the PE spectrum. In case of an additional
transition, the deviations exhibit sharp peaks, for example
around w3 =4.25 GHz or w; = 5.4 GHz. In contrast,
small deviations, especially negative ones, suggest a change
of the |11k) <> |02k) transition frequency. This can lead to
significant crosstalk, since the gate mechanism for the CZ
gate requires a precise phase accumulation when cycling to
|02k) and back. It is confirmed in the PE spectrum, for
example around w; = 5.0 GHz or w; = 5.8 GHz, where
the small deviations in M, correlate with large values of
the PE spectrum. Combining all observations, all features
of the PE spectrum are rationalized in terms of the
mechanisms that lead to crosstalk for different parameters.

IV. ANALYZING CROSSTALK MECHANISMS:
APPLICATION TO A viSWAP GATE

As a second example, we analyze a ViSWAP gate,
using the parameters from Ref. [47], given in Table II.
Since many aspects are similar to the CZ protocol, we
focus on the main results. Figure 3 shows the spectra for
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TABLE II. Parameters for +/iSWAP gate [47].

Qubit 1 Frequency w/2r  5.8899 GHz
Anharmonicity a;/2r 324 MHz
Coupling g1/2z  100.0 MHz

Qubit 2 Frequency w,/2x  5.0311 GHz
Anharmonicity a,/2x 235 MHz
Coupling g/2x  71.4 MHz

Qubit 3 Frequency w3/2x  Varied
Anharmonicity az/2x 100 MHz
Coupling g3/2x  85.0 MHz

Tunable coupler Frequency WM /27 7.445 GHz
Anharmonicity a./2z 230 MHz

Drive Offset (C) —0.108
Amplitude o 0.155
Frequency w,/2x  850.6 MHz
On/off flank width o, 8.3 ns

the viSWAP gate analogously to Fig. 2. Again, the PE
spectrum exhibits several peaks, corresponding to the
presence of unwanted crosstalk in the system. Overall,
the spectrum is less densely peaked compared with the CZ
gate. In addition to the PE spectrum, we also plot the

resonance measure Mg’ = "2), Eq. (7), for several reference
frequencies. M, is calculated with @, = 7.000 GHz,
which we determined to yield the best match with the
peaks of the PE spectrum. We show resonances with
integer multiples of the flux frequency w, up to four. Peaks

—— PE-Spectrum —_— W, =Wy

Drive ampl.

— wy = 2w

for larger multiples of w, as observed for the CZ gate, do
not appear in the spectrum, and thus are omitted. This is
expected due the smaller drive amplitude and shorter
interaction time of the /iSWAP, which both attenuate
the influence of higher-order terms. For all reference
frequencies, the curves for M, exhibit several peaks,
which align well with the peaks of the PE spectrum.
The viSWAP gate is mediated by driving the second-
order transition |01) <> [10) with a near-resonant drive.
Similarly to the case of the CZ gate, this resonance is

reflected as offset in M(<u2,.):w(/, (purple line in Fig. 3(b)). We

expect the v/ iSWAP protocol to be more robust to small
changes of the transition frequency compared with the CZ
gate, since it just implements a population swap between
|01k) and |10k) and does not require the precise accumu-
lation of a relative phase. This robustness is indeed seen in
the PE spectrum, e.g., around 4.9 GHz in Fig. 3(b). Here, a
moderate deviation from the expected offset (dashed line)
leads to only a comparatively small increase of the PE
spectrum.

Finally, we address the only peak in the PE spectrum
that does not seem to have any correspondence with a peak
in /\/l,(fr 2 __the left of the two peaks close to 4.45 GHz.
The right peak coincides with a resonance due to 3w,
(light blue curve). Upon closer investigation, both peaks
are caused by the same crosstalk mechanism, namely a
swap of excitation between the spectator qubit and the
tunable coupler. Their peak separation originates from a
shift of the spectator eigenenergies, that depends on the
state of the other two qubits. However, the splitting is

— W, = 3wy —_— w, = 4wy

T) (arb. units)

1

§

M

R

(b)

MEUQT) (arb. units)

