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Time-continuous quantum error correction, necessary to protect quantum information under time-
dependent Hamiltonians, relies on weak continuous syndrome measurements. Implementing these
measurements requires a continuous coupling among at least two qubits and a meter, a demanding
requirement. We show that, under continuous operation, common parity-measurement protocols in the
circuit quantum electrodynamics platform corrupt the logical information. The failure arises from
approximating the three-body interaction by a sum of two-body couplings to the meter, which prevents
simultaneous suppression of measurement backaction on the logical and error subspaces. We argue that
the same mechanism applies more generally beyond the circuit quantum electrodynamics setting. Taken
together, our results impose a practical limitation on continuous stabilizer quantum error correction and
point to the viable alternatives—architectures that realize native three-body interactions or erasure-based
encodings in which the error subspace need not be protected.
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L. INTRODUCTION

Quantum error correction (QEC) is key to achieving
fault tolerance in quantum computation [1,2]. In the circuit
model, syndrome extraction is carried out with gate-based
protocols [3-5], assuming that gates operate on timescales
much shorter than the system’s decoherence time. By
contrast, computational approaches built around time-
dependent Hamiltonians, such as adiabatic quantum com-
puting [6], require a different approach to error correction.
Since time-dependent Hamiltonians generally do not
commute with typical error operators [7,8], states that
have suffered an error evolve differently from those that
remain in the code space. This may convert physical errors
into logical faults.

Weak continuous measurements may mitigate this
problem [9]: Their time-resolved records allow for esti-
mating when an error occurred such that the unwanted
evolution in the error subspace can be undone. This is
referred to as continuous QEC [9] and requires, irrespec-
tive of the details of a given protocol, the ability to
continuously measure the syndrome operators [10-13].
As a concrete and very simple example, consider the three-
qubit bit-flip code, where logical |0) and |1) are encoded as
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|000) and |111) and the syndromes are the pairwise parities
7,7, and 2223. In gate-based QEC, parity information is
transferred to a meter via subsequent two-body couplings.
By contrast, continuous transfer of the parity information
requires a three-body coupling of the form Z,Z; M,
where M is some meter operator. However, hardware
typically provides only two-body interactions, and the
three-body term must be engineered.

For transmon qubits, for example, a common realization
couples both qubits dispersively to a readout resonator
[14,15]. This yields an effective three-body interaction but
lifts the degeneracy within one parity subspace. The
resulting qubit-resonator entanglement, together with pho-
ton loss, produces effective dephasing [14]. Proposed
countermeasures include limiting the resonator photon
number in the erroneous parity subspace [14], keeping
track of the phase by accounting for all emitted photons
[16,17], or using a two-photon drive with a nonlinear
resonator to improve the signal-to-noise ratio [18]. All of
these are very challenging to implement. Moreover, when
the system switches from the parity subspace with large
resonator occupation to the other subspace, a sudden
change in photon number occurs, which yields extra
dephasing [19].

Here we show that these types of measurement back-
action are ubiquitous to measurement schemes based on
two-body couplings. We find that backaction due to non-
equilibrium dynamics after a sudden change between parity
subspaces [19] causes particularly large and unavoidable
errors. Moving beyond the example of the three-qubit bit-
flip code and the platform of superconducting qubits, any
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weak continuous syndrome measurement entails N-body
interactions with N > 2 that must be engineered from native
two-body couplings. We show that for most choices of qubit
encoding, continuous implementations that approximate
these multibody couplings necessarily lift the degeneracy
in at least one eigenspace of the syndrome operator. This
introduces additional errors that seriously compromise the
effectiveness of continuous QEC. We find that only erasure
encodings [20,21] can be implemented using two-body
couplings, since for this encoding backaction in the error
subspace does not affect the logical information.

The paper is organized as follows. Section II introduces
the theoretical framework, starting with a brief review of
digital and continuous QEC in Sec. II A. Parity-measure-
ment protocols for superconducting qubits that allow for a
continuous operation are summarized in Sec. II B, together
with the stochastic master equation to describe them.
Section III illustrates the problem of parity measurements
in continuous QEC for the example of the three-qubit bit-
flip code and transmon qubits with parity readout via two
transmission-line resonators. We generalize these obser-
vations in Sec. IV, showing that the backaction is caused by
engineering three-body measurement terms from native
two-body couplings in Sec. IVA and deriving conditions
for faithful continuous parity measurements in Sec. IV B.
Since these conditions imply significant hardware over-
head, we suggest an alternative in Sec. V, that is, to
implement continuous QEC with erasure qubits for which
the measurements require only two-body interactions.
Section VI summarizes and concludes.

II. THEORETICAL FRAMEWORK

A. Syndrome measurements in QEC

For the purpose of this work, it is sufficient to focus on
one of the simplest QEC codes, the three-qubit repetition
or bit-flip code [1]. The discussion proceeds analogously
for phase flip codes, and we allude to the implications for
codes that correct against both bit flips and phase flips at
the end of Sec. IVA.

The three-qubit bit-flip code corrects for a single bit flip,
i.e., an undesired Pauli-X operation, by encoding a single
logical qubit into three physical qubits. The two logical
basis states are commonly chosen as

0) = 1000), [1) = [111). (D

This is a stabilizer code [1] with two stabilizers, S’l =
2122 and 3‘2 = 2223, where Zq is the Pauli-Z operator
acting on physical qubit ¢. Since S 1 and 3‘2 yield the parity
of the two physical qubits they act on, they are also called
parity operators. We refer to Eq. (1) as “even encoding”
and to |0) and |1) as even-parity states. Another possibility
is the “odd encoding,”

0) = 010),  [T) = [101), @)
with corresponding stabilizers S \=—2,7Z, and S y=—275.
We will see in Sec. III that the choice of the logical subspace
makes a difference for the implementation of the code.

Conventional QEC based on the stabilizer formalism
relies on repeatedly performing projective measurements
of the stabilizers. The measurements should all yield +1 if
the state is in the logical subspace. If, on one of the three
physical qubits, a bit flip occurs, the state leaves the logical
subspace, and measurement of at least one of the two
stabilizers will yield a —1 eigenvalue. Since one can infer
the qubit on which the bit flip has occurred from the
combination of outcomes, one can apply an X 4 correcting
operation [1] to the faulty qubit.

In continuous QEC, projective measurements are
replaced by continuous measurements of the stabilizers
[10,12]. Instead of binary measurement outcomes

3‘(11726{—1—1,—1} at discrete times f,, time-continuous

and real-valued measurement signals S 1/2(t) €R are then
collected [12]. While in an actual experiment, the signal
would be averaged over some finite time interval At and
binned at discrete times 3‘] /z(ti) [22,23], the time discre-
tization Af in the continuous measurement is still much
finer than in the case of projective measurements. We
assume the measurement signal to be time-continuous in
the following and discuss the implications of finite time
resolution in Sec. III. In case of no error, the signals
fluctuate around +1. Once an error occurs, one or both
signals change to a mean value of —1, but this change takes
time. Defining a syndrome uncertainty region [6;, 6,] with
—1 <6, <86, <1, only if both signals are outside of this
region, a bit flip is detected with confidence and a
correction operation applied [12]. Assuming this operation
to be instantaneous is justified as long as the timescale of
the change of the Hamiltonian is much larger than the
duration of the correcting gate [12]. In principle, the
discrete feedback operation can also be replaced by a
time-continuous one whose amplitude depends on the
measurement signal [10] but implementing this in a
practical protocol is even more challenging.

B. Parity measurements in circuit QED

In order to measure their parity, two qubits need to
interact with a meter system, changing the state of the
meter, ideally in such a way that measuring the meter only
yields information about the parity of the qubits. This is
significant because the meter introduces a backaction on
the qubits, and any information about the population or
relative phase within a parity subspace would result in
dephasing of the logical state. In single-shot measurements
(where the measurement signals are integrated over a short
amount of time to obtain binary measurement outcomes),
it is unlikely that errors occur during the measurement and
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the meter can be traced out, yielding an effective equation
of motion for the qubits alone. By contrast, in continuous
QEQC, errors occur at random times leading to a potentially
complex time evolution of the meter, and in turn a complex
backaction on the qubits. It is thus necessary to treat the
meter system explicitly.

