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Tilted Dirac-like microwave cones in superconducting circuit lattices
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Dirac-like band crossings are paradigms in condensed-matter systems to emulate high-energy physics
phenomena. They are associated with two aspects: gap and tilting. The ability to design a sign-changing
gap gives rise to band topology, whereas the tilting of band crossings, which is a gateway for large grav-
itylike effects remains uncharted. In this work, we introduce an experimental platform to realize tilted
Dirac-like microwave cone in large-scale superconducting circuit lattices. The direction and magnitude
of the tilt can be controlled by engineering the axially preferred second-neighbor coupling. We demon-
strate three lattices with 731-site LC resonator featuring tilt values of up to 59% of relative difference
in the opposite-direction group velocities. This is obtained by reconstructing the density of states (DOS)
of measured microwave resonance frequencies. Harnessing the tilt of Dirac-like band crossings lays the
foundation for weaving the fabric of an emergent solid-state spacetime.

DOI: 10.1103/84bq-188b

I. INTRODUCTION

Propagation of photons in flat spacetime is character-
ized by the light cones [1] that are associated with the
energy-momentum or dispersion relation &(p) = c|p| [2],
where c is the speed of light. According to Einstein’s gen-
eral relativity, in the presence of a gravity source, the light
cones are tilted towards it [3], implying that the prop-
agation velocity towards (v, ) and away (v;j ) from the
gravitational source will not be equivalent anymore. The
amount and direction of the tilting, quantified by a vec-
tor ¢ whose magnitude ¢ = 2|v; — v/|/(v; +v;) is an
indicator of the presence of gravity [see Fig. 1(d)], which
defines the structure of the underlying spacetime metric.
However, effects of gravity on light are generally dimin-
ished by small gravity constant G and large speed of light
¢ [4]. Synthesis of a strongly curved spacetime can be
a useful framework to investigate fundamental questions,
such as the quantum entanglement mediated by space-
time curvature [5], behavior of waves [6], and quantum
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fields in strongly curved geometry [7], measurements of
the stronger form of various properties of the curved space-
times such as gravitational redshift [8] and properties of
blackholes [9]. Strongly curved synthetic spacetime can
even be envisaged to employ frame-dragging properties
such as Lens-Thirring [3] effect in spintronics applications.

Certain periodic solid-state structures show cone-shaped
dispersion relations. Prominent examples are Dirac and
Weyl materials: In quantum materials such as graphene
[10,11] and its three-dimensional (3D) counterparts col-
lectively known as Dirac [12] or Weyl materials [13], the
energy-momentum dispersion relation in the continuum
limit is given by the solid-state analog of the dispersion of
light e(p) = v|p|, except that v is Fermi velocity, which is
usually 23 orders of magnitude smaller than the speed of
light ¢. The upright Dirac cone is obtained when the long-
wavelength limit is isotropic. However, in the presence
of additional anisotropic hopping, the cone-shaped cross-
ing can be tilted. Therefore, an emergent metric associated
with tilting ¢ (see Appendices) is a universal description
of tilted bands irrespective of whether the tilting is caused
by gravity or solid-state engineering. The advantage of
solid-state platforms over the actual gravity-based space-
time is that, first the tilting parameter can be as large as
tens of percents [14]. Secondly, the ¢ can be tuned by the
appropriate design or external fields [15].

In order to obtain a tilted cone from the upright
cone in a honeycomb structure, one has to break the
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FIG. 1. Lattice structure and resulting microwave cones. (a)
Simple honeycomb lattice with symmetric first neighbor cou-
pling. (b) A second-neighbor coupling is added along a preferred
direction shown by the red lines in the y direction. (c),(d) Dirac-
like microwave cone for (a),(b) lattices, respectively. The group
velocities for the left cone at K point of the Brillouin zone in the
y direction are vE. Introducing nonsymmetric second-neighbor
coupling results in the tilting of this Dirac-like microwave cone
in 4y direction, giving rise to different group velocities v;f. The
other cone at K’ (light blue) is tilted oppositely.

rotational symmetry by introducing hopping coupling
the second neighbors on both sublattices in a preferred
direction[16,17]. Quantum materials with such a tilted
band crossing include organic materials [18], hydro-
genated graphene [19], the so-called 8Pmmn borophene
[20,21], two-dimensional (2D) quantum wells [22], and
surface of transition metals [23-25]. The tilt of the Dirac
cone is responsible for many unusual properties [26—32].
The most striking of such effects would be an electron
transport induced by the time gradient of temperature, 9,7
[33] or a tilt-induced vortical anomaly [34] or violation of
fundamental bounds of nature [35]. Another family would
be Weyl semimetals with |¢| > 1 known as type-1I Weyl
semimetals that have been considered to represent the
interior of blackholes [36—40]. The tilting parameter is a
property of a given material and can only be incrementally
changed by perturbations such as strain [41]. Other propos-
als on selective replacements of boron atoms in borophene
compounds require atomic-scale precision in substitutional
doping [17], and therefore remain challenging. Tuning the
tilting of the Dirac cone by electromagnetic fields [42]
leads to additional complications, since the mass of the
Dirac particle would also depend on the applied perpen-
dicular electric field. The spin-orbit-coupled Dirac cones
on the surface of topological insulators offer a promising
platform for the engineering of the tilt of the Dirac cone by
external magnetic influence [14,15]. Therefore, a crucial
step towards the synthesis of arbitrary spacetime structure

in solid-state systems is reliable engineering of the tilt of
the band crossing at will.

Superconducting circuit lattices have been an attractive
platform to implement and study emerging phenomena
in condensed-matter physics [43,44] and quantum simu-
lation [45,46] which is due to their design flexibility, low
microwave losses, operating at the quantum ground state,
and integrability with superconducting qubits. Particularly,
one- or two-dimensional superconducting networks have
been used to realize topological waveguides [47], quan-
tum phase transitions [48], atom-photon bound states [49],
strained graphene models [50] and hyperbolic lattices [51].
However, those platforms are compounded by scaling lim-
itations due to the large lattice unit cell footprint area, and
the frequency and coupling disorder. Superconducting co-
planar waveguide (CPW) resonators [52,53] are mainly
used to create 2D lattices. However, the CPW resonator
unit cell size is limited by the wavelength and is sensitive
to fabrication disorder due to their micrometer-scale CPW
gap size. Moreover, the geometry and the nature of the dis-
tributed circuit elements in CPW resonator networks limit
the implementation of a vast family of lattice structures,
such as honeycomb or square lattices [51].