\

4.0 4.2 4

N
4

4.6 4.8

5.0

5.2 5.4 5.6 5.8 6.0

w3 (GHZ)

FIG. 3. Perfect-entangler spectrum (black line) and resonance analysis, quantified by Mg’,), Eq. (7) for a v/iSWAP gate with
a3 = 100 MHz with (a) n =1 and (b) n = 2. The dashed purple line indicates the resonance of w, in the system employed for

implementing the v/ iSWAP gate.
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much more pronounced than expected. This can be
attributed to the drive leading to a time-dependent AC-
Stark shift of the associated levels. Time-dependent effects
are not captured when determining the eigenenergies
needed to calculate M, in Eq. (7). We have confirmed
this interpretation by comparing spectra for various drive
strengths (data not shown), which indeed shows a corre-
lation between the peak splitting with the drive amplitude.

V. EXPERIMENTAL IMPLEMENTATION

Finally, we suggest a protocol to experimentally mea-
sure the PE spectrum, in order to identify the various
crosstalk mechanisms discussed above on a real device.
First of all, this necessitates the possibility to vary the
frequency of the spectator qubit. In architectures based on
fixed-frequency qubits, a neighboring tunable coupler can
emulate the spectator qubit. To determine the values of the
combined functional J, Eq. (4), in an experiment, a naive
approach would be to determine the full three-qubit gate
directly, for instance, through a process tomography for
three qubits. A more efficient protocol allows for recon-
structing the gate by only evolving and measuring N + 1
states [63], where N is the gate dimension, i.e., N = 8 for
three-qubit gates here. Each of these states is prepared
individually, the gate is applied to it, and the resulting
states are determined by state tomography. Note that, it is
sufficient to perform a partial state tomography in the
logical subspace, since the desired gate is restricted to this
subspace. From the outcome of the state tomographies, we
can reconstruct the quantum gate [63] and calculate, from
the quantum gate, the local invariants g, ¢, and gz. In
other words, it is only necessary to apply the gate to all
states of a logic basis plus one additional state in a rotated
(mutually unbiased) basis [63].

Since the two-qubit gate should not affect the state of the
spectator qubit, the targeted three-qubit gate can be written
as block diagonal matrix,

U 0
U3q:U2q®“=< éq U2q>’ 9)

where U,, is a two-qubit gate between the first two qubits.
This property allows us to reduce the effort to determining
two two-qubit gates: one for the spectator qubit being in
|0) and one for the spectator qubit being in |1). This in turn
has the advantage, that the effort for the state tomographies
can be further reduced to a two-qubit subspace, i.e., N = 4,
instead of N = 8. After determining both two-qubit gates,
J can be calculated according to Eq. (4). Note that, since
the two-qubit gates are determined separately, the indi-
vidual terms in Eq. (2a) can be analyzed independently,
analogously to the approach employed in Fig. 1. Finally,
the weights wg and wy; in Egs. (4) and (2a), respectively,
can be adjusted to maximize the contrast of the spectrum.

— T fixed I minT JpE (T)

N
o

[t
ot

PE-Spectrum
—
o

o
ot
_—

I
o

4.0 42 44 46 48 50 52 54 56 58 6.0
w3 (GHZ)

FIG. 4. Comparison of spectra, obtained with the fixed-time
and the minimization-over-time method. The black curve shows
the perfect-entangler spectrum of the CZ gate from Fig. 1. The
red curve shows a similar spectrum without minimization over
time, with 7 = 690 ns.

Importantly, while the relative phase between the two-
qubit gates does not change the perfect-entangler spec-
trum, a nonvanishing relative phase will induce an
undesired local Z-rotation for the third qubit. In order to
obtain a crosstalk-free gate, it will be necessary to determine
this relative phase and compensate it by a local Z-gate on
the spectator. This can be done by preparing an initial

product state, with the spectator qubit in (|0) 4 [1))/v/2.
Since the two two-qubit gates are the same (up to a relative
phase), application of the gate protocol leaves the three-
qubit state separable with respect to the spectator qubit but
rotates the spectator qubit, with ¢ the relative phase between
the two-qubit gates. Thus, measuring the 6, and &6,
components of the spectator qubit state yields this phase.

