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Increasing connectivity and decreasing qubit-state delocalization without compromising the speed
and accuracy of elementary gate operations are topical challenges in the development of large-scale
superconducting quantum computers. In this theoretical work, we study a special honeycomb qubit lattice
where each qubit inside a unit cell is coupled to every other one via two dedicated tunable couplers and a
common central element. This results in an effective multimode interaction enabling tunable, on-demand,
all-to-all connectivity between each qubit pair within the unit cell. We provide a thorough analysis of the
unit cell, including a proposal for a novel and efficient conditional-Z gate scheme, which takes advantage
of the effective multimode coupling. We develop an experimentally viable pulse protocol for a single-step
gate implementation, which considerably improves the gate speed compared to the previous two-qubit-
gate realizations suggested for architectures utilizing a center mode. We also show numerical results on
how the presence of spectator qubits affects the average two-qubit-gate fidelity and analyze how the
multimode coupling structure mitigates the delocalization-induced crosstalk during simultaneous single-
qubit gates within the unit cell. We also provide analytical estimates for the errors caused by relaxation and
dephasing during a two-qubit-gate operation, including noise terms for the multimode coupling structure.
Our multimode coupling architecture results in a good balance between increased connectivity and
available parallelism, especially when several interacting unit cells form a quantum-processing unit. We
anticipate that the obtained results pave the way toward high-connectivity quantum processors with
efficient and low-overhead quantum algorithms.
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I. INTRODUCTION

Conventional superconducting quantum-processor
architectures are built upon relatively low-connectivity
planar grids such as the square lattice [1–4] and the heavy-
hexagonal lattice [5]. In general, lower connectivity results
in longer algorithm execution times since more elementary
gate operations are needed to realize the desired quantum
circuit [6]. Another emerging limitation to quantum-
processor operation in the superconducting framework
is the quantum (delocalization, hybridization) crosstalk [7]
arising from the fact that the control signals couple to local
degrees of freedom, whereas the computational states are
delocalized eigenstates of the whole processor [8].
Delocalization causes errors in particular for single-qubit

gates and can become a dominating source of quantum-
processor infidelity especially if the other error channels,
such as leakage and classical crosstalk, are mitigated with
novel pulse-shaping techniques [9].
Delocalization of the computational states can poten-

tially be mitigated with tunable couplers [10–12] and can
further be suppressed by adding extra modes in the
coupling elements [13,14]. Typical tunable couplers have
one mode [10], and there has been several high-fidelity
demonstrations of single- and two-qubit gate operations in
superconducting two-qubit test devices [9,15,16] and also
on larger low-connectivity quantum processors with tun-
able couplers [1,4,17]. However, single-mode couplers
cannot suppress delocalization completely [12] and, thus,
the computational states of such devices are still suscep-
tible to delocalization-induced errors. Such errors may
become detrimental in algorithms during which the
neighboring spectating qubits are excited, for example
when highly entangled multiqubit states are needed such as
in Shor’s algorithm [18].
In large-scale quantum computers with single-mode-

coupler architecture, a practical design choice is to use a
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square-grid topology, which limits the connectivity to four
nearest-neighbor qubits in the bulk of the processor.
However, many algorithms require long-range interactions
between qubits, which are then implemented as a sequence
of nearest-neighbor gates. Consequently, errors from the
sequential gates accumulate, resulting in a reduced final
gate fidelity compared to that of the individual gates. This
problem has been mitigated using multiqubit couplers
[19–22], where several qubits are coupled directly to a
shared mode, for example a resonator, without additional
tunable couplers in between. Despite the increase in
connectivity, such implementations are even more vulner-
able to delocalization errors than those based on two-qubit
couplers, due to the increased number of qubits per
coupling mode.
There has also been proposals for two-mode couplers

[14,23–27], which can potentially be used to mitigate the
delocalization and the related errors within the super-
conducting quantum computing framework. However,
using two-mode couplers in high-connectivity architec-
tures appears challenging, e.g., because of the susceptibil-
ity to spectator errors when the number of connected
qubits is scaled up. On the other hand, increasing the
number of coupling modes indefinitely appears also
harmful since each additional mode increases the number
of leakage, dissipation, and decoherence channels in the
system. We thus conclude that a promising choice is to
have N þ 1 coupling modes to realize an all-to-all con-
nectivity between N transmon qubits.
In this paper, we study the multimode coupler frame-

work by building upon our previous work [28] in which we
studied a setup of N ¼ 6 transmon qubits that are coupled
through their own dedicated tunable couplers to a shared
resonator mode. The shared center mode mediates pair-
wise qubit interactions and acts as an additional filter for
the unwanted delocalization-induced crosstalk and leakage

to spectator qubits. In Ref. [28], an effective two-qubit
conditional-Z (CZ) gate was created using the so-called
MOVE-CZ-MOVE protocol. However, since the constitu-
ent operations are done sequentially (“MOVE” + “CZ” +
“MOVE”), the total gate time is unavoidably long com-
pared to the conventional diabatic CZ gate in square lattice
topology [15,16].
Here, we introduce a novel pulse scheme for the

realization of a CZ gate mediated by a multimode coupling
between two qubits in a unit cell of a honeycomb lattice.
Our approach relies on simultaneous excitation swaps in
single- and two-excitation manifolds of the setup consist-
ing of the two qubits, two couplers, and the center mode,
thus allowing efficient single-step calibration with a
duration in principle equal to two MOVE operations.
Consequently, the gate operation time is considerably
reduced compared to the MOVE-CZ-MOVE protocol.
In the honeycomb lattice, each qubit is coupled to three

center modes and thus can be coupled to the 12 nearest
neighbors, as shown in Fig. 1. Inside the unit cell, only one
CZ gate can be performed at a time. But, since in a lattice
formed by unit cells, there are on average two qubits per a
center mode, it is possible to perform CZ gates in parallel
such that all the qubits within the bulk of the lattice can
be operated simultaneously. Such optimized connectivity
has applications in quantum error correction, more spe-
cifically in color codes, quantum low-density parity-check
(qLDPC) codes, and tile codes [29–32]. Furthermore, by
implementing the central mode with a coplanar waveguide
resonator, one could facilitate a long-range coupler
required for example by the qLDPC codes [33].
We provide an exhaustive analytical and numerical

analysis of the novel gate scheme, including optimization
of the pulse parameters and analysis of the error mech-
anisms. We describe in detail the theoretical and numerical
methods required to obtain the presented results. We also

FIG. 1. Schematic of a quantum-processing unit with the honeycomb topology utilizing multimode couplers. (a) Schematic of the
honeycomb lattice with multimode couplers. Ideally, there are no direct qubit-qubit couplings along the unit cell boundaries (dashed
lines), and each qubit is capacitively coupled only to the three nearest multimode couplers. We have highlighted the nearest-neighbor
qubits (blue) and multimode couplers (green) for qubit q1 (orange). (b) Schematic of the unit cell, where C denotes the multimode
coupler. (c) Schematic of the multimode coupler, with ci representing the ith tunable coupler.
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discuss the potential challenges with this approach and
provide mitigation solutions when available. In order to
keep things as simple as possible, we concentrate on pulses
with simple analytical forms. Using more sophisticated
pulse shapes, such as Slepian [34] for the two qubit gates,
and DRAG and its extensions [9,35,36] for single-qubit
gates, could be used to mitigate different errors even
further, resulting into faster gates.
The paper is organized as follows. In Sec. II, we define

the system Hamiltonian. In Sec. III, we present the basic
operation principle of our high-connectivity CZ gate and
demonstrate its performance in a minimal system consist-
ing of two qubits and the coupling element. In Sec. IV, we
discuss how spectating qubits and hybridization affect the
accuracy of the gate. Section V briefly discusses the effects
of relaxation and dephasing, and the conclusive remarks
are given in Sec. VI.

II. SYSTEM AND HAMILTONIAN

We consider here one unit cell of a quantum-processing
unit where the qubits are arranged in the honeycomb lattice
topology, as shown in Fig. 1. The qubits in the unit cell of
the lattice are coupled with a tunable multimode coupler,
which allows on-demand coupling between any qubit pair
in the unit cell while keeping the couplings to spectating
qubits suppressed. Here, we consider in more detail a
specific superconducting realization of the setup in which
each lattice site hosts a transmon qubit. The multimode
coupling between the transmons is created by a central
transmon qubit coupled to the N ¼ 6 peripheral qubits
through dedicated tunable transmon couplers [10,15],
which allow the control of the coupling strengths between
the peripheral qubits and the central transmon. Each
transmon in the system includes a SQUID loop, which
allows tuning of the transmon frequency with external
magnetic flux threading the loop. We emphasize here that
the results and conclusions made in this paper apply also to
a case in which the central anharmonic mode is replaced by
a linear resonator [28].
We treat the transmons as weakly anharmonic Duffing

oscillators, and, consequently, the system is described by
the Hamiltonian

Ĥ=ℏ ¼
X
l

�
ωln̂þ αl

2
n̂lðn̂l − 1Þ

�

−X
l≠l0

gll0 ðâ†l − âlÞðâ†l0 − âl0 Þ; (1)

where âl and â
†
l are the annihilation and creation operators

of the (local) mode l, n̂l ¼ â†lâl is the corresponding
number operator, and ωl and αl are the angular frequen-
cies and anharmonicities (for transmons αl is negative).
The coupling strength gll0 between the modes l and l0
depends on the mode frequencies as gll0 ≡ βll0

ffiffiffiffiffiffiffiffiffiffiffiffi
ωlωl0

p
,

where βll0 is a dimensionless constant, the value of which
is determined by the capacitance matrix of the system [10].
The qubits are coupled to their respective tunable

couplers and to the shared center mode, but not to each
other. Thus, labeling the qubit modes as qj, tunable coupler
modes as cj, and the center mode as c, the only nonzero
couplings in the Hamiltonian (1) are gcqj , gqjcj , and gccj ,
with j running from 1 to N, so that in total we have 2N þ 1
modes in the system. For example, in order to conduct a
two-qubit gate operation between qubits q1 and q2 in the
unit cell (see Fig. 1), we tune the corresponding local
coupler frequencies ωc1 and ωc2 to the operation values for
which the coupling between the qubits q1 and q2 and the
center mode becomes strong, thus creating an effective
three-mode coupling between the qubits.
In reality, parasitic capacitive couplings exist between

the modes—for instance, direct couplings between the
tunable couplers or between the peripheral qubits—which
we neglect here for simplicity. These couplings can
increase population leakage to spectator qubits during
two-qubit gates, particularly when they are near resonance
with the qubits involved in the gate. It is therefore usually
beneficial to introduce some disorder in the qubit idling
frequencies, which reduces the unwanted population
swapping caused by these parasitic interactions.
We calculate results for a varying number of qubits

between N ¼ 2 to N ¼ 6. This is, for example, to better
identify the effects arising from the spectating qubits. The
numerical results are computed using the parameters in
Table I, unless stated otherwise. The numerical values of
the parameters chosen here are experimentally relevant
and viable, based partly on measured values (qubit
frequencies and anharmonicities) and partly on design
values (couplings and coupler anharmonicities) of a device

TABLE I. Basic parameters of the Hamiltonian in Eq. (1) used
in this work. Negative signs in the couplings between the tunable
couplers and the center mode set the idling frequencies of the
couplers to frequencies below the qubits and the center mode
[15]. All the ZZ couplings in the system are less than 20 kHz.

