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This work investigates amplitude-dependent nonlinear corrections to the dissipative conductivity in
superconductors, using the Keldysh-Usadel theory of nonequilibrium superconductivity, which captures
the nonequilibrium dynamics of both quasiparticles and the pair potential. Our rigorous formulation natu-
rally incorporates both the direct nonlinear action of the photon field and indirect contributions mediated
by nonequilibrium variations in the pair potential, namely, the Eliashberg effect and the Higgs mode. The
third-harmonic current, often regarded as a hallmark of the Higgs mode in disordered superconductors,
arises from both the direct photon action and the Higgs mode. Our numerical results are in excellent
agreement with previous studies. In contrast, the first-harmonic current, and consequently the dissipa-
tive conductivity, receives contributions from all three mechanisms: the direct photon action, the Higgs
mode, and the Eliashberg effect. It is shown that the nonlinear correction to dissipative conductivity in
dirty-limit superconductors can serve as a fingerprint of the Higgs mode, appearing as a resonance peak
at a frequency near the superconducting gap �. In addition, our results provide microscopic insight into
amplitude-dependent dissipation at frequencies well below �, which is particularly relevant for applied
superconducting devices. In particular, the long-standing issue concerning the frequency dependence of
the amplitude-dependent quality factor is explained as originating from the direct nonlinear action of the
photon field, rather than from contributions by the Higgs mode and the Eliashberg effect. Our practical and
explicit expression for the nonlinear conductivity formula makes our results accessible to a broad range of
researchers.

DOI: 10.1103/8fh8-nknj

I. INTRODUCTION

The nonlinear electromagnetic response in superconduc-
tors has attracted considerable interest from a fundamental
physics standpoint, particularly due to its connection with
the Higgs mode. This mode, δ�(t), represents collective
oscillations in the amplitude of the superconducting order
parameter � [1–14], and couples to electromagnetic fields
via a term of the form A · A δ�. This interaction is analo-
gous to the coupling of the Higgs boson h to two Z bosons
through the ZZh vertex in particle physics. As a result,
observation of the Higgs mode typically requires either a
sufficiently strong ac field that drives the system into the
nonlinear regime [5,6], or a dc bias current that induces a
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vertex of the form Adc · A δ�, enabling linear excitation of
the mode [15–20].

The Higgs mode, when driven by a sufficiently strong
ac field, induces a nonlinear current response of the form
of approximately A δ�(A2), which constitutes a third-order
nonlinear contribution, O(A3), to the current. This term
gives rise to a third-harmonic component in the current,
J3H, which exhibits a resonancelike peak near �ωac � �

in disordered superconductors and is widely regarded as a
hallmark of the Higgs mode (note that in the clean limit,
the contribution of the Higgs mode is significantly sup-
pressed, so the observed peak cannot be attributed solely
to the Higgs mode [10,11]). For this reason, the nonlinear
electromagnetic response at high frequencies, with �ωac on
the order of �, has been a major focus of interest in the
superconductivity community over the past decade.

On the other hand, from an applied perspective, the
nonlinear electromagnetic response in superconductors at
low frequencies, �ωac � �, has attracted attention for a
very different reason: practical necessity. Superconducting
resonators made from conventional s-wave superconduc-
tors exhibit extremely low electromagnetic dissipation
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at frequencies �ωac � �, and state-of-the-art devices
have achieved ultrahigh quality factors exceeding 1011

(see, e.g., Refs. [21,22]). This technology has also been
adopted in three-dimensional circuit quantum electrody-
namics architectures for quantum information processing
(e.g., Refs. [23,24]). Despite this remarkable performance,
the microscopic mechanisms underlying electromagnetic
dissipation are not yet fully understood. In particular, the
nonlinear evolution of the quality factor as a function
of the amplitude of the applied ac field remains poorly
understood. This contrasts with the linear-response regime,
where theoretical frameworks are well established. These
include not only the classical theories [25–27], but also
recent advances tailored to realistic device materials [28],
supported by surface characterization studies [29]. To gain
insight into the amplitude dependence and to identify pos-
sible routes for further improving the quality factor, it is
essential to develop a theoretical framework that captures
the relevant nonlinear phenomena beyond the standard
linear-response formalism.

A nonlinear theory of ac-amplitude-dependent dissipa-
tive conductivity in the low-frequency limit �ωac → 0 has
been developed in Refs. [30,31], incorporating a nonper-
turbative effect of a slowly varying ac field A on the
superconducting order parameter �. This theory predicts
that increasing the ac amplitude leads to a logarithmic
suppression of the real part of the complex conductivity
σ1, which originates from the broadening of the quasi-
particle density of states (DOS) peak at the gap edge
caused by the well-established current-induced weak pair
breaking [32,33]. Consequently, the electromagnetic dissi-
pation decreases, and the quality factor Q of a supercon-
ducting resonator reaches a maximum at a certain field
strength. This nonmonotonic behavior and the logarith-
mic dependence have been confirmed experimentally [34].
However, the theory has a notable limitation: it fails to
account for experimental observations indicating that the
amplitude-dependent enhancement of the quality factor Q
becomes more pronounced at higher resonator frequencies
[35–37]. Resolving this discrepancy has remained a long-
standing challenge in the field (for a detailed discussion,
see Ref. [37]).

In this paper, we conduct a rigorous analysis of the ac-
amplitude dependence of dissipative conductivity in dis-
ordered superconductors, employing the Keldysh-Usadel
theory of nonequilibrium superconductivity [38–41]. We
perturbatively incorporate nonlinear corrections to the
current response up to order O(A3), where A denotes
the amplitude of the ac field. Within this framework,
both the Eliashberg effect and the Higgs mode naturally
arise as O(A2) nonequilibrium variations of the super-
conducting pair potential. The resulting nonlinear current
response consists of two components: the third-harmonic
current and the correction to the first-harmonic current.

The third-harmonic current comprises two contributions:
the direct nonlinear action of the photon field and the
contribution mediated by the Higgs mode, which is often
regarded as a hallmark of the Higgs resonance in disor-
dered superconductors. In contrast, the correction to the
first-harmonic current, which has received less attention,
contains all three contributions: the direct nonlinear photon
action, the Higgs-mode-mediated term, and the Eliashberg
contribution. Importantly, the nonlinear correction to the
dissipative conductivity originates from this first-harmonic
current correction. Our analysis reveals that the direct non-
linear photon action plays a central role in explaining
the experimentally observed trend that the ac-amplitude-
induced enhancement of the quality factor Q becomes
more pronounced at higher resonator frequencies.

It should be noted that a limitation of this perturbative
approach is that it cannot capture nonperturbative effects
of the ac field, such as those on the quasiparticle spec-
trum [30,31,42]. As a result, the theory breaks down at
high ac field intensities, where ac-induced pair breaking
leads to significant modifications of the DOS, which in turn
dominate the correction to the dissipative conductivity. A
nonperturbative extension of the present theory remains an
important future challenge for establishing a nonlinear Q
theory valid up to the depairing ac current.

On the other hand, as long as the ac current (or ac field)
remains well below the depairing current (or the thermo-
dynamic critical field), the theory developed in this work
remains fully valid and provides a robust framework for
understanding nonlinear dissipation and the evolution of
the Q-factor in superconducting resonators. This condi-
tion is typically satisfied in most practical superconducting
devices [43,44]. An exception is superconducting acceler-
ator cavities, which often operate at more than 50% of the
depairing current or the thermodynamic critical field (see,
e.g., Refs. [45,46]). Nonetheless, their low-field behavior
can still be described within the scope of the present theory.

The remainder of this paper is organized as follows.
In Sec. II, we first introduce the Keldysh-Usadel equa-
tions [38–41], which have been widely applied in the
literature to study nonequilibrium superconductivity [12,
14,15,18,19,47]. We then solve these equations under a
monochromatic ac field and explicitly derive the nonlin-
ear current response formula in terms of the equilibrium
Green’s functions. Although the resulting formulas are
lengthy, they are straightforward to implement and acces-
sible to a broad range of researchers. In Sec. III, we apply
this framework to analyze the nonlinear correction to the
dissipative conductivity and show that the theory accounts
for the experimentally observed trend in which the ac-
amplitude-induced enhancement of the quality factor Q
becomes more pronounced at higher resonator frequencies.
Finally, Sec. IV summarizes our findings and discusses
their broader implications.

064061-2



NONLINEAR RESPONSE THEORY. . . PHYS. REV. APPLIED 24, 064061 (2025)

II. THEORETICAL FRAMEWORK

A. Keldysh-Usadel equations

We investigate the nonlinear response of a thin-film
superconductor in the dirty limit, subjected to an ac
field A(t) or, equivalently, to the associated superfluid
momentum �q = �∇χ − 2eA, taking into account contri-
butions up to third order in the ac amplitude. To analyze
the nonequilibrium dynamics in this regime, we employ
the Keldysh-Usadel formalism, a widely used theoretical
framework for describing nonequilibrium diffusive super-
conductors (see, e.g., Refs. [39–41,48]). Within this for-
malism, the quasiclassical Green’s function is represented
in Keldysh space as

(
ĝR ĝK

0 ĝA

)
, (1)

where each of ĝR(ε, t), ĝA(ε, t), and ĝK(ε, t) is a 2 × 2
matrix in Nambu space.

The equations governing the retarded (R) and advanced
(A) components of the Green’s functions, along with their
normalization conditions, are given by

i�D∂̂ ◦
{

ĝr ◦ (∂̂ ◦ ĝr)
}

= [ετ̂3 + �̂, ĝr]◦, (2)

ĝr ◦ ĝr = 1, (3)

where D is the electron diffusion constant and r = R, A.
Here, τ̂3 denotes the third Pauli matrix, and �̂ repre-
sents the superconducting gap. The Keldysh component ĝK

satisfies a similar set of equations:

i�D∂̂ ◦
{

ĝR ◦ (∂̂ ◦ ĝK) + ĝK ◦ (∂̂ ◦ ĝA)
}

= [ετ̂3 + �̂, ĝK ]◦, (4)

ĝR ◦ ĝK + ĝK ◦ ĝA = 0. (5)

Here, the ◦ product denotes the Moyal product, defined
as X ◦ Y = exp

[
(i�/2)

(
∂X
ε ∂Y

t − ∂Y
ε ∂X

t

)]
XY, and [X , Y]◦

represents the Moyal commutator, given by X ◦ Y − Y ◦
X . Under the influence of a gauge-invariant superfluid
momentum �q, the operator ∂̂◦ becomes ∂̂ ◦ ĝR,A,K =
(i/2)[τ̂3q, ĝ]◦. The gap equation governing the supercon-
ducting order parameter � is obtained from the Keldysh
component and is given by

�(t) = −G

8

∫
dεTr[(−iτ2)ĝK(ε, t)], (6)

where G is the BCS coupling constant. The current density
J(t) in the superconductor is given by

J(t) = σn

8e

∫
dεS(ε, t), (7)

S(ε, t) = Tr
[
τ̂3

{
ĝR ◦ (∂̂ ◦ ĝK) + ĝK ◦ (∂̂ ◦ ĝA)

}]
, (8)

where σn = 2e2N0D is the normal conductivity and N0 is
the normal DOS at the Fermi level.

