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Silicon nitride microresonators driven by strong pump pulses can generate squeezed light in a dominant
spectral-temporal mode, a central resource for continuous-variable quantum computation. In the high para-
metric gain regime, several effects, including self- and cross-phase modulation as well as time-ordering
corrections, become significant and can degrade source performance. In this work, we comprehensively
investigate the generation of squeezed light from a silicon nitride resonator under pulsed pumping, span-
ning from low to high parametric gain up to approximately 16 photons/pulse. We experimentally study
how the average photon number and the first- and second-order correlations of the squeezed marginal
modes evolve with increasing pulse energy, across various frequency detunings and pulse durations.
Furthermore, we analyze the errors introduced by multipair emissions in estimating the joint temporal
intensity via time-resolved coincidence measurements. We propose and demonstrate an error-correction
strategy based on the marginal distributions of time-resolved multiphoton events. Our results provide a
practical strategy for optimizing the gain and the temporal mode structure of pulsed squeezed light sources
in microresonators, elucidating the physical mechanisms and limitations that govern source performance
in the high-gain regime.

DOI: 10.1103/37rx-fzfp

I. INTRODUCTION

The generation of squeezed light is one of the cor-
nerstones of fundamental quantum science, and a key
enabler for emerging quantum information technologies
[1,2]. Materials with a strong third-order nonlinearity are
widely used to produce either single or two-mode squeezed
light by spontaneous four-wave mixing (SFWM) through
the annihilation of pairs of pump photons from a bright
coherent beam and the creation of time-energy correlated
photon pairs. As quantum information processing grows
in size and complexity, the need for scalable and inte-
grated squeezed light sources becomes increasingly critical
[3,4]. Among them, microring resonators offer an exclu-
sive combination of compact footprint, strong field
enhancement and narrow-band photon emission [5]. Sil-
icon nitride microresonators are widely employed in
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nonlinear and quantum optics due to their extremely low
losses, strong mode confinement, and moderately high
third-order nonlinearity. Recent demonstrations include
the generation of 8 dB of on-chip single-mode quadrature
squeezing in a nanophotonic molecule [6] and 7.8 dB in
a side-wall corrugated resonator [7], 3.5 dB of intensity-
difference squeezing at the detectors (10.5 inferred on chip)
using a single pump [8] and operating above threshold of
parametric oscillation, and 5.6 dB at the detectors below
threshold [9]. Remarkably, their capability to achieve
strong quadrature squeezing in a near-single spectral-
temporal mode has recently promoted them as the fun-
damental building block for the generation of Gottesman-
Kitaev-Preskill qubits [10], forming the resource states for
modular continuous-variable (CV) quantum computation
[3]. In parallel, the study and characterization of entangle-
ment structure of multiple frequency modes in squeezed
microcombs is rapidly developing. Initially focused on
determining correlations between a pair of modes [11],
the research is now oriented on characterizing the mul-
timode structure developing as a consequence of the
complex interplay between SFWM and Bragg scattering
four-wave mixing [12,13], as well as to engineer these
correlations to build continuous-variable cluster states in
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the frequency domain [14]. All this work has triggered
the development of quantum-optical models of microres-
onators that go beyond single pair generation [15]. In the
high-gain regime, the self-phase modulation of the pump
beam (SPM), the cross-phase modulation (XPM) on the
squeezed modes, and operator time ordering, play a sig-
nificant role and their impact cannot be neglected. While
high-gain effects in microresonators have been theoreti-
cally [15–19] and experimentally [20,21] investigated in
the cw regime, only a few theoretical works have addressed
the problem under pulsed excitation [22,23], and a system-
atic experimental study is still lacking. However, pulsed
pumping is of great relevance to ensure single temporal
mode emission and time synchronization among arrays
of sources, which are necessary features for high-fidelity
resource state preparation in scalable CV quantum com-
puting [3], including Gaussian boson sampling [24].

In this work we experimentally investigate high-gain
effects in the generation of pulsed two-mode squeezed light
from a silicon nitride microresonator, achieving up to 16
average photons per pulse at the output waveguide, and a
maximum inferred on-chip squeezing level of 5 dB, this
is pretty much the limit we could achieve with an escape
efficiency of 0.75. We characterized the average number
of photons generated per pulse, the second- and first-order
self-correlation of each squeezed mode with increasing
pulse energy, across various frequency detunings and pulse
durations. We found many distinctive signs of the high-
gain regime—which were theoretically predicted in both
the cw [18] and pulsed [22,25] excitation—including the
observation of a local maximum in the signal and idler
generation rate as a function of input pump power, high
spectral purity with detuned pump excitation, and the
emergence of a broad pedestal in the first-order coher-
ence function, corresponding to SPM- and XPM-induced
spectral splitting. The non-energy-conserving peaks in the
joint spectral intensity (JSI), predicted in the high-gain
regime as a result of multipair generation in frequency-
resolved coincidence measurements [18], appear in our
time-resolved experiment as a background of signal and
idler photons arriving at the detectors with reduced time
correlations compared to those predicted by the JTI. We
show that by measuring the marginal probability distribu-
tions of time-resolved multiphoton events, one can sub-
tract this background contribution and recover to some
approximation the time correlations predicted by the JTI.

The paper is organized as follows: Sec. II focuses on
the theory of squeezed light generation in lossy microres-
onators, which builds upon the works of Kim et al. [22]
and Quesada et al. [15], and introduces the main experi-
mental parameters and the methods for numerical simula-
tions. The device and the experimental setup are presented
in Sec. III. Here, we first experimentally investigate the
time-dependent average photon number of the marginal
squeezed-modes across different pump detuning, pulse

energies, and duration. Then, we study the second-order
correlation of the squeezed marginal modes across simi-
lar conditions. The aim of these sections is to identify the
optimal pump parameters that maximize the photon flux
and induce a single temporal mode emission. We comple-
ment the analysis by studying the first-order correlation of
the marginal beams, highlighting the modifications of the
single-photon temporal waveform as we transit from the
low- to the high-gain regime.

Finally, we focus on the cross correlations between the
emission times of photons in the signal and idler modes.
We study the departures from the low-gain regime caused
by both nonlinear frequency shifts and multiphoton con-
tamination. We conclude the paper by analyzing the level
of squeezing attainable from the resonator in the optimal
pump configuration.

II. GENERATION OF PULSED SQUEEZED LIGHT
IN LOSSY MICRORESONATORS

The system under study is a lossy high-Q microres-
onator coupled to a bus waveguide, as pictured in Fig.
1(a). The energy coupling rate into the bus waveguide is
γe, while material and scattering losses are modeled by an
equivalent phantom channel coupled to the resonator with
a rate γi [26]. When the resonator is resonantly excited
through the bus waveguide with a bright coherent state
at central frequency ωp , photon pairs are generated by
SFWM, occupying the many resonance frequencies that
simultaneously satisfy energy and momentum conserva-
tion (we use the standard convention of calling the photon
with a lower wavelength idler, and the one with a higher
wavelength signal). In what follows, we will focus on a
single pair of resonances at frequencies ωs0 and ωi0. In gen-
eral, if the system is pumped below the threshold of optical
parametric oscillation (OPO), a multimode squeezed state
is generated within each resonance, which through the
Bloch-Messiah (BM) decomposition can be decomposed
into the tensor product of many independent two-mode
squeezers (TMSs), also called the squeezed supermodes
of the system [23]. We remark that these supermodes
refer to a BM decomposition within a single pair of res-
onances, thus differing from the definitions in Ref. [12]
or Ref. [13], where they span multiple resonances. The
effect of loss can be equivalently modeled by letting the
signal and idler supermodes to impinge on a beam split-
ter with transmissivity pe = (γe/γtot) (where pe is the
escape efficiency and γtot = γe + γi), and by tracing out
the reflected modes [23,27]. The system dynamics involv-
ing the input(output) waveguide field operators ain(out),
the cavity field operators c and the input-output phan-
tom channel field operators fin(out) has been solved both
in the frequency [22,23] and in the time domain [15,18].
In particular, the frequency picture explicitly highlights
the relation between the set of input operators (ain, fin)
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FIG. 1. (a) Equivalent circuit representation of the sequence of operations transforming the input operators (ain, fin) to the output
operators (aout, fout). (b) Top panel: sketch of the device layout and of the experimental setup. DeMUX, demultiplexer; BS, beam
splitter; SNSPD, superconducting nanowire single-photon detector. Bottom panel: sketch of the pump (green), signal (red), and idler
(blue) nonlinear resonances shifts �SPM(t) and �XPM(t) induced by SPM and XPM. The cold resonance frequencies are ωp0, ωs0,
and ωi0, respectively. The pump spectrum, shown in gray, has the maximum detuned by �p with respect to the cold cavity resonance
frequency ωp0.

