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Phonon modes within pristine crystalline resonators now routinely reach the quantum ground state.
Such systems are attractive for quantum information science applications, as advanced fabrication and
processing can enable relatively long quantum coherence times, and precision control can be realized
through optical, electrical, or qubit coupling. In many state-of-the-art systems, the phonon lifetime is
limited by disorder. In particular, native oxides or damaged “dead layers” at surfaces can host two-level
tunneling states (TLS) that lead to a particularly problematic form of dissipation that increases at lower
temperatures. As mechanical losses are driven down in systems such as microfabricated bulk acoustic
wave resonators, tunneling states are expected to emerge as the dominant mechanism for phonon
decoherence. A quantitative description of these mesoscopic systems therefore requires a framework that
captures interactions between a selected phonon mode and a large ensemble of TLS. Here, we derive a
quantum master equation for this coupled system, permitting the phonon decoherence produced by two-
level tunneling states to be calculated. As an example, we estimate the lifetime of several quantum states
within quartz microresonators hosting a thin surface layer of tunneling states. We find that the phonon
coherence time is maximized at low temperatures, in spite of increased mechanical dissipation, and that
phonon-TLS coupling can be reduced for modes with strain nodes at the surfaces.

DOI: 10.1103/732t-38bj

I. INTRODUCTION

On account of their long lifetime at cryogenic temper-
atures and interactionwith optical and electrical signals, the
precision control and measurement of phonons within
crystalline media has enabled new ways to store, process,
and transmit quantum information [1–7]. This potential has
driven extraordinary progress in the design, fabrication, and
operation of ultrahigh-quality-factor mechanical resona-
tors. Examples include the development of electrically
coupled bulk quartz acoustic wave resonators reaching
limits set by Rayleigh scattering [8], optomechanical
crystals supporting 5 GHz mechanical modes with 1.5 s
lifetimes [9], lithographically definedmicroresonators with
surface-limited losses and 3 × 1018 fQ-products [10], and
operation of massive (as high as 494 μg) optomechanical

systems in the quantum ground state [11,12], to name
a few. Because fundamental phonon loss mechanisms
within crystalline media sharply decrease with temperature
[13,14], the performance of many of these emerging
systems is ultimately limited by residual disorder, often
found at surfaces [8–10,15,16]. In silicon, lithium niobate,
quartz, diamond, aluminum, gold, and piezoelectric hybrid
quantum systems, one particularly vexing form of dissipa-
tion and decoherence is produced by so-called two-level
tunneling states (TLSs) [9,15–23].
TLSs are inherent to amorphous materials and are

responsible for excess decoherence in a range of quantum
systems [24]. They are believed to arise from atoms, or
groups of atoms, that inhabit asymmetric double-well
potentials of the type shown in Fig. 1(a). For crystalline
systems, they can be found on surfaces, such as within
native oxides, or in “dead layers”where the lattice contains
dislocations, damage, or impurities [15,16]. And while the
losses produced by TLSs can be “saturated” under intense
excitation [17,25–28] (or through phonon backreaction
[22]), in the weak excitation limit that is compatible with
the operation of many quantum devices, these losses
become more acute as the temperature is lowered. As
advances in fabrication and processing continue to extend
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phonon coherence times, the consideration of TLSs in the
quantum dynamics of phonons across a broad range of
systems will become increasingly significant.
In this paper, we utilize the standard tunneling state