Continuous measurements are commonly described
using the framework of stochastic master equations
[24]. Taking the microwave resonator of circuit QED with
annihilation operator a as meter system and assuming
homodyne detection of the Q=i (a" — a)-quadrature
[14,16,17], the equation of motion reads (A = 1)

2
dp = —i[H,,, pldt + Y v, D[X,]pdi + xD[a]p dt
q=1

T ARH[~ialp dW (1), 3)

where p(¢) is the joint state of qubits and resonator [with
time-dependence omitted for convenience in Eq. (3)],
Dlelp =epe’ —%{6*6,[)} and H[e]p =¢p+pet —Tr[ep +
pet]p [24]. The first term corresponds to the Hamiltonian
evolution with the measurement Hamiltonian H,, the
second term describes bit-flip noise for each qubit at rate
74» and the third term corresponds to photon loss at a rate «.

The last term includes the stochastic Wiener increment

(a)

Si(t) S, (t)

— even parity

FIG. 1.

dW(r) and describes the information gained from the
quadrature measurements with efficiency #n [24]. The
normalized homodyne current is given by [24]

1 dW(r)
N

Finite time resolution in an experiment can be accounted
for by a filter equation of the form [12]

1(1) = (Q) (1) + (4)

F1) = L1(1) = (1) )

T

where 7 is the averaging time and /;,() the filtered signal.
It is smoother than the direct signal I(¢) and thus easier to
process.

For the purpose of our discussion, it is sufficient to focus
on a single parity measurement. A possible way to measure
7,7, for two transmon qubits is to couple both of them
dispersively to the same microwave resonator (see
Appendix A for details). Furthermore, the system param-
eters must be chosen in such a way that the effective
coupling strengths between the resonator and the two
qubits are equal, y; = y, = y [14]. The Hamiltonian of the
three-partite system in the frame rotating with the frequen-
cies of qubits and resonator and after applying the rotating
wave approximation can be approximated as

Continuous parity measurement scheme in the circuit QED architecture [14]. (a) Sketch of three qubits (e.g., transmons) (top)

coupled to two readout resonators (middle) to measure the stabilizers of the three-qubit bit-flip code. The two left qubits are in an even-
parity state which leads to a detuning of the resonator from the probe beam and a small homodyne signal. For the odd parity of the two
right qubits, the dispersive shifts cancel and the drive is on resonance, which leads to a large measurement signal. (b) Contour lines
corresponding to the resonator steady-state Wigner function taking the value of 0.25, shown for the four computational qubit basis
states. (c) Time evolution of the resonator Wigner function after an error occurred: starting from an equal superposition in the odd
subspace, qubit 1 undergoes a bit flip at + = 0, which initiates evolution toward the new (even) steady state. Because of higher-order
terms in the Hamiltonian, the odd steady state is shifted to negative Z-values compared with (b), see Sec. III C for details. The

parameter values for (b) and (c) are found in Table I.
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H,=¢&@a"+a)+y(Z +2,)ata. (6)

In an experiment, the condition of equal couplings can
be fulfilled by tuning the frequency of the qubits [19]. In
order to probe the resonator frequency shift induced by the
qubits, a probe beam with amplitude £ is applied at the
dressed resonator frequency [14,19], see also Fig. 1(a). If
the two qubits are in the same state [even parity, left pair in
Fig. 1(a)], the resonator frequency is shifted by +2y, the
drive is off-resonant and, as a consequence, the measure-
ment signal is small. By contrast, if the two qubits are in
opposite states [odd parity, right pair in Fig. 1(a)], the two
frequency shifts cancel and the drive is on resonance,
leading to a large measurement signal. It is thus possible to
infer the parity from the measurement signal [14]. This
information can then be processed by a controller, which,
in case of an error, applies a correction operation to the
faulty qubit.

A first problem of this parity measurement scheme is
considerable measurement backaction in the even sub-
space [14,16,17]. The steady state of the driven resonator,
when the qubits are in state |ij) (with i, j € {0, 1}), is well

described by a coherent state |a,(.;s)> [14] with the ampli-
tude [25]

(SS) —l((:

(5) 16 7
a” K'/2+l){l] ()

where y;; = (ijly(Z, + Z,)|ij), ie. 2y.0,0,—2y for
|00), |01), |10), |11). The corresponding four steady states
;)
measurement backaction is zero, provided the condition
x1 = x» is fulfilled such that the two shifts cancel each
other, and the resonator steady states are equal for |01) and
[10). In the even subspace, however, the frequency shifts
for |00) and |11) have opposite signs, which leads to a
finite separation of the two steady states. As shown in
Fig. 1(b), because the drive is detuned by the same

A A

absolute value, the average value (Q) is equal, but (Z) =

a;;’ are shown in Fig. 1(b). In the odd subspace, the

(a" 4 a) is different. Accordingly, a measurement of Q
will yield information about the parity but none about the
relative superposition of the states within a parity sub-
space. However, the different sign of the coupling terms
leads to a different time evolution for the even-parity
states. One can distinguish between two effects.

The first is an energy splitting between the two even-
parity states, a direct consequence of the interaction
term in the Hamiltonian, Eq. (6). The result is a relative
phase shift between the two states, which we refer to
in the following as “interaction-induced phase” ¢,(t)
(sometimes also referred to as “ac Stark shift” [14]). It
grows as [16]

TABLEI. Parameters used in the simulations, all given in units
of 2z x MHz, of the same order of magnitude as in Ref. [19]. A
more detailed version including the device parameters is given in
Table II in Appendix A.

Fig. 1(c) Figs. 1(b) and 2
¥ 6.44 4.04
& 2.10 1.40
K 3.00 2.00
n 1.00 0.70
v 0.02
Fourth-order terms? Yes No
_ t i
3.(0) = 4 [ Relan(s)ai,(5))d
fy
t
—4)(/ Re[ag(s)?]ds, (®)
Iy
where the identity a7}, (1) = —ago(?) V t was used. Here, 7,

is some initial time, e.g., the time that a bit flip occurred. In
the steady state, ag(f) is constant and this phase shift
grows linearly in time, which makes it simple to correct.
This becomes harder when considering nonequilibrium
dynamics, as we show later.

The second effect is entanglement between resonator
and qubits due to the time evolution of the resonator
being conditional on the qubit state in the even subspace.
The joint state then generally has the form cyy|00) ®
lage) + c11]11) & |ayy), which, after the loss of a
photon, becomes proportional to coa|00) & |ago) +
cnap|11) ® |ay). When tracing out the meter, it
becomes visible that the emission of light effectively
changes the superposition of the even states. The result is
a second kind of relative phase shift. It is the consequence
of finite information about the even-parity states being
stored in the meter, which is why we refer to it in the
following as “information-induced phase.” The phase
grows with the distinguishability of the two resonator
states, i.e., with the difference between their real parts.
The full equation reads [16]

3o() = —ymi / "Refago(s) — ar1 ()]dW(s)

— 27 [ Relaua(s)}4W (o) ©)
where again Rela;(1)] = —Re[a(t)] was used. The

stochastic Wiener process dW(r) appears because this
phase shift depends on the photon statistics, i.e., the
measurement outcome.

The phase shift ¢,(¢) = ¢,(t) + ¢, (¢) can in principle
be estimated using Eqgs. (8) and (9) and corrected [16,17].
This requires a perfect measurement chain with # =1 to
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ensure knowledge of the full information-induced phase,
cf. Eq. (9), and, moreover, large bandwidth to detect all
photons and reconstruct the full Wiener process dW(¢). If
this is not possible, the phase information is lost over time
and measurement-induced dephasing occurs [26].

III. MEASUREMENT-INDUCED ERRORS IN
CONTINUOUS QEC WITH SUPERCONDUCTING
QUBITS

The parity-measurement protocols of Refs. [14,16-18]
were originally designed for single-shot measurements in
digital quantum computing. For continuous operation, it is
necessary to consider the resonator’s nonequilibrium
dynamics after a switch between subspaces and the possible
impact of the measurement on the time evolution of the
logical states [under some Hamiltonian H () as in quantum
simulation or adiabatic quantum computing]. We show now
that these factors cause the protocols to fail when used in
continuous QEC. To this end, we shortly recall in Sec. III A
the experimental findings of Ref. [19] on strong dephasing
for the odd encoding, which is specific to continuous QEC.
While it was conjectured in Ref. [19] that the dephasing can
be mitigated by using better hardware and more involved
protocols, we show in Sec. III B that the problem persists for
a perfect detector and, illustrating it with a simulation of the
continuous QEC protocol, we attribute it to the unknown
time at which the error occurs. In Sec. III C, we consider the
measurement backaction in the case of even encoding,
which, to the best of our knowledge, has not yet been
discussed. We conclude the section with a short review of
alternative parity-measurement protocols in Sec. III D.

