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Finding passive, reciprocal metasurfaces for arbitrary wave transformations
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We give a general design method for finding the passive, reciprocal surface impedance tensor required
to enact any wave transformation. We do this through characterizing the surface in terms of a tensorial
surface impedance, showing that a large family of impedance distributions can be found that perform an
identical wave transformation. Even when the conditions of reciprocity and passivity are imposed, there
still remain many solutions to the design problem. We exploit this as a design method for metasurfaces,
giving two examples where the metasurface rotates the input polarization and reshapes the output field,
showing we can parameterize the set of equivalent reciprocal metasurfaces in terms of a single complex
parameter. In addition, through allowing dissipation and gain within the response, the surface can have
many different functionalities in the orthogonal polarization, opening up a new route for the design of

multiplexed metasurfaces.
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I. INTRODUCTION

Metasurfaces are planar media containing an array of
polarizable elements [1], carefully chosen to perform a
desired transformation of an incoming wave. Although this
concept covers many areas of wave physics [2], here we
focus on metasurfaces for electromagnetic waves. Within
such surfaces, the elements are typically spaced closer than
the wavelength, allowing the characterization of the array
in terms of an effective electromagnetic boundary condi-
tion [3]. Whereas partially or totally transmitting metasur-
faces are typically characterized in terms of sheet transition
conditions [4—6], or a polarizability [7,8], impenetrable
surfaces are usually characterized in terms of a surface
impedance [4,9,10], as illustrated in Fig. 1. This amounts
to specifying the ratio of the electric and magnetic fields at
all points on the surface. There are a variety of approaches
to the design of such metasurfaces, controlling, for exam-
ple, the local reflection phase over the surface [11-14],
or the coupling of surface waves to free-space radiation
[15]. In this work, we consider impenetrable metasurfaces
described in terms of a tensorial surface impedance. As we
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shall show, there is a nonuniqueness of the surface param-
eters with respect to a desired transformation of the field.
Besides being generally interesting, this can be exploited
to impose the practical conditions of passivity and reci-
procity on any metasurface design. The greatest freedom
occurs for nonreciprocal surfaces, but even reciprocal ones
always contain a single free complex parameter.

Although the terminology of a “metasurface” is little
more than a decade old, the idea is a continuation of a large
body of earlier work on frequency selective surfaces [16],
which was revived when similar ideas began to be imple-
mented in optics [12]. Recent work has taken the meta-
surface idea significantly further forward. For example,
through matching the electric and magnetic polarizability
of the surface elements in a transmitting sheet, all reflec-
tion can be eliminated, resulting in so-called “Huygens”
metasurfaces [17—19], which sculpt the field while main-
taining its direction of propagation. More recently, more
exotic metasurfaces have been considered, including non-
Hermitian and PT-symmetric elements [20—22], which
contain carefully designed distributions of loss and/or gain,
allowing for an unusual control over, for example, the
polarization of the output field. Novel forms of surface
excitations have also been discovered at junctions between
metasurfaces [23,24], and most recently nonreciprocal [25]
and space-time varying surface parameters have been con-
sidered [26,27], enabling both multiplexed functionality
and spectral control.

As mentioned above, here we investigate the uniqueness
of the tensorial surface impedance, Z,, when enforcing a

Published by the American Physical Society
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FIG. 1.
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Field transformations with tensorial metasurfaces. A metasurface characterized in terms of a tensorial surface impedance,

Zs, can perform an arbitrary transformation of an incident electromagnetic wave. Here a normally incident wave with electric field
aligned along the x axis is transformed into a normally reflected wave with electric field at an angle 6 to the x axis, an example treated
in Sec. IV. The right-hand panels (a),(b) illustrate the behavior of a tensorial metasurface in terms of the induced current J; and the
electric field eigenvectors, E ;, in terms of which [(c.i),(c.ii)] any incident field can be decomposed.

single given transformation of the electromagnetic field.
As well as exploiting this to find practical (reciprocal and
passive) sets of parameters, this finding is also relevant
to the problem of designing multiplexed—more specifi-
cally polarization-multiplexed—metasurfaces, where two
or more functionalities are imposed in the same design.
Unless the surface properties are reconfigurable [28], for
example, it is well known that this is a difficult design prob-
lem, and there have been numerous previous approaches
[29-31], some of which are summarized in Ref. [32].