model to derive the quantum master equation for a selected
phonon mode interacting with an ensemble of TLSs. Our
results complement prior work that has numerically and
experimentally investigated the impact of a small collec-
tion of TLSs on the quantum dynamics of nanomechanical
systems [9,22,29,30]. In contrast, we consider phonon
modes that interact with a “large” ensemble of TLSs, such
as bulk acoustic resonators, where the backreaction of the
phonon on the TLS ensemble can be neglected. Under
these conditions and taking the Markov approximation, we
obtain a Lindblad-form phonon master equation with
transition rates determined by the TLS-phonon losses.
This result is amenable to an analytical solution that can be
used to evaluate the evolution of arbitrary initial phonon
states. As one example, we consider phonon Fock state
superpositions, deriving expressions for the fidelity of state
storage versus time and applying these results to quartz
μBAR systems (i.e., microfabricated bulk acoustic reso-
nators) as a function of temperature [10]. These results
show that while resonant absorption by TLSs is suppressed
with increased temperatures, i.e., saturated, decoherence is
still rapid in this “high” temperature regime. This is largely
due to the relative dominance of “relaxation absorption” in
the phonon losses, which cannot be saturated [17]. We also
find that the phonon quantum state lifetime reaches a
maximum at low temperatures, despite increases in the
mechanical dissipation, and that coupling to TLSs within
surface layers can be suppressed when the surface is a
strain node. These results can be applied to an array of
mechanical systems and materials that are impacted by
ensembles of TLSs, including nano- and micromechanical
devices [19–21], optomechanical systems [9,12], crystal-
line resonator systems [8,10], and hybrid quantum sys-
tems [23].
The paper is organized as follows: In Sec. II, we

describe the TLS model and discuss how it can be applied
to crystalline systems. In Sec. III, we derive the master
equation for a selected phonon mode that interacts with an
ensemble of TLSs. In Sec. IV, we show the exact solution
to the phonon master equation, solve for the fidelity of
Fock superposition state storage versus time, and estimate
the lifetime of a collection of quantum states proposed for
qubit encoding in a quartz microresonator.

II. TWO-LEVEL TUNNELING STATE MODEL

The coupled dynamics of a selected phonon mode with
an ensemble of TLSs can be described by the empirically
validated standard two-level tunneling state model [17]. In
this model, TLSs are assumed to arise from atoms, or
groups of atoms, that reside within asymmetric double-
well configurational potentials (Fig. 1). While the

microscopic origin and nature of TLS couplings are still
not fully understood [31], this model makes quantitative
predictions that are consistent with observations.
The Hamiltonian for this model is given by:

H ¼ H0 þHint þHenv; (1)

where H0 is the Hamiltonian describing the free evolution
of the TLS ensemble and the phonon:

H0 ¼
X
j

1

2
Ejσz;j þ ℏΩb†b: (2)

Here, σz;j is the z-component Pauli operator for the jth
TLS, Ej is the TLS energy, and Henv accounts for
“environmental” degrees of freedom and their coupling
to the TLS ensemble that lead to damping and thermal-
ization. This environment is comprised of the remaining
phonon modes in the system. The TLS-phonon interaction
Hint is given by:

Hint ¼
X
j

ℏðgjσz;j þ g0;jσx;jÞðbþ b†Þ; (3)

where σx;j is the x-component Pauli operator of the jth
TLS and b and b† are the respective annihilation and
creation operators for the phonon mode. The coupling
rates gj and g0;j quantify the interaction between the
selected phonon mode and the jth TLS. Expressed in
terms of the level splitting Δj, tunneling strength Δ0;j

(Fig. 1), TLS energy Ej ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

j þ Δ2
0;j

q
, and the ortho-

normal functions for the phonon mode, these coupling
rates are given by:

gj ≡
ffiffiffiffiffiffiffiffiffi
1

2ℏΩ

r
Δj

Ej
γ∶ ξqðxjÞ; (4)

g0;j ≡
ffiffiffiffiffiffiffiffiffi
1

2ℏΩ

r
Δ0;j

Ej
γ∶ ξqðxjÞ; (5)

TLSs

(a) (b)

FIG. 1. (a) Double-well potential associated with two-level
tunneling states, (b) TLSs, found on the surfaces of crystalline
systems, modeled as two discrete energy levels that resonantly
interact with phonons.