To support our arguments, we have solved Eq. (3)
numerically for the measurement of a single parity, i.e., a
system of two transmon qubits coupled to one resonator.
We assume bit-flip noise on qubit 1 with rate y; = 2y (itis
sufficient to model errors on only one qubit since the full
three-qubit code identifies which qubit has flipped). In the
filtering Eq. (5), we use 7 = 3/(xn), which is approx-
imately the optimal value determined in Ref. [12] for the
parameter values we use. The simulations are performed
using the Quantum Toolbox in PYTHON (QuTiP) [27] with
a time step of 0.4 ns/2x or smaller.

A. Odd-to-even dephasing

Encoding in the odd subspace, used in the continuous
QEC experiment of Ref. [19], has the advantage of zero
measurement backaction until an error induces a change to
the even subspace where a phase shift is introduced. In
addition to the dephasing discussed in Sec. II B, a strong
dephasing was observed [19] when switching from the odd
to the even subspace. This dephasing is due to the time-
dependence of the resonator amplitude agy(z) in Egs. (8)
and (9).

Since the resonator is initially in the odd steady state,

which has a large amplitude o) = a3, there is large

entanglement and a large phase shift during the evolution
from the odd to the even steady state. This is illustrated in
Fig. 1(c) showing the time evolution of the resonator
Wigner function. Initially, the qubits are in an equal
superposition of |10) and |01) in the odd subspace, and
the corresponding two resonator states overlap. At ¢t = 0, a
bit flip is induced and the qubits switch to the even
subspace. Since Re[agy(#)?] and Re[agy(t)] [which enter
Eqgs. (8) and (9)] remain large, a large phase shift occurs. In
the simplest case when no effort is made to keep track of
the phase during the measurement run, i.e., when ignoring
the information from the measurement outcome and
setting 7 = 0, then the coherence is reduced for a single
deterministic bit flip by approximately a factor of

exp{—|a(<)sls)|2} [19] until the even steady state is reached.
However, this description does not capture the core
problem of odd encoding: The time at which the bit flip
has occurred is unknown. This is discussed in Ref. [19] in
the context of static ZZ-interactions. In the following, we
show that the unknown bit-flip time leads to strong
dephasing even in the case of a perfect detector and in
the absence of ZZ-coupling.

B. Odd-to-even dephasing despite a perfect detector

When collecting the measurement signal, it is in principle
possible to estimate the phase shift ¢, (¢) using Egs. (8) and
(9) and reduce the dephasing. Assuming a measurement
chain with efficiency #, the coherence is reduced
only by approximately a factor exp{—(1—n)la}” *}.
see Appendix B. This implies that, with a perfect detector,
it is possible to fully estimate the phase of a single
trajectory, avoiding the loss of logical information. In order
to correct for the phase accumulated in the even subspace,
the starting time #, in both Egs. (8) and (9) is needed.
However, #, can only be roughly estimated from the
measurement signal and the exact value is unknown.
Further, the estimate of 7, will be worse the smaller the
measurement efficiency #. As a consequence, it is necessary
to consider a range of times at which the bit flip could have
occurred, i.e., an ensemble of trajectories. Since the
amplitude of the resonator state and correspondingly the
derivative of the phase is initially large, the difference in
phase between the different trajectories will also be large. In
other words, even with a perfect detector with infinite
bandwidth and n = 1, there is uncorrectable dephasing.

The orange lines in Fig. 2 display an example run of the
continuous QEC protocol of Ref. [12] (with the thresholds
shown as horizontal lines) using the parity-measurement
protocol of Ref. [14]. The initial state of the qubits is taken

to be [F)ogg = (|01) +[10))/+v/2 (which is maximally
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FIG. 2. Example runs of the continuous QEC protocol
where a bit-flip error was recorded for odd (solid, orange)
and even encoding (dashed, blue). The initial state is
[+) = (|0) + |1))/+v/2, where |0/1) are the respective logical
states for the given encoding. (a) Integrated photocurrent /(7).
Indicated are also the threshold values (dotted, gray) 6 =
(0.11,,0.91,) with respect to the steady state value I, = —2.8
in the odd subspace. At the time the signal crosses the upper
(lower) threshold for odd (even) encoding, here indicated by a
vertical dotted orange (blue) line, an error is detected and a bit
flip is applied to the faulty qubit by the controller. (b) Purity P
[cf. Eq. (10)] of the reduced state of the qubits in the respective
subspace which contains the logical information, i.e., the code
space in case of no error or the respective error subspace in case
of an error. (c) Logical phase [cf. Eq. (12)] of the encoded logical
information induced by the parity measurement. For even
encoding, also the estimated phase (dashed, red), calculated
using Egs. (8) and (9), is shown. The parameters are found in
Table I.

sensitive to phase shifts), and the resonator is initially in
the ground state (but the initial transition from the ground
state to the steady state is not shown for odd encoding). In
case of no error, the filtered homodyne signal fluctuates
around its mean value of —2.8. After a bit flip occurs,
around t = 2.5 ps, the signal evolves toward the mean
value for the even steady state which is approximately
zero. As soon as the signal hits the upper threshold
(vertical orange line) around ¢ = 2.8 ps, the controller

implements a bit flip on the faulty qubit, the qubits are
back in the odd subspace and the signal evolves toward the
steady state value of the odd subspace. Strong dephasing
can be observed in Fig. 2(b) (orange solid line) where the
purity of the logical state is shown. It is defined as

Pe oﬁL(QﬁE/O ?
Ple/o)() =T K/) ] (10)
( ) ' Tr[Pe/olbL(t)]

where

[)L(t) = Trres[:b<t)] (11)

is the reduced density matrix obtained by tracing out the
resonator, and f’e /o the projector on the even/odd qubit
subspace. The purity drops around the time of the bit-flip
error to about 0.55, which is close to the maximally mixed
state for the logical qubit. While the graph shows results
for a measurement chain efficiency of # = 0.7, this effect
would also occur for n = 1 with similar strength, with the
purity dropping to about 0.63 for # = 1. Crucially, increas-
ing y does not help since the derivative of the phase
immediately after the bit-flip error scales with the steady-
state amplitude in the odd subspace a(()sls) which only
depends on «x and &, see Eq. (7). To summarize: In line
with Ref. [19], we observe that large dephasing is
introduced when switching from the odd to the even
steady state. This dephasing is uncorrectable when using
odd encoding due to the uncertainty when the bit flip
occurs. We conclude that continuous QEC is fundamen-
tally impossible when using this measurement scheme in
combination with odd encoding, since a large part of the
coherence of the logical state is lost after only one bit flip.

C. Measurement backaction for even encoding

Given that there is a random phase shift for even
encoding that needs correction or mitigation even when
no error occurs, one may ask if this encoding is useful at
all. Even encoding is not subject to the strong dephasing
caused by nonequilibrium dynamics, which presents a
fundamental issue for odd encoding. We therefore quantify
the resources required for full phase correction below and
examine the consequences of measuring during a quantum
computation. Further, we discuss now also the event of two
subsequent bit flips, which leads to an uncorrectable error,
and explain why increasing the coupling strength between
the meter and the qubits does not help to decrease the
measurement backaction in the steady state.

For illustration purposes, we use again an example run
of the continuous QEC protocol with the same parameters
as in the previous section, but now for even encoding. This
is shown in Fig. 2 with the dashed blue lines. Analogously
to the discussion for odd encoding above, Fig. 2(a) shows
the integrated signal, with the steady state value now being
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(approximately) zero. Compared with the trajectory for
odd encoding (orange solid lines), the dynamics is more
complex: From ¢t = 0 to t = 0.5 ps, the resonator evolves
from the ground to the even steady state. Then two bit flips,
near t=0.5ps and = 1.2 ps, occur in such rapid
succession that they are not detected. Afterward, the
system undergoes equilibrium dynamics until r = 2.8 ps,
where another bit flip occurs. This time, the error is
detected once the signal hits the lower threshold value,
around ¢ = 3.4 ps (vertical dotted blue line). An instanta-
neous correction operation is applied, followed by equi-
librium dynamics until the end of the simulation.