II. THE TENSORIAL IMPEDANCE BOUNDARY
CONDITION

In this section we review the mathematical description
of impenetrable metasurfaces in terms of the impedance
boundary condition. We can characterize the reflection of
electromagnetic waves from any thin impenetrable meta-
surface in terms of an impedance boundary condition writ-
ten in terms of a (2 x 2)-tensor-valued surface impedance
[4,9], Z;. To understand the origin of this boundary condi-
tion, consider Ohm’s law within the metasurface relating
the electric field parallel to a boundary, E, to the surface
currents, js, via the surface conductivity, o;. By relating
the surface currents to the magnetic field via j, = n x H,
where i is the surface normal, we have an equation relating
the surface electric and magnetic fields,

jSZO'S‘EH =N X H”. (1)

In general, the surface conductivity is a 2 x 2 tensor, indi-
cating anisotropy, that is, the vectorial surface current may
not be directly proportional to the surface electric field. For
example, a surface composed of an array of thin parallel

wires aligned with the Z direction would be characterized
by the surface conductivity o, = 0., Z ® Z, indicating that
current can only flow along the axis of the wires and only
flows in response to the Z component of the electric field.
As a matter of convention, interfaces are characterized not
in terms of the conductivity but in terms of the surface
impedance, which is its inverse, Z; = o, !. This yields the
impedance boundary condition,

E)=Z (A xH). (2)

Note that the component of the cycle averaged Poynt-
ing vector normal to the metasurface is given by (S,) =
sRe[fi - (B x H})] = —3Re[E; - (i x H})] and therefore
the power locally entering the metasurface (P,) = —(S,)
is proportional to the Rayleigh quotient of the impedance
matrix,

1 . .
(Pa) = SRe [(AxHy) -Z- (axH)]. Q)

Given the assumption stated in the introduction, that the
metasurface is impenetrable, a positive value for (P,) indi-
cates a dissipative response, whereas a negative value
indicates amplification, or gain. Given that a lossless meta-
surface will have (P,) = 0 for all possible incident fields,
lossless surfaces have an impedance tensor that is i times
a Hermitian matrix (a so-called anti-Hermitian operator).
In the general case, we can decompose the impedance
into Hermitian and anti-Hermitian parts, Z; = H| + i H;,
where H;, are Hermitian matrices. The dissipated power
is thus proportional to the Rayleigh quotient of H;, imply-
ing that passive surfaces (i.e., those without gain) have a
positive semidefinite form of H;.
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Another important constraint on the impedance ten-
sor is provided by reciprocity. Representing the free-
dom to interchange sources and detectors, this implies
the symmetry of the electromagnetic Green function [33]
G(x1,X3) = G'(x1,X,), which is equivalent to the symme-
try of the operators in Maxwell’s equations. Reciprocity
thus requires the surface impedance to be a symmetric
tensor, Z, = Z!.

III. NONUNIQUENESS OF METASURFACES FOR
PERFORMING FIELD TRANSFORMATIONS:
IMPOSING RECIPROCITY AND PASSIVITY

Supposing we want a metasurface to perform a given
transformation of the field upon reflection, we can easily
find a set of values for the impedance through substituting
the desired input and output fields into Eq. (2). To do this,
we write our specified complex-valued surface fields in
terms of their magnitude, for example, |E| = (E; - Eﬁ)l/ 2
and “direction”, ¢ = E /|E|,

E|(x,y) = [Ex,p)[e(x,»),

H||(x3y) = |H(xay)|h(x:y) (4)
We note that we can impose any surface fields here,
these being the sum of any incident and reflected fields
with polarization, phase, and amplitude varying arbitrarily
across the surface. Substituting this decomposition into the
earlier expression for the impedance boundary condition
(2), we obtain the requirement

E|
—e,

)

which tells us that at each point on the surface, the
impedance tensor must rotate and rescale the complex unit
vector fi x h so that it is parallel to the electric field unit
vector, ¢. When our desired field transformation has é
everywhere parallel to n x hy, this can be achieved with
an isotropic metasurface, characterized in terms of a scalar
impedance, Z; = |E|/|H|. This is always possible in, for
example, a two-dimensional geometry, where one field
component always lies out of the plane and the other
always in the plane.

Nevertheless, in the general case, a spatially varying,
tensor-valued impedance is required to satisfy (5). A sim-
ple solution is Z; = (|E|/|H|) & ® (A x h)*, where “®” is
the tensor product defined as, for example, (a® b); =
(abT)l./. = a;b;. However, as explained in Ref. [34], for
example, this form of surface impedance is most often
neither passive (Z; + 7! not positive semidefinite) nor
reciprocal (Z; # ZI). This certainly represents a challenge
for any practical realizations of these metasurface param-
eters, as both a power source and, for example, magnetic

elements would have to be embedded within the surface!
Yet there is an additional freedom that we can exploit to
bring the design closer to reality. We can always perform
a transformation Z, —> Z, + v ® fl, where v is an arbitrary
vector, without affecting condition (5). This leaves us with
an impedance tensor of the general form

Z,(r,y) = ﬂ[ (ﬁxfl>*+v®fl].

