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Taming nonequilibrium thermal fluctuations in subthreshold CMOS circuits
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As CMOS technology scales down, thermal fluctuations increasingly impact circuit behavior, posing
challenges to conventional circuit design. However, the inherent stochasticity introduced by thermal noise
is now being explored as a potential resource in the emerging field of probabilistic computing. This work
presents a fully CMOS experimental platform that enables direct control over its intrinsic thermal fluc-
tuations. These devices function as programmable multivariate Gaussian samplers, offering a hardware
primitive for energy-efficient stochastic computing and serving as an experimental platform for studies in

electronic noise and stochastic thermodynamics.
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The aggressive miniaturization of CMOS technology
is a double-edged sword; as a transistor circuit is scaled
down in size, it becomes faster and more energy-efficient
[1], but it also becomes noisier [2]. As device dimen-
sions and supply voltages continue to be pushed to their
thermodynamic limits, the noise that is intrinsic to transis-
tors will begin to upset traditional deterministic computer
architectures [3,4].

Recent proposals suggest that this apparent roadblock
imposed by noise may be circumvented by building inten-
tionally stochastic probabilistic circuits (p circuits) into
a computing system [5—11]. P circuits harness the noise
present in all devices to generate samples from computa-
tionally useful probability distributions.

Compared to purely deterministic approaches, proba-
bilistic computer architectures can be more energy efficient
when running specific algorithms that rely heavily on ran-
dom sampling. Random sampling is expensive on a deter-
ministic computer: one must employ complex circuitry
involving thousands of transistors that generate pseudoran-
dom numbers [12]. These large circuits consume similar
amounts of energy to those implementing computationally
richer operations, such as addition.
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For a p circuit to be practically useful in computing, it
must be predictable, programmable, and performant. Pre-
dictability means that the stochastic dynamics of the p
circuit obey some simple physical model that can be used
to engineer it. A p circuit is programmable if the dis-
tribution it samples from can be tuned at runtime. The
performance of a p circuit is measured by its correlation
time, energy consumption, and physical size, which jointly
quantify the space-time-energy cost of using the circuit for
random sampling.

Current implementations of p circuits fall short in at
least one of these key areas. P circuits built using magnetic
tunnel junctions are a promising long-term direction as
they obey well-characterized stochastic dynamics [13] and
are straightforwardly programmed [14—16]. While these
devices are, in principle, compatible with CMOS processes
[17], work on integration is still underway [18,19], which
limits near-term performance [20,21]. To avoid these inte-
gration issues, practitioners have also considered p-circuit
architectures involving only transistors [22,23]. However,
current approaches generally rely on extremely sensitive
phenomena, such as the randomness of bistable latches at
power up [24,25], or are based on crude treatments of noise
[22], making programmability and prediction difficult.

Circuits of transistors operating in the deep subthreshold
regime are a natural candidate for building practical p cir-
cuits. Charge transport in these circuits is predominately
thermally activated, leading to shot-noise dynamics [26].
Recently, shot-noise models have been generalized from
the single-transistor level to networks of transistors via a
technique based on Markov jump processes (MJPs) [27],
suggesting that the stochastic dynamics of subthreshold
circuits may be rigorously predicted. Subthreshold net-
works are also straightforwardly programmable via control
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voltages. Additionally, small transistors leak more current,
increasing the performance of subthreshold circuits [28].

This paper experimentally demonstrates that practical
p circuits can be built using subthreshold transistors.
Specifically, we introduce and characterize a family of cir-
cuits that sample from voltage-programmable multivariate
Gaussian distributions. These circuits enable the control
of correlations between multiple degrees of freedom and
represent a powerful primitive that can be used either as a
standalone p circuit or as part of a larger circuit performing
a non-Gaussian sampling operation (p bits being the most
direct and prominent example [11]). Our work paves the
way for near-term, large-scale computers that leverage p
circuits; we have already applied the principles outlined
here in designing a probabilistic computing system that
runs diffusionlike models [29].

