PHYSICAL REVIEW APPLIED 26, 034021 (2026)

Passive quantum interconnects: Multiplexed remote entanglement generation
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We propose a time- and wavelength-multiplexed remote atom-atom entanglement generation protocol based
on cavity-assisted photon scattering (CAPS). This is designed to achieve a high rate and high fidelity with
robustness to operational imperfections, parameter fluctuations, and auxiliary time costs, such as percent-level
photon impurity, timing and cavity parameter jitter, and atom shuttling time costs. We benchmark this protocol
using comprehensive analytical and numerical modeling of the atom-cavity dynamics, including state-
dependent pulse-delay effects, photon temporal impurity, atom-cavity system parameter fluctuations, and
crosstalk among atoms through a shared cavity mode. With realistic atom-cavity system performance, we
predict 2 x 103 s~! successful atom-atom Bell pair generation even without in-cavity qubit reset, substantially
enhanced from two-photon-interference-based protocols, at a predicted heralded fidelity of 0.999. We further
show that the predicted rate scales further by the use of wavelength multiplexing while maintaining the fidelity.
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I. INTRODUCTION

Construction of large-scale fault-tolerant quantum com-
puters is one of the central goals of quantum technologies.
The required number of physical qubits for various clas-
sically intractable problems is estimated to exceed millions,
due to the overhead associated with quantum error correc-
tion [1,2]. Building such systems within a single monolithic
device presents substantial technical and architectural
challenges. Modular architectures that interconnect smaller
quantum processors via optical links offer a promising
and practical solution [3-5]. Beyond scalability, high-
performance optical interconnects enable a broad range
of applications such as blind quantum computing [6], long-
baseline quantum sensing [7,8], and long-distance quantum
communication [9]. The key performance metrics of such
interconnects are the fidelity and the rate of remote
entangled qubit pair generation. High fidelity reduces the
large overhead for entanglement distillation required for
fault-tolerant operation [10], while a high rate ensures
sufficient bandwidth for intermodule gate execution [5].
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For atomic qubit platforms, such as neutral atoms and
trapped ions, conventional photon-emission-based proto-
cols proceed with an atom-state-dependent emission of
photons into separate modes, such as polarization, time-
bin, and frequency modes, which are detected after the
two-photon interference at beamsplitters, for a heralded
generation of maximally entangled states of atomic qubits
with a practical upper bound of 50% success probability
[11,12]. Both high fidelity and rate are expected with the aid
of optical cavities [5,13,14]; however, this requires fine
tuning of the atom-photon coupling strengths of the two
parties [13,15], careful management of the emission-induced
recoil effect [15], fast, high-power excitation laser pulses
with stringent intermodule synchronization requirements
[13,15], and many rounds of entanglement trials [5,13,16].

To address these challenges, an attractive alternative
for remote entanglement generation is based on the reflec-
tion of light pulses from the one-sided cavity for a
controlled phase flip gate between atomic and photonic
qubits [17-20], which we call the cavity-assisted photon
scattering (CAPS) protocol. This has several critical advan-
tages, such as robustness against various imperfections,
including mismatches and fluctuations in atom-cavity
parameters across the network, operation without the need
for fast atom excitation pulses, a higher success probability,
and the absence of the need for intermodule synchroniza-
tion [21,22]. The flexibility of the CAPS gate also allows for
a wider variety of applications, including heralded memory
loading, photon-photon gates, nondestructive photon detec-
tion, and remote atom-atom gates [23-28].
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Despite these advantages, the CAPS-based remote
entanglement generation protocol is considered, within
the conventional framework, to demand optical cavities of
exceptionally high quality for high-fidelity operations [29—
31]. Furthermore, the imperfections of the single photon
used to mediate the entanglement, which are inherent in
realistic implementations, are not well investigated, leav-
ing the evaluation under practical settings open. The
fidelity of CAPS-based networking operations is also
currently known to degrade rapidly with shorter optical
pulses, resulting in a fundamental rate-fidelity tradeoff
with unfavorable scaling [17,32]. It is also unclear whether
the time-multiplexed operations with many atoms, known
to enhance the entanglement generation rate by orders of
magnitude compared to that of single-atom network nodes
[5,13,16], will be realistic for the CAPS-based approach.