Element ωl=2π (GHz) αl=2π (MHz) βcl βqjcj
q1 4.937 −183 0.000842
q2 4.919 −181 0.000882
q3 4.952 −174 0.000861
q4 4.970 −180 0.000904
q5 4.888 −176 0.000862
q6 4.965 −176 0.000838
c 4.796 −179
c1 3.639 −228 −0.0145 0.0194
c2 3.621 −228 −0.0153 0.0193
c3 3.671 −228 −0.0149 0.0194
c4 3.704 −228 −0.0157 0.0193
c5 3.602 −228 −0.0149 0.0194
c6 3.703 −228 −0.0144 0.0194
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currently under development [37]. Similar values are used
also in the literature [15,16,28,38]. Importantly, the gate
scheme studied here performs well over a wide range of
these parameters, as shown in App. A, so the qualitative
conclusions of this work do not depend sensitively on the
specific device parameters chosen here.

A. Computational basis

Hamiltonian in Eq. (1) describes a system of coupled
anharmonic modes. We observe that the cardinality of the
Hilbert space is much larger (infinite) than is required
for universal quantum information processing typically
defined in terms of two-level systems. Moreover, the
couplings occur between the eigenstates of the local
number operators n̂l, thus creating delocalization in the
eigenbasis of the coupled system. Ideally, the computa-
tional basis of a quantum computer is defined as the joint
eigenbasis of Pauli-Z operators of all qubits. However in
our case, the different cardinality together with the
delocalization generated by the couplings makes the
definition of the computational basis somewhat subtle
issue. We follow the practice of choosing the computa-
tional basis such that it is appropriate for practical
computation. This means that one has to be able to conduct
the basic operations between the computational states fast
and with high accuracy. Such operations include those
listed in the DiVincenzo criteria for quantum computation
[39], i.e., the capability of initializing the system to some
computational state, conducting universal gate operations,
and ability to read out the state in the computational basis.
The definition of the computational basis of a general

interacting anharmonic oscillator system is not unique, but
depends for example to which operators the available
control signals couple. Here, we concentrate on super-
conducting transmon implementations of the honeycomb
lattice with the multimode coupling mediated by the center
element. Using the conventional design, the microwave
signals controlling single-qubit-gate operations and the
readout resonators couple to the local charge operators
of the transmons defined as q̂l ¼ iqzpl ðâ†l − âlÞ where
qzpl are the zero-point fluctuations of the local charges.
Additionally, one often has the capability to control the
local frequencies of the qubits and the couplers using local
external fluxes, which couple to the system through the
local number operators n̂l. Conventional readout tech-
niques probe the qubit states in the eigenbasis of the
coupled system [8], despite the fact that the readout
resonators are coupled to the local charge operators of
the transmons. Moreover, the conditional phase collected
duringCZ gates is typically defined between eigenstates of
the coupled system. Therefore, we follow the convention
[8,40,41] that the computational basis states are eigen-
states of the Hamiltonian defined in Eq. (1) for a chosen set
of frequencies ωl. For simplicity, we neglect the readout
resonators in this study.

B. Delocalization, longitudinal coupling,
and idling configuration

Even though the computational basis states are eigen-
states of the Hamiltonian (1), there can still be complica-
tions to idling or gate fidelities of the qubits caused by the
couplings between localized states. This arises from the
fact that the eigenfrequencies are coupling-dressed local
frequencies, and the eigenstates are superpositions of
several local number operator eigenstates, a phenomenon
which is often referred to as hybridization or delocaliza-
tion. Dressing in the eigenfrequencies can lead to
unwanted conditional-phase errors during idling and, since
the single-qubit-gate drive signals couple to the local-
transmon operators, hybridization can induce quantum
crosstalk [7] that results in leakage during simultaneous
single-qubit gates, or during single-qubit gates if spectator
qubits are excited. Consequently, one has to pay detailed
attention to finding a proper idling configuration for the
qubit and coupler frequencies such that the conditional
phase rates and delocalization are as minimal as possible.
We here present the calibration of the idling configu-

ration in a simplified system and then generalize the
findings to our honeycomb unit cell. Let us consider the
tunable coupling between the center mode c and one of
the qubits, say q1, in the unit cell. These are connected
via the tunable coupler c1. We expect that the dressing
and delocalization are minimized in the dispersive regime,
i.e., if gcc1 ≪ jωc − ωc1 j, gq1c1 ≪ jωq1 − ωc1 j, and
gcq1 ≪ jωc − ωq1 j. Similar to Ref. [10], we eliminate the
coupler with the Schrieffer-Wolff transformation expanded
to the second order in the coupling strengths gcc1 and gq1c1 ,
see Appendix B for details. Consequently, the effective
XY-coupling between the qubit q1 and the center mode c is
given as

g̃cq1 ¼ gcq1 þ
gq1c1gcc1

2

�
1

Δq1c1

þ 1

Δcc1

− 1

Σq1c1

− 1

Σcc1

�
; (2)

whereΔll0 ¼ ωl − ωl0 and Σll0 ¼ ωl þ ωl0 . We note that
g̃cq1 gives the effective transverse coupling strength and,
thus, the system is not fully diagonalized unless g̃cq1 ¼ 0.
Moreover, one can show [12] that the delocalization in the
effective eigenstates also becomes minimal (but not com-
pletely suppressed) if g̃cq1 ¼ 0. Thus, regarding the single-
qubit gate operations the preferable idling configuration of
the qubit, center mode, and coupler frequencies is such that
it suppresses the effective coupling g̃cq1 . In this paper,
we assume that the tunable couplers have been designed in
the two-island configuration, see Fig. 1 and Ref. [15].
Consequently, the couplings gq1c1 and gcc1 have different
signs, resulting in the idling frequency of the coupler lying
below those of the qubit and the center element.
Due to the dressing, the qubit transition frequencies

become dependent on the state of the center mode. In other
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words, the transverse XY interaction is transformed in the
diagonalization process into a longitudinal ZZ coupling,
which is quantified in terms of the ZZ coupling strength
defined as

ζcq1 ¼ ðω̃11 − ω̃01Þ − ðω̃10 − ω̃00Þ; (3)

where ω̃nq1nc
is the dressed eigenfrequency corresponding

to the eigenstates jnq1nci, where nq1 ; nc ¼ 0; 1; 2; � � �. We
have chosen the labels here such that the overlap with the
local state jnq1nci0 is maximal [41]. Here, jnq1nci0 are the
joint eigenstates of the local excitation-number operators
n̂q1 and n̂c.
During idling, any residual ZZ coupling is detrimental

since it results in collection of conditional phase. It turns
out that in general for the transmon-based coupler designs
the delocalization and the residual collection of condi-
tional phase, determined by g̃cq1 and ζcq1 , respectively,
cannot be suppressed in the same configuration. Since the
delocalization causes errors only during single-qubit gates,
whereas the residual ZZ interaction leads to collection of
conditional phase also during idling, one typically chooses
to define the idling configuration by minimizing the ZZ
coupling [15]. Here, we follow this convention but also
give a comprehensive analysis how our multimode coupler
design also suppresses delocalization of the computational
qubit states and thus results into improved single-qubit-
gate accuracy compared to the more conventional square-
grid implementations.
Full calibration in the setup consisting of several qubits

coupled to the center mode through tunable couplers
becomes an exhaustive ordeal. In our numerical simula-
tions, we apply an approximate but accurate search for the
idling configuration that can be straightforwardly applied
also in an experimental context. Instead of searching for

the idling configuration of the whole system at once, we
minimize the residual ZZ couplings for each center-mode-
qubit pair separately, following the procedure presented
above. We define the idling configuration such that ζcqj ¼
0 for each qubit with j ¼ 1;…; N. We show in Fig. 2 the
calibration for the system with N ¼ 2 qubits. In general,
we choose to describe the system in the eigenbasis of the
Hamiltonian defined in the above idling configuration. We
define the labeling of the eigenstates as jnq1 � � � nqNnci such
that the overlap with the local state jnq1 � � � nqNnci0 is
maximal. Again, the states jnq1 � � � nqNnci0 are the joint
eigenstates of the local excitation-number operators n̂qj
and n̂c, where j ¼ 1;…; N. The computational states
relevant for universal quantum computation are then such
eigenstates jnq1 � � � nqNnci that have nqi ¼ 0 or nqi ¼ 1,
and nc ¼ 0.

III. CZ GATE REALIZATION

The discussion above draws the guidelines on how to
determine the computational states such that the idling and
single-qubit gate operations can be conducted with high
accuracy. We assume that the quantum state of the multi-
qubit system can be read out in the computational basis
using the conventional dispersive readout techniques for
transmons. Here, we concentrate on the implementation of
a two-qubit CZ gate in our setup and consider single-qubit
gates in a following section.
In a previous work, CZ gate between two peripheral

qubits in the hexagonal unit cell has been realized with the
so-called MOVE-CZ-MOVE protocol [28]. MOVE-CZ-
MOVE consists of three successive operations for the
system consisting of two peripheral qubits q1 and q2, and
the center element c. The first MOVE operation transfers
the state of q2 into the center element. This is followed by a

FIG. 2. ZZ couplings ζll0 in the minimal system as a function of the frequencies ωc1 and ωc2 of the tunable couplers c1 and c2. ZZ
coupling between (a) the qubit q1 and the center mode c, (b) the qubit q2 and the center mode c. In the chosen parameter range, the ZZ
coupling between qubit qj and the center mode has a negligible dependence on the tunable-coupler frequencies of the other qubits.
(c) The ZZ coupling between the qubit q1 and the center mode c as a function of the frequencies ωc1 and ωq1 . Black dots correspond to
the chosen idling frequencies, see Table I. The direct ZZ coupling between the qubits q1 and q2 is less than 10 kHz for the chosen
parameters. These results generalize for additional qubits.

TWO-QUBIT-GATE OPERATION IN A … PHYS. REV. APPLIED 26, 054021 (2026)

054021-5



CZ operation between the center element and q1, realized
using the diabatic gate scheme in which the conditional
phase is generated by a full Rabi cycle between the two-
excitation states j101i and j200i [8,11]. Finally, the state of
the center element is transferred back to the qubit q2 using
another MOVE. Effectively, this creates aCZ gate between
the peripheral qubits q1 and q2, ideally not influencing the
spectating qubits in the QPU, and allowing for a tunable
all-to-all connectivity within the unit cell of the honey-
comb topology. The downside of this protocol is that the
operations are done sequentially, resulting in a gate time
given by τ ¼ 2τMOVE þ τCZ, where τMOVE and τCZ are the
durations of the MOVE and CZ operations, respectively.
Here, we reduce the gate duration by conducting the

above operations simultaneously [42]. This means that we
generate a pulse sequence for the peripheral qubits and
their couplers such that the system experiences full Rabi
oscillations in the single-excitation and two-excitation
manifolds. This potentially decreases the duration of the
effectiveCZ gate between the peripheral qubits. In order to
demonstrate our high-connectivity gate, let us first con-
sider a system with two qubits q1 and q2, two tunable
couplers c1 and c2, and the center mode c. The
Hamiltonian of the system is given by

Ĥ=ℏ ¼
X

l¼q1;q2;c;c1;c2

�
ωln̂l þ

αl
2
n̂lðn̂l − 1Þ

�

− X
l¼q1;q2;c1;c2

gclðâ†c − âcÞðâ†l − âlÞ

−X2
j¼1

gqjcjðâ†qj − âqjÞðâ†cj − âcjÞ: (4)

We describe our gate scheme first in terms of an
approximative analytic model in which the gate is realized
with square pulses applied to the participating qubits and
couplers. Later, we test the protocol against a full numeri-
cal simulation of the Hamiltonian in Eq. (4) with exper-
imentally more relevant pulse shapes.