In addition to the potential of our work for probabilis-
tic computing, it also substantially advances our physical
understanding of shot noise in subthreshold transistors by
validating the MJP model presented in Ref. [27]. While
a large body of work studies shot noise at the single-
transistor level [26,30,31], studies of noise physics in
larger circuits are limited and often application-specific
[32]. Our work tests a simple and generic noise model
for subthreshold transistor networks against experimental
data, allowing the model to be confidently used in future
engineering pursuits.

The remainder of this paper will detail our Gaussian
sampling circuits, which we refer to as nonequilibrium,
adjustable temperature resistor networks (NEAT-RNs).
We will first introduce NEAT-RNs and explain (as sug-
gested by their name) how voltage controls can be used to
program their steady-state voltage distribution. Then, we
will demonstrate that the MJP model of Ref. [27] accu-
rately predicts experimental measurements of the behavior
of a simple 2D NEAT-RN. Next, we will demonstrate that
the programmability of NEAT-RNs can be significantly
enhanced by introducing additional degrees of freedom
that mediate interaction. Finally, we will discuss the speed
and energy efficiency of NEAT-RNs and demonstrate that
they are sufficiently performant to be useful as part of a
modern probabilistic computing system.

NEAT-RNs are composed of multiple CMOS inverters
with independent gate control, where mutual capacitances
couple the outputs of different inverters. The simplest non-
trivial example in the family is shown in Fig. 1(a). The
experiments discussed in the following involve the mea-
surement of the statistical properties of the signals v =
(v1, vp) for different operating voltages [see Fig. 1(c) for
examples of time series]. Most of the variability in those
signals is explained by two sources of noise: (i) thermal
fluctuations associated to the transport of charge through
individual transistors, and (ii) low-frequency fluctuations
in the overall conductivity of each transistor. While the
first contribution is of fundamental nature, as it has a

purely thermodynamic origin [26,27], the second one is
usually understood to arise due to material defects that act
as fluctuating charge traps [33—37]. The obtained data is
compared to an analytical model that is able to incorporate
both sources of noise. However, in what follows we restrict
the discussion to the analytical description of the thermal
fluctuations only, which are anyway the dominant ones as
they contribute around 70% of the total signal power in the
frequency range given by the measurement duration and
sampling rate (see Appendix D).

After linearization around an operating point, NEAT-
RNs become equivalent to a noisy RC network [38—40],
where the effective conductance and temperature of each
resistor can be controlled at will [see Fig. 1(b)]. When
the effective temperatures are equal, the system attains an
equilibrium steady-state probability distribution P(v) that
is entirely determined by the capacitances, which cannot be
controlled in nanoscopic circuits. However, if the effective
temperatures differ, the system attains a nonequilibrium
steady-state distribution that becomes dependent on the
effective temperatures and conductances. In this way, the
steady-state distribution can be controlled by manipulating
the voltages Vyy, and ¥, [see Figs. 1(f) and 1(g)].

Specifically, combining the MJP formalism of Ref. [27]
with the Enz-Krummenacher-Vittoz (EKV) model for sub-
threshold transistors [41], the steady-state fluctuations of a
NEAT-RN can be found to be approximately Gaussian,

P(v) aexp—% (v—v*)TEJ_1 (v—0%). (1)

Here, v is a vector of voltages for each node in the circuit,
v* is the dc level of each voltage, and ¥ is the steady-
state covariance matrix. X is given by the solution to the

Lyapunov equation,
GEC+CXG=2kG"?T G, )

where G is a diagonal matrix of effective linear conduc-
tances associated with each inverter, 7 is a diagonal matrix
of effective temperatures, and C is the circuit’s Maxwell
capacitance matrix. The matrix elements of 7 and G can be
written explicitly in terms of the circuit’s control voltages;
see Appendixes B and C.