To resolve these issues, we develop a comprehensive
theoretical framework to design and evaluate high-rate,
high-fidelity CAPS-based atom-photon interactions. This
framework incorporates a wide variety of imperfections,
such as losses and group delay of photon wavepackets
upon reflection from the cavity, the effect of mixed
temporal modes of the photon (photon impurity), cavity
and photon spectral shifts, finite spectral width of the input
photon, as well as cavity-mode-induced crosstalk in the
case of multiple atoms coupled to the cavity for time-
multiplexed operations; so far, no such theoretical frame-
work has been available, and we further incorporate
several critical challenges that were previously overlooked
by developing a comprehensive evaluation procedure for
CAPS-based multinode networking. This allows us to
propose concrete protocols to mitigate these error sources
and, furthermore, to identify novel CAPS-based protocols
that overcome limitations in practical implementation and
reduce the required hardware (for example, by eliminating
the need for an independent photon source), as well as to
demonstrate their performance in realistic settings.

Consequently, our work simultaneously enhances the
performance of cavity-based quantum interconnects while
reducing the required hardware performance compared to
commonly employed two-photon-interference protocols.
By establishing asynchronous, “passive” quantum inter-
connects with tolerance for varying device parameters and
a wide range of imperfections, our proposed protocols
enable the scalable implementation of large-scale quantum
networks.

II. HIGH-FIDELITY CAVITY-ASSISTED
PHOTON SCATTERING

In this section, we first review the conventional CAPS
protocol and integrate several recent advances for
improved fidelity of CAPS operation into a common
framework, along with an experimentally implementable
optical layout for error mitigation techniques. Figure 1(a)
illustrates the CAPS protocol in a conventional setting. An

incoming polarization-encoded photonic qubit, |w) =
alH), + p|V) . is sent to a polarizing beamsplitter (PBS)
that first splits the two polarization components: the
V-polarized component is reflected off the PBS to be
routed to the cavity mirror (dotted arrows). After the
reflection from the cavity and passing through the PBS
again, the V-polarized component is recombined with the
H-polarized component that reflects off the PBS and is
routed back by standard mirrors (dashed arrows). Inside
the one-sided cavity, a three-level atom with internal states,
|0),. 1), and |e),, is coupled to the cavity mode through a
|1), <> |e), transition that is resonant with the cavity.
When the cavity, the photon, and the atomic transition are
all on resonance, the photon reflecting off the cavity mirror
acquires a & phase shift if the atom is in |0),. Combined
with the optical layout illustrated in Fig. 1(a), a controlled-
phase (Cz) gate between the atomic and photonic qubits is
possible in a passive manner with no synchronization
required, which we call the CAPS gate [17]. Henceforth,
we may relabel the photonic basis states as |0), = |H),
and |1), = |V), unless stated otherwise.

Below, we propose a high-fidelity CAPS protocol by
identifying and canceling several leading-order error
sources, using a modified layout [Fig. 1(b)]. The atomic-
state-dependent reflection functions of resonantly coupled
atom-cavity systems are given by [32,34,35]

—Keox + Kjy — IA
rO(A): KeJrK- — A’
_K'ex—i_’cin_iA }/_ZA +92
n(a) = fr= 1) m

(Kex + Kip — lA)(}/ - lA) + g2 ’

where A is the detuning of the incident-photon frequency
from the atomic transition. See Fig. 1 for the definition of
the other parameters. Here, we analytically investigate the
zeroth- and first-order errors in A, which constitute the
dominant noise sources in the CAPS gate, and their
mitigation by tuning the system parameters. Higher-order
effects are evaluated by numerical simulations pre-
sented later.

