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We investigate the fracture behavior of precracked triangular beam lattices whose elements have failure
stresses drawn from a Weibull distribution. Through a statistical analysis and numerical simulations, we
identify and verify the existence of three distinct failure regimes: (i) disorder is effectively suppressed,
(i1) disorder manifests locally near the crack tip, modifying the crack morphology, and (iii) disorder
manifests globally, leading to initially diffuse failure. Our model naturally reveals the key parameters
governing this behavior: the Weibull modulus, quantifying the spread in failure thresholds, and a
geometric quantity termed the slenderness ratio. We also reproduce the disorder-induced toughening
reported in previous experimental and numerical studies, further demonstrating that its manifestation
depends nonmonotonically on disorder. Crucially, our results indicate that this toughening cannot be
simply connected to the amount of damage in the lattice, challenging interpretations that attribute
increased fracture energy solely to enhanced crack tortuosity or diffuse failure. Overall, our results
establish geometry as a powerful control parameter for regulating how disorder is expressed during
fracture in beam lattices, with broader implications for the disorder-induced toughening in engineered

materials.
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L. INTRODUCTION

Mechanical metamaterials are engineered structures
whose unusual mechanical properties derive mainly from
their geometry and topology, rather than their chemical
composition. Often realized as lattice-based structures,
these materials can exhibit extraordinary behaviors, such
as bespoke stiffnesses and negative Poisson’s ratios [1-3],
bistability [4], tunable stress-strain curves [5], and pro-
grammable unconventional damage responses [6].
Additive and subtractive manufacturing techniques have
enabled the realization of these and many more intricate
architectures, making previously theoretical designs acces-
sible in practice [7].

Such fabrication methods inevitably introduce imper-
fections, thus presenting an abundance of defects and
sources of disorder that are unavoidable. From unwanted
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porosity and surface roughness [8], residual stresses and
geometric distortions [9] to microstructural defects such as
notch defects [10], these irregularities threaten to alter the
theoretically engineered responses, potentially compro-
mising the functionality of architected lattices.

Fracturing in the presence of disorder in lattice meta-
materials is particularly intriguing, as inhomogeneities can
fundamentally alter fracture behavior, not only affecting
overall toughness but also the way cracks propagate
through the structure [11]. Certain forms of disorder, such
as slight variations in strut stiffness or node positions, can
deflect cracks, promote more evenly distributed failure,
and lead to improved fracture toughness [12—16]. Larger
disorder has also been associated with reduced toughness
[15,16], hinting at a potential nonmonotonic relation
between the two. Despite these insights, the literature
remains limited in strategies to systematically control or
tune the mechanical expression of disorder—for example,
by influencing crack-path statistics such as the total
number of broken bonds and the expected fracture
toughness—and most studies remain observational rather
than prescriptive.

In this work, we investigate the failure characteristics of
a beam-jointed triangular lattice subjected to structural
inhomogeneities—a system commonly referred to as the

Published by the American Physical Society
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random beam model [17]. To enable more physically
meaningful insights into damage evolution in architected
lattices, we extend this classical model by further discretiz-
ing each beam into three elements. This refinement,
consistent with approaches found in recent studies [18],
enhances the model’s ability to capture the dominant
bending deformation modes of individual lattice members.
As aresult, it provides a more faithful representation of the
system’s local distortions and overall mechanical response
under loading.

Focusing on Weibull-distributed disorder on the failure
stresses of its beams [ 19,20], we draw conclusions about how
the expression of quenched disorder depends on geometry
and, specifically, on the Slenderness Ratio (SR), which is the
ratio of unit-cell size (a), to in-plane beam thickness (¢):
A=a/t. By deriving a mechanically informed statistical
framework to describe the sequential failure of lattice
elements, we establish quantitative relationships linking
the disorder strength to key damage metrics, including the
amount of damage on the main crack and the probability of
diffuse/remote failure during the early stages of fracture. This
analysis culminates in a type of phase diagram that delineates
distinct failure regimes within the space of disorder (Weibull
modulus, 7) and geometric slenderness.

We validate this theoretical framework through detailed
numerical simulations, demonstrating strong agreement
with observed failure behaviors. Our results further repro-
duce the increase in apparent fracture toughness observed
in studies with different types of disorder [12—16], while
also revealing that this enhancement depends sensitively—
and nonmonotonically—on disorder strength and lattice
geometry. Of note, we find that disorder-induced toughen-
ing does not admit a simple mechanistic interpretation
based solely on crack-path elongation or more distributed
failure, challenging certain commonly invoked explana-
tions in the literature (e.g., [14,15]). At the same time, our
findings are consistent with interpretations that attribute
apparent toughening to local crack arrests arising from
spatial variations in fracture resistance [21-23]. Of note,
our results show that by tuning the SR—effectively
manipulating the micromechanical characteristics of the
lattice—it becomes possible to control how quenched
disorder manifests at the structural scale. This control is
fundamentally rooted in the transition between bending-
and stretching-dominated deformation modes, which dic-
tates whether damage remains highly localized or is
redistributed through the network [24,25]. This then
provides a route toward the deliberate design of lattice
architectures where fracture behavior can be tailored,
shifting the focus from merely predicting failure under
disorder to actively engineering its expression.

II. PROBLEM STATEMENT

When modeling inhomogeneities in materials, several
statistical approaches are possible; the Weibull distribution

has emerged as one of the most widely used and effective
choices, particularly for brittle failure [26]. The Weibull
distribution can be easily understood when looking at the
survival probability of a material volume V with an
internal stress distribution o(r) as a function of position
r in the elastic body. Introducing two material parameters-
—o( a characteristic failure stress and n the Weibull
modulus—this survival probability takes the form:

o(r)\n
Su(o(r)iog.n) = e Tl (1)

Regarding the failure of a small volume (say V) with a
uniform stress ¢ across it, one may also write a rate of
failure:

0
Wy, (0300 m) = =" (1= Sy, (309, )

n—1 o
=2 (3> e @) )
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The modulus n controls the spread of failure stresses:
larger values of n correspond to narrower distributions and
sharper cutoffs for the survival probability. In the limiting
case n — oo, the distribution approaches a step function,
where failure occurs deterministically once o exceeds oy
[see Figs. 1(b)—1(d) for an instructive visualization]. In the
uniform case, the most stressed element always fails first.
Inhomogeneities in the failure stresses effectively obscure
information about the beam stresses, making them increas-
ingly irrelevant. This leads to failure of elements other than
the most stressed one, influencing the resulting failure
pattern [see the insets of Figs. 1(b)-1(d) for examples].