In the limit that each inverter is balanced such that
v = Vfid /2 and the subthreshold slope parameter of each
transistor approaches 1 (see Appendix C), the expressions
for the matrix elements of G and 7 take an intuitive form,

[p

Gi=2 e ((Vur2=,) V1), ©)
I - 7! —f—exp(V’dd/ZVT)' @

2

Here, 15 is the EKV model current parameter for each
transistor. 7 is the physical temperature of the system
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FIG. 1. Predictable and programmable Gaussian sampling with a NEAT-RN. (a) A simple NEAT-RN: two independently controlled,

capacitively coupled CMOS inverters. (b) The fluctuations around the dc operating point of a NEAT-RN are equivalent to those of a
linear RC circuit with controllable effective conductances and temperatures. (c) Snapshot of the measured time series of voltages v,
and vy, for the operating point indicated by the arrow. For different points along the voltage sweep mentioned in the text. (d) Aspect
ratio of the covariance matrix of signals v, and v,, (¢) angle of the main principal component of the same matrix, and (f) normalized
gyration coefficient / (integration time #; = 200 ns). (g) Example of the delayed autocorrelation (left) and cross-correlation (right)
functions. (h) Example centered histograms of the signals v; and v, for two operating points. Dashed lines indicate the principal axes.
In all cases we fixed the powering voltages Véd =137+ 1mV, Vﬁd = 142 £ 1 mV and NMOS gate voltages V! = 12 =76 + 1 mV,

while PMOS gate voltages satisfy V), 4+ V5 =200 4+ 1 mV.

and V7 = kyT/q. the associated thermal voltage (g, is the
electron charge). We chose to eliminate the control volt-
age V' from this expression using the balance constraint.
This decision was arbitrary, and the expressions could be
written just as easily with Vziv eliminated.

This limiting case makes it clear that NEAT-RNs are
highly programmable; the effective conductance of each
branch can be set by varying the gate control voltage with
respect to Vyq, and the effective temperature can be ele-
vated with respect to the actual ambient temperature by
increasing V%, above ground. The potential values that G;;
and 7;; can take are limited by the onset of moderate inver-
sion, at which point the shot-noise modeling assumption
used to derive Eq. (2) becomes invalid. As long as the
devices are in subthreshold, 7" and G can be independently
controlled to program the p circuit with a wide range of
covariance matrices.

To empirically establish the predictability and pro-
grammability of our p circuit, we fabricated the circuit
shown in Fig. 1(a) using an advanced TSMC FinFET
[42—44] process and fit Eq. (2) to its steady-state voltage
distribution. Specifically, we fixed all voltages except for
the PMOS control voltages, which were swept such that

V}, + VIZJ =200+ 1 mV. Voltage time series were mea-
sured at each operating point, from which a covariance
matrix was estimated (the specifics of the fitting procedure
are outlined in Appendix E).

We characterized the measured covariance matrix via
its spectrum. Specifically, we computed the eigenvalues A,
and eigenvectors gy, satisfying Xq; = Arqr with Lo > Aj.
From the eigenvalues and eigenvectors of X, we define
the aspect ratio of the eigenvalues o and the angle of the
principal component 6,

o =/ ho/M, (%)
Examples of the observed steady-state distribution are
shown in Figs. 1(f) and 1(g).

Figures 1(c) and 1(d) compare the observed dependence
of o and 6 on Vzlz to the best fit of Eq. (2). These results
indicate that the fluctuations in the signals v; and v; can
be reliably controlled by changing the operating voltages
Vlﬁ. Additionally, we observe that the simple modeling

based on Eq. (2) effectively captures the main features of
the data. Thus, the produced signals are both controllable

and predictable.

0 = arctan((go)1/(q0)2).
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To establish that the MJP model can predict the dynamic
properties of a NEAT-RN, not just the steady-state dis-
tribution, we measure the circulation of the voltage state
and compare it to the prediction of the model. This circula-
tion can be quantified via the coefficient L(5¢) = (v x dv),
where v = v(t + 8¢) — v(?) is the displacement in time §¢.
At steady-state conditions, it is possible to rewrite L as

L(6t) = X181 — X5,1(61), (6)

where X 1 (81) = (v; (O vr(t + 88)) — (v; (D) (v (t + 81)) is
a delayed correlation, which can be obtained from time
series. The previous expression is known as the cross-
correlation asymmetry and is a measure of time-reversal
symmetry breaking [45—47]. For example, in Fig. 1(g)
we show the normalized delayed correlations yx;; =
X x/+/var(v;)var(vy) for a particular operating point. We
observe that the delayed correlations are indeed asymmet-
ric, indicating a breakdown of time-reversal invariance due
to the nonequilibrium conditions.