and the output operators (aout, fout), which is given by
the input-output transformation (aout, fout)T = S(ain, fin)T

(here we used the bold symbol, such as a, as a shorthand
for the row vector of annihilation and creation opera-
tors [as,0, . . . , as,N−1, a†

i,0, . . . , a†
i,N−1], where s(i) labels the

signal(idler) photon and the numbers from 0 to N − 1
indicate the frequency, which is discretized in steps of
�ω as ωs(i),k = �ωs(i)� + k�ω) (�ωs(i)� is the lower bound
of the signal(idler) frequency interval) [22]. The matrix
S can be written as S = U2CU1, where U1(2) describes
passive beam-splitter transformations with transmittivity
γe/γtot (U2 = −U1 in the high-Q limit) and C describes the
transformation applied by a lossless twin-beam parametric
amplifier [22,23]. The matrix C can be factored through the
BM decomposition as C = Q†RP, where Q and P describe

passive unitary transformations, and

R =
(

cosh(ξ) sinh(ξ)

sinh(ξ) cosh(ξ)

)
, (1)

with ξ = diag(ξ0, . . . , ξN−1) contains the N squeezing
parameters ξN−1

i=0 . This series of transformations can be
represented by the optical circuit shown in Fig. 1(a).

The key result is that, below the threshold of para-
metric oscillation, the dynamics are described by a series
of Gaussian operations acting on the vacuum; hence, the
output state is still Gaussian. In particular, these rela-
tions incorporate nonlinear resonance shifts arising from
self- and cross-phase-modulation (SPM and XPM), natu-
rally handle time-ordering corrections, and rely only on
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the undepleted pump approximation [22]. The columns
of P then define the supermodes, representing the set of
Schmidt modes of the overall system, which characterize
the spectral (temporal) mode structure of the resonator.

In our work, we will focus on metrics that are more
naturally expressed in the time domain rather than in the
frequency domain, such as the time-dependent average
photon number or the joint temporal intensity. For this
reason, we solve the system dynamics by numerically inte-
grating the master equation for the signal-idler density
matrix in the time domain, following the approach outlined
in Ref. [27].

In the interaction picture, the Hamiltonian describing the
process of XPM and SFWM on the signal and idler cavity
operators cs and ci is given by [15,27]

HNL/� = −[�(〈cp(t)〉∗)2ei�ωDtc†
s c†

i + h.c.]

− �XPM(t)(c†
s cs + c†

i ci), (2)

where �XPM = 2�|〈cp(t)〉|2, �ωD = 4πDintm2 (Dint =
−1.38 × 10−6 ps−1 is the integrated dispersion [15], calcu-
lated from finite-element-method simulations, and m = 5
is the number of free spectral ranges (FSRs) from the pump
resonance of the signal and idler beams), and

� = �ω2
pcn2

n2
0Veff

, (3)

describe the nonlinear coupling rate associated with
SFWM, where n2 and n0 are the nonlinear refractive index
and the refractive index of the material respectively (both
evaluated at the pump wavelength) and Veff is the effective
mode volume of the optical mode in the resonator. The C
number 〈cp(t)〉 is the function describing the average num-
ber pump photons inside the resonator and is obtained by
numerically integrating the differential equation

[
d
dt

+ γtot

2
− i�SPM(t)

]
〈cp(t)〉 = i

√
γeβ(t)ei�p t. (4)

The term �SPM(t) = �|〈cp(t)〉|2 accounts for SPM on the
pump beam, �p = ωp − ωp0 is the relative detuning of the
central pump frequency ωp to the cold resonance frequency
ωp0, and β(t) describes the driving field. Pump depletion
terms in Eqs. (4) and (2) are neglected because we will
focus on regimes where the mean number of signal and
idler photons in the cavity is much smaller than the num-
ber of pump photons. We consider as driving field β(t)
a top-hat function of duration T, which approximates the
rectangular pulses used in the experiments and expressed

as

β(t) =
√

P
R�ωp

(	(t) − 	(t − T)), (5)

where P is the average power, R is the repetition rate, and
	 is the Heaviside step function.

The master equation for the signal and idler cavity
modes cs(i) in the Lindblad form is [27]

dρ

dt
= − i

�
[HNL , ρ] + (D[

√
γtotcs] + D[

√
γtotci])ρ, (6)

where D[c] = cρc† − 1
2 {c†c, ρ} and {·, ·} denotes and anti-

commutator. The master equation is numerically integrated
using the open access Python library QuTiP [28]. Any
simulated observables and metric discussed in the next sec-
tions are calculated from the density matrix. The output
operators aout(t) in Fig. 1(a) are related to the cavity oper-
ators c(t) from the standard input-output relation aout(t) =
ain(t) + i

√
γec(t).

III. EXPERIMENTAL RESULTS

The silicon nitride microresonator under study is real-
ized by a waveguide with cross section 1.8 × 0.8 µm2,
(� ∼ 1.4 Hz) having slightly anomalous dispersion at
the pump wavelength. The resonator has a FSR of
200 GHz and is overcoupled to the bus waveguide, with
an escape efficiency of pe = 0.75 at the pump, signal,
and idler modes. We measured a loaded quality factor of
Q = 8 × 105 (1/γtot ∼ 660 ps), and an intrinsic quality
factor of about 3 × 106 (1/γi ∼ 2730 ps). We choose to
work with a pump wavelength of λp = 1544.53 nm, while
the squeezed modes under consideration lie at the signal
and idler wavelengths of λi = 1536.50 and λs = 1552.50.
The resonator is pumped by strong rectangular optical
pulses of time duration T, and with a fixed repetition rate
of R = 100 kHz. The pulses are carved from a continuous-
wave butterfly laser diode using an amplitude electro-
optic modulator (EOM), and subsequently amplified by an
erbium-doped fiber amplifier. We choose to work with a
low repetition rate to reduce the average power (on the
order of 100 µW in most of the experiments), thus miti-
gating the average resonance shift due to the thermo-optic
effect. Moreover, the short pulse duration ensures that ther-
mal effects can be neglected also within each pump pulse,
as the characteristic thermal response time of the resonator
(typically in the order of hundreds of ns for SiN resonators
of similar size [29]) is much longer than the pulse dura-
tion. After removal of the background noise at the signal
and idler wavelengths, the pump power is regulated by an
electronic variable optical attenuator (VOA) and coupled
to the chip using ultra-high numerical aperture (UHNA4)
fibers and inverse tapers, achieving a coupling loss of ∼1
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FIG. 2. (a) Measured average number of photons 〈ns(t)〉 in the marginal signal beam as a function of time for different pump energies
(both quantities are loss corrected and refer to on-chip values) and �p = 0. (b) Calculated 〈ns(t)〉 at the same pulse energies indicated
in panel (a) and with �p = 0. (c) Measured and calculated [panel (d)] value of 〈ns(t)〉 as a function of time for different pump energies
at �p = �opt.

dB/facet. Signal and idler photons generated by single-
pump SFWM are separated by passband filters, which also
suppress the residual pump light, and are finally detected
using superconducting nanowire single-photon detectors
(SNSPDs). A time-tagger correlator is used to register their
arrival time relative to the pump trigger.