Throughout this study we consider rectangular domains
composed of triangular lattices containing a preexisting
horizontal crack of half-domain length, positioned along
the vertical midline [see Fig. 1(a)]. The lattice is con-
strained such that the horizontal boundaries are pinned to
remain parallel and are displaced quasistatically to impose
tensile loading, with roller boundary conditions along the
vertical boundaries. This loading protocol induces a
predominantly mode-I fracture response and allows dam-
age to nucleate and evolve from the crack tip, with the
rollers preventing sharp stress concentrations in the
domain corners. Material parameters in the main text
are chosen to emulate the behavior of polymethyl meth-
acrylate (PMMA)—a widespread and inherently stiff and
brittle plastic—with elastic modulus, mode axial, and
bending failure stresses taken from [6], set to 3120, 45,
and 85 MPa, respectively.

To systematically explore the interplay between disor-
der and lattice geometry, we vary a single geometric
control parameter, the SR, while keeping the overall lattice
density (element cross-sectional area) fixed. This is
achieved by varying the out of plane beam thickness (b)
accordingly [18]. We also maintain constant material
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FIG. 1. Problem setup. (a) We consider rectangular domains of

triangular lattices with a half domain horizontal crack along the
vertical midpoint, pinned to the horizontal, and with roller
constraints along the vertical boundaries. The horizontal boun-
daries are kept parallel and moved apart to stretch the lattice and
induce damage. The most stressed bond under these loading
conditions is shown by the red arrow and colored blue. (b—
d) Visualization of the lattice stresses just before and long after
(insets on the top right of each) the onset of failure in quasistatic
loading. Elements in the lattice are colored according to their
proximity to failure, which is the ratio of their combined axial-
bending stress (o) to their individual failure stresses (o); insets
on the left show the respective Weibull survival distributions.
Increasing disorder (smaller n) progressively hides information
about the elements’ stresses.

parameters throughout. This choice ensures that changes in
fracture behavior can be attributed to geometry rather than
trivial variations in material content or stiffness. Varying
SR modifies the relative importance of bending and axial
deformation in the lattice beams, thereby influencing the
extent to which stresses can be redistributed in the vicinity
of the crack tip. As a result, SR provides a controlled way
to tune the lattice’s micromechanical response and, in turn,

its sensitivity to disorder, offering a complementary axis to
the statistical variability introduced through the failure
thresholds.

In what follows, we begin by discussing how geometry-
dependent micromechanics influence the likelihood of
damage in elements other than the most stressed one—
hereafter referred to as anomalous damage events—and
how these events affect crack propagation and morphology
(Sec. III). We then proceed to quantify their likelihood
using a statistical description of failure (Sec. IV). Next, we
combine the insights from these two sections to construct a
mechanically informed statistical model for the damage
evolution (Sec. V). We conclude our investigation by
testing these predictions using a lattice fracture simulator
(Sec. VI).

III. MICROMECHANICS AND ANOMALOUS
FAILURE

As already discussed, in the limit n — oo the damage
evolves by always removing the most highly stressed
element in the lattice once it reaches its critical stress. This
element is most clearly identified by the red arrow in
Fig. 1(a). Sequential removals of this element as the crack
advances, therefore, produces a straight, horizontal crack,
as illustrated in the inset of Fig. 1(d).

The persistence of this failure sequence depends on the
relative stresses borne by the remaining crack-tip ele-
ments. The lower panel of Fig. 2(a) shows that the stresses
in these beams arise from different combinations of axial
and bending contributions, whose relative weights are
controlled by the SR. Increasing SR suppresses bending
stresses in all beams, but this suppression is nonuniform:
the element with a larger bending contribution than the
most stressed element experiences a faster reduction in
total stress, whereas elements dominated by axial loading
are less affected. As a consequence, the upper panel of
Fig. 2(a) shows that the ratios of crack-tip stresses relative
to the most stressed element diverge or converge to it with
increasing SR, depending on their bending content. In this
way, SR systematically reshapes the hierarchy of crack-tip
stresses even in the absence of disorder.

The upper panel of Fig. 2(a) also illustrates how
modifying the relative axial and bending failure stresses
for the elements may reshape the crack-tip stress ratios. In
addition to the baseline case, we show the stress ratios for
elements 5 and 6, obtained when the ultimate bending and
axial stresses are taken to be equal (set both at 45 MPa).
Under this modified failure criterion, elements whose
stresses are less dominated by bending become less critical
relative to the most stressed element, while strongly
bending-dominated elements—most notably element
6—become comparatively more critical. This highlights
that, beyond controlling stress partitioning through SR,
lattice beam geometry can also influence fracture behavior
by tuning the relative importance of bending and axial
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FIG. 2. Micromechanics and damage evolution after an anomalous failure event. (a) Crack-tip stress hierarchy and its geometric
control. Top: ratios of the maximum stresses in each of the six crack-tip beams to that of the most highly stressed beam (element 1,
shown in blue), plotted as a function of the slenderness ratio (1). Solid lines correspond to the baseline failure criterion, with ultimate
axial and bending stresses taken as 45 and 85 MPa, respectively. Faint lines for elements 5 and 6 show the modified stress ratios
obtained when the ultimate bending and axial stresses are taken to be equal (at 45 MPa), illustrating how changes in bending failure
strength alter the relative criticality of crack-tip elements. Bottom: relative contributions of axial and bending stresses to the total stress
in each crack-tip beam as a function of SR. (b) Resulting crack path after removing each one of the crack-tip elements, at A = 10, and
no disorder (n — o). The red dots depict split nodes, while the circled numbers show the order of subsequent failure events. Observe
that subplots iii—vi, contain one more broken element within their lower frame compared with i—ii, owing to the additional bond the

crack had to remove in order to transverse the same horizontal distance. Beam thickness is not drawn to scale.

failure modes. Since bending failure stresses can be
adjusted through beam geometry [27], this provides an
additional, independent avenue for regulating how disor-
der manifests through crack-tip micromechanics. While
we do not explore this degree of freedom further here, it
underscores the broader role of geometry in shaping failure
pathways in disordered lattices.

The SR-dependent reordering of crack-tip stresses has
direct implications once disorder is introduced. As vari-
ability in failure thresholds increases, elements whose
stresses approach that of the dominant crack-tip beam
become increasingly likely to fail, enabling damage events
that deviate from the deterministic stress-driven sequence.