A. Analytical model

Here, we decouple the tunable couplers from the rest of
the system by performing the Schrieffer-Wolff transfor-
mation (see Appendix B for details) and obtain an effective
Hamiltonian of the form

ĤSW=ℏ ¼
X

l¼q1;q2;c;c1;c2

�
ω̃ln̂l þ

αl
2
n̂lðn̂l − 1Þ

�

þ
X2
j¼1

g̃cqjðâ†c âqj þ âcâ
†
qjÞ

þ g̃c1c2ðâ†c1 âc2 þ âc1 â
†
c2Þ; (5)

where we have also performed the rotating wave approxi-
mation on the couplings. We observe that after the trans-
formation the couplers are decoupled from the qubits and
the center mode and, thus, we can discard the tunable
coupler degrees of freedom and focus only on the sub-
system of two qubits and the center element. The coupling
strengths g̃cqj here depend on the frequencies of the tunable
couplers and, in particular, can be set to zero, which we for
simplicity choose as the idling configuration for this
approximative model. A gate can then be performed by
tuning the coupler frequencies to desired operation values,
which create effective couplings between the qubits and
the center mode. Notice that in the numerical simulations,
described in the following section, we choose the idling
value for g̃cqj such that it minimizes the ZZ-coupling and
use the eigenstates of Eq. (5) as the computational states,
as discussed in Sec. II B.
Without a loss of generality, we assume that

ω̃q1 > ω̃q2 ; ω̃c and label the computational states as
jnq1nq2nci as described in the previous section. The
essential states for the process are j001i, j010i, and
j100i in the single-excitation manifold, and j200i,
j110i, and j101i in the two-excitation manifold.
Projecting the Hamiltonian in Eq. (5) to these subspaces,
we obtain the matrix representation ĤSW → Ĥ1 ⊕ Ĥ2

where

Ĥ1 ≙ ℏ

0
B@

ω̃c g̃cq2 g̃cq1
g̃cq2 ω̃q2 0

g̃cq1 0 ω̃q1

1
CA;

Ĥ2 ≙ ℏ

0
B@

2ω̃q1 þ αq1 0
ffiffiffi
2

p
g̃cq1

0 ω̃q1 þ ω̃q2 g̃cq2ffiffiffi
2

p
g̃cq1 g̃cq2 ω̃q1 þ ω̃c

1
CA: (6)

We apply square pulses to the qubits such that during the
gate ω̃q2 ¼ ω̃c and ω̃q1 þ αq1 ¼ ω̃q2 , so that all the three
states in the two excitation manifold are in resonance. In
the single-excitation manifold, the states j010i and j001i
are also in resonance, but the state j100i is not. In order to
proceed analytically, we assume that g̃cq1 ≪ ω̃q1 − ω̃c and,
consequently, neglect the effect of gcq1 in the single-
excitation manifold. More accurate but less intuitive
analysis using Jacobian diagonalization [43,44] is given
in Appendix C.
Since we have made the rotating-wave approximation,

the dynamics in single- and two-excitation manifolds is
decoupled from the other manifolds and is described by the
propagator ÛðtÞ ¼ Û1ðtÞ ⊕ Û2ðtÞ where
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Û1ðtÞ ≙

0
B@

e−iω̃q2
t cosðg̃cq2tÞ −ie−iω̃q2

t sinðg̃cq2tÞ 0

−ie−iω̃q2
t sinðg̃cq2tÞ e−iω̃q2

t cosðg̃cq2tÞ 0

0 0 e−iω̃q1
t

1
CA;

Û2ðtÞ ≙
e−iðω̃q1

þω̃q2
Þt

Ω2

0
BB@

g̃2cq2 þ 2g̃2cq1 cosðΩtÞ
ffiffiffi
2

p
g̃cq1 g̃cq2 ½cosðΩtÞ − 1� −iΩ ffiffiffi

2
p

g̃cq1 sinðΩtÞffiffiffi
2

p
g̃cq1 g̃cq2 ½cosðΩtÞ − 1� 2g̃2cq1 þ g̃2cq2 cosðΩtÞ −iΩg̃cq2 sinðΩtÞ
−iΩ ffiffiffi

2
p

g̃cq1 sinðΩtÞ −iΩg̃cq2 sinðΩtÞ Ω2 cosðΩtÞ

1
CCA; (7)

and we have defined the oscillation rate in the two
excitation manifold as

Ω≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g̃2cq1 þ g̃2cq2

q
: (8)

In this two-qubit system, the computational states are
j000i, j100i, j010i, and j110i, so we observe that there is
population transfer out of this computational subspace in
both single- and two-excitation manifolds. For a good
fidelity quantum gate, it is required that the population
returns to the computational subspace at the end of the gate.
In the two-excitation manifold, this occurs only if
Ωt ¼ 2πn, and in the single-excitation manifold if
g̃cq2t ¼ nπ, with an integer n. We choose n ¼ 1 to minimize
the gate duration, and using Eq. (8), we observe that full
population recovery in both manifolds is obtained if

g̃cq1 ¼ �
ffiffiffi
3

2

r
g̃cq2 ; Ω ¼ 2jg̃cq2 j: (9)

The gate is demonstrated in Figs. 3(a) and 3(b). The
system is initially in an equal superposition of the
computational states and performs a full Rabi oscillation
between the single-excitation states j010i and j001i.
Simultaneously, the three two-excitation states perform
their own oscillations. The oscillation rate of the state
involving the center mode depends on the state of the
higher-frequency qubit, such that the state j101i oscillates
twice as fast as the state j001i. The j200i never becomes
fully populated, since the couplings

ffiffiffi
2

p
g̃cq1 and g̃cq2 are

not equal.
For a working CZ gate, we also need to make sure that

the gate can give a π conditional phase. Setting the system
initially in a general state

jψð0Þi ¼ ðc00j00i þ c10j10i þ c01j01i þ c11j11iÞ ⊗ j0i;
(10)

where the coefficients cij are complex numbers subject to
normalization condition, and the center mode is in the
ground state. Time evolution is determined by the propa-
gators in Eq. (7) with the gate duration set to τ ¼ 2π=Ω,

jψðτÞi ¼ ÛðτÞjψð0Þi. Tracing out the center element
degree of freedom then gives a two-qubit density matrix
with the elements (indexing the states as jnq1nq2i)

h00jρ̂2qðτÞj01i ¼ jc00jjc01jeiðω̃q2
τþϑ00−ϑ01Þ cosðg̃cq2τÞ;

h00jρ̂2qðτÞj10i ¼ jc00jjc10jeiðω̃q1
τþϑ00−ϑ10Þ;

h00jρ̂2qðτÞj11i ¼ jc00jjc11jei½ðω̃q1
þω̃q2

Þτþϑ00−ϑ11�: (11)

where we have written the complex numbers cjk in the
polar form, cjk ≡ jcjkjeiϑjk . The single- and two-qubit
phases collected during the gate are obtained from these
matrix elements as ϕjk ¼ arg ½h00jρ̂2qjjki�,

ϕ01ðτÞ ¼ ω̃q2τ þ ϑ00 − ϑ01 − π

2
f1 − sgn½cosðg̃cq2τÞ�g;

ϕ10ðτÞ ¼ ω̃q1τ þ ϑ00 − ϑ10;

ϕ11ðτÞ ¼ ðω̃q1 þ ω̃q2Þτ þ ϑ00 − ϑ11; (12)

where sgn is the sign function. The conditional phase is
defined, similar to the ZZ-coupling in Eq. (3), as the
difference between the two qubit phase ϕ11 and the single-
qubit phases ϕ10 and ϕ01 as

ϕCPðτÞ≡ ϕ11ðτÞ − ϕ10ðτÞ − ϕ01ðτÞ
¼ π

2
f1 − sgn½cosðg̃cq2τÞ�g

− ðϑ11 − ϑ10 − ϑ01 þ ϑ00Þ: (13)

Thus, we observe that if g̃cq2τ ¼ π, we obtain the desired
change of the conditional phase by π. However, unlike in
the conventional CZ gate where the conditional phase
originates from the Rabi oscillations in the two excitation
manifold [8,11], here it actually arises from the oscillation
in the single-excitation manifold, between the lower
frequency qubit and the center element.
In a frame rotating with the qubit frequencies ω̃q1;2 , we

thus write the gate unitary acting on the two qubit system
(state ordering fj00i; j01i; j10i; j11ig) as

TWO-QUBIT-GATE OPERATION IN A … PHYS. REV. APPLIED 26, 054021 (2026)

054021-7



Ûq1q2 ≙

0
BB@

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1

1
CCA; (14)

which is not exactly a CZ gate. However, the CZ gate is
decomposed as a product of a π-phase gate of qubit q2 and
the above gate as

ÛCZ ≙

0
BB@

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1

1
CCA
0
BB@

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1

1
CCA: (15)

Our gate scheme thus first creates a conditional phase
into single-excitation state of the qubit q2 and then trans-
fers it into the conditional phase of the doubly-excited state
by changing the phase of the qubit q2 by π. In Appendix D,
we perform a similar analysis for the MOVE-CZ-MOVE
gate and show that the effective gate unitary is the same as
in Eq. (14). However, the actual unitary propagators differ
from those in Eq. (7), meaning that the physical origin in
these two gate schemes is distinct.
There are two couplings involved in the gate, of which

g̃cq1 is stronger, due to the relation in Eq. (9). However, in
the MOVE-CZ-MOVE there is no such restriction, and we
could assume that both MOVE and CZ gates can be

FIG. 3. Population dynamics for the states performing the gate obtained with the simple model in Eq. (6), and with the complete
Hamiltonian in Eq. (4) including pulse shapes and tunable couplers. We use jψð0Þi ¼ ðj000i þ j100i þ j010i þ j110iÞ=2 as the initial
state, and the labeling convention is jnq1nq2nci. (a) Single-excitation states of the analytical model. (b) Two-excitation states of the
analytical model. (c) Single-excitation states of the complete system. (d) Two excitation states of the complete system. The CZ-gate
infidelity in the full model is 1 − F ¼ 6.2 · 10−7. In the complete system also the coupler states momentarily gain population (data not
shown). (e) Accumulation of the conditional phase ϕCP during the gate using the analytical result in Eq. (13) (solid dark blue) and the
full numerical solution (dashed pink), which gives for the conditional phase ϕCPðτÞ ¼ 3.141 at the end of the gate.
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performed with the larger coupling strength. The total gate
duration of the MOVE-CZ-MOVE protocol is

τ2MOVEþCZ ¼
ffiffiffi
2

p þ 1ffiffiffi
2

p π

g̃cq1
: (16)

Our new implementation instead has the duration
τ ¼ ffiffiffiffiffiffiffiffi

3=2
p

π=g̃cq1 , so that

τ2MOVEþCZ

τ
¼

ffiffiffi
2

p þ 1ffiffiffi
3

p ≈
ffiffiffi
2

p
; (17)

meaning that our gate is roughly a factor of
ffiffiffi
2

p
faster than

the MOVE-CZ-MOVE protocol.

B. Numerical optimization of the CZ gate

In the above analysis, we made several approximations,
which may not hold in realistic systems. These approx-
imations include the decoupling of the tunable couplers,
ignoring the off-resonant Rabi oscillations with the higher-
frequency qubit in the single-excitation manifold, as well
as discarding the counter-rotating terms in the couplings.
We also assumed square-pulse shapes for the qubits and
the couplers. Here, we numerically demonstrate the
realization of the above-described gate protocol using
the full Hamiltonian in Eq. (4), without making any of
the above mentioned approximations. We set the system
into its idling configuration where qubit q1 and q2
frequencies are detuned roughly by their respective anhar-
monicities above the frequency of the center element. The
tunable couplers are below the center element in fre-
quency, and their respective idling frequencies are deter-
mined by minimizing the ZZ-coupling, as described
in Sec. II.
In order to perform the gate, we apply a time-dependent

flux pulse on one of the qubits, say q2, which takes it down
in frequency close to resonance with the center mode.
Simultaneously, we also apply a flux pulse on qubit q1,
which keeps it close to its original frequency so that the
states j110i and j200i are close to resonance. The latter
qubit flux pulse provides more freedom to calibrate the
gate for higher fidelity, as well as greater flexibility in
choosing the idling frequency configuration for the qubits
[16]. After both qubits are swept to their respective
operation points, flux pulses are applied on both tunable
couplers, taking their frequencies closer to that of the
center mode. This effectively produces the desired cou-
pling strengths g̃cq1 and g̃cq2 in Eq. (5). The tunable coupler
c1 must be taken slightly closer to the center mode than c2,
due to the condition defined in Eq. (9). The closer the
couplers are to the center mode, the stronger are the
effective coupling strengths, and thus the faster the gate.
However, too strong couplings can induce coherent errors
such as leakage out of the computational subspace.