RYAN O. BEHUNIN et al. PHYS. REV. APPLIED 26, 034047 (2026)

034047-2



where γ is the deformation potential tensor, comprised of
longitudinal γL and transverse components γT (see
Ref. [32] for further details). The tensor ξq is the strain
associated with the normal mode amplitude uq that
satisfies the Christoffel equation and the orthogonality
condition

R
d3x ρ0u�

q · uq0 ¼ δqq0 , with ρ0 denoting the
mass density [24]. Note that the phonon couplings to
the jth TLS depend upon the value of the strain field at the
TLS location xj. Therefore, the TLS coupling to a given
phonon mode vanishes for TLSs located within strain
nodes. For example, in systems with free (i.e., force-free)
surfaces that host TLSs in a layer that is much thinner than
the acoustic wavelength, TLS-phonon coupling is highly
suppressed.
For systems possessing a large ensemble of TLSs, the

sum
P

j can be well approximated by the integral:

X
j

ð� � �Þ ¼
Z

dΩTLS

4π

Z
d3x

Z
dΔdΔ0

PðxÞ
Δ0

ð� � �Þ; (6)

where the integral over ΩTLS averages over TLS orienta-
tions, the TLS label j has been suppressed, and the density
of states PðxÞ is assumed to be constant within regions
containing TLSs, slightly generalizing the tunneling state
model to heterogeneous systems. See Ref. [17] for a
review of TLS physics in a variety of material systems
and for a discussion of how TLS parameters can be
measured.

III. DERIVATION OF THE PHONON
MASTER EQUATION

The quantum master equation provides a powerful
method to calculate the dynamics of complex quantum
systems in terms of time-dependent reduced density
matrices [33]. Here, we utilize the techniques of open
quantum systems to derive a master equation for the
phonon that accounts for interactions with an ensemble
of thermalized TLSs to second order in the couplings gj
and g0;j.
We begin this derivation with the von Neumann equation

in a rotating (i.e., interaction picturelike) frame defined
by ρðtÞ ¼ expfiðH0

0 þ HenvÞt=ℏgρSchðtÞ expf−iðH0
0 þ

HenvÞt=ℏg

ρ̇ðtÞ ¼ − i
ℏ
½HintðtÞ; ρðtÞ�; (7)

where ρSch is the Schrodinger picture representation of the
density matrix. Here, H0

0 ¼ H0 þ ℏδΩb†b, where δΩ is a
constant offset frequency that is used to cancel any
frequency shifts produced by the TLSs (in the following,
δΩ ¼ 0, seeAppendixA). First, we obtain a formal solution
for ρ by direct integration:

ρðtÞ ¼ ρðtiÞ − i
ℏ

Z
t

ti

dτ½HintðτÞ; ρðτÞ�: (8)

Inserting this solution back into the von Neumann
equation and tracing over all TLS and environment degrees
of freedom, i.e., reservoir variables (trR), we obtain the
equation for the reduced density matrix ρS ¼ trRfρg (S for
system):

ρ̇SðtÞ ¼ − i
ℏ
trRf½HintðtÞ; ρðtiÞ�g

− 1

ℏ2

Z
t

ti

dτ trRf½HintðtÞ; ½HintðτÞ; ρðτÞ��g: (9)

We neglect the term containing ρðtiÞ, which we
assume vanishes when averaged over TLS couplings
and when the TLS are in thermal equilibrium [34].
Owing to the relatively large size and short correlation
time of the TLS ensemble, we assume (1) the validity of
the Born approximation, i.e., ρðtÞ ¼ ρSðtÞ ⊗ ρR, where
ρR is the time-independent density matrix for the reser-
voir in thermal equilibrium and (2) that the reservoir
memory time is much shorter than the characteristic
timescale for change in ρS (i.e., the Markov approxima-
tion is valid). Note that in systems with a very dilute
ensemble of TLSs, it may not be suitable to neglect the
backreaction on the TLS population, and the Born and
Markov approximations may fail. When conditions (1)
and (2) are satisfied, the quantum master equation can be
approximated by:

ρ̇SðtÞ ¼ − 1

ℏ2

Z
t

ti
dτ trRf½HintðtÞ; ½HintðτÞ; ρSðtÞ ⊗ ρR��g:

(10)

By defining HintðtÞ ¼ ℏOðtÞxðtÞ, where xðtÞ ¼
b expf−iΩtg þ b† expfiΩtg and OðtÞ ¼ P

jðgjσz;jðtÞ þ
g0;jσx;jðtÞÞ, the coefficients of the master equation can
be defined in terms of reservoir correlation functions,
Gðt − τÞ, as follows:

ρ̇SðtÞ ¼ −
Z

t

ti
dτ½Gðt − τÞxðtÞxðτÞρSðtÞ

− Gðτ − tÞxðtÞρSðtÞxðτÞ
− Gðt − τÞxðτÞρSðtÞxðtÞ
þ Gðτ − tÞρSðtÞxðτÞxðtÞ�; (11)

where Gðt − τÞ≡ trRfρROðtÞOðτÞg, and we have used the
cyclic property of the trace and the time-translation
invariance of the assumed equilibrium state of the
reservoir.
Equation (11) can be further simplified by using the

definition of xðtÞ, taking ti → −∞ and neglecting rapidly
oscillating terms. After a change of variables, t − τ → t0,
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the integral terms contained in Eq. (11) take the form:

Z
∞

0

dt0 Gð�t0ÞAxðtÞBxðt − t0ÞC

¼
Z

∞

0

dt0Gð�t0ÞðAbBb†Ce−iΩt0 þ Ab†BbCeiΩt
0

þ AbBbCe−iΩð2t−t0Þ þ Ab†Bb†CeiΩð2t−t0ÞÞ; (12)

where A, B, and C are assumed to be generic operators.
Assuming that Ω is much greater than the TLS-induced
decay rates, the last two rapidly oscillating terms are
suppressed and can be neglected according to the post-
trace rotating wave approximation.
Defining the susceptibility function:

χ�ðΩÞ ¼
Z

∞

0

dtGð�tÞeiΩt (13)

and noting Gð�tÞ ¼ G�ð∓ tÞ and χ�ðΩÞ ¼ χ�∓ð−ΩÞ,
Eq. (11) can be expressed as:

ρ̇S ¼ 2Re½χþðΩÞ�bρSb† − χþðΩÞb†bρS − χ�þðΩÞρSb†b
þ 2Re½χþð−ΩÞ�b†ρSb − χþð−ΩÞbb†ρS
− χ�þð−ΩÞρSbb†: (14)

Note that imaginary parts of χþð�ΩÞ lead to a perturba-
tion of the phonon resonance frequency (see Appendix A).
We assume that our rotating frame has been precisely
adjusted to compensate for this frequency shift (as
described in Sec. III), and from here on neglect these
terms. This last simplification brings us to the final form of
the phonon master equation:

ρ̇S ¼ γ↓

�
bρSb† − 1

2
b†bρS − 1

2
ρSb†b

�

þ γ↑

�
b†ρSb − 1

2
bb†ρS − 1

2
ρSbb†

�
; (15)

where the transition rates are

γ↓ ¼ 2Re½χþðΩÞ�; (16)

γ↑ ¼ 2Re½χþð−ΩÞ�: (17)

With the explicit evaluation of χþð�ΩÞ, the quantum
dynamics of the phonon can be calculated.

A. Evaluation of the transition rates

The transition rates γ↑ and γ↓ can be derived by
evaluating the reservoir correlation function GðtÞ and
taking the Fourier transform. Utilizing the definition of
OðtÞ, the correlation function is given by:

GðtÞ ¼
X
j

½jgjj2trRfρRσz;jðtÞσz;jð0Þg

þ jg0jj2trRfρRσx;jðtÞσx;jð0Þg�; (18)

where the cross terms between σz;j and σx;j vanish in
equilibrium and we assume trRfρROðtÞg ¼ 0. Using the
adjoint Lindblad equation for the TLS ensemble, the
correlation function GðtÞ can be evaluated and expressed
in terms of equilibrium properties and relaxation timescales
T1 and T2 (see Appendix B) [33]. This analysis provides:

trRfρRσz;jðtÞσz;jð0Þg ¼ ð1 − w2
jÞe−jtj=T1;j þ w2

j ; (19)

trRfρRσx;jðtÞσx;jð0Þg ¼ 1

2
½ð1þ wjÞeiEjt=ℏ

þ ð1 − wjÞe−iEjt=ℏ�e−jtj=T2;j ;

(20)

where wj is the thermal equilibrium value of σz;j

wj ¼ − tanh
�

Ej

2kBT

�
: (21)