The zeroth-order error, independent of the photon
temporal envelope, represents the total photon loss and
the unbalanced atomic-state-dependent loss, i.e., |r;(0)| <
1(j€{0,1}) and |r(0)| # |r (0)|. To eliminate this error,
one can tune the output coupling strength «,,, which is
implementable by adjusting the (effective) cavity mirror
transmittance, to [29]

kP =k /1+2C,,, (2)

which balances the losses, as shown in Fig. 1(c). In
particular, on resonance,
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FIG. 1. High-fidelity CAPS gate. (a) CAPS protocol. A [1), <>
le), transition of a three-level atom is resonantly coupled to a
one-sided optical cavity with coupling rate g. The cavity
interfaces with the propagating mode at rate k., with internal
loss at rate k;,, while the decay rate of the excited state of the
atom |e), is y. An incoming polarization-encoded photonic qubit
(top) is split at a first polarizing beamsplitter (PBS): the initially
V-polarized component is routed to a one-sided cavity through a
quarter-wave plate (QWP), reflected off from the cavity and back
to the device toward the output port (dotted arrows), while the
H-polarized component first transmits through the PBS, QWP,
and a mirror, before reflected from the PBS to be recombined
with the other polarization mode (dashed arrows). Overall,
this protocol implements a Ccz gate between the atomic qubit
(encoded in {|0),,|1),} basis) and a photonic qubit [17,33].
(b) High-fidelity CAPS gate implemented with a modified
optical layout (green rectangle). A controllable photon loss is
induced for the initially H-polarized mode by a half-wave plate
(HWP); a single-photon detector (SPD) heralds gate failure
without disturbing the atomic qubit (see text). The calibrated
path delay 7., is introduced to cancel the effect of pulse delay
arising from the cavity dispersion. (¢) Cavity reflectivity |r;(A)[*
as a function of the detuning A/y for atomic states |j), = |0),
(blue) and [1), (green) with an optimized cavity-QED system
that satisfies Egs. (2) and (6) with C;, = 100. Both reflectivities
match at A =0 as (r°")? (dashed line). (d) Phase shift upon
cavity reflection, arg(r;(A)). At A = 0, the phase difference is
exactly x, and both slopes match as y74e,y (dashed lines).

2
1+1+2GC,

Here, C;, = g*/(2ki,y) is the internal cooperativity, quan-
tifying the internal-loss-limited quality of the atom-cavity
system [36]. With the adjustment of the reflection ampli-
tude ry, for |0),, where necessary, this enables the
cancellation of the zeroth-order error.

The first-order error arises from the atomic-qubit-
dependent pulse delay, resulting in an incomplete overlap
of the reflected photon and inducing a substantial error in
CAPS operations with realistic finite-duration pulses [32]
(see Appendix A and Fig. 7). Such an error can also be
canceled by tuning the coupling rate as [32,37]

ke = \/K% + 2pkin + &P 4)

resulting in an atomic-state-independent pulse delay [see
Fig. 1(d)]

—r0(0> =n (0) =1 rOPt. (3)

Tdelay — # . )
Kex = Kin
To ensure that the H- and V-polarized photons also
overlap, we further introduce the calibrated delay of the
H-polarized photon, 7,, = 7414y, using the optical layout as
shown in Fig. 1(b).