By analyzing the stochastic differential equation that
describes the dynamics of a NEAT-RN, it is possible
to derive the following expression for time averages of
delayed correlations (see Appendix F):

1
Xj,k = —/ dr Xj,k(f)
0

t
_ 1 [2 (]1 - e_”GC_1> CG‘I] o

1 j &

Figure 1(e) shows the normalized circulation coefficient
= (X, — Xy,1)/+/var(v)var(v,) for an integration time
of + =200 ns and the comparison with the model best
fit. As before, the agreement shows that the statistical
properties of the signals can be reliably controlled and
predicted.

Additionally, these results show that the device in
Fig. 1(a) can be considered an electronic implementation
of a Brownian gyrator, an elementary heat engine [48],
using CMOS circuits. Previous implementations of Brow-
nian gyrators have varied the environmental temperature
directly by heating or cooling the circuit [49], which is
more cumbersome than our electronic implementation.

NEAT-RNs with additional nodes allow for richer pro-
grammability than the minimal example considered thus
far. In such circuits, one can split the nodes into visible and
latent nodes. Then, the correlations among visible nodes
can be shaped by their common interaction with latent
ones, which naturally enhances the range of achievable
distributions.

To experimentally establish this enhanced programma-
bility, we built a 3-degrees-of-freedom (DOF) NEAT-RN
that utilizes a latent inverter to cover a larger range of two-
dimensional (2D) distributions, as shown in Fig. 2(a). The
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FIG. 2. Increasing the programmability of a NEAT-RN using
latent variables. (a) Extending the circuit in Fig. 1(a) by adding
an extra degree of freedom. The self-capacitance of each free
node is omitted. (b) Observed points in the plane angle-aspect
ratio for 8000 iterations of the control space exploration pro-
cedure, with V(liéz ~ 5.5Vr and ng ~ 7Vr. (c) Results of an
analogous protocol applied to the circuit in Fig. 1(a).

additional DOF mediates the coupling between the two
outputs, allowing for richer control of their correlation.

We studied the programmability of our NEAT-RNs
by exploring their control spaces for extreme covariance
matrices. Specifically, for fixed powering voltages Vgél/ 2,
we generated gate voltages V7, I (in the range [0, 0.175 V])
via a sampling procedure designed to find configurations
with extreme aspect ratios. The results are shown in Fig. 2.

By comparing Figs. 2(b) and 2(c), we can see that our
3-DOF NEAT-RN is much more programmable than the
2-DOF version. For any given value of 6, the 3-DOF cir-
cuit allows « to be controlled within a much larger range
than the 2-DOF circuit. In fact, for values of 6 near /4,
« can barely be controlled for the 2-DOF circuit, whereas
the 3-DOF circuit still features full programmability.

For a circuit to be an efficient entropy source in a
probabilistic computer, it must generate fluctuations large
enough to affect downstream devices. For thermally driven
electrical systems, this means the noise generator must

034061-4



TAMING NONEQUILIBRIUM THERMAL FLUCTUATIONS. ..

PHYS. REV. APPLIED 25, 034061 (2026)

produce voltage fluctuations comparable to V7. This inter-
action voltage scale applies to a broad class of physical
phenomena, including semiconductors and electrochemi-
cal reactions [50].

However, realizable passive circuits generate weak fluc-
tuations and are not efficient in practical applications.
Specifically, in a one-dimensional (1D) RC circuit,

var(NXE  Cp ®
V2 C’

where Cr = ¢*/kyT is the thermodynamic capacitance
scale, which is approximately 6 aF at room temperature.
Circuits fabricated using the latest transistor processes like
the one used here feature capacitances much larger than
this, C 2 300 aF.

