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Phonon modes within pristine crystalline resonators now routinely reach the quantum ground state.
Such systems are attractive for quantum information science applications, as advanced fabrication and
processing can enable relatively long quantum coherence times, and precision control can be realized
through optical, electrical, or qubit coupling. In many state-of-the-art systems, the phonon lifetime is
limited by disorder. In particular, native oxides or damaged “dead layers” at surfaces can host two-level
tunneling states (TLS) that lead to a particularly problematic form of dissipation that increases at lower
temperatures. As mechanical losses are driven down in systems such as microfabricated bulk acoustic
wave resonators, tunneling states are expected to emerge as the dominant mechanism for phonon
decoherence. A quantitative description of these mesoscopic systems therefore requires a framework that
captures interactions between a selected phonon mode and a large ensemble of TLS. Here, we derive a
quantum master equation for this coupled system, permitting the phonon decoherence produced by two-
level tunneling states to be calculated. As an example, we estimate the lifetime of several quantum states
within quartz microresonators hosting a thin surface layer of tunneling states. We find that the phonon
coherence time is maximized at low temperatures, in spite of increased mechanical dissipation, and that

phonon-TLS coupling can be reduced for modes with strain nodes at the surfaces.

DOI: 10.1103/732t-38bj

I. INTRODUCTION

On account of their long lifetime at cryogenic temper-
atures and interaction with optical and electrical signals, the
precision control and measurement of phonons within
crystalline media has enabled new ways to store, process,
and transmit quantum information [1-7]. This potential has
driven extraordinary progress in the design, fabrication, and
operation of ultrahigh-quality-factor mechanical resona-
tors. Examples include the development of electrically
coupled bulk quartz acoustic wave resonators reaching
limits set by Rayleigh scattering [8], optomechanical
crystals supporting 5 GHz mechanical modes with 1.5 s
lifetimes [9], lithographically defined microresonators with
surface-limited losses and 3 x 10'® fQ-products [10], and
operation of massive (as high as 494 pg) optomechanical
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systems in the quantum ground state [11,12], to name
a few. Because fundamental phonon loss mechanisms
within crystalline media sharply decrease with temperature
[13,14], the performance of many of these emerging
systems is ultimately limited by residual disorder, often
found at surfaces [8—10,15,16]. In silicon, lithium niobate,
quartz, diamond, aluminum, gold, and piezoelectric hybrid
quantum systems, one particularly vexing form of dissipa-
tion and decoherence is produced by so-called two-level
tunneling states (TLSs) [9,15-23].

TLSs are inherent to amorphous materials and are
responsible for excess decoherence in a range of quantum
systems [24]. They are believed to arise from atoms, or
groups of atoms, that inhabit asymmetric double-well
potentials of the type shown in Fig. 1(a). For crystalline
systems, they can be found on surfaces, such as within
native oxides, or in “dead layers” where the lattice contains
dislocations, damage, or impurities [15,16]. And while the
losses produced by TLSs can be “saturated” under intense
excitation [17,25-28] (or through phonon backreaction
[22]), in the weak excitation limit that is compatible with
the operation of many quantum devices, these losses
become more acute as the temperature is lowered. As
advances in fabrication and processing continue to extend

Published by the American Physical Society
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phonon coherence times, the consideration of TLSs in the
quantum dynamics of phonons across a broad range of
systems will become increasingly significant.