A. Time-dependent average photon number

The first quantity that we characterize is the average
number of photons in one of the marginal beams at the out-
put waveguide and their time dependence at different pump
pulse energies, pump detunings �p , and pulse duration
T. Without loss of generality, we will focus on the signal
beam. At first, the pulse duration is set to T = 800 ps, i.e.,
comparable to the photon dwelling time in the resonator,
and the detuning to �p = 0, which is the value that maxi-
mizes the pair generation rate at low parametric gain. The
input pulse excites the resonator at t ∼ 3 ns, correspond-
ing to the initial increase of the signal intensity. In Figs.
2(a) and 2(b) we report the measured and calculated time-
dependent average number of photons per pulse 〈ns(t)〉 for
different pump pulse energies εp . For εp < 300 pJ, the gen-
eration rate increases over time up to a maximum, and then
exponentially decreases, following the characteristic decay
time of the cavity. However, for εp > 300 pJ, the shape of

〈ns(t)〉 changes and becomes bimodal, with the emergence
of a narrow peak at short times followed by a broader and
more intense peak at later times, and whose separation
increases with increasing pulse energy. For ε > 760 pJ,
the generation rate saturates and the time dependence no
longer changes.

It is found that for each pulse energy there is an
optimal value of the pump frequency detuning �p =
�opt that maximizes the generation rate, in accordance
with the theoretical predictions in both the continuous
wave [18] and the pulsed regime [22]. The pump detun-
ing compensates for the SPM- and XPM-induced res-
onance shifts caused by the high circulating power in
the resonator, as well as for the small dispersion-induced
detuning, a well-known effect in frequency-comb and
soliton generation in resonators with anomalous disper-
sion. The behavior of 〈ns(t)〉 for � = �opt is character-
ized as a function of ε. The results, reported in Fig.
2(c), show that the temporal profile of 〈ns(t)〉 does not
change with increasing pulse energy (all the curves are
simply scaled), in sharp contrast with the behavior at
�p = 0. To explain the different dynamics, we simu-
lated 〈ns(t)〉 for both �p = 0 and �p = �opt by numeri-
cally integrating Eq. (6), and used the density matrix to
calculate 〈ns(t)〉 = Tr(ρ(0)aout

s (t)†aout
s (t)). The results of
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FIG. 3. (a) Simulation showing the incident pump envelope
β(t), the number of pump photons in the cavity |〈cp(t)〉|2, the
average number of signal photons 〈ns(t)〉 in the output waveguide
and the the energy mismatch �ω (referred to the right vertical
axis) for εp = 1000 pJ and �p = 0. The values of β(t), |〈cp(t)〉|2
and 〈ns(t)〉 have been all normalized to their maximum value for
improved visualization. The same quantities are shown in panel
(b) for εp = 1500 pJ and �p = �opt.

the simulation are shown in Fig. 2(b) for �p = 0 and
ε = 1000 pJ, and in Fig. 2(d) for �p = �opt and ε =
1500 pJ. Moreover, to highlight the impact of SPM and
XPM, we also reported in Figs. 2(e) and 2(f) the inci-
dent pump envelope β(t), the number of pump photons
in the cavity |〈cp(t)〉|2, and the energy mismatch �ω =
2(ωp(t) − �p) − ωs(t) − ωi(t), where ωs(i)(t) = ωs(i)0 −
�XPM(t) and ωp(t) = ωp0 − �SPM(t) [see Fig. 1(b)]. The
energy mismatch determines the efficiency of the SFWM
process [15], which is maximum for �ω = 0. The behav-
ior of |〈cp(t)〉|2 is quite similar for both �p = 0 and �p =
�opt: the internal pump energy builds up until the end
of the incident pump pulse, and then it decreases expo-
nentially following the characteristic decay time of the
cavity 1/γtot. What discriminates the behavior of 〈ns(t)〉
for �p = 0 and �p = �opt is �ω. When �p = 0 [Fig.
3(a)], the energy mismatch increases with increasing inter-
nal pump energy because of the SPM- and XPM-induced

resonance shifts, thus it is maximized when |〈cp(t)〉|2
reaches its highest value. In this regime, the efficiency
of SFWM is governed by a trade-off between minimiz-
ing energy mismatch and maximizing pump intensity. The
optimal balance occurs at two distinct moments: slightly
before the end of the pump pulse, where the internal
energy is close to its maximum value but the energy mis-
match is large (�ω/γtot ∼ 6.5), and during the decay of
the internal energy, where �ω/γtot ∼ 1.25. This results
in the double peak structure in 〈ns(t)〉 observed in Fig.
2(a), and well reproduced in the simulations reported in
Fig. 2(b).

In contrast, when �p = �opt, the simulation reported
in Fig. 3(b) shows that the energy mismatch is mini-
mum when the field intensity is nearly maximized. There-
fore, the initial detuning compensates the resonance shift
induced by SPM and XPM, resulting in a single peak
structure in the average number of photons in both the
experiment [Fig. 2(c)] and simulation [Fig. 2(d)].

We then characterized the average number of signal
photons 〈ns〉 per pulse, which corresponds to the area under
the curves of 〈ns(t)〉 in Fig. 2. The characterization is per-
formed at different pulse energies, for the pulse durations
800, 1200, and 1600 ps, and by setting the pump detuning
to either �p = 0 or �p = �opt. The experimental results,
shown in Fig. 4(a), indicate that for �p = 0 the average
number of signal photons saturates around 2–3 photons
per pulse for all the investigated pulse durations. This is
explained by the increasing energy mismatch �ω induced
by SPM and XPM, which develops as the pulse energy
increases. The saturation of 〈ns〉 is in agreement with the
theoretical predictions in [22].

In contrast, for �p = �opt, we observe that 〈ns〉 mono-
tonically grows as a function of the input pulse energy.
The endpoints of the curves in Fig. 4(a) for �p = �opt
lie slightly below the power threshold of optical paramet-
ric oscillation (which is seen to decrease with the pulse
duration up to T ∼ 10 ns, where it reaches its cw value of
approximately 35 mW). In our asynchronous pulsed con-
figuration, the threshold is defined as the pump power at
which any increase above this level by 10% results in an
increase of the generated single counts by more than one
order of magnitude. Below threshold, 〈ns〉 grows as ε2,
in agreement with the theoretical predictions in both the
cw [18] and pulsed regime [22]. Note that this trend is
expected only for resonators with zero or slightly anoma-
lous dispersion. In the presence of large normal dispersion,
the pump detuning is insufficient to compensate for the
SPM- and XPM-induced shifts, which instead add to the
dispersion-induced detuning. Interestingly, while for �p =
0, shorter pulses lead to a saturation of 〈ns〉 at higher
values, the opposite behavior is observed for �p = �opt,
where, for a fixed pulse energy, 〈ns〉 increases with increas-
ing pulse duration. Thus, working with pulses that are
twice as long as the cavity lifetime could be beneficial for

034008-6

(b)

(a)



TIME-RESOLVED CHARACTERIZATION OF PULSED... PHYS. REV. APPLIED 25, 034008 (2026)

(a)

(b)

FIG. 4. (a) Measured average number of signal photons per
pulse in the output waveguide as a function of the input pulse
energy for different pulse durations (the quantity is loss corrected
and refers to an on-chip value). The dashed lines indicate the
measurement performed at �p = �opt, while the continuous line
is the measurement at �p = 0. Error bars are smaller than the
size of the data symbols. (b) Simulations of the average num-
ber of photons per pulse as a function of the input pulse energy
for different pulse durations. Colors and line style have the same
meaning as in panel (a).

applications where high-photon fluxes are required. The
simulations, reported in Fig. 4(b), align very well with the
experimental results.

Finally, we characterized the average number of pho-
tons as a function of the pump detuning �p for T = 800
ps. In Fig. 5(a) we report the measured data, while in
Fig. 5(b) the simulations. As expected, the optimal detun-
ing for which 〈ns〉 is maximized monotonically increases
with the pulse energy. The relation between �opt and
εp is linear, which is expected since �ω ∝ |〈cp〉|2 and
|〈cp〉|2 ∝ εp at the detuning which maximizes the gen-
eration rate [18]. When 〈ns〉 ∼ 0.5, �opt ∼ γtot/2, which

(a)

(b)

FIG. 5. (a) Measured average number of signal photons in the
output waveguide as a function of the pump detuning �p for dif-
ferent input powers. Error bars are smaller than the size of the
data symbols and are assumed to originate only from Poisso-
nian noise. Systematic deviations, such as the limited accuracy
in the estimation of the on-chip input power and of the detuning
between the pump laser and the cold resonance frequency are not
considered. (b) Simulated average number of signal photons in
the output waveguide as a function of the pump detuning �p .

can be identified as a boundary where SPM and XPM
effects cannot be neglected, while for 〈ns〉 ≥ 2 the optimal
detuning becomes larger than the linewidth of the pump
resonance.