In this paper, we overcome this challenge by introduc-
ing alternative superconducting lumped-element circuit
architecture based on compact parallel-plate capacitors
to demonstrate large-scale honeycomb lattices with flex-
ible coupling connectivities. Inspired by the rotational
symmetry-breaking mechanism on the honeycomb lattice
[17] for Dirac electrons, we introduce axially preferred
second-neighbor coupling. When this coupling is the same
for both sublattices the lattice realizes a tilting ¢ of the
microwave cones along the direction of the added coupling
[16]. To study the effect of the second-nearest-neighbor
coupling on the tilting angles of the dispersion relations,
we characterize differently designed lattices of 731 sites
at 15-mK temperature—far below the superconducting
critical temperature, where we realize narrow linewidth
low-loss microwave modes—and measure the DOS of the
microwave collective modes to extract the tilting angles.
In this work, we achieve a very strong tilting that matches
the theoretical designed values of 59% and 43%. To appre-
ciate the significance of the above values, they should be
compared with the tilting of the light cone by the gravity
of the sun that was inferred from the deflection of the light
path [4] and remains 5 orders of magnitude smaller than
our tilt values. Our demonstration of controllable tilting of
the microwave cone can be a basis for imprinting curva-
ture into the fabric of the synthetic spacetime by allowing
the tilt parameter ¢ to vary in space. This finding suggests
superconducting circuits as promising platforms for emu-
lation of aspects of “general relativity in the lab”” where one
can study various properties of curved spacetime by variety
of solid-state measurements. Enriching the solid-state plat-
forms with the luxury of a curved background spacetime
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heralds possible alternative applications that arise from the
structure of the synthetic spacetime geometry.

II. THEORY

First we discuss how to synthetically incorporate tilting
to the Dirac-like band crossing within our tight-binding
model. The basic notion consists of adding anisotropic
second-neighbor hopping on a honeycomb lattice, which
can be conveniently realized by adding a second-neighbor
coupling only in one preferred direction denoted by red
lines in the y direction of Fig. 1(b). The first-neighbor cou-
pling J generates the parent (upright) microwave cone,
while the selective second-neighbor coupling J” tilts it by
¢ =2J'/J. This can be employed for controlled fabrica-
tion of a tilted microwave cone. The purpose of this paper
is to experimentally demonstrate this concept. The core
idea is that a circuit based on a honeycomb lattice gives rise
to a dispersion relation w (k) that around the band-crossing
points will be an upright microwave cone [16] similar to
the way an electron in p, orbitals hopping on the honey-
comb lattice of graphene gives rise to a Dirac cone [54]
[see Fig. 1(a)]. Our line of thought is based on the fol-
lowing effective hopping Hamiltonian on the honeycomb
lattice:

Hhopp = Z a)ra a; + Z‘Jal+5a’ + ZJ a;, i, 1)

in which w, denotes the resonance frequency at i’th site.
8 can be any of the three first neighbors connected by
hopping J, whereas t is the particular second neighbor
denoted by red hopping J' in Fig. 1(b) and is responsible
for tilting of the cones. To diagonalize the above Hamilto-
nian, one needs to Fourier transform to & space. Since at
every unit cell, there are 2 degrees of freedom associated
with two-sublattices 4 (B) in Figs. 1(a) and 1(b) denoted
by filled (empty) circles, after Fourier transformation one
is left with a 2 x 2 Bloch Hamiltonian that features band
crossing at two points in the Brillouin zone [16]. This
matrix can be expressed in terms of Pauli matrices o, and
o, (see Appendices). In the continuum limit it becomes
the Dirac Hamiltonian vr(p.oy + py0,), which is charac-
terized by the Fermi velocity vr. Breaking the sublattice
symmetry would introduce a perturbation proportional to
o, that would gap out the band crossing. Since here we do
not wish to gap out the band crossing, we introduce the
same coupling J' for both 44 and BB second neighbors.
For the sublattice-diagonal second-neighbor coupling,
the off-diagonal Pauli matrices o, and oy, are ruled out. On
the other hand, since both sublattices are equally involved,
the Pauli matrix o, is also ruled out [55]. Hence, the only
remaining choice to describe the effect of second-neighbor
coupling will be a term proportional to unit matrix oy.
This can be understood in terms of breaking the threefold
C;, symmetry of the honeycomb lattice down to twofold

C,, symmetry that arises from uniaxially preferred second-
neighbor coupling. In fact the irreducible representations
of the C,, symmetry allow for a term in the Hamiltonian
that is proportional to the unit matrix oy and proportional
to the scalar product of momentum k with some pseudo
vector ¢, i.e., a k- {0y term, which is precisely the tilt-
ing term [56]. The idea of breaking C3, symmetry down to
Cy, symmetry to generate tilt in the cone is a generic math-
ematical fact and is equally valid for other lattices such as
8 Pmmn-borophene material [17].

The honeycomb lattices defined by couplings J with
symmetric first-neighbor coupling lead to the crossing of
the bands at two microwave cones indicated in Fig. 1(c)
[55]. The above symmetry considerations around the Dirac
crossing are expected to hold irrespective of higher-energy
details of the Hamiltonian. In the circuit realization, each
node is connected to all three nearest neighbors by induc-
tance L and selectively to only two second neighbors out
of six by a L inductance. At every node, a capacitance C is
assumed to be connected to a common ground. Choosing
the flux ¢; as the generalized coordinate, the Lagrangian
will be given by [57]

C .
=729
J
(¢ — ¢j+s)° (¢ — ¢j10)’
_! Z {Z B bi) Z #} ,

@

where 6 and t denote the first and second neighbors.
From the above Lagrangian, the circuit Hamiltonian in
terms of generalized momenta ¢; = C¢; (charge at node
) immediately follows:

a9 b OBt
n=T|En)-Tln s
3)

where L=! = 3L7! 4 21'~!. Upon defining o, = 1/4/L,C
and J=—-1/LJL,/C and J =—-1/L'\/L./C, the
microwave cone of this circuit model (2) or equivalently
the Hamiltonian (3) coincides with the Dirac cone of the
Hamiltonian (1). The second quantized form of the above
Hamiltonian is

n= [ Sudin - (st one) |
k

where # is the “hopping” term and A describes the mix-
ing of k and —k states bltbik and byb_x. Although a
Bogoliubov transformation can be used to diagonalize both
terms together, but ignoring the counter rotating terms Ay
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that leads to the tight-binding model (4) is valid near the
Dirac point. The vanishing of the sublattice off-diagonal
form factor # defines the Dirac crossing [16]. But since on
the honeycomb lattice the counter rotating terms Ay also
have the same coefficient as the form factor, the counter-
rotating terms simultaneously vanish and therefore the
full circuit model (4) around Dirac point is equivalent to
the tight-binding model (1). Therefore the present circuit
model that can be synthesized by superconducting circuits
in the lab has the same low-energy description as the Dirac
limit of Eq. (1). Note that the approximation breaks down
away from the Dirac point. This explains why the mea-
sured and computed densities of states away from Dirac
point are not symmetric as expected in pure Dirac theory.