In this paper, we utilize the standard tunneling state
model to derive the quantum master equation for a selected
phonon mode interacting with an ensemble of TLSs. Our
results complement prior work that has numerically and
experimentally investigated the impact of a small collec-
tion of TLSs on the quantum dynamics of nanomechanical
systems [9,22,29,30]. In contrast, we consider phonon
modes that interact with a “large” ensemble of TLSs, such
as bulk acoustic resonators, where the backreaction of the
phonon on the TLS ensemble can be neglected. Under
these conditions and taking the Markov approximation, we
obtain a Lindblad-form phonon master equation with
transition rates determined by the TLS-phonon losses.
This result is amenable to an analytical solution that can be
used to evaluate the evolution of arbitrary initial phonon
states. As one example, we consider phonon Fock state
superpositions, deriving expressions for the fidelity of state
storage versus time and applying these results to quartz
uBAR systems (i.e., microfabricated bulk acoustic reso-
nators) as a function of temperature [10]. These results
show that while resonant absorption by TLSs is suppressed
with increased temperatures, i.e., saturated, decoherence is
still rapid in this “high” temperature regime. This is largely
due to the relative dominance of “relaxation absorption” in
the phonon losses, which cannot be saturated [17]. We also
find that the phonon quantum state lifetime reaches a
maximum at low temperatures, despite increases in the
mechanical dissipation, and that coupling to TLSs within
surface layers can be suppressed when the surface is a
strain node. These results can be applied to an array of
mechanical systems and materials that are impacted by
ensembles of TLSs, including nano- and micromechanical
devices [19-21], optomechanical systems [9,12], crystal-
line resonator systems [8,10], and hybrid quantum sys-
tems [23].

The paper is organized as follows: In Sec. II, we
describe the TLS model and discuss how it can be applied
to crystalline systems. In Sec. III, we derive the master
equation for a selected phonon mode that interacts with an
ensemble of TLSs. In Sec. IV, we show the exact solution
to the phonon master equation, solve for the fidelity of
Fock superposition state storage versus time, and estimate
the lifetime of a collection of quantum states proposed for
qubit encoding in a quartz microresonator.

II. TWO-LEVEL TUNNELING STATE MODEL

The coupled dynamics of a selected phonon mode with
an ensemble of TLSs can be described by the empirically
validated standard two-level tunneling state model [17]. In
this model, TLSs are assumed to arise from atoms, or
groups of atoms, that reside within asymmetric double-
well configurational potentials (Fig. 1). While the

(a) (b)

-

FIG. 1. (a) Double-well potential associated with two-level
tunneling states, (b) TLSs, found on the surfaces of crystalline
systems, modeled as two discrete energy levels that resonantly
interact with phonons.

microscopic origin and nature of TLS couplings are still
not fully understood [31], this model makes quantitative
predictions that are consistent with observations.

The Hamiltonian for this model is given by:

H:HO+Hint+Henvv (1)

where H is the Hamiltonian describing the free evolution
of the TLS ensemble and the phonon:

1
Hy= ZEEJGZ, j+hQbTh. 2)
7

Here, o ; is the z-component Pauli operator for the jth
TLS, E; is the TLS energy, and H,, accounts for
“environmental” degrees of freedom and their coupling
to the TLS ensemble that lead to damping and thermal-
ization. This environment is comprised of the remaining
phonon modes in the system. The TLS-phonon interaction

H,, is given by:

Hiy = Zh(gjgz.j + 90,j0x,) (b + b7), 3)
J

where o, ;
TLS and b and b' are the respective annihilation and
creation operators for the phonon mode. The coupling
rates g; and gp; quantify the interaction between the
selected phonon mode and the jth TLS. Expressed in

terms of the level splitting A;, tunneling strength A ;

(Fig. 1), TLS energy E; = /A% + Af ;, and the ortho-

normal functions for the phonon mode, these coupling
rates are given by:

_ 1A
9; = Zh_QE_,y &,(x;), 4)

1Ay
~ V2nQ E;

is the x-component Pauli operator of the jth

~

9o, 7: §,(x)), Q)
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where 7 is the deformation potential tensor, comprised of
longitudinal y; and transverse components yr (see
Ref. [32] for further details). The tensor &, is the strain
associated with the normal mode amplitude wu, that
satisfies the Christoffel equation and the orthogonality
condition f d3xp0u:‘]-uq/ = 044> With p, denoting the
mass density [24]. Note that the phonon couplings to
the jth TLS depend upon the value of the strain field at the
TLS location x;. Therefore, the TLS coupling to a given
phonon mode vanishes for TLSs located within strain
nodes. For example, in systems with free (i.e., force-free)
surfaces that host TLSs in a layer that is much thinner than
the acoustic wavelength, TLS-phonon coupling is highly
suppressed.