B. Second-order correlation of the marginal beams

The second-order correlation of either the signal or the
idler mode is defined as

g(2)
ss = 〈n2

s 〉 − 〈ns〉
〈ns〉2 . (7)

This quantity, frequently called the unheralded second-
order correlation, is related to the amplitudes ξ of the
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squeezed modes as [22,30]

g(2)
ss = 1 +

∑
k sinh4(ξk)(∑

k sinh2(ξk)
)2 . (8)

The second term on the right-hand side of Eq. (8) is called
the Schmidt number K, and quantifies the effective num-
ber of squeezed modes. The Schmidt number is related to
the spectral purity P of the marginal state as K = 1/P ,
which allows one to write g(2)

ss = 1 + P . One can expand
the operator ns in Eq. (7) in terms of aout

s (t) and aout
s (t)† to

obtain [30,31]

g(2)
ss =

∫
dtdτ 〈aout

s (t)†aout
s (t + τ)†aout

s (t + τ)aout
s (t)〉

(
∫

dt〈aout
s (t)†aout

s (t)〉)2
, (9)

which relates g(2)
ss to single and coincidence count prob-

abilities psingle and pcoinc (in the limit where psingle(coinc)
� 1, which we always achieved by introducing cali-
brated losses in front of the detectors to keep psingles and
pcoinc < 0.01) as g(2)

ss = pcoinc/p2
single [31]. We measured the

unheralded second-order correlation function g(2)
ss using the

setup shown in Fig. 1(b). This was done by recording the
click probability between the two outputs of the 50:50
beam splitter to which the signal photons were demulti-
plexed. We used a coincidence window of 5 ns to fully
accommodate the signal and idler pulses. The coincidence
probability was then normalized by the product of the pho-
todetection probability of each individual output. Similarly
to what was done for 〈ns〉, the values of g(2)

ss were measured
for different input powers and pump detunings, initially
setting the pulse duration to 800 ps. The results of this char-
acterization are reported in Fig. 6(a). By comparing them
to the behavior of 〈ns〉 in Fig. 5(a), we observe that for
each pump power the g(2)

ss (and thus the associated spectral
purity P) reaches a maximum approximately at the same
pump detuning where the average photon number is max-
imized. In contrast with 〈ns〉, which rapidly decreases for
� > �opt, the g(2)

ss remains approximately constant. More-
over, for pump detuning close to �opt the g(2)

ss is less sensi-
tive to the pulse energy. Thus, by operating at �p = �opt,
one can simultaneously maximize both the average photon
number and the spectral purity, as theoretically predicted
in Ref. [22]. We supported these results through numerical
simulations of g(2)

ss , which were obtained by first calcu-
lating the JTA, then performing a singular value decom-
position to extract the squeezing parameters ξk from the
resulting diagonal matrix (see Appendix for more details),
and finally inserting these quantities in Eq. (8). The simula-
tions are shown in Fig. 6(b). While the qualitative behavior
observed in the experiment aligns well with the simula-
tion, the experimental value of the spectral purity in Fig.
6(a) is generally lower than the theoretical one, and the
g(2)

ss curves in Fig. 6(a) appear “stretched” in the horizon-
tal direction compared to those in Fig. 6(b). We attribute

this behavior to noise arising from spontaneous Raman
scattering, which is not accounted in the simulation. In par-
ticular, increasing the detuning induces a transition from a
regime in which phase-insensitive Raman scattering and
SFWM have comparable intensities (�p/γtot < 1), which
is known to reduce the value of g(2)

ss [32], to one in which
SFWM dominates (�p/γtot > 1).

Finally, Fig. 6(c) shows the measured unheralded
second-order correlation as a function of the pump pulse
energy for different pulse durations, and for �p = 0 and
�p = �opt. In the first case, the purity decreases with
increasing pulse energy for all pulse durations. At low
pump energies, for which SPM and XPM shifts are neg-
ligible, we recover the well-known result that the spectral
purity decreases with increasing the pulse duration [33].
In contrast, for �p = �opt, the purity remains high across
the range of pulse energies, and we do not observe appre-
ciable differences between the different pulse durations.
Intuitively this can be explained by observing that at
�p = 0, the SPM- and XPM-induced resonance shifts
effectively increase the pump pulse duration. For example,
one can see from Figs. 2(a) and 2(c) that the probability of
photon emission extends well beyond the time at which the
pump energy has decayed to the 1/e ∼ 0.36 level. On the
contrary, for �p = �opt, the initial pump detuning com-
pensates the nonlinear resonance shifts, rapidly reducing
the photon emission probability after that the pump energy
has decayed to the 1/e ∼ 0.36 level.

C. First-order correlation of the marginal beams

In the high-gain regime, notable modifications in the
spectral and related temporal first-order correlations of
the emitted photons are expected due to the SPM and
XPM and time-ordering effects [15,18,22]. Due to the
high-Q of the resonator, it was not possible to directly
measure the single-photon spectra because of the lack of
narrow-band filters with sub GHz resolution. However,
spectral modifications can be investigated in the complex
(not-normalized) temporal first-order correlation function
G(1)

ss (τ ), defined as G(1)
ss (τ ) = ∫

dt〈[aout
s (t)]†aout

s (t + τ)〉,
by exploiting the fact that the single-photon spectrum and
G(1)

ss (τ ) are related by a Fourier transform [18]. From the
characteristic relation [34]

g̃(2)
ss (t1, t2) = 1 + |g(1)

ss (t1, t2)|2, (10)

valid for thermal states, where g̃(2)
ss is the integrand in

Eq. (7) and g(1)
ss is the normalized first-order correlation,

defined as

g(1)
ss (t1, t2) = 〈[aout

s (t1)]†aout
s (t2)〉√〈[aout

s (t1)]†aout
s (t1)〉〈[aout

s (t2)]†aout
s (t2)〉

,

(11)
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(a)

(b)

(c)

FIG. 6. (a) Measured unheralded second-order correlation g(2)
ss

of the signal mode as a function of the detuning between the
pump and the cold resonance frequency for different pump pulse
energies. (b) Numerical simulations of g(2)

ss for the same pump
pulse energies shown in panel (a). (c) Measured unheralded
second-order correlation of the g(2)

ss signal mode for different
pulse durations as a function of the input pulse energy. The
dashed lines report the measurements for �p = �opt, while the
continuous lines for �p = 0.

one can write

|〈[aout
s (t1)]†aout

s (t2)〉|2 = 〈[aout
s (t1)]†[aout

s (t2)]†

aout
s (t2)aout

s (t1)〉 − 〈ns(t1)〉〈ns(t2)〉
(12)

and introduce the phase-insensitive correlation function
G̃ss(τ ) = ∫

dt|〈[aout
s (t)]†aout

s (t + τ)〉|. Clearly the defini-
tions of G̃(1)

ss and G(1)
ss do not coincide because of the loss

of phase information in 〈[aout
s (t)]†aout

s (t + τ)〉, but G̃(1)
ss can

be readily measured with the setup in Fig. 1(b), since
it depends only on coincidence and single-photon proba-
bilities. We measured G̃(1)

ss (τ ) for different input powers
and different values of �p , setting the pulse duration to
T = 5000 ps in all the measurements. In Fig. 7(a), we
report the experimental data for �p = 0 and for three dis-
tinct input power levels. At low pump power (40 pJ),
G̃(1)

ss (τ ) exhibits a single, smooth peak. As the input power
increases, the peak becomes progressively narrower. At the
highest pump power (1200 pJ), a broad pedestal emerges
around the sharp central peak.