The above correspondence allows identification of the
tilting parameter of the Dirac cone ¢ = 2J’/J in our circuit
realization [16]

2L

§=7-

()
This profound formula shows that the dimensionless tilt-
ing of the microwave cones is simply tunable by adjusting
the ratio of the first- and second-neighbor inductances
in a circuit. Note that in the above derivation, we have
neglected the boundary effects. The missing connections
at the edge slightly modify ;. This must be considered in
the numerical computations and interpretation of data for
finite lattices. Euler-Lagrange equations of motion for the

(b) Bottom layer

1
I

aSi PECVD

above Lagrangian are equivalent to Kirchhoff’s law (see
Appendix B). Due to the second time derivative, which
is a characteristic of the bosonic Harmonic oscillators, the
eigenvalues of the equation of motion will be ?/w? with
a)é = 1/(LC), where w are resonance frequencies obtained
from the Hamiltonian (3). It has been shown [16] that the
above Hamiltonian features a tilted microwave cone where
the tilt parameter is given by ¢ in Eq. (5) (see Appendix B
for more details).

The general-relativistic significance of a tilt £ in the dis-
persion relation is that for infinite system the dispersion
relation can be represented as g"Vk, k, = 0 [14,58] where
k, = (—w/v, ki, k,). The emergent spacetime metric g,
defined by ds* = —v2df? + (dx — v&dt)? is precisely the
matrix inverse of the above gV that arises from the tilted
Dirac-like dispersion relation [42,59—61]. For pedagogidal
details refer to Appendix A. Note that the above metric can
be obtained from the metric ds* = —v?df* + dx? of upright
Dirac cone, by transformation # — ¢, X — x — {vt. This
transformation allows us to attribute the difference between
the group velocities v} and v, in Fig. 1(b) to a moving
frame [14]. In other words, converting an upright cone to a
tilted cone is a solid-state realization of a moving frame.

I11. FABRICATION OF SUPERCONDUCTING
CIRCUIT LATTICE

In order to experimentally implement the circuit model
in Eq. (3), we introduce an alternative superconducting
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FIG. 2. Large-scale superconducting circuit lattices. (a) The circuit diagram of a honeycomb lattice with uniaxial second-nearest-
neighbor coupling. Nearest-neighbor nodes are connected with lumped-element inductance L, while the second nearest neighbors are
coupled with inductance L’. Each node is grounded through a constant capacitance C. The finite circuit lattice is weakly coupled
to the external measurement circuit chain through a coupling capacitance C. followed by an impedance-matched waveguide. (b)
Nanofabrication process flow for realization of our superconducting circuit lattice. The inductors and bottom plates of capacitors are
lithographically defined with 75 nm of aluminum. A 200-nm dielectric layer of aSi is deposited and covered by a 150-nm Al layer
defining the top capacitor plates and the ground plane. (c), False-colored SEM image showing a capacitor cross section. (d),(e) Optical
micrographs showing the honeycomb superconducting circuit lattice. (f) Optical image showing a full chip with 731 sites. The chip is
coupled on two sides to co-planar waveguides through the coupling capacitors shown in the inset.
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circuit lattice architecture based on the lumped-element
parallel-plate capacitors and planar meander inductors.
The design targets are compact footprint, low disorder,
scalability, and minimal parasitic or long-range coupling.
Figure 2(a) shows the circuit diagram of the lattice, where
each node on the honeycomb structure is connected to
a common ground by a capacitor (C), and the first- and
second-nearest-neighbor nodes are connected via induc-
tors, L and L', respectively. A finite lattice can be coupled
to a measurement circuit chain through a coupling capac-
itor C, connected to a 50-Q2 impedance-matched waveg-
uide. As shown in Fig.2(c), to realize such a lattice, first,
we lithographically define meander inductors and bottom
plates of capacitors with 75-nm sputtered aluminum on a
high-resistivity silicon substrate. Next, we deposit a 200
nm amorphous silicon at 200-°C using PECVD to ensure
perfect step coverage. To reduce the capacitors’ footprint,
amorphous silicon is chosen as the dielectric material
due to its relatively low microwave losses [62] and high
dielectric coefficient (¢, >~ 11.7). Finally, we deposit the
top Al layer defining the ground plane and covering the
entire circuit, except for meander inductors. This min-
imizes undesirable parasitic couplings between adjacent
inductors. Figures 2(d)—2(f) show microscope images of
the fabricated device with 731 nodes. Cross-section SEM
images show perfect step coverage of the dielectric layer
in the capacitors preventing unwanted galvanic connec-
tion between layers [Fig. 2(c)]. The coupling ports of the
lattice are shown in the inset of Fig. 2(f). The value of
coupling capacitance [Fig. 2(f) inset] is chosen to max-
imize transmission between two ports of the lattice (see
Appendix C). To reduce the impact of edge modes, we sim-
ulated the best nodes to couple input and output ports on
the edges before the fabrication (see Appendix C). Com-
pared to CPW lattices [52], the present lumped-element
circuit architecture results in a superconducting circuit
with 1000-fold smaller form factors of only 0.02 mm?
footprint. This enables the realization of large-scale and
low-disorder circuit lattices. In this work, we designed
three devices with identical L = 0.37 nH and C = 8.1 pF.
In one device there is no second-neighbor inductor whereas
the other two have L' = 1.9 nH, and 1.4 nH. According to
Eq. (5), three devices are designed to have tilt parameters
of ¢ =0,0.40,0.52.

IV. EXPERIMENTAL RESULTS

In order to extract the spectrum of the device, we mea-
sure the microwave transmission scattering parameter Sy;
through its two coupling ports that contains information
on resonances that can be used to construct the DOS.
Figure 3(a) schematically shows the measurement chain

consisting of a microwave vector network analyzer, cryo-
genic attenuators, a cryogenic amplifier, and a microwave
isolator. The device is operated at the 15-mK stage of a
dilution refrigerator.

The measured transmission coefficient |S,;|*> for the
device with L’ = 1.9 nH is displayed in Fig. 3(b). The
inset shows that individual resonances are well separated.
To automate the detection of resonance peaks, we have
developed an algorithm based on phase gradients (PhG)
and amplitude of the recorded trace S»; (see Appendix D).
In this way we are able to detect 98% of the modes prior to
manual verification.

The DOS of the devices is constructed from identi-
fied resonance frequencies shown in Figs. 3(c)-3(e) with
blue bar plots. The actual values of the parameters wy
and ¢ for each device are obtained by fitting the numer-
ically computed DOS for our theoretical model on a
finite lattice to the measured DOS. These are denoted by
orange bar plots in Figs. 3(c)-3(e) in good agreement
with the measured DOS (blue bars). The curved plot is
the DOS of the infinite lattice corresponding to the fit-
ted values of wy and ¢. The good matching between the
measured DOS and the infinite lattice DOS is a result
of a large number of sites that are achievable in our
platform.