6
] (6)

This surface impedance performs the desired arbitrary field
transformation (5) for all choices of the complex, position-
dependent vector, v(x,y). As just discussed, generally
these metasurface parameters are nonreciprocal and non-
passive. The remainder of this paper explores the freedom
in specifying v in Eq. (6)—in particular, its exploitation to
find reciprocal, passive surface parameters.

A. Reciprocal metasurfaces

To illustrate special cases of the impedance distribution
defined in Eq. (6), we adopt a particular complex basis to
express the impedance tensor. Here, we use the two com-
plex basis vectors, hand f x ﬁ*, and the dual basis, h* and
fi x h. We use a bar to denote components in the dual basis.
With this choice the electric field direction on the surface is
given by € = e; h+ e, (i x h)* = & h* + &, (i x h) and
the arbitrary vector is written as v = « h+ B (h x fl)* =
ah* + B(n x fl). In terms of these basis vectors the recip-
rocal counterpart to the impedance tensor (6) is given
by

Zy(x,y) = %{el(x,y) [h @@xh*+ @xh)*® h]

+ex(x,y) (A x h)* ® (h x h)* +a(x,y) ﬁ®ﬁ}
(7

where we have here ensured that the metasurface is recip-
rocal, Z; = ZT, through taking

B=ei, (8)
which determines a single component of the arbitrary
vector, that is, v - (A x h) = é - h*.

From Eq. (7) we can see that, irrespective of the field
transformation we seek to enact, through exploiting the
nonuniqueness in (6), it is always possible to find a recip-
rocal metasurface that will perform this transformation.
Indeed, we have an infinite family of such surfaces as
we are still free to choose the complex-valued parameter
«. Ultimately the physical reason for this design freedom
is that at every point we are imposing the response to a
given surface field. Of course this leaves the response to
the orthogonal surface field unspecified. The somewhat
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surprising fact is that while the requirement of reciprocity
removes some of this redundancy, it is not enough to com-
pletely determine the form of the surface impedance. In
the next subsection we will impose the second practical
constraint of passivity.

B. Passive metasurfaces

As described in Sec. 11, for a metasurface to be passive it
cannot amplify the incident field, and therefore the power
entering the surface obeys (P,) = —(S,) > 0. In terms of
the unit vectors (4) and the basis introduced in the previous
subsection, this is equivalent to the condition

(P,) = Re [é- (A x ﬁ*)] —Re[e] > 0. (9)
We note that the requirement (9) on the field transforma-
tion must be implemented at every point on the surface at
the design stage, right from the outset: we cannot hope for
a passive surface impedance if our design fields require the
metasurface to generate energy! However, even assuming
Eq. (9) holds, it may still be that the impedance (7) exhibits
gain when probed with other incident fields.

As explained in Sec. II, to ensure the surface is passive,
the Hermitian part of the impedance tensor must be posi-
tive semidefinite, that is, for all complex unit vectors u we
must have
s-u] = %Re [@lin|” + el

+ey iy + Pitsity |

> 0.

Re [u*-Z

(10)

We can ensure the real part of the quadratic form (10)
is always positive through imposing both condition (9)

and choosing & such that the determinant of the following
Hermitian matrix is positive:

_ B+e
det| (Bl =5 1o, (11)
=== Reles]
which implies the constraint
1 |et+ B
Re[@] > ——— |2 . (12)
Refe;] 2

Figure 2 uses a randomly generated set of surface electric
and magnetic fields to show that imposing this constraint
indeed results in a passive metasurface. Note that if we
impose zero dissipation in the response to the design field,
Re[e;] = 0, then inequality (12) is generally impossible to
fulfill. This shows that reducing the efficiency of the design
(i.e., decreasing the reflected power) can help to find a set
of metasurface parameters that are, overall, passive. We
shall return to this point again in the next subsection.

Imposing conditions (9) and (12) therefore ensures that
our metasurface design is gain-free. If, on top of this, we
also impose the constraint (8), we find a surface that is
both passive and reciprocal. However, there is not enough
information in Egs. (8) and (12) to completely determine
both complex parameters o and S. There thus remains a
nonuniqueness in the design of even reciprocal, passive
metasurfaces.