An example of the pulse schedule is shown in Fig. 4,
where we show the time-dependent frequencies of the
individual transmons during the gate.
We use flat-top Gaussian (Gaussian-filtered square

pulse) shape for all flux pulses, defined as

fðt; A; σÞ ¼ A
2

�
erf
�
t − τbffiffiffi

2
p

σ

�
− erf

�
t − τc − τbffiffiffi

2
p

σ

��
; (18)

where erf is the error function, A and τc are the amplitude
and duration of the square pulse, σ is the width of the
Gaussian filter, and the buffer time τb ¼ 2

ffiffiffi
2

p
σ sets the rise

time of the pulse. The total duration of the pulse is then
τ ¼ τc þ 2τb. The frequencies of the qubit and coupler
modes in the Hamiltonian in Eq. (4) are thus time
dependent,

ωlðtÞ ¼ ωidle
l þ fðt; Al; σlÞ; l ¼ q1;2; c1;2; (19)

so that the operation frequency is determined by the
amplitude, ωoper

l ¼ ωidle
l þ Al. The coupling strengths

between the local modes also become time dependent,
due to their dependence on the frequency [10], defined as

gll0 ðtÞ ¼ βll0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωlðtÞωl0 ðtÞ

p
; (20)

where βll0 is a dimensionless parameter determined by the
capacitance matrix of the whole circuit.
We have multiple free parameters, which allow a good

amount of tunability for the optimization of our gate

FIG. 4. Schematic of the pulse schedule for a τ ¼ 60.0 ns pulse
with σq ¼ 1.0 ns and σc ¼ 3.4 ns. First, the qubits q1 and q2 are
pulsed to their respective operation points, q2 close to resonance
with the center mode c and q1 anharmonicity jαq1 j above. Then,
the tunable couplers c1 and c2 are pulsed closer to the center
mode c. As predicted by Eq. (9), the coupler c1 goes slightly
higher than c2, generating a stronger effective coupling.
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scheme. For simplicity, we set σq ¼ 1.0 ns for both qubit
pulses, and begin and end the coupler pulses one buffer
time τb ¼ 2

ffiffiffi
2

p
σq after the start and before the end of the

qubit pulses, respectively (see Fig. 4). The remaining free
parameters are the four amplitudes Aq1 , Aq2 , Ac1 , and Ac2 ,
and the width σc of the Gaussian filter, which we choose
to be equal for both coupler pulses. We could in principle
also optimize the duration τ of the pulse scheme, but we
instead show here data obtained with a fixed duration
of τ ¼ 60.0 ns.
We here perform a numerical optimization to find the set

of parameters fAq1 ; Aq2 ; Ac1 ; Ac2 ; σcg that gives the best
gate fidelity. We first set the system into an initial state
jψð0Þi, which is some linear combination of the eigen-
states of the idling Hamiltonian. We then apply the pulses
as described above, and obtain some final state ρ̂ðτÞ. Since
we calculate the dynamics in the laboratory frame, we need
to remove the single-qubit phases from the state. These can
be calculated directly from the state and removed with
suitable single-qubit phase gates. The ideal state is
obtained by applying the CZ gate (expressed in the full
system Hilbert space) on the initial state,

jψ ideali ¼ ÛCZjψð0Þi: (21)

The ideal gate produces a pure state, so gate fidelity
between the numerically obtained state and the ideal
state is

F ¼ hψ idealjρ̂ðτÞjψ ideali: (22)

We use the infidelity 1 − F as a cost function and obtain
the optimal pulse parameters for the high-fidelity gate
using the minimization routines from SciPy [45].
The time evolution of the population of the states

participating in the gate is shown in Figs. 3(c) and 3(d)
for the initial state jψð0Þi ¼ ðÎ þ â†q1ÞðÎ þ â†q2Þjvaci=2,
where jvaci is the vacuum state of the system. We optimize
the four amplitudes and the coupler-pulse rise time for a
fixed duration of τ ¼ 60.0 ns and obtain the gate fidelity of
F ≈ 6.2 · 10−7. Comparing the populations to those
obtained with the simple model in Figs. 3(a) and 3(b)
shows that both models are qualitatively similar. The
largest difference is in the off-resonant oscillations in
the single-excitation manifold, which were ignored in the
simple model. The difference in shapes arises because in
the simple model the couplings are created with square
pulses, whereas in the full system they are turned on
gradually using the pulses displayed in Fig. 4.
In Fig. 3, we also show the accumulation of the

conditional phase ϕCP during the gate. The analytical
result in Eq. (13) predicts a sharp step function change,
caused by the change of the sign of cosine function in the
middle of the gate. The full numerical simulations show a
more gradual change toward the desired value of ϕCP ¼ π.

IV. SPECTATOR AND
HYBRIDIZATION-INDUCED ERRORS

In the previous section, we studied a simple system with
only two qubits. In realistic devices, however, the operat-
ing qubits are connected to other qubits, which are not
participating in the gate. Such spectator qubits introduce
additional error channels, which can decrease the fidelity
of the gate. In this section, we study how they affect our
gate scheme.

A. Two-qubit gates

The unit cell of the honeycomb lattice consists of six
qubits connected to a center mode with six tunable
couplers. The CZ gate can be performed between any
pair of these qubits. During the gate, the remaining four
qubits are idling. System parameters used in our numerical
simulations are shown in Table I. We perform the CZ gate
between the qubits q1 and q2 such that q2 is pulsed close to
resonance with the center mode c and optimize the four
pulse amplitudes as a function of the coupler-pulse filter
width σc. In Fig. 5, we show the simulation data for the
gate infidelity for a single initial state, as well as the
average gate infidelity (see Appendix E). We then indi-
vidually add one spectator qubit at a time, redo the
optimization, and compute the gate infidelities for every
added spectator. We observe that the error increases more
or less steadily as the number of spectators grows, since
each of them introduces an additional leakage channel. We
also show the total population in the noncomputational
states with dashed lines in Fig. 5(a). In the absence of
spectators, this leakage error matches the gate error very
closely. As additional spectators are added, the leakage
error increases, but remains smaller than the total error,
indicating that most of the gate error arises from pop-
ulation swapping between the qubits rather than leakage
outside the computational subspace.
For Figs. 5(c) and 5(d), we choose the coupler-pulse

filter width σc, which gives the minimum infidelity, and
show the population difference between the initial and
final states of each element. We observe that the primary
limiting factor is the population not returning to the
operating qubits, but instead their populations differ from
the initial values roughly in the range 2 × 10−4–6 × 10−4,
implying that they swap population with each other. The
effect of population staying in the center mode and leakage
to spectators is considerably lower, but still enough to
cause the observed increase in the error. Leakage to the
tunable couplers is several orders of magnitude smaller.
The leakage to the spectators is explained by the fact that
when the operating couplers c1 and c2 are tuned to their
operation frequencies, small unwanted transverse cou-
plings are also introduced between the center mode and
the spectators, since the computational states are the
eigenstates of the idling Hamiltonian. This results into
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off-resonant population swapping. It could be possible to
mitigate these spectator errors by simultaneously adjusting
also the coupler frequencies of the spectators, so that the
transverse coupling would be zero [46]. However, this can

lead to nonzero ZZ coupling between the spectator and the
center element, which potentially causes other problems.
The optimized pulse amplitudes for the qubits and the

couplers are shown in Figs. 5(e) and 5(f), respectively.

FIG. 5. Effect of the number of qubits N in the system on the CZ gate fidelity as a function of coupler-pulse filter width σc. We have
used σq ¼ 1.0 ns and the gate duration τ ¼ 60.0 ns. (a) Gate infidelity (solid lines) and leakage error (dotted lines) for the initial state
jψð0Þi ¼ ðÎ þ â†q1ÞðÎ þ â†q2Þjvaci=2. (b) Average gate infidelity. Dashed lines show a linear extrapolation of the existing data as a
function of the number of qubits, for each value of σc, since the numerical optimization of the average gate fidelity becomes
computationally expensive for larger systems. (c) Qubit occupation difference at the beginning and at the end of the gate as a function
of the number N of qubits. For each N, we have used σc giving the smallest infidelity. (d) Coupler occupation difference at the
beginning and the end of the gate as a function of the qubit number. (e) Optimized amplitudes for q1 (solid) and q2 (dashed) for different
system sizes, colors defined in the labels of (a). (f) Optimized amplitudes for c1 (solid) and c2 (dashed) for different system sizes.
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B. Single-qubit gates

We also study how single-qubit gates perform in the
system with the center mode. We implement the single-
qubit gate on the element l as a microwave pulse,
described by the Hamiltonian

Ĥd
lðtÞ ¼ iℏAlðtÞ cos ðωd

ltþ ϕlÞðâ†l − âlÞ; (23)

where ωd
l is the driving (angular) frequency and ϕl is a

phase that can be freely chosen to adjust the rotation axis
of the single-qubit gate. To keep things simple, we choose
a Gaussian pulse envelope,

AlðtÞ ¼ Al exp
�
− ðt − τ=2Þ2

2ς2l

�
(24)

where Al is the amplitude, τ is the duration of the pulse,
and ςl determines the width of the envelope. For a chosen
duration, the amplitude Al determines the rotation angle
θl, which for weak driving is approximately

θl ≈
Z

τ

0

dtAlðtÞ ¼ ςlAl

ffiffiffiffiffi
2π

p
erf
�

τ

2
ffiffiffi
2

p
ςl

�
: (25)

We choose our single-qubit gate length τ ¼ 20.0 ns and
set ςl ¼ 4.0 ns. We study single-qubit gates with θl ¼ π
and ϕl ¼ 0.
The ideal gate, which the Hamiltonian in Eq. (23)

attempts to emulate, is

Ûθ;ϕ ≙
�

cosðθ
2
Þ −eiϕ sinðθ

2
Þ

e−iϕ sinðθ
2
Þ cosðθ

2
Þ
�
: (26)

In order to perform the gate with high fidelity, we
optimize the amplitude and the driving frequency. As an
initial guess, we use ωdrive

l ¼ ωl and Al given by Eq. (25)
and perform 2D Golden-section search [47] to find the
optimal values. We study again the minimal system
consisting of two qubits q1 and q2, their respective tunable
couplers and the center mode c.
Note that the microwave drive in Eq. (23) couples to the

local-transmon charge operator, whereas the computa-
tional modes are some linear combinations of the local-
transmon eigenstates. This opens a new source of error,
hybridization crosstalk, often overlooked in single-qubit
gate calibration due to its small contribution to the total
amount of crosstalk. However, as the errors caused by
classical crosstalk can be reduced with novel pulse-
shaping methods and developing the calibration, hybridi-
zation crosstalk can potentially become the dominating
source of crosstalk error.
In Fig. 6(a), we show how the infidelity of the single-

qubit gate of qubit q1 depends on its frequency and other
parallel operations nearby. Since we are only interested in

the gate fidelity on qubit q1, we calculate the fidelity of a
reduced state obtained by tracing out all the other degrees
of freedom. Otherwise, the total fidelity would also include
contributions from the parallel operations, making the
comparison to a situation with a gate only on qubit q1
inconsistent. The system is initially in the ground state. We
observe that the closer the qubit is to the center mode c in
frequency, the worse the gate fidelity is. This occurs
because the hybridization between the single-excitation

