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Strain-stress relationships for coherent in-plane strain in heterostructures with
monoclinic crystal systems: f-(Al,Ga;_,),03 on (h0/) B-Ga,0; as example
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In this work, we derive the relationship between the states of strain and stress in pseudomorphic epitaxial
layers on a substrate with differing equilibrium lattice parameters under symmetry-conserving conditions
for the case of monoclinic crystal symmetry. We compare surface vectors across the template-epitaxial
layer interface and impose conditions of a stress-free epitaxial layer. As a result, we demonstrate the the-
oretical existence of up to three possible unit cells that can establish on a given template. We demonstrate
this approach for the special case of symmetry-conserving strain in a class of templates with (%0/) surface
orientations. We use B-(Al,Ga;_,),03 on (h0l) -Ga,03 as an example. We discuss the effects of the
composition x and surface orientation on the formation of three elastically stable unit cells, their strain and
stress tensors, unit-cell axes, unit-cell volumes, lattice spacings, elastic potential energies, and stress-free
directions. The previous paradigm for epitaxial layer growth, where the only stress-free direction is per-
pendicular to the growing surface, is not generally valid for low-symmetry materials. In the example here,
we find that, in addition to the stress-free growth direction for crystallographic planes with low Miller
indices, two possible competing domains can exist with stress-free directions oblique to the surface of
the template for almost all planes (20/). We further demonstrate the effect of the orientation-dependent
differently strained domains and calculate the strain-shifted anisotropic band-to-band transitions for §-
(Aly1Gagg),03 on (h0]) B-Ga,O3. We also provide examples of x-ray diffraction analyses, which may
help guide the search for the occurrence of such differently strained unit cells in epitaxial layers grown by
experiment, here taking the (201) surface orientation as case for demonstration.

DOI: 10.1103/5gx2-kn6m

I. INTRODUCTION

In heteroepitaxial growth of pseudomorphic single crys-
talline layers on single-crystal templates, the mismatch
between the respective lattice parameters of isomorphic
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unit cells leads to biaxial strain in the epitaxial layers.
This strain is associated with a characteristic stress distri-
bution across the epitaxial layers. The effects of strain and
stress are crucially important for understanding, for exam-
ple, the modifications of thermal, electronic, optical, and
optoelectronic properties. The full evaluation of the strain-
stress relationships and the consequences for stable growth
of single-domain epitaxial layers have not yet been elu-
cidated for low-symmetry crystals. Low-symmetry mate-
rials, such as monoclinic 8-Ga,03, and their heteroepi-
taxy with isovalent alloys, including bixbyite-structure
In,O3 and corundum-structure Al,Os, are of significant
contemporary interest due to various emergent physical
properties, such as a very large tunable band-gap energy

Published by the American Physical Society
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[1,2]. For example, isovalent alloying of In and Al in
B-(Al, Ga, In),0; offers tuning of the band-to-band tran-
sition energies using composition- and lattice-mismatch-
induced strain [3]. Monoclinic 8-Al,O3 has a calculated
lowest band-to-band transition of 7.2—7.5 eV [4,5], and
monoclinic B-In,O3 of 2.7 eV [1,6], with lattice mis-
matches to 8-Ga, 03 of 4% [7,8] and 10% [2], respectively.

Strain and stress are inherent to heteroepitaxial layer
growth due to thermal expansion and lattice mis-
match between heterostructure constituents. Epitaxial
layer growth of 8-Ga, O3 has been reported on various for-
eign substrates [9—12] using different techniques, includ-
ing metal-organic chemical vapor deposition (MOCVD)
[13,14], halide vapor-phase epitaxy (HVPE) [15,16],
molecular-beam epitaxy (MBE) [17,18], mist chemical
vapor deposition (Mist-CVD) [19], and pulsed laser depo-
sition (PLD) [20]. Various epitaxial relationships have
been observed. For example, MOCVD permits success-
ful deposition of (201)-oriented B-Ga,0O3 epitaxial layers
on (0001) sapphire substrates [21]. The (201) plane of
B-Ga, 03 shares the same in-plane oxygen-atom arrange-
ment as the oxygen arrangement of the (0001)-oriented
sapphire template, which facilitates the growth of phase-
pure (201)-oriented B-Ga,O3 epitaxial layers on (0001)
sapphire substrates despite the considerable lattice mis-
match (6.12%) [22]. Six rotational domains with (201)
orientation are often revealed in x-ray diffraction (XRD)
of epitaxial layers grown on (0001) sapphire. Wang et al.
reported MOCVD growth of high-crystalline-quality epi-
taxial layers of B-Ga,0O; on KTaO; (KTO) substrates
with the epitaxial relationships (001) 8-Ga,O; parallel to
KTO (001) and B-Ga,0O3; [001] parallel to KTO (011),
although strain was not discussed [23]. Gallium evapora-
tion under oxygen plasma was used by Nakagomi et al.
to study the in-plane and out-of-plane epitaxial relation-
ships and structural properties of 8-Ga, 03 epitaxial layers
on (001), (111), and (110) cubic (rocksalt structure) MgO
substrates. A y-Ga,0; interface layer was observed. The
authors reported and discussed the occurrence of multiple-
fold rotational domain structures with different crystallo-
graphic orientations of the §-Ga,0O3; domains depending
on the template surface orientation, while strain was not
mentioned [24]. Tang et al. reported the growth of high-
crystalline-quality (201) 8-Ga,Oj3 epitaxial layers on (001)
CeO, substrates using PLD. The authors observed rota-
tional domains with small lattice mismatch, and strain was
not discussed [25]. For a discussion of strain effects and a
recent summary of epitaxial layer growth of 8-Ga, O3 by
PLD, see Mock et al. [26]. Nepal et al. reported growth
of (201) B-Ga, 05 epitaxial layers on (0001) 4H-SiC sub-
strates by MBE. Domain structures and strain were not
discussed [27]. Yan et al. studied the use of NiO buffer
layers to improve the heteroepitaxial growth of 8-Ga,0;
using Mist-CVD. The Williamson-Hall method was used
to determine microstrain from XRD investigations, which

was found to anticorrelate with the average grain size [28].
Oshima et al. reported the growth of (201) B-Ga, O3 on
(0001) sapphire using HVPE. Sixfold domain-structure
properties were observed, similar to those reported from
other growth methods [29].