Although the protocol described above allows for the
measurement of the perfect-entangler functional, it does
not yield the minimal value of the perfect-entangler
functional over time. Instead, in its simplest form, the
protocol only allows to determine the functional value at a
fixed final time 7. In order to estimate the impact of this
limitation, we compare the two cases for the CZ gate. To
this end, we determine the value of J at a fixed time of
T = 690 ns, which provided the largest contrast for the
spectrum, cf. the red curve in Fig. 4. When comparing this
to using the minimal value of J over time (black curve in
Fig. 4), the fixed-time spectrum shows much larger peaks,
and some noise is introduced, for example oscillations
around 5.0 GHz. However, all main features of the spec-
trum are preserved. This suggests that the experimentally
much more feasible measurement of the spectrum at a final
time 7 is sufficient for detecting the relevant crosstalk
mechanisms. While 7 in Fig. 4 was chosen to maximize
contrast, the PE spectrum is robust to changes in 7 spanning
several 10 s of nanoseconds. The fixed time 7" = 690 ns in
Fig. 4 is close to the gate duration of the original two-qubit
protocol [61], which in turn is determined by the inverse
transition frequency between |11) <> |02). Therefore, in
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order to maximize the contrast in the experiment, one could
measure a coarse spectrum for different times, 7', around the
original gate duration and select the time with the contrast
for the high resolution scan.

In our calculations, we have neglected the impact of
noise and, more generally, imperfections in the gates and
measurements. Since the PE spectrum hinges on the proper
determination of the two two-qubit gates in Eq. (3), one
may wonder whether imperfect knowledge of these uni-
taries will limit the approach that we propose. The error
estimates of Ref. [63] suggest this not to be the case: (i) as
long as 7| and T, times are at least a factor of ten larger
than the gate duration, the reconstruction error remains
small [63]. For most quantum hardware, the ratio between
gate times and decoherence times is significantly larger
than ten. (ii) State preparation and measurement (SPAM)
errors may introduce additional reconstruction errors for
the two unitaries in Eq. (3), but these remain negligible as
long as the SPAM error probability is smaller than two or
three percent (where the SPAM errors were modeled as a
bit flip map) [63]. In conclusion, for the noise and error
characteristics of state-of-the-art quantum devices, our
protocol is expected to faithfully characterize the crosstalk
despite small imperfections in gates and measurements.

VI. CONCLUSION AND OUTLOOK

We have introduced the perfect-entangler spectrum, a
versatile tool for analyzing crosstalk, and shown how to
use it for a parametrically driven tunable coupler archi-
tecture, simultaneously coupling more than two qubits.
The perfect-entangler spectrum allows for precise quanti-
fication of gate crosstalk and the influence of the different
states of spectator qubits. In more detail, it identifies qubit
frequencies that do not lead to crosstalk, facilitating the
design of tunable coupler architectures.

Moreover, we have shown how to leverage the perfect-
entanglers spectrum to identify the crosstalk mechanisms.
In the examples we have considered, these can be divided
into static and drive-modulated resonances. The former
consist of unwanted resonances between transition frequen-
cies which can already be inferred from the bare system
Hamiltonian and do not necessitate a dedicated spectros-
copy. The drive-modulated resonances, on the other hand,
originate from unwanted transitions induced by the drive.
In particular, we find that multiphoton processes lead to
unexpected crosstalk for certain parameter regimes.

Finally, we have outlined a protocol to experimentally
measure the perfect-entangler spectrum, showing that it is
not just a useful tool for theoretical and computational
analysis but also practically feasible. It requires, for each
spectator frequency, two two-qubit gate tomographies plus
the determination of a single-qubit rotation phase.

Our approach can easily be modified to measuring the
deviation from a gate that is locally unitarily equivalent to

the desired one. To this end, the perfect-entangler func-
tional Jp in Eq. (1) needs to be substituted with the local
invariants functional, Ji; = >3 ,(g; — ¢%)? [64] which
measures the distance from a desired (“des”) local equiv-
alence class. Both functionals are defined in terms of the
local invariants g;, such that the required computational
and experimental effort is identical. While the PE spectrum
is needed for protocols involving multiple local equiv-
alence classes that are all perfect entanglers, measuring the
deviation from a gate that is locally unitarily equivalent to
the desired one may be interesting for error mitigation or
error correction using local rotations and is simpler to
integrate with quantum circuit compilation.