It is possible to meet the two independent requirements
for ke in Egs. (2) and (4), i.e., k%' = x22®, by tuning the
ratio between the atomic decay and cavity internal-loss
rates,

Kin _ 1+ Gy, ’ ©)

4 Cin
which is possible by an appropriate design of the resonator
length L,, [32]; this is because, while k;,, strongly depends
on the length (kj, < 1/Lg,y), y remains constant for
varying cavity lengths, and so does C;, for optical cavity
designs with negligible propagation loss [5,38—40]. The
optimal cavity length is given by (see Appendix A, as well
as Ref. [32])

1 oy C
14+ Cin A 2y’

opt __
cav —

(M

where o is the resonant absorption cross section, A is
the effective mode area, and c is the speed of light. The
resulting optimal values are typically on the order of
centimeters to several tens of centimeters, representing a
typical operating regime for several cavity implementa-
tions such as bow-tie cavities [41,42], Fabry-Pérot
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TABLE L. Summary of protocols for generating remote entanglement on two qubits via photons. The symbols P, and Pﬁgen denote
the emission probability of photon sources and that of atom-photon entanglement sources in a single trial, respectively.

Protocol Success probability Heralded fidelity Hardware requirements

Remote cz gate PoenPrg > (1 — \/m )Pgen pOCP:PS see Refs. [29,30] Photon source, two atom-cavity systems
(Eq. (3)]

Sequential CAPS [Fig. 2] P 2 Py, PEFXPS [Eq. (12)] F.. [Eq. (13)] Photon source, two atom-cavity systems

Emission-CAPS [Fig. 3] P, = P/gen POCIXPS [Eq. 21)] F.. [Eq. (23)] Two atom-cavity systems

Two-photon interference [Fig. 3] P~ (P:ge“)2 /2 [Eq. (24)] F.. [Eq. (19)] Two atom-cavity systems

cavities [38,43], and nanofiber cavities [39,44], many of III. REMOTE ATOM-ATOM ENTANGLEMENT
which feature postfabrication length tuning capabilities. GENERATION VIA SEQUENTIAL CAPS GATES
This allows several leading-order errors in the CAPS gate
to be canceled, resulting in substantial gate fidelity
improvement even for realistic cavity qualities and pulse
durations (see Appendix A for a detailed performance
analysis). To see this in a more relevant setting, we
present a performance analysis of remote atom-atom
entanglement generation in the following sections; the
protocols we discuss and develop are summarized in
Table I, for reference.

Having established an optimized CAPS gate primitive
under realistic imperfections, we next examine the impact
of these errors at the protocol level by analyzing the
remote entanglement generation via sequential CAPS
gates [21] [Fig. 2(a)]. We first assume that we have
access to a perfect single-photon source and use this to
perform remote entanglement generation of atomic qubits
in two cavity-QED systems (Alice and Bob). We later

(a) (b) sV tyy ()
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P pbr)y 3
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FIG. 2. Remote entanglement generation with CAPS gates. (a) Schematic of the CAPS-based remote entanglement generation with
cavity-QED-based photon source. An atom-cavity system provides a single photon to be routed to other cavities for mediating atom-
atom entanglement. The atom coupled to the source cavity has three levels, |u),, |¢), and |g),, where excitation laser is used to excite to
le), from which the atom decays to |u),, or |g),,, with branching ratio py,, where py,, > 0 results in reexcitation-induced impurity of the
photon. (b) Autocorrelation function of the emitted photon, where the parameters for the source system are C;, = 10 and py,, = 0.5, and
the Rabi frequency is set to generate the Gaussian wavepacket photon with ¢, = 1/y. The dashed line is a guide to the eye to highlight
the small tail at the top right region. (c) Two primary eigenmodes v, (z) and v,(z) with the corresponding eigenvalues A; = 0.68 and
Ay = 0.025, respectively, (Pgen = > ¢ A = 0.72). The first mode closely matches the desired Gaussian function (dashed line), while
the second exhibits a significant deviation. (d) Success probability of the remote entanglement generation based on sequential CAPS
gates incorporating the source imperfection, where (g, y, ke, Kin) Characterize three cavity-QED systems with C;, = 100. The dotted

lines represent the analytical upper bound PgenPgﬂps. (e) Infidelity of the generated Bell pairs. Larger source imperfection,

characterized by p,, degrades generated Bell states; increasing o, suppresses the infidelity below 10~ even for high py,, leading to a
tradeoff between fidelity and success rate « P../o;.
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extend the analysis to a more realistic assumption of an
imperfect photon source, such as atom-cavity systems, as
illustrated.