FIG. 6. (a) Single-qubit π gate infidelity of q1 as a function of
ωq1 . The system is initially in the vacuum state jψð0Þi ¼ jvaci. In
the undisturbed case, single-qubit gate is applied only on q1
(solid blue). Dashed light blue line shows the situation when
another gate is simultaneously applied on another qubit q2.
Similar situation with additional gate applied to the center mode
c is shown with the dash-dotted green curve. In the last case, we
apply the gate only on q1, but the initial state is such that the
center mode is excited, i.e., jψð0Þi ¼ â†c jvaci (dotted red). Gray
dashed lines A, B, and D denote the frequencies ωc=2π, ωq2=2π,
and ðωc þ jαq1 jÞ=2π, respectively. The line C is the frequency of
q1 taken from Table I. The inset shows a close-up around the
peak close to the line B. The peak is not exactly at ωq2 , since the
hybridization of the computational states shifts the resonance
frequencies slightly. (b) Optimized drive frequency of each
element. (c) Optimized drive amplitude of each element.
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states of qubit q1 and the center mode c increases as they
become closer to resonance, resulting in a nonzero matrix
element driving the transition to the excited center-mode
state (see Appendix G). On the other hand, running parallel
single-qubit gates on both q1 and q2 does not noticeably
alter the gate fidelity, suggesting that for the chosen
parameters the hybridization is suppressed between the
computational qubits, and only occurs between the qubits
and the coupling modes. An exception is if the qubits q1
and q2 are very close to resonance, where there is a sharp
increase in error. At this frequency, the two computational
modes are strongly hybridized and, consequently, the local
qubit drive couples strongly to both computational qubits.
Running the gates simultaneously removes the error
because both computational modes are driven equally.
However, if one would perform single-qubit gates with
different θ and ϕ angles, the hybridization would again
disturb the gate close to the q1–q2 resonance. Nevertheless,
since the infidelity peak is narrow, this suggests that there
exists a large frequency window, roughly from 4.9 GHz to
5.0 GHz for the studied parameters, where the qubits can
be placed so that they are protected from the hybridization
crosstalk.
The above discussion should be contrasted with the case

in which we make a single-qubit gate to the center mode c,
instead of q2. In such a case, the error is not so large for
small detunings. The single-excitation states are strongly
hybridized, but the two local gate drives compensate for
that (again performing gates with different angles would
increase the error). However, as the idling frequency of q1
is increased toward the resonance between the two-
excitation states j200i and j101i, the error again increases.
Finally, we show a situation where we only perform single-
qubit gate on q1, but the center mode is initially excited.
For small detuning, the error behaves as in the undisturbed
case. As the detuning approaches j200i − j101i resonance,
the behavior changes and resembles the case where also
the center mode is driven.
Since the central mode is considered a noncomputa-

tional element in our device, it is ideally only temporarily
excited during the CZ gate. Assuming that one does not
run single-qubit gates on neighboring qubits during the
CZ gate operation, the last two scenarios should not
occur on our device. They can occur, however, on a
conventional square lattice systems, where the data
qubits are typically separated by only a single coupling
mode. Thus, our device should be better protected
against the hybridization crosstalk than the conventional
square lattice. Based on Fig. 5, the center mode gains a
small population (approximately 10−5) after each gate
operation, which can accumulate in longer algorithms
with several repeated CZ operations within the unit cell,
similar to the Landau-Zener effect [48–51]. As Fig. 6
then shows, this population accumulation can start to

affect the single-qubit-gate performances, suggesting
that the capability to reset the center mode has to be
included in the final design.
The optimized driving frequencies and pulse ampli-

tudes, respectively, for the qubits and the center mode are
shown in Figs. 6(b) and 6(c).

C. Hybridization in the computational states

In order to understand the origin of the reduced
hybridization crosstalk in our device, and to illustrate
the (de)localization in the computational basis, we
compute all the computational states by solving the
eigenproblem for the case N ¼ 6 of the unit-cell
Hamiltonian shown in Eq. (1). For each computational
state, we compute the expectation values of the number
operators n̂l for each local qubit and the combined
coupler mode consisting of the center mode and the
tunable couplers. Also for each computational state, we
compute the expectation value of the total number
operator n̂tot ¼

P
l n̂l, round the obtained value to the

nearest integer, and form groups of computational states
with the same total number of excitations. Finally, we
overlay the local qubit occupations for each computa-
tional state on a schematic of the honeycomb unit cell
and illustrate the data in Fig. 7.
We observe that the hybridization between the qubits is

very small in all computational states, and the strongest
hybridization is with the coupler modes, which increases
with the number of excitations. This suggests that for the
chosen parameters the computational states of the system
are well protected from the hybridization crosstalk
between the qubits, as also seen in the single-qubit-gate
simulations in Fig. 6. We also note that the ground state
contains some local excitations, since the counter-rotating
terms couple the states with the same parity. More
thorough analysis is given in Appendix H.

V. IMPACT OF DECOHERENCE

So far we have only considered errors to the ideal gate
operation that arise from the coherent unitary dynamics of
the system. In reality, the gate fidelities are also limited by
relaxation and dephasing of the devices. In the following,
we refer to the errors arising from the unitary dynamics as
the coherent errors, including leakage and spectator errors,
and those resulting from an interaction with some noisy
bath as incoherent errors. In Appendix E, we present
Eq. (E9) for calculating the average gate fidelity in an
N-qubit system with both coherent and incoherent errors.
We apply the equation to the effective model for a system
consisting of two computational qubits q1 and q2 and the
center mode c, described in Eqs. (6) and (7). We model the
incoherent dynamics with Lindblad master equation for
the density operator ρ̂ of the system, which is given as
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dρ̂
dt

¼− i
ℏ
½ĤSW; ρ̂�þ

X
l¼q1;q2;c

γlðn̄lþ1ÞD½âl; ρ̂�

þ
X

l¼q1;q2;c

γln̄lD½â†l; ρ̂�þ
X

l¼q1;q2;c

2κϕlD½n̂l; ρ̂�; (27)

where D½L̂k; ρ̂� ¼ L̂kρ̂L̂
†
k − 1

2
fL̂†

kL̂k; ρ̂g, γl and κϕl are the
relaxation and dephasing rates of the mode l, and the
average number of quanta in the environment is given by
the Bose-Einstein distribution as

n̄l ¼ 1

eβlℏωl − 1
; (28)

where βl ¼ 1=ðkBTlÞ and Tl is the temperature of the
bath of the mode l. Using Eq. (E9) for the CZ gate
implemented with the unitaries in Eq. (7), we obtain the
average CZ-gate fidelity

F̄ðτÞ ¼ 1 − τ

�
589

1280
γq1ðn̄q1 þ 1Þ þ 7

32
γq2ðn̄q2 þ 1Þ

þ 1

8
γcðn̄c þ 1Þ þ 1869

1280
γq1 n̄q1 þ

39

32
γq2 n̄q2

þ 9

8
γcn̄c þ

6373

10240
κϕq1 þ

633

2048
κϕq2 þ

141

640
κϕc

�
;

(29)

FIG. 7. Occupations of the local modes in all the computational states, grouped according to the total number of excitations in the
state, n̂tot ¼

P
l n̂l. The strongest hybridization is between the qubit modes and the couplers, demonstrating that the coupling scheme

prevents the qubits from hybridizing with each other.
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where τ is the duration of the gate. In the zero-temperature
limit, the bath occupations are n̄l ¼ 0, and we obtain

F̄ðτÞ ¼ 1 − 589

1280

τ

Tðq1Þ
1

− 7

32

τ

Tðq2Þ
1

− 1

8

τ

TðcÞ
1

− 6373

10240

τ

T�ðq1Þ
2

− 633

2048

τ

T�ðq2Þ
2

− 141

640

τ

T�ðcÞ
2

; (30)

where TðlÞ
1 ¼ 1=γl and T

�ðlÞ
2 ¼ 1=κϕl are the relaxation and

pure dephasing times of the mode l. Comparison with the
corresponding formula for the conventional CZ gate
presented in Ref. [52] shows similar performance.
In Fig. 8, we show the analytical average gate infidelity

calculated from Eq. (30) as a function of relaxation time

TðlÞ
1 and compare it against a numerical simulation of the

full system containing also tunable couplers. The gate
duration is again 60.0 ns. We assume the relaxation and
pure dephasing times to be the same for all elements,

including the couplers c1 and c2, and set T�ðlÞ
2 ¼ 2TðlÞ

1 .
The data in Fig. 8 show that the analytic formula slightly
overestimates the error. We emphasize that even though
the numerical model includes the couplers, whereas the
analytic model does not, the initial coupler population is
zero also in the simulation and during the gate operation,
the coupler modes gain temporarily only a small occupa-
tion compared to those of the computational and center

modes. Overall, our simple analytic model gives surpris-
ingly good estimation for the incoherent error of the gate
and can thus be used in order-of-magnitude estimates of
gate fidelities in devices whose operation is limited by
incoherent dynamics.
We emphasize that the dissipation model studied here

relies on some crude approximations. For example, in
reality the pure dephasing in superconducting circuits is
typically dominated by 1=f noise, instead of the white
noise [15] assumed by the Lindblad equation. Moreover,
the time dependence in the Hamiltonian should be
reflected into the dissipation rates [44]. However, since
the main focus of this work is in the coherent dynamics, we
leave a more accurate description of dissipation in this
system for a later study.

VI. CONCLUSIONS

In this work, we studied theoretically the single- and
two-qubit gate operation in the unit cell of a quantum
processor with the honeycomb lattice topology. The
tunable coupling between the peripheral qubits of the
honeycomb unit cell was created through multimode
coupling structure in which each qubit is coupled to a
center mode through a dedicated tunable coupler. We
proposed a novel pulse schedule that can be applied for
CZ-gate operation between any computational qubit pair
within the unit cell. We optimized the CZ-gate perfor-
mance numerically and demonstrated the gate operation
using a pulse schedule consisting of four different flux
pulses applied on the qubits and their respective couplers
simultaneously. According to the presented simulation
data, the studied CZ gates can be operated relatively fast
and with high accuracy, even in the presence of spectating
qubits in the unit cell, reaching fidelities above 99.99%.
This increases the connectivity in quantum processors built
using the underlying honeycomb unit-cell structure as
compared with square-lattice topologies conventionally
used in the quantum-processor design, without sacrificing
the parallel execution of the CZ gates.
Similar CZ gate scheme could work also on a regular

square lattice, where one of the data qubits could take the
role of the additional coupling mode, enabling direct CZ
gates between next-nearest-neighbor qubits, provided
that the coupling qubit is initially in the ground state.
In general, this might be too strict requirement, but it
could be possible to design the algorithms in such a way
that one could exploit our gate scheme also in other
topologies.
We also demonstrated that the single-qubit gates in this

device are better protected against hybridization crosstalk
than in a more conventional square lattice, due to the
additional coupling modes that filter the unprompted
interactions between the qubits. Thus, there is more
freedom in choosing the parking frequency distribution
for the computational qubits in the unit cell. For simplicity,

FIG. 8. Effect of relaxation and dephasing on the average gate
fidelity for N ¼ 2 system with gate the duration τ ¼ 60.0 ns.
Analytical result (dotted) in Eq. (30) slightly overestimates the
simulated average gate infidelity (dashed). The coherent error
(solid) has been added to the analytical result, so that both errors

converge to the same value as TðlÞ
1 increases. We assume that

T�ðlÞ
2 ¼ 2TðlÞ

1 , and the values are the same for all elements,
including the couplers. We have used σc ¼ 3.3 ns.
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we concentrated on pulses with simple analytical expres-
sions and leave pulse-shape optimization for a later study.
Also, we provided an analytical formula that can be used to
estimate the decoherence-limited gate fidelities if the
relaxation and coherence times of the system are known.
However, we left a more detailed study of incoherent
errors in the device for future work and focused our studies
on the coherent-error mechanisms that determine the
fundamental limits for the accuracy and speed of the
quantum gates.
We conclude that when compared to conventional

square lattice solutions, our novel quantum-processor
architecture results in an enhanced local connectivity
while allowing a maximum level of parallelism. Such
features are crucial in the implementation of novel high-
weight qLDPC codes, such as tile codes.