Figure 7(b) shows instead the experimental results for
�p = �opt. In this configuration, the temporal correlation
function maintains a single-peaked structure for increas-
ing powers (pulse energies greater than 320 pJ could not
be investigated due to the crossing of parametric oscilla-
tion threshold). We support the experimental observations
with numerical simulations, which are shown in Fig. 7(c)
for �p = 0 and in Fig. 7(d) for �p = �opt. In both cases,
the evolution of the shape of G̃(2)

ss at increasing input pow-
ers qualitatively follows the same trend shown in Figs.
7(a) and 7(b), but the simulations systematically predict
broader correlation functions. We believe that the narrower
temporal correlation observed in the experiment could be
related to spontaneous Raman scattering, whose effect is
not included in the simulation. Indeed, noise photons pro-
duced by Raman scattering are expected to be spectrally
broader than those generated by SFWM, which happens
because the efficiency of the process is not limited by
energy conservation. Therefore, when Raman noise super-
imposes to the squeezed light generated by SFWM, the
coherence time of the signal and idler mode is reduced.

To elucidate the origin of the different behavior of G̃(1)
ss

for �p = 0 and �p = �opt, we recall the theoretical results
derived in Refs. [18,22] for both cw and pulsed regime. In
these works, the authors showed that when the resonator
is pumped at its cold resonance wavelength (�p = 0) and
the pump power is increased, the single-photon spectrum
exhibits a transition from a single Lorentzian peak to a
doublet structure [18] as a consequence of SPM- and
XPM-induced resonance shifts. Conversely, when operat-
ing at �p = �opt, the spectral profile is predicted to rigidly
shift, but retaining its Lorentzian shape even in the strongly
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(f)

(e)

(b)

(a) (c)

(d)

FIG. 7. (a) Measured correlation function G̃(1)
ss (τ ) for three different input pump pulse energies (40, 200, and 1200 pJ) and �p = 0.

(b) Measured correlation function G̃(1)
ss (τ ) for four different input pump pulse energies (40, 130, 200, and 320 pJ) and �p = �opt.

(c) Simulated G̃(1)
ss (τ ) using the same input pulse energies shown in panel (a) and �p = 0. (d) Simulated G̃(1)

ss (τ ) using the same input
pulse energies shown in panel (b) and �p = �opt. (e) Simulated single-photon spectrum as a function of the average number of pump
photons in the cavity NP for �p = 0 and (f) �p = �opt. The dashed lines indicate the pulse energies investigated in the experiment
and shown in Figs. 7(a),(c).

driven regime. The very same trend is retrieved in our sim-
ulations, which are shown in Fig. 7(e) for �p = 0 and in
Fig. 7(f) for �p = �opt. According to the Fourier trans-
form relation between the single-photon spectra and G(1)

ss ,
the frequency splitting manifests as an oscillatory (ripple)
feature in the G(1)

ss around the main correlation peak at
τ = 0 [20]. Through numerical simulations, we found that
the G̃(1)

ss function follows the envelope of these oscillat-
ing background, which appears in Figs. 7(a) and 7(c) as
a broad pedestal around the main peak at τ = 0. There-
fore, we were able to indirectly observe the strongly driven
spectral splitting from temporal signatures from the easily
accessible correlation function G̃(1)

ss .

D. Joint temporal intensity

The last quantity we characterized are the joint cor-
relations between the signal and the idler mode. The
correlations between the frequency of the signal and the
idler photon are captured by the joint spectral amplitude
(JSA) J (ωs, ωi), whose modulus square gives the proba-
bility to generate a signal-idler pair at frequency ωs and
ωi, respectively [5]. As before, we discretize the signal and
idler spectral intervals in N steps of size �ω, such that
ωs,j = �ωs� + j �ω and ωi,k = �ωi� + k�ω (with j and k

ranging from 0 to N − 1). The JSA is thus sampled on a
N × N grid to form the matrix Jjk = J (ωs,j , ωi,k). In the
low-gain regime, where the emission of multiple pairs is
negligible, the state |�LG〉 at the point marked by a star in
Fig. 1(a) can be written as [15]

|�LG〉 =
√

(1 − β) |vac〉 + β

N−1∑
j ,k=0

J̄jk |ωs,j ωi,k〉 , (13)

where |β|2 is the pair-generation probability, J̄ is the low-
gain JSA and |ωs,j ωi,k〉 = b†

s,j b†
i,k |vac〉. Thus, the complex

matrix J̄ fully describes the quantum state. A frequency-
resolved coincidence measurement directly yields |J̄jk|2,
since the number of joint detections Nsi can be expressed
using Eq. (13) as input state as Nsi = 〈aout †

s,j aout †
i,k aout

s,j aout
i,k 〉 ∼

ηsηi〈b†
s,j b†

i,kbs,j bi,k〉 ∼ ηsηi|J̄jk|2 [see Fig. 1(a)], where ηs(i)
are the signal(idler) loss from the point denoted with a
star in Fig. 1(a) to the detectors (including the detection
efficiency).

In the high-gain regime one cannot neglect the contribu-
tions of multiple pairs. For example, the state at the point
marked by a star in Fig. 1(a) is a multimode-squeezed state
described by the tensor product of broadband frequency
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(a) (b)

(c) (d)

(e) (f)

FIG. 8. Two-dimensional histograms showing the time-
resolved coincidence measurements between the signal and the
idler photons, which in the limit of infinitely low gain correspond
to the JTI. Panels (a),(c),(d) have �p = 0, while panels (b),(d),(f)
have �p = �opt. In both configurations, the pump pulse energies
are 630, 1000, and 1500 pJ.

modes—the Schmidt modes of the system—characterized
by the squeezing parameters ξ . One can write this state as
[15,35]

|�HG〉 = exp

⎛
⎝N−1∑

j =0

N−1∑
k=0

Jjkb†
s,j b†

i,k − h.c

⎞
⎠ |vac〉 , (14)

where J = 1
2 PsξP∗

i and Ps(i) are the matrices defining
the upper-left (Ps) and lower-right (P∗

i ) N × N diagonal
blocks of the orthogonal matrix P in Fig. 1(a) [see Eq.
(A3) of Appendix and Ref. [22]]. Equation (13) represents
the first-order term of the Taylor expansion of Eq. (14),
which allows one to term J as the arbitrary-gain joint spec-
tral amplitude. Therefore, as long as pump depletion terms
are neglected in Eq. (2), the Gaussian state in Eq. (14)
is completely determined by J. However, it is far more
challenging to measure J for high gains because Nsi is
no more proportional to |Jjk|2 due to multiple pair emis-
sion. The same argument holds for the relation between

the number of coincidence detections Ñqp at times ts,q and
ti,p and the joint temporal intensity |J̃|2 (JTI), being J and
J̃ related by a Fourier transform. Strategies for measuring
the arbitrary gain JSA based on stimulated emission have
been theoretically reviewed in [15] and experimentally
validated for broad-band parametric-down-conversion in
periodically poled crystals in Ref. [36]. In principle, the
approach in Ref. [36] could be extended to SFWM in
a resonator, but the absence of ultranarrowband spectral
filters prevents us from implementing this method. Con-
sequently, we focused on measuring J̃ by time-resolved
photodetection. In Fig. 8 we report Ñqp for increasing
pump pulse energies and for both �p = 0 and �p = �opt.
In the first case, we observe a transition from a distribu-
tion with a single peak at low energy [630 pJ—Fig. 8(a)]
to a bimodal distribution at high energy [1500 pJ—Fig.
8(e)]. In contrast, when �p = �opt, the shape does not
vary significantly with increasing power, and the distri-
bution maintains a well-defined maximum. The behavior
for �p = 0 and �p = �opt is consistent with the results
of 〈ns(t)〉 shown in Fig. 2. This is expected, since in
the low-gain regime 〈ns(t)〉 ∼ ∫ |J̃ (ts, ti)|2dti. As before,
the differences between �p = 0 and �p = �opt can be
attributed to the distinct energy mismatches �ω associ-
ated with each detuning condition. A clear indication that
Ñqp is no longer a reliable measure of J̃qp comes from the
estimated upper bound of g(2)

ss . When this bound is calcu-
lated using the approximation J̃ ∼

√
Ñsi [37] for �p = 0,

the resulting values are 1.98(1) at 630 pJ, 1.97(1) at 1000
pJ, and 1.95(1) at 1500 pJ. These estimates significantly
exceed the values obtained from direct measurements of
the integrated second-order correlation of the marginal sig-
nal beam at comparable powers, as shown in Fig. 6(c).
The underestimation of the Schmidt number is due to the
contamination of multiple pairs to the time-resolved coin-
cidences Ñqp . Indeed, one can write the probability ppq =
Ñqp/