As such, the noise amplification provided by NEAT-
RN is crucial to their utility in room-temperature systems.
For the 1D case of our NEAT-RN operating at the bal-
ance point of Egs. (3) and (4), the variance of the voltage
fluctuations is enlarged compared to a passive RC circuit,

I +exp (Vaa/2V7) v

5 ar(V)¢ 9)

var(V) =

the amplification factor depends exponentially on Vgy and
is around 10 for Vyy ~ 6V7.

Because this amplification is intrinsic to the inverter and
no complex external circuitry is used, it is achieved effi-
ciently. Specifically, we define the energy consumed by
the circuit per random sample as £ = Pt, where 7 is the
correlation timescale of the output signal, and P is the dc
power consumption P = Vy* given the dc current 7*. At
the balance point, 7 is

T=C (10)

where G is given by Eq. (3). The energy per sample
follows,

VaaC?

E= var(V) tanh <@> . (11)

qe 4VT
where var()) is as in Eq. (9).

Equations (9) and (10) elucidate a practically useful
property of our system: the timescale and variance of the
noise produced by our circuit are independently control-
lable. T can be made arbitrarily large or small (within
practical limits) by appropriately manipulating the gate
control voltages with respect to Vy4. In contrast, the vari-
ance depends only on the powering voltage. From Eq. (11),
we can see that the energy consumed per sample does not
depend on 7 and scales linearly with the desired variance
(in the limit Vyq > V7).

The parameters found from the previous fitting can be
used along with Eqgs. (10) and (11) to find that NEAT-RNs
could be used as a performant entropy source in a prob-
abilistic computing system. Namely, taking C ~ 1000 aF,
I ~ 1 nA, and AV = 5.5V, we find that £ ~ 15 al. In
the same scenario, the practical minimum value of t will
be achieved when V), = 0, at which point 7 ~ 1 ns.

Overall, we have shown that predictable, programmable,
and performant p circuits can be built using networks
of subthreshold transistors. These subthreshold networks
can now be easily integrated with other circuitry to build
probabilistic computers using advanced transistor pro-
cesses. We have already proposed one such architecture
in Ref. [29] and hope to report on its implementation in a
future contribution.

Moreover, our results motivate a deeper exploration into
probabilistic integrated circuit design. This burgeoning
subfield of analog design is mostly unexplored, offering a
rich landscape for new, useful circuit topologies and scien-
tific discoveries. These discoveries could include other the-
oretical developments, building on the work in Ref. [27],
or further experimental work to validate these theories.
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APPENDIX A: FABRICATION, CONTROL, AND
MEASUREMENT OF THE DEVICES

The experiments conducted in this work utilized a
test chip specifically designed to characterize noisy sub-
threshold circuits in detail. Our chip featured 8-bit DACs
with a dynamic range of [0,0.175 V] that were used
for manipulating control voltages. The output signals of
each experiment were measured using high-bandwidth and
high-input-impedance amplifiers, which were also imple-
mented on the same die. This amplification chain allowed
the analog signals to be routed off chip for measurement
using a 1-GHz oscilloscope.

APPENDIX B: SHOT-NOISE MODELS AND THEIR
DIFFUSIVE LIMIT

We consider the stochastic description of nonlinear elec-
tronic circuits developed in Ref. [27], where each con-
duction device in the circuit exhibits shot noise. The state
of the circuit is described by the net number of elemen-
tary charges in the free nodes (i.e., the nodes that are not
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regulated by voltage sources), given by a vector n € N¢,
where d is the number of free nodes. Pairs of free nodes
can be connected via conduction devices (diodes, tunnel
junctions, transistors, etc.) that are identified by an integer
index p > 0. If a conduction device is connected between
two free nodes, then elementary charges can jump between
them in both directions. For each device p, we assign a
transition rate A, ,(n) to forward conduction events n —
n+ A,, and a transition rate A_,(n) to backward conduc-
tioneventsn — n+ A_,, with A, = —A_,. The forward
direction is arbitrary, and the vectors A, encode the change
in the state n corresponding to each jump or transition.