C. A special class of reciprocal, passive metasurfaces

A simple special case of the results given in Secs. IIT A
and III B is where the unit vector h defined in Eq. (4) is
real-valued. In this case, we no longer have to distinguish
the vector basis from its dual, as defined in Sec. IIT A, and

(a) Reciprocal, nonpassive (b) Reciprocal, passive (c) Complex parameter, o
0.1
15 10+
. . 0.0 I
N N
+ + 10 —0.1+% : =
N N 0 1000 E 0
=iy =iy S =
.20 .20
[} (5]
L —10+
0 250 500 750 1000 0 250 500 750 1000 -10 0 10
n n Rela]

FIG. 2. Randomly generated wave transformations. Using a set of 500 randomly generated complex unit vectors, € and h, repre-
senting different choices of wave transformation, we computed the reciprocal surface impedance given by Eq. (7) [with |E|/|H| = 1,
plus the constraint (9)], and the eigenvalues (indicated as “eig” in the figure) of (Z; + Zl—) /2, which determine the dissipation/gain in
the metasurface. (a) « = 0 for all designs, giving rise to eigenvalues of both signs, generally requiring a nonpassive metasurface. (b)
o constrained by Eq. (12) (here taking the equality), giving rise to eigenvalues of a positive sign only, showing that all surfaces can be
made passive, as desired. (c) Corresponding values of « for the metasurfaces considered in (b), showing that in general this parameter
must be complex-valued.
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barred and unbarred quantities become equal, @ = «, 8 =
B,e, = ey, e; = ey, etc. Therefore, the three conditions (8),
(9), and (12) for a passive, reciprocal metasurface become
simply
B =e,
Re[e;] > 0,

Refa] = ler],

Re[e;] (13)
which, as discussed above still leaves Im[«] undeter-
mined, indicating an infinite family of passive reciprocal
metasurfaces that perform the same transformation.

As an initial very simple example, consider a meta-
surface that completely absorbs incident waves when the
electric field is aligned along the x axis. For a surface nor-
mal n = z, the direction of the electric field is € = X, and
the magnetic field is h = —¥, with |E|/|H| = no where g
is the free space impedance. In this case, e; =0, e; = 1,
and the reciprocal impedance (7) reduces to

Zi=n(X@X+ay®}y), (14)

with all of the constraints in Eq. (13) fulfilled so long
as Re[a] > 0. Our design formula therefore reproduces
the expected result that a reciprocal, passive metasurface
that perfectly absorbs x-oriented incident fields must have
the impedance component Z,,, equal to the free space
impedance, and the orthogonal component Z; .. must have
a positive real part. Note that the imaginary part of « is
unconstrained.

IV. EXAMPLE: POLARIZATION CONVERSION

As a second example, we now take a slightly more
complex illustration of the family of reciprocal metasur-
faces described by Eq. (7), although we retain the assump-
tion of surface uniformity: we consider a polarization

(@) _ Designer polarization: Ey,
0 a=0 | / — &,
¥ Ry,
41 / T Ry
H / T Ry
z #
231
B X
3 21 r
Q /
=2
1 4
0
0 20 40 60 80

Polarization angle, 6°

converting metasurface. A normally incident plane wave
polarized along the x axis impinges on a surface with sur-
face normal n = z. The desired field is reflected with some
real amplitude p, with a 6 change in the polarization angle
away from X, as illustrated in Fig. 1. The surface electric
field equals

E = [e*ikoz + rcos (G)eikoz] X + psin(@)e™ y

z=0

X + pm, (15)

where we have introduced the unit vector, m = cos(9)X +
sin(0)y. The previous sections show that the surface
impedance enacting this transformation is characterized in
terms of the electric and magnetic field unit vectors € and
h, which in this case are given by

X + pm
V1+p2+2pcos®)
—¥+ pzZ x m
V14 p2=2pcos(d)

o>
Il

=
Il

(16)

In this example, the unit vectors (16) describing the field
on the surface are purely real. Therefore, we can find a
passive reciprocal metasurface using the results derived
in Sec. III C. The reciprocal surface impedance tensor is
given by Eq. (7), with the vector components e; = € - h
ande; = & - (A x h) equal to

20 sin(6)
VA4 p2)? —4p2cos?(0)
VA + p)? —4p2 cos(6)

e =

€

)

Designer polarization: Ey.

a=1x10'?

&
o

o
~

Reflected power

&
o

0.0

Polarization angle, 6°

FIG. 3. Reflected power versus polarization rotation angle 6. The co- and cross-polarized reflectivities, R;; = |r;|* (see Appendix
A) for different metasurfaces, as a function of the polarization rotation angle 6 from Fig. 1. (a) @ = 0 and p = 1. As anticipated from
Fig. 2, without constraining the value of «, the designer polarization (R, and R,,) conserves power, but the secondary polarization
(R,, and R,,) is amplified. (b) As in (a), but for « = 1 x 10'%, showing that the surface approaches being passive for large real «, as

predicted by Eq. (18).

044034-5



K.O. ARNOLD et al.