We first estimate the resources for a real-time correction
of the phase shift ¢,(¢) under equilibrium dynamics, i.e.,
without errors. The corresponding measurement back-
action is seen in Figs. 2(b) and 2(c) from t = 1.2 ps to
t = 2.8 ps (where an error occurs). The logical phase in
Fig. 2(c) is given by

(1) = arg({00pL (1)[11)),
o (1) = arg((01]py(1)]10)), (12)

for the even and odd subspace, respectively, with p;
defined in Eq. (11). The phase shift without any errors
is evident in Fig. 2(c) in both the general upward trend
reflecting the interaction-induced phase ¢, and a fluc-
tuation corresponding to the information-induced phase
¢.. The interaction-induced phase ¢, in the steady state
can in principle be estimated beforehand by performing

measurements of the effective coupling strength y and the

steady-state amplitude a’.

phase ¢,, however, depends on the noise process and is
random. It thus needs to be tracked during the whole
measurement process, which leads to dephasing for an
imperfect measurement chain. This is seen in the con-
tinuous purity decrease in Fig. 2(b) from ¢ = 1.2 ps to
t = 2.8 ps. With realistic hardware, the measurement leads
to slow dephasing of the logical state even without any
erTors.

Further errors arise from the nonequilibrium dynamics
required to reach the respective steady state. It is triggered
by the occurrence or correction of an error, and for even
encoding also when the measurement protocol is started.
On the one hand, similar to odd encoding, it is necessary to
consider a mixture of possible trajectories when a bit flip is
induced by the environment, where each trajectory now
accumulates a different phase in the even subspace until
the occurrence of the error. However, since the phase
accumulation in the even steady state is small, the
corresponding dephasing is negligible as seen by the small
purity change at ¢t = 2.8 ps when the error occurs in
Fig. 2(b). On the other hand, although the time of the
correction operation (¢ = 3.4 ps in Fig. 2) is known, the

The information-induced

rapid change of phase after the correction operation makes
an accurate estimation from the measurement signal
difficult, even with a near-perfect measurement chain.
This is visible in Fig. 2(b) by the purity dropping to almost
0.5 due to the finite detector efficiency (7 = 0.7 in the
simulations). One could mitigate this dephasing by switch-
ing off the measurement drive for a short time or by
inserting a displacement field of amplitude —aésls) into the
resonator to bring the resonator to its ground state [28]
before applying the correction to the faulty qubit. There
will, however, always be finite nonequilibrium dynamics
to approach the respective steady state, and this leads to
dephasing. It can be seen, for example, in the purity drop
from r = 0 to t = 0.5 ps in Fig. 2(b), the time in which the
resonator evolves from the ground state to the even
steady state.

An uncorrectable logical error is introduced by two
subsequent bit-flip errors, occurring near ¢ = 0.5 ps and
t =1.2 ps in Fig. 2. These bit flips are not detected
because the second one occurs before the filtered readout
signal, changed by the first one, hits the detection thresh-
old [lower horizontal line in Fig. 2(a)]. Since the timing of
the second bit flip (around # = 1.2 ps) is unknown to the
experimentalist, it leads to dephasing, as seen in the purity
drop by about 0.2. Moreover, the time spent in the odd
subspace (in which the phase shift is zero) is not accounted
for when estimating the phase shift in the even steady state.
To illustrate this, Fig. 2(c) shows the estimated logical
phase (dashed, red) under the assumption that no bit flips
occur. It starts to deviate from the actual phase (blue) due
to the time spent in the odd subspace from ¢ = 0.5 ps to
t = 1.2 ps. This additional dephasing could be reduced by
a more elaborate estimation method [16,29], but these
methods come with a large additional overhead.

Even if the phase shift ¢,(7) can be perfectly estimated,
it may interfere with the operations implemented on the
logical qubit and may lead to uncorrectable logical errors.
This implies the necessity to correct the phase shift in real
time. Further, the qubits are constantly entangled with the
resonator in the even subspace. Since the implemented
time evolution on the qubits does not affect the entangle-
ment with the resonator, this leads to constant errors in the
time evolution of the logical state.

Finally, measurement backaction could also be reduced
by decreasing the steady state amplitude aéf;) (resp. aisls)).
This corresponds to the limit y > &, £ at which measure-
ment backaction becomes zero, cf. Egs. (7)—(9), with the
ratio y/x determining by how many linewidths the reso-
nance frequency of the resonator shifts when changing
between the even and odd subspace. While it is possible to
obtain larger ratios by decreasing «, this is limited since
also determines the decay time from one parity subspace to
another and the measurement rate, i.e., how fast bit flips
are detected [14,16,19]. Alternatively, the effective
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coupling strength could be increased. However, we have
identified several additional problems with this approach:
Increasing y to a point at which the dephasing and phase
shifts become negligible implies the quasidispersive
[30,31] or even strong-coupling regime [32] for the
meter-qubit coupling. Then both a qubit-state-dependent
anharmonicity in the resonator and a three-body interac-
tion of the form Z,Z,a'a appear, as discussed in detail in
Appendix A. The anharmonicity squeezes the steady state,
while the three-body interaction shifts it in Z, as illustrated
in Fig. 1(c). As a result, the resonator decay becomes
asymmetric and the two states become distinguishable due

A

to their different (Q)-values, causing stochastic shifts of
population. This is also visible in Fig. 1(c), where the
amplitude of one of the two states decreases, cf. the panel
for + = 15 ns. Such problems occur also when adding a
Kerr nonlinearity to the resonator and replacing the linear
drive by a parametric two-photon drive [18]. Similar to the
constraints on y, limitations also exist for the drive strength
&, respectively, the resonator occupation, which governs
the qubit relaxation rates and transition frequencies [33].

D. Beyond dispersive readout with a single resonator

Before generalizing our considerations to hardware
beyond superconducting qubits, we show that the meas-
urement backaction that is at the core of all the problems
identified above persists when using more than one
resonator for the parity readout. Coupling the qubits jointly
to two microwave resonators and detecting the sum of their
output fields allows for removing the distinguishability of
the two even states during the equilibrium dynamics [34].
However, this protocol still suffers from measurement-
induced errors during the nonequilibrium dynamics when
relaxing to the even steady state [35]. Alternatively, each
qubit may be coupled to an individual, isolated cavity, with
a probe beam subsequently scattered from these cavities,
e.g., via beam splitters, gaining a phase shift of approx-
imately 0 or z depending on the qubit parity [36].
However, this protocol suffers from the same problem
as the one discussed in Sec. Il B—finite distinguishability
of the even states and resulting dephasing, with the exact
same scaling in y/x.

IV. GENERAL CONDITIONS FOR BACKACTION-
FREE CONTINUOUS PARITY MEASUREMENTS

In the previous section, we have shown that existing
parity-measurement protocols for the circuit QED archi-
tecture fail when used in continuous QEC. In Sec. IVA, we
argue that this failure is not limited to the circuit QED
architecture and identify the engineering of an effective
three-body interaction as the origin of the problem. This
insight points to possible remedies, which we discuss in
Sec. IV B.

A. Failure of continuous parity measurements based on
two-body interactions

The building blocks of circuit QED, few-level systems
and harmonic oscillators, are ubiquitous in quantum
computing. The few-level systems could also correspond
to atoms, ions, or molecules, and the harmonic oscillators
to quantized optical instead of microwave fields. This
suggests that the problem of measurement backaction
discussed in Sec. III affects other, if not all quantum
computing architectures. We use once more the three-qubit
bit-flip code as a paradigm for our discussion and then
generalize to arbitrary QEC codes.

As before, we focus on the continuous parity measure-
ment of two qubits subject to bit-flip noise, for which the
undesired measurement backaction arises from the differ-
ence in meter interaction for the two even-parity states
|00), |11). This difference originates from the two-body
qubit-meter interactions, as illustrated in Fig. 3, where M
is an operator acting on the meter Hilbert space, and y is
the effective coupling strength between qubits and meter:
For two-body interactions (right part of Fig. 3), only the
states in the odd subspace are degenerate, whereas an

energy splitting of 4y appears between the states in the
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FIG. 3. Parity measurements require three-body interactions.
Left: for native three-body interactions, the states within each
parity subspace are degenerate. Right: typically native three-
body interactions are not available and must be emulated by two
two-body interactions. In this case, only the odd states are
degenerate, whereas there is an energy splitting between the even
states. This may lead to undesired entanglement with the meter as
well as relative phase shifts or population differences.