In the following, we investigate how such anomalous
failure events alter crack propagation and morphology.
As shown in Fig. 2(b), the removal of a crack-tip
element in a uniform lattice can give rise to two qualita-
tively distinct outcomes. Most generally, the failure of any
element other than 1 or 2, which are the only ones that
participate in the (horizontal) crack propagation regard-
less, triggers additional damaged sites appended to the
main crack, increasing the number of broken bonds
required for the crack to advance a given horizontal
distance [e.g., Figs. 2(b) (iii—vi)]. We refer to this process
as scattering. Scattering is almost always accompanied by
a change in the lattice row along which the crack
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propagates [e.g., Figs. 2(b) (iv—v)], because the elements
that cause row changes when broken are also the most
stressed ones (i.e., elements 4 and 5). Nonetheless, we
consider the fundamental event increasing crack tortuosity
to be the addition of bonds to the main crack; the row
change is treated as a frequent, geometric consequence of
scattering.

It is not hard to see that the occurrence of scattering
events depends solely on which crack-tip element is
removed and is independent of SR, since removing
elements that would normally be involved in the horizontal
propagation sequence (i.e., 1 or 2) does not add failed
elements to the main crack. By contrast, the specific row
along which the crack continues, following scattering,
depends on both the removed element i and SR. We note
that this information can be encoded using a binary-valued
map for each SR and each crack-tip beam, capturing which
row the crack follows post failure (see Appendix B for the
full map).

Now, if at any point in its propagation there is a
probability P, that the crack scatters, then—given our
assumptions and the geometry of a triangular lattice—the
expected number of failed bonds reads

where N, is the number of unit cells the crack has
traversed in the horizontal direction. The factor of 2
reflects the fact that two bonds are removed for each
unit-cell advance of a straight horizontal crack. One can
also write an associated effective (dimensionless) crack-
path length

L
ClNh

L= = (1+Py). 4)
with a the unit-cell size.

To conclude, this section has highlighted a connection
between the SR and the quantity of broken bonds (or the
effective crack-path length), with the whole process
mediated by the disorder strength n. This means that
the SR is a degree of freedom in the geometric design
space that can potentially be used to express or suppress
quenched disorder during crack propagation. In the sub-
sequent section, we are going to quantify the probability of
anomalous failure events from first principles in order to
eventually inform a quantitative model for the amount of
excess broken bonds in a lattice as a function of SR and
Weibull modulus.

IV. STATISTICAL MODELING

A. Likelihood of anomalous failure events

Recall that an anomalous failure event is any damage
event that does not break the most stressed element in the
lattice. To quantify the likelihood of such events, we begin

by considering two distinct elements, labeled i and j. For
concreteness, the reader may think of element i as the most
stressed crack-tip element (1) and of element j as any other
element in the crack-tip set; however, the analysis that
follows is fully general and does not rely on this specific
choice. Our goal is to infer the probability that element i
fails before element j given their relative stresses. As
established in the previous section, these stress ratios are
known and depend explicitly on the geometric SR.

Given the chosen distribution (Weibull), the rate of
element i failing at stress o; when at the same time element
J 1s stressed to o; and still survives is

g(6;.0;) = W(o;:00.1n)S(6;5 00, 1). 5)

This expression implicitly assumes independent and
identically distributed failure thresholds for i and j,
ignoring the potential for spatial correlations.
Furthermore, under the assumption of linearity, we can
set 6; = k;; 6; where k;; is a constant that only depends on
the geometry (see Appendix D for nonlinear corrections).
Now, given this assumption and the form of Eq. (1), we can
absorb k;; in a rescaling of the reference failure stress for
the ith beam:

S(Kijﬂj;ﬁo,n) :S(O'j;ﬁo/l('ij,n). (6)

This is a key point because it leads to a useful
redefinition of the rate g(o;,0;), as a function of only
one variable (say, o; = o here), which implies the follow-
ing:

nk;; (K;io\" 1 _ ey
g(gi, gj) = g(g) — <_/> e (1+ ’1)(“0) . (7
00 00

The total probability of element i breaking before j will
then be an integral of the rate g(o) over all possible
stresses. Defining the random variables s; = o,/0; ,
where o; ; is the failure stress of element i, this probability
is equivalently written as

KL

Pls: ) = ® do = Y . 8
=)= [Tofoo =T ®

Evidently, the final expression is independent of o and
only depends on the relative stress ratio k;; = ¢;/c; and the
Weibull modulus. Note that this expression is normalized,
with P(s; <s;) = 1 — P(s; > s;), and it evaluates to 0 in
the limit n — oo, V Kij < 1.

B. Renormalization and the Weibull stress

We are further interested in extending this pairwise
comparison to the likelihood that failure occurs within one
group of elements before another. This question is, for
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FIG.3. Renormalization of a set G of m elements. The resulting
element can be regarded to be at a Weibull stress
6g > max({o, 05, ...0,}), i.e., larger than any of the stresses
of its constituents. The resulting element survives iff all of its
constituents also survive.

example, directly relevant for quantifying the probability
of diffuse failure, which is defined here as failure occur-
ring at any location other than the six crack-tip elements.
To that end, a useful property of the Weibull distribution is
that the survival probability of a set G of m elements, with
stresses {0}, 05, ...0,,}, retains the same functional form
as that of a single element,

m m _(%1\n _ rr: o /D‘”
SQIIHIS(UZ)ZIHIE W= < " l> )

That is, we can consider the set as an element itself,
enforcing that it survives if, and only if, all of its
constituents have not failed yet. A schematic of this
construction can be seen in Fig. 3. This naturally gives
rise to a renormalized stress, as the nth root of the L”-norm
of the vector of stresses (oy,...,0,,), known in the
literature [28] as the Weibull stress:

m 1/n
5g = (Zo—y> , (10)

=1

which has a direct analog in the continuum that involves an
integral in place of the sum. In the language of the
renormalization group [29], this can be interpreted as a
change in the effective stress of the system when the scale
of the problem is changed—zooming out leads to a lower
survival probability that is nonetheless still captured by
Weibull statistics.

For our study, this is significant as it means that Eq. (8)
is also relevant for describing the failure statistics of two
groups (G, G,) of elements, with k1, = 6, / g, becoming
the ratio of their Weibull stresses. We now elaborate on the
utility of this point by considering the probability of
diffuse failure.