∑
qp Ñqp of detecting a pair of signal-idler photons at

times ts,q and ti,p as

pqp =
∞∑

n=1

h(1)
n (ηs, ηi)Pn(ts,q, ti,p), (15)

where h(1)
n (ηs, ηi) is the probability that, given the gen-

eration of n photon pairs, at least one signal and one
idler photon are detected after passing through separate
channels with transmissivity ηs and ηi (see Appendix for
the explicit expression). The quantity Pn(ts,q, ti,p) is the
marginal probability to generate a signal photon at time
ts,q and an idler photon at time ti,p , conditioned on the
generation of n pairs. This quantity can be calculated by
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(a) (b) (c)

(d) (e) (f)

FIG. 9. (a) Two-dimensional histogram showing the time-resolved coincidence measurement between the signal and the idler pho-
tons. The pump pulse energy is set to 1650 pJ and �p = 0. (b) Approximate JTI obtained from panel (a) by applying the correction
in Eq. (A14), that uses four-photon events (αopt = −35 and 〈ns〉 = 1.8). (c) Simulated JTI at a pump pulse energy of 1650 pJ and
�p = 0. Panels (d),(e),(f) follow the same order and have the same description, but are related to a pump energy of 800 pJ and
�p = �opt (〈ns〉 = 3, αopt = −8).

expanding the exponential in Eq. (14), which gives

Pn(ts,q, ti,p) =
∑
kn

|Perm(J̃(kn,q,p ))|2, (16)

where kn is a vector of length 2(n − 1) containing the
indices corresponding to the emission times of the remain-
ing n − 1 signal and n − 1 idler photons, while q and p
are the indices associated with the emission times ts,q and
ti,p , respectively. The notation J̃(kn,q,p) refers to the subma-
trix of J̃ formed by selecting the n rows and n columns
corresponding to the signal and idler indices specified in
the vector (kn, q, p)—that is, the n − 1 signal and idler
indices from kn, together with the additional indices q
and p . The quantity Perm(J̃(kn,q,p)) is the 2n-photon wave
function, whose modulus squared describes the probabil-
ity of generating n pairs of signal-idler photons at the
2n times specified by the indices in (kn, q, p). From Eqs.
(14) and (16) it follows that P1(ts,q, ti,p) = |J̃ |2qp . Being
a bosonic field, Pn is invariant under any permutation
of signal(idler) photons—corresponding to rows(column)
swaps—which is reflected in the symmetry properties of
the permanent function. The sum in Eq. (16) runs over all
the indices except (q, p). This marginalization process over
an increasing number of photons progressively masks the
correlations in the emission time of each pair of signal-
idler photons described by J̃ . Indeed, as the number of
photon pairs n increases, there is an increasing probability
that the signal and the idler photons detected at time ts,q and

ti,p belong to different pairs, hence to uncorrelated emis-
sions. To support this intuition, we computed Pn up to n =
10 through Monte Carlo simulations, and we evaluated
its fidelity with the product of the marginalized probabil-
ities P(s)

n (ts) = ∫
Pn(ts, ti)dti and P(i)

n (ti) = ∫
Pn(ts, ti)dts.

This fidelity increases monotonically with n (see
Appendix).

Moreover, the similarity between successive distribu-
tions also increases with n, as indicated by a decreas-
ing energy distance between Pn and Pn+1 for large
n [38], suggesting convergence toward a limiting dis-
tribution (see Appendix). This indicates a strategy for
approximately recovering the time correlations described
by P1(ts,q, ti,p) = | ˜Jqp |2 from measurements of pqp and the
time-resolved four-fold coincidences pqpmn, which consists
in the following steps:

(1) Measure the time-resolved two-photon coinci-
dences Ñqp , and normalize them to obtain the coincidence
probability pqp = Ñqp/

∑
qp Ñqp .

(2) Measure the time-resolved four-photon coinci-
dences, and normalize them to obtain the probabilities
pqpmn

(3) Measure the signal and idler losses ηs(i) from the
output waveguide to the detectors, which include the
escape efficiency of the resonators, and use Eq. (A6) to
calculate h(m)

n . In addition, calculate the quantity αopt given
by Eq. (A13) from the measured average number of photon
per pulse and from the previously calculated h(m)

n .
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(4) Approximate P1, hence the JTI, up to corrections
arising from triple and higher order pair contributions, as

P1(ts,q, ti,p)=
(

pqp − αopt

∑
mn

pqpmn

)
[h(1)

1 ]−1 + O(triples).

(17)

The full derivation is left to the Appendix. We now test
this procedure for two different configurations. We first
set �p = 0 and the pump energy to 1650 pJ, and show
pqp in Fig. 9(a). If this distribution is erroneously inter-
preted as |J̃|2, the corresponding upper bound to the purity
would be 0.92(1). In contrast, the upper bound calcu-
lated from the simulation, shown in Fig. 9(c), is 0.75.
We then recorded the time-resolved four-photon coinci-
dences pqpmn, and used them in Eq. (17) to approximate
|J̃qp |2. The result of the four-photon correction is shown
in Fig. 9(b). Compared to the raw coincidence measure-
ment shown in Fig. 9(a), the JTI is now qualitatively more
similar to the simulation in Fig. 9(c), but reveals a time
correlation between the signal and the idler photons that
was originally blurred in Fig. 9(a) by multiphoton con-
tamination. This observation is quantitatively supported by
the decrease of the upper bound to the purity, which is
now 0.79(2). In a second configuration, we set the pump
power to 800 pJ and �p = �opt, and show the raw two-
fold coincidences in Fig. 9(d), the JTI—approximated by
using four-photon corrections—in Fig. 9(e), and the simu-
lation in Fig. 9(f). The average number of photons in this
configuration is 〈ns〉 ∼ 3. The upper bound to the purity is
0.99(1) in Fig. 9(d), 0.94(1) in Fig. 9(e) and 0.89 in Fig.
9(f). Also in this case, the four-photon correction brought
up correlations which were hard to detect in Fig. 9(d), but
clear in the simulation. The discrepancy between the the-
ory and the experiment is due to triple and higher-order
pair contributions, which impact since 〈ns〉 is high.

Discrepancies could be further reduced by incorporat-
ing in Eq. (17) a correction term which is proportional to
the time-resolved six-fold detections (see Appendix), yet
this would require measuring the six-fold detections with a
high signal-to-noise ratio to avoid error amplification. The
low rates of six-fold events prevented us from collecting
sufficient statistics, hence we limited our analysis only to
four-photon correction.