X(Z1 + Z2)M
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even subspace [37]. Consequently, the even-parity states
inevitably become distinguishable. By contrast, for a true
three-body interaction of the form )(Z 1 Zo M (left part of
Fig. 3), all states within a given parity subspace are
degenerate and thus indistinguishable.

Continuous QEC proceeds by initializing the qubits in a
logical basis state (“encoding”), followed by time evolu-
tion of the joint qubits-meter system, where the meter
evolves differently depending on the qubit parity. Of note,
in continuous measurements, the readout rate is smaller
than or at most of the same order as the rate of change of
the meter state. As a consequence, while a change of qubit
parity can happen quasi-instantaneously, the meter takes a
finite amount of time to respond to this change, and
nonequilibrium dynamics is guaranteed to occur. In the
following, we identify this as the core issue of continuous
parity measurements based on two-body interactions [38].

In order to show that measurements based on two-body
interactions of the form )((21 + 22)]\71 inevitably lead to
backaction and dephasing of the logical states, let us
consider possible meter realizations in general [40]. In
Sec. I1I, the meter is a resonator, i.e., a harmonic oscillator;
alternatively, the meter could be an anharmonic N-level
system. In this case, typically two levels are tuned to be
resonant with the qubits, such that the multilevel nature of
the meter is not crucial and to understand the basic
principle of a measurement protocol it is sufficient to
consider only two levels. In Appendix C, we discuss the
different measurement setups that are possible for such a
“meter qubit.” In general, the full Hamiltonian (neglecting
time evolution on the qubits) in a frame rotating with the
qubit frequencies reads

A

H,=Hy+y(Z +27,)M. (13)

Denoting the “free” meter Hamiltonian by ﬁo, at first
glance, the two cases of [M,Hy) =0 and [M,Hy #0
(inducing an energy shift and dynamics on the meter,
respectively) may seem to require separate treatments.
Completing the description by accounting also for the
meter readout provides, however, a unified perspective: In
order to probe an energy shift continuously in time, one
commonly measures the response of the meter to a drive
with a given frequency, as in Sec. III, but including the
drive in H, results in [M, Hy] # 0 in both situations, see
Appendix C for an example.

In the protocols in Sec. III, the meter approaches steady
states for both parity subspaces (which must be different to
distinguish the two parities), but one can also design
measurement protocols in which only one of the parity
subspaces is associated with a meter steady state, cf.
Appendix C. In what follows we focus on protocols where
the meter relaxes to a steady state for even parity, since
protocols lacking this property exhibit persistent

nonequilibrium dynamics which makes them incompatible
with continuous QEC, cf. Appendix C. In its approach to
the steady state, the meter necessarily takes different paths
for the two even-parity qubit states, irrespective of the
protocol details. During this time, qubits and meter are
entangled and the two even-parity qubit states |00), |11)
accumulate different phases. For odd encoding, this results
in uncorrectable errors since the exact transition time to the
even subspace and thus the accumulated phases are
unknown. For even encoding, this problem can be avoided
as discussed in Sec. IIIC. We therefore focus on even
encodings in the following. In this case, additional back-
action may occur when the meter steady state is not equal
for both even-parity states, cf. Sec. III C, but this source of
backaction can be avoided with a nonlinear dependence on
the effective coupling. This comes with more hardware
requirements but is not a fundamental problem, -cf.
Sec. III D.

What remains as the essence of the backaction problem
is the distinguishability of the even-parity states during the
nonequilibrium dynamics of the meter, before it reaches
the even steady state. This dynamics is triggered by a bit
flip, either caused by an error or a correction operation. A
first consequence of this dynamics is entanglement
between qubits and meter, which makes it impossible to
continue applying logical operations from the moment the
correction operation is carried out until the steady state is
reached. Such disruptions of the computation are what
continuous QEC had been designed to avoid, thus defeat-
ing its original purpose. Further, whenever two bit-flip
errors occur in rapid succession, this leads to large
uncorrectable errors, since the second bit flip causes a
transition to the even subspace whose timing is unknown,
see Sec. III C. In addition, depending on the details of the
individual measurement protocol, there are further errors
such as dephasing [19], or state collapse due to the two
states becoming distinguishable by the parity measurement
[35]. In principle, these backaction effects could be
avoided with a perfect detector and a real-time feedback
controller with zero latency, but such hardware assump-
tions seem unrealistic. As a result, even these mainly
practical issues represent a significant obstacle to the
implementation of continuous parity measurements.

Before disregarding measurement protocols that engi-
neer a three-body interaction by two two-body interactions
for continuous QEC altogether, one may wonder whether
dynamical decoupling or similar techniques can mitigate
the measurement backaction [41]. For example, a phase
that is introduced to the measured qubits could be
mitigated by flipping both qubits in periodic intervals
[28]. However, these techniques generally work best when
the phase derivative is independent of time which is not the
case for the nonequilibrium dynamics during which most
backaction effects occur. One could increase the switching
speed to make it much faster than the timescale on which
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the state of the meter changes, but if the switching is
performed too fast, the interaction in the even subspace
will average out to zero, and even and odd subspace
become indistinguishable. Furthermore, fast flipping of the
qubits is in general not compatible with the time evolution
by the logical Hamiltonian in analog quantum computing.

Of note, our considerations carry over to other QEC
codes which correct against phase flips or both bit flips and
phase flips. First of all, our discussion also applies to
continuous measurements of X, X,, which are necessary for
a phase-flip code. This can be seen immediately by
exchanging the Zq—operators by X 4+ Instead of dephasing,
an interaction based on two-body couplings then leads to
measurement backaction in the form of bit-flip errors.
Moreover, for both bit-flip and phase-flip codes, backaction
becomes worse when measuring N-body syndromes with
N > 2. For example, when measuring Z,Z,757, using
two-body couplings to a meter, (21 + 27, + 23 + Z;)M,
both even and odd subspace become nondegenerate, with
the even subspace splitting into three and the odd subspace
splitting into two subspaces with different interaction
Hamiltonians. As a result, there is measurement backaction
in both logical and error subspace. The dephasing that is
caused by parity measurements realized with two-body
interactions can also not be mitigated when concatenating
the bit-flip code with a phase-flip code: The detection of a
bit-flip error would likely trigger a phase-flip error, whose
detection would likely trigger another bit-flip error, result-
ing in a potentially endless loop of errors, which just
increases the overall noise in the system.

To summarize, irrespective of the details of a measure-
ment protocol, when used in continuous QEC, two-body
interactions between meter and qubits result in additional
errors that defeat the purpose of error correction. Instead,
true many-body interactions between meter and qubits are
required, and we discuss in the following to what extent
pure three-body interactions can be realized with current
hardware.

B. Experimental requirements
for three-body interactions

Measuring a joint operator such as the parity of two
qubits, 7.2,, requires a coupling between the qubits
themselves, in addition to their coupling to a meter.
Instead of using a resonator as both meter and coupler
as in the protocols discussed in Sec. III, one can also
separate these two roles. A possible configuration is shown
in Fig. 4(a). An experimental implementation with super-
conducting qubits demonstrated the generation of an
effective ZZZ-type three-body interaction, using magnetic
fields to tune the coupling [42]. For the purpose of
continuous QEC, it is, however, not enough to realize a
three-body interaction; one must also mitigate the detri-
mental effects due to the two-body terms that occur when

@ coupler

® coupler
;1
v L™~ meter — ™| ,*
A Y 4
~ — _ _ ’/

FIG. 4. Is it possible to realize backaction-free continuous
measurements when separating qubit-qubit coupling and qubit-
meter coupling? (a) The necessary coupling between the qubits
and the meter is mediated by a global coupler which, when
integrated out, yields effective two-body (red) and three-body
(green) interactions. (b) Additional local couplers can be used as
mitigators (mit.) to address the two-body interactions which
otherwise lead to undesired backaction. For the coupling scheme
of Ref. [42], the mitigator between the qubits would be optional
because the two-body interaction is of ZZ-type, i.e, trivial for
parity-encoded states.

switching between subspaces of different parity. But
with physical two-body interactions, a three-body inter-
action can only emerge as a higher-order process of
multiple two-body interactions such that the three-body
terms are usually smaller than the two-body terms (cf.
Appendix A). In numbers, the three-body terms in
Ref. [42] are of the order of a few MHz, compared with
a few tens of MHz for the two-body terms, implying that
the detrimental effects due to the two-body terms would
dominate in continuous QEC. It will thus be necessary to
extend the coupling scheme in Fig. 4(a), canceling at least
the meter-qubit two-body terms. This was proposed in
Ref. [42] and is shown in Fig. 4(b): By introducing
additional couplers (“mitigators”) between meter and
qubits and tuning their parameters, it is possible to
effectively remove the undesired two-body interactions.
The resources to implement a pure three-body interaction
without any two-body interactions between the meter and
the qubits are thus a global coupler, which interacts, via
two-body interaction, with the meter and both qubits, as
well as one local coupler for each qubit, interacting with
this qubit and the meter, to mitigate the two-body inter-
actions. All of these couplers need to be frequency-
tunable. The significant overhead of realizing a pure
three-body interaction is likely the reason why, to the
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best of our knowledge, such measurement protocols have
not been reported yet.