For systems possessing a large ensemble of TLSs, the
sum ) can be well approximated by the integral:

/dQTLS/d3 /dAdAO A (2. (6)

where the integral over Qrg averages over TLS orienta-
tions, the TLS label j has been suppressed, and the density
of states P(x) is assumed to be constant within regions
containing TLSs, slightly generalizing the tunneling state
model to heterogeneous systems. See Ref. [17] for a
review of TLS physics in a variety of material systems
and for a discussion of how TLS parameters can be
measured.

ITII. DERIVATION OF THE PHONON
MASTER EQUATION

The quantum master equation provides a powerful
method to calculate the dynamics of complex quantum
systems in terms of time-dependent reduced density
matrices [33]. Here, we utilize the techniques of open
quantum systems to derive a master equation for the
phonon that accounts for interactions with an ensemble
of thermalized TLSs to second order in the couplings g;
and g ;.

We begin this derivation with the von Neumann equation
in a rotating (i.e., interaction picturelike) frame defined
by p([) = exp{i(Hf) + Henv)t/h}pSch(t) exp{—i(H6 +
H env)t / h}

(1) =~ [Hin0). p(0)], Q

where pg, is the Schrodinger picture representation of the
density matrix. Here, H, = H, + hoQbT b, where 5Q is a
constant offset frequency that is used to cancel any
frequency shifts produced by the TLSs (in the following,
0Q = 0, see Appendix A). First, we obtain a formal solution
for p by direct integration:

o) =ple) =y [ deltn(e)p@). ®

L

Inserting this solution back into the von Neumann
equation and tracing over all TLS and environment degrees
of freedom, i.e., reservoir variables (trg), we obtain the
equation for the reduced density matrix pg = trg{p} (S for
system):

pS(t) = __trR{[ mt( ) (tz)]}
—;/mmummmmm}@>

We neglect the term containing p(#;), which we
assume vanishes when averaged over TLS couplings
and when the TLS are in thermal equilibrium [34].
Owing to the relatively large size and short correlation
time of the TLS ensemble, we assume (1) the validity of
the Born approximation, i.e., p(f) = ps(f) ® pr, where
pr 1s the time-independent density matrix for the reser-
voir in thermal equilibrium and (2) that the reservoir
memory time is much shorter than the characteristic
timescale for change in pg (i.e., the Markov approxima-
tion is valid). Note that in systems with a very dilute
ensemble of TLSs, it may not be suitable to neglect the
backreaction on the TLS population, and the Born and
Markov approximations may fail. When conditions (1)
and (2) are satisfied, the quantum master equation can be
approximated by:

ps(0) = =3 [ e ((Hinlo). [Hin() () @ ]}
(10)
By defining H;,(¢) = hO(t)x(¢), where x(t) =

bexp{—iQt} + b exp{iQt} and O(r) =37 (g,0.;(1) +
90,j0x,;(t)), the coefficients of the master equation can

be defined in terms of reservoir correlation functions,
G(tr — 1), as follows:

mm:—fhmm—wmnmmm
— Glr — Dx(D)ps(Dx(e)
— (1 — D)x(e)ps (1)x(1)
+ Gt — 1)ps(t)x(7)x(1)], (11)

where G(t — 1) = trg {pr O(¢)O(7) }, and we have used the
cyclic property of the trace and the time-translation
invariance of the assumed equilibrium state of the
reservoir.

Equation (11) can be further simplified by using the
definition of x(7), taking 7; — —oo and neglecting rapidly
oscillating terms. After a change of variables, t — 7 — 7/,
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the integral terms contained in Eq. (11) take the form:

/ " dt' (1) Ax(1)Bx(1 — 1)C
0

= / " drG(£r') (AbBbTCe™® 1 AbTBbCe™®”
0

+ AbBbCe=¥2=1) - AbT BT Ce™ =1, (12)

where A, B, and C are assumed to be generic operators.
Assuming that Q is much greater than the TLS-induced
decay rates, the last two rapidly oscillating terms are
suppressed and can be neglected according to the post-
trace rotating wave approximation.