Wen et al. reported epitaxial growth of (010)
B-(Al,Ga;_,),03 on (010) B-Ga, O3 using tritertiarybuty-
laluminum (TTBAI) with an aluminum gas precursor in
a hybrid MBE (h-MBE) system [30]. The epitaxial lay-
ers were found to be pseudomorphically grown with the
highest quality. Stable layers with Al concentrations rang-
ing from 1% to 25% were obtained. The state of strain
in the epitaxial layers was not discussed. Sarker et al.
reported on the microscopic and spectroscopic properties
of (100), (201), and (010) B-(Al,Ga;_,),05 epitaxial lay-
ers grown pseudomorphically on 8-Ga, O3 [31]. The effect
of strain was not discussed. Bhuiyan et al. reported on
growth parameters and their impacts on the surface mor-
phology of MOCVD-grown B-(Al,Ga;_,),0; epitaxial
layers on (010) 8-Ga, O3 substrates [32]. Strain was inves-
tigated using reciprocal-space mapping (RSM). Epitaxial
layers with thickness greater than 400 nm were found to be
partially relaxed, while thinner layers were fully strained.
Bhuiyan et al. reported growth of coherently strained (001)
B-(Al,Ga;_,),0;3 epitaxial layers on (001) 8-Ga, O3 with
xup to 25% by MOCVD. The Al concentration, crystalline
structure, epitaxial-layer quality, and strain were evalu-
ated using XRD measurements [33]. The state of strain
was not quantified. Alema et al. reported on the growth
of epitaxial layers of (010) and (100) 8-(Al,Ga;_y),03 on
(010) and (100) B-Ga, 03, respectively, using MOCVD in
an N;O environment [34]. Formation of pure beta phase
was found for Al concentrations up to 45%, and the epi-
taxial layers were found to be coherently strained up to
30%. XRD was used to evaluate the phase purity and strain
characteristics. The strain parameters were not quantified.
Lundh et al. reported on the state of strain and critical
thickness of MBE-grown (010) 8-(Al,Ga;_,),0;3 epitax-
ial layers on (010) 8-Ga, O3 using XRD and RSM [35]. It
was found that cracked films remained fully strained; strain
parameters were not reported. Mauze et al. reported on
metal organic catalyzed epitaxial (MOCATAXY) growth
of (001) B-(Al,Ga,_,),0j; epitaxial layers on (001) Ga, O3
[36]. RSM was used to show that the films were coherently
strained. All strain parameters were quantified. Multiple
domain structures were not observed.

Modifications imposed by strain onto the band-structure
properties of crystalline materials can be studied using
group-theory methods [37]. When lattice distortions are
small compared with the original lattice parameters, a
range of distortions can exist where the resulting varia-
tions of band-structure properties can be approximated as
a linear perturbation of the eigenstates of the strain-free
lattice. Deformation parameters can then be used to cal-
culate the effect on a given eigenstate as a result of a
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given condition of the lattice’s strain or stress. The set
of equations describing this relationship is also known as
the strain-stress relationships for eigenstates in crystals.
The structure of this set of equations is conditioned by
the symmetry of the participating lattices within a given
heterostructure.

Zhang et al. performed density functional theory anal-
ysis of hydrostatic strain-induced variations in the band
structure of 8-Ga, O3 and reported strong variation in the
band-to-band transitions, anisotropy of electron mobility,
and effective mass parameters [38]. The strong varia-
tions observed suggest that strain engineering could be an
important approach to band-gap engineering in §-Ga,0s.
Huang et al. reported on the S-to-y phase transforma-
tion in Sn-doped and Si-implanted Ga,O; as a result of
local strain induced by impurity atoms that favor the
formation of interstitial-divacancy complexes with subse-
quent phase transition [39]. Seacat, Lyons, and Peelaers
predicted B-(Ingy5Aly75),03 as a composition with lat-
tice constants similar to 8-Ga,0s, featuring indirect and
direct band gaps of 5.96 and 5.7 eV, respectively, and a
conduction-band offset of 1 eV toward 8-Ga, O3 [40]. Bar-
more et al. investigated the effects of hydrostatic pressure
up to 9 GPa on the photoluminescence shift of the R lines
in Cr-doped 8-Ga;03 and (Al Gagg),05 [41]. Xu et al.
demonstrated strain-induced phase transformation and sta-
bilization under large template mismatch between rutile-
structure «-Al,O3 and B-Ga,O3 [42]. Zhang et al. used
density functional theory computations and discussed the
effects of uniaxial, biaxial, and isotropic strain on the band-
gap energy and effective mass parameters in 8-Ga, 03 [43].
Hara et al. performed Vicker’s indentation with Raman
studies on (010) B-Ga,O; and deduced deformation-
potential parameters for selected modes [44]. Uchida and
Sugie reported stress analysis in 8-Ga,O; using Raman
spectroscopy and obtained phonon deformation-potential
parameters in very good agreement with theoretical predic-
tions by Korlacki et al. [45,46]. Hasuike et al. performed
bending-stress investigations using Raman spectroscopy,
bending (001) 8-Ga, 05 along the [001] direction, thereby
also deforming the monoclinic lattice cell [47]. The result-
ing deformation-potential parameters assuming mono-
clinic symmetry differ from those predicted for symmetry-
retaining stress [46]. Mu et al. calculated the orientation-
dependent band offsets in pseudomorphically strained and
relaxed B-(Al, Ga),03/B-Ga, 03 interfaces [6,7,48]. Kor-
lacki et al. described the linear-perturbation-theory strain
and stress relationships for optical phonon modes in mon-
oclinic crystals for strain and stress situations that maintain
the monoclinic symmetry of the crystal [46]. The rela-
tionships were extended to the I'-point topmost-valence-
band and lowest-conduction-band levels for 8-Ga, 03 and
monoclinic 6-Al, O3 [4].

The establishment of correct relationships between the
applied stress and the resulting strain is key to correct

interpretation of the state of strain in a given heteroepi-
taxial or otherwise strained system. Typical approaches
to deriving relationships between strain components along
different crystallographic directions stem from linear elas-
ticity theory, considering that the surface of an epitaxial
film on a foreign substrate is free to expand or contract.
Consequently, the stress along the growth direction is
zero. This approach has been extensively used to obtain
strain-stress relationships for structural, dielectric, lattice-
dynamical, and electronic properties of materials with high
crystal symmetries such as cubic and hexagonal [49—-52].
This task is not trivial for low-symmetry crystals. Recently,
Grundmann provided analytic solutions for the calcula-
tion of the strain parameters in pseudomorphically grown
epitaxial layers of monoclinic symmetry onto monoclinic
substrates when the growth surface is (010) as well as
all (h0/) planes [53]. Numerical results for the variation
of the lattice parameters and the strain energy density
were shown for hypothetical growth of 8-(Al, Ga),03 and
B-(In, Ga),0;5 on B-Ga,03 for lattice-mismatch-induced
biaxial strain. It was assumed that the stress-free direc-
tion is aligned perpendicular to the surface. We argue
here that this assumption is only valid during growth
for highly symmetric crystal structures and for growth
planes with low crystallographic indices. Specifically, this
assumption is valid only when the determinant of the stress
tensor factorizes, with the direction of growth separating
from the remainder of the tensor. In this present work, it
is shown that the stress-free direction in pseudomorphi-
cally grown epitaxial layers with low-symmetry crystals,
in general, does not align with the template surface nor-
mal. Furthermore, we demonstrate that, in general, there
are three possible unit-cell solutions that can form with
different strain-stress situations under the same epitax-
ial conditions of an epitaxial layer growing with a fixed
targeted composition, for example. Each solution has its
own stress-free direction and state of elastic energy, as
will be detailed in this work. Our findings are funda-
mentally different from all previously made considerations
for the strain-stress relationships in heteroepitaxial growth
of high-symmetry materials. The differently strained, sta-
ble unit-cell solutions described in this work may offer
additional opportunities in the heteroepitaxial growth of
low-symmetry crystals. As a result of the theory derived
here, one can calculate and predict XRD patterns for mul-
tiple unit-cell solutions and search for their occurrence in
experimental investigations. Example XRD patterns are
shown at the end of this work, in Sec. V. We finally
emphasize that in the derivation and considerations here,
we deliberately consider arbitrary orientations between
substrate and epitaxial layer, independent of the atomic
positions at the interface, i.e., the atomic effects at the
interface are not included. We also ignore effects due
to reconstruction, point and extended defects, and grain
boundaries.
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II. THEORY