C. Diffuse failure

In particular, we are going to study the probability of
another beam anywhere other than the crack-tip failing

before the crack tip advances. We consider the set of all
lattice elements £ as well as a subset containing all crack-
tip elements C. We can call the set of elements in the lattice
bulk anywhere other than the crack-tip B = £\C, where \
represents the set difference operator. Regard a small
volume V, in the bulk containing m elements that can
tile the plane. From Eq. (10) the probability that this
volume V, survives intact is

SVo = e—&”/og’ (11)
where 6" =) ", o}. Assume for a moment that & is

representative of the whole bulk [30]. The probability that
the bulk set B (excluding the crack tip) survives is then

55(8) = (Sv,(8)) /"0 = &
I/ng\n
_ () (12)

(%)
=e \0/ ,

where 653 = (V/V,)"/"5, and V is the total bulk volume.
As we already discussed, increases in the volume V can
effectively be thought of as a combined increase in the
internal stresses and a zoom-out operation. Of note, the
survival probability can be made arbitrarily small, for
arbitrarily large V, if 6 > 0.

In exactly the same way, the survival probability of the
crack tip is

6 6

Sc{oicc}) =] S(e)

i=1 i=1

I
®
3

I
Q
oy

Il
Q
$

Now, with reference to Egs. (8) and (10), i.e., treating
the bulk as an element at Weibull stress 65 = (V/V,)"/"5
and the crack-tip as another element at Weibull stress
60 = o1 (>;k")!/", we can write down the probability of
some element in the bulk 5 breaking before any of the
elements in the crack-tip set C (diffuse failure):

< ) (14)

0
P(SB>SC)EP51): <1+,—<n

where

__ag_a(V/Vy)'"
A T Lk (1

This result condenses everything about the statistics of
this problem on two variables:
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(1) The ratio of the (mean) stress in the bulk to the peak
stress on the crack tip—a/0;. This is exactly
proportional to the inverse of a nondimensionalized
stress intensity factor (SIF) Ygp = Kgp/6 « 6,/5,
often called the dimensionless or geometrical
SIF [31].

(2) The relative stresses of the elements on the crack
tip—(>_; k)" €[1,6], ¥V n>1. This term be-
comes larger, the more even the stresses are on
the crack-tip, but is still relatively close to 1 for
large n (e.g., for n = 4, the largest it can become
is 61/4 ~1.565 - ).

Ignoring the dependence on the latter term, which for
our setup (n > 4) and the crack-tip stresses we observe is
1<(>0x)/" < 1.16..., the Weibull stress ratio of
Eq. (15) takes a form that scales with the SIF and bulk
volume only:

Vl/n
K o . (16)
Ysip

Here we see once again that if the volume is large
enough, diffuse failure will almost always be observed
before the crack-tip advances, thus introducing further
defects in the bulk that the crack may interact with. Note
that in our numerical simulations the specimen volume V
is fixed and finite, so P;O) remains in an intermediate range
and does not saturate to 1. Note also that Eq. (14) is only
exact at the first failure event, as damage nucleates the
stress concentrations in the bulk and crack-tip change,
leading to a deviation of the statistics from this prediction.
Complementary to this analysis, in Appendix E, we
motivate and derive the following approximation for the
evolution of the diffuse failure probability as the main
crack grows:

Py

Py(Ny) :W,

A7)

where f and y are additional free parameters, and N is the
number of failed nodes on the main crack. This is a relation
we further validate and use in Sec. VI, in order to extract

(0)

accurate values for P’ at the onset of failure.

V. MECHANICALLY INFORMED
STATISTICAL MODELING

We now combine the preceding statistical analysis, i.e.,
our expressions for P, and P;O) [Egs. (8), (14), and (15)],
with the crack-tip stresses oy (4) obtained from an analysis
of the crack-tip micromechanics. This allows us to obtain
theoretical estimates for the number of failed bonds N, and

for the probability of diffuse failure at the onset of crack

propagation P((jo), as functions of A and n.

We begin with an estimate of the probability of crack
scattering, given that failure has nucleated on one of the
crack-tip elements. We introduce a simple binary vector to
segregate the crack-tip nodes into two sets: the ones whose
failure leads to scattering and the ones that do not. We form
this vector with O s for elements 1 and 2 and 1 s elsewhere,
given that scattering is only produced when elements 3-6
fail: h=1[0,0,1,1,1,1]. Moreover, arranging the six
crack-tip stresses into a conjugate vector, raised to the
nth Hadamard power, i.e., 65" (A) = [0} (). ..., 04 (4)], the
probability of scattering (P,) can be neatly written using
Egs. (8) and (10):

K5 (4)

RETI0) e

Py(n,A)

where

h-og"(3)

RN R)

(19)

The probability of diffuse failure Eq. (14) on the other
hand, is expected to have very weak dependence on the SR
for our problem setup. The reason is that, as already
discussed in Sec. II, we maintain a constant total beam area
A = tb, which ensures a constant lattice-specific density
(p) across all SR. Therefore, and given that the dominant
contributing terms in Eq. (16) for the SIF Y depend only
on p and not SR [32], we expect that the dominant
contribution to the probability of diffuse failure will also
not depend on SR. Nonetheless, we do expect a subdomi-
nant dependence on SR, e.g., via bending-derived micro-
polar effects [33].

A. Distinct failure regimes
From a study of the probabilities of scattering P, and

diffuse failure PEio) in the space of A and n, we identify
distinct regimes for the damage behavior. It is therefore
instructive to visualize these on a single diagram. Although
the delineation of their boundaries may be arbitrary, given
the smooth transition from one regime to another, segre-
gating these regions is still useful and relevant. The
difficulty of rigorously differentiating fracture regimes
is a problem that has been discussed in existing literature
[11] in the context of creating similar phase diagrams.
For our setup, and with reference to Fig. 4, the regimes

we observe are the following. (i) When P~ PEIO) ~ 0,
damage is expected to nucleate at the crack-tip from the
beginning and propagate in a horizontal line (no scatter-
ing). (i) For P, > Pfim ~ (0, damage is expected to
nucleate predominantly at the crack-tip, scattering as it
advances. With reference to Fig. 4, this region is defined
by P, > P\ when P, > 0.01. (iii) For P’ > P, diffuse
failure initially dominates the response.
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FIG. 4. Fracture regimes resulting from the mechanically informed statistical analysis. At each point in parameter space, the most
probable mode of nonhorizontal crack propagation is used to color the corresponding square according to Eqgs. (14) and (18), with the
opacity indicating the associated probability. This construction naturally gives rise to three distinct regions, which are labeled
accordingly. Insets show representative failure patterns drawn from each region. Dashed lines are shown as guides to the eye and
delineate the different regimes identified; the conditions defining these boundaries are indicated in text over the dashed lines. At fixed
disorder strength, varying the SR alone is sufficient to drive transitions between these regimes, highlighting the possibility for
controlling crack-path morphology through geometry.