Defining the susceptibility function:

1:(Q) = / " At G(1)e (13)

0

and noting G(+f) =G*(F 1) and x.(Q)
Eq. (11) can be expressed as:

=15(—Q),

ps = 2Rely (Q)]bpsb" — x (Q)b"bps — 1 (Q)psb'b
+ 2Rely (~Q))bpsb 1, (~Q)bbps
— X (=Q)psbb'. (14)

Note that imaginary parts of y, (£Q) lead to a perturba-
tion of the phonon resonance frequency (see Appendix A).
We assume that our rotating frame has been precisely
adjusted to compensate for this frequency shift (as
described in Sec. III), and from here on neglect these
terms. This last simplification brings us to the final form of
the phonon master equation:

. 1 1
Ps =7, (bﬂst - EbTbﬂs - EPstb>

1 1
+ 71 <bTPsb —EbbTPs —EﬂsbbT>, (15)
where the transition rates are
7y = 2Re[y, (Q)], (16)

71 = 2Rely. (~Q). a7)

With the explicit evaluation of y, (£Q), the quantum
dynamics of the phonon can be calculated.

A. Evaluation of the transition rates

The transition rates y, and y, can be derived by
evaluating the reservoir correlation function G(7) and
taking the Fourier transform. Utilizing the definition of
O(1), the correlation function is given by:

G(1) = Z[|9j|2trR{PR0z,j(f)0z,j(0)}
+ |g0,1*trr{pro j(1)0, ;(0)}], (18)

where the cross terms between o, ; and o, ; vanish in
equilibrium and we assume trg {prO(#)} = 0. Using the
adjoint Lindblad equation for the TLS ensemble, the
correlation function G(7) can be evaluated and expressed
in terms of equilibrium properties and relaxation timescales
T, and T, (see Appendix B) [33]. This analysis provides:

trg{pro. ;(1)o.;(0)} = (1 —wi)e T 4 w3, (19)
1 iE»t/h

g {Proyj(1)o;(0)} = S[(1+w;)e™
+ (1 _ Wj)eiiEjt/h]ei‘tl/Tz*j,

(20)

where w; is the thermal equilibrium value of o_ ;

E;
wj = —tanh<2kB ) (21)

These correlation functions satisfy the Pauli algebra
(reproducing 1 at ¢ = 0), yield the proper long-time thermal
expectation values (sz_ and 0, respectively), and capture the

relaxation dynamics in the Markov approximation.
Combining Eqgs. (18)—(20) and (13), we find

2T ( 2)

2Rely, (£Q)] Z\ ,|2[ 1+Q2T + 278(Q)w ]

12 J j
* ;'W [1 +(£Q+ E;/h)T3,

T2,j(] — W])
I+ (ZQ—E/n)7TL,)

(22)

The susceptibility above can be expressed in terms of
the known phonon damping rate produced by TLSs. Using
Appendixes E and F of Ref. [24], we have the following
expressions for the dissipation rates produced by relaxa-
tion I',,; and resonant processes I'.:

AT QR ow;

2
rel - E h|g/| 1—|—Q.2T aE (23)
2T,
= E . 24
re% |gO/| Q E. /fl) T%JW./ ( )

Noting that (1 —w?})/2 = —dw;/0E; and assuming
that 1/T, ; << Q, so that the 2T, ;/(1+(Q—E;/h)°T; ;) =
276(Q—E;/h), Egs. (16) and (17) become:
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kgT
v, = FrelhB—Q + s (nth + ])v (25)
kgT
vy = [l ;79 + Desntin, (26)

where ny, = (exp{hQ/kzT} —1)~! is the thermal occu-
pation number for the phonons. Note that these transition
rates do not precisely satisfy detailed balance. However,
for a broad range of systems, relaxation absorption only
becomes significant to the transition rate when k37" > hQ.
In this high-temperature limit, ng, ~ ng + 1 = kzgT/hQ,
yielding the approximate transition rates:

v, R C(ng + 1), 27
71 ~ Fnth’ (28)

where I' = I'; + ' (see Ref. [24] for derivations of I" in
a variety of system geometries). Significantly, this
approximation holds for k3T < 7€ because the transition
rate is dominated by resonant processes in this low-
temperature regime, i.e., I' % I'. Using Eqs. (27) and
(28), the master equation Eq. (15) takes the standard
Lindblad form obeying detailed balance. In the following
section, Eqs. (27) and (28) are used for calculations of the
quantum dynamics.