Once more, these considerations are not limited to
superconducting qubits but can be generalized to other
quantum hardware, due to lack of physical three-body
interactions. For example, also in trapped ions, engineered
three-body interactions are accompanied by two-body
terms [43,44]. Moreover, these interactions as well as
those between Rydberg atoms [45] are typically limited to
energy exchange processes which are not directly appli-
cable to the nondemolition measurements necessary for
continuous QEC. Therefore, whenever the fundamental
physical interactions are local two-body terms, either
between qubits or between a qubit and a global degree
of freedom, commonly a harmonic oscillator, backaction-
free measurements for continuous QEC can only be
realized with significant hardware overhead. Our reason-
ing may also be applied to bosonic codes where a
continuous parity measurement requires high-weight terms
in the interaction Hamiltonian, i.e., large powers of the
photon number operator [46].

V. CONTINUOUS QEC WITH ERASURE
DETECTION

We have shown so far that continuous QEC based on
parity measurements with state-of-the-art hardware and
standard encodings [1,2,9] is not feasible. This suggests
examining other encodings. A promising candidate is
erasure detection [20]. Erasure encoding has recently been
realized in various platforms including superconducting
qubits [21,47,48] as well as trapped atoms [49,50], ions
[51], and molecules [52]. As schematically illustrated in
Fig. 5, erasure qubits are designed such that decay out of
the code space (called erasure) is the dominant source of
errors and all other errors can be neglected. Erasures work

Common encoding Erasure encoding

| y o=

| | " AN SANVNV O
éerror : éerror

l VO —
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} — — ---

Information preserved Information erased
FIG.5. Basic idea of erasure encoding. For common encodings
(left), the information or entanglement (here illustrated by
wiggly lines) is preserved after an error, which makes it
necessary to protect the code space and all error subspaces
against measurement backaction. For erasure encoding (right),
the information is erased by an error and only the code space
must be protected against backaction.

differently compared with common qubit encodings where
two states of the physical qubit carriers make up both
logical and error subspaces (left part of Fig. 5). In contrast,
erasure qubits involve at least three states of the physical
qubit carrier—two states which are involved in forming the
logical qubit and one that is populated only by the error.
An erasure, i.e., a decay out of the code space destroys the
entanglement between the faulty and the remaining qubits
(right part of Fig. 5). This has two significant conse-
quences: On the one hand, the correction operation there-
fore needs to be entangling (just like the initial encoding
operation), in contrast to standard encodings where it is a
single-qubit gate. On the other hand, measurement of the
erasure does not influence the information encoded in the
remaining qubits. In other words, the measurement is
inherently backaction-free. This is in contrast to Pauli
errors such as bit or phase flips which preserve entangle-
ment and for which a local measurement on the faulty
qubit may introduce additional errors in the computational
subspace, as discussed above. Moreover, detecting erasure
errors, typically via population measurement in the erasure
subspace [49], only requires a two-body interaction
between the faulty qubit and the meter. As a consequence,
continuous erasure detection is readily achievable with
state-of-the-art hardware. It does not incur an additional
overhead beyond encoding the erasure qubit itself. Erasure
qubits are therefore the most promising and possibly the
only realistic option for continuous QEC.

VI. CONCLUSIONS AND OUTLOOK

We have examined protocols for continuous parity
measurements in view of their usability in continuous
QEC, identifying practical and fundamental problems for
all protocols using standard encodings based on physical
two-level system qubits. Taking the three-qubit bit-flip
code as an example and considering continuous parity
measurements of superconducting qubits coupled to the
same resonator, we have found large dephasing that arises
from measuring the qubit parity via two two-body inter-
actions between meter and qubits. While one can effec-
tively engineer the three-body interaction required to
measure a two-body operator such as parity with two-
body interactions, this lifts the degeneracy within at least
one parity subspace. Replacing the resonator by an
arbitrary meter system, we have generalized our findings
beyond the circuit QED architecture. Whenever the meter
is used both to mediate the coupling between the qubits
and to read out the state, we have found that the problem of
inevitable dephasing of the logical states persists, irre-
spective of the choice of meter-qubit coupling and meter
Hamiltonian. Our analysis is in line with the conjectured
incompatibility of analog quantum computation and sta-
bilizer QEC due to the necessity of many-body inter-
actions [7,8].
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A possible remedy is to use a tunable coupler in addition
to the meter to mediate the qubit-qubit coupling. This
approach is not hampered by a fundamental obstacle, but
incurs a significant hardware overhead since the desired
three-body interaction is accompanied by undesired two-
body interactions that need to be canceled by additional
couplers (“mitigators”). A more practical alternative is
erasure qubits which are inherently backaction-free and for
which continuous syndrome extraction has already been
demonstrated [49]. While correction operations for era-
sures are entangling and thus more complex than in two-
level-system-based encodings, the same operations are
needed for the encoding step such that there is no overhead
at the hardware level. Our findings thus suggest that the
most practical way forward is to use erasure qubits not just
in digital [53] but also in continuous QEC [54].
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APPENDIX A: EFFECTIVE COUPLING
HAMILTONIAN IN THE QUASIDISPERSIVE
REGIME

In the following, we derive the Hamiltonian of two
transmons with base frequencies @, and anharmonicity K,
(g = 1,2), capacitively coupled to a single microwave
resonator with frequency w, and coupling strength g, in
the quasidispersive regime using fourth-order perturbation
theory. The initial Hamiltonian reads (with 7 = 1) [32]

_ . ata rrr Kgoiaen o
grg = 0,80+ {a)qbqbq — ' bibib,b,
(AD)

where a and l;q are the annihilation operators of resonator
and transmons, respectively, and the rotating wave approxi-
mation has been used. To simplify notation, we define

Ar =W, — Wy, (Az)

Az = Wy — Wg. (A3)

In the dispersive regime, where g, /|A,| < 1 as well as
9 /|A, — As| = go/|@, — w,| < 1, one can treat the inter-
action term in the second line in Eq. (A1) perturbatively
and diagonalize the Hamiltonian. Since the interaction is
off-diagonal with respect to the unperturbed Hamiltonian,
all odd orders in g, vanish and the first nonvanishing order
is the second.

When neglecting all higher orders, one obtains the
dispersive interaction in Eq. (6). There, processes involv-
ing both transmons play no role.