A. Interface mesh vectors

A given growth surface in a monoclinic lattice is char-
acterized by the unit-cell vectors {a,b,c} and indexed
using Miller indices for its crystallographic plane (hk/). An
example unit cell for monoclinic gallium oxide is shown in
Fig. 1. The surface-normal vector parallels the reciprocal
vector gy

hi = ha” + kb” + Ic”, @)
with the reciprocal lattice vectors expressed as follows:
ViV; = 81']', (2)

where vi = a, v, =b, v =¢, v] = a*, v; = b*, vj = ¢,
and §;; is the Kronecker symbol [55].

B. Hooke’s law

The linear theory of elasticity is applied here, and small-
deformation stress analysis can be performed using the
stress tensor o. The stress tensor fully renders the amount
of stress experienced by a unit cell within the epitaxial
layer when under strain. Here, o relates a dimensionless
unit vector € to its traction vector T(e), which is a mea-
sure of the stress in units of kbar as a function of unit
direction é:

T() = oé, 3)

(b)

Ga (o)
q
J
c *
[
y a
X -

FIG. 1. (a) Unit cell of 8-Ga;03. Indicated are the monoclinic
angle B and the Cartesian coordinate system (x, y,z) fixed to the
unit cell in this work with axes a and b tied to the x and —z
directions, respectively. (b) View onto the a—c plane along axis
b, which points into the plane. Indicated is the reciprocal lattice
vector ¢*, which is not drawn to scale. Reprinted from Ref. [54]
with permission from the American Physical Society.

where ¢ is a symmetric, second-rank tensor in units of
kbar, which has the following representation for mono-
clinic symmetry:

Oxx 0y O
o = 0, Xy (o vy 0 . (4)
0 0 o

The state of strain in the epitaxial layer in linear elastic-
ity theory is fully described by the observation of all lattice
vectors of the epitaxial layer without strain and with strain,
w and W, respectively, and which suffice to fully define the
strain tensor €:

W —wW=ew, (5)

where € is a symmetric, dimensionless second-rank tensor:

€y 0]. (6)
0 e

Note that the choice of the underlying coordinate systems
in which the vectors w and w’ are represented defines the
distribution and meaning of the elements of €. In this work,
we chose a common coordinate system for both vectors, as
shown in Fig. 2(a). Further, and without loss of general-
ity, we choose to describe the effect of alloying—i.e., the
unit-cell vector variations with composition x—such that
we align the vectors a(x > 0) and a(x = 0), as shown in
Fig. 2(b), and in the same coordinate system as needed to
describe the vectors w and w’ in Fig. 2(a).

(b)
c(0)

a(0)

X a(x)

(a) Ehki

w, = [hy,ky 1) w, = [hyky 1]

FIG. 2. (a) Definition of the mesh vectors wj, parallel to the
interface between the 8-Ga, 03 substrate and the (Al,Ga;_,),03
epitaxial layer. The reciprocal plane vector gy is perpendicular
to the plane (kkl) and pivotal in selecting w; . (b) View onto
the monoclinic plane for the strain-free unit cells of the substrate
(x = 0) and the epitaxial layer (x > 0) with unit-cell axes a(0),
¢(0), and a(x), c(x), respectively. A Cartesian coordinate system
is selected, within which the changes of the unit cell due to alloy-
ing are expressed, as shown. Note that the z direction (out of the
plane) is in the opposite direction to b (not shown here; see also
Fig. 1). The strain situation discussed in this work is when the
interface common to both substrate and epitaxial layer is indexed
by Miller indices 4, I: (h0/). For the strain situation discussed in
this work, the unit cell retains its monoclinic symmetry.
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The generalized Hooke’s law connects the strain-tensor
elements with the stress-tensor elements:

6 = C€, (7)
and we define in our previously used notation [4]

o= (O'xm 02z, Oyy, O,ny,O)T, (8)

& = (€xr €, €, 0,2€,,0) ", ©9)

where T is the transpose operator, and the tensor of the
elastic constants C is given in units of kbar.

C. Epitaxial zero-stress conditions

During deposition of a crystalline layer on a crystalline
substrate with a different lattice spacing than the epitaxial
layer, the epitaxial layer experiences stress. It is assumed
here that the thickness of the epitaxial layer is negligi-
ble compared to that of the substrate. Hence, the substrate
remains stress free, and the state of stress of the epitaxial
layer is homogeneous and can be fully described by o. The
scenario discussed here involves pseudomorphic growth,
in which the surface of the epitaxial layer can freely expand
into the half-space above the substrate without imposing
any stress. Therefore, there must be one or more directions
along which the epitaxial layer is free of stress.

The state of stress will depend on the amount of strain
imposed onto the epitaxial layer by the mesh conditions
across the interface, as well as by the internal elastic forces
within the epitaxial layer, which cause further distortion
of its unit cell until equilibrium is reached. When the ele-
ments of C—the elastic constants—are known, and when
the strain-free unit cells of the substrate and the epitaxial
layer are expressed in suitable coordinates and by known
functional relationships, the strain and stress-tensor ele-
ments for a given substrate surface (hkl) and a given
composition x can be calculated. Because the growing
surface of the epitaxial layer is free to expand into the half-
space above the surface of the substrate or to contract, the
statement can be made that one or several unit direction(s)
must exist, Vo, along which the epitaxial layer is stress
free (we refer to these situations as epitaxial zero-stress
conditions), hence

0=oVy. (10)
To begin with, these directions are not known. The nec-
essary condition for any such direction to exist is that the
determinant must vanish:

0 = deto. (11)

A common paradigm states that the stress-free direction of
an epitaxial layer is only in the direction perpendicular to

the surface; however, as shown in this work, multiple solu-
tions of strained unit cells can exist with stress-free direc-
tions not perpendicular to the surface in low-symmetry
situations, for example, in the monoclinic crystal system
of B-Ga,03/B-(Al;Ga; ), 0s.