These correlation functions satisfy the Pauli algebra
(reproducing 1 at t ¼ 0), yield the proper long-time thermal
expectation values (w2

j and 0, respectively), and capture the
relaxation dynamics in the Markov approximation.
Combining Eqs. (18)–(20) and (13), we find

2Re½χþð�ΩÞ� ¼
X
j

jgjj2
�
2T1;jð1 − w2

jÞ
1þ Ω2T2

1;j

þ 2πδðΩÞw2
j

�

þ
X
j

jg0jj2
�

T2;jð1þ wjÞ
1þ ð�Ωþ Ej=ℏÞ2T2

2;j

þ T2;jð1 − wjÞ
1þ ð�Ω − Ej=ℏÞ2T2

2;j

�
: (22)

The susceptibility above can be expressed in terms of
the known phonon damping rate produced by TLSs. Using
Appendixes E and F of Ref. [24], we have the following
expressions for the dissipation rates produced by relaxa-
tion Γrel and resonant processes Γres:

Γrel ¼ −X
j

ℏjgjj2
4T1;jΩ

1þ Ω2T2
1;j

∂wj

∂Ej
; (23)

Γres ¼ −X
j

jg0;jj2
2T2;j

1þ ðΩ − Ej=ℏÞ2T2
2;j

wj: (24)

Noting that βð1 − w2
jÞ=2 ¼ −∂wj=∂Ej and assuming

that 1=T2;j ≪Ω, so that the 2T2;j=ð1þðΩ−Ej=ℏÞ2T2
2;jÞ≈

2πδðΩ−Ej=ℏÞ, Eqs. (16) and (17) become:
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γ↓ ¼ Γrel
kBT
ℏΩ

þ Γresðnth þ 1Þ; (25)

γ↑ ¼ Γrel
kBT
ℏΩ

þ Γresnth; (26)

where nth ¼ ðexpfℏΩ=kBTg − 1Þ−1 is the thermal occu-
pation number for the phonons. Note that these transition
rates do not precisely satisfy detailed balance. However,
for a broad range of systems, relaxation absorption only
becomes significant to the transition rate when kBT ≫ ℏΩ.
In this high-temperature limit, nth ≈ nth þ 1 ≈ kBT=ℏΩ,
yielding the approximate transition rates:

γ↓ ≈ Γðnth þ 1Þ; (27)

γ↑ ≈ Γnth; (28)

where Γ ¼ Γrel þ Γres (see Ref. [24] for derivations of Γ in
a variety of system geometries). Significantly, this
approximation holds for kBT ≪ ℏΩ because the transition
rate is dominated by resonant processes in this low-
temperature regime, i.e., Γ ≈ Γres. Using Eqs. (27) and
(28), the master equation Eq. (15) takes the standard
Lindblad form obeying detailed balance. In the following
section, Eqs. (27) and (28) are used for calculations of the
quantum dynamics.

IV. QUANTUM DYNAMICS OF PHONONS

The quantum dynamics of any initial phonon state can
be calculated using the known analytical solution to
Eq. (15) [35]. Using Lie-algebraic techniques and the
disentangling theorem, the closed-form solution to
Eq. (15) [with decay rates given by Eqs. (27) and (28)]
can be shown to be given by:

ρSðtÞ ¼
eΓt=2

F

X∞
n;m¼0

Gn

n!
Em

m!
b†n

1

Fb†b
bmρSð0Þb†m

1

Fb†b
bn:

(29)

Here, the time-dependent coefficients E, F, and G are
given by:

E ¼ 2

F
ðnth þ 1Þ sinhðΓt=2Þ; (30)

F ¼ coshðΓt=2Þ þ ð2nth þ 1Þ sinhðΓt=2Þ; (31)

G ¼ 2

F
nth sinhðΓt=2Þ: (32)

To analyze the impact of decoherence and dissipation
produced by TLSs, we compute the probability that the
system is found in the initial phonon state jψð0Þi at a
later time. These dynamics are described by the fidelity

FðtÞ ¼ hψð0ÞjρSðtÞjψð0Þi [36]. Using Eqs. (29)–(32), we
find:

FðtÞ ¼ eΓt=2

F

X∞
n¼0

X∞
m¼0

Gn

n!
Em

m!