To determine when the effect of higher-order terms
becomes relevant, it is necessary to derive the next higher
order, i.e., the fourth order. We first sketch the derivation,
which is based on the scheme in Ref. [55], and then discuss
the implications of the different terms in the new
Hamiltonian. We rewrite the perturbation term in the
Hamiltonian,

V=(Vi+V0)+ (Vi +V3)

= (gib1a" + gibja) + (g2h20" + gb3a).  (A4)

The index g of f/qi indicates which transmon is involved
in the exchange of excitations and +(—) indicates whether
the resonator gains (loses) one excitation from (to) this
transmon. It is crucial to treat the transmons including their
higher levels (here simplified to anharmonic oscillators)
because these are involved in the perturbation. Defining
quantum numbers (n,1;,l,) for the energy levels of the

resonator and transmon 1 and 2, respectively, the fourth-
order energy correction for the state |n, 1, 1,) is given by

EW _ VamuVurVeoVon
N =

M,P,Q#N ENMENPENQ

Vw2 Vyvol?
3 M 5 Vo

M#N “NM Q%N Eng

: (A5)

where N,M,P,Q are indices of the form
(n, 11, 1,).Eny = Ej(\(,)) —EZ(S) are the energy differences
between the respective unperturbed eigenstates with eige-
nenergy Ej(\?) for state |N), and Vy,, = (N|V|M) are the
corresponding matrix elements of the perturbation oper-
ator. This equation may seem intimidating, but we can
break it down, treating the individual terms in Eq. (AS5) as
paths in an energy diagram which involve four transfers of
excitations. Using the fact that we only have to consider
terms in which the initial and final state are the same, and
making use of Eq. (A4) reduces the sum to six combina-
tions of perturbation operators. These are V'V V=V~
VIV-vtU, VTV VT, and the same with + and —
switched, where V* = V{ + V5. Reading the matrix
elements from right to left, the first term describes, for

triple
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example, the resonator first losing two excitations and then
gaining them back. Imposing the constraint of equal final
and initial state to the transmons means that only terms
in which f/;r appears the same number of times as \7;
survive. This yields 6 remaining paths for each of the six
combinations of V¥ resulting in a total of 36 possible
paths. For the first combination, the paths are, e.g.,
VIVIVIVL, VIV VT, ViVIVIVs, and the same
with 1 and 2 swapped.

Next, we determine for each path the corresponding
energy differences, and the matrix elements using
Eq. (A4). Paths where the intermediate state after the
second excitation transfer is the same as the initial state
contribute to the second sum and paths where all three
intermediate states are different contribute to the first sum,
assuming that the uncoupled Hamiltonian is nondegener-
ate. Limiting the transmons to the first two levels and
replacing n — a’a and [, — (1 —Zq)/Z yields the full
Hamiltonian in fourth-order perturbation theory,

A

HY = @,aa + K, (ata)? - Z qu"
q=1.2

+ 2+ plo)ata+ v Z, + 1,2, (ath)?
+ [C1n + ' A2, Z,.
(A6)

The first line represents the transformed one-body
terms, and the second and third lines represent the coupling
terms of transmons and resonator. As in second order, a

correction to the dispersive shift appears, and y, = )(((12) +

;55,‘” is a combination of both second and fourth-order

terms. In contrast to the second order, terms quadratic in
the photon number appear, which lead to an effective
anharmonicity of the resonator, where K, determines the
qubit-independent and v, the qubit-dependent anharmo-
nicity. Additionally, there is finite qubit-qubit coupling, so-
called ZZ-interaction, determined by the parameter {i,.
Finally, a three-body term with coupling strength &,
appears. Note that a term of the form (af@)2Z,Z, does
not appear because the corresponding prefactor is exactly
zero. The parameters used in the different simulations are
summarized in Table II.

We now discuss the implications of the higher-order
terms on the parity-measurement protocol in more detail,
starting with the three-body term a'aZ,Z,. Interestingly,
this is actually the term that would be necessary for a
perfect parity measurement, i.e., without additional back-
action on the qubits, as explained in Sec. IVA. One
problem is that the fourth-order effects are commonly
much weaker than the second-order effects and have to be
seen as a perturbation of the parity-measurement protocol.
For the parameters in the first column of Table II, &, is

TABLE II. Parameters used in the simulations for the super-
conducting circuits. All parameters are given in units of
27z x MHz. Above the double line are the physical parameters
of the actual device defined in Egs. (A1)—(A3), and below are the
parameters of Hamiltonian (A6) which are derived from these.
The fourth-order corrections to the parameters for Figs. 1(b) and
2 were artificially set to zero to show that the protocol even
breaks down when neglecting higher-order effects. The param-
eters are of the same order of magnitude as the ones used in
Ref. [19], i.e., close to physical reality. Since only frequency
differences influence the simulations, the exact values for the
resonance frequencies are arbitrary and can be fixed by choosing,
for example, w,/2x = 6000 MHz, which is a typical value for
the microwave fields used in superconducting architectures.

Fig. 1(c) Figs. 1(b) and 2
a 94.84 89.00
o 72.46 108.77
K, 232.27 286.55
K, 383.80 304.79
A, 420.00 620.00
A, 62.66 —184.78
7 6.4 4.04
P 6.44 4.04
v ~0.20
1% —0.20
K, —0.04
Cia 0.23
& —0.47
n 1.00 0.70
& 2.10 1.40
K 3.00 2.00
y 0.02

more than one order of magnitude smaller than y ,, which
means that this coupling is not helpful but actually harmful
for the protocol of Ref. [14]. The reason is the following.
In this protocol, the frequency of the readout drive is
chosen to be equal to the resonance frequency in the odd
subspace where the resonator is undetuned such that the
absolute value of the detuning is the same for both states in
the even subspace. The three-body term now shifts the
resonance frequency of the resonator in the odd (even)
subspace by —&;, (4+&;5). Then the drive is not centered
between the frequencies of both states in the even subspace
anymore but shifted by &;, toward one of them. This makes
the two states distinguishable, which would not only lead
to dephasing but to a full collapse of the initial qubit state
into one of the two even states. To counteract this, the drive
frequency must not be on resonance with @, but detuned
by &;,. But this means that the drive is not fully on
resonance in the odd subspace anymore but detuned by an
amount of 2&£;,. This effectively leads to a lower signal-to-
noise ratio for the same driving strength and to a shift of
the odd steady state to finite values of the 7 -quadrature as
depicted in Fig. 1(c). The implications of this are discussed
in the main text.
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Second, anharmonicities are induced in the resonator,
which leads to a shift and small squeezing of the odd
steady state, visible in Fig. 1(c). The most noticeable effect
is, however, that another necessary condition is introduced
for indistinguishability of the states in the odd subspace,
namely not only y; = y, but also v; = v,. Otherwise, the
two odd states would be distinguishable. This condition
cannot be easily fulfilled and thus severely limits the
available parameter space. Therefore, we have chosen a
value of A, and optimized the remaining five system
parameters with the Nelder-Mead method until both
conditions were met. (For the parameters of Fig. 2, we
have only optimized for the condition y; = y, because we
have used the Hamiltonian in second-order perturbation
theory.)

Finally, the pure ZZ-coupling given by {;, is not very
relevant for the three-qubit bit-flip code because Z,Z, is a
stabilizer of the code and thus only introduces trivial
operations. For other encodings, this may become relevant.

APPENDIX B: LOSS OF COHERENCE FOR A
SINGLE ODD-TO-EVEN DECAY EVENT

When taking into account the information that is
contained inside the measurement signal, the dephasing
during the transition from odd to even steady state can be
reduced. We follow the derivation in the supplementary
material of Ref. [19] but use the effective dephasing rate
'y (1) = 4y Im[agy(1)*] — 2knRe[agy (1)]* [16], which takes
into account the information from the measurement signal.
When assuming for simplicity that the effect of the drive is
negligible in the even subspace due to the detuning, then
the time-dependent coherent state amplitude is agy(7) =
ag exp[—kt] with k = k/2 + 2iy and the initial amplitude
ay = af)sls) = —2i&/x, the steady state amplitude in the odd
subspace. The coherence is then reduced during the decay
by a factor exp[—(]. Since aq is fully imaginary, af =
—|ag)? and Refayz] = |ap| Im[z] for any complex number
z€C. Then,

= / " Iy(t)dt
0
= | |? /oo {—4y Im[e=?¥"] — 2kn Im[e*]? }d¢
0
= Jat 2 / ™ {4y Im[e~4] — 2x Im[e202}dr
0

— laol? /0 ™ et {4y sin(4y1) — 2ensin? (241) .

The second term in the integral can be transformed
using trigonometric identities and integration by parts as

n A oo(—1<)e""2sin2(2;(t)dt =7 / m(_K)e—m

0
x (1 — cos(4yt))dt
= ne (1 — cos(4yt1)) ‘;o
_dyy / " e sin(4y1)ds
0

= —dny / e sin(4yt)dt,
0

which is exactly the negative of the first term in the
integral, except for a factor of #. The result of the integral
is

£ = 4y(1 — )l A ™ et sin(4y1)ds

— —4y(1 — )| Im [ / B e‘2"’dt}
0

1

= —4y(1 — 2Im|—

(1 —n)lao| m[Zk]
16>

N ~ 2
1" . (B

= (1 =n)laol? (1 =n)lao

under the assumption that 4y > k. This means that the
coherence of the logical state is reduced by a factor of

exp{—(1 —17) |a(()slx) |*}, which is the result in the main text.