PHYS. REV. APPLIED 24, 044034 (2025)

e

w

)

Total reflected power
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0 5015105 0 3
[0

10 15 20

FIG. 4. Polarization multiplexed functionality. For a 6 = /4
polarization rotator (the design field incident with x polariza-
tion), incident y-polarized waves can be transformed very dif-
ferently, depending on the value of the complex parameter o
in Eq. (7) for a reciprocal surface impedance. The blue and
green curves in the above plot show that, while the propor-
tion of reflected power P, for x-polarized incidence is always
unity, that for orthogonal incidence P, is subject to either
absorption or amplification, depending on the sign of Re[o],
with lasinglike behavior at @ = 2. Note that the maximum out-
put power, Pnax, here found through an appropriate combina-
tion of x and y polarizations, always exhibits gain except as
|| = oo. This is consistent with Fig. 3 and constraint (18),
as p =1, and @ must become infinite for the surface to be
passive.

In terms of these two components, the constraints for a
passive metasurface (13) are fulfilled if both p? < 1 (i.e.,
the reflected wave does not contain a greater energy flux

than the incident one) and

1 4p? sin’ (0
Re[e] > — — LV
1= p2 /(1 4 p2)2 — 4p2 cos?(0)

(18)

with the imaginary part of « free.

Given the uniformity of the surface impedance in this
case, we can analytically find the reflection from the sur-
face defined by Egs. (7), (16), and (15) to verify the
above predictions. The reflection amplitudes, 7y, 7y, Fyx,
and ry,, are defined such that the first index corresponds
to the output polarization, and the second index to the
input polarization. The expressions for these are given in
Appendix A. The power carried in each polarization chan-
nel is given by the square of these amplitudes, for example,
R, = |r|? tells us the fraction of power reflected in the x
channel for incidence in the same channel. Figure 3 shows
both the results of a full wave simulation, and the reflection
computed analytically, verifying both the reciprocity of the
surface, R,, = R),, and that incident x-polarized waves are
reflected with the desired polarization. As shown in Fig.
3(a), when o = 0, at designer incidence, the output power
is conserved. Meanwhile, for the secondary incident polar-
ization, the surface reflects with increased power, even a
divergent value when o = 2, shown in Fig. 4. For the sur-
face to be passive (e.g., as in [35—41]), our constraint (18)
shows that for p = 1 (i.e., 100% efficiency for x-polarized
incidence), this is only possible when Re[a] — oo. Fig-
ures 3(b) and 4 show this is indeed the case, with the
amplification diminishing with increasing .

To demonstrate the validity of our inequality (18), we
work in terms of the eigenvectors of the surface impedance
tensor: those directions along which an applied electric

@ ——C
40
20
£ £
T 0 = 5
Q Q
& //////7 &
=20
=l —

0 10 20 30 40 50 60 70 &0

Polarization angle, 6°

FIG. 5.

Real part of Z; eigenvalues for varying rotation angle 6 and design parameter «. (a) Changing reflected polarization angle

0 at o = 0. As already indicated in Fig. 3, one eigenvalue always corresponds to loss and the other to gain within these metasurfaces.
Note that as & — 90°, the eigenvalues tends towards 1, (i.e., a perfect absorber for the incident polarization and a infinite gain
surface for the reflected polarization), denoted as black dashed lines. Note also that at & = 0, both eigenvalues diverge. This does not
indicate infinite gain, as such a large impedance mismatch with free space only leads to total reflection. (b) Eigenvalues for 100%
(p = 1) and 50% (p = 0.5) efficient reflectors, as a function of «. The dashed line shows constraint (18) where the surface is passive,

a > 0.646, above which the eigenvalues have a positive real part.
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field results in a parallel current density. As discussed
in Sec. II, the power dissipated within the surface when
the surface current fi x I:IH is parallel to one of these
eigenvectors u; is, from Eq. (3),

1
(Poi) = ERe [w - Z - w]

1
= 5 |11i|2 Re[z,,], (19)
where Z;u; = z, ;u;. Therefore, if Re[z,;] < 0 for eitheri =
1 or i = 2, then the surface cannot be passive. However,
this is only a necessary condition. In general, the dissi-
pated power should be positive for a general superposition,

Zyy

100

751

_50 -
_75 E
-100 ; ; ; ; :
-3 2 -1 0 1 2 3
x/A
Ly
100
75
50

25 4

Male

—50 -

Z/770

—75

—100 T T T T T

-3 -2 -1 0
/A

FIG. 6.

ciu; + cuy. This power equals
(Pn) = |11 (Pu) + 2l (Pr2)
1 * ok * *
+ ERe [zs,l cicm, - Uy + zgp cieouy - uz] >0. (20)

When the two eigenvectors are orthogonal, this reduces
to (P,) = |c112(P1) + |c2|>(Py) > 0, which leads to the
requirement that the eigenvalues of Z; should have a
positive real part. In the current example, the surface
impedance matrix is both real and symmetric (provided the
free parameter « is real). Therefore, its eigenvectors are
orthogonal and we simply require both eigenvalues z, |,
z;» to have a positive real part. Figure 5 shows the real