D. Vegard’s rule

The substitution of gallium by aluminum in
B-(Al,Ga;_,)>0; causes contraction of the length of all
unit vectors and a small increase of the monoclinic angle
[56]. This is shown schematically in Fig. 2(b). A lattice
vector w(x) may thus be written as

W) =wx=0)+5w@), (12)

introducing the vector §w (x). The explicit dependence of
this vector as a function of composition must be known,
or described, to establish the amount and type of strain a
given epitaxial layer will experience toward a given tem-
plate. For example, Vegard’s rule may be used to express
the behaviors of the magnitudes of the unit-cell vectors, a,
b, and c, and angular orientation 8, as described by Kranert
etal. [56]:

a(x) =a(x =0)+ xéa, (13)
bx)=bx=0)+x5b, (14)
c(x) =c(x=0)+ xéc, (15)
B(x) =px=0)+x5p. (16)

Here, 8a, 8b, 8¢, and 88 are parameters that render the lin-
ear change of the unit-cell parameters with composition x.

E. Clamping conditions

Figure 2(a) schematically depicts the mesh across a
given interface characterized by crystallographic plane
(hkl). The mesh may be defined by two nonparallel vec-
tors wj » parallel to the interface and perpendicular to the
reciprocal lattice vector gu:

W, = hja—i—kjb—}—l,c, ] =1,2. (17)

Miller indices [h;,k;,l;] may be selected such that both
vectors are within the surface and perpendicular to g. In
this respect, gy is pivotal in selecting w;; however, the
available choices for the latter are infinite, and the most
convenient may be selected.

Vectors w;, in Fig. 2(a) remain unchanged both in
length and direction across the interface in the case of
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pseudomorphic growth. Hence,

Wa=0=w x>0, j=12 (18)

The latter statements can be rewritten using Egs. (5) and

(12):
w; (0) = [w;(0) + 8w, )] +ew; (0), j =1,2, (19)

which highlights the requirement that the change in the
lattice vector w due to alloying must be compensated by
the amount of its strain-induced shift. Hence, two general
clamping conditions can be formulated here:

0=08w;(x) +ew;(x), j=1,2. (20)

These conditions state that the changes in the strain-free
unit-cell vectors due to alloying must equal their corre-
sponding vectors’ negative change under the pseudomor-
phic strain. Note that Eqs. (10), (11), and (20) are stated
within the Cartesian coordinate system of the strain-free
unit cell for the epitaxial layer. The elements of € bring the
lattice vectors w’; (x) to coincide with w; (0), in length and
direction [cf. Eq. (18)]. The axes of deformation expressed
in the tensor elements may not coincide with any of the in-
plane or out-of-plane directions of a given surface; instead,
the elements of € will adjust to whichever way a given unit
cell is deformed under the clamping condition [57].

F. Strain-stress relationship for (%0/) interface
clamping

In the present work, the approach described above is
demonstrated for heteroepitaxial systems with monoclinic
crystal symmetry. The cases are reduced to the situations
where axis b is parallel to the surface; i.e., the class of
surfaces characterized by (40/) is discussed here. A gener-
alization of this approach to triclinic cases, which includes
the situation in which monoclinic epitaxial layers are dis-
torted to triclinic symmetry, is outside the scope of the
current work.

The surface vectors wy = [hy, k1, [i]and wy = [ho, ko, [5]
are selected to be perpendicular to each other and to the
surface normal:

wy; = la — hc, (21)
w, =b, (22)
ghor = ha* + Ic”, (23)

ie., k& =0,hp =0,b =0. The selection #; =1/ and
Iy = —h places w, parallel to the surface, and the scalar
products vanish: w;wy = 0, w; g7 = 0, and wogpe; = 0.

The strain-free lattice variation vectors dw; are obtained
from the difference between the strain-free vectors within
the alloy for x > 0 and x = 0 (see Fig. 1):

a(0) = a(0)%, (24)

b(0) = —b(0)2, (25)
¢(0) = —c(0)cos [ — B(0)]x

+ ¢(0) sin[7 — B(0)] 7, (26)

ax) = a(x)x, 27)

b(x) = —b(x)Z, (28)
c(x) = —c(x)cos[mr — B(x)]x

+ c(x) sin[7r — B(0)]7, (29)

da(x) = a(x) — a(0), (30)

Sh(x) = b(x) — b(0), 31)

Se(x) = e(x) — ¢(0), (32)

where X and p are unit vectors along Cartesian directions
x and y within the monoclinic plane of the strain-free
epitaxial layer [Fig. 2(b)].

The clamping conditions are obtained after inserting
Egs. (21) and (22) into Eq. (20) as follows:

0 =e[la(x) — he(x)] + [l6a(x) — hée(x)], (33)
0 = eb(x) + 5b(x). (34)

The task is to find all elements of €. Equation (34) per-
mits the determination of €,,. Because the axis b is parallel
to the coordinate direction z and fixed within the sample
surface, the only strain-tensor element related to z is €.
Hence,

_b(0) = b(x)

== " m (35)

To determine ey, €,,, and ¢,,, Eqs. (33) and (11) must be
combined. To begin with, the first clamping statement can
be written as two equations:

0=c(0)h —c,(x)h — ¢, (x)ex h — ac(0)]

+ a ()] + €xx [—ex (A + ax ()], (36)
0=1c,(0)h —c,(x)h — c,(x)€h
+ 6xy [_cx(x)h + ax(x)l] . (37)

The latter set of equations is underdetermined and provides
only two of the three strain-tensor elements. Assuming, for
example, €, is known, one can find closed expressions for
€xc and €,
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—cx (¥)?h* = ¢, (0)c, (V)h* + ¢, ()2 h? + ¢, (x) %€, h?

exx -

[ex ()7 — a, ()T

_ [ax(o) - 2ax(x)] Cx(x)hl + ax(o)ax(x)lz - ax(x)212 + C\f(o)h [Cx(x)h - ax(x)l]

[cx(x)h - ax(x)l]2

(38)

€xy =

The elements of o can be expressed via the elastic-
tensor elements and €.y, €, and €,,, (ij = xx,xy,yp):

0j = Cj xx€xx + Cij €y + Cjj €22 + 2Cjj 1p€. - (40)
We can then use Eq. (11), which requires the determinant

of o to vanish. For the case of the class of (%£0/) surfaces of
the monoclinic unit cell considered here, the condition is

0 = 04,0y,02; — oxzyazz. (41)
Inserting the expressions for €, and €, above into Eq. (41)
leaves one equation of third order in the remaining coeffi-
cient €,,. Therefore, in general, the “deto = 0” condition
leads to three possible solutions. Hence, three unit cells
exist that are stable from both geometrical and elastic prop-
erty perspectives and that satisfy the requirement to fit the
mesh defined by the vectors w;,. Each solution renders
a different strain tensor and, subsequently, differs in unit
lattice vectors, stress-tensor elements, stress-free direction,
unit-cell volume, total elastic energy volume density, and
lattice spacing dj; along the growth direction gjg;. In the
following, these different solutions will be discussed and
shown for the example of a hypothetical epitaxial layer

J

. hcy (x) — ¢, (0) + ¢, ()€
a, () — c,(x)h

(39

(

with 10% aluminum content grown pseudomorphically on
B-Ga, 03 with (h0])-oriented surfaces [58]. Note that our
solutions are analytic and continuous with any evolution
of the strain values caused by the interface mesh lattice
mismatch.