IV. QUANTUM DYNAMICS OF PHONONS

The quantum dynamics of any initial phonon state can
be calculated using the known analytical solution to
Eq. (15) [35]. Using Lie-algebraic techniques and the
disentangling theorem, the closed-form solution to
Eq. (15) [with decay rates given by Egs. (27) and (28)]
can be shown to be given by:

el"t/2 ® GrE™M 1 1
ps(f) = ——an—_;_bnlps(())bTm—,:_bn.
F n;() n! m! Fb'b Fb'b
(29)

Here, the time-dependent coefficients E, F, and G are
given by:

E— % (g, + 1) sinh(T't/2), (30)
F = cosh(I't/2) + (2ny, + 1) sinh(I't/2),  (31)
G= %nth sinh(T't/2). (32)

To analyze the impact of decoherence and dissipation
produced by TLSs, we compute the probability that the
system is found in the initial phonon state |y(0)) at a
later time. These dynamics are described by the fidelity

F (1) = (w(0)|ps(r)|w(0)) [36]. Using Egs. (29)~(32), we
find:

eFt/Z ®© X GrE™ 1 2
A =533 T O SO

(33)

which can be used to see how the stored quantum state
degrades with time. At short times 't <« 1, the fidelity
approximately decays exponentially according to:

F (1) » exp{~T((2nq + 1)((b'b) — [(b)*) + nen)1t}.
(34)

where (...) denotes an expectation value with respect to the
initial state. Using this expression, the storage time for a
phononic quantum memory that is impacted by TLSs can
be estimated. Assuming that the quantum information is
lost once the fidelity falls below a threshold value Fy,, the
storage time Tz, can be estimated as:

Tr ~— In(Fy)
7o T((2ng + D((BT) —[(B)P) + 1)’

(35)

where the validity of this approximation requires
Tr,I' < 1. For example, the approximate time required
for the fidelity of the initial state to fall to 90%, i.e., Tooq,
can be obtained by setting Fy, = 0.9 in Eq. (35). Outside
the regime of validity of Eq. (35), T¢q, can be obtained by
finding the numerical solution to Eq. (33) with 7 = 0.9.
Note that this “fidelity lifetime” will depend upon the
initial state through dependence on (b'h) and (b).

A. Decoherence in quartz pBARs

The operation and control of phonons in crystalline
quartz resonators has now reached the quantum regime
[11,12]. While crystalline in nature, disorder at the
resonator surfaces is implicated in the observed losses
and can host TLSs that lead to excess loss and decoherence
[10,22,23]. To illustrate the impact of such disordered
surface layers, we calculate the storage time for the initial
phonon state |y(0)) = a|0) + f|1), which is proposed for
qubit encoding in quantum computing schemes utilizing
hybrid architectures [37].

We begin this analysis by computing the coupling rates
gj and go ;. For simplicity, we consider the fundamental
dilatational mode of a confocal pBAR [see Figs. 2(a) and
2(b)], where the anisotropy of the crystal is neglected. In
the limit where the crystal length L is much less than the
Rayleigh range and the beam waist is much greater than
the phonon wavelength, diffraction can be neglected, and
the phonon mode profile can be approximated by:
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FIG. 2. (a) Illustration of a pBAR, (b) cross section of pBAR

showing trapped phonon mode, (c) lifetime of phonon fidelity vs
temperature for |y(0)) = [0) (gray), |w(0)) = (0) +[1))/v2
(blue), and |w(0)) = |1) (orange). Plots of Tgyq are obtained
using Eq. (35) with Fy, = 0.9 (solid lines) and by numerically
solving F(Tgyg) = 0.9 (open circles). We assume the TLSs
reside within a layer of thickness # &~ 20 nm at the surface of the
quartz resonator of length L = 2.5 mm (inset) with an effective
fill fraction f = 2 x (3.78 x 107%) (x2 for both surfaces) (pho-
non wave vector ¢ = (27)2.14 x 10° m™!). For the TLSs in