As expected, we observe that the probability of diffuse ~ which fixes the lattice-specific density and thus the SIF in
failure has almost no dependence on SR [this is also most ~ Eq. (16). On the other hand, the scattering probability
easily seen in Fig. 5(b)]. Again, we interpret this as a  strongly depends on SR, and decays much slower as a

consequence of the way we have chosen to traverse SR, function of n compared with P,;, which is the reason
(0)
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FIG. 5. Simulation data plotted over theoretical predictions for the probabilities of scattering and diffuse failure. Note that the
theoretical (dashed) lines are slices of the respective probabilities from Fig. 4, and they have no free parameters; i.e., they are overlaid,
not fitted to the data. Error bars indicate the standard error of the mean. (a) Ratio of excess broken bonds AN = Ny — N, to N,, over the
theoretical predictions for P. In the inset we show the same data in semilog scale, which clearly demonstrates not only convergence but
also the exponential form for the decay of probability P, at large n. (b) Probability of diffuse failure at the beginning of the damage
process—P(dO)—with theoretical prediction overlaid. The weak dependence on SR of this probability is obvious both for theory and
simulation data. The inset shows the mean fraction of diffuse failure points as a function of the mean size of the main cluster N, for

A =10, with the dashed lines being fits of Eq. (17); P,(10> in the main plot is extracted as the y-intercept of these curves.
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behind the existence of region (ii). This implies that, at
least within this region, there is a possibility to control the
expression of quenched disorder during failure through
one geometric parameter, with larger SR producing higher
scattering rates and thus more tortuous crack paths.

In the following section, we use lattice fracture simula-
tions to test the validity of the statistical framework we have
presented above for predicting the damage morphology,
while also discussing the work of fracture in conjunction.

VI. RESULTS

A. Damage evolution and morphology

We perform simulations of rectangular lattice domains
with N, =80 and N, =40 unit cells in the x and y
directions, respectively. Data is collected from 50 simu-
lations for each pair of 1={2,4,7,10,15,20} and
4 <n <20,neZ. Each simulation uses a different ran-
dom seed, so the underlying failure stress distribution is
distinct for every run. The lattices are then quasistatically
strained perpendicular to the main crack face, as discussed
in Fig. 1(a).

Ideally, we expect that the statistical analysis can be
related both to the crack-path length Eq. (4) and the number
of broken bonds on the main crack cluster Eq. (3). However,
the latter is a more robust metric when it comes to extracting
it from simulation data. Furthermore, there are challenges
when it comes to rigorously defining the notion of crack-
path length in a discrete system such as a lattice.

Considering the aforementioned difficulties and the
relevance of the number of broken bonds belonging to
the main crack, we choose to visualize the fraction of excess
broken bonds AN = N;— N, to N,, for the main crack
cluster. This main cluster is isolated from the rest of the
damaged bonds using hierarchical agglomerative cluster-
ing with a Euclidean distance metric [34] (for further details
see Appendix C). A visualization of the simulation data,
together with the theoretically expected scattering proba-
bility from Eq. (18) can be seen in Fig. 5(a).

We also extract estimates for the probability of diffuse
failure at the beginning of the crack propagation PE,()). These
are calculated as the y-intercept when fitting Eq. (17) to the
average number of diffuse failure events as a function of the
main crack cluster size Ny [an example of fitting these
curves can be seen in the inset of Fig. 5(b)]. We have chosen

to extract Pgo) from a fit in order to use a larger amount of

data deeper in the failure process, thus obtaining better
numerical estimates. Plotted in Fig. 5(b), we observe the
expected dependence of this probability both on n and SR.
Note that although our theoretical model takes into account
the size scaling of this probability (k" « V), we have not
performed a respective numerical study to validate it.
The inset of Fig. 5(a) shows that the simulation data
closely follow the theoretically predicted scattering prob-
ability P, and converge asymptotically with increasing n,

while exhibiting clear deviations below a threshold disorder
strength. The excellent agreement observed at weak to
moderate disorder indicates that successive failure events
can be treated as statistically independent, such that crack-
path statistics are effectively governed by the statistics of
individual failure events. The breakdown of this agreement
at low n is thus a notable feature. As seen in Fig. 5(b), the
onset of the deviation occurs consistently for Weibull moduli
in the range n ~ 7-9 across all SRs, coinciding with the
regime where diffuse failure becomes significant. We specu-
late that, within this regime, the main crack propagates
through an already damaged lattice, intermittently linking
preexisting diffuse clusters; scattering events may then be
enhanced by the attraction of the crack toward nearby
defects, leading to an effectively higher scattering probability
than predicted by the independent-event approximation.
Since this deviation appears primarily driven by n rather
than the scattering probability itself, we speculate that the
interaction of the crack path with preceding scattering defects
is a subdominant, second-order effect throughout the range
of SR, hence the excellent agreement with theory for n = 7.
Notwithstanding, and despite this deviation, the central role
of SR in controlling the mechanical expression of disorder
remains clearly evident across the entire range of n explored.

B. Energy release rate

We also extract the energy release rate from the
simulation data. This quantity characterizes the average
energy required to advance the main crack by a distance s
and is conventionally defined as G = dU/ds. To obtain a
robust estimate in the presence of crack tortuosity—where
bonds between the two crack faces may remain intact until
late stages of damage—we compute G as the total fracture
energy of a specimen divided by the horizontal distance
traversed by the crack. Specifically, this corresponds to the
energy required to quasistatically load the lattice up to the
point at which a continuous main crack fully separates
the system into two disconnected domains. The choice of
the horizontal crack extension is motivated by the pre-
dominant mode-I loading of the system, for which, in the
absence of disorder, crack propagation is expected to occur
along a straight horizontal path.

Finite-size effects play a significant role in lattice
fracture, making it essential to establish how the above
definition of the energy release rate converges as the
system size is increased. We therefore study the size
dependence of G in the limit n — oo, corresponding to
a uniform lattice, for which the fracture process is
deterministic and yields a well-defined reference value
G,. In contrast to the preceding results—where larger
lattices could be efficiently simulated to characterize
scattering statistics—the accurate evaluation of the work
of fracture requires sufficiently fine strain stepping to
resolve energy changes, which substantially increases the
computational cost. For this reason, the data presented here
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are drawn from smaller systems, whose dimensions we
choose based on a convergence analysis outlined below.
Note that, up to a scale factor, the remaining system
parameters (e.g., the relative ratio N, = 2N, the precrack
placement along the midplane, and the loading and
boundary conditions) are kept fixed.