Architectures coupling more than three qubits with a
single tunable coupler have been suggested in the literature
[56], and our insights on the crosstalk mechanisms with
three qubits are readily generalized to such more complex
systems. In particular, they can aid the selection of
parameter regimes when adding more qubits to a single
coupler. Our crosstalk spectroscopy would also be sensi-
tive to more complex error channels [65,66]. Further, our
approach is complementary to crosstalk tomography via
random unitary circuits [67,68], which diagnoses the
occurrence of crosstalk without the capability of locating
the source or identifying the mechanism causing it.
Additionally, while we have considered entangling two-
qubit operations in our examples, our approach to crosstalk
spectroscopy is easily extended to single qubits as well.
This is easily done by optimizing for a set of fixed single-
qubit gates, e.g., using the average fidelity instead of the
perfect-entangler functional. The approach can therefore
be used to analyze crosstalk for a complete universal set
of gates.

As a next step, it will be interesting to use the perfect-
entangler spectrum as a diagnostic tool when varying the
gate protocol. For example, optimal control methods [69]
can be used to mitigate crosstalk dynamically when
frequency crowding prevents the simple mitigation strat-
egy of choosing the right qubit parameters to be effective.
The perfect-entangler spectrum provides a suitable figure
of merit for such optimizations [70]. The resulting cross-
talk-resistant perfect entanglers could be combined with an
extended two-qubit gate set design avoiding iterative fine
calibration [71], in order to facilitate more efficient circuit
compilation.
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APPENDIX A: LOCAL INVARIANTS
OF TWO-QUBIT GATES

For completeness, we recall here the classification of
two-qubit gates in terms of local equivalence classes
[43,44]. Any two-qubit gate is an element of SU(4),
and to assess whether a two-qubit gate is a “perfect
entangler,” one can make use of the local equivalence
classes of SU(4). They arise from the fact that any two-
qubit gate can be written as

N N i . . R R R N
U=k exp E(clax ® 6, + 26, ® 6, + 36, ® 6,) | ky.
(A1)

Here, IAcl and 122 are local operations, i.e., lAci €
SU(2) ® SU(2), and the nonlocal part of the gate is
represented by the exponential. It is fully characterized
by only three real numbers (c;, c,, c3)—the Weyl
coordinates. Accounting for the symmetries of the expo-
nential in Eq. (Al) reduces the cube, spanned by
c123 € (0, 7), to the so-called Weyl chamber. Gates shar-
ing the same coordinates in the Weyl chamber belong to
the same local equivalence class and can be converted into
one another with local operations. The best known
examples of such local equivalence are CNOT and the
controlled-phase gate (CZ); their Weyl coordinates are
Cq :%, CQZO, and C3 =0.

However, determining the Weyl coordinates of a gate
can be difficult, and it is more practical to classify gates by
their local invariants [43,44]

g1 = Re[TR(M)],
g2 = e Im[TR(M)],
g3 = 3 [TE(M) —Te(M2)]

(A2)

where M = ULUp and Uy corresponds to the two-qubit
gate in the Bell basis.

Inside the Weyl chamber, all perfectly entangling gates
form a polyhedron, also called perfect-entangler polyhe-
dron. Given this geometric picture, a given gate is either
inside the polyhedron or has a well-defined distance from
it [45]. This distance can be expressed in terms of the Weyl
coordinates ¢y, ¢,, and c3 or the local invariants g;, g,, and
g3, where use of the latter in calculating the distance comes
with the advantage of smoothness of the function.

The local invariants can be used to design protocols that
yield a representative of a local equivalence class rather

than a specific gate [64] or an arbitrary perfect entangler
[45,46]. They can also be used in parametrized gate design
to improve upon existing drive sequences [73].