Conventionally, remote atom-atom operation via CAPS
is designed for a conditional remote Cz gate: this is
achieved by the successive reflection of an ancilla photon
from two cavity systems, with a HWP in the middle for the
Hadamard gate H »> photon detection heralds the success-
ful execution of the remote atom-atom ¢z gate [21,29,30].
If the two parties have the same atom-cavity systems with
internal cooperativity Cj,, the maximum success proba-

bility is given by [29]
Cin — )v/1 +2C,

in the long-pulse limit, that is, in the limit of infinitely
narrow spectral width of the photon.

In contrast, in most distributed operations, a simplified
heralded generation of maximally entangled qubit pairs
is often sufficient as a resource state to perform remote
operations, such as teleported remote CNOT gates
[5,45,46]. For this, the HWP between the two cavities
can be configured at an angle of z/4, i.e., we replace the
photonic Hadamard gate H » with the bit-flip gate X Pr
improving the success probability by negating the addi-
tional loss factor in P, as we describe below. Here,
Alice (A) and Bob (B) each prepare the atomic qubits in
[4+)A®) = (]0)A®) + |1)AB))/1/2, and the photon is in
|+) ,- For a sufficiently long pulse such that the reflection
function can be approximated by its resonant amplitude
ri(A) = r;(0), the total system evolves as follows:

Prg = (ropt)z |:1

) p ) 4B

first reflection

2(0),|+)A + 1), (=[0)A + (1)) 4
: +)
X, 2|1), |40 4 roP0)  (—|0)A 4 [1)A
& 2Lt 4 I2>p( 0)* + 1) )|+>B
second reflection r opt
~7 () p|@7)A8 + =), [F7)AP),
9

where [©*) = (0)|0) £[1)|1))/v2 and [¥*) = (|0)|1) £
|1)0))/+/2 represent the Bell states. Here, while the
photon is routed to two cavity systems, each polarization
component of the photon reflects off the cavity only once.
Photon measurement in the X basis projects the remote
two-qubit state onto the Bell states with a probability of

Pips = (172, (10)

improved from the conventional protocol with P,
in Eq. (8).

A. Finite spectral width of the ancilla photon

Beyond the idealized long-pulse limit, we incorporate
the effect of a finite spectral width of the photon by
considering a pure-state single photon with a frequency
spectrum f(A), which results in a photon emission
probability of Py, = [dA|f(A)[*. Following the con-
secutive reflections from two cavities, the click of detector
Jj = 0(1) for | + (—)), heralds the successful generation of
the atom-atom entangled state,

. 3D

. 1 A2 )
P =20 / an\f (2)' TO(A))T0(A)

with the detection probability

Pl = / 4 |f(§>|2 (X)) (2

where |Y()(A)) is the (unnormalized) two-qubit state
conditioned on photon detection in frequency A (see
Appendix D1 for the explicit form). Thus, the overall
success probability is Po. = ) ;o PY), and the condi-
tional average fidelity is given by

PR |p @) + P (P |l |w)

F =
« PR + P

(13)

B. Robustness against nonidentical systems

In a practical situation, Alice and Bob may have atom-
cavity systems that have different performances, which are
characterized by the reflection functions r*(A) and rB(A).
Even in this case, once Alice and Bob independently
calibrate their local delay lines 7 (q € {A,B}) to be the
same with the cavity-induced pulse delay in Eq. (5) and
further adjust mirror-path amplitudes i, < 1 by tuning the
angle 0, of HWP [see Fig. 1(b)], our protocol reproduces
the perfect Bell-state projection to leading order in A; the
projected atomic state is given by

FOPLA}"E] + (_ 1 )j rﬁ; ropt,B |(D_>
2
ropt,A rﬁ _ (_ 1 )jrﬁ ropt,B
2

TO(A)) =

[¥-) + O(A?).
(14)