For all SR considered, we find that G, approaches its
asymptotic value G, with increasing system size N, X Ny,
and that this convergence is accurately described by the
empirical form

G, = G ANy, (20)

extracted from [35], where A and G, are free parameters
in the model. Using this relation, we extract G, for each
SR [shown in the inset of Fig. 6(a)] and verify convergence
by plotting G,/G, as a function of N, in Fig. 6(a). We
then select the smallest system size N, for all subsequent
data, for which G, reaches at least 95% of G, for all SR,
balancing numerical accuracy against computational cost.
Note that we have not performed a similar convergence
study for disordered lattices, so the threshold and lattice
size chosen are indicative bounds for where size effects
become negligible. All subsequent measurements of G in
disordered lattices are thus collected at a system size of
N, =60, N, =30, with 100 runs for each pair of 1 =
{2,4,7,10,15,20} and 4 <n <20,neZ.

In Fig. 6(b), we show the normalized energy release rate
G/G, as a function of the Weibull modulus n, for all SR
considered. Strikingly, for n 2 10 the data collapse almost
perfectly onto a single master curve, indicating that in this
regime the disorder-induced modification of the fracture
energy becomes effectively independent of SR when
measured relative to the uniform reference. The inset of
Fig. 6(b) presents the corresponding unnormalized values
of G as a function of n, where the separation between
curves makes it evident that, for all A > 4, the fracture
energy exhibits a nonmonotonic dependence on disorder
strength, attaining a maximum at a relatively low, SR-
dependent value of n. At present, we do not propose a
mechanistic model that captures this nonmonotonicity;
however, we note that similar trends have been reported in
both experimental [15] and numerical [15,16] studies of
fracture with different forms of disorder, suggesting that
this behavior may be a robust feature of such systems.

Within the collapsed regime (n 2 10), the data are
excellently described by the form represented by the
dashed curve in Fig. 6(b),

G B
T 142 21
G, +n’ @D

where B is the single fitted constant. This scaling is
consistent with theoretical estimates in which apparent
toughening arises from crack arrest induced by spatial
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FIG. 6. Energy release rate G in uniform and disordered
lattices. (a) Convergence of G, /G, with horizontal system size
N, for different SR in uniform—n — oco—Tlattices; the inset
shows G, vs SR. The smallest N, for which G, > 0.95G, is
used in simulations for subsequent measurements in disordered
lattices. (b) Normalized fracture energy G/G, as a function of
Weibull modulus 7 for all SR. Curves collapse for n = 10, while
the inset shows uncollapsed G vs n, revealing a nonmonotonic
dependence on disorder. The collapsed regime is well described
by G/G, =1 + B/n, with the fitted curve plotted as a dashed
black line.

variability in local fracture energy [21-23]. In such
descriptions, crack propagation is assumed to arrest at
the point of largest local toughness encountered along its
path, leading to an apparent fracture energy that scales
with the standard deviation of the underlying toughness
distribution. Although we do not explicitly compute
fluctuations in local fracture toughness, in the nondiffuse
regime, crack propagation is governed by the failure of the
most critical bond, so that the relevant fluctuations are
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expected to scale with those of the failure stresses.
Accordingly, in the present model, the standard deviation
of the Weibull-distributed failure stresses is well approxi-
mated by ~1/n for n > 4, providing a natural explanation
for the observed scaling of the master curve Eq. (21).
While this description does not account for the non-
monotonic behavior observed at lower n, it accurately
captures the disorder-induced enhancement of fracture
energy in the weak-to-moderate disorder regime. Given
that within this range we do not expect any initially diffuse
failure [Fig. 5(b)], we can further support that crack arrest
events dominate the energetics of propagation.

Taken together, these results establish a clear separation
between the geometric and statistical contributions to
fracture energetics in disordered lattices. While the uni-
form reference energy G, is fully determined by lattice
geometry through SR, the presence of disorder leads to an
apparent enhancement of the fracture energy that collapses
onto a universal scaling for sufficiently weak disorder.
This feature, as well as the emergence of a nonmonotonic
dependence of G on disorder strength—observed across
the SR range—indicates that this enhancement cannot be
understood as a simple monotonic consequence of increas-
ing crack tortuosity or the amount of damaged bonds. In
the following discussion, we interpret these findings in the
context of crack arrest, damage localization, and the role of
geometry in regulating the macroscopic expression of
quenched disorder and outline the broader implications
for the design of architected materials.

VII. FINAL REMARKS

We have combined a statistically informed fracture
framework with numerical simulations to demonstrate that
the SR acts as a key geometric control parameter governing
how quenched disorder manifests in beam-jointed triangular
lattices. Within this framework, we identify three distinct
failure regimes in the space of disorder and SR and show
how their emergence is rooted in the geometry-dependent
micromechanics at the crack tip. Specifically, the SR
modulates a transition between bending-dominated and
stretching-dominated deformation modes—a  duality
already established in the mechanics of random fiber and
beam networks [36]. At high SR, the bending compliance of
the ligaments allows for effective stress redistribution akin
to the crack-tip insensitivity observed in [25], whereas a
lower SR promotes stretching-dominated behavior and
more acute damage localization. This geometric control
over the crack-tip environment provides a physical basis for
tuning damage statistics in disordered beam lattices, in
parallel to concepts recently explored through the lens of
damage zone scaling [37].

These insights also connect with previous work on
manufacturing-induced disorder, which is typically
addressed through prediction and mitigation [38-42].
Our work introduces a complementary perspective: rather

than eliminating disorder, we show that its mechanical
expression can be shaped through geometry—controlling
the main crack-path evolution, while having little effect in
the diffuse failure statistics—producing lattices that are
disorder tolerant under damage. We further identify when
such control is most effective, noting that diffuse failure at
strong disorder may inhibit the geometric influence we
theoretically predict. Overall these observations underpin a
key implication of our framework: within a well-defined
range of disorder and SR, crack-path morphology can be
predicted in a system-size-independent manner from local
crack-tip statistics by treating successive failure events as
effectively independent. This framework assumes that
successive scattering events are sufficiently sparse to be
noninteracting. For the material parameters of choice, this
is strongly supported by the excellent agreement with
theory for n = 7 and the fact that observed deviations
depend almost exclusively on n rather than the scattering
probability itself.