Equations (2)–(8) constitute the general framework of
the Keldysh-Usadel formalism for describing nonequilib-
rium superconductivity. Within this framework, we inves-
tigate the nonlinear response to an ac field, considering
contributions up to third order in the ac field.

B. Keldysh-Usadel equations under a monochromatic
ac field

Our strategy for solving the Keldysh-Usadel equations
is to incorporate nonlinear corrections perturbatively up to
third order in the photon field [12]. We carry out the analy-
sis in the (ε, t) space and its Fourier counterpart, the (ε, ω)

space, following the approach used in Refs. [18,19,41,48].
Note that here ω denotes the Fourier frequency, whereas
ωac represents the physical frequency of the ac field in what
follows.

We consider a monochromatic ac field q(t) = q0
cos(ωact). The Green’s functions are decomposed as
ĝR,A,K(ε, t) = ĝR,A,K

e (ε) + δĝR,A,K(ε, t), where ĝR,A,K
e (ε)

denotes the equilibrium component in the absence of the
ac field, and δĝR,A,K(ε, t) represents the nonequilibrium
corrections induced by the ac field. Similarly, the super-
conducting order parameter is expressed as �̂(t) = �̂e +
δ�̂(t), where �̂e is the equilibrium value in the absence
of the ac field, and δ�̂(t) denotes the nonequilibrium
variation of the order parameter.

For the calculations that follow, it is convenient to
express cos(ωact) using a dummy variable η: q(t) =
(q0/2)

∑
η=±ωac

eiηt. Utilizing this form, we obtain

∂̂ ◦ X̂ = iq0

2
[τ̂3 cos ωact, X̂ ]◦

= iq0

4

∑
η=±ωac

eiηt
{
τ̂3X̂

(
ε + �η

2
, t
)

− X̂
(
ε − �η

2
, t
)

τ̂3

}
,

(9)

where X̂ (ε, t) represents either ĝR,A,K
e (ε) or δĝR,A,K(ε, t).

For notational convenience, we define

s := �D
2

q2
0 =

(
q0

qξ

)2

�0, (10)

which characterizes the strength of the ac superflow. Here,
qξ := ξ−1 = √2�0/�D. Note that s is an O(q2

0) quan-
tity and plays a central role in the subsequent perturbative
expansion.

We now formulate the Keldysh-Usadel equations under
a monochromatic ac field. Applying Eq. (9) and discarding
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terms of O(q4
0), Eq. (2) leads to the equations governing

the R and A components in Fourier space:

− i
s
8

∑
η=±ωac

∑
η′=±ωac

2πδ(ω + η + η′)

×
[
τ̂3ĝr

e

(
ε − �η

2
+ �η′

2

)
τ̂3ĝr

e

(
ε + �η

2
+ �η′

2

)

−ĝr
e

(
ε − �η

2
− �η′

2

)
τ̂3ĝr

e

(
ε + �η

2
− �η′

2

)
τ̂3

]

=
(

ε + �ω

2

)
τ̂3δĝr(ε, ω) −

(
ε − �ω

2

)
δĝr(ε, ω)τ̂3

+ δ�̂(ω)ĝr
e

(
ε − �ω

2

)
− ĝr

e

(
ε + �ω

2

)
δ�̂(ω)

+ [�̂e, δĝr(ε, ω)]. (11)

Equation (3) yields the normalization conditions for the R
and A components in Fourier space:

ĝr
e

(
ε + �ω

2

)
δĝr(ε, ω) + δĝr(ε, ω)ĝr

e

(
ε − �ω

2

)
= 0.

(12)

Equation (4) yields the equations governing the K com-
ponents in Fourier space, utilizing Eq. (9) and neglecting
terms of O(q4

0):

− i
s
8

∑
η=±ωac

∑
η′=±ωac

2πδ(ω + η + η′)

×
[
τ̂3ĝR

e

(
ε − �η

2
+ �η′

2

)
τ̂3ĝK

e

(
ε + �η

2
+ �η′

2

)

− ĝR
e

(
ε − �η

2
− �η′

2

)
τ̂3ĝK

e

(
ε + �η

2
− �η′

2

)
τ̂3

+ τ̂3ĝK
e

(
ε − �η

2
+ �η′

2

)
τ̂3ĝA

e

(
ε + �η

2
+ �η′

2

)

−ĝK
e

(
ε − �η

2
− �η′

2

)
τ̂3ĝA

e

(
ε + �η

2
− �η′

2

)
τ̂3

]

=
(

ε + �ω

2

)
τ̂3δĝK(ε, ω) −

(
ε − �ω

2

)
δĝK(ε, ω)τ̂3

+ δ�̂(ω)ĝK
e

(
ε − �ω

2

)
− ĝK

e

(
ε + �ω

2

)
δ�̂(ω)

+ [�̂e, δĝK(ε, ω)]. (13)

Equation (5) yields the normalization condition for the K
component in Fourier space:

ĝR
e

(
ε + �ω

2

)
δĝK(ε, ω) + δĝK(ε, ω)ĝA

e

(
ε − �ω

2

)

+ ĝK
e

(
ε + �ω

2

)
δĝA(ε, ω)+ δĝR(ε, ω)ĝK

e

(
ε − �ω

2

)
= 0.

(14)

The gap equation for the pair-potential variation reduces to

δ�(ω) = −G

8

∫
dεTr[(−iτ2)δĝK(ε, ω)]. (15)

To solve these equations, it is useful to express δĝK in
terms of the anomalous term δĝa, following Eliashberg’s
approach [49,50]:

δĝK(ε, ω) = δĝRT
(

ε − �ω

2

)
− δĝAT

(
ε + �ω

2

)
+ δĝa,

(16)

where T (ε) := tanh (ε/2kBT) = 1 − 2fFD(ε) is the equi-
librium distribution function, with fFD(ε) representing the
Fermi-Dirac distribution.

With this formulation, all the necessary equations are
now in place. The set of equations to be solved comprises
Eqs. (11)–(16), which will be addressed in the following
subsection.

C. Analytical solutions

In Eqs. (11) and (13), the dummy frequency variables
(η, η′) take the values (±ωac, ±ωac), which lead to fre-
quency components at ω = 0 and ω = ±2ωac through
the factor δ(ω + η + η′). Accordingly, δĝR,A,K and δ�̂

can be decomposed into the sum of a zero-harmonic
(time-independent) component and second-harmonic com-
ponents as follows:

δĝR,A,K(ε, ω) = δĝR,A,K
0H 2πδ(ω) + δĝR,A,K

2H 2πδ(ω − 2ωac)

+ δĝR,A,K
−2H 2πδ(ω + 2ωac) (17)

and

δ�̂(ω) = δ�̂0H2πδ(ω) + δ�̂2H2πδ(ω − 2ωac)

+ δ�̂−2H2πδ(ω + 2ωac). (18)

Here, the zero harmonic δ�0H corresponds to the time-
averaged pair-potential variation under ac irradiation, rep-
resenting the (positive and negative) Eliashberg effect,
while the second harmonics δ�±2H correspond to the
Higgs mode driven by the nonlinear ac irradiation.
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It should be noted that this decomposition can be
understood by observing that q2 = q2

0 cos2(ωact) ∝ 1 +
cos(2ωact) contains both zero-harmonic (ω = 0) and
second-harmonic (ω = ±2ωac) components.

In the following, we solve Eqs. (11)–(16) using
Eqs. (17) and (18) and explicitly express the solutions
in terms of the matrix components of the Green’s func-
tions. This formulation is intended to make the results more
accessible to a broader research community, including
those who may not be familiar with the present theoretical
formalism. To this end, we express the matrix components
as �̂ = iτ̂2�, ĝR = τ̂3G + iτ̂2F , and ĝA = −τ̂3ĝR†τ̂3.

1. Zero-harmonic component

We begin by summarizing the zero-harmonic solutions
(see also Appendix A). The equations governing the R and
A components are derived from Eq. (11) along with the
normalization condition in Eq. (12) [see also Eqs. (A1) and
(A2)]. These yield the following relations:

δG0H = F2 + F−2

G2 + G−2
δF0H, (19)

δF0H = ζ0Hδ�0H + sκ0H, (20)

ζ0H = G2

εG − �eF
, (21)

κ0H = − i
8

G{(F2 + F−2)G + (G2 + G−2)F}
εG − �eF

. (22)

Here, G(ε) = (ε + i�)/
√

(ε + i�)2 − �2 and F(ε) =
�/
√

(ε + i�)2 − �2 denote the equilibrium Green’s func-
tions. The damping parameter � is treated as a small
constant, and throughout the text we take �/�0 = 10−3.
We also define G±n := G(ε ± n�ωac/2) and F±n := F(ε ±
n�ωac/2) for notational convenience, with n ∈ N. Sim-
ilarly, the equations governing the K component are
obtained from Eq. (13) and the normalization condition
in Eq. (14) [see also Eqs. (A3)–(A5)]. These yield the
following expressions:

δGa
0H = F2 − F∗

−2

G2 − G∗
−2

δFa
0H, (23)

δFa
0H = ζ a

0Hδ�0H + sκa
0H, (24)

ζ a
0H = 0, (25)

κa
0H = −1

4
Im G

ε Im G − �e Im F

× {(Im G Re F2 + Im F Re G2)(T − T2)

+(Im G Re F−2 + Im F Re G−2)(T − T−2)} .
(26)

Here, T±n := T (ε ± n�ωac/2) with n ∈ N. The zero-
harmonic pair-potential variation δ�0H is obtained by

substituting the solutions into the gap equation [Eq. (15)]:

δ�0H = s�0H, (27)

where

�0H = �0H

1 − �0H
, (28)

�0H = −(G /4)

∫
{(κ0H + κ∗

0H)T + κa
0H}dε, (29)

�0H = −(G /4)

∫
{(ζ0H + ζ ∗

0H)T }dε. (30)

This represents the time-averaged pair-potential variation
and the (positive and negative) Eliashberg effect.