the surface layer, we use parameters P = 5.45 x 10* (Jm3)~!,

v =V2yr = 1eV, py = 2620 kg/m?, v, =5900 m/s, and

vy = 3500 m/s. The phonon frequency is assumed to be
12.6 GHz.
u, ~— 4 e~V cos(qz)? (36)
4 porLw? '

where w is the beam waist, r is the radial coordinate
parallel to the surfaces, g = zm/L is the spatial frequency
where m is an integer, and the resonator is located between
z=0 and z = L. For this predominantly longitudinal
mode, we approximate the tensor product y: & (x;) =

u, (with u, the z-component of the displacement) (see
Ref. [32] for further details), leading to the coupling rates
given by:

gj - / 2 l A 2w . 37
ng} flﬂ'poLWZE{Ao e VLqSIH(qZ)7 ( )

where a contribution from shear coupling (i.e., d,u,) that
vanishes upon averaging has been neglected. These cou-
plings quantify the contribution to phonon decoherence for
TLSs located at different (r,z) positions.

Owing to the mesoscopic (approximately mm) dimen-
sions of pBAR systems, the decay rates are given by the
bulk system results but scaled by the effective fill fraction
f when the TLSs reside within a thin surface layer of
thickness

2

¢ 4
f= ZA dz sin®(qz) = Z(l —sinc(2¢g¢)),  (38)

leading to expressions for I, and I',, given by:

3

7r P}/L )/,7
1—‘rel 24 p2h4 2 Z kB s (39)
P hQ
restﬂ yLQt h( >7 (40)
povs 2kpT

where v, (n=1L or n=T) is the speed of sound for
n-polarized sound waves (see Refs. [17] and [24] for
further details).

Equation (38) shows that dissipation caused by TLSs
can be reduced if the layer thickness £ is much less than
the phonon wavelength, i.e., g7 < 1. Because the strain
vanishes at the surfaces (z = 0 and z = L) for this example
system, the TLS-induced dissipation is highly suppressed
in this region according to the effective fill fraction:

2f3q2

=

(41)

Figure 2 displays the storage time for a collection of
quantum states within a quartz pPBAR. These results show
that the time required for the fidelity of the initialized state
to decay to 90%, i.e., Tooq,, as a function of temperature.
Here, the TLSs are assumed to reside in £ = 20 nm layers
on the top and bottom surfaces of the pBAR [Fig. 2(b)],
and known TLS parameters for silica glass (i.e., disordered
quartz), such as the density of states and deformation
potential [25], are used. While the precise distribution and
deformation potentials of TLSs in surface layers are not
known, the objective of these assumptions is to illustrate
the impact of TLSs residing on the surfaces on phonon
decoherence.

Although the dissipation I',., increases with lower tem-
peratures, we find that the quantum state lifetime is
maximized in the low-temperature regime. This is because
the thermal occupation of the phonons (ny,), contained in the
transition rates Eqs. (27) and (28), decreases in a manner that
precisely compensates for increases in the mechanical
decay. Owing to the thermal dependence of resonant
absorption, i.e., I', = I'jtanh(7Q/2kgT), where Iy is
temperature-independent, we find y| & I'es(ng, + 1) # Iy,
leading Tgyq to be insensitive to temperature in the
range kpT < hQ ~ 0.6.

034047-6



PHONON DECOHERENCE PRODUCED BY TWO-LEVEL ...

PHYS. REV. APPLIED 26, 034047 (2026)

V. CONCLUSION

In this paper, we have derived the quantum master
equation for a selected phonon mode interacting with an
ensemble of TLSs. Using techniques from open quantum
systems and standard approximations, this master equation
can be reduced to a Lindblad form that is amenable to an
exact solution. The transition rates we find connect directly
with known TLS resonant and relaxation absorption
processes. While resonant absorption by TLSs saturates
at high temperatures, TLSs are still a strong source of
decoherence owing to activation of relaxation processes.
As an illustrative example, we analyze the quantum
dynamics of a phonon mode in a pBAR system. This
example shows two significant results: (1) that although
the mechanical damping produced by I',., reaches a local
maximum at 7 = 0, the phonon coherence time is maxi-
mized at low temperatures, and (2) the coupling to TLSs
located near strain nodes is highly suppressed. These
results provide the tools to calculate the quantum dynamics
and estimate the lifetime for exotic quantum states of
phonons in emerging systems.
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APPENDIX A: IMAGINARY TERMS IN THE
MASTER EQUATION