Moreover, while our results reproduce the apparent
increase in fracture energy reported within the literature
of disordered lattices [12—16], they also reveal that this
enhancement cannot be straightforwardly attributed to
more distributed damage or increased crack tortuosity
under the assumption of a fixed energy of fracture per
bond, as alluded to in certain studies [14,15]. Instead, our
results are consistent with interpretations in which appar-
ent toughening arises from statistical effects associated
with local variability in fracture resistance, such as crack
arrest and delayed crack advance caused by fluctuations in
local failure thresholds [21-23]. The geometry-indepen-
dent scaling of the fracture energy with the variance of the
failure stress distribution supports this interpretation and
aligns with theoretical treatments that relate macroscopic
fracture energy to the variance of local toughness. At a
stronger disorder, however, where diffuse failure becomes
prevalent, this framework breaks down, reflecting a quali-
tative change in how disorder is expressed at the structural
scale. Overall, these results outline the need to distinguish
between the effects of disorder on damage morphology
and the physical mechanisms that truly govern energy
dissipation during fracture.

This separation between damage morphology and the
mechanisms governing energy dissipation outlines a para-
digm that goes beyond the prediction or mitigation of
disorder and toward its functionalization: one in which the
determinism of crack-path selection can be largely con-
trolled through geometry, independently from the apparent
toughening induced by statistical variability. Of note, this
control need not rely solely on manufacturing-induced
variability; spatial variations in geometric parameters offer
a potential route to deliberately introduce or amplify
effective disorder in a controlled manner, suggesting
promising directions for future work. More broadly, our
results reinforce the notion that disorder, whether inherent
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or engineered, can be elevated from an unavoidable
imperfection to an active design variable, opening alter-
native pathways for the design of resilient architected
materials with tailored fracture responses.
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APPENDIX A: METHOD

We adopt the modeling approach described in [18],
which has been experimentally validated for the fracture of
PMMA-based Maxwell networks [6]. The simulator used
in this study is publicly available in [43]. The system is
represented as a mass-spring network with pinned boun-
daries, incorporating both axial and torsional springs. Each
bond is discretized into three elements (see Fig. 7) to
capture the dominant low-energy bending modes.
Equilibrium at each quasistatic strain step is achieved
using the FIRE 2.0 algorithm [45,46].

Fracture is simulated by splitting nodes when a con-
nected element satisfies the combined axial-bending stress
criterion,
0B

u
O

O
“u
OA

=l =1, (AD)

OfF —

where 6, and op are the axial and bending stresses in the
element and ¢! and op represent the element’s failure
stresses in axial and bending.

Upon node splitting, elements are reassigned to reflect
fracture (Fig. 8). The reassignment depends on the number
of elements initially connected at the node. For nodes with
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FIG. 7. Discretization of a triangular lattice, with each beam
divided into three independent elements. When disorder is
included, all three elements of a beam share the same failure
stress.
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FIG. 8. Splitting of elements in a lattice when element i reaches
failure (i.e., og; > 1) for nodes with: (a) 2, (b) 3, (c) 4, (d) 5, and
(e) 6 elements meeting at a node. Here, a;_j and C;_; represent
the angle and torsional spring stiffness between elements i and J,
respectively, while 5a;_; denotes the change in angle following
loading.

fewer than five connected elements, the protocol follows
that outlined in Ref. [18] for critically coordinated lattices.
Specifically, for sites with three or four connected elements
[Figs. 8(b) and 8(c)], we disconnect the elements between
the two torsional springs experiencing the largest angular
change, keeping elements that rotate together grouped. An
additional torsional spring is introduced when necessary to
maintain local connectivity. For nodes with more than four
connected elements [Figs. 8(d) and 8(e)], only the single
element meeting the failure criterion is separated, and a
torsional spring is added to bridge the elements directly
beside it. This approach is motivated by experimental
observations [47,48].

Damage evolves iteratively within each displacement
step, where in each iteration, only one site may split,
followed by energy minimization to capture the stress
redistribution. If the relaxation immediately after a failure
event leads to multiple bonds meeting the failure criteria
(i.e., an avalanche of failures), only the most stressed
element is split. Otherwise, we use a binary search to reach
a strain at which only one element exceeds the failure
threshold; the element is subsequently broken. The
material is assumed linear-elastic until failure.

APPENDIX B: SCATTERING MAP

As mentioned in the main text, failure of each one of the
six crack-tip elements either causes the crack to change
row, or to continue propagating along the same one.

014011-12



HOW GEOMETRY TAMES DISORDER IN LATTICE...

PHYS. REV. APPLIED 26, 014011 (2026)

Slenderness Ratio (1)
2 4 7 10 15 20

T T
1 1 No change
B Scattering

I Row Change

Beam Index

FIG.9. Visualization of scattering map and map of row change
overlaid, capturing the ensuing damage pattern after the removal
of each one of the six crack-tip elements. Row change map
specific to PMMA; scattering map specific to triangular lattice
and boundary conditions.

Furthermore, we discussed that failure of any element
other than the first two results in an additional damage
point on the main cluster. In other words, if any element
other than 1 or 2 fails, the main crack has to remove an
additional element to reach the same x location as a crack
that did not experience such an anomalous failure event.
As discussed in the main text, this information (of whether
scattering or a row change is observed) can be encoded in
two matrices containing binary values. We visualize these
below in Fig. 9.

APPENDIX C: DAMAGE
MORPHOLOGY FROM DATA

Extracting information about the damage morphology
from simulation data is not a straightforward task—certain
assumptions and choices are necessary. Here we outline
our methodology in detail.

Before extracting any fracture-related metrics from the
cloud of damage points, we perform a preprocessing where
each one of them is translated back to its respective
position at the beginning of the simulation, before the
lattice was strained. This is to restore the information about
the damage locations in the network without including
details about their relative displacements under the elastic
deformation incurred.

As mentioned in the text, the main crack cluster is
isolated from the damage cloud using hierarchical aglo-
merative clustering with a Euclidean distance metric [34].
This algorithm starts by considering all points as separate
clusters, iteratively joining the two clusters that are the
closest to each other at each step. The algorithm terminates
once a certain criterion is reached. In our case, this
criterion is that there are no clusters closer than a distance
of 1.1a apart, where a is the unit-cell size. This choice was
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FIG. 10. Resulting damage point segregation after performing
hierarchical agglomerative clustering.

made by noticing that sequential damage events in a
horizontally propagating crack, are at most one unit cell
apart and allowing for a small 10% error so as to avoid
accidentally separating clusters that belong to the same
group. The number N is then simply found by counting the
amount of points in the largest cluster. A visualization of the
resulting segregation of damage points can be seen in
Fig. 10.