����hψð0Þjb†n 1

Fb†b
bmjψð0Þi

����2;
(33)

which can be used to see how the stored quantum state
degrades with time. At short times Γt ≪ 1, the fidelity
approximately decays exponentially according to:

FðtÞ ≈ exp f−Γðð2nth þ 1Þðhb†bi − jhbij2Þ þ nthÞtg;
(34)

where h…i denotes an expectation value with respect to the
initial state. Using this expression, the storage time for a
phononic quantum memory that is impacted by TLSs can
be estimated. Assuming that the quantum information is
lost once the fidelity falls below a threshold value F th, the
storage time TF th

can be estimated as:

TF th
≈ − lnðF thÞ

Γðð2nth þ 1Þðhb†bi − jhbij2Þ þ nthÞ
; (35)

where the validity of this approximation requires
TF th

Γ ≪ 1. For example, the approximate time required
for the fidelity of the initial state to fall to 90%, i.e., T90%,
can be obtained by setting F th ¼ 0.9 in Eq. (35). Outside
the regime of validity of Eq. (35), T90% can be obtained by
finding the numerical solution to Eq. (33) with F ¼ 0.9.
Note that this “fidelity lifetime” will depend upon the
initial state through dependence on hb†bi and hbi.

A. Decoherence in quartz μBARs
The operation and control of phonons in crystalline

quartz resonators has now reached the quantum regime
[11,12]. While crystalline in nature, disorder at the
resonator surfaces is implicated in the observed losses
and can host TLSs that lead to excess loss and decoherence
[10,22,23]. To illustrate the impact of such disordered
surface layers, we calculate the storage time for the initial
phonon state jψð0Þi ¼ αj0i þ βj1i, which is proposed for
qubit encoding in quantum computing schemes utilizing
hybrid architectures [37].
We begin this analysis by computing the coupling rates

gj and g0;j. For simplicity, we consider the fundamental
dilatational mode of a confocal μBAR [see Figs. 2(a) and
2(b)], where the anisotropy of the crystal is neglected. In
the limit where the crystal length L is much less than the
Rayleigh range and the beam waist is much greater than
the phonon wavelength, diffraction can be neglected, and
the phonon mode profile can be approximated by:
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uq ≈ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4

ρ0πLw2

s
e−r2=w2

cosðqzÞẑ; (36)

where w is the beam waist, r is the radial coordinate
parallel to the surfaces, q ¼ πm=L is the spatial frequency
wherem is an integer, and the resonator is located between
z ¼ 0 and z ¼ L. For this predominantly longitudinal
mode, we approximate the tensor product γ∶ ξqðxjÞ ≈
γL∂zuq (with uq the z-component of the displacement) (see
Ref. [32] for further details), leading to the coupling rates
given by:

gj
g0j

�
≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ℏπρ0Lw2

s
1

E

	
Δ
Δ0

�
e−r2=w2

γLq sinðqzÞ; (37)

where a contribution from shear coupling (i.e., ∂ruq) that
vanishes upon averaging has been neglected. These cou-
plings quantify the contribution to phonon decoherence for
TLSs located at different (r,z) positions.

Owing to the mesoscopic (approximately mm) dimen-
sions of μBAR systems, the decay rates are given by the
bulk system results but scaled by the effective fill fraction
f when the TLSs reside within a thin surface layer of
thickness l

f ¼ 2

L

Z
l

0

dz sin2ðqzÞ ¼ l
L
ð1 − sincð2qlÞÞ; (38)

leading to expressions for Γres and Γrel given by:

Γrel ≈ f
π3

24

Pγ2L
ρ20ℏ

4v2L

X
η

γ2η
v5η

ðkBTÞ3; (39)

Γres ≈ f
πPγ2L
ρ0v2L

Ω tanh
�

ℏΩ
2kBT

�
; (40)

where vη (η ¼ L or η ¼ T) is the speed of sound for
η-polarized sound waves (see Refs. [17] and [24] for
further details).
Equation (38) shows that dissipation caused by TLSs

can be reduced if the layer thickness l is much less than
the phonon wavelength, i.e., ql ≪ 1. Because the strain
vanishes at the surfaces (z ¼ 0 and z ¼ L) for this example
system, the TLS-induced dissipation is highly suppressed
in this region according to the effective fill fraction:

f ≈
2l3q2

3L
: (41)