G. Definition of the rotation system to address all (420/)

To address a continuous variation of the template

surface plane, the parameter 6 is introduced such that

(h0l) — (cos00sin6)/+/2. (42)

Note that a factor common to both / and / can be divided

out from Egs. (36) and (37); hence, 6 = 0,7/2, 7, etc. is
equivalent to (100), (001), (100), etc., respectively.

III. PARAMETER DETAILS

A. Elastic coefficients

To begin with, we provide the numerical values for
the elastic coefficients for the strain-free alloy in Eq. (43)
in units of kbar per unit strain, which are obtained from
Ref. [4]:

21434 505x 1103+ 10x 1200 -+ 90x 0 197 — 76x 0
1103+ 10x 3300+ 546x 669 — 80x 0 119 + 24x 0
. | 12004 90x 669 —80x 3248 + 748« 0 75+ 71x 0 i
(AleGay_)203 = 0 0 500 + 197x 0 182 + Ox (43)
197 —76x  119424x 75+ 7lx 0 689 + 329x 0
0 0 182 + Ox 0 949 + 271x

B. Lattice parameters

For calculation of the strain-free lattice parameters, we
use the numerical results provided by Kranert et al. in

(

Ref. [56], with a(x = 0) = 1231 A, 8a = —0.42 A, b(x =
0)=3.06 A, §b=—-0.13 A, c(x=0)=583 A, §c=
—0.17 A, B(x =0)=103.72°, and §8 = 0.31°. Then,
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c plane
(106) (001) (106)

(104)

(104)

(102) (102)
(hOl) = ( cos@ 0sind)/N2

9ho= ha'+Ic”

(201) (201)

(401) Gror (401)
(601) (601)
(100) (100)
a plane —a plane
FIG. 3. Definition of rotation 6 used here to parameterize the

Miller indices in the surface plane (%0/).

Egs. (38)+41) can be solved either analytically or
numerically.

IV. RESULTS AND DISCUSSION

A. Calculation of the strain-tensor solutions

Figure 4 depicts the four strain elements €y, €y, €,
and ¢, for the three unit-cell solutions for a fully strained
B-(Aly.1Gag9),0;5 epitaxial layer clamped onto a 8-Ga, O3
template with an (40/)-oriented surface. The abscissas are
the rotation 6 indicated in Fig. 3. Groups of three plots
are shown for three differently strained unit cells found
from the solution described above. The three solutions are
color coded (cell #1: blue; cell #2: olive; cell #3: red),
and the same color code is used in all subsequent figures
unless otherwise noted. The element €., is constant ver-
sus rotation and equal for all three cells. This is because
the b axis of the epitaxial layer is clamped onto the b
axis of the substrate and does not change, regardless of
the Miller indices 4 and /. In Fig. 4(c), the strain €,, van-
ishes for the c-plane template because there, the a axis of
the epitaxial layer is clamped onto the a axis of the sub-
strate. Thus, there is no shear-strain element in € with
our coordinate-system definition. Likewise, all solutions
for €,, pass through the same value in Fig. 4(a), which is
0.18a/a = 0.042 A/12.31 A =3.3 x 1073.

B. Calculation of the stress-tensor solutions

Figure 5 depicts the four stress elements, oy, 0y, 0y,
and o,, for the same set of strained unit-cell solutions
shown in Fig. 4. The element o, is zero regardless of
rotation for the third unit cell. This solution depicts the
physically conceivable case in which the strain in the mon-
oclinic plane is adjusted so that the unit cell of the alloyed
material expands along axis b, such that its length coin-
cides with that of the x = 0 cell. Consequently, this unit
cell matches along the substrate template direction b and
has a stress-free direction along b. This is consistent with

the requirement for all unit-cell solutions that b(x > 0)
must equal b(x = 0).

It worth noting that except for o,,, there is no common
crossing point. It is of further interest to note that unit cell
#1 has zero stress in oy, for (100) and (100), as well as in
oy, for (001), while unit cell #2 has zero stress in oy, for
(100) and (100), as well as in oy, for (001). It is obvious
that both cells appear to be complementary in some way;
this will become clearer below. It is also noteworthy that
the shear elements have common zero-crossing points at
two different high-indexed Miller planes.

C. Unit-cell parameter solutions

Figure 6 depicts the magnitudes of the unit-cell lattice
vectors and monoclinic angles 8 for the three differently
strained unit cells. In accordance with the strain elements,
|]a| is common to all unit cells for the ¢ plane, and |c]|
is common for (100) and (100). Additionally, |b| is con-
stant for all cells, regardless of surface orientation % and /.
The variations of the lattice-vector lengths reflect the pos-
sible changes among the four lattice parameters to adapt
to the respective template by maintaining the clamping
conditions and by satisfying the stress-free condition.

D. Unit-cell volume, d;,, elastic unit-cell energy, and
stress-free directions

Moving forward, a differentiation is necessary to iden-
tify which of the three cells are most, more, or not likely at
all to develop during epitaxial growth. Figure 7(a) shows
the volumes of the three differently strained unit cells ver-
sus rotation, together with the volume of the strain-free
unit cell of B-(Aly1Gagg),03. The unit-cell volume is
calculated using

V=a( xc), (44)

where x is the cross product. In accordance with the
behavior of strain elements, which are overall largest for
cell #3 and smallest for cell #1, the unit-cell volume
is largest for the least strained cell #1 and smallest for
the most strongly strained cell #3. The same property is
reflected by the behavior of the lattice-plane distances
along the surface normal, dj:

sin 8
dyy = . (45)
W2, K2sin?g 2 2hl cos B
2T ta T Tae

Figure 7(b) shows the differences in lattice spacing for
the three differently strained lattices of the epitaxial layer
versus rotation relative to djo; of the strain-free lattice of
B-(Aly1Gagg),03. The lattice spacing is identical for the
directions with the lowest Miller indices, (100), (001) and
(100), and it is largest for planes (101) and (101). The cell
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FIG. 4. Strain elements (a) €, (b) €, (¢) €, and (d) €. for a fully strained B-(AlyGag9),03 epitaxial layer clamped onto a
B-Ga, 03 template with an (40/)-oriented surface. Rotation 6 is indicated in Fig. 3. Three differently strained elastically stable unit-cell
solutions are found here (cell #1: blue; cell #2: olive; cell #3: red). Note that all three unit cells have constant strain €,, along the b
axis; therefore, the blue and olive lines are hidden under the flat red line in panel (d).