APPENDIX D: NONLINEAR CORRECTIONS

One of the main underlying assumptions in our study
has been that the stresses in all beams scale linearly with
each other (that is, we said o; = k;;0; with k;; being a
constant). Evidently in our chosen system this assumption
is justified through the excellent agreement between theory
and simulations. We have also numerically verified lin-
earity for all SR. We note nonetheless that this assumption
is not generally true for all material parameters and lattice
geometries. Here we will examine the implications of
relaxing this assumption and will thus supply corrections
to the probability Eq. (8), in the presence of nonlinearities.

Let us define a control variable §, which we can take to
represent the fractional y displacement of the top boun-
dary. Then the stress in element i, can be written
6; = 06;(6). As a result, the stress ratios we defined before
will now generally depend on 6. Expanding around 6 = 0:

. 5:'(5)
1](5) Gj(&)

_ 30}(0) +50/(0) + O(&)
604(0) +26(0) + O(5)
CF0)  _(6}(0)d}(0) — a1(0)5K(0)
=20 o) tow)
_ 0, o) —xa(0)
=) +6 770 +O(8). (D1)

J

Here, Kl(-;)) is the stress ratio at the limit 6 — 0. The linear

scaling assumption is essentially the same as saying
0,(8) = o} f(8), V i, with 67 a constant specific to each
element and f(§) a global function. One can check that this

014011-13



MATTHAIOS CHOUZOURIS et al.

PHYS. REV. APPLIED 26, 014011 (2026)

retrieves a constant k;;(6) = o7 /c;. In linear elasticity
there is the further assumption that f(6) « 6. So assuming
k;j 18 a constant wrt. the stresses, is more general than
assuming a linear elastic material.

To relax the assumption of linear scaling, and also
obtain a form for «;; that is workable within the framework
laid out up to now, we consider ¢,(5) being a monotonic
increasing function of §. As a result, we can change
variables in Eq. (D1) 6 — o}, using an inverse function.
Employing a series reversion of

o;(8) = a5+ a5 + ...

. 42
_ J 2
a; (aj )

we obtain:

0
k(o)) ) (14 €a)),

; (D2)

where the parameter € has dimensions of inverse stress—
we also consider a nondimensional €:

e= m h(—;’)) - ay(O)]

_ 2 [“52)_ <2>}=5

a:
@ by e

(D3)

We have only kept the first order term in ¢ to elucidate
how the first correction term arises; one could expand
Eq. (D1) to arbitrarily high order if needed.

Armed with (D2), we can rework the probability Eq. (8)
and see what the implications are for our statistical model.
Including the first order correction to k;;, the integrand
used in the calculation of the probability of an anomalous
failure event now reads:

g(6) = W(o; 00, n)S(a; %0

(
Kij

—_— 1, D4
0)(1+€’6/60> n) B

and the probability computes to (discarding all terms
(0)

higher than O(€), and writing «;;" =k, to declutter the

notation):
Pls;> ) [ 7 lo)do = 0 1+ 2kl o)L
(D5)
where
(kg —n) < 1)
w(n, Ky) = rit+-). D6
(n.xo) (0 + ) . (D6)

It is apparent that the correction is positive, which
makes sense: if the difference in stress between two

elements decreases as d increases, the less stressed element
is expected to have a higher probability of failure com-
pared with if the stress ratio remained constant. Notice the
exponential divergence of the denominator for n — 0—the
correction becomes irrelevant as disorder is increased, and
at n = 0 the correction vanishes. We reiterate that this
calculation can be repeated up to any order in ¢, given that
the expansion coefficients of the stresses are known, either
numerically or analytically.

APPENDIX E: EVOLUTION OF DIFFUSE
DAMAGE

In the main text, we focus on the probability of diffuse
failure at the beginning of the damage process. Herein, we
expand on this probability throughout the damage process
and explain why we focus on quantitative estimates at the
onset of failure, as well as how estimates are extracted
from data.

1. Theory

We begin by considering the underlying survival dis-
tribution of the bulk elements, while they are being
progressively and uniformly stressed until a certain small
amount of them has failed. Although there are similar
discussions in the literature regarding the crack nucleation
and emergent statistics of damage evolution starting from a
uniform sample [11,20], we are interested in understand-
ing this evolution in the presence of a half-domain crack,
which sets a stress scale for the bulk below the point where
damage would be expected to become significantly corre-
lated in it [11]. In other words, we assume that no
additional cracks nucleate and grow far from the preexist-
ing defect, i.e., that damage in the bulk remains mostly
uncorrelated. Our aim is to understand how the amount of
diffuse damage evolves, e.g., by finding a relation that
connects the proportion of diffuse failure events to the size
of the main crack.

Thus, assuming a small amount of failed elements
compared with the total number in the Bulk set B, i.e.,
ignoring the correlation between failure events as outlined,
we can estimate the amount of bonds that have failed in the
bulk as

Ny~ Ng(1 —el@/o0)"), (E1)

where & is the representative bulk stress as in the main text,
and Ny is the number of elements in the bulk.
Remembering that we have assumed N, < N, we can
make a further approximation:

Ny~ Ng(5/00)". (E2)

With respect to the growth of the main crack cluster
(containing Ny fractured sites), to lowest order, we can write
it as a function of the crack-tip Weibull stress (which is
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assumed to relate linearly to the bulk stress, o, « Yq 6):

o. a
Nf%l)<—c> s
00

where the exponent a determines how quickly N ; grows (on
average and starting from N, = 0) at the initial stages of the
damage. We know through our calculations in Sec. IV C,
that the diffuse failure probability P, at the onset of failure,

(E3)

N,
P, = lim—4

lim =———-, (E4)
(7—>0Nd+Nf

is nonzero for n € R*, i.e., P, € (0, 1), or equivalently that

o—>

This is only possible if both N, and N, tend to zero
equally fast as 6 — 0; i.e., if @ =n. In essence, this
guarantees that

Y ~\ " n
1if%(Nf/Nd) = Ni <LFG> (@)
o—> B O-O (o2

_ Y
=N
= 1/k",

which is the form we expect from Egs. (14) and (16).
We can then assume that the correction to the expect-

ation value of the ratio N;/N, as damage advances is

captured by a generic smooth function f:

Ny _

1
N, I_<7f(5/00),

for which f(0) = 1. A next to leading order expansion of
f(x) ~ 1 + ux?, yields a probability P, that depends on the
main crack cluster size as

n

P ~ X E

) (R"+ 1)+ uNy" (50
where u and y are unknown parameters. This result allows
us to estimate the probability of diffuse failure at the onset
of damage propagation—P,(0)—using simulation data
across the failure process, thus increasing the precision of
extracted values.
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