ACKNOWLEDGMENTS

We thank Otto Salmenkivi, Eelis Takala, and S̃ for
useful discussions and technical support. We also thank
Juha Hassel, Eric Hyyppä, Alpo Välimaa, and Antti
Vepsäläinen for providing comments for the manuscript.
This work was supported by Business Finland through
project CfoQ (787/31/2025) and the German Federal

Ministry for Research, Technology and Space via the
grant project Ad Astra (FKZ: 13N17243).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available because they contain commercially
sensitive information. The data are available from the
authors upon reasonable request.

APPENDIX A: EFFECT OF THE HAMILTONIAN
PARAMETERS

In this paper, we have used parameters in Table I, which
are close to the values available in a device currently under
development [37]. Here, we show that the gate performs
similarly in a wide range of parameters. For simplicity, we
consider a system without spectator qubits, and we also
ignore dissipation and dephasing. We choose a pair of
parameters (for example, idling frequencies of the qubits
ωq1 and ωq2) and sweep them over a range of values,
keeping all the other parameters the same as in Table I. For
each parameter value, we perform the gate optimization as
described in Sec. III B as a function of the coupler-pulse
rise time σc and choose the rise time, which gives the
best fidelity. Results are shown in Fig. 9. In particular,

FIG. 9. Optimized CZ-gate infidelity as a function of different parameters of the Hamiltonian in Eq. (4). White dots denote the
parameters in Table I. For each data point, we optimize the four pulse amplitudes and the coupler-pulse rise time σc. We show the gate
infidelity as a function of (a) couplings of the qubit q1 and the center mode c to their shared coupler c1; (b) couplings of the qubit q2 and
the center mode c to their shared coupler c2; (c) direct couplings between the qubits and the center mode; (d) anharmonicities of the
tunable couplers; (e) anharmonicities of the qubits; and (f) idling frequencies of the qubits. In all cases, the qubit q2 is pulsed close to
resonance with the center mode during the gate.
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we observe that the values of the qubit and coupler
anharmonicities, as well as the direct qubit-center element
couplings, have practically no effect on the gate fidelity.
The biggest impact seems to arise from the couplings to the
coupler between the higher-frequency qubit and the center
mode, where large asymmetry increases the error. Overall,
the gate infidelity stays below 10−4 for most of the
parameters, and thus, the gate scheme is extremely robust
in the system parameters.

APPENDIX B: EFFECTIVE HAMILTONIAN
WITH SCHRIEFFER-WOLFF

TRANSFORMATION

Here, we provide the derivation of the effective model in
Eq. (5) for a system consisting of two qubits coupled to a
center mode through dedicated tunable couplers. We
develop a Schrieffer-Wolff type of diagonalization that
leads into decoupling of the couplers from the dynamics of
the qubits and the center mode.
The Hamiltonian in Eq. (4) can be written as

Ĥ ¼ Ĥ0 þ V̂, where

Ĥ0=ℏ ¼
X

l¼q1;q2;c;c1;c2

h
ωln̂l þ

αl
2
n̂lðn̂l − 1Þ

i

−X2
j¼1

gcqjðâ†c − âcÞðâ†qj − âqjÞ

V̂=ℏ ¼ − X
l¼q1;q2;c

X2
j¼1

glcjðâ†l − âlÞðâ†cj − âcjÞ: (B1)

The couplers are approximately decoupled to first order
in the coupling rates glcj with a unitary transformation

Û ¼ e−Ŝ. By expanding the transformed Hamiltonian
using the Baker-Campbell-Hausdorff lemma as

ĤS ¼ e−ŜĤeŜ ¼ Ĥ þ ½Ŝ; Ĥ� þ 1

2
½Ŝ; ½Ŝ; Ĥ�� þ � � � ; (B2)

the first-order couplings can be eliminated if

V̂ þ ½Ŝ; Ĥ0� ¼ 0: (B3)

With this choice, the transformed Hamiltonian in
Eq. (B2) is written up to second order as

ĤS ≈ Ĥ0 þ
1

2
½Ŝ; V̂�: (B4)

For the Hamiltonian defined in Eq. (B1), the trans-
formation fulfilling Eq. (B3) is given as [10]

Ŝ ¼ gq1c1
Δq1c1

ðâ†q1 âc1 − âq1 â
†
c1Þ −

gq1c1
Σq1c1

ðâ†q1 â†c1 − âq1 âc1Þ

þ gq2c2
Δq2c2

ðâ†q2 âc2 − âq2 â
†
c2Þ −

gq2c2
Σq2c2

ðâ†q2 â†c2 − âq2 âc2Þ

þ gcc1
Δcc1

ðâ†c âc1 − âcâ
†
c1Þ −

gcc1
Σcc1

ðâ†c â†c1 − âcâc1Þ

þ gcc2
Δcc2

ðâ†c âc2 − âcâ
†
c2Þ −

gcc2
Σcc2

ðâ†c â†c2 − âcâc2Þ;

(B5)

where we have defined the detuning Δll0 ≡ ωl − ωl0 and
the sum Σll0 ≡ ωl þ ωl0 of the frequencies. Computing
the commutator in Eq. (B4) results in the Hamiltonian in
Eq. (5), with parameters defined as

ω̃qj ≡ ωqj þ g2qjcj

�
1

Δqjcj

− 1

Σqjcj

�
;

ω̃c ≡ ωc þ g2cc1

�
1

Δcc1

− 1

Σcc1

�
þ g2cc2

�
1

Δcc2

− 1

Σcc2

�
;

ω̃cj ≡ ωcj − g2qjcj

�
1

Δqjcj

þ 1

Σqjcj

�
− g2ccj

�
1

Δccj

þ 1

Σccj

�
;

g̃cqj ≡ gcqj þ
gqjcjgccj

2

�
1

Δqjcj

þ 1

Δccj

− 1

Σqjcj

− 1

Σccj

�
;

g̃c1c2 ≡
gcc1gcc2

2

�
1

Δcc1

þ 1

Δcc2

þ 1

Σcc1

þ 1

Σcc2

�
; (B6)

where j ¼ 1; 2. For simplicity, we have neglected the
effect of the transformation on the anharmonicities.

APPENDIX C: JACOBIAN DIAGONALIZATION
IN THE SINGLE-EXCITATION MANIFOLD

In Sec. III, we assumed that in the single-excitation
manifold the coupling between the off-resonant state j100i
and the resonant states j010i and j001i can be neglected in
Eq. (6). This is naturally not a very good approximation
since the coupling strengths g̃cq1 and g̃cq2 are of the same
order of magnitude. This is visible in the data shown in
Fig. 3 for the full numerical model. The population in the
nonresonant state oscillates in time and, thus, can poten-
tially lead to errors in the gate operation if not calibrated
appropriately. Therefore, it is worthwhile to analyze the
simple model also taking into account the coupling to the
off-resonant state j100i.
Here, we attempt a more accurate approach using the

Jacobian diagonalization [43,44] for the single-excitation
part of the Hamiltonian in Eq. (6). The Hamiltonian is
written in the basis fj001i; j010i; j100ig with indexing
jnq1nq2nci and is of the form
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Ĥ ≙ ℏ

 ωb g2 g1
g2 ωb 0

g1 0 ωa

!
; (C1)

where we have simplified the notation by defining
ωa ¼ ω̃q1 , ωb ¼ ω̃q2 ¼ ω̃c, gi ¼ g̃cqi and assumed that
ωa > ωb. Jacobian diagonalization is an iterative pro-
cedure, which is repeated until the Hamiltonian is diagonal
up to the desired accuracy. For each iteration step, we
choose the pair of states with the largest coupling and
diagonalize the corresponding 2 × 2 block of the full 3 × 3
matrix. In the first step, we diagonalize the resonant
subspace fj001i; j010ig and obtain

D̂1 ¼ V̂†
0ĤV̂0 ≙ ℏ

0
B@

λð0Þ− 0 − g1ffiffi
2

p

0 λð0Þþ
g1ffiffi
2

p

− g1ffiffi
2

p g1ffiffi
2

p ωa

1
CA; (C2)

where λð0Þ� ≡ ωb � g2, and the transformation unitary is
given as

V̂0 ≙
1ffiffiffi
2

p
 −1 1 0

1 1 0

0 0
ffiffiffi
2

p
!

¼ ð jλð0Þ− i jλð0Þþ i j100i Þ:

(C3)

The state j100i couples to both states jλð0Þ� iwith an equal
magnitude, but is closer in frequency to jλð0Þþ i. Thus, for the
next step we diagonalize the subspace fjλð0Þþ i; j100ig and
obtain

D̂2 ¼ V̂†
1D̂1V̂1 ≙ ℏ

0
B@

λð0Þ− g1v12ffiffi
2

p − g1v11ffiffi
2

p
g1v12ffiffi

2
p λð1Þ− 0

− g1v11ffiffi
2

p 0 λð1Þþ

1
CA; (C4)

with the transformation unitary

V̂1 ≙

0
@ 1 0 0

0 v11 v12
0 −v12 v11

1
A: (C5)

The new eigenvalues are

λð1Þ� ≡ ωa þ λð0Þþ
2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðωa − λð0Þþ Þ2 þ 2g21

q
; (C6)

and the weights in the eigenstates are defined as

v11 ¼
g1ffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2
1

2
þ
�
λð1Þ− − λð0Þþ

�
2

r ;

v12 ¼
g1ffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2
1

2
þ
�
λð1Þþ − λð0Þþ

�
2

r :

(C7)

The states j100i and jλð0Þþ i are off resonant, and thus,
their coupling only slightly shifts the energy levels,

suggesting that λð1Þ− ≈ λð0Þþ and λð1Þþ ≈ ωa. We therefore

have that λð1Þ− − λð0Þþ < λð1Þþ − λð0Þþ , which leads to
jv12j < jv11j. We set g1v12ffiffi

2
p ≈ 0 and obtain the approximative

Hamiltonian

D̂ ≙ ℏ

0
B@

λð0Þ− 0 − g1v11ffiffi
2

p

0 λð1Þ− 0

− g1v11ffiffi
2

p 0 λð1Þþ

1
CA; (C8)

from which we calculate the approximative propagator

ÛDðtÞ ≙

0
B@ rðtÞe−i½λ̄t−φðtÞ� 0 icðtÞe−iλ̄t

0 e−iλ
ð1Þ− t 0

icðtÞe−iλ̄t 0 rðtÞe−i½λ̄tþφðtÞ�

1
CA;

(C9)

where we have defined

rðtÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2

�
ϖt
2

�
þ Δ2

ϖ2
sin2
�
ϖt
2

�s
;

cðtÞ≡ 2g1v11ffiffiffi
2

p
ϖ

sin
�
ϖt
2

�
;

φðtÞ≡ arctan
�
Δ
ϖ
tan
�
ϖt
2

��
; (C10)

and

λ̄≡ λð1Þþ þ λð0Þ−
2

; Δ≡ λð1Þþ − λð0Þ− ; ϖ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 2g21v

2
11

q
:

(C11)

The Jacobian diagonalization up to this point has been

D̂2 ¼ V̂†
1D̂1V̂1 ¼ V̂†

1V̂
†
0ĤV̂0V̂1 ¼ V̂†ĤV̂; (C12)
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where