Zya

100
75 1

50 4

RURY

S
~ 0
A ﬂ
e m
_50 -
_75 -
-100 . . . . :
-3 -2 -1 0 1 2 3
x/A
ZE(E
100
75 1
50

N JEENN
Nidiaammn

—50 -

Z/770

—75

Re(Z) target
— Im(Z) target
-100 T T T —

0 1 2 3
x/A

Impedance tensor distribution for cylindrical to plane wave conversion. The constant amplitude of the reflected plane wave

is a factor of 0.09 times the maximum of the incident field at the impedance boundary.
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(@) 3 300
200
2 100 'g
~< >
X - o F
14 -100 ©
~
-200
04 -300
-3 ) -1 0 1 2 3
/A
(®) 3
40
_— —
D
2 | — - — 20 g
% — — — 0 i
1 - — S
20 3
A — ——
-40
0 - T T T —
-3 ) -1 0 1 2 3
/A
FIG. 7. Numerical verification of cylindrical to plane wave

conversion. (a) The y-polarized electric field excited by the
line current. (b) The X-polarized plane wave resulting from the
reflection of the incident field from the impedance boundary.

part of the two eigenvalues of the impedance tensor (7) as
a function of both the angle of polarization rotation and
the parameter «. In Fig. 5 we see that the surface indeed
becomes passive once inequality (18) is satisfied.

V. EXAMPLE: CONVERSION OF A
CYLINDRICAL TE-POLARIZED WAVE INTO A
TM-POLARIZED PLANE WAVE

In the previous section we showed the simplest possible
example: a normal incidence plane wave source. We now

demonstrate the applicability of our method to more gen-
eral, inhomogeneous wave transformations. We use it to
calculate the impedance profile required to convert an
incident cylindrical wave into a plane wave. To calcu-
late the full tensorial impedance required at the surface,
we numerically modeled a line current in free space
[transverse electric (TE) polarization] at a distance of
A/4 from the interface and tabulated the surface field as
shown in Appendix B. The reflected field was chosen
to be a transverse magnetic (TM) polarized plane wave.
The sum of these two surface fields was then used as
the fields in our design formula, Eq. (7). The compo-
nents of the resulting impedance tensor, Z, are shown in
Fig. 6, and the distribution of the control parameter o
used to calculate this impedance is given in Appendix
C. As expected, the distribution is symmetric about the
value x = 0 (the transverse position of the line cur-
rent source) and oscillates as required to convert the
incident field into radiation directed along the surface
normal.

Figure 7 shows a numerical simulation of the out-of-
plane and in-plane components of the electric field for
a line current source placed a distance A/4 above the
impedance distribution shown in Fig. 6. In Fig. 7(a) we plot
the E), electric field component, showing the expected field
generated by the line current source. Figure 7(b) shows
the E, field component, from which we can identify the
desired plane wave propagating normal to the impedance
boundary. Note that in Fig. 7(b) we can observe large mag-
nitude features in the fields at the surface that are not part
of the desired output field. These maxima are features that
depend on the mesh used in the solver and occur where
the determinant of the impedance matrix changes sign.
This example shows the applicability of our method to
find passive, tensorial impedance distributions that convert

(a) (b) () -
—— Target ——  Target —— Target
201 ®  Simulation 201 [ ] Simulation ° 061 e Simulation
0.4 4
10 A 10 A
X 0.2
=2 2 w
= o0 = 0 < 00
N N
-0.2
-10 A =10 A
-0.4
—20 1 -20 - -0.61"
\ .
1.0 1.2 14 1.6 1.8 2.0 1.0 1.2 1.4 1.6 1.8 2.0 1.0 1.2 14 1.6 1.8 2.0

z/\

FIG. 8.

x/A

/A

Example realization of impedance profile. Using the elliptical patch unit cell shown in Appendix D, in (a),(b) we calculated

the eigenvalues, Z and Z;.y, of the impedance tensor (dots), varying the dimensions of the patch to fit the desired distribution of
eigenvalues calculated from Eq. (7) shown in Fig. 6 (solid line). Note that the jumps in eigenvalues in (a),(b) simply correspond to the
ordering given by the numerical linear algebra routine and do not affect the form of the impedance tensor (the corresponding jump in
angle in (c) corrects this change of order). To reproduce the tensor we then determined the rotation angle 6, necessary to diagonalize
the impedance tensor (c), thus determining the rotation of each patch on the surface.
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between any specified incident waveform and any desired
reflected one.