In Fig. 1(a), we show �0H as a function of ωac for var-
ious temperatures. At higher temperatures, �0H becomes
positive within a certain frequency range, indicating the
emergence of the positive Eliashberg effect. In this regime,
a large number of thermally excited quasiparticles are
present. These quasiparticles can be further excited by the
ac irradiation, resulting in an enhancement of the super-
conducting order parameter. In contrast, at lower temper-
atures, �0H remains negative for all frequencies. This is
because only a small number of quasiparticles exist and
their excitation by the irradiation is insufficient to enhance
the order parameter. For �ωac � 2�, �0H exhibits a
sharp negative dip regardless of temperature. This behav-
ior originates from photon-induced pair breaking, which
always suppresses the time-averaged pair potential when
the photon energy is close to 2�. For T/Tc = 0, the small
sharp feature observed at �ωac = �0 originates from the
finite damping factor �/�0 = 10−3. This feature becomes
smoothed out at T/Tc = 0.2, where the thermal energy
exceeds the scale set by �.

(a) (b)

FIG. 1. (a) The zero-harmonic (time-averaged) pair-potential
variation �0H as a function of ωac, illustrating the positive
(�0H > 0) and negative (�0H < 0) Eliashberg effects. (b) The
second-harmonic pair-potential variation |�2H| as a function of
ωac, showing the Higgs-mode resonance near ωac � �(T). See
also Appendix B for comparison with previous studies.
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As a consistency check, Appendix B shows the region
in the (T, ωac) plane where the Eliashberg effect is posi-
tive, i.e., where δ�0H > 0. The result demonstrates good
agreement with previous studies [12,51].

2. Second-harmonic component

Next, we summarize the second-harmonic solutions (see
also Appendix A). By solving the equations for the R and
A components, Eqs. (11) and (12) [see also Eqs. (A6) and
(A7)], we obtain

δG2H = F2 + F−2

G2 + G−2
δF2H, (31)

δF2H = ζ2Hδ�2H + sκ2H, (32)

ζ2H = −G2 + G−2

F2 + F−2

F2 − F−2

2�ωac
, (33)

κ2H = i
8

G2 + G−2

F2 + F−2

(G2 − G−2)G + (F2 − F−2)F
2�ωac

. (34)

Similarly, for the K component, solving Eqs. (13) and (14)
[see also Eqs. (A8)–(A10)] yields

δGa
2H = F2 − F∗

−2

G2 − G∗
−2

δFa
2H, (35)

δFa
2H = ζ a

2Hδ�2H + κa
2Hs, (36)

ζ a
2H = G2 − G∗

−2

F2 − F∗
−2

F2 + F∗
−2

2�ωac
(T−2 − T2), (37)

κa
2H = i

16�ωac

G2 − G∗
−2

F2 − F∗
−2

× [{(G2 + G∗
−2)G + (F2 + F∗

−2)F
}
(T − T−2)

+ {(G2 + G∗
−2)G

∗ + (F2 + F∗
−2)F

∗} (T − T2)
]

.
(38)

The solutions for ω = −2ωac are obtained by substitut-
ing 2ωac → −2ωac in the above expressions: ζ−2H = ζ2H,
κ−2H = κ2H, ζ a

−2H = ζ a∗
2H, and κa

−2H = κa∗
2H. The second-

harmonic component of the pair-potential variation, δ�2H,
is obtained by substituting the solutions into the gap
equation [Eq. (15)]. This results in

δ�2H = s�2H, (39)

where

�2H = �2H

1 − �2H
, (40)

�2H = −(G /4)

∫
(κ2HT−+κ∗

2HT++κa
2H)dε, (41)

�2H = −(G /4)

∫
(ζ2HT−+ζ ∗

2HT++ζ a
2H)dε, (42)

and δ�−2H = δ�∗
2H. This result describes the second-

harmonic pair-potential variation driven by the nonlinear
interaction with the ac field, corresponding to the Higgs
mode in the superconducting state.

In Fig. 1(b), we show δ�2H as a function of ωac. A
pronounced resonance associated with the Higgs mode
appears at �ωac = �(T). As the temperature T increases,
the superconducting gap �(T) decreases, resulting in a
downward shift of the resonance frequency. As a consis-
tency check, Appendix B presents a comparison with the
previous study [12], showing good agreement.

Another notable feature is the emergence of a peak
in the low-frequency regime as ωac → 0, which becomes
increasingly prominent near Tc [see the inset of Fig. 1(b)].
Although this low-frequency behavior may initially appear
counterintuitive, similar anomalous peaks have been inde-
pendently reported by various authors [11,12]. This
anomaly originates from the rapid variation of �2H in
the limit ωac → 0 at elevated temperatures [12]. The peak
width is determined by the damping factor �/�0 = 10−3.
To illustrate this dependence, Appendix B shows the result
for a larger damping value �/�0 = 0.02, where the corre-
sponding peak exhibits a broader width on the order of �.
Similar broadening effects have been observed in previous
studies [11,12], which have used �/�0 = 0.1 and 0.02,
respectively. Moreover, the behavior of δ� in the ωac → 0
limit agrees with the pair-potential response under a dc
supercurrent, δ�dc, as discussed in Appendix C.

D. Linear and nonlinear current response

Having obtained the solutions of the Keldysh-Usadel
equations in terms of the equilibrium (zero-current)
Green’s functions Ge and Fe, we now proceed to calculate
the current response based on these results.

The general expression for the current is given by
Eqs. (7) and (8). Neglecting terms of order O(q4

0), the total
current J(t) can be decomposed into a linear term of order
O(q0) and a nonlinear term of order O(q3

0):

J(t) = J(1)(t) + J(3)(t)

= σn

8e

∫ {
S(1)(ε, t) + S(3)(ε, t)

}
dε, (43)

where the integrands are defined as

S(1)(ε, t) = Tr
[
τ̂3

{
ĝR

e ◦ (∂̂ ◦ ĝK
e ) + ĝK

e ◦ (∂̂ ◦ ĝA
e )
}]

,

(44)

S(3)(ε, t) = Tr
[
τ̂3

{
ĝR

e ◦ (∂̂ ◦ δĝK) + ĝK
e ◦ (∂̂ ◦ δĝA)

+δĝR ◦ (∂̂ ◦ ĝK
e ) + δĝK ◦ (∂̂ ◦ ĝA

e )
}]

. (45)
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Here, J(1) (or S(1)) corresponds to the linear-response term,
while J(3) (or S(3)) captures the leading-order nonlinear
response induced by the ac field.

1. Linear response

Let us begin by deriving the well-known linear-response
formula for a dirty-limit superconductor subjected to an
ac perturbation. We are considering the monochromatic ac
field q(t) = q0 cos(ωact), which is associated with an elec-
tric field E(t) = E0 sin(ωact), where E0 = (�ωac/2|e|)q0.
This field can be expressed as E(t) = E1He−iωact + c.c.
with E1H = (i/2)E0 or, equivalently, in Fourier space as

E(ω) = E1H2πδ(ω − ωac) + E∗
1H2πδ(ω + ωac). (46)

Since the linear response is proportional to E, the Fourier
transform of the linear current response, J(1)(ω), contains
only the first harmonic at ω = ±ωac:

J(1)(ω) = J(1)

1H2πδ(ω − ωac) + J(1)∗
1H 2πδ(ω + ωac). (47)

The relation between J(1)

1H and E1H is determined by
Eqs. (43) and (44) or its Fourier transform (see
Appendix E), and we obtain

J(1)

1H = σE1H, (48)

where

σ = σn

∫
dε

�ωac
{(Re G Re G2 + Re F Re F2)(f − f2)

+i(Re G Im G2 + Re F Im F2)(1 − 2f )} . (49)

The resulting proportionality constant σ(ωac) is the com-
plex conductivity, reproducing the well-known Mattis-
Bardeen formula in the dirty limit [25–28,52].

When the ac field is sufficiently weak, the third-order
correction J(3) ∼ O(q3

0) can be safely neglected. How-
ever, as the field strength increases, the linear-response
approximation breaks down and nonlinear contributions
of order O(q3

0) begin to emerge. Given that E3(t) =
E3

0 sin3(ωact) ∝ 3 sin(ωact) − sin(3ωact), it follows that
J(3)(t) contains both first- and third-harmonic components.
In Fourier space, this is expressed as

J(3)(ω) = J(3)

1H2πδ(ω − ωac) + J(3)∗
1H 2πδ(ω + ωac)

+ J(3)

3H2πδ(ω − 3ωac) + J(3)∗
3H 2πδ(ω + 3ωac).

(50)

Here, J(3)

1H represents the nonlinear correction to the linear
first-harmonic component J(1)

1H. The third-harmonic com-
ponent J(3)

3H (in disordered superconductors) is known to

exhibit a resonance feature associated with the Higgs
mode, a hallmark frequently exploited in experimental
studies. Analytical expressions for both components are
derived below.

2. Nonlinear correction to the first-harmonic current

Starting from Eqs. (43) and (45), and after a lengthy
analytical calculation (see Appendix F), we obtain the
first-harmonic current generated by O(q3

0) correction:

J (3)

1H = i
(

q0

qξ

)3

(I qqq
1H + I Higgs

1H + I Eliash
1H )J0

= 2
√

πσn

�ωac/�0

s
�0

(I qqq
1H + I Higgs

1H + I Eliash
1H )E1H, (51)

I qqq
1H = −1

16
√

π

∫
K1Hdε, (52)

I Higgs
1H = −1

16
√

π
�2H

∫
ZHiggs

1H dε, (53)

I Eliash
1H = −1

16
√

π
�0H

∫
ZEliash

1H dε. (54)

Here, J0 = Hc/λ0, Hc0 = √
N0/μ0�0 is the zero-

temperature thermodynamic critical field, and λ0 =√
�/πμ0�0σn is the zero-temperature London depth. The

relation J0
√

s/�0 = √
πσn(�0/�ωac)E0 is used at the sec-

ond line. K1H, ZEliash
1H , and ZHiggs

1H are given by

K1H(ε, ωac) =
6∑

i=1

K1H,i, (55)

K1H,1 = i
(F1 − F−3)F−1 + (G1 − G−3)G−1

4�ωac(F1 + F−3)

× [{(F1 + F−3)G∗
−1 + (G1 + G−3)F∗

−1

}
(T−1 − T−3)

+{(F1 + F−3)G−1 + (G1 + G−3)F−1}T−1] , (56)

K1H,2 = i
(G3 − G−1)G1 + (F3 − F−1)F1

4�ωac(F3 + F−1)

× {(F3 + F−1)G1 + (G3 + G−1)F1}T−1, (57)

K1H,3 = −i
(F3 − F∗

−1)G1 + (G3 − G∗
−1)F1

4�ωac(F3 − F∗
−1)