V̂ ≡ V̂0V̂1 ≙
1ffiffiffi
2

p

0
B@−1 v11 v12

1 v11 v12
0 − ffiffiffi

2
p

v12
ffiffiffi
2

p
v11

1
CA: (C13)

In the original basis, the propagator in Eq. (C9) is then

ÛðtÞ ¼ V̂ÛDðtÞV̂†; (C14)

which has the matrix elements

h001jÛðtÞj001i ¼ v211e
−iλð1Þ− t

2
þ v212rðtÞe−i½λ̄tþφðtÞ�

2
− iv12cðtÞe−iλ̄t þ

rðtÞe−i½λ̄t−φðtÞ�
2

h001jÛðtÞj010i ¼ v211e
−iλð1Þ− t

2
þ v212rðtÞe−i½λ̄tþφðtÞ�

2
− rðtÞe−i½λ̄t−φðtÞ�

2

h001jÛðtÞj100i ¼ v11v12rðtÞe−½iλ̄tþφðtÞ� − v11v12e−iλ
ð1Þ− t − iv11cðtÞe−iλ̄tffiffiffi

2
p

h010jÛðtÞj001i ¼ h001jÛðtÞj010i;

h010jÛðtÞj010i ¼ v211e
−iλð1Þ− t

2
þ v212rðtÞe−i½λ̄tþφðtÞ�

2
þ iv12cðtÞe−iλ̄t þ

rðtÞe−i½λ̄t−φðtÞ�
2

h001jÛðtÞj100i ¼ v11v12rðtÞe−½iλ̄tþφðtÞ� − v11v12e−iλ
ð1Þ− t þ iv11cðtÞe−iλ̄tffiffiffi

2
p

h100jÛðtÞj001i ¼ h001jÛðtÞj100i
h100jÛðtÞj010i ¼ h010jÛðtÞj100i
h100jÛðtÞj100i ¼ v211rðtÞe−i½λ̄tþφðtÞ� þ v212e

−iλð1Þ− t:

(C15)

Comparison between the numerically solved dynamics
using the Hamiltonian in Eq. (C1) and the one using the
approximative propagator in Eq. (C15) is shown in Fig. 10.
The propagator obtained with the Jacobian diagonalization

produces very accurate estimation for the system dynam-
ics, but the resulting form is not particularly intuitive.
For the gate performance, it is essential that all state

populations in the single- and two-excitation manifold
return to their initial values at the end of the gate. In the
two-excitation manifold, this is achieved if all relevant
states are in resonance. In the single-excitation manifold,
on the other hand, the detuned higher-frequency qubit state
performs off-resonant Rabi oscillations, which interfere
with the desired resonant oscillations between the lower
frequency qubit and the center mode. This can cause
population swapping between the qubits, which hinders
the accuracy of the gate. This was indeed observed in
Fig. 5 as the main source of error in the populations.

APPENDIX D: MOVE-CZ-MOVE

In order to highlight the difference between our novel
gate scheme presented in Sec. III A and the MOVE-CZ-
MOVE introduced in Ref. [28], in this section we provide
the derivation of the gate unitary for the MOVE-CZ-
MOVE. The unitary consists of three successive gate
operations. The Hamiltonian describing the dynamics
is given by Eq. (6), but now the couplings are time
dependent. Switching to a frame rotating with qubit and
center element frequencies with the time-dependent uni-
tary transformation R̂ðtÞ ¼ exp ½itPl¼q1;q2;c ω̃ln̂l�, the

FIG. 10. Comparison of exactly solved single-excitation dy-
namics and the result obtained with Jacobian diagonalization
using Eq. (C15) (dots as markers). The Jacobian diagonalization
gives a good estimate for the actual dynamics.
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Hamiltonian (6) in the relevant subspaces is written as

Ĥ1ðtÞ ≙ ℏ

0
B@

0 g2ðtÞ g1ðtÞe−iΔt
g2ðtÞ 0 0

g1ðtÞeiΔt 0 0

1
CA;

Ĥ2ðtÞ ≙ ℏ

0
B@ 0 0

ffiffiffi
2

p
g1ðtÞ

0 0 g2ðtÞffiffiffi
2

p
g1ðtÞ g2ðtÞ 0

1
CA; (D1)

where we have simplified the notation by defining
ωa ¼ ω̃q1 , ωb ¼ ω̃q2 ¼ ω̃c, gi ¼ g̃cqi , and we have defined
Δ ¼ ωa − ωb ¼ −α1. During the MOVE gates, g1ðtÞ ¼ 0
and g2ðtÞ ¼ g2, and during the CZ gate g1ðtÞ ¼ g1 and
g2 ¼ 0. We assume that the couplings are turned on and off
instantaneously. For the MOVE gate, we readily obtain the

propagators in the single- and two-excitation manifolds to
be of the form

ÛMOVE
1 ðt;t0Þ≙

0
B@

cos½g2ðt− t0Þ� −isin½g2ðt− t0Þ� 0

−isin½g2ðt− t0Þ� cos½g2ðt− t0Þ� 0

0 0 1

1
CA;

ÛMOVE
2 ðt;t0Þ≙

0
B@
1 0 0

0 cos½g2ðt− t0Þ� −isin½g2ðt− t0Þ�
0 −isin½g2ðt− t0Þ� cos½g2ðt− t0Þ�

1
CA:

(D2)

Perfect MOVE operation is achieved by choosing
g2τMOVE ¼ π=2 with τMOVE ¼ t − t0. The CZ gate is
slightly more involved due to off-resonant coupling in
the single-excitation manifold. We obtain

ÛCZ
1 ðt; t0Þ ≙

0
B@

rðt − t0Þeiφðt−t0Þe−
iΔðt−2t0Þ

2 0 −icðt − t0Þe−iΔt
2

0 1 0

−icðt − t0Þe−iΔt
2 0 rðt − t0Þe−iφðt−t0Þe

iΔðt−2t0Þ
2

1
CA;

ÛCZ
2 ðt; t0Þ ≙

0
B@

cos ½ ffiffiffi2p
g1ðt − t0Þ� 0 −i sin ½ ffiffiffi2p

g1ðt − t0Þ�
0 1 0

−i sin ½ ffiffiffi2p
g1ðt − t0Þ� 0 cos ½ ffiffiffi2p

g1ðt − t0Þ�

1
CA; (D3)

where we have defined

rðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2

�
Ωt
2

�
þ Δ2

Ω2
sin2

�
Ωt
2

�s
; φðtÞ ¼ arctan

�
Δ
Ω
tan
�
Ωt
2

��
; cðtÞ ¼ 2g

Ω
sin
�
Ωt
2

�
; (D4)

with Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4g2

p
. Choosing

ffiffiffi
2

p
g1τCZ ¼ π (now with

τCZ ¼ t − t0 and t0 ¼ τMOVE) gives the CZ gate. The off-
resonant oscillations in the single-excitation manifold can
be synchronized by demanding that cosðΩτCZ=2Þ ¼ 1,
which happens if

g1 ¼
�Δ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8n2 − 1

p ; n∈N; (D5)

i.e., by choosing the ratio g1=α1 suitably. This also
guarantees that φðτCZÞ ¼ 0. We here write the total propa-
gators as

Û1ðtÞ ≙

0
B@

−1 0 0

0 −eiΔτMOVE
2 0

0 0 e−
iΔτMOVE

2

1
CA;

Û2ðtÞ ≙

0
B@

−1 0 0

0 1 0

0 0 −1

1
CA: (D6)

We observe that the propagator acting within the two-
excitation manifold differs from the corresponding
propagator in Eq. (7), whose diagonal entries are all
þ1. Here, instead, both noncomputational states j200i
and j101i acquire a π-phase, while the computational
state j110i does not. In the single-excitation manifold,
similarly as in Eq. (7), the states j001i and j010i
acquire a π-phase. Moreover, the computational states
j100i and j010i accumulate additional phases due to
off-resonant oscillation [which was ignored for
simplicity in the derivation of Eq. (7)]. However, these
phases are opposite and can be removed without affect-
ing the phase of the state j110i. Following similar
procedure as in Sec. III A, we obtain the effective
two-qubit unitary as

Ûq1q2 ¼

0
BB@

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1

1
CCA; (D7)

TUURE ORELL et al. PHYS. REV. APPLIED 26, 054021 (2026)

054021-20



which is exactly the same as in Eq. (14). Thus, even
though the underlying dynamics governed by the propa-
gators in Eqs. (7) and (D6) are clearly different, the
resulting effective gate unitaries are the same.

APPENDIX E: AVERAGE GATE FIDELITY

In our numerical and analytical calculations, we evalu-
ate the accuracy of the studied gate operation using the
concept of average gate fidelity. The average gate fidelity
in an N qubit system between two quantum processes G1

and G2 is defined as (if at least one of them keeps the
system in a pure state)

F̄ ¼
Z

djψiTr½G1ðρ̂ψÞG2ðρ̂ψÞ�; (E1)

where integration is over all N qubit initial states jψi.
Writing the density operator in terms of Pauli-spin oper-
ators for N qubits and employing certain symmetry
relations, we transform the integral into a finite sum over
all N-qubit Pauli-spin operators f̂j [53] and obtain

F̄ ¼ 1

d2

	
Tr½G1ðÎÞG2ðÎÞ� þ

1

dþ 1

Xd2−1
j¼1

Tr½G1ðf̂jÞG2ðf̂jÞ�


;

(E2)

where d ¼ 2N, j ¼ ðj1j2 � � � jNÞ4 is the labelling of the
operators in base 4, and

f̂j ¼ σ̂j1 ⊗ σ̂j2 ⊗ � � � ⊗ σ̂jN ; (E3)

are the all 22N − 1 different combinations of the Pauli
matrices σ0 ¼ Î, σ1 ¼ σ̂x, σ2 ¼ σ̂y, and σ3 ¼ σ̂z, excluding
the one consisting only of identities, i.e., the case
with j ¼ 0.
Equation (E2) can be directly used for numerical

simulations and analytical calculations for simple unitary
processes. Including the effects of relaxation and
decoherence analytically is slightly more cumbersome.
However, assuming that these effects are small, one can
apply perturbation theory [54] on Lindblad master

equation [55] and obtain some analytical insight about
the incoherent effects. Let us consider a master equation

dρ̂
dt

¼ − i
ℏ
½Ĥ; ρ̂� þ

X
k

ΓkD½L̂k; ρ̂�; (E4)

where Γk are the jump rates corresponding to the jump
operators L̂k and

D½L̂k; ρ̂� ¼ L̂kρ̂L̂
†
k − 1

2
fL̂†

kL̂k; ρ̂g: (E5)

Using the perturbation theory for the master equation
[54], for time scales much shorter than 1=Γk, we obtain up
to first order

ρ̂ðtÞ ≈ ÛðtÞρ̂ð0Þð0ÞÛ†ðtÞ
þ
X
k

Γk

Z
t

0

dt0ÛðtÞD½L̂kðt0Þ; ρ̂ð0Þð0Þ�Û†ðtÞ;

(E6)

where the dynamics in the zeroth order are determined by
the unitary evolution,

ÛðtÞ ¼ e− i
ℏĤt; ρ̂ð0ÞðtÞ ¼ ÛðtÞρ̂ð0Þð0ÞÛ†ðtÞ; (E7)

and the time evolved jump operators are

L̂kðtÞ ¼ Û†ðtÞL̂kÛðtÞ; (E8)

where for simplicity we have assumed a time-independent
Hamiltonian.
We here consider the quantum operation G1 in Eq. (E2)

as some ideal process, sayCZ gate, and G2 is some realistic
dynamical process attempting to produce the desired
outcome. Due to imperfections in the implementation, it
can contain both coherent errors and decoherence, accord-
ing to Eq. (E6). Moreover, we are in particular interested in
the CZ gate, so we set N ¼ 2 in Eq. (E2), and average over
all 16 two qubit Pauli operators and keep all the others in
the ground state. We thus write Eq. (E2) as

F̄ ¼ 1

16

	
Tr½Gðρ̂Î;BÞUðρ̂Î;BÞ� þ

1

5

X15
j¼1

Tr½Gðρ̂f̂j;BÞUðρ̂f̂j;BÞ�



þ 1

16

X
k

Z
t

0

dt0ΓkTrfGðρ̂Î;BÞÛðtÞD½L̂kðt0Þ; ρ̂Î;B�Û†ðtÞg

þ 1

80

X
k

X15
j¼1

Z
t

0

dt0ΓkTrfGðρ̂f̂j;BÞÛðtÞD½L̂kðt0Þ; ρ̂f̂j;B�Û†ðtÞg; (E9)
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where G is now the ideal process, and B denotes the other
degrees of freedom in the system, not included in the ideal
gate. We have defined Uðρ̂Þ≡ ÛðtÞρ̂Û†ðtÞ as the unitary
part, and ρ̂f̂j;B is the state of the total system where the

qubits performing the gate are set into some Pauli state f̂j.
For many cases, the gate applied on identity simply returns
the identity, but for completeness we include it explicitly in
Eq. (E9).