VI. REALIZATION OF THE METASURFACE
DESIGN

The above formalism shows how we can obtain a pas-
sive, reciprocal tensorial impedance distribution to realize
any given wave transformation. However, in most cases we
cannot directly implement an impedance distribution. We
must find a unit cell of the metasurface that gives an ade-
quate approximation to the desired impedance. Here we
give an example of the procedure that can be used to find
an implementation. We take a discrete set of points in the
A < x < 2 section of the impedance distribution shown in
Fig. 6. Taking an implementation as an elliptical patch on
dielectric layer, tuned near the half-wave resonance (see
Appendix D), we then diagonalize the impedance distri-
bution shown in Fig. 6 by applying a rotation matrix (i.e.,
choosing the angle of the ellipse as a function of position
on the surface). The diagonalized distribution is shown
as the blue “target” lines in Fig. 8, and the dimensions
of the elliptical patch are varied and related to the sur-
face impedance at a given set of points on the surface
as described, for example, in [42,43]; the results are here
shown as the dots in Fig. 8. To obtain the full impedance,
each patch is then rotated using the same matrix used to
diagonalize the designed impedance matrix.

Note that here we have chosen to ignore the real part
of the impedance, which is small in this part of the dis-
tribution. To implement the anisotropic loss required by
the full design we can, for example, include a set of lossy
conducting wires, or anisotropic dielectric in the unit cell.
Connected to this, in many cases the real and imaginary
parts of the tensorial surface impedance may not be simul-
taneously diagonalized using a rotation of the unit cell. In
these cases we must use a unit cell containing, for exam-
ple, dielectrics or stacked conducting patches with different
principal axes, rotating their relative angle and the angle of
the full unit cell to obtain the desired tensorial impedance
distribution.

VII. SUMMARY AND CONCLUSIONS

Impenetrable metasurfaces are often characterized
in terms of a scalar-valued surface impedance, the
value of which encodes both the phase and ampli-
tude of the reflected field. However, as has been
previously recognized, the use of a tensorial surface
impedance—practically implemented via an array of
anisotropic, polarizable elements—offers a much richer set
of possible field transformations. Here we have exploited
the nonuniqueness of the metasurface parameters to solve
the problem of designing tensorial metasurfaces that enact
an arbitrary field transformation while remaining recipro-
cal, passive, or both.

Our first finding is that it is always possible to find
a reciprocal metasurface, whatever the wave transforma-
tion we wish to perform. The tensorial surface impedance
is given by Eq. (7) and there are an infinite number of
such surfaces, parameterized in terms of a single com-
plex number, «. In general this family of metasurfaces will
exhibit gain and loss for some incident fields, showing that
through carefully implementing loss and/or gain within
the surface, we may obtain multiplexed functionality. As
an example, we showed in Sec. IV that a metasurface
rotating x-polarized fields by an angle 6 could simulta-
neously show a variety of different functionalities for y-
polarized radiation (e.g., infinite amplification, absorption,
or rotation).

Nevertheless, despite a large body of fascinating work
(e.g., [20]) and recent experimental progress [21,22], meta-
surfaces with gain are much more difficult to implement
than lossy ones. Our second finding is that, provided the
complex parameter « satisfies inequality (12), we can
simultaneously ensure the metasurface is reciprocal and
passive (without gain) for arbitrary incident and scat-
tered fields. Surprisingly the surface parameters remain
nonunique, and there remain an infinite family of sur-
faces that perform the same transformation. One important
point is that the right-hand side of inequality (12) diverges
when the initial design is made 100% efficient (zero dis-
sipation, all energy reflected). This actually reduces the
design freedom, implying that the free parameter « must
be taken to infinity in order that the surface be both loss-
less and reciprocal. Therefore, when the efficiency of the
design is reduced (e.g., reducing the overall amplitude of

Re[E,)
1 300
| ¥
| t1200
2+
100
~<
w0 0
=2r -100
4l ] H—zoo
. . . . , . 1 -300
-6 —4 -2 0 2 4 6
/A
FIG. 9. Determining the incident field. Electric field due to a

line current in free space, the central circular region containing
a line current source shifted from the origin in the z direction by
A/4. The red line indicates where the fields are extracted for use
as incident fields in the boundary condition given in Eq. (2) to
calculate the distribution shown in Fig. 6.
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the reflected field), we find that this increases the range of
reciprocal, passive metasurfaces that can enact the trans-
formation. This was demonstrated in two examples of
polarization rotating metasurface, where, for example, Fig.
5(b) shows that reducing the efficiency immediately yields
an increased range of passive reciprocal surfaces that
would otherwise require Re[ar] — oo. We have thus found
that a careful choice of loss within the metasurface actu-
ally aids the design, allowing for polarization-multiplexed
functionality, at the price of reducing the efficiency.