APPENDIX B: DRIVE IN THE DRESSED BASIS

In order to understand the effect of the drive in Eq. (5),
we switch to the dressed basis, where the dressing is due to
the interaction between qubits and coupler with strength g.
Also, it is useful to split the Hamiltonian (5) into time-
independent and time-dependent parts,

H(t) = Hy + u(t)H,. (B1)

We follow [47] and treat the I:IO as the Hamiltonian
from Eq. (5) with 6 = 0 in Eq. (6). With this, the time-
dependent part is given as H, = @™*b'h with u(r) =
V[ cos (z® ()] — /[ cos ().

For simplicity, we consider the subsystem of only one
fixed-frequency transmon and the coupler and treat both as

two-level systems. The drift and control Hamiltonians in
Eq. (B1) are then given by

Hy=%6,@1+%21®6,+9(6, ®6_+6_®5.,)
wquLwa 0 0 0
0 g -5 0
0 0 0 KN
N 1, A
H1250Z®ﬂ, (B2b)

where Aw = w, — w,. Note that we employ the rotating
wave approximation, neglecting the terms 6, ® 6,
and 6_ ® 6_, which is justified for the parameter val-
ues used in the main text. The drift Hamiltonian I:IO is
block diagonal and the coupling only occurs in the
central subspace spanned by |01) and |10). Focusing on
this subspace, we can rewrite the Hamiltonian in the
subspace as

Aw

H, :AwéZJrg(:;x:(z gAw>
g —2

(B3a)
with eigenenergies E; = +4/(52)% + ¢ = £Q and

(B3b)
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i.e., effectively the drive has both a diagonal and an off-
diagonal component. When translating this result back to
the total space of the qubit-coupler system, we find the
control Hamiltonian (B2b) to be separated into a diagonal
and an off-diagonal component,

% 0 0 0
. 0 Ao g 0 N ~
H(Iiressed — 0 ZEQ Si Ao () =7+ X, (B5)
Q 2Q
00 0 -3

with X = ¢/Q(6,. ® 6_ + 6_ @ 6., representing the off-
diagonal contribution. It vanishes for weak coupling.

APPENDIX C: SECOND-ORDER
PERTURBATION THEORY IN THE DRIVE

We provide a brief analysis of the transitions induced by
a modulation of the coupler frequency . () in Eq. (5). In
order to understand the effect of the drive, we switch to a
basis which is dressed with respect to the interaction
between qubits and coupler, A o—c in Eq. (5). While this is
challenging in general, we know from Appendix B that the
effective drive Hamiltonian H, comprises a diagonal and
an off-diagonal part in the dressed basis. Similarly to (B5),
we refer to the diagonal term as 7 and the off-diagonal
term as X,

I:I 1= Z + 5\( , (Cl)
with X;; o« (3 (baf + j]T&k))ij_ As in Eq. (BS), the matrix
elements of X are small compared with those of 7 if the
couplings g; are small compared with the detunings
between qubit and coupler, g; < Aw;. In our examples,
they are smaller by about a factor of 10.

To examine which transitions are induced by the drive in
Eq. (C1), we employ time-dependent perturbation theory
up to second order. The transition amplitude P, _,,
between two levels |n) and |m) is then given by

t ) ,
P2 =16 — iV / dr'eiom? u(t)

0
1 t/ . J . 1
_vakvkn/ dt// di"eimt giog,t u(l’)u(t”)|.
z 0 0
(C2)

Here, V;; = (i|H,|j) and w;; = E, — E;, where E; are
the eigenenergies and |i), |j) the eigenstates, dressed with
respect to the qubit-coupler interaction HQ_C. Since we
consider transitions between distinct levels, |m) # |n), the
first term on the rhs. of Eq. (C2) does not contribute. The
second term, describing first-order perturbations, is

nonzero only if V,,, # 0. With the definition of H,, cf.
Eq. (C1), we find

Vi = (m|Hy|n) = {m|Z|n) + (m|X|n), (C3)
——
=0for m#n

i.e., within first-order perturbation theory, transitions
between two states |m) and |n) occur only if they are
connected by X. The last term in Eq. (C2), obtained in
second-order perturbation theory, results in transitions if
> & Viuk Vin is nonzero. The sum over all possible states |k)
enables transitions between states which are coupled by XX.
The second-order term includes also transitions between
states which are coupled by X, i.e., first-order X-couplings,
since the drive Hamiltonian contains the diagonal term Z. In
other words, these correspond to transitions between states
coupled by XZ or ZX. Recall that the matrix elements of X
are small compared with those of Z. Therefore transitions
due to ZX or XZ dominate over those due to XX.