For any state n, the voltages of the free nodes can be
computed as v = g.C~'n + v,, where C is the Maxwell
capacitance matrix of the free nodes, ¢. is the charge
of the elementary charges, and v, is a constant vector
that depends on the regulated voltages. Let P;(v) be the
probability to observe voltages v at time . Given the pre-
vious description, P;(v) evolves according to the master
equation:

UPi(v) =D hy(w — q.CT AP0 — g.CT'AY)
P

= 2, )P), (B1)
0

where we abuse notation by considering the rates A, (v) to
be now functions of the voltages v. A diffusive approxi-
mation of this Markov jump process can be obtained by
a second-order truncation of the Kramers-Moyal expan-
sion of Eq. (B1), which corresponds to the limit of large
capacitances ||C|| > Cr. In that case, Eq. (B1) reduces to
a Fokker-Planck equation, which implies that the dynam-
ics of the system can be approximately described by an It6
stochastic differential equation (SDE) of the form:

C-dv = pn@)dt + 2K () - dW, (B2)

where W is a vector of independent Wiener processes. This
approximation is uncontrolled and fails to capture large
fluctuations [52,53], but properly describes the first and
second moments of P;(v) in the limit of large capacitances
[54]. The drift vector u(v) and diffusion matrix K(v) can
be obtained from the transition rates A, (v). In turn, the two
transition rates A+, (v) associated to the conduction device
o can be related to its phenomenological IV curve /,(Av)
via the thermodynamic consistency relations [27]:

Ap(V) = A_,(v) =1,(Av,)/qe

(B3)
Ap(v) + A_,(v) = coth (Av,/2V7) I,(Av,)/ge.

Using Eq. (B3), it is possible to obtain the following
expressions for the drift vector and diffusion matrix:

@) =" 1,(Av,)A,,
’ (B4)

p’

qe
K@) == ;lp(mp) coth (Av,/2V7) A, - AT

where Av, is the voltage drop across device p in state v.

For circuits with deterministic fixed-point attractors v*,
for which pu(v*) = 0, the stochastic dynamics in Eq. (B2)
can be linearized to

C-dv=—-G-(v—v"dt+2kGT - dW, (B5)

where we have defined the effective conductance matrix G
with elements Gj; = —9,, u; (v*) and the effective temper-
ature matrix 7 = G~'K (v*) /ky. The steady-state distribu-
tion of the previous dynamics is given by Egs. (1) and (2)
in the main text.

Finally, we note that for a one-dimensional case the
linearized dynamics of Eq. (B5) has the following steady-
state autocorrelation function:

kyT

X80 = Te—<G/C>"”‘, (B6)

which leads to the following Lorentzian one-sided power

spectral density (PSD):

PU) = L+ /f)»)’

with Py = 4k,7 /G and fy = G/ (27 C).

(B7)

APPENDIX C: EKV-BASED MODEL OF AN
INVERTER

We now consider a single inverter [the left or right pair
of transistors in Fig. 1(a)]. According to the extension of
the EKV model including DIBL effects as presented in
Ref. [55], the current through the NMOS transistor is given

by
I, = I log? (1 4 VeV /2mn o sb/zeynvdsn)
— I"log? (1 4 eWeb=Vi)/2m o= Vab/2 g Vds/2> . (Cl)

where 17, Vi, n,, and y, are model parameters and the volt-
ages Ve, = Vi, Vi = 0, Vg = Vi = v are here expressed
in units of the thermal voltage V7. The same expression
gives the current /, through the PMOS transistor, this time
in terms of parameters I, V4, n,, and y,, by just replac-
ing I, — —I, and using the voltages Vg, = —(V, — Vaa),
Vib =0, Vap = Vs = — (v — Vaa)-
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It is useful to take a number of approximations in order
to make analytical progress. In particular, we consider
the subthreshold regime where e/sp="7/2mp « 1, and
neglect DIBL effects (i.e., we set y, = y, = 0). Then, the
currents /, and /, reduce to the following functions of the
output node voltage v:

I,(v) = Ige_(Vp_Vdd)/np(l _ eU—Vdd)’
—_—
! (C2)
L) = Ije"™ (1 —e™),
——

Cn

. /p .
where we have now incorporated factors e~ Vo Imip into
the respective constants 1;’”. The deterministic output
voltage v* satisfies 1, (v*) = I,(v*), which under the above

approximations leads to the expression:

v, 2
ev* — g (1 _ C_n> + (1 _ ﬁ) +4C_nerdd
2 cp cp cp

(C3)

Using this, we obtain that the effective conductance is
given by

G=V'\(e —e)? +dcpene . (CH)

Also, the effective temperature is given by

%
Joy T = qzé; [coth ((Vaa — v*)/2) + coth (v*/2)], (C5)
where I* = (¢, + ¢, — V7rG)/2 is the stationary current.
The balanced conditions considered in the main text are
achieved when ¢, = ¢,. The expressions in the main text
also assume that the subthreshold slopes are 1 for all
transistors (i.e., n,/, = 1 for all inverters).

APPENDIX D: SPECTRAL ANALYSIS

Figure 3(a) shows the PSD of the signal v, obtained
numerically from the time series, at different operating
voltages. The dashed black lines over each PSD show the
result of fitting them with the following model:

__ B L
P(f)—1+(f/ﬁ))2+fa+3.

The first term corresponds to the Lorentzian spectrum,
which is expected from the theory in the previous sections.
The second term aims to capture the pink noise dominat-
ing at low frequencies, while the last term accounts for
a flat spectral contribution possibly associated to extrin-
sic noise sources (for example, the amplification stage).

(D1)
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V) Vp =217
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S
= 10714
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!
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cf:; —4— Base Variance
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E
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=
0.25 1
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FIG. 3. (a) Power spectral density of the signal v; for different

values of the control voltage V};. (b) Total variance of the signal
vy, as well as its different spectral contributions, as a function of
V). Same settings as in Fig. 1.

This decomposition allows to split the total power or vari-
ance of the signal into different contributions, as shown
in Fig. 3(b). Finally, we note that the effective temper-
ature can be computed from the parameters Py and fy
as k7 = CfyPor /2, where C is the total output capaci-
tance of the inverter in question [for example, for the left
inverter it is C = C; + 1/(1/C, + 1/C,,), in terms of the
self-capacitances C,, and the mutual capacitance C,,].

APPENDIX E: DATA ANALYSIS AND MODEL FIT

The comparison of the experimental data with the the-
oretical model proceeds in three stages: (i) determination
of intrinsic parameters for each individual inverter, (ii)
effective modeling of 1/f noise sources, and (iii) deter-
mination of global capacitance matrix based on observed
correlations. The raw time series and the code used for the
analysis can be found in Ref. [51].

In the first stage, for each inverter we simultaneously
fit the average output voltage (v), the frequency fy, and
the effective temperature k,7 based on Egs. (B4), (BS),
and (C1). The results are shown in Fig. 4. Panels (a) and
(b) show that the dynamics of the system is well cap-
tured by the model based on Eq. (C1), while panel (c)
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FIG. 4. For each individual inverter, (a) average voltage out-
put, (b) frequency fy, and (c) effective temperature 7 as obtained
from the spectrum [see Eq. (B7)]. The dashed lines indicate the
theoretical results from Egs. (B4), (BS), and (C1) after fitting the
three quantities simultaneously. Same settings as in Fig. 1.

shows that the shot-noise modeling assumption leading to
K (v) in Eq. (B4) is able to describe the intrinsic thermal
fluctuations for the operating voltages employed.