APPENDIX C: DETAILED DISCUSSION OF
PARITY MEASUREMENTS WITH A METER
QUBIT

We discuss here the different possible measurement
setups for a system consisting of two data qubits coupled to
another qubit, which comprises the meter. In a frame
rotating with the data qubit frequencies, the Hamiltonian
has the general form

H=—202, +x(Zi+ )0+ Hy(r) (€D
with meter frequency w,,, effective coupling strength y, the
coupling operator M acting on the meter, and a possible
measurement drive H,(z). The measurement observable is
denoted by O with corresponding measurement signal /(7).
For the sake of clarity, we treat the two cases [, Z,,] = 0
and [M, Z,,] # 0 separately.

We start with the case [M,Z,,] = 0, which corresponds

toM = Zm, or to an effective frequency shift on the meter.
We assume that this shift is probed spectroscopically, i.e.,
via measuring the response to a monochromatic drive with
strength £ and frequency w,,
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H,(1) = Ecos(wyt)X,,. (C2)

Since the measurement should not yield any information
about the relative superposition in the even subspace, the
response of the meter has to be the same for both even
states. Because of the low complexity of the meter system,
the only sensible choice for the drive frequency w, is to be
equal to the meter frequency w,, in the odd subspace (the
line labeled “odd” in the right part of Fig. 3) such that the
frequencies for the even subspace lie symmetric around it.
This means that the meter undergoes resonant Rabi oscil-
lations in the odd subspace and off-resonant ones in the even
subspace, and the difference can be measured to infer the
parity, for example, by detecting the light emitted from the
meter via homodyne detection. This procedure is the
protocol discussed in Sec. III, adapted to a qubit meter
where the drive in the frame rotating with the meter
frequency is approximately H, = £X,,/2. Unfortunately,
this also means that similar problems occur. In particular,
only in the limit of infinite coupling strength is the excited
state population in the even steady state fully zero. For finite
coupling, the meter has finite energy in the steady state and
the two even states are different, which leads to entangle-
ment and dephasing. For nonequilibrium dynamics, the
dephasing effect is even larger.

One may wonder whether dephasing can be avoided
when measuring O = Z,, or O =Y, via a coherent
interaction with a second meter, i.e., when the information
is obtained in a different way. In the language of stochastic
master equations, the measurement-induced action on the
meter is described by the collapse operator. Equation (3)
describes the direct detection of emitted light, correspond-
ing to a collapse operator —iy/ka. For a qubit, the
equivalent collapse operator would be —i\/k6~. Here

instead we discuss \/k¥,, (resp. \/kZ,,) in the following.
While the former always leads to a collapse to the ground
state, the latter leads to a collapse into one of the

A

Y,,-eigenstates (resp. Z,-eigenstates). Both even states
are indistinguishable because they have the same Y-com-
ponent, respectively, Z-component for all times. But there
are other problems. For a f/m—measurement, the meter
undergoes rotations around an axis which lies in the
XZ-plane for both even and odd subspace. As a conse-
quence, the average Y-value is always zero and both
parities become indistinguishable by the measurement.
For a Z,,-measurement, the situation is almost equal to the
one in Sec. III, only that now both eigenstates of Z,, are
stabilized. Similarly, odd-to-even dephasing and finite
steady-state dephasing in the even subspace occur.
Additionally, finite fluctuations of the meter state can
induce a flip to the other Zm—eigenstate in the even
subspace, even without a bit flip on the qubits. During
these transitions, the variance in the (2m>—value is large,
leading again to strong dephasing for an imperfect

detector. To summarize, an interaction based on an energy
shift of the meter qubit always leads to finite entanglement
and dephasing.

We now turn to the second case where [M, Zm] #0,1ie.,
the coupling drives transitions in the meter. As a conse-
quence, an additional measurement drive is not necessary,
and we set 4 ,(t) = 0. Typically, the energy splitting of the
meter @, is much larger than the coupling strength y,
implying that the effect of the qubit-meter coupling would
be barely noticeable. A possible remedy is to modulate the
coupling strength y at a frequency w,. which is equal or
close to the transition frequency w,, of the meter [56].
Then, one can go into a rotating frame in which the
coupling becomes time-independent. For maximum dis-
tinguishability of even and odd parity, the detuning of
meter and modulation frequency should be zero, w,, = ®..
When choosing (without loss of generality) M = X,,, the
full Hamiltonian in the rotating wave approximation reads

H=y(Z,+72,)X,,. (C3)

We first discuss a weak measurement of O = Zm. In
fact, a measurement protocol of this kind was proposed in
Ref. [29], albeit under the assumption that a three-body
interaction can be realized. At the beginning of the
measurement, the meter is initialized in its ground state
|0),,. In the odd subspace, the interaction is zero and the
measurement current /(¢) fluctuates around +1, the ground
state eigenvalue. The measurement stabilizes the system in
|0),, since it leads to a collapse toward the Z,,-eigenstates.
Since the interaction between qubits and meter is zero,
there is also no backaction in the odd subspace. In the even
subspace, the qubits induce Rabi cycling in the meter qubit
with a Hamiltonian of iZ;()A(m, with a different sign for
|00) and |11) corresponding to a rotation of the meter
anticlockwise or clockwise around the X-axis. If the
measurement rate is smaller than the frequency of the
Rabi oscillation, the meter oscillates between ground and
excited state which leads to a fluctuation of the measure-
ment signal /(¢) around 0 when averaging over a period.
The two parity subspaces can thus be distinguished via the
measurement signal. From this discussion, one can con-
clude that only 0= Zm is a sensible choice since the two
even states are distinguishable under a measurement of Yo
and the X-component of the state is always zero, yielding
no information about the parity in case of a measurement
of X,

In contrast to the qubits coupling to the energy of the
meter, there is no continuous phase shift in the even
subspace because <M}(t) = <5(m)(t) =0V ¢ (the meter
starts in a state with zero X-component and only rotates
in the ZY-plane). Assuming an interaction of the form
2(Z, +27,)X, and an initial state |¥) ® |0), with
|£) = (J00) £ |11))/+/2, the joint state at any time can
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be written as cos¢|+) ® |0), —ising|=) ® [1),,
¢ € [0, 7). This illustrates the issue of this measurement
protocol. The qubits become periodically entangled with
the meter with the entanglement being the greatest when
the meter state is on the equator, and the phase of the qubits
is flipped when the meter is in state |1),,. Because of the
entanglement, and since the measurement outcome on the
meter is stochastic, the phase of the logical state in the even
subspace during the measurement is effectively undeter-
mined. This makes it impossible to apply this readout
scheme when time evolution is implemented on the qubits.
It is further not clear how the Z,-measurement is per-
formed. In general, to measure a certain observable
continuously, this observable also needs to be part of
the interaction with the readout system. For example, we
have seen before that in order to perfectly measure Z,Z,,
an interaction of the form Z,Z,M is necessary. Similar to
this case, in order to measure the Z-component of the
meter, an interaction involving Z,, would be necessary. In
turn, this means that there will be possible backaction on
the meter by the measurement. Because Zm is measured,
the interaction can induce an effective Z-drift, which in
turn would lead to (M) (t) = (X,,)(r) #0, i.e., a phase
shift on the qubits. A detuning between meter frequency
and the modulation frequency of the interaction, i.e.,
w,, # ., has the same effect. To summarize, an inter-
action which drives transitions in the meter qubit leads
periodically to strong entanglement between qubits and
meter in the even subspace, such that no logical operations
can be performed on the qubits. This justifies the
assumption in the main text that the meter decays to a
steady state in case of even parity. If the meter instead
underwent coherent oscillations, there are two possibil-
ities. Either the oscillations occur in a subspace of the
meter which is unaffected by the interaction with the qubits
and the oscillations are thus irrelevant for the discussion,
or they occur in a subspace which is affected by the
interaction, which means that the oscillations are different
for the two even states. As explained above, this leads to
the periodic buildup of entanglement between meter and
qubits as long as the latter are in the even subspace.
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