× [{(G3 + G∗
−1)G

∗
1 + (F3 + F∗

−1)F
∗
1

}
(T3 − T1)

+ {(G3 + G∗
−1)G1 + (F3 + F∗

−1)F1
}
(T−1 − T1)

]
,
(58)

K1H,4 = −i
F1G−1 + G1F−1

2(ε−1G−1 − F−1�)

× {(F1 + F−3)G−1 + (G1 + G−3)F−1}T−1, (59)
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K1H,5 = −i
(F3 + F−1)G1 + (G3 + G−1)F1

2(ε1G1 − F1�)

× {(G1F∗
−1 + F1G∗

−1)(T−1 − T1)

+(G1F−1 + G−1F1)T−1} , (60)

K1H,6 = −G∗
−1 Im F1 + F∗

−1 Im G1

ε1 Im G1 − Im F1�

× {(Re G3 Im F1 + Im G1 Re F3)(T3 − T1)

+(Re G−1 Im F1 + Im G1 Re F−1)(T−1 − T1)} , (61)

ZEliash
1H (ε, ωac) =

∑
i=1,2

ZEliash
1H,i , (62)

ZEliash
1H,1 = 4G−1(G1F−1 + F1G−1)

ε−1G−1 − F−1�
T−1, (63)

ZEliash
1H,2 = 4G1

ε1G1 − F1�
{(G1F−1 + G−1F1)T−1

+(G1F∗
−1 + F1G∗

−1)(T−1 − T1)
}

, (64)

and

ZHiggs
1H (ε, ωac) =

∑
i=1,2,3

ZHiggs
1H,i , (65)

ZHiggs
1H,1 = − 2(F1 − F−3)

�ωac(F1 + F−3)

× [{(F1 + F−3)G∗
−1 + (G1 + G−3)F∗

−1

}
(T−1 − T−3)

+{(F1 + F−3)G−1 + (G1 + G−3)F−1}T−1] , (66)

ZHiggs
1H,2 = − 2(F3 − F−1)

�ωac(F3 + F−1)

× {(F3 + F−1)G1 + (G3 + G−1)F1}T−1, (67)

ZHiggs
1H,3 = − 2(F3 + F∗

−1)

�ωac(F3 − F∗
−1)

× {(F3 − F∗
−1)G1 + (G3 − G∗

−1)F1
}
(T3 − T−1).

(68)

Note that K1H represents the O(q3) direct action of the
electromagnetic field to the first harmonic, while ZEliash

1H

and ZHiggs
1H represent the O(q3) corrections to the first har-

monic via the Eliashberg effect (δ�0H) and the Higgs mode
(δ�2H).

In Fig. 2, we summarize the nonlinear corrections to
the first-harmonic current response. In Fig. 2(a), we show
the direct nonlinear contribution from the electromagnetic
field to J (3)

1H , while in Fig. 2(b), we present the indirect
contributions mediated by nonequilibrium pair-potential
variations, δ�0H and δ�2H. The dashed curve represents
|I Eliash

1H |, indicating that the peak at �ωac � � in Fig. 2(b)
originates from the resonance associated with the Higgs-
mode contribution I Higgs

1H . In Figs. 2(c) and 2(d), we show

(a) (b)

(c) (d)

FIG. 2. Nonlinear corrections to the first-harmonic current. (a)
The contribution from the direct nonlinear action of the electro-
magnetic field. (b) The sum of the contributions mediated by
nonequilibrium pair-potential variations, δ�0H and δ�2H. The
dashed curve represents |I Eliash

1H |. (c),(d) The (c) real and (d)
imaginary parts of the total nonlinear correction.

the real and imaginary parts of the total nonlinear cor-
rection, which exhibit a Higgs-induced peak and dip at
�ωac = �, respectively.

3. Nonlinear generation of the third-harmonic current

Starting from Eqs. (43) and (45), and following a
procedure similar to that in the previous section involv-
ing lengthy analytical calculations (see Appendix F), we
obtain the third-harmonic current arising from the O(q3

0)

terms:

J (3)

3H = i
(

q0

qξ

)3

(I qqq
3H + I Higgs

3H )J0

= 2
√

πσn

�ωac/�0

s
�0

(I qqq
3H + I Higgs

3H )E1H, (69)

I qqq
3H = −1

16
√

π

∫
K3Hdε, (70)

I Higgs
3H = −1

16
√

π
�2H

∫
ZHiggs

3H dε, (71)
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where K3H and ZHiggs
3H are given by

K3H(ε, ωac) =
∑

i=1,2,3

K3H,i, (72)

K3H,1 = i
(F1 − F−3)F−1 + (G1 − G−3)G−1

4�ωac(F1 + F−3)

× {(F1 + F−3)G3 + (G1 + G−3)F3}T−3, (73)

K3H,2 = i
(F3 − F−1)F1 + (G3 − G−1)G1

4�ωωac(F3 + F−1)

× [{(F3 + F−1)G∗
−3 + (G3 + G−1)F∗

−3

}
(T−3 − T−1)

+{(F3 + F−1)G−3 + (G3 + G−1)F−3}T−3] , (74)

K3H,3 = i
(F3 − F∗

−1)G
∗
−3 + (G3 − G∗

−1)F
∗
−3

4�ωωac(F3 − F∗
−1)

× [{(G3 + G∗
−1)G

∗
1 + (F3 + F∗

−1)F
∗
1

}
(T3 − T1)

+ {(G3 + G∗
−1)G1 + (F3 + F∗

−1)F1
}
(T−1 − T1)

]
,
(75)

and

ZHiggs
3H (ε, ωac) =

∑
i=1,2,3

ZHiggs
3H,i , (76)

ZHiggs
3H,1 = −2

F1 − F−3

�ωac(F1 + F−3)
{(F1 + F−3)G3

+(G1 + G−3)F3}T−3, (77)

ZHiggs
3H,2 = −2

F3 − F−1

�ωac(F3 + F−1)

× [{(F3 + F−1)G∗
−3 + (G3 + G−1)F∗

−3

}
(T−3 − T−1)

+{(F3 + F−1)G−3 + (G3 + G−1)F−3}T−3] , (78)

ZHiggs
3H,3 = 2

F3 + F∗
−1

�ωr(F3 − F∗
−1)

{
(F3 − F∗

−1)G
∗
−3

+(G3 − G∗
−1)F

∗
−3

}
(T3 − T−1). (79)

Here, K3H represents the O(q3
0) direct action of the elec-

tromagnetic field to the third harmonic, while ZHiggs
3H repre-

sents the O(q3
0) contribution to the third harmonic via the

Higgs mode.
In Fig. 3, we show the third-harmonic current gener-

ated by the direct nonlinear action of the electromagnetic
field [Fig. 3(a)] and the contribution mediated by the Higgs
mode [Fig. 3(b)]. In both cases, a resonance peak appears
near �ωac � �, where the superconducting gap takes the
value �(T) � �0 and 0.526�0 for T/Tc = 0.01 and 0.9,
respectively. Notably, the peak associated with the Higgs
mode is several times stronger than that due to the direct
nonlinear photon action, in agreement with previous stud-
ies [11,12]. See also Appendix D for comparison with
previous studies [11,12].

(a) (b)

(c) (d)

FIG. 3. The third-harmonic current as a manifestation of the
nonlinear current response. (a) The contribution from the direct
nonlinear action of the electromagnetic field. (b) The contribu-
tion mediated by the Higgs mode, δ�2H. (c),(d) The (c) real
and (d) imaginary parts of the total third-harmonic current. The
dashed curves represent the direct contribution I qqq

3H .

In Figs. 3(c) and 3(d), we show the real and imaginary
parts of I3H, which exhibit a Higgs-induced peak and dip
at �ωac = �(T). The dashed curves represent the direct
contribution I qqq

3H , which shows a much smaller peak and
dip compared to the Higgs-mediated response. It is worth
noting that in the real part, a sharp onset appears at a fre-
quency below the Higgs resonance peak, corresponding to
the condition 3�ωac = 2�(T).

Before concluding this section, it is worth noting that in
the limit ωac → 0, all nonlinear contributions I qqq

1H , I Eliash
1H ,

I Higgs
1H , I qqq

3H , and I Higgs
3H merge into the nonlinear dc response

(see Appendix G), consistent with the well-established
results obtained decades ago. This consistency between the
nonlinear ac and dc responses, which has not been explic-
itly confirmed in previous studies, supports not only our
calculations of the nonlinear third-harmonic generation but
also the present nonlinear correction to the first-harmonic
current, which has received much less attention in the
literature.

In this section, we have solved the Keldysh-Usadel
equations and explicitly expressed the Eliashberg effect
(δ�0H), the Higgs mode (δ�2H), and both the linear- (J (1)

1H )
and nonlinear-current responses (J (3)

1H , J (3)

3H ) in terms of
the equilibrium Green’s functions Ge and Fe. In the fol-
lowing section, we employ these results to derive the
amplitude-dependent nonlinear correction to the dissipa-
tive conductivity.
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III. NONLINEAR DISSIPATION

In general, the electromagnetic power dissipation per
unit volume can be written as

P = E(t)J (t), (80)

where the overline denotes time averaging, and the elec-
tric field is given by E(t) = E1He−iωact + c.c. Considering
contributions up to third order in the ac amplitude, we
have J (t) = J (1)(t) + J (3)(t). The first term, arising from
the linear response, yields only the first harmonic, whereas
the third-order term contributes to both the first and third
harmonics, as discussed in the previous section. Thus,
we have J (t) = J1He−iωact + J3He−i3ωact + c.c., with J1H =
J (1)

1H + J (3)

1H and J3H = J (3)

3H , leading to the power dissipation
P = 2 Re[J1HE∗

1H] or

P = P(1) + P(3), (81)

P(1) = 2 Re[J (1)

1H E∗
1H] = 1

2
σ1E2

0 , (82)

P(3) = 2 Re[J (3)

1H E∗
1H] = 1

2
δσ1E2

0 . (83)

Here, P(1) represents the power dissipation in the linear-
response regime, while P(3) denotes the nonlinear con-
tribution arising from the O(q3

0) correction to the first
harmonic, J (3)

1H . The nonlinear conductivity correction, δσ1,
is given by

δσ1 = δσ
qqq
1 + δσ

Higgs
1 + δσ Eliash

1 , (84)

δσ
qqq
1 = 2

√
πσn Re[I qqq

1H ]
s

�ωac
, (85)

δσ
Higgs
1 = 2

√
πσn Re[I Higgs

1H ]
s

�ωac
, (86)

δσ Eliash
1 = 2

√
πσn Re[I Eliash

1H ]
s

�ωac
. (87)

Here, I qqq
1H , I Higgs

1H , and I Eliash
1H are given by Eqs. (52), (53),

and (54), respectively. It should be noted that the third-
harmonic current, the resonance peak of which is widely
recognized as a hallmark of the Higgs mode in disordered
superconductors and has been extensively investigated in
the context of Higgs-mode physics, does not contribute
to nonlinear dissipation due to its elimination through
time averaging. Only the nonlinear correction to the first-
harmonic current J (3)

1H remains relevant for the evaluation
of nonlinear dissipation.