Figure 2 displays the storage time for a collection of
quantum states within a quartz μBAR. These results show
that the time required for the fidelity of the initialized state
to decay to 90%, i.e., T90%, as a function of temperature.
Here, the TLSs are assumed to reside in l ¼ 20 nm layers
on the top and bottom surfaces of the μBAR [Fig. 2(b)],
and known TLS parameters for silica glass (i.e., disordered
quartz), such as the density of states and deformation
potential [25], are used. While the precise distribution and
deformation potentials of TLSs in surface layers are not
known, the objective of these assumptions is to illustrate
the impact of TLSs residing on the surfaces on phonon
decoherence.
Although the dissipation Γres increases with lower tem-

peratures, we find that the quantum state lifetime is
maximized in the low-temperature regime. This is because
the thermal occupation of the phonons (nth), contained in the
transition rates Eqs. (27) and (28), decreases in amanner that
precisely compensates for increases in the mechanical
decay. Owing to the thermal dependence of resonant
absorption, i.e., Γres ¼ Γ0 tanhðℏΩ=2kBTÞ, where Γ0 is
temperature-independent, we find γ↓ ≈ Γresðnth þ 1Þ ≈ Γ0,
leading T90% to be insensitive to temperature in the
range kBT < ℏΩ ∼ 0.6.

(a) (b)

(c)

FIG. 2. (a) Illustration of a μBAR, (b) cross section of μBAR
showing trapped phonon mode, (c) lifetime of phonon fidelity vs
temperature for jψð0Þi ¼ j0i (gray), jψð0Þi ¼ ðj0i þ j1iÞ= ffiffiffi

2
p

(blue), and jψð0Þi ¼ j1i (orange). Plots of T90% are obtained
using Eq. (35) with F th ¼ 0.9 (solid lines) and by numerically
solving FðT90%Þ ¼ 0.9 (open circles). We assume the TLSs
reside within a layer of thickness l ≈ 20 nm at the surface of the
quartz resonator of length L ¼ 2.5 mm (inset) with an effective
fill fraction f ¼ 2 × ð3.78 × 10−8Þ (×2 for both surfaces) (pho-
non wave vector q ¼ ð2πÞ2.14 × 106 m−1). For the TLSs in
the surface layer, we use parameters P ¼ 5.45 × 1044 ðJm3Þ−1,
γL ¼ ffiffiffi

2
p

γT ¼ 1 eV, ρ0 ¼ 2620 kg=m3, vL ¼ 5900 m=s, and
vT ¼ 3500 m=s. The phonon frequency is assumed to be
12.6 GHz.
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V. CONCLUSION

In this paper, we have derived the quantum master
equation for a selected phonon mode interacting with an
ensemble of TLSs. Using techniques from open quantum
systems and standard approximations, this master equation
can be reduced to a Lindblad form that is amenable to an
exact solution. The transition rates we find connect directly
with known TLS resonant and relaxation absorption
processes. While resonant absorption by TLSs saturates
at high temperatures, TLSs are still a strong source of
decoherence owing to activation of relaxation processes.
As an illustrative example, we analyze the quantum
dynamics of a phonon mode in a μBAR system. This
example shows two significant results: (1) that although
the mechanical damping produced by Γres reaches a local
maximum at T ¼ 0, the phonon coherence time is maxi-
mized at low temperatures, and (2) the coupling to TLSs
located near strain nodes is highly suppressed. These
results provide the tools to calculate the quantum dynamics
and estimate the lifetime for exotic quantum states of
phonons in emerging systems.
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APPENDIX A: IMAGINARY TERMS IN THE
MASTER EQUATION

In Sec. III, we introduced the susceptibility functions:

χ�ðΩÞ≡
Z

∞

0

dtGð�tÞeiΩt; (A1)

and obtained the master equation in the form:

ρ̇S ¼ 2Re½χþðΩÞ�bρSb† − χþðΩÞb†bρS − χ�þðΩÞρSb†b
þ 2Re½χþð−ΩÞ�b†ρSb − χþð−ΩÞbb†ρS
− χ�þð−ΩÞρSbb†: (A2)