The DOS for both finite and infinite lattice feature two
sharp features known as van Hove singularities on two
sides of the Dirac-like crossing point, which arise from
saddle points in the dispersion relation. This aspect is
similar to the van Hove singularities in graphene with
¢ = 0. However, the DOS for the circuit lattice is not
symmetric as in graphene. The asymmetry is due to the
fact that the eigenvalues of the admittance matrix of cir-
cuit lattice are (w/wy)? [16]. Upon increasing ¢, as can
be seen by comparing Figs. 3(c)-3(e), this asymmetry
is enhanced. Furthermore, additional van Hove singulari-
ties in the DOS appear for nonzero ¢ . In Figs. 3(f}-3(h)
the band structure of the infinite lattice corresponding
to fitted values of wy and ¢ is plotted as a function of
two-dimensional k& in the first Brillouin zone. Finally, in
Figs. 3(i)-3(k) the cross section of the 3D band struc-
ture along the KK’ direction is shown, exhibiting stronger
tilt for larger ¢ guided by solid red lines at the crossing
point. Note that the effect of the parameter ¢ is not lim-
ited to tilting at frequencies around the crossing point. As
can be seen in both DOS and band-structure plots, the
effect of second-neighbor coupling is not limited to tilt-
ing of the features around the Dirac-like crossing point.
Frequencies away from the crossing point are also sub-
stantially affected by the ¢. Recently it has been shown
that the bending of the energy scales above the Dirac
node in fermionic tilted Dirac cones are essential in pro-
ducing smart black holes capable of correctly reproducing
temperature and entropy of the general-relativistic black
holes [63].
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FIG. 3. Observation of the band structure and tilted Dirac-like microwave cones. (a) Experimental setup for the measurement of
scattering parameter S»;. The superconducting device is operated in a dilution refrigerator with a base temperature of 15 mK. (b) The
plot of measured transmission coefficient |Sy;|?> of the lattice with L’ = 1.9 nH as a function of frequency. The inset magnifies the
data of the indicated green-shaded frequency range. (c)—(e) Experimentally extracted (blue bar) and theoretically computed (orange
bar) DOS of devices with different ¢ parameters. The green curve is the DOS of infinite lattice for the indicated numerically fitted
parameters demonstrating the substantial lattice size of the fabricated devices. The insets show the corresponding circuit layout. (f)—~(h)
Reconstructed microwave band structure of each device. (i)—(k) 2D cross section of the band structure along the KK’ line emphasizing
the tilting of the Dirac-like microwave cone. The tangents indicate the cone’s lateral side, and the red solid axis indicates the tilting.

V. CONCLUSION AND OUTLOOK tantamount to engineering the fabric of the ensuing emer-

gent spacetime geometry. Spatial and temporal manipula-

In this work, we introduced an alternative experi-  tion of circuit parameters of the lattice results in £ (x, ?),
mental platform to demonstrate deterministic tilting of a  thereby inducing the Painlevé-Gulstrand (PG) family of
Dirac-like microwave band crossing by desired amount. spacetime metric ds> = —v?df* + (dx — v¢ (X, Hdr)? [64].

Harnessing the tilting of a microwave band structure is  Since v¢ represents a moving frame velocity, a variable
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¢ will correspond to acceleration which according to gen-
eral relativity principles correspond to a curved spacetime
geometry. Examples of gravitylike effects arising from x-
and/or #-dependent ¢ that can be studied in supercon-
ducting circuits include the following: (1) Time dilation:
One manifestation of this effect would be local enhance-
ment of the DOS slope around the band crossing point by
1/4/1 — ¢% [16]—similar to that in Figs. 3(c)-3(e). The
“time” here does not refer to the time measured by the
clocks in the lab, rather, it is defined by the frequency of
the probe LC resonator at a particular point of the lattice
that plays the role of coordinate clock in the relativity. (2)
Gravitomagnetic effects: When the ¢ starts to depend on
space and/or time, we will have a solid-state realization
of the corresponding PG spacetime. Synthesizing a vor-
tex profile for ¢ with nonzero V x ¢ = @ will generate a
geometry that behaves like a rotating gravitational source
[34,59,65]. The above tilt profile will be a “gravito”-
magnetic field [34,65], that manifests as cyclotronlike
orbits or Landau-quantization of microwaves. A smoking
gun evidence of this gravito-magnetic effect in circuits
will be a characteristic /n behavior in DOS. (3) Gen-
eration of “gravitational” waves: Josephson-based flux
tunable inductors can be used to imprint a spatial profile on
the circuit parameters by magnetic fields that amounts to
nonuniformity in the PG spacetime parameters. Even for a
spatially uniform flux, driving it with frequency wg,, drives
the PG spacetime at the same frequency, and hence can be
regarded as a way to generate “gravitational waves” at least
when wg,, is smaller than the natural frequency w, of the
circuit. (4) Quantum behavior and the curved spacetime:
Our platform becomes a viable route to integrate supercon-
ducting qubits with large-scale circuit lattices to study the
role of “curved spacetime” in mediation of entanglement
between the qubits [66—68].
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APPENDIX A: FROM DISPERSION RELATION TO
SPACETIME METRIC

In this paper we draw implications for the structure of
underlying “spacetime” by looking into the dispersion rela-
tion that gives energy of excitations as a function of their
wave vector k. It is useful to make a connection between
the dispersion relation of excitations and the geometry of
the spacetime. In this section we motivate how the tilting
of dispersion relation can be related to a nontrivial space-
time metric. The upper limit of speeds for fundamental
particles that are excitations in the vacuum is given by the
speed of light ¢, whereas in the solid state it is given by
another velocity scale that associates an energy scale with
hoppings to neighboring lattice sites. For simplicity we set
the velocity scale as unit in the following discussion to
emphasize that the mathematical structure is the same for
fundamental particles in the vacuum and excitations on a
lattice.

In three space dimensions, the space and time coordi-
nates can be combined into a single spacetime vector called
a four-vector x* = (¢,x) where x = (x,y,z). Likewise in
two space dimensions where x = (x, y), the spacetime vec-
tor x* with u =0,1,2 will denote a “three-vector” in
the 2 + 1 dimensional spacetime. Corresponding to the
above spacetime coordinates x* one can define compo-
nents of a gradient vector 9, = d/dx"*. We know that
quantum mechanically the time derivative d) = d/0¢ is
related to energy and V = 9/9x is related to momentum.
Therefore (setting 7 = 1 so that momentum p = Ak will
be the same as wave vector k) it is natural to combine
energy and momentum to form another spacetime vector
k, = (—e&,k). To see where this notation comes from, let
us start with the energy-momentum dispersion relation for
upright Dirac cone, i.e., ¢ = £+/|K|?> + m? where the mass
m could be zero or nonzero. One can write it equivalently

as —&? + k> = —m?. This relation can be cast into matrix
form
-1 0 0 —&
(—&,ki,k) | 0 1 O] | & | =—m? (Al)
0 0 1 ky