In Sec. III, we introduced the susceptibility functions:

x+(Q) = / " drG(t)e, (A1)
0

and obtained the master equation in the form:

ps = 2Rely, (Q)]bpsb” — y, (Q)bbps — x(Q)psbTh

+ 2Rely (—Q)]bpsb — y (—Q)bb ps

— X (—Q)psbb’. (A2)

As seen in Sec. III, the real parts result in phonon

dissipation, decoherence, and thermalization. Here, we

isolate the imaginary parts and show that they generate

dynamics equivalent to a frequency shift of the phonon
mode. Writing

X (£Q) = xr(£Q) + iy (£Q), (A3)

where yr = Re[y,] and y; = Im[y, |, and expanding each
complex term in Eq. (A2) as such and neglecting real
terms, one finds that the full imaginary contribution is

pslimag = —i(y;(Q) +x,(—Q))[67b, ps]. (A4)
Equation (A4) is of von Neumann form,
. i
pslimag = 7 [H gifes Ps]s (AS)
with the effective Hamiltonian
Hgip = hoQb7b, 0Q =y,(Q) + 1 (—Q).  (A6)

Thus, the imaginary parts of y, (£Q) do not produce
decoherence; they renormalize the phonon frequency:

Q — Q4 0Q. (A7)

In the main body, we work in a rotating frame defined by:

Hy=Hy,+héQb'b, (A8)
so that the term generated by H i,;;; can be canceled and the
master equation only contains the dissipative (real-part)
contributions.

APPENDIX B: DERIVATION OF THE PAULI
OPERATOR CORRELATION FUNCTIONS

The adjoint master equation for an operator O is given by:

0= [H.0]+ zk:yk <AkOAk — 5 1AL 0}), (B1)
where A, are the collapse operators and y,, are the transition
rates [33]. For a TLS coupled to a heat bath that can absorb,
excite, and dephase, there are three relevant collapse
operators:

Ay =o_y, =yo(ngn + 1), (B2)
Ay =017 =7on, (B3)

1
Ay = 0,73 = — B4
3=0.Y3 2T, (B4)

where the excited state decay rate 77! = y,(2ny, + 1) and
T is the dephasing rate. The TLS decoherence rate 1/T, is
given by:

1 1 1
—=—t—. B5
T, 2T, * T, (B5)
Using the Pauli operator identities,
1
030 =5 (1 F ) (B6)
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0.0, = Fo., (B7)
6.0, =0 and o2=1, (B8)

and the collapse operators and decay rates defined above,
we obtain the adjoint master equations given below:

1
6, = _T_](O-z - WO)’ (B9)

, i 1
04 — (iEE_T—Z)Gi,

where wy is the thermal equilibrium value for o,. By
formally solving Egs. (B9) and (B10), the two-time TLS
correlation functions defined in Eq. (18) can be evaluated.
Using the solutions for o, (¢) and 6,(¢) and assuming 7 > 0,
we find:

(B10)

trg{pro.(t)0,(0)} = trg{pr(c,(0)e~"/"
+wo(1 —e/T))e,(0)}, (BI1)
trg{pro(1)0,(0)} = trg {pr (c_(0)e (EFI/T2)!
+ 6, (0)e”TEFTIN 6. (0)}
(B12)

These results reduce to Eqgs. (19) and (20) when
the equilibrium expectation values trg{pro?(0)} = 1,
g pro(0)} = wo,  tigdpro_(0)o,(0)} = (1 —wy),/2.
and trg{pro. (0)o,(0)} = (1 +wy)/2 are used, as well
as Eqs. (B6)—(B8) and the definition 6, =6_ 4 0.
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