IV. DISCUSSION

One of the key findings from the previous sections is
that, for each value of the pump pulse energy, there exists
an optimal pump frequency detuning that simultaneously
maximizes both the output photon flux and the spectral
purity of the marginal beams. Specifically, within the inter-
val shown in Figs. 4(a) and 4(b) and at � = �opt, the
generated photon flux grows quadratically with the pulse
energy. However, this trend contrasts markedly with that

of quadrature squeezing ξλ,out observed in each of the
N squeezed supermodes λ at the output waveguide. The
output squeezing ξ out

λ is related to the internal squeezing
amplitudes ξ as

ξλ,out = −1
2

ln
(
1 − pe + pee−2ξλ

)
, (18)

which implies an upper bound: ξmax
out = − 1

2 ln (1 − pe) ∼
6.2 dB. Using the methods described in the Appendix, we
simulated ξ and ξ out as functions of the pump pulse energy
for both �p = 0 and �p = �opt. The results, shown in
Fig. 10 for the dominant squeezed supermode, indicate that
ξout saturates at 5 dB for �p = 0, and at 5.7 dB for �p =
�opt, i.e., a modest improvement with pump detuning.
Notably, this performance gap is expected to widen with
increasing escape efficiency [22]. In contrast, the internal
squeezing ξ reaches up to 14 dB for �p = �opt, over 4
dB higher than what is achievable at �p = 0. This sug-
gests that combining a detuned pump with higher escape
efficiency could significantly enhance the extraction of
quadrature squeezing from the resonator. In addition, opti-
mizing the pump duration or temporal shape—such as
introducing a frequency chirp—could further help saturate
the bound ξmax

out set by the escape efficiency.
Finally, it is worth noting that in the case of dual-

pump SFWM [6], the optimal strategies may differ from
those discussed here. This is due to the distinct effects of
SPM and XPM on the two pumps and on the degenerate
squeezed modes. Exploring how key source metrics, such
as squeezing strength, Schmidt number, and state purity,
depend on the detuning, duration and shape of both pumps
would be highly valuable for CV quantum computing
applications [3,10].

FIG. 10. Quadrature squeezing of the dominant Schmidt
supermode as a function of the pump pulse energy. The dashed
lines correspond to the internal squeezing ξ , while the solid lines
to the squeezing at the output waveguide ξout. The gray dashed
line is the upper bound ξmax

out set by the finite escape efficiency of
the resonator.
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V. CONCLUSION

In this work, we presented a comprehensive character-
ization of pulsed squeezed light generation in a silicon
nitride microresonator, focusing on the transition from the
low to the high-parametric gain regime, where SPM, XPM,
and time-ordering corrections in the squeezing Hamilto-
nian cannot be neglected.

We observed several characteristic indicators of the
high-gain regime, including a local maximum in the sig-
nal/idler generation rate as the input pump power var-
ied, high spectral purity under detuned pump excitation,
and the appearance of a broad pedestal in the first-order
coherence function, indicative of spectral splitting in the
single-photon spectra caused by self-phase and cross-
phase modulation (SPM and XPM). All the experimental
results are supported by theoretical simulations, aligning
very well with the observations.

Our main finding is that, for a resonator with anomalous
dispersion, for each pump power there is an optimal pump
frequency detuning that maximizes the generation rate and
simultaneously leads to high spectral purity. We also found
that, at the optimal detuning, pulse durations longer than
the cavity lifetime increase the generation rate for a fixed
pulse energy without significantly reducing the spectral
purity. As a final step, we showed that time-resolved coin-
cidence measurements are ineffective for estimating the
JTI in the high-gain regime due to multipair contamination.
We addressed this problem by proposing and validating
an error-correction strategy that uses the marginal proba-
bility distributions of time-resolved multiphoton events to
correct coincidence measurements, allowing us to recover,
to some approximation, the time correlations predicted by
the JTI. Our results deepen the understanding of microres-
onators as sources of nonclassical light in a regime of great
relevance for continuous-variable quantum computing and
sensing, providing a practical strategy for optimizing and
characterizing their performance.
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APPENDIX: HIGH-ORDER PAIR CONTRIBUTION
TO COINCIDENCE MEASUREMENTS

1. Simulation of the arbitrary gain JTA through the
master equation

The simulation of the JTA is performed using the
open-access Python library QuTiP. To accomplish this,
we first calculate the second-order moment M (t, t′) =
〈bs(t)bi(t′)〉 = (γe/pe)〈cs(t)ci(t′)〉 [19] by solving Eq.
(6) for ρ(t) and by evaluating 〈cs(t)ci(t′)〉 using the
QuTiP.correlation_2op_2t function [28]. In prac-
tice, M (t, t′) is sampled over a finite N × N grid of points
separated by the discretization step �t, i.e., we calculate
the matrix elements Mpq = M (t0 + p�t, t0 + q�t), where
t0 is an arbitrary offset. We then use the Williamson’s
theorem and the Bloch-Messiah decomposition to formally
write a joint decomposition of the second-order moment
as [19]

M (t, t′) =
∑

λ

sinh (ξλ)

2
f (s)
λ (t)f (i)

λ (t′), (A1)

and connect the functions f (s,i)
λ (t) and the squeezing

parameters ξλ to the singular value decomposition Mqp =∑
λ DλP(s)

λq (P(i)
λp)

∗ using the relations [39]

Dλ = sinh(2ξλ)

2�t
,

P(s)
λq =

√
�tf (s)

λ (t0 + q�t),

P(i)
λp =

√
�t(f (i)

λ )∗(t0 + p�t).

(A2)

The columns of the matrices P̃(s) and (P̃(i))∗ are the Fourier
transform of the respective columns of the matrices P(s)

and P(i), i.e., they represent the squeezed temporal modes.
The multimode squeezed state at the point denoted by a
star in Fig. 1(a) is given by [19]

|�HG〉 = exp
(∫

J̃ (t, t′)b†
s (t)b

†
i (t

′) − h.c
)

|vac〉 , (A3)

where J̃ (t, t′) = ∑
λ(ξλ/2)f (s)

λ (t)f (i)
λ (t′) and we used the

same notation of Eq. (14) as the latter represents the dis-
cretized version of Eq. (A3) expressed in the time domain.
It follows that J̃qp = ∑

λ RλP(s)
λq (P(i)

λp)
∗, where

Rλ = arcsinh(2Dλ�t)
2�t

(A4)

and ξλ = 2�tRλ = arcsinh(2Dλ�t). The JTA is calculated
over a square grid of 50 × 50 points, using a discretization
step of 80 ps.
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2. Calculation of the marginalized time of arrival
probabilities

Once that the JTA matrix J̃ has been calculated, Eq.
(16) can be used to evaluate the marginal probability
Pn(ts,q, ti,p) to generate a signal photon at time ts,q and an
idler photon at time ti,p when n pairs are produced. Since
the marginalization involves integration over n − 2 dimen-
sions, the computational cost scales asO(N n) and becomes
rapidly intractable to be run in a standard laptop already
at n = 4. Therefore, the sum in Eq. (16) is computed by
Monte Carlo integration. Specifically, we used the stan-
dard Metropolis-Hastings algorithm to sample from the
n-dimensional distribution |Perm(J̃(kn,q,p))|2. The simula-
tions reported in Fig. 9 used Markov chains with 80 000
samples, a burn-in period of 1000 samples, and thinning
factor of 200. These parameters were found to be sufficient
to reach the stationary distribution and eliminate sample
correlations. After integration, the samples are rebinned
into a 50 × 50 grid to increase the number of samples per
each bin.

To model the detection probabilities h(1)
n (ηs, ηi), we con-

sider that each of the n signal(idler) photons in the bus
waveguide has a probability ηs(i) of reaching a specific
photodetector, and 1 − ηs(i) of being lost due to channel
losses or routed into a different output. For example, in Fig.
1(b), the number of output channels for the signal(idler)
photon is NC = 2. Thus, the probability that exactly k sig-
nal(idler) photons arrive at specific photodetector is given
by the binomial distribution

(n
k

)
ηk

s(i)(1 − ηs(i))
n−k. From

this, the probability that at least one signal and one idler
photon are detected by the SNSPD threshold detectors
(triggering a coincidence event) is

h(1)
n (ηs, ηi) =

n∑
ks=1,ki=1

(
n
ks

)(
n
ki

)
ηks

s η
ki
i

× (1 − ηs)
n−ks(1 − ηi)

n−ki . (A5)

Similarly, this argument can be extended to express the
probability h(m)

n that, given n photon pairs are generated,
at least m signal and m idler photon are detected, as

h(m)
n (ηs, ηi) =

∑
ks=1m,ki=1m

�(ks|n, ηs)�(ki|n, ηi)

× θ

⎛
⎝ m∑

j =1

ks,j − n

⎞
⎠ θ

⎛
⎝ m∑

j =1

ki,j − n

⎞
⎠ ,

(A6)

where �(k|n, η) is the multinomial probability of get-
ting the outcome k = (k1, . . . , km) with success probabil-
ities η = (η1, . . . , ηm) in n independent trials and θ is the
Heaviside function.