In the second stage we aim to describe the variability
of the low-frequency pink-noise variance [see Fig. 3(b)],
which is the second largest contribution to the total vari-
ance in the signal. Low-frequency noise in MOS transistors
is usually modeled as stochastic fluctuations in the thresh-
old voltage Vy,, caused by the presence of fluctuating
charge traps in the gate oxide, which collectively give rise
to a 1/f -like spectrum [33—37]. A small-signal analysis of
the dc model of each inverter based on Eq. (C1) offers a
simple approach to understand how fluctuations in Vy, are
mapped to the measured output. For this, we just need to
consider the gains g,, = |dv*/dV,/"|, indicating how the
deterministic output voltage v* changes with small pertur-
bations of each of the two threshold voltages. These gains
can be easily computed from the model using the parame-
ters fitted in the previous stage [see Fig. 5(a)]. Then, if S, ,
is the total power of the fluctuations of the threshold volt-
age th/p in the frequency range corresponding to the total
observation window and sampling rate, the total power of

(a)
g ;
a In,
g 90 | 1\2
'93‘ |gp,l‘
§ |9n,2‘2
< |9p,2‘2
£ 10+
ey
=
]
d
=
[CEE
(b)  x10°®
&; /"\ Pink Variance - Left inverter
\@/ 6 1 4\ —4— Pink Variance - Right inverter
S
z
—
e
%
g
= 2 4
=
&
40 60 80 100 120 140 160
v, (mV)

FIG. 5. (a) Power gains |g,/,|* for each inverter, computed
from the model with the parameters obtained from the fit in
Fig. 4. (b) Total variance of the pink noise for each inverter.
Dashed lines correspond to the best fits according to the model
in Eq. (E1). Same settings as in Fig. 1.

low-frequency fluctuations in the output signal in the same
frequency range is given by

Sur =g Su+2 Sy + So, (ET)

where Sy accounts for external sources of low-frequency
noise, and it was assumed that the three sources of noise
involved are independent. Figure 5 compares the total
variance due to low-frequency noise as a function of the
operating point, as well as the result from the fit using the
model in Eq. (E1). We see that, despite its simplicity, this
approach allows most of the variability to be explained.

In the last stage we compare the covariance matrix
obtained by solving Eq. (2) in the main text with the
experimentally observed covariance matrix for different
operating points, which allows estimation of the self and
mutual capacitances of the inverter outputs. This is done
as follows. We compute the conductance G and the effec-
tive temperature 7 for each inverter at each operating
point, using the model parameters obtained in the first
stage. Then, given a capacitance matrix C constructed
from proposed values of Cy, C,, and C,,, we solve the
Lyapunov equation in Eq. (2) to obtain an expected covari-
ance matrix X. This covariance matrix is compared to the
one estimated from the experimental data, which has the
Lorentzian component of the variances as the diagonal
elements and the observed correlation X (8¢ = 0) as the
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FIG. 6. (a) Lorentz variance and (b) Pearson correlation coef-

ficient of the signals v/, as a function of the operating point.
Same settings as in Fig. 1.

nondiagonal elements. The results from this procedure are
shown in Fig. 6.

Finally, Figs. 1(d) and 1(e) in the main text show the
aspect ratio and angle of the covariance matrix of the
raw time series (that is, including all noise contributions).
The dashed lines in the same plots were computed from
the fitted model by considering a covariance matrix X =
X1 + Xy, where X is obtained by solving the Lyapunov
equation in Eq. (2) and X, is a diagonal matrix with
elements S/ | and Sy s » computed according to Eq. (E1).

APPENDIX F: GYRATION COEFFICIENT

We now sketch the derivation of Eq. (7) for the delayed
correlations. We first note that, at steady-state conditions,
the delayed correlations X x(8) can be written as

X x(80)

= /‘dv/dv’(v;i — )W — V)P, t 4 8t|v, HP(v)

= /dv (v; — UJ’F) [efétcflG (v — v*)]kp(v)

_ [e—StC*lG E] _ [E e—atGC*l]

F1
- (F1)

kj

where we have used that, for the linear process in Eq. (B5),
the conditional probability P(v’, ¢+ 8t|v, ) is a Gaussian
distribution with an exponentially relaxing mean value
(V') = v* +eC 0. (y —v*), and that the stationary

distribution P(v) is given by Eq. (1). Equation (7) fol-
lows by just using that [’ dre™™ = A~'(1 — e~4) for
any invertible matrix 4.
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