Using the shorthand notation &, = (—¢,k) and denot-
ing the 3 x 3 matrix by n*" = diag(—1,1, 1), the above
equation can be written in the covariant (and compact)
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form

Zkﬂn‘“’kv = —m’ > kan"k, = —m?,

7Y

(A2)

where we have used Einstein’s summation convention that
implies a summation over repeated indices that appear as
both subscript and superscript. This saves us from writing
> symbols. The set of transformations

—& A) A) AL\ [—¢
Kl=1A) A A7) K (A3)
K, A Al A \ Kk

or in compact form k), = Ak, that leave the left side of
Eq. (A2) invariant, i.e., lead to the equation k,n""k, =
—m? are called Lorentz transformation [3]. Therefore,
the Dirac-type dispersion relation is intimately related to
the metric n*¥ = diag(—1,1,1) of the 1+2-dimensional
Minkowski spacetime. This is how the dispersion rela-
tion of the excitations informs about the geometry of the
underlying spacetime structure. Therefore it is not surpris-
ing that the tilting of the Dirac cone can be accommodated
by adding extra entries to the spacetime metric that defines
the length of spacetime energy-momentum vectors.

To work out the spacetime metric that corresponds to
a tilted Dirac cone, let us simply start from the disper-
sion relation of a tilted Dirac cone € = £+/Kk2 +m? + ¢ k
where ¢ is the amount of tilting. It can be rearranged into
the form —(e — ¢ - k)?> + k?» = —m?. Expanding the left-
hand side and using the spacetime vector notation k, =
(—&,Kk) the dispersion relation can be cast into the form
gk, k, = —m* where

-1 _gx _gy
gV =|-t 1-¢ -4& |, (A4)
-4 =44 1-¢

defines a metric to measure the length of energy-
momentum vectors using their covariant components &,
as g"k,k,. Inverting the above matrix gives the metric
components g,,, that can be used to evaluate the length of
spacetime vectors x* as g,,,x*x" where

(A5)

Using the above metric, length of an infinitesimal space-
time vector dx* is ds* = g,,,dx"dx". After using the above
matrix and simplification it becomes ds*> = —df*> + (dx —
¢dt)?, which is a compact representation of the space-
time that corresponds to a tilted Dirac cone. In fact setting
¢ = 0 gives the familiar length element —df*> + dx* of the
Minkowski spacetime that corresponds to the dispersion

relation of an upright Dirac cone. This reveals a simple
but profound fact: The metric of a tilted Dirac cone can be
obtained from the metric of the upright Dirac cone by the
“moving frame” transformation [14]

t—>t, X—>Xx—{¢t (A6)
This means that the spacetime of a tilted Dirac cone is like
a moving frame with respect to an upright Dirac cone. The
ability to make tilting parameter or frame velocity ¢ to
depend on space and/or time will be equivalent to a vari-
able velocity and hence an acceleration. On the other hand,
according to principles of general relativity, an accelerated
frame is equivalent to a spacetime geometry. This is how
tilt parameters as moving frame velocity will be able to
imprint a spacetime geometry on our circuit lattice. The
above argument relies only on the conic shape of the dis-
persion relation. In the case of fermions such cones are
called Dirac cones. In the case of visible light it is called
light cone. In the case of circuit resonators, microwave
cone would be an appropriate name for the Dirac-like dis-
persion. We use both Dirac(-like) and microwave cones
interchangeably.

APPENDIX B: THEORY OF THE TILTED
MICROWAVE CONE IN CIRCUIT RESONATOR
GRAPHS

The structure of the circuit lattice is shown in Fig. 4.
Left and right parts indicate top and side view. Each node
or site is connected to its first three neighbors via the base
inductance L and to the common ground by a capacitor
C. If these were the only edges on the honeycomb lat-
tice, one would obtain an upright Dirac cone [16] similar
to the case of graphene. To externally impose a preferred
axis in the plane of honeycomb lattice, we connect each
node to its second neighbors in the horizontal () direction
by an inductance L’. The other four second-neighbor links
are not present. This procedure promotes the honeycomb
lattice into honeycomb graph. This essential step is respon-
sible for tilting of the resulting microwave cone. This is
inspired by a two-dimensional material known as 8 Pmmn
borophene [17]. The unit cell, which is shown in the top
view by dashed lines, contains two nodes (belonging to A
and B sublattices, respectively). The structure is repeated in
both x and y directions to ensure a two-dimensional nature.
Theoretically it can be subject to open or periodic bound-
ary condition, whereas in the lab open boundary conditions
will be realized.

In order to find the equations of the circuit we start from
the Lagrangian we introduced in the main text Eq. (2).
We use Euler-Lagrange equations to find the differential
equations for the voltages at each node:

diL oL
diag,  o¢;
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FIG. 4. Top and side view of the honeycomb graph formed by circuit elements.

Substituting the Lagrangian in the above equation we get

Co = — [XB: b —L¢i+5 n Z o —L/(f>i+zi| '

In this equation § runs over all first neighbors and t shows
second neighbors, which is limited only to the £(a; — a,)
second neighbors of the ith site. Note that the left side
is the current through the capacitor connected to node i
and the right side is the sum of currents through this node
connected to inductors. Therefore, these are the Kirch-
hoff current law (KCL) equations for each node. Using
harmonic time dependence for each node’s voltage we get,

Vi—Vigs Vi=Vige .
_— _— CV; = 1. Bl
28: iwL + z iwl’ tiew (B1)

The sum over t of the second neighbors encodes the uniax-
ial preference at the lattice level by excluding the other four
second neighbors +a; and +a,. To account for the open-
boundary condition in the experiment, when this site is
located on the (open) boundary of the lattice, correspond-
ing first or second neighbors will be excluded from the
sum. We consider this point when we numerically solve the
problem for a finite lattice. Also note that, in this equation
we assume that there could be an external current source /;
injecting at node 7 that can be used for the excitation of the
circuit by external current. For example, if we want to send
a signal to the lattice via a specific site or measure the out-
put signal from another site we set these site’s current to
a desired nonzero value. To find the natural resonances of
the lattice, no probe external currents are required and we
set the values of all the external currents to zero. In this sit-
uation all the KCL equations for lattice sites can be written

in a matrix equation format,

In this equation Y is the admittance matrix of the lat-
tice which encompasses the admittance connectivity of the
sites. Nonzero elements in its 7’th row are the values related
to the KCL equation for this site. Note that 0 is a zero
vector whose length is equal to the number of sites. By
multiplying iwL to the equation we get a much simpler
equation for each row,

¢ o\’
Zsj(Vl- — Vi) + 5 th(vi —Vigr) = (w—o) Vi,

where wy = 1/+/LCand ¢ = 2L/L’. These equations form
a matrix equation DV = (w/wy)?V where D is a Hermitian
dynamical matrix. This equation is an eigenvalue prob-
lem with eigenvalues A = (w/wp)?. We denote the the j th
eigenvalue and its corresponding normalized eigenvector
by A; and V;, which is column vector with N (number of
sites) components. We define I" as the diagonal matrix of
eigenvalues, which is real and 7 as the matrix consisting
of eigenvector V;, which is a unitary matrix. Therefore, we
get the relation D = FT'7’". Note that the relation between
D and Yis

iwLY = D — Al (B2)

where I is the identity matrix.