In Figs. 4(a) and 4(b), we show the total dissipative
conductivity σ1 + δσ1 as a function of the ac frequency
ωac at T/Tc = 0.1 and 0.2. The blue curves represent the
standard linear-response result σ1(ωac), while the other
curves include the nonlinear corrections. In Fig. 4(c), we

(a) (b)

(c) (d)

FIG. 4. Nonlinear corrections to the real part of the complex
conductivity. (a),(b) The total nonlinear correction δσ1 calcu-
lated at (a) T/Tc = 0.1 and (b) T/Tc = 0.2, respectively. (c),(d)
The decomposition of δσ1 into individual contributions δσ

qqq
1 ,

δσ
Higgs
1 , and δσ Eliash

1 , with q/qξ = 0.01: (c) T/Tc = 0.1; (d)
T/Tc = 0.2.

present the individual nonlinear components δσ i
1 (with i =

qqq, Higgs, Eliash). This decomposition reveals that the
peak near �ωac � �0 in Figs. 4(a) and 4(b) originates from
the Higgs-mode resonance, whereas the pronounced posi-
tive enhancement around �ωac � 2� arises from the direct
photon-driven term δσ

qqq
1 and the Eliashberg contribution

δσ Eliash
1 . These results demonstrate that the peak at �ωac �

� in the nonlinear dissipative conductivity under strong
ac driving can serve as a signature of the Higgs mode,
at least in dirty-limit superconductors. To fully under-
stand the behavior in clean systems, a theoretical treatment
within the Keldysh-Eilenberger framework is required.

It is also worth noting that the small shelflike structure
observed around �ωac � �0 in the blue curve of Fig. 4(a),
which corresponds to the linear response, is attributed
to subgap states introduced by the small damping factor
�/�0 = 10−3 and is known to vanish in the limit � → 0.

To investigate finer features of the nonlinear correc-
tions, particularly in the low-frequency regime �ωac �
�0, which is relevant to many superconducting-device
applications, in Fig. 4(d) we present an enlarged view
of the individual nonlinear contributions. It shows that
the direct nonlinear term δσ

qqq
1 suppresses the dissipa-

tive conductivity in this regime. This suppression becomes
increasingly pronounced with rising ωac within a certain
frequency range.
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(a) (b)

(c) (d)

FIG. 5. (a),(b) The amplitude-dependent dissipative conduc-
tivity at various drive frequencies [cf. Fig. 4(b)]: T/Tc =
0.2, �/�0 = 0.001. (c) The slope of the nonlinear correction,
dδσ1/ds, as a function of the frequency, for �/�0 = 0.001. (d)
The switching frequency ω∗

ac as a function of the temperature.

In Fig. 5(a), we display the amplitude-dependent dis-
sipative conductivity at T/Tc = 0.2 for various drive
frequencies. At �ωac/�0 = 0.001, the dissipative con-
ductivity increases with the ac amplitude, whereas it
begins to decrease for �ωac/�0 � 0.002. This suppres-
sion becomes more pronounced as the frequency increases.
As shown in Fig. 5(b), this trend reverses at higher fre-
quencies: for �ωac/�0 � 0.05, the suppression weakens,
and by �ωac/�0 = 0.99, the dissipative conductivity once
again increases with amplitude. To interpret the behav-
ior observed in Figs. 5(a) and 5(b), it is helpful to revisit
Fig. 4(b), which shows that the dissipative conductivity
decreases with increasing ac amplitude for most frequen-
cies below �, while this trend is reversed near �, where
the dissipative conductivity instead increases with the ac
amplitude.

A more direct way to capture this behavior is to exam-
ine the slope of the dissipative conductivity, defined as
dδσ̃1/ds̃, where δσ̃1 := δσ1/σ1 and s̃ := s/�0 = (q0/qξ )

2.
In Fig. 5(c), we show dδσ̃1/ds̃ as a function of ωac. At
�ωac/�0 � 0.002, the derivative vanishes, indicating that
below (above) this frequency, the dissipative conductiv-
ity increases (decreases) with increasing ac amplitude [see
also Fig. 5(a)]. We define the switching frequency ω∗

ac such
that dδσ1/ds = 0. In Fig. 5(d), we plot the switching fre-
quency ω∗

ac as a function of the temperature, indicating that
ω∗

ac is largely insensitive to temperature variations.

(a) (b)

(c) (d)

FIG. 6. The effects of � on the amplitude-dependent dissipa-
tive conductivity. (a),(b) The dissipative conductivity calculated
for a moderately large damping factor, �/�0 = 0.01, at T/Tc =
0.2, shown for various drive frequencies. (c) The slope of the
normalized nonlinear correction, dδσ̃1/ds̃, plotted as a func-
tion of the frequency for different values of �, for T/Tc = 0.2.
(d) The switching frequency ω∗

ac as a function of � calculated
for T/Tc = 0.2. Note that the dependence ω∗

ac(�) exhibits little
sensitivity to temperature [cf. Fig. 5(d)].

It is well known that the damping factor �, which corre-
sponds to the inverse quasiparticle lifetime, influences the
dissipative conductivity both in the linear-response regime
[28,52] and beyond [31]. The nonlinear correction δσ1 is
also significantly affected by �. In Figs. 6(a) and 6(b), we
present the results for �/�0 = 0.01 at T/Tc = 0.2, which
is an order of magnitude larger than the value used in the
previous figures. Overall, the amplitude dependence of the
dissipative conductivity becomes weaker. As a result, the
switching frequency shifts upward to �ω∗

ac/�0 � 0.02.
This behavior is clearly illustrated in Fig. 6(c), where
dδσ̃1/ds̃ is plotted as a function of ωac for several values
of �. In Fig. 6(d), we show the switching frequency ω∗

ac
as a function of �, indicating a strong dependence of ω∗

ac
on the damping factor. A note on the amplitude-dependent
behavior at lower temperatures is given in Appendix H.

To evaluate the surface resistance Rs or the quality factor
Q of a superconducting cavity, it is necessary to account for
the depth dependence of δσ1 from the surface into the bulk
over a length scale set by the London penetration depth.
This spatial dependence arises due to the Meissner effect,
which causes the ac magnetic field to decay exponentially
into the superconductor; as a result, the field-dependent
correction δσ1 also exhibits exponential attenuation with
depth. After some calculations (see Appendix I), we obtain
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the following expression for the relative change in surface
resistance in the limit σ1/σ2 � 1:

δRs

Rs
= δσ1/σ1

(q/qξ )2

(
Brf√
2πBc

)2

, (88)

where Brf is the amplitude of the rf magnetic field at the
surface and Bc is the thermodynamic critical field. Conse-
quently, the plots in Fig. 5 can be reinterpreted by replacing
the horizontal axis as

q0

qξ

−→ Brf√
2πBc

(89)

and the vertical axis as either Rs(Brf)/Rs(0) or Q−1(Brf)/

Q−1(0).
Note that the validity range of Eq. (84) is expected

to be limited. As the ac amplitude increases, modifica-
tions of the quasiparticle DOS induced by the ac cur-
rent become significant, which cannot be captured by the
present perturbative calculation. To estimate the threshold
at which such nonperturbative effects become important,
we consider the spectral gap under a dc current, given
by εg = (�2/3 − s2/3)3/2, from which the gap reduction
is approximately δεg � (3/2)�

1/3
0 s2/3. This modification

becomes relevant when δεg � �ωac or, equivalently, when
q0/qξ � (2�ωac/3�0)

3/4. For example, for �ωac/�0 =
0.01, this condition gives q0/qξ � 0.02, beyond which
our perturbative approach is no longer valid and non-
perturbative modifications of the quasiparticle spectrum
must be taken into account. Taking an Nb resonator as an
example (�Nb

0 � 360 GHz, BNb
c = 200 mT), a dimension-

less amplitude q0/qξ = 0.01 corresponds to a magnetic
field amplitude Brf � 3.5 mT.

IV. DISCUSSION AND CONCLUSIONS

We have solved the Keldysh-Usadel equations under
a monochromatic ac field [Eqs. (11)–(16)], obtaining
nonequilibrium corrections to the pair potential and the
nonlinear current response. The zero-harmonic compo-
nent of the nonequilibrium pair-potential variation, δ�0H,
which represents the (positive or negative) Eliashberg
effect, is given by Eq. (27) and plotted in Fig. 1(a). The
second-harmonic component, δ�2H, corresponding to the
Higgs mode, is given by Eq. (39) and shown in Fig. 1(b).
The resulting nonlinear current response includes both the
first-harmonic correction J (3)

1H [Eq. (51) and Fig. 2] and
the third-harmonic component J (3)

3H [Eq. (69) and Fig. 3].
The third-harmonic current arises from two sources: the
direct nonlinear action of the photon field and the contri-
bution mediated by the Higgs mode. In contrast, the first-
harmonic correction incorporates all three mechanisms:
the direct photon action, the Higgs-mode contribution, and
the Eliashberg effect. While the third-harmonic current is

widely regarded as a hallmark of the Higgs resonance in
disordered superconductors (see also Fig. 3), Fig. 2 demon-
strates that the nonlinear correction to the first-harmonic
current also exhibits a peak and dip associated with the
same resonance.

The expression for the amplitude-dependent correc-
tion to the dissipative conductivity is given by Eq. (84),
which originates from the nonlinear correction to the
first-harmonic current. We have found that the contribu-
tion mediated by the Higgs mode exhibits a resonance
peak in the dissipative conductivity at �ωac � �0 and
that this peak becomes more pronounced with increas-
ing ac amplitude (see Fig. 4). This behavior may serve
as an additional hallmark of the Higgs mode, at least
in dirty-limit superconductors, complementing the well-
known third-harmonic generation. Clean systems, on the
other hand, require further investigation. In contrast, in
the low-frequency regime �ωac � �0, which is most rel-
evant for practical superconducting devices, the Eliash-
berg and Higgs-mode contributions are relatively weak.
In this regime, the nonlinear conductivity is dominated
by the direct term δσ

qqq
1 , as illustrated in Fig. 4. In

Fig. 5, we present the amplitude dependence of the dis-
sipative conductivity for various drive frequencies and
temperatures. A crossover from positive to negative ampli-
tude dependence is observed around �ωac/�0 � 0.002
when �/�0 = 10−3. Above this switching frequency
ω∗

ac, the amplitude-induced reduction in the dissipative
conductivity becomes more pronounced with increasing
frequency.