with largest strain and smallest volume also reflects the
largest changes in overall lattice spacing. The amount of
elastic potential energy stored within the strained unit cells
per unit displacement can be calculated from the strain-
and stress-tensor elements:

1 6

i0i,

™

(47)

and o; and €; are defined in Egs. (8) and (9), respectively.
Figure 7(c) shows u for the three differently strained lat-
tices of the epitaxial layer versus rotation. As expected,

cell #1, which has the lowest overall strain, reflects the
lowest elastic potential energy, while cell #3 reveals a very
large potential energy. It is thus clear that cell #1 is most
likely to form during epitaxial growth, while cells #2 and
#3 will require much higher energy to form; however, in
addition to the elastic potential energy, it is also impor-
tant to evaluate the stress-free directions for every unit-cell
solution. The requirement that the determinant vanishes for
the stress tensor was only the necessary condition for a
stress-free cell to exist. The final question to answer is in
which direction the zero stress within a given unit cell is
pointing. Since the determinant of o vanishes for all three
unit cells, for each, there must be at least one direction vy
along which the stress is zero:

ovg; =0, j=12,3. (48)
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FIG. 5.

Same as Fig. 4 for the stress-tensor elements. Note that while all unit-cell solutions found here always have constant strain

€., along axis b, one solution (cell #3) has zero stress along axis b, while the other two show varying stress along b. Cell #3 is strained
within the monoclinic plane to the extent that its axis b is equal in length with the substrate, and its unit cell’s stress-free direction is

then parallel to the substrate. See also Fig. 7(d).

Inspection of Fig. 5(d) reveals that for unit cell #3, ele-
ment o, is zero throughout the rotation. Figure 6(d) reveals
that the length of axis b is also constant for unit cell #3.
Hence, v 3 is parallel to direction z—that is, parallel to
the surface—regardless of /4 and I. The stress-free direc-
tion being parallel to z in this scenario means that one can
deform the unit cell of the epitaxial layer along w; and
along the surface normal until the internal elastic forces
contract the length along axis b such that the latter matches
the axis of the substrate. The stress-free directions for cell
#1 and cell #2 can be calculated from the data shown in
Fig. 5. The vectors vo;,j = 1,2 are

(49)

Vo = —OxxjX + Oxy iV = —OxpjX + 0y ),

where o_; indicates elements of the stress tensor of the
strained unit cell j = 1,2. Hence, the vectors vg; are
expressed within the unit cell of the strained epitaxial layer
and within the coordinates shown in Fig. 2. The angle
between the stress-free direction and the surface vector,
801, COS~! (ghozvo,,- /&noivo J) is plotted in Fig. 7(d). Note
that the vector g, is different for each of the strained
unit-cell solutions discussed here because the vectors a
and ¢ differ for each cell, as shown in Fig. 6; however,
the epitaxial layer is lined up with the template such that
g0 between substrate and layer are parallel to each other.
This is ensured because of the clamping conditions, which
require that the vectors w , line up between the substrate
and the epitaxial layer. Accordingly, the vectors a and ¢
change via the respective unit-cell strain tensors for each
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FIG. 6. Same as Fig. 4 for the magnitudes of the epitaxial layer unit-cell lattice vectors [(a) |a[; (b) |¢|; (d) |b|] and (c) monoclinic
angle B. Values for the strain-free f-Ga, O3 substrate (|a] = 12.3092 A, |b] =3.05597 A, |¢| = 5.82579 A, B = 103.719°) and strain-
free B-(Aly.1Gagg),0;5 (|a] = 12.2672 A, |b| = 3.03897 ;\, |e|] = 5.80879 A, B = 103.75°) are indicated by horizontal lines. Note that
values for |b| are constant and equal for all unit cells, and they coincide with the strain-free value for x = 0. Therefore, the olive and
blue lines for unit cells #1 and #2, and the horizontal line for [b|(x = 0), are hidden under the flat red line for unit cell #3 in panel (d).
The strain-free value for 8-(Aly1Gag9),03 is smaller; hence, the strain-tensor element €., is positive, constant, and equal for all unit

cells. See Fig. 4(d).

unit-cell solution. Hence, g;; in every cell also renders
the surface normal for the epitaxial layer. As can be seen
in Fig. 7(d), cell #1 has its stress-free direction close to
the surface normal, while that of cell #2 is mostly parallel
to the surface; however, except for two specific surfaces
(h0]), both directions deviate from the surface normal and
from being parallel to the surface.

We can therefore conclude that first, the stress-free
direction is not always perpendicular to the surface—in
fact, it differs from the surface normal for most of the (%0/)
planes discussed here. Second, the second cell solution
also has its stress-free direction different from the surface

normal. Hence, the second cell could also grow, albeit
requiring higher densification due to the reduced lattice
spacing and the smaller unit-cell parameters. Therefore,
unit cell #2 will require higher elastic potential deforma-
tion energy. Nonetheless, during nonequilibrium growth,
such as in metal-organic vapor-phase epitaxy (MOVPE)
or MBE, the formation of competing domains with dif-
ferent unit-cell dimensions is possible. Third, an unlikely
yet possible domain may form, with a much higher elastic-
energy requirement, whose stress-free direction in the class
of (h0/) surfaces aligns parallel to the surface regardless of
the choice of /# and /.
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Same as Fig. 4 for (a) unit-cell volume, (b) the change in lattice spacing in the growth direction, djo;(x = 0.1) — djp;(x = 0),

(c) elastic energy density, and (d) the stress-free directions. Note that the third unit-cell stress-free direction (red line) is parallel to axis
b regardless of rotation 6 and is not shown in panel (d). The stress-free directions are indicated by the angular difference between the
stress-free direction in the Cartesian coordinate system of the unit cell in Fig. 2(b) and the rotation 6. When the difference is zero, the
stress-free direction points along the surface normal, while when the difference is /2, the direction lies exactly within the surface.
As can be seen, for most surfaces, the stress-free directions point obliquely to the surface. Accordingly, cell #1 and cell #2 are possible

competing domains during growth.

E. Further symmetry considerations

The approach presented here is generally applicable
to higher symmetries. In principle, the approach is also
applicable, upon additional modifications, to triclinic sym-
metry cases, which shall be considered in a forthcoming
work. Furthermore, in cases in which a monoclinic sym-
metry template has none of its lattice unit-cell axes aligned
within its (hkl) surface plane, the biaxial strain introduced
by the interface mesh conditions will reduce the sym-
metry of the epitaxial layer to triclinic. All shear strain
and all shear stress elements must then be considered in
€ and o. All three unit cells may then compete during
epitaxial growth, with stress-free directions that are no

longer strictly parallel or perpendicular to the template
surface.