APPENDIX F: NUMERICAL METHODS

1. Time evolution with Magnus expansion

Solving the time evolution of large time-dependent
systems requires sophisticated numerical methods. In
principle, one can always use traditional ODE solvers,
such as ZVODE employed by QuTiP [56], but there exists
also more sophisticated methods better suited for our
needs. The differential equations we solve are of the linear
form

dvðtÞ
dt

¼ MðtÞvðtÞ; (F1)

where v is some vector (in our case, the vectorized density
operator), and MðtÞ is some time-dependent matrix.
Formal solution of the equation is

vðtþ δtÞ ¼ eUðtþδt;tÞvðtÞ; (F2)

where δt is some small time step and the matrix U is a
truncated Magnus series expressed in terms of univariate
integrals [57] and written as

Uðtþ δt; tÞ ¼ δtB0ðtÞ − ðδtÞ2½B0ðtÞ;B1ðtÞ� þO½ðδtÞ5�;
(F3)

with

Bj ¼
1

ðδtÞjþ1

Z
δt=2

−δt=2
dττjM

�
τ þ tþ δt

2

�
: (F4)

In general, a single time step using Magnus expansion is
computationally much more expensive than one with a
conventional ODE solver, due to the need of the calcu-
lation of the commutator and the matrix exponential.
However, the benefit comes from the fact that Magnus
propagation requires considerably less time steps.
Moreover, one can actually bypass these heavy calcula-
tions by using the Krylov subspace methods described
below.

2. Krylov subspace

Solution in Eq. (F2) is computed efficiently by express-
ing the matrix U and the vector v in an m dimensional
Krylov subspace Km with m much smaller than the

dimension d of the matrix U. This Krylov subspace is
spanned by the vectors

fu1;Uu1;U2u1;…;Um−1u1g; (F5)

where u1 ≡ vðtÞ. Orthogonalization of this basis gives a
d ×m dimensional unitary matrix

Kmðt; δtÞ ¼ ðu1 u2 u3 � � � um Þ; (F6)

with which the original matrix U is written as a small
m ×m matrix as

Umðtþ δt; tÞ ¼ K†
mðt; δtÞUðtþ δt; tÞKmðt; δtÞ; (F7)

and the time evolution of the vector is calculated as

vðtþ δtÞ ≈ Kmðt; δtÞeUmðtþδt;tÞK†
mðt; δtÞvðtÞ; (F8)

which only requires the computation of (sparse) matrix-
vector products and the exponential of a small m ×m
matrix.
If the matrix Uðtþ δt; tÞ is Hermitian, one can perform

the orthogonalization of the basis in Eq. (F5) with the
Lanczos iteration [58], in which case the matrix Um
becomes tridiagonal,

Um ¼

0
BBBBBB@

α1 β1 0

β1 α2 β2

β3 α3
. .
.

. .
. . .

.
βm−1

0 βm−1 αm

1
CCCCCCA
; (F9)

where the matrix elements αj and βj, as well as the
columns uj of the matrix Km, are obtained from [59]

αj ¼ uj · U · uj;

βjujþ1 ¼ U · uj − αjuj − βj−1uj−1; β0 ¼ 0:
(F10)

Note that we here avoid the computation of the
commutator in Eq. (F3), since we calculate it as a series
of sparse matrix-vector products as

U · u ¼ δtB0 · u − ðδtÞ2½B0 · ðB1 · uÞ − B1 · ðB0 · uÞ�:
(F11)

The diagonalization of the tridiagonal matrix in Eq. (F9)
is readily performed with a LAPACK subroutine [60], with
which the calculation of the matrix exponential can be
performed efficiently. The combination of Magnus propa-
gation and Krylov subspace implemented with modern
Fortran [61] results into roughly five times faster simu-
lation time compared to the solver in QuTiP.
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APPENDIX G: HYBRIDIZATION CROSSTALK

Let us consider a single-qubit gate operation on one of
the computational qubits. We here assume without a loss of
generality that the qubit q1 is the target and we study the
influence on the spectator qubit q2. Thus, the nondriven
system is modelled here with the Hamiltonian in Eq. (B1).
In order to simplify the analytic expressions, we make the
rotating-wave approximation for all coupling terms, which
is enough to give an intuitive understanding of the physics
producing the data in the single-qubit-gate infidelity data
shown in Fig. 6. The single-qubit gate is realized by
driving qubit q1 with a microwave signal coupled to the

local charge operator q̂q1 ¼ iqzpq1ðâ†q1 − âq1Þ, where qzpq1 is
the zero-point fluctuation of the charge, see also Eq. (23).
Since the computational states are eigenstates of the

nondriven Hamiltonian, we evaluate the drive-induced
transition amplitudes between such eigenstates using
fourth-order perturbation theory in all coupling strengths
(expressions for the computational state sin the local basis
are not shown here). Qualitative understanding of the
unwanted transitions induced by the drive is obtained by
studying the selected matrix elements of the drive operator,
which we write in the leading order of the coupling
strengths as

h001jq̂q1 j000i ¼ −iqzpq1
�
gcq1 þ

gq1c1gcc1
ωc − ωc1

�
1

ωq1 − ωc
;

h010jq̂q1 j000i ¼ − iqzpq1
ωq2 − ωc

�
gcq1 þ

gq1c1gcc1
ωq2 − ωc1

��
gcq2 þ

gq2c2gcc2
ωq2 − ωc2

�
1

ωq1 − ωq2

;

h101jq̂q1 j100i ¼ iqzpq1

�
gcq1 þ

gq1c1gcc1
ωc − ωc1

��
1

ωq1 − ωc
− 2

ωq1 þ αq1 − ωc

�
;

h110jq̂q1 j100i ¼
iqzpq1

ωq2 − ωc

�
gcq1 þ

gq1c1gcc1
ωq2 − ωc1

��
gcq2 þ

gq2c2gcc2
ωq2 − ωc2

��
1

ωq1 − ωq2

− 2

ωq1 þ αq1 − ωq2

�
;

h200jq̂q1 j001i ¼ −i ffiffiffi
2

p
qzpq1

�
gcq1 þ

gq1c1gcc1
ωc − ωc1

��
1

ωq1 − ωc
− 1

ωq1 þ αq1 − ωc

�
;

h200jq̂q1 j010i ¼ − i
ffiffiffi
2

p
qzpq1

ωq2 − ωc

�
gcq1 þ

gq1c1gcc1
ωq2 − ωc1

��
gcq2 þ

gq2c2gcc2
ωq2 − ωc2

��
1

ωq1 − ωq2

− 1

ωq1 þ αq1 − ωq2

�
: (G1)

Above, we have assumed that the system idles in a
frequency configuration in which the direct couplings
between the qubits and the center mode are of the same
order of magnitude as the second-order couplings medi-
ated by the couplers. Consequently, we have included
terms up to the second order in the couplings gcqi and up to
the fourth order in the couplings glci . Thus, in the
following, we interpret that the square-bracketed terms
in the expressions for the matrix elements are of first order
in the coupling strengths.
We apply these drive matrix elements when interpreting

the infidelity data of single-qubit gates shown in Fig. 6. We
observe that due to hybridization, the single-qubit-gate of
qubit q1 effectively drives transitions in the center mode
with the magnitude that is of the first order in the coupling
strengths,

Ac;0→1 ¼ gcq1 þ
gq1c1gcc1
ωc − ωc1

: (G2)

Apparently, this magnitude is small at the idling
configuration but never exactly zero [12]. Despite being
small, the matrix elements driving center-mode transitions

become large if ωq1 ≈ ωc and ωq1 ≈ ωc − αq1 . In Fig. 6, we
observe that close to the first resonance there is always an
increase in the gate infidelity. However, even though the
matrix element becomes large also close to the latter
resonance, the transition j100i → j101i is energetically
not favorable and, thus, the gate-drive-induced center-
mode transitions are suppressed even if the target qubit is
excited, which is also observed in our numerical data
in Fig. 6.
Interestingly, the gate drive of qubit q1 induces tran-

sitions also for the qubit q2. However, the magnitude of
such transitions is of the second order in the coupling
strengths,

Aq2;0→1 ¼
�
gcq1 þ

gq1c1gcc1
ωq2 − ωc1

��
gcq2 þ

gq2c2gcc2
ωq2 − ωc2

�
: (G3)

Consequently, compared to the square lattice with
single-mode couplers, the coupler-mediated crosstalk is
suppressed by our three-mode coupling structure.
Furthermore, the crosstalk error is sharply peaked at
ωq1 ≈ ωq2 , as is also observed in Fig. 6.
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Finally, we find that the hybridization-induced crosstalk
to the f-state of the target qubit is enhanced close to
the resonances ωq1 ≈ ωc − αq1 and ωq1 ≈ ωq2 − αq1 . Such
crosstalk requires an initial population or simultaneous
gate operation of the center mode or the spectating qubit
q2, respectively. Again, the crosstalk to the spectating qubit
is suppressed compared to that of the center mode, due to
the additional modes that mediate and mitigate the
coupling.

APPENDIX H: INVERSE PARTICIPATION
RATIO

Localization of a quantum state jni with respect to
some fixed complete (and orthonormal) basis fjm0ig is
quantified in terms of the inverse participation ratio
defined as [62,63]

In ¼
X
m0

jhm0jnij4; (H1)

where in our case jni ¼ jnqnci, where nq ¼
ðnq1 ; nq2 ; nq3 ; nq4 ; nq5 ; nq6Þ and nc ¼ ðnc; nc1 ; nc2 ; nc3 ; nc4 ;
nc5 ; nc6Þ, and the fixed basis is defined by the local
eigenstates of the uncoupled transmon system. If the state
jni is normalized, the inverse participation ratio of In ¼ 1
indicates that the state is fully localized in the chosen basis.
If In < 1, the state is delocalized.
In Fig. 11, we show data of the inverse participation

ratio In computed numerically for the computational
states shown in Fig. 7. The data show that the delocal-
ization increases as the number of excitations within
the system increases. Thus, we anticipate that the delo-
calization-related errors also could be amplified during

algorithms that simultaneously excite multiple qubits in
the device. However, the inverse participation ratio gives
information about the level of delocalization, but not about
into which states it is delocalized. Based on Fig. 7, the
strongest hybridization in the computational states is with
the local coupler states and, thus, the delocalization of the
computational states to spectating local qubits is small.
This potentially mitigates the delocalization-induced
errors compared to the square-grid topologies, as was also
demonstrated in Fig. 6.
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