Interestingly, the switching frequency ω∗
ac exhibits a

remarkable insensitivity to temperature [see Figs. 5(c) and
5(d)], while being predominantly governed by the damp-
ing factor � [see Figs. 6(c) and 6(d)]. A deeper theoretical
understanding of the origin of this behavior lies beyond
the scope of the present work but represents an important
avenue for future investigation.

It is instructive to interpret the results using con-
crete material parameters. Taking Nb as an example,
T/Tc = 0.2, as used in Figs. 5(a) and 5(b), corresponds
to T � 1.8 K. Assuming �Nb

0 � 360 GHz, the frequencies
shown in Fig. 5(a), namely, �ωac/�0 = 0.001-0.01, corre-
spond to 360 MHz–3.6 GHz. In Fig. 5(c), the amplitude-
induced reduction in dissipative conductivity becomes
slightly more pronounced as the temperature decreases
from 4.6 to 1.8 K, while the switching frequency ω∗

ac
remains insensitive to temperature. This trend is consis-
tent with experimental observations [37]. In the supercon-
ducting radio-frequency (SRF) community, experiments
have placed the switching frequency near 1 GHz, corre-
sponding to �ω∗

ac/�0 � 0.003 [35,37], and scanning tun-
neling spectroscopy measurements in nitrogen-doped Nb
suggest �/�0 � 0.002 [29]. This combination of ω∗

ac and
� agrees very well with the theoretical prediction shown in
Fig. 6(d).
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Of course, our results apply to any conventional super-
conductor. Taking Nb3Sn as an example and assuming
�

Nb3Sn
0 � 770 GHz, the switching frequency is given by

�ω∗
ac/�0 � 0.0016, corresponding to f ∗ � 1.2 GHz for

�/�0 = 0.001, and f ∗ � 12 GHz for �/�0 = 0.01. This
suggests that the widely used 1.3-GHz Nb3Sn accelerator
cavities may exhibit the amplitude-dependent enhance-
ment of the quality factor, known as the anti-Q slope,
provided that the cavity surface satisfies �/�0 = 0.001.
In contrast, if the surface has �/�0 � 0.01, the cavity is
expected to show an amplitude-induced degradation of the
quality factor. Earlier experimental studies have reported
values around �/�0 � 0.01 [53], which would require
cavity frequencies exceeding f � 12 GHz to observe the
anti-Q slope for the same material quality. In other words,
if the anti-Q slope is observed at a few gigahertz, it may be
worth examining whether � has been significantly reduced
in those samples. It should be noted, however, that the
present theory assumes the dirty limit and that experimen-
tal verification of these predictions may require tuning the
electron mean free path to ensure consistency with this
regime.

Taking aluminum as an example, the switching
frequency corresponds to 70–700 MHz for �/�0 �
0.001–0.01, assuming �Al

0 � 44 GHz, which is signif-
icantly lower than the typical resonator frequencies
used in superconducting devices. Therefore, conventional
aluminum resonators operating in the several-gigahertz
range are expected to exhibit clear amplitude-induced Q
enhancement.

Our analysis is based on the Keldysh-Usadel the-
ory of nonequilibrium superconductivity with BCS cou-
pling, which fully captures nonequilibrium quasiparti-
cles and pair-potential dynamics. The nonequilibrium
distribution function is encoded in the Keldysh com-
ponent of the Green’s function, but phonon degrees
of freedom are not explicitly included. Therefore,
a promising direction for future work is to extend
the present rigorous framework to incorporate phonon
dynamics.

It should be noted that several previous studies have
attempted to incorporate nonequilibrium dynamics of
quasiparticles and phonons in order to explain the effects
of strong microwave fields on superconducting devices.
For instance, Refs. [54,55] have obtained nonequilibrium
distribution functions for both quasiparticles and phonons
by solving kinetic equations. However, the authors have
applied these results by substituting the quasiparticle dis-
tribution into the Mattis-Bardeen formula in place of the
equilibrium one. As demonstrated in the present work,
such a naive extension is not theoretically justified in the
nonlinear regime, as it neglects essential contributions,
including the direct nonlinear response to the photon
field. A more rigorous theoretical framework is therefore
needed.

The present perturbative theory does not account for
nonperturbative effects of the ac field, such as ac-induced
modifications to the quasiparticle spectrum [30,31,42].
As a result, it becomes inapplicable at high field ampli-
tudes, where pair breaking substantially alters the DOS and
dominates the dissipative response. Extending the present
framework to include such nonperturbative effects remains
an important direction for developing a comprehensive
nonlinear Q theory that remains valid up to the depairing
limit.

Nevertheless, for ac currents well below the depairing
threshold, our theory remains fully applicable and offers
a rigorous framework for understanding nonlinear dis-
sipation and quality-factor evolution in superconducting
resonators.

Note added. Recently, we became aware of a related
preprint, Ref. [56], which reports a similar resonance peak
in both dirty and clean superconductors, attributed mainly
to the Higgs mode and quasiparticles, respectively.
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APPENDIX A: EQUATIONS FOR ZERO AND
SECOND HARMONICS

1. Equations for the zero harmonic

Equation (11) with (η, η′) = (ωac, −ωac) and (−ωac, ωac)

yields the equations governing the R and A components of
the zero harmonic (ω = 0) in Fourier space:

− i
s
8
[
τ̂3ĝr

e(ε − �ωac)τ̂3ĝr
e(ε) − ĝr

e(ε)τ̂3ĝr
e(ε + �ωac)τ̂3

+ τ̂3ĝr
e(ε + �ωac)τ̂3ĝr

e(ε) − ĝr
e(ε)τ̂3ĝr

e(ε − �ωac)τ̂3
]

= [ετ̂3 + �̂e, δĝr
0H] + [δ�̂0H, ĝr

e(ε)]. (A1)

The normalization condition, Eq. (12), leads to

ĝr
e(ε)δĝr

0H + δĝr
0Hĝr

e(ε) = 0. (A2)
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Similarly, Eq. (13) provides the equations governing the K
components of the zero harmonic in Fourier space:

− i
s
8
[
τ̂3ĝR

e (ε − �ωac)τ̂3ĝK
e (ε) − ĝR

e (ε)τ̂3ĝK
e (ε + �ωac)τ̂3

+ τ̂3ĝK
e (ε − �ωac)τ̂3ĝA

e (ε) − ĝK
e (ε)τ̂3ĝA

e (ε + �ωac)τ̂3

+ τ̂3ĝR
e (ε + �ωac)τ̂3ĝK

e (ε) − ĝR
e (ε)τ̂3ĝK

e (ε − �ωac)τ̂3

+ τ̂3ĝK
e (ε + �ωac)τ̂3ĝA

e (ε) − ĝK
e (ε)τ̂3ĝA

e (ε − �ωac)τ̂3
]

= [ετ̂3 + �̂e, δĝK
0H] + [δ�̂0H, ĝK

e (ε)]. (A3)

The corresponding normalization condition, Eq. (14),
reduces to

ĝR
e (ε)δĝK

0H + δĝK
0HĝA

e (ε)

+ ĝK
e (ε)δĝA

0H + δĝR
0HĝK

e (ε) = 0. (A4)

Additionally, Eq. (16) reduces to

δgK
0H = (δgR

0H − δgA
0H)T + δga

0H. (A5)

Thus, Eqs. (A1)–(A5) collectively define the govern-
ing equations for the zero-harmonic corrections to the
Green’s functions. Solving these equations, we obtain
Eqs. (19)–(26).

2. Equations for the second harmonic

Equation (11) for (η, η′) = (−ωac, −ωac) yields the
equations governing the R and A components of the second
harmonic (ω = 2ωac) in Fourier space:

− i
s
8
[
τ̂3ĝr

e(ε)τ̂3ĝr
e(ε − �ωac) − ĝr

e(ε + �ωac)τ̂3ĝr
e(ε)τ̂3

]

= (ε + �ωac)τ̂3δĝr
2H − δĝr

2Hτ̂3(ε − �ωac) + [�̂e, δĝr
2H]

+ δ�̂2Hĝr
e(ε − �ωac) − ĝr

e(ε + �ωac)δ�̂2H. (A6)

The normalization condition, Eq. (12), leads to

ĝr
e(ε + �ωac)δĝr

2H + δĝr
2Hĝr

e(ε − �ωac) = 0. (A7)

Similarly, Eq. (13) provides the equations governing the K
components of the second harmonic in Fourier space:

− i
s
8
[
τ̂3ĝR

e (ε)τ̂3ĝK
e (ε − �ωac) − ĝR

e (ε + �ωac)τ̂3ĝK
e (ε)τ̂3

+ τ̂3ĝK
e (ε)τ̂3ĝA

e (ε − �ωac) − ĝK
e (ε + �ωac)τ̂3ĝA

e (ε)τ̂3
]

= [�̂e, δĝK
2H] + δ�̂2HĝK

e (ε − �ωac) − ĝK
e (ε + �ωac)δ�̂2H

+ (ε + �ωac)τ̂3δĝK
2H − (ε − �ωac)δĝK

2Hτ̂3. (A8)

The corresponding normalization condition, Eq. (14),
reduces to

ĝR
e (ε + �ωac)δĝK

2H + δĝK
2HĝA

e (ε − �ωac)

+ ĝK
e (ε + �ωac)δĝA

2H + δĝR
2HĝK

e (ε − �ωac) = 0. (A9)

Additionally, Eq. (16) reduces to

δgK
2H = δgR

2HT (ε − �ωac) − δgA
2HT (ε + �ωac) + δga

2H.
(A10)

Equations (A6)–(A10) govern the second harmonic (ω =
2ωac) corrections to the Green’s functions. The corre-
sponding equations for ω = −2ωac are derived in a similar
manner. Solving these equations yields Eqs. (31)–(38).

APPENDIX B: CONSISTENCY CHECK OF THE
PRESENT CALCULATION OF δ�0H,2H

1. Zero harmonic δ�0H and the Eliashberg effect

We begin by verifying that our result for the nonequi-
librium zero-harmonic correction to the pair potential is
consistent with previous studies [12].

In Fig. 7(a), we show the domain in the (T, ωac) plane
where the Eliashberg effect is positive, i.e., δ�0H > 0, cal-
culated using the same damping parameter as in Ref. [12],
namely, �/�0 = 0.02. The result shows excellent agree-
ment with Ref. [12, Fig. 2].