F. Band-to-band transitions in pseudomorphically
strained (A10.1G30.9)203/(h01) Ga203

We use the obtained strain-stress relationship for the
(h0I) surfaces and calculate the effect of the resulting strain
in the hypothetical pseudomorphically strained epitaxial
B-(Al;Ga;_,),0;5 layer on the three lowest band-to-band
transitions. We employ the approach proposed by Korlacki
et al. [4], which uses Vegard’s rule. Using deformation
potentials for 8-(Al,Ga;_,),0; as described by Korlacki
et al. in Ref. [4], the following set of equations emerges
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FIG. 8. Same as Fig. 4 for the band-to-band transitions in the strained hypothetical §-(AlyGag9),O3 epitaxial layer. (a) Transition

energy between I'-point conduction band level c¢; and valence band level v;, (b) ¢i-v;, and (c) ¢;-v4. The deformation potential
parameters used for 8-(Al,Ga,_,),0j3 are taken from Korlacki et al. [4].

for the combined strain and composition dependencies
for transitions between I'-point conduction-band level ¢
and valence-band levels vy, v,, and v4 (Er,_, Er,_,, and
El“l, 4)2

Er, (eV) =5.04+42.613x
+ (—8.38 — 0.90x)exx + (0.346 + 0.22x) €,y
+ (=593 — 1.23x)€yy + (=9.56 — 1.71x)¢e,,
+br,_x(x —1), (50)
Er, ,(eV) =5.40 + 2.59%4x
+ (=7.75 = 0.63x)exx + (2.29 + 1.54x)€yy
+ (—8.49 — 1.46x)€eyy + (=7.74 — 1.01x)¢,,
+br,_,x(x —1), (51)
Er, ,(eV) =5.64 + 2.648x
+ (—8.43 + 0.76x)exx + (3.34 — 0.52x)exy
+ (=119 — 3.41x)eyy + (—6.33 — 0.98x)¢,,
+br,_x(x —1), (52)

where x is the aluminum concentration and for con-
venience, we ignore the bowing parameters br, , =0,
br, , =0, and br, , = 0. The latter are nonzero in real-
ity, as discussed by Korlacki et al. in Ref. [4], but they
are small and depend on ordering and higher-order lat-
tice perturbations. Their effect may be neglected here for
the purpose of demonstrating the strain effects. The results
of the strain-induced variations of the transition energies
for the three different cells are shown for fully strained
B-(Al,Ga;_,),0; in Fig. 8. As can be seen, the band-to-
band transitions vary strongly across the different crystal-
lographic surface orientations, and the shifts are stronger
with increasing cell index. The latter is expected because
the overall strain is largest for the cell with the strongest
lattice distortions. It is also noted that all transitions are
blue-shifted, regardless of orientation and for all cells.

V. XRD EXAMPLES

In this section, Bragg’s equation is used to demonstrate
the effects of the three differently strained elastically sta-
ble unit cells for the example of a hypothetical epitaxial
layer with 10% aluminum content grown pseudomorphi-
cally on -Ga,0; with (%0/)-oriented surfaces. For any
given lattice spacing djy in Eq. (45) and an x-ray beam
with wavelength Acuk,, = 1.5406 IOX,

the diffraction (scattering) condition is obtained at angle
Onii, where n is the diffraction order (Fig. 9). An Ewald
sphere can be constructed to produce maps of geomet-
ric diffraction conditions, ignoring amplitude and atomic-
form-factor considerations here for simplicity. In this way,
one can identify the conditions under which diffraction
spots occur and compare those for the three differently
strained unit cells discussed in this work. In addition, one
can compare these with the diffraction spots of the same
lattice planes due to the substrate as well as a hypothet-
ical fully relaxed (strain-free) epitaxial layer of the same
aluminum composition. To begin, a reference lattice plane
(WKET) may be selected to represent the polar plane of
the Ewald sphere. The polar axis of this sphere is then
characterized by the surface normal, which is parallel to
the reciprocal vector g;/y. Then, three orthogonal vectors
can be selected, (u;, up, u3), which form a right-handed
Cartesian coordinate system such that

n)LCu—KD,,l

Op = sin~! (
2dpy

(53)

us = gwr'r, (54)
b
U = u—— — b, (55)
uszuz
U = up X u3. (56)
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% U, = Ug(b-ug)/(ugug)-b

U;= U, X Uy ¢

FIG. 9. Definition of the coordinate system used for calcula-
tions of the XRD lattice diffraction conditions for monoclinic
B-Ga, 05 substrates with a coherently strained (Al,Ga;_,),03
epitaxial layer. The incident direction of the x-ray beam with
wavelength ACuK, is indicated by qi,. The scattered x-rays are
collected in the direction qoy. The x-ray beams share a common
plane with the reciprocal lattice vectors g,y and g7, where
g wr 1s the reference vector in the Ewald-sphere presentation,
and (#”k"1l") indicates the plane whose lattice spacing dj 7y [Eq.
(45)] satisfies the Bragg condition [Eq. (53)]. The reciprocal vec-
tor g7 is normal to the plane (A”k”1”). Incident and refracted
x-rays are recorded versus incident angle » and reflected angle
20. The polar coordinate ¢ addresses the rotation of the plane of
incidence around gy yy. The coordinate axes (u;, uy, us) for the
Ewald sphere are constructed from the choice of the reference
vector gy and lattice axis b. Note that for the cases discussed in
this work—i.e., pseudomorphically grown epitaxial layers onto
template surfaces indexed with (4,0,/) planes—the b axes are
always identical between substrate and epitaxial layer. See Fig. 1
for unit-cell axes definitions.

Note that we select u, such that this unit vector rep-
resents the direction of the projection of the S-Ga,0O3
lattice axis b onto the plane (#'k'l'). Also note that in
the cases considered in this work—i.e., epitaxial strain on
templates with (40/)-oriented surfaces—the directions and
magnitudes of all axes b in the substrate and in the epi-
taxial layers are the same. Then, the incident angle w of
the incident x-ray beam in direction q;, relative to the
scattering-zone vector gyy for diffraction on the plane
(0", K",1") is obtained by

cos™ (guwr i)
V @wir8wwr) (@ G

w (57)

T
+ eh”k”l” —_—.
2

Then, the reflected angle 20 of the scattered x-ray beam
in the direction qqy relative to the scattering-zone vector
gy for diffraction on the plane (4", k”,1") is obtained by

cos™ ! (gwwr i)

V @rirgwir) @ G

20

T
— Gh”k”l” —+ E (58)

The polar coordinate ¢ is expressed relative to the projec-
tion of the axis b onto the plane (%', k', 1'); i.e., ¢ = 0 when

gy 1s within the plane (u;,u3) and ¢ = £7/2 when
g, 1s within the plane (uy,u3) (see also Fig. 9). Hence,

S/ i 1 U2
_ Juup
¢ = tan ! (g—) N
h”k”l”ul

Juajup

(59)

where a different choice for u; is only needed when gj
is selected to be equal to the reciprocal axis gy py = b* =
b = go10.