1. Fourier analysis for infinite lattice

For a lattice with periodic boundary condition the dis-
crete transnational symmetry between unit cells denoted
in Fig. 4 allows us to use 2D discrete Fourier transform
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to reduce the eigenvalue problem to a two-dimensional
matrix eigenvalue problem in the momentum space that
can immediately give the band structure. Each unit cell has
two sites belonging to sublattices 4 and B. Here we use
another subscript to specify the sublattice. Therefore, Vi,
is the voltage on unit cell i and sublattice s, which can be
either 4 or B. By employing discrete translation symmetry
via Fourier transform, we write V;; = Zk Vise®¥i in which
k = (k, k) is the wave vector in the k space and r; shows
the two-dimensional position of each unit cell. By scaling
k the position label of the nodes can be correspondingly
changed, so we can set a;) = ao(+/3,£1) /2 in which ag
is distance between second neighbors. Also, the recipro-
cal lattice vectors are by o) = 27 (1/ V3, £1)/ay. Note that
since the frequency (energy) scales are determined by the
capacitance C and the inductance L, L', the parameter aq
serves only for labeling and has no effect on the dispersion
relation, so it can be assume to be the unit. When we are on
node 4(B) the first neighbor distances are given by shift-
ing by the bond length of ao/+/3 along either of the three
bonds of honeycomb lattice. Defining 8 = (1,0)ag/+/3 the
three first neighbors are given by

31:8, 52::Fa]+5, 53::{322+5.

In this basis, our chosen second-neighbor vectors are given
by,

T = +(a; —ay).

Applying Fourier transform to the matrix equation gives,

e® AR\ (V) _ (@ (Via
(0 ) ()= () (L) o

where,

€(k) =3+ ¢(1 —cosk.(a; — a3)),
A(k) — _1 _ e—ik.al _ e—ik.az'

Solving this two-by-two matrix eigenvalue problem we
have two frequency bands with values,

w1 = wo+/ € £ |A].

When A = 0 the the two bands touch each other. To prove
that this defines a Dirac-like band crossing, we need to
show that around this point the dispersion relation is lin-
ear like Dirac materials. In k space the location of these

points are obtained from these conditions

1 + coskp.a; + coskp.a; =0,
sin kD.al + sin kD.32 =0.

The only possible solution is when kp.(a; 4+ a) = 2mn
and kp.a; = £27/3 + 2nw (m,n € N) which result in

2mm

«/5610 ’

There are two distinct Dirac-like points (two valleys) in
first Brillouin zone given by K(K') = 27/ (3ag)(V/3,v)
where v = £1. The resonance frequency at Dirac points
is

4 2
kpy =+ 4 (20— m) .

ka =
3610 ap

wp = woy/3(1+¢/2).

In the next step we expand the band dispersion around
Dirac points by considering the resonance frequency w =
wp + dw and wave vector k = kp + k. Now the matrix
elements of Eq. (B3) take the form

(B4)

e(k) =3(1+¢/2)+ \/gv%Sk.(al —ay) =3(1+1¢/2)

+ ﬁv%aoaky
i V3
Ak) = —ESk.(al +ap) + T75k-(al —ap)
3
= %ao(—iékx + 18ky).

Therefore, the expansion of the resonance frequency
around Dirac points is,

8a):|: 1
= Sk, £ /8k2 + 5k2),
wo  4JTFC/2 (u; g ¥ y)

which is a linear dispersion relation with a cone shape
in the w — k space. The first term shows tilting of the
Dirac cone along the vy = %y directions for valleys v =
+ corresponding to two Dirac points K and K'. Therefore,
the uniaxial preference incorporated by the inductance L’
along the +y axis has led to the tilting of one of the
Dirac cones, one along +y and the other one along the —y
direction.

2. Coupling finite lattice to input and output ports

In order to measure resonance frequencies of the finite
lattice we need to locally excite the circuit lattice. We do
this at a site on one of the borders of the lattice in a range
of frequencies and measure the output signal at another
site in the other side of the lattice. The ratio of output
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voltage (V1) to input voltage (Vi“;) is called the transmis-
sion scattering matrix S,;. There is also a reflection from
input (V) and its ratio to input voltage is called reflec-
tion scattering matrix element S;;. By sweeping a range
of input frequencies, at certain resonances (eigenfrequen-
cies) the lattice lets the signal to pass through, leading to
sharp peaks in S;; at such frequencies. In this subsection
we compute the dependence of scattering matrix to the
admittance of the lattice and the impedance of input or
output coupling elements. In the next section we use this
relation to determine the best range for the values of cou-
pling parameters in order to attain sharp peaks on S,; with
small linewidth. In other words, we require the resonances
to have high-quality factors.

Consider a finite honeycomb lattice of inductors and
capacitor elements with admittance Y, which has input and
output ports on two given sites m and n as in Fig. 5. Each
of these sites are connected to standard transmission lines
with impedance Z, via two coupling capacitors C.. The
input voltage is divided to two forward and backward parts.
The output voltage has only forward part:

n’ Vout = (BS)

out*

Using transmission line theory [70] the currents on input
(output) ports are related to input (output) voltages using
ZO Via,

pole Ve T g
m ZO ZO’ n ZO'

Next we write Ohm’s law for the left (right) coupling
capacitor, which has impedance Z, ! = iwC, as

Vi —Vm = chm, Vout - Vn = chn- (B7)

Our finite lattice with N, sites is defined with an admittance
matrix, which is obtained from KCL Eq. (B1) on each site.
Here the external current exists only for sites m or n and
the external current at all other sites is zero. The matrix

Finite lattice with admittance matrix Y, connected at two sites m and # to input and output transmission line using coupling

equation for the finite lattice takes the form:

In this equation each 0 is vector whose length matches with
the number of sites up to V,,, between V;, and V,, and below
V,. For simplicity we define Y~! = Z. This is actually is
Green’s function for our structure. By using Eq. (B2) we

0.0 | L | | . I | | .
00 0.1 0.2 03 04 05 06 07 08 09 1.0

Normalized mode number

FIG. 6. Resonance mode diagrams (black dots) for a network
with limited dimensions and a specified number of sites based on
mode number—for comparison, the resonance frequencies of an
infinite network with translation symmetry (blue curve) are also
plotted. The dashed line indicates the Dirac frequency. All fre-
quencies are plotted in the normalized state. Since the number
of modes depends on the number of sites, to align the hori-
zontal axes of the two graphs for comparison, normalization is
performed by dividing the mode number by the total number of
modes.
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FIG. 7.