APPENDIX D: HIGHER-ORDER HARMONIC
EXCITATION IN COUPLED TRANSMON
SYSTEMS

As illustrated in Figs. 2(a) and 3(a), we observe several
crosstalk  contributions, corresponding to first-order
X-transitions between the tunable coupler and the third
qubit. For instance, the peak in Fig. 3(a) around w; ~
4.46 GHz corresponds to a swap between the spectator
qubit and the tunable coupler, but with a transition fre-
quency of @, = 3w,. This swap occurs, despite the drive
not containing the frequency component 3w, but only w,
and 2w, In the following, we will exemplify how such a
transition is possible, due to second-order XZ interactions
between the third qubit and the coupler.

To understand the swap, we use the simplified model of
Appendix B and start with the effective drive in Eq. (B4).
We calculate Pff_),m withn #mandn,me {6, T}. The first-
order contribution in Eq. (C2) yields a transition propor-
tional to Fourier transform of u(?): Flu](w) =
Jede' em’u(r). Tn Bq. (B4), V,, =g/Q for m#n,
and thus the first-order perturbation term becomes
i(9/Q)Fu](®,,). Assuming a pulse shape u(r)=
a + bcos(wt) + ¢ cos(2wt), the first-order term is nonzero
only if ,,, ®# @ or w,,,, ® 2. This does not yet explain the
transition between levels with a transition frequency of
®,,, = 3w seen in the perfect-entangler spectrum, i.e., it is
necessary to include second-order contributions.

The second-order contribution is more complicated due
to the time ordering in Eq. (C2). As discussed in
Appendix C, transitions due to ZX and XZ dominate
the second-order contribution. Expanding the sum in
Eq. (C2) yields two conditions, which we treat independ-
ently. The first, corresponding to ZX or n = k, yields
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/ dr’ / e @mt' v, V. u(?)u(t")

dt el @mt y (¢ / dr’ (-1 t’
sae | (r) [ ar' (1) (@)

= (=1)" —w[; de'e’m”u(YW(1), (D1)

20?7

where we have utilized w,, =0 and V,, = (—1)"2%

from Eq. (B4). Further, we have used the antiderivative
W(s) = [5 ds’u(s"). Similarly, for XZ respectively, m = k,

/dt”/ drel@m!" v,V u(t ) u(t")

2522
— (-1

dt”e””'"" u( //) A] ( l)m ( )

w [ "
— A dt"eiom u(¢Y W),

w [! —
— _(_l)m / dt//eza),,,,,t u(t”)W(t”)
0

202
Aw

T (02)

t : I
W( )/ dtei®mt u(t”),
0

where we have used the identity (I d7 [¢ df"f(#)g(t") =
ade” [} df' f(1)g(¢"). Combining Eqs. (D1) and (D2),
and letting + — oo, the dominant contributions in second

order are obtained as

© ! : ;o /"
/0 dr /) dt”Ze’wmﬂe’“’kH’ Vo Vintt (£ ) u (")
k

:((_l)n ( l)m) a)/ dt”e"“’m"t”u(t”)W(t”)

202
- PIQT?M{W[»‘@)](%) =~ Flu()W (D)) (@)}

(D3)

where W =lim,_, W(¢) and we have used (—1)"—
(—=1)" = —(—1)" for m # n. They contain Fourier trans-
form of u(r)W(tr) at the transition frequency ,y,,.
Assuming the same pulse shape as above,
u(t) ~ a+ bcos(wt) + ccos(2wt), u(t)W(t) has fre-
quency components @, 2w, 3w, and 4w, which explains
the higher-order harmonics observed in the PE spectrum.
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