A similar result has previously been reported in
Ref. [51], where a damping parameter �/�0 = 0.02/1.76
� 0.011 has been used. This value is slightly smaller than
that used in Ref. [12] and in Fig. 7(a), but still larger
than the value adopted in Fig. 1(a). As a consequence, the
region of gap enhancement extends to T/Tc � 0.47. If an
even smaller � is used—corresponding to a longer quasi-
particle lifetime—the enhancement region expands further.
In Fig. 1(a), we take �/�0 = 10−3, which results in gap
enhancement appearing already at T/Tc = 0.35.

(a) (b)

FIG. 7. Consistency check: a comparison of the present cal-
culation with the previous study [12]. (a) The zero-harmonic
pair-potential variation �0H, enhanced by the Eliashberg effect,
shown in the (T, ωac) plane. (b) The second-harmonic pair-
potential variation �2H as a function of ωac. Both panels are cal-
culated with �/�0 = 0.02, consistent with the parameter choice
in Ref. [12].
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2. Second harmonic δ�2H

Next, we verify that our results for the nonequilib-
rium corrections to the second-harmonic components are
consistent with the previous study [12].

To this end, we first introduce the shorthand d(ε) =
i
√

�2 − (ε + i�)2 and d±n = d(ε ± n�ωac/2) with n ∈ N.
With this substitution, Eqs. (33), (34), (37), and (38) reduce
to the following expressions:

ζ2H = −G2 + G−2

F2 + F−2

F2 − F−2

2�ωac

= G2G−2 + F2F−2 + 1
d2 + d−2

, (B1)

κ2H = i
8

G2 + G−2

F2 + F−2

(G2 − G−2)G + (F2 − F−2)F
2�ωac

= − i
8(d2 + d−2)

{(G2F−2 + F2G−2)G

+(G2G−2 + F2F−2 + 1)F} , (B2)

ζ a
2H = G2 − G∗

−2

F2 − F∗
−2

F2 + F∗
−2

2�ωac
(T−2 − T2)

= G2G∗
−2 + F2F∗

−2 − 1
d2 − d∗

−2
(T−2 − T2), (B3)

κa
2H = i

16�ωac

G2 − G∗
−2

F2 − F∗
−2

× [{(G2 + G∗
−2)G + (F2 + F∗

−2)F
}
(T − T−2)

+ {(G2 + G∗
−2)G

∗ + (F2 + F∗
−2)F

∗} (T − T2)
]

= i
8(d2 − d∗

−2)

[
(G2F∗

−2 + F2G∗
−2) {G(T − T−2)

+G∗(T − T2)
}+ (G2G∗

−2 + F2F∗
−2 − 1){

F(T − T−2) + F∗(T − T2)
}]

. (B4)

These results are in agreement with the corresponding
formulas presented in Ref. [12].

In Fig. 7(b), we show |�2H| as a function of ωac, cal-
culated with a damping parameter �/�0 = 0.02, which is
the same value as adopted in Ref. [12] and is significantly
larger than the value used in the main text (�/�0 = 10−3).
Our results show good agreement with Ref. [12, Fig. 3(a)],
further confirming the consistency of the present analysis.
The peaks, which correspond to Higgs-mode excitation,
appear at �ωac = �(T), where �(T)/�0 = 0.371, 0.885,
and 0.963 for T/Tc = 0.95, 0.6, and 0.4, respectively.

APPENDIX C: CONSISTENCY CHECK—δ� IN
THE dc LIMIT

Let us confirm that the results presented in Sec. II C,
including the anomalous low-frequency peak, are con-
sistent with the well-established expression for the

pair-potential variation induced by a dc supercurrent. To
demonstrate this correspondence, we translate the preced-
ing Fourier-space analysis into the time domain. Taking
the inverse Fourier transform of Eq. (18), the time-
dependent pair-potential variation is given by

δ�(t) = δ�0H + (δ�2He−2iωact + c.c.
)

. (C1)

In the limit ωac → 0, and using the fact that δ�2H ∈ R in
this limit, we obtain the static pair-potential variation:

δ�dc = s(�0H + 2�2H)|ωac→0. (C2)

Here, �0H and �2H are given by Eqs. (28) and (40),
respectively. Taking the limit ωac → 0, we find

�0H

∣∣∣
ωac→0

= −1
2

∑
M≥0(�ωM )2�/d4

M∑
M≥0 �2/d3

M
, (C3)

�2H

∣∣∣
ωac→0

= 1
2
�0H

∣∣∣
ωac→0

, (C4)

where dM =
√

(�ωM )2 + �2 and �ωM = 2πkT(M + 1/2)

denotes the Matsubara frequency. Substituting these
expressions into Eq. (C2), we obtain

δ�dc = −
∑

M≥0(�ωM )2�/d4
M∑

M≥0 �2/d3
M

s, (C5)

which reproduces the well-known result for the pair-
potential variation under a dc superflow at arbitrary tem-
perature.

For T → 0, the Matsubara summation reduces to an
integral according to the replacement (2πkT/�)

∑
M →∫∞

0 dw, where w := �ωM/�. This leads to the analytical
results �0H → −π/8 and �2H → −π/16 at (T, ωac) →
(0, 0) and hence the static pair-potential variation at zero
temperature becomes

δ�dc = −π

4
s, (C6)

as expected (see, e.g., Refs. [52,58,59] and references
therein).

APPENDIX D: CONSISTENCY CHECK OF THE
PRESENT CALCULATION OF J3H

In this appendix, we present our calculation of the
third-harmonic current for �/�0 = 0.02, the same value
adopted in the previous study [12], in order to verify the
consistency of our theoretical framework. Note that this
value is significantly larger than that used in the main text,
�/�0 = 10−3.

The third-harmonic current is given by Eq. (69) and
consists of two contributions: the direct nonlinear pho-
ton action, I qqq

3H , and the Higgs-mode-mediated process,
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(a) (b)

(c) (d)

FIG. 8. Consistency check: a comparison between the present
calculation of the third-harmonic current and previous results.
(a),(b) Contributions from the direct nonlinear photon action,
|I qqq

3H |, and from the Higgs-mode-mediated process, |I Higgs
3H |, plot-

ted as functions of the ac frequency. (c),(d) The same contri-
butions plotted as functions of temperature (see also Ref. [11,
Fig. 8] and Ref. [12, Fig. 6]). �/�0 = 0.02. Similar plots incor-
porating the effect of paramagnetic impurities are shown in
Ref. [13].

I Higgs
3H . In Fig. 8, we show the frequency and temperature

dependencies of I qqq
3H and I Higgs

3H , confirming agreement with
the results reported in Refs. [11,12]. Note that the peaks
in Fig. 8(d), which correspond to Higgs-mode excitation,
appear at T/Tc = 0.4, 0.6, and 0.95, where the pair poten-
tial at each temperature matches the ac frequency: �ωac =
0.963�0 = �(0.4Tc), �ωac = 0.885�0 = �(0.6Tc), and
�ωac = 0.371�0 = �(0.95Tc), respectively.

APPENDIX E: DERIVATION OF THE
LINEAR-RESPONSE CONTRIBUTION

The linear-response contribution can be calculated in a
straightforward manner. In Fourier space, Eq. (44) reduces
to

S(1)(ε, ω) = i
q0

4

∑
η=±ωac

2πδ(ω + η)

× Tr
[
τ̂3ĝR

e

(
ε − �η

2

)
τ̂3ĝR

e

(
ε + �η

2

)
T
(

ε + �η

2

)

− τ̂3ĝA
e

(
ε − �η

2

)
τ̂3ĝA

e

(
ε + �η

2

)
T
(

ε − �η

2

)

+ τ̂3ĝR
e

(
ε − �η

2

)
τ̂3ĝA

e

(
ε + �η

2

)

×
{
T
(

ε − �η

2

)
− T

(
ε + �η

2

)}]
. (E1)

By substituting the matrix elements into this expression,
the Fourier transform of Eq. (43) yields Eqs. (48) and (49).

APPENDIX F: DERIVATION OF
NONLINEAR-RESPONSE CONTRIBUTIONS

The calculation of the nonlinear-response contributions
is significantly more involved than in the linear-response
case, but can still be carried out in a straightforward
manner. In Fourier space, Eq. (45) reduces to

S(3)(ε, ω) = i
q0

4

∑
η=±ωac

Tr
[
τ̂3gR

e

(
ε + �ω

2

)

×
{
τ̂3δĝK

(
ε + �η

2
, ω + η

)
− δĝK

(
ε − �η

2
, ω + η

)
τ̂3

}

+ τ̂3gK
e

(
ε + �ω

2

){
τ̂3δĝA

(
ε + �η

2
, ω + η

)

− δĝA
(

ε − �η

2
, ω + η

)
τ̂3

}
+ τ̂3δĝR

(
ε − �η

2
, ω + η

)

×
{
τ̂3ĝK

e

(
ε − �ω

2

)
− ĝK

e

(
ε − �(ω + 2η)

2

)
τ̂3

}

+ τ̂3δĝK
(

ε − �η

2
, ω + η

){
τ̂3ĝA

e

(
ε − �ω

2

)

− ĝA
e

(
ε − �(ω + 2η)

2

)
τ̂3

}
. (F1)

Here, δĝR,A,K can be decomposed into a sum of harmonics,
as in Eq. (17), which in this case is given by

δĝR,A,K (ε±1, ω + ωac) = δĝR,A,K
0H (ε±1)2πδ(ω + ωac)

+ δĝR,A,K
2H (ε±1)2πδ(ω − ωac)

+ δĝR,A,K
−2H (ε±1)2πδ(ω + 3ωac) (F2)

and

δĝR,A,K (ε±1, ω − ωac) = δĝR,A,K
0H (ε±1)2πδ(ω − ωac)

+ δĝR,A,K
2H (ε±1)2πδ(ω − 3ωac)

+ δĝR,A,K
−2H (ε±1)2πδ(ω + ωac). (F3)

As in the main text, ε±n is defined as ε ± n(�ωac/2), with
n ∈ N. Substituting δĝR,A,K into Eq. (F1), we obtain

S(3)(ε, ω) = S(3)

1H2πδ(ω − ωac) + S(3)

−1H2πδ(ω + ωac)

+ S(3)

3H2πδ(ω − 3ωac) + S(3)

−3H2πδ(ω + 3ωac). (F4)
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Here,

S(3)

1H = i
q0

4
Tr
[
τ̂3ĝR

e (ε1)
{
τ̂3δĝK

0H(ε−1) − δĝK
0H(ε1)τ̂3

+τ̂3δĝK
2H(ε1) − δĝK

2H(ε−1)τ̂3
}

+ τ̂3ĝK
e (ε1)