Intensity representation for the eigenvectors on the network. The mode number and its normalized frequency are specified

above each figure. Note that as the intensity increases, the points become darker. Also, red and blue colors indicate the positive or

negative sign of S, or Sy;.

get the following relation for impedance matrix:
Z=iwL(D - D).

When we substitute D by the eigenvalue matrix I' and
eigenvector matrix V' the above relation is simplified to
Z = iwLV(I — A~ 17, (B8)

Since all external currents for the lattice except m’th and
n’th sites are zero we get

Vm = melm + Zmnlna
Vn = an]m + Znnln-

Note that using Eq. (B8) we can find any element Z,,, as
follows:

Zyn(A) - | - - 1
= Vi 81—V, = Vini Vi .
il %: Jﬂ)\j_)\ In ; Y Y — A

Now we substitute V,,, V,,, L, and I, in terms of V", V.,
and V, using Egs. (B5)~(B7) to obtain

Z, Vi — —Via
vt 1+é -7 in n 4 7 — Vout
out ZO nm ZO nn ZO
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FIG. 8.

(a)(c) show S, (dB) for three frequency ranges. The corresponding phase of Sy; for each range is shown below it. The blue,

red, black, and green colors are for o = 0.001,0.01, 0.1, 1, respectively.

By solving these two equations we obtain V,  and Vi, in
term of V. Therefore, the scattering parameters S; and
S»1, which are the reflection and transmission from input
and output ports will be given by

_ (me + Zc - ZO)(Znn + Zc + ZO) - Zngnm

S = , (B9)
(me + Zc + ZO)(Znn + Zc + ZO) - Zngnm
o _ 220 Zm
T Zom + Ze + Z0) Zon + Ze + Z0) — ZomZom
(B10)

When we tune the excitation frequency near one of reso-
nances (eigenvalues) for example A; = (w; /wp)* each of
impedance matrix elements in Sy; relation is approximated
by its leading term,

Then we substitute these approximate impedance matrix
elements in S, and simplify to obtain,

2ZO IM/nj V;;,j 1

Tz ZV (Vi 12+ T 2 Oy =M ZetZo)
(Ze +Zo) (Vi 1> + Vi 17) 1 + @3 L Vg PV P

S$H1

When we substitute A; and A = (w; + dw)/wy we get a
Lorentzian behavior around each resonance.

APPENDIX C: DESIGN AND SIMULATION

1. Designing the value of lattice capacitor and
inductance values and finite lattice mode shapes

To approach the frequency spectrum of a very large
(effectively infinite) network and examine any distortions
within it, we need to increase the network size. How-
ever, due to synthesis limitations, we can practically only
increase the number of network sites to a certain extent. In
this section, we proceed with the design for a network with
731 sites.

Figure 6 shows the connection design of this network.
Additionally, in the graph of Figure 6, the frequency spec-
trum of this network is compared with that of an infinite
network for the same value of ¢ = 0.4. As is evident, these
two spectra are very close to each other.

Figure 7 shows the intensity of the eigenvectors on the
network for 25 modes around the Dirac frequency. As
observed, the intensity concentration in different modes
varies across different sites. In modes where the intensity
concentration is on the edges, the impact of the edge and
open boundary condition is more pronounced, for example,
see modes 373 to 381. By examining all the eigenvectors,
it is generally observed in this structure that in the edge
modes, the intensity is concentrated at the corners, and the
intensity on the boundary edge is much lower. This insight
helps us choose the location of the input and output signals
to excite the network. Considering that we aim to excite the
bulk resonance frequencies within the network as much as
possible and reduce edge effects as much as possible, we
avoid the corners and connect the input-output port to the
middle of the edges.
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FIG. 9. Detection of resonance frequencies for a selected frequency section. In all of these figures, we show PhG by black solid
line, filtered PhG by dashed blue line, baseline for PhG peak detection by orange solid line, |S>;| by magenta solid line, peaks of |S>; |
by magenta dots, dips of |S;;| by asterisks, PhG peaks by crossed red points and selected peaks by black circle points. (a) Frequency
range 1.6—1.9 GHz. (b) Frequency range 3.0-3.3 GHz. (c¢) Frequency range 4.04.3 GHz. (d) Frequency range 5.0-5.3 GHz.

2. Coupling capacitor optimum value

Using the relation (B10) for S,; we can calculate the
scattering matrix for a finite lattice for different values
of coupling capacitor. We define o = C./C as the cou-
pling ratio. Our lattice has 731 sites and the parameters
of lattice are as follows: C = 8.07 pF, L = 0.37 nH and
¢ = 5% ~ 0.4. Solving the eigenvalue problem we first
find the resonances (eigenvalues) and their correspond-
ing eigenvectors. The input and output locations is on the
edges of the lattice as discussed in the previous subsec-
tion. In Fig. 8 we plot the magnitude and phase of S,
on a different range of frequencies for four coupling ratios
o0 = 0.001,0.01,0.1, 1. As can be seen, smaller ¢ produces

sharper peaks with lower linewidth. Also the phase has

higher slope at resonance. But the main problem is that
the signal is very weak. For example for ¢ = 0.001 (blue
curves) the peaks have values around —50 dB, which
is very low for practical purposes. As o increases the
linewidth grows, which hinders the peak detection pro-
cess, see e.g., 0 = | (green curves). The best range for
o is between 0.01 to 0.1. We choose o = 0.1 in order to
compensate for parasitic effects in fabricated structure.

APPENDIX D: DATA PROCESSING
1. Peak detection algorithm

In this section, we explain how to find resonances from
the measured data of scattering matrix S;;. Normally, at
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FIG. 10. Same as the previous figure: detection of resonance frequencies for another frequency section. (a) Frequency range 6.0—6.3
GHz. (b) Frequency range 7.0—7.3 GHz. (c) Frequency range 8.0—8.3 GHz. (d) Frequency range 9.0-9.3 GHz.

each resonance, the magnitude (]S;;|) and phase gradient
(PhG) of S,; indicates a peak. Generally, we can look at
PhG and find its resonances using peak detection algo-
rithms. In such algorithms, first we filter PhG to make it
smoother and attenuate noise effects using the Savitzky-
Golay filtering method [71]. Next, the frequency range is
divided into small slices, and in each slice, the average and
standard deviation (std) of PhG are calculated. Then, if the
height of a PhG peak crosses the average more than one
standard deviation, then the peak is counted. There are two
sources for the error in peak locations: Due to unwanted
noises in some frequency ranges the detection is hard and
there can be fake peaks in noisy sections. Also in some
frequencies the height of PhG peaks are very low and not
able to cross the desired height level leading to missing

some peaks. Therefore, to make sure we detect the right
resonances, we additionally use the magnitude peak to find
resonances. In this method, often due to the Fano reso-
nance effect [72], the |S,;| behavior near resonance has
a peak-dip character. To identify such Fano resonances,
we find local maxima and minima of |S,;| and compare
the distance between them. If a peak and a dip frequency
distance is lower than a threshold we record them as one
resonance. Also, we keep the remaining resonances cor-
responding to a peak or dip. Finally, when we determine
the resonance frequencies using both magnitude and PhG
we contrast them. If two resonances from both methods
are close to each other (in the scale of their linewidths) we
record it as one resonance. In the end, we add the remain-
ing resonances of |S,;| to our final list to compensate for
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zero, so we have sharp dips.

the resonances missed by the PhG method due to their low
height.