As seen in Sec. III, the real parts result in phonon
dissipation, decoherence, and thermalization. Here, we
isolate the imaginary parts and show that they generate
dynamics equivalent to a frequency shift of the phonon
mode. Writing

χþð�ΩÞ ¼ χRð�ΩÞ þ i χIð�ΩÞ; (A3)

where χR ¼ Re½χþ� and χI ¼ Im½χþ�, and expanding each
complex term in Eq. (A2) as such and neglecting real
terms, one finds that the full imaginary contribution is

ρ̇Sjimag ¼ −iðχIðΩÞ þ χIð−ΩÞÞ½b†b; ρS�: (A4)

Equation (A4) is of von Neumann form,

ρ̇Sjimag ¼ − i
ℏ
½Hshift; ρS�; (A5)

with the effective Hamiltonian

Hshift ¼ ℏ δΩb†b; δΩ≡ χIðΩÞ þ χIð−ΩÞ: (A6)

Thus, the imaginary parts of χþð�ΩÞ do not produce
decoherence; they renormalize the phonon frequency:

Ω → Ωþ δΩ: (A7)

In themain body, wework in a rotating frame defined by:

H0
0 ¼ H0 þ ℏ δΩb†b; (A8)

so that the term generated byHshift can be canceled and the
master equation only contains the dissipative (real-part)
contributions.

APPENDIX B: DERIVATION OF THE PAULI
OPERATOR CORRELATION FUNCTIONS

The adjointmaster equation for an operatorO is given by:

Ȯ ¼ i
ℏ
½H;O� þ

X
k

γk

�
A†
kOAk − 1

2
fA†

kAk;Og
�
; (B1)

where Ak are the collapse operators and γk are the transition
rates [33]. For a TLS coupled to a heat bath that can absorb,
excite, and dephase, there are three relevant collapse
operators:

A1 ¼ σ−γ1 ¼ γ0ðnth þ 1Þ; (B2)

A2 ¼ σþγ2 ¼ γ0nth; (B3)

A3 ¼ σz γ3 ¼
1

2Tϕ
; (B4)

where the excited state decay rate T−1
1 ¼ γ0ð2nth þ 1Þ and

Tϕ is the dephasing rate. The TLS decoherence rate 1=T2 is
given by:

1

T2

¼ 1

2T1

þ 1

Tϕ
: (B5)

Using the Pauli operator identities,

σ∓σ� ¼ 1

2
ð1 ∓ σzÞ; (B6)
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σ�σz ¼ ∓σ�; (B7)

σ�σ� ¼ 0 and σ2z ¼ 1; (B8)

and the collapse operators and decay rates defined above,
we obtain the adjoint master equations given below:

σ̇z ¼ − 1

T1

ðσz − w0Þ; (B9)

σ̇� ¼
�
� i
ℏ
E − 1

T2

�
σ�; (B10)

where w0 is the thermal equilibrium value for σz. By
formally solving Eqs. (B9) and (B10), the two-time TLS
correlation functions defined in Eq. (18) can be evaluated.
Using the solutions for σzðtÞ and σxðtÞ and assuming t > 0,
we find:

trRfρRσzðtÞσzð0Þg ¼ trRfρRðσzð0Þe−t=T1

þ w0ð1 − e−t=T1ÞÞσzð0Þg; (B11)

trRfρRσxðtÞσxð0Þg ¼ trRfρRðσ−ð0Þe−ðiEþ1=T2Þt

þ σþð0Þe−ð−iEþ1=T2ÞtÞσxð0Þg:
(B12)

These results reduce to Eqs. (19) and (20) when
the equilibrium expectation values trRfρRσ2zð0Þg ¼ 1,
trRfρRσzð0Þg ¼ w0, trRfρRσ−ð0Þσxð0Þg ¼ ð1 − w0Þ=2,
and trRfρRσþð0Þσxð0Þg ¼ ð1þ w0Þ=2 are used, as well
as Eqs. (B6)–(B8) and the definition σx ¼ σ− þ σþ.
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