{
τ̂3δĝA

0H(ε−1) − δĝA
0H(ε1)τ̂3

+τ̂3δĝA
2H(ε1) − δĝA

2H(ε−1)τ̂3
}

+ τ̂3δĝR
0H(ε1)

{
τ̂3ĝK

e (ε−1) − ĝK
e (ε1)τ̂3

}
+ τ̂3δĝR

2H(ε−1)
{
τ̂3ĝK

e (ε−1) − ĝK
e (ε−3)τ̂3

}
+ τ̂3δĝK

0H(ε1)
{
τ̂3ĝA

e (ε−1) − ĝA
e (ε1)τ̂3

}
+τ̂3δĝK

2H(ε−1)
{
τ̂3ĝA

e (ε−1) − ĝA
e (ε−3)τ̂3

}]
, (F5)

S(3)

−1H = S(3)

1H

∣∣∣
ωac→−ωac

, (F6)

and

S(3)

3H = i
q0

4
Tr
[
τ̂3ĝR

e (ε3)
{
τ̂3δĝK

2H(ε−1) − δĝK
2H(ε1)τ̂3

}
+ τ̂3ĝK

e (ε3)
{
τ̂3δĝA

2H(ε−1) − δĝA
2H(ε1)τ̂3

}
+ τ̂3δĝR

2H(ε1)
{
τ̂3ĝK

e (ε−3) − ĝK
e (ε−1)τ̂3

}
+τ̂3δĝK

2H(ε1)
{
τ̂3ĝA

e (ε−3) − ĝA
e (ε−1)τ̂3

}]
, (F7)

S(3)

−3H = S(3)

3H

∣∣∣
ωac→−ωac

. (F8)

Substituting the matrix components into the above expres-
sions, we obtain

∫
S(3)

1Hdε = i
q0

4

∫ {
K1H

�Dq2
0

2

+ZEliash
1H δ�0H + ZHiggs

1H δ�2H

}
dε (F9)

and

∫
S(3)

3Hdε = i
q0

4

∫ {
K3H

�Dq2
0

2
+ ZHiggs

3H δ�2H

}
dε.

(F10)

Here, K1H, ZEliash
1H , ZHiggs

1H , K3H, and ZHiggs
3H are given by

Eqs. (55), (62), (65), (72), and (76), respectively.

APPENDIX G: CONSISTENCY
CHECK—CURRENT RESPONSE IN THE dc LIMIT

1. Derivation of J (3)
dc

As a consistency check, we now confirm that taking the
dc limit (ωac → 0) reproduces the well-known expression
for the nonlinear dc response.

Taking the inverse Fourier transform of Eq. (50) yields

J (3)(t) =
(

J (3)

1H e−iωact + J (3)

3H e−i3ωact
)

+ c.c. (G1)

In the limit ωac → 0, the time-dependent components
merge, resulting in a static nonlinear response

J (3)

dc = 2(J (3)

1H |ωac→0 + J (3)

3H |ωac→0)

=
[

2

{
δ�0H

�0

I Eliash
1H

�0H
+ δ�2H

�0

(
I Higgs
1H

�2H
+ I Higgs

3H

�2H

)}

+2(I qqq
1H + I qqq

3H )
s

�0

]
ωac→0

i
q0

qξ

J0. (G2)

As shown in Appendix G 2, in the limit ωac → 0 and T →
0, we obtain I qqq

1H = 3I qqq
3H = −i/2

√
π and I Eliash

1H /�0H =
I Higgs
1H /�2H = I Higgs

3H /�2H = i
√

π/2. Here, �0H = 2�2H =
−π/8 for (T, ωac) = (0, 0). Using the identity δ�dc =
(δ�0H + 2δ�2H)|ωac→0, Eq. (G2) reduces to

J (3)

dc =
(

δ�dc

�0
− 4

3π

s
�0

)(
−q0

qξ

)√
πJ0 (G3)

in the zero-temperature limit, where δ�dc is given by
Eq. (C6). This result agrees with the established expres-
sion for the O(q3

0) correction to the dc current response
(see, e.g., Refs. [52,58,59] and references therein).

The analytical results at (T, ωac) = (0, 0), given by
I qqq
1H = −i/(2

√
π) � −0.282i, I Eliash

1H = −iπ
√

π/16 � −
0.348i, and I Higgs

1H = −iπ
√

π/32 � −0.174i, are in good
agreement with the numerical results shown in Fig. 2.
Similarly, for the third-harmonic current at (T, ωac) =
(0, 0), the analytical values I qqq

3H = −i/(6
√

π) � −0.094i
and I Higgs

3H = −iπ
√

π/32 � −0.174i agree well with the
numerical results shown in Fig. 3.

2. Analytical expressions of I1H and I3H for ωac → 0

We begin by eliminating the ω−1
ac factor from K1H, ZHiggs

1H ,
K3H, and ZHiggs

3H , using the relations

(F±1 − F∓3)(F±1 + F∓3)

2�ωac�
= (G±1 − G∓3)(G±1 + G∓3)

2�ωac�

= ∓G±1F∓3 + F±1G∓3

d±1d∓3
, (G4)

(F±1 − F∓3)(G±1 + G∓3)

2�ωac�
= ∓G±1G∓3 + F±1F∓3 + 1

d±1d∓3
,

(G5)

(G±1 − G∓3)(F±1 + F∓3)

2�ωac�
= ∓G±1G∓3 + F±1F∓3 − 1

d±1d∓3
.

(G6)

Here, d(ε) = i
√

�2 − (ε + i�)2 and we define d±n =
d(ε ± n�ωac/2) with n ∈ N. Taking the limit ωac → 0
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then yields

K1H,i

∣∣∣
ωac→0

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−2i
G2F2

d
T (i = 1, 2),

0 (i = 3, 6),

−4i
G2F2

d
T (i = 4, 5),

(G7)

ZEliash
1H,i

∣∣∣
ωac→0

=
⎧⎨
⎩

8
G2F

d
T (i = 1, 2),

0 (i = 3),
(G8)

ZHiggs
1H,i

∣∣∣
ωac→0

=
⎧⎨
⎩

8
G2F

d
T (i = 1, 2),

0 (i = 3),
(G9)

K3H,i

∣∣∣
ωac→0

=
⎧⎨
⎩

−2i
G2F2

d
T (i = 1, 2),

0 (i = 3),
(G10)

ZHiggs
3H,i

∣∣∣
ωac→0

=
⎧⎨
⎩

8
G2F

d
T (i = 1, 2),

0 (i = 3).
(G11)

Then, we obtain

I qqq
1H

∣∣∣
ωac→0

= 3I qqq
3H

∣∣∣
ωac→0

= −3πkTi√
π

∑
ωM >0

G2
M F2

M

dM
,

(G12)

I Eliash
1H

�0H

∣∣∣
ωac→0

= I Higgs
1H

�2H

∣∣∣
ωac→0

= I Higgs
3H

�2H

∣∣∣
ωac→0

= 4πkTi√
π

∑
ωM >0

G2
M FM

dM
. (G13)

In particular, in the zero-temperature limit (T → 0), the
Matsubara sum (2πkT/�)

∑
ωM >0 can be replaced by an

integral
∫∞

0 dw, where w := �ωM/�, and we obtain

I qqq
1H

∣∣∣∣
ωac→0
T→0

= 3I qqq
3H

∣∣∣∣
ωac→0
T→0

= − i
2
√

π
, (G14)

I Eliash
1H

�0H

∣∣∣∣
ωac→0
T→0

= I Higgs
1H

�2H

∣∣∣∣
ωac→0
T→0

= I Higgs
3H

�2H

∣∣∣∣
ωac→0
T→0

= i
√

π

2
,

(G15)

where
∫∞

0 w2(w2 + 1)−2dw = π/4 and
∫∞

0 w2(w2 + 1)−5/2

dw = 1/3 are used.

APPENDIX H: EFFECTS OF � AT LOWER
TEMPERATURES

At lower temperatures, quasiparticles occupying �-
induced subgap states begin to dominate the dissipa-
tive conductivity, even when �/�0 = 10−3. As shown in

(a) (b)

FIG. 9. Results at a lower temperature T/Tc = 0.05, for
�/�0 = 0.001.

Fig. 9, this leads to a significant suppression of amplitude
dependence in this regime. However, the nature of these
phenomenological subgap states depends on the specific
value of �, which differs between materials. Moreover,
subgap states in real materials are not always accurately
described by a constant �. Therefore, understanding the
amplitude-dependent behavior of dissipative conductivity
at low temperatures requires a more careful investigation.

APPENDIX I: NONLINEAR CORRECTION TO
THE SURFACE RESISTANCE

We express the corrections to Rs in terms of the non-
linear contribution δσ1. Because the field amplitude varies
with depth due to Meissner screening, the nonlinear com-
plex conductivity is likewise depth dependent. Accord-
ingly, the first step is to formulate the surface impedance
for a depth-dependent complex conductivity.

From Maxwell’s equations, one obtains ∂ηE = iμ0ωacH
and ∂ηH = −σE, where η denotes the depth from the sur-
face, E and H are the field components parallel to the sur-
face, and σ(η) = σ∞ + δσ (η). The nonlinear correction
δσ is confined near the surface, since both the fields and
the induced currents are localized there due to the Meiss-
ner screening effect. Defining the local surface impedance
as ζ(η) = E(η)/H(η), one finds dζ/dη = iμ0ωac + σζ 2.
Introducing ζ(η) = Z∞ + δζ(η), we arrive at

(
d

dη
− 2

�

)
δζ = −μ2

0ω
2
ac�

2δσ . (I1)

Here, �−2 := −iμ0ωacσ . The solution is

δZs = δζ(0) = μ2
0ω

2�2
∫ ∞

0
dη e−2η/� δσ (η). (I2)

In the special case σ1/σ2 � 1, � reduces to the penetration
depth λ, and one obtains

δRs = μ2
0ω

2λ2
∫ ∞

0
dη e−2η/λ δσ1(η). (I3)
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for σ1/σ2 � 1. This expression is consistent with the
formulas for the surface resistance of inhomogeneous
superconductors considered in Refs. [28,31].

The next step is to substitute the explicit form of δσ1(η)

into the above expression. Since the amplitude decays
as q0 ∝ E ∝ e−η/λ, we have δσ1 ∝ e−2η/λ, and Eq. (I3)
reduces to

δRs = 1
2
μ2

0ω
2λ3σn

∑
i Re I i

1H√
π�ω/�0

(
Brf

Bc

)2

, (I4)

where i = qqq, Eliash, Higgs. This is the leading-order
nonlinear correction to the surface resistance.
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