In Figs. 9 and 10, we show the results of the resonance
detection method over the entire frequency range of mea-
surement (0.5 to 10 GHz) in eight intervals with the range
of 300 MHz for the structure with the designed value of
.= % ~ 0.4. In Figs. 9(a) and 9(b), PhG is very noisy
and hence we use |5, | for peak detection. Note that in this
region there are only peaks in |S,;| with no dips. In other
frequency ranges, besides PhG and |S,;| peaks, the sharp
dips of |S,1] help us to locate the resonances more accu-
rately. In the frequency range of Fig. 10(b), because we
are around Dirac point, number of resonances significantly
decreases. Above this range in Figs. 10(c) and 10(d), again
the number of resonances sharply increases. Also, the DOS
in these regions is larger than in the intervals around the
Dirac points.

2. Determination of the bandwidth of resonances

After finding resonance frequencies we have to deter-
mine the bandwidth of each resonance in order to ensure
the resonances are sharp enough with narrow bandwidth.
We divide the whole frequency in segments each contain-
ing one resonance. The location of divisions are between
two neighboring resonances. After that for each segment
we fit |S>;|? to a Lorentz oscillator model with Fano form
[73]:

(Q+07'q/2)?

2 _
ol =4 [92 +(071/2)?

n+ —n)]~ (D1)
In this equation Q = (f/fy)* — 1 is the normalized fre-
quency, O = fo/k is the quality factor where k = Af is
the linewidth of each resonance. The 0 < 5 < 1 along with
the Fano parameter g (see below) contains the effect of
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interference with other resonances on scattering parame-
ters near this resonance. In Fig. 11 the fitting curve over
|S51]? for six resonances are demonstrated. In each figure
the value of Lorentzian model parameters are shown on top
of the figure. As can be seen in Figs. 11(a) and 11(b), for
large values |g| the Fano effect is negligible and the normal
shape of resonance with a sharp peak is obtained. In Figs.
11(e) and 11(f), the value of g is near zero, therefore at res-
onance frequency there is sharp dip. When ¢ is around +1,
the curve near resonance has both peak and dip behavior,
which is seen in Figs. 11(c) and 11(d). In all of these fig-
ures, the model is fitted very well near the resonance. It is
obvious that by getting away from resonance because of
the presence of neighboring resonances the |Sy;|? curve is
not fitted to the model anymore. Sometimes resonance may
happen on the ascending or descending slope of another
resonance, so in our fitting process it is better to add a lin-
ear term to our model. This term has negligible effect on
the value of other parameters.

Now, after finding the linewidth of each resonance, we
present their histogram in the top part of Fig. 12. As can be
seen, around 62% of resonances have linewidth less than
1 MHz and around 85% have linewidth less than 2 MHz.
In the bottom part of Fig. 12, the quality factors of all the
detected resonances are shown. As can be seen nearly all
of the quality factors are above 1000.

3. Fitting the model to detected peaks

In this subsection we explain how to find the parameters
of the lattice in a way that its resonances fit to the detected
resonances as close as possible. The finite lattice has 731
sites and therefore 731 resonances. Due to noise and over-
lap of some of the resonances the number of detected peaks
are slightly lower than the number of sites in the lattice. In
other words, our peak detection algorithm always misses
some of the resonances, due to noise effects. For example,
for initially designed value of ¢ = ﬁ ~ 0.2, we detected
720 resonances. Therefore, we need a starting point in the
whole frequency range to begin fitting the measured and
lattice resonance frequencies. In frequencies less than 1
GHz we have a lot of noise, so it is possible that some of
the missed frequencies are buried in this frequency range.
Also, in the other end of measurement range around 9 GHz,
resonances are very close to each other and their peaking
and dipping behavior on |Sy;| or peaks in PhG are very
hard to detect. Finally, around the Dirac point, we know
the number of resonances substantially decrease compared
to other frequency regions. Hence, the best starting point
for fitting is Dirac resonance frequency itself. We have
two parameters to find: wy and ¢. The initial guess val-
ues of these parameters are their designed values. Now
using Eq. (B4) we find the Dirac frequency as the start-
ing point of the fitting procedure. The resonance frequency,
which is the closest to this frequency in both measured and

40
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FIG. 12. (Top) Linewidth histogram. The histogram counts the

number of linewidth in each bin with frequency length of 0.5
MHz. In this plot only the linewidth of resonances around Dirac
frequency, which is 7.3 MHz, in the range 6 MHz to 8.5 MHz are
counted. The vertical axis shows the percentage of the counted
number in each bin to the total counts. (Bottom) Quality-factor
histogram.

model resonances labeled the same resonance. All other
resonances of measured data and the model are paired to
each other relative to this point. After this, we use the stan-
dard least-squares fitting algorithm to minimize distance
between measured and the model resonance frequencies,
which is defined as follows by optimizing the value of
parameters in each iteration:

d = Z(}: (measured) _](; (model))z’ (DZ)

where i runs over the number of measured resonances.

In Fig. 13 the fitting of resonance modes for both mea-
sured data and the model are shown for each of the three
designed value of ¢/2 = 0,0.2,0.25. The designed value
of fy for all three structures based on C and L is 2.91 GHz.
As can be seen in all panels of this figure, model reso-
nances and measured resonances are in excellent agree-
ment. The fitting parameters of each structure is shown on
top of each figure. Note that the error is obtained using
least-squares algorithm. The value of f; is nearly the same
for all structures as we expected as the value of £ is depen-
dent only on L and C, which are the same in all structures.
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FIG. 13. Comparison of measured (red) and fitted model
(blue) resonances for each device. The horizontal line indicates
the Dirac frequency for the corresponding device. The negative
(positive) “mode numbers” relative to Dirac points represent the
lower (higher) resonance frequencies.

Although, the designed value of f; differs from its fitted

value, but the key point is that all three structures the have
same values. The value of ¢ in each structure is close to

designed value, which shows that the ratio between L’ and

L is less sensitive to possible errors in the entire procedure
including design, fabrication, and measurements.
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