APPENDIX A: REFLECTION FROM A TENSOR
IMPEDANCE SURFACE

Writing the components of the surface impedance tensor
in terms of the Cartesian basis vectors, X and y, as

— Zxx
ZS - (Zyx ) >

and assuming a wave at normal incidence with electric
and magnetic fields given by (4, amplitude incident with x

Zyy

1
z, (AT)

polarization and 4, amplitude incident with y polarization)

E

A, [3‘( (efikoz + rxxeikoz) + yryxeikoz]
+ Ay (e_ikoz + ryyeikoz) + )A(rxyeikoz] ,
noH = A, [)7 —ethoz rxxeikoz) _ iryxeikoz]

+ Ay [X (67 — 1y &%) + §ry ], (A2)

the impedance boundary condition defined above in Eq. (2)
leads to the following expressions for the four reflections
coeflicients 7;; :

Zoo — D)(Zyy + 1) — ZoZox
rxx:( )( yy+ ) & y, (A3)
Zox +D(Zyy +1) =22y,
27,
Fry = , (A4)
Zx + D(Zyy +1) =22y,
27,
Ty = , (AS)
Zx +D(Zyy +1) =22,
Zoo — DV(Zyy — 1) = ZoyZox
Com DTy =) = ZoZe o

T 2 D) Z + ) — 2T
XX vy Xy =yx

E, E. E,
300
A
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FIG. 10. Numerically calculated fields at surface. Electric and magnetic fields evaluated at a distance 1 /4 below a @-polarized line

current, indicated as a red line in Fig. 9.
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I 0.254 mm

APPENDIX C: OBTAINING ALPHA FOR
SPATTALLY VARYING FIELDS

To calculate the values of the free parameter o appearing
in Eq. (12) we write it in the form o = C + R x € with
the radius

://mP——4Rﬂadﬁ)+4wPRdb)

R
1% . 2|c|
and the center given by
a* —2dc*
FIG. 11. Unit cell design. Unit cell used to approximate the C= —T,

impedance distribution shown in Fig. 8. The top oval patch layer
and bottom ground plane layer are copper. The middle dielectric
layer is Ventec-VT 6710 (g, = 10.2 4 0.024i).

These expressions we used to generate Figs. 3—5 in the
main text.

APPENDIX B: OBTAINING FIELDS OF LINE
CURRENT

In Sec. V we calculated the impedance tensor necessary
to reflect a TE-polarized cylindrical wave into a TM-
polarized plane wave. Even though an analytic solution
may be available, in general we can find both incident and
reflected fields numerically. In our example we modeled
the line current in free space using COMSOL MULTIPHYSICS
[44], as shown in Fig. 9.

Tabulating the fields along the line z = A /4 below the
line current source gives us the incident electric field and
magnetic fields in Eq. (2). These are shown in Fig. 10.

where the variables a, b, ¢, and d given respectively by

a = h.h,
b= e (h x h*) - h,

1 n ~ I *
c= I4Re(e_2)(h-(nxh ),
1 5 A ok ~ Ik
d= /m(ef—l—el(nxh)-(nxh)). (C1)

Through the parameterization in terms of an angle ¢ (not
related to any physical angle!), a range of impedance dis-
tributions can be found, all of which are passive. For the
impedance solution given in Fig. 6 a constant value of
¢ = m is chosen.

APPENDIX D: EXAMPLE REALIZATION

To approximate the impedance distribution shown in
Fig. 8 we used an elliptical patch on a dielectric layer

0.95 0.95 4
0.90 - 0.90 - 3
0.85 4 0.85 - 2
o
S 0.80 0.80 RS
K 0 &
Q 0.75 0.75 4 E
=
0.70 1 0.70 1 -
0.65 - 0.65 - -3
0.60 : : —0.60 : : . -4
0.6 0.7 0.8 0.9 0.6 0.7 0.8 0.9
Dy/a

FIG. 12.

Simulated impedance values. Impedance eigenvalues obtained from finite-element modeling of the periodic array of unit

cells shown in Fig. 11 of Appendix D, for varying the x and y diameter of the ellipse (periodicity of square lattice, ). These values are
derived for a plane wave at normal incidence.

044034-11



K.O. ARNOLD et al.

PHYS. REV. APPLIED 24, 044034 (2025)

on a grounded copper sheet. The parameters of the unit
cell are shown in Fig. 11. By changing the major/minor
axes of the elliptical patch in x and y (the lattice vec-
tors of the metasurface), we can extract the impedance
from either the surface fields [42] or numerically computed
reflection coefficients [43]. The surface impedance calcu-
lated from the reflection coefficients is shown in Fig. 12.
The impedance distribution over the full range of patch
variations was obtained using FEM (finite element mod-
eling) [44] using 80 steps in both 0.6 < D, < 0.9 and
0.6 <D, < 0.9 (D, and D, being the lengths of the ellipti-
cal patch in the X and p directions, respectively). The range
was then interpolated to obtain detailed functions of the
surface impedance over the range to allow for fitting to the
required surface impedance distribution.
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