3. Energy distance test and correlations in the
marginal distributions Pn

The energy distance D2(F , G) represents a statistical
distance between two (generally multivariate) probability
distributions F(u) and G(v) [38]. For m samples drawn
from F and n from G, D2(F , G) can be calculated as

D2(F , G) = 2A − B − C, (A7)

where the quantities A, B, and C are given by

A = 1
mn

m∑
i=1

n∑
j =1

‖Xi − Yj ‖,

B = 1
m2

m∑
i=1

m∑
j =1

‖Xi − Xj ‖,

C = 1
n2

n∑
i=1

n∑
j =1

‖Yi − Yj ‖,

(A8)

and ‖ · ‖ is a metric distance (for example, the Euclidean
distance) between two samples. It can be shown that
D2(F , G) ≥ 0, where the sign of equality holds if and only
if F = G [38]. From the energy distance D2, one can con-
struct a statistical permutation test to assess whether the
two distributions are equal—this forms the null hypothesis,
with an associated p value. We used this test to demon-
strate that the marginalized probability distributions Pn,
defined in Eq. (16), become progressively more similar
as n increases, eventually converging to a limiting distri-
bution as n → ∞. We simulated Pn for a pump detuning
�p = 0 and a pulse energy ε = 1650 pJ, showing the
resulting distributions in Fig. 11(a) up to n = 9. We then
set F = Pn(ts, ti), G = Pn+1(ts, ti), and performed the sta-
tistical energy distance test by using the Python library
Hyppo [40]. The returned values of the p value for each
pair of distributions (Pn, Pn+1) are shown in Fig. 11(b) as a
function of the sample size. At a significance level of 1%,
the null hypothesis is already accepted for n = 4, indicat-
ing that samples from P4 and P5 are likely drawn from the
same underlying distribution. This trend is also evident in
Fig. 11(a), which shows a clear convergence toward a lim-
iting distribution for increasing n, with minimal differences
from Pn to Pn+1 for n ≥ 4.

Furthermore, Fig. 11(a) reveals that the correlation
between the arrival times ts and ti diminishes as n
increases. We quantified the similarity between Pn(ts, ti)
and the product of the marginalized probabilities P(s)

n (ts) =∫
Pn(ts, ti)dti and P(i)

n (ti) = ∫
Pn(ts, ti)dts by evaluating the

fidelity Fn as

Fn =
∫

Pn(ts, ti)(P(s)
n (ts)P(s)

n (ts))dtsdti(∫
Pn(ts, ti)2dtsdti

∫
(P(s)

n (ts)Pn(ti)(i))2dtsdti
) 1

2
.

(A9)
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(a)

(b) (c)

FIG. 11. (a) Markov-chain Monte Carlo simulations of the probability distributions Pn(ts, ti) in Eq. (15), where n labels the number
of generated pairs. (b) P values of the energy distance test of similarity between the probability distributions (Pn, Pn+1) as a function
of the sample size. The dashed line marks 1% of the confidence value. Above this threshold, the test is considered to fail and the two
distributions are considered to be indistinguishable. (c) Fidelity between Pn(ts, ti) and P(s)

n (ts)P(i)
n (ti), where P(s(i))

n (ts(i)) is the probability
distribution calculated by marginalizing Pn(ts, ti) over the signal(idler) photon arrival time. The two insets show a comparison between
these quantities for n = 1 and n = 9.

This quantity is shown in Fig. 11(c) as a function of n.
For n > 4, F > 98%, while for n = 9 the distribution P9
becomes almost indistinguishable from P(s)

9 P(i)
9 and F >

99.9%.

4. JTA correction from higher-order photodetections

The aim of this section is to derive Eq. (17) of the main
text, which approximates the time correlations P1(ts, ti) =
|J̃ (ts, ti)|2 up to triple pair contributions. We start by
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defining P2(ts,q, ti,p) = r2p̄qp , where r2 is the probability of
generating two pairs and p̄ is a normalized probability dis-
tribution, and write Pn as Pn(ts,q, ti,p) = rn(p̄qp + δp̄ (n)

qp ) for
n ≥ 3, where δp̄ (n)

qp is a small perturbation to p̄qp , which
allows one to write Eq. (15) as

pqp = h(1)

1 P1(ts,q, ti,p) +
(∑

n≥2

h(1)
n rn

)
p̄qp +

∑
n≥3

rnh(1)
n δp̄ (n)

qp ,

(A10)

and the marginalized four-photon probability as

∑
mn

pqpmn =
(∑

n≥2

h(2)
n rn

)
p̄qp +

∑
n≥3

h(2)
n rnδp̄ (n)

qp , (A11)

where h(2)
n can be calculated from Eq. (A6) and is the prob-

ability that, given the generation of n photon pairs, at least
two signal and two idler photon are detected. By multiply-
ing Eq. (A11) by a scaling constant α and by adding the
result to Eq. (A10), one obtains

pqp + α
∑
mn

pqpmn = h(1)

1 P1 +
(∑

n≥2

rn(h(1)
n + αh(2)

n )

)
p̄qp

+
∑
n≥3

rn(h(1)
n + αh(2)

n )δp̄ (n)
qp . (A12)

By setting

α = αopt = −
∑

n h(1)
n rn∑

n h(2)
n rn

, (A13)

one can cancel the first term on the right-hand side of Eq.
(A12), which then reduces to

pqp − αopt

∑
mn

pqpmn = h(1)

1 P1 +
∑
n≥3

rn(h(1)
n + αopth(2)

n )δp̄ (n)
qp ,

(A14)

which is precisely Eq. (17) of the main text, where we
defined

O(triples) = −[h(1)

1 ]−1
∑
n≥3

rn(h(1)
n + αopth(2)

n )δp̄ (n)
qp .

(A15)

Therefore, the error in the estimation of P1 from the four-
photon corrected coincidences has the leading term, which
depends on the contribution of triple pairs. We now show
that by incorporating an additional correction term to Eq.
(A12), arising from six-fold coincidences, the error in the
estimation of P1 can be reduced from O(δp̄ (3)

qp ) toO(δp̄ (4)
qp ).

To this end, we write the marginalized six-photon proba-
bility as

∑
mnrs

pqpmnrs =
(∑

n≥3

h(3)
n rn

)
p̄qp +

∑
n≥3

h(3)
n rnδp̄ (n)

qp , (A16)

where h(n)

3 is the probability that, given n photons pairs are
generated, at least three signal and three idler photons are
detected, and whose expression is given in Eq. (A6). By
multiplying Eq. (A16) by a scaling constant β and adding
it to Eq. (A10) one obtains

pqp + α
∑
mn

pqpmn + β
∑
mnrs

pqpmnrs = h1P1

+
(∑

n≥2

rn(h(1)
n + αh(2)

n + βh(3)
n )

)
p̄qp

+
∑
n≥3

rn(h(1)
n + αh(2)

n + βh(3)
n )δp̄ (n)

qp . (A17)

By linear inversion, one can determine values α = αopt and
β = βopt that cancel the second term on the right-hand side,
such that h(1)

n + αopth(2)
n + βopth(3)

n = 0 for n = 3. Thus, by
applying both four-fold and six-fold correction to coin-
cidence events, the error in the estimation of P1 can be
improved from O(δp̄ (3)

qp ) to O(δp̄ (4)
qp ). This approach can

be generalized to higher-order corrections: for example, by
using up to m-fold coincidences, one can eliminate error
terms up to O(δp̄ (m)

qp ). However, caution must be exer-
cised in the linear inversion process. For fixed n, the terms
h(m)

n become vanishingly small with increasing m. Intu-
itively, the probability that m photon pairs are detected
given that n pairs are generated scales approximately as
(ηsηi)

m, making the inversion problem increasingly ill
conditioned. As a result, sampling noise in the m-fold coin-
cidences used to correct pqp can be strongly amplified,
potentially leading to artifacts in the reconstructed JTI. To
mitigate this issue, methods that avoid direct inversion or
incorporate additional physical constraints to the JTI, such
as non-negativity and normalization of the JTI, could be
employed. However, exploring such strategies is beyond
the scope of this paper.
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