Scattering conditions are found for planes (4”,k",1”)
in Eq. (53). Then, after choosing gy, correspond-
ing values for w and ¢ are calculated and displayed
as polar coordinates (r,¢) — (w,¢) or in coordinates
projected onto the plane (uj,u;) — (X,y) with coordi-
nates (sin w cos ¢, sin w sin ¢»). Computations are repeated
for strain-free B-Ga,0s;, strain-free B-(Aly1Gagy),0s3,
and for the three strained unit cells discussed in this
work. For the latter, the orientation of the B-Ga;0;
substrate—i.e., the orientation of the template—must be
selected because the strain varies with the template’s sur-
face orientation. This was discussed at great length in the
previous sections. Here, for the purpose of demonstration
only, and without loss of generality, we select the situation
of the (201) surface, which corresponds to 6 ~ 2.6766 rad
in Eq. (42).

Figure 10 presents a summary of all lattice diffraction
conditions for 8-Ga, 03 (solid blue symbols) for reflec-
tions collected when the plane (222) is selected as the polar
plane. This is the plane around which the diffraction angles
w and 20 are adjusted relative to the surface normal of
the plane (Fig. 9). The lattice indexes run from (2", k”,1")
withh’ = —5,...,5, /" =-5,...,5, and k¥’ = —5,...,5.
Included are the diffraction peaks under the same con-
ditions for a hypothetical strain-free B-(Aly1Gagy)203
epitaxial layer (red solid symbols), and the three strained
unit cells discussed in this work for pseudomorphic growth
on (201) B-Ga,0; templates (cell #1: open blue circles,
cell #2: open olive circles, cell #3: open red circles). Note
that the strain-free layer has its axes a and b parallel to
those of the §-Ga, 03 substrate [see Eqgs. (27) and (28)].
Only first-order diffraction conditions (n = 1) are shown.
It can be seen that the locations of the diffraction conditions
differ, in general, between the substrate, the strain-free
layer, and the differently strained epitaxial layers. This
difference also varies among different lattice directions.
Figure 11 depicts a small section from Fig. 10 to better
visualize the variations among the diffraction conditions.
This selection has been made without any further reason-
ing, except for the purpose of demonstration. Diffraction
peaks for (430), (530), (032), (331), (431), and (531)
planes are displayed in this detail section of the Ewald
sphere. It can be seen that, for all diffraction conditions
displayed, the three differently strained unit cells cause
diffraction that fall along apparently straight lines together
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with the diffraction peaks from the substrate, while the
diffraction peak from the strain-free epitaxial layer with
the same aluminum content is shifted along different direc-
tions. The appearance of the three strained unit-cell lattice
diffraction peaks along lines sharing the diffraction peak
from the strain-free substrate is caused by the fact that
all three strained unit cells here share one common plane,
(201), with the substrate. Accordingly, there is a coordinate
direction within the Ewald sphere along which all pseudo-
morphically grown epitaxial layers will follow depending
on their state of strain and composition and which will
include the same lattice diffraction peak peak from the
substrate. A more qualitative and quantitative assessment
of these coordinate directions, which also depend on the
choice of the lattice plane (%', k', "), will be discussed else-
where. The latter statement can be seen when interrogating
Fig. 12. Here, we display the same diffraction peak con-
ditions but for (#'k'l') = (201). As may be expected, due
to the higher symmetry of this plane compared to (222)
in Fig. 10, the overall diffraction pattern reveals the mon-
oclinic mirror symmetry about the plane (a,c), which is
vertical to the figure plane, and at ¢ = 0, +m. The axis
b is parallel to u,. Diffraction peaks at ¢ = 0, = are
due to the planes (A", k”,1"”) with k" = 0. Selected series
of diffraction peaks are indicated, for example, (4, 1,5),
(W', 1,4), (h",1,3), (W",1,2), (h",1,1), and the mirror-
symmetric series W', 1,1, (W', 1,2), (W', 1,3), (W', 1,4),
and (h”,1,5). Figure 13 depicts a detail from Fig. 12.
Here, similar shifts along straight lines of the strained
unit-cell diffraction peaks away from the corresponding
strain-free substrate diffraction peaks can be seen. Like-
wise, the diffraction peak from the strain-free epitaxial
layer is shifted to locations not coinciding with the lines
formed by the diffraction peaks of the pseudomorphic epi-
taxial layers. These diagrams, shown in Figs. 10—13, may
serve as maps to search for the occurrence of the differ-
ently strained unit-cell solutions in experimental data of
epitaxial layers grown on (201) B-Ga,0s3, as predicted in
this work. The algorithm discussed above and the equa-
tions for computation of the unit-cell solutions can be used
to predict any x-ray diffraction diagram for any other sur-
face orientation, scattering condition, and strain condition
due to pseudomorphic growth on any surface (£0/).

VI. CONCLUSIONS

The approach introduced here reveals the existence of
exactly three different unit cells under a given biaxial strain
situation for strain in pseudomorphically grown heteroepi-
taxial systems with low crystal symmetries. In this work,
we demonstrated the approach for monoclinic symmetry
and a special class of surfaces, (%0/). In this example, the
symmetry of the elastically stable epitaxial layer remains
monoclinic. We find that for almost all surfaces in this
class of templates, two domains can exist whose stress-free

directions are not perpendicular to the surface; however,
one domain is favored both energetically and by having
its stress-free direction closer to the surface normal than
the others. The approach presented here is generally appli-
cable to higher symmetries, and by further modification
also to triclinic materials. It is anticipated that in cases for
which the template surface has none of the lattice unit-
cell axes aligned within its plane, the biaxial strain will
reduce the symmetry of the monoclinic epitaxial layer to
triclinic and introduce shear strains and shear stresses in
all elements of € and o. Then, all three unit cells may
compete in epitaxial growth with stress-free directions nei-
ther parallel nor perpendicular to the template surface. The
effects of the differently strained unit-cell solutions are
demonstrated by calculating the strain-induced shifts of the
three lowest electronic band-to-band transition energies in
B-(Al,Ga;_,),05 for x = 0.1 grown pseudomorphically
onto 8-Ga, 05 templates.
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[57] This definition of the elements of € here is useful because

the tensor elements refer to the changes of the intrinsic
lattice parameters, a, b, ¢, and B for a given epitaxial
layer, regardless of the actual orientation of the unit cell
within a given epitaxial layer relative to the substrate.
In this respect, the coordinate system for the substrate is
irrelevant.

[58] Note the structure of the determinant for the stress tensor,

where the component o, always factorizes out. This yields
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trivial solutions for all cases when the b axis is perpendicu-
lar to the surface, (010). Then the z direction is also parallel
to the surface normal g;;;. Hence, for growth on (010), only
one stress-free solution exists, with a stress-free direction
not parallel to the surface, which is then obviously the sur-
face normal. For almost all other crystallographic surfaces,
the stress-free directions are neither parallel nor perpendic-
ular to the surface, and all represent potential stable unit
cells during growth.
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