This shows that the tuning of the mirror-path amplitudes
to satisfy roPAFB = pAroPtB — min(roPtA poPLB) recovers
the ideal Bell states at a success probability
of [min(roPbA, FOPLB)]2,
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C. Imperfect-purity photons

In a realistic single-photon source, such as quantum
dots, atomic emitters, and spontaneous parametric down-
conversion with photon detection [47], the emitted photon
is better described by a mixed quantum state. For a given
propagation mode, a quantum state ¢ containing at most
one photon is characterized by the temporal autocorrela-
tion function [48] (see Appendix C for more details),

g (1. 1) = Trla" (na(r)el. (15)

where a(r) is the instantaneous annihilation operator
of the propagating mode, which satisfies [a(t),a ()] =
5(r — ). The eigenmode decomposition

gV () = hi (v (r), (16)
k

provides information about how the photon population is
distributed among the mode basis {v, }; the photonic state
is a classical mixture in which the v, mode is occupied
with probability 4;. Thus, the overall fidelity and success
probability can be calculated by replacing |f(A)[> with
Sk v (A)]?, where v, (A) is the Fourier transform of
v (7). Finally, by using the following relation for an
arbitrary function A(A)

[ a3 ana)paa)

1 ) ,
:2—//dtdz’g“)(t, t’)/dA h(A)e=ib=) — (17)
T

we can evaluate the fidelity and success probability of the
sequential-CAPS protocol directly from the autocorrela-
tion function without the eigenmode decomposition.

D. Practical photon source:
Single atom in an optical cavity

As an exemplary photon source, we consider a cavity-
QED-based source. As illustrated in Fig. 2(a), a simple
three-level A-type atom is within an optical cavity, and a
classical laser field drives the transition |u), <> |e), with a
time-dependent Rabi frequency Q(z), which controls the
excitation amplitude. Simultaneously, the transition
le), <> |g), is coupled to the cavity mode with a coupling
strength g, enabling the emission of a photon into the
cavity field that is then leaked out from the cavity at a rate
Kex- This coherent combination of laser and cavity cou-
plings enables the generation of single photons with well-
defined temporal profiles, such as a Gaussian shape, at
high probability [49,50].

In this case, a major source of imperfection in the
generated photon is the reexcitation, where the excited
atom spontaneously decays back to |u), and is

subsequently reexcited for photon emission with a differ-
ent temporal profile than the desired one. This results in
mixed temporal modes with reduced purity [51-53]. To
quantitatively analyze the reexcitation effect, we numeri-
cally simulate the master equation that the source atom-
cavity system follows to directly obtain g(!)(z,7') (see
Appendix C for the details of the calculation method). We
show exemplary results in Figs. 2(b) and 2(c), to clearly
illustrate the impact of the reexcitation process. Here, we
set the time-dependent Rabi frequency Q(¢) following the
analytical expression in Ref. [50] that allows the gener-
ation of a photon with a Gaussian wavepacket. The
autocorrelation function should display a bivariate
Gaussian function in the case of no reexcitation (the
branching ratio py, = 0). However, finite p, results in a
small tail in the upper right due to the reexcitation effect
that results in delayed photon excitation with a disturbed
temporal mode. The eigenmode decomposition of
g (z,¢) in Eq. (16) further reveals the fractional occu-
pation of distinct temporal modes, as shown in Fig. 2(c).
The photon-source information g(!)(z, ') is fed into the
overall performance evaluation by using the relation (17),
as shown in Figs. 2(d) and 2(e). Here, the control pulse
Q(r) is again shaped to generate a photon with a Gaussian
temporal envelope, robust against temporal mode mis-
match [54], with a width &,. For the success probability,
Fig. 2(d) demonstrates the enhancement by replacing the
photonic Hadamard gate in the well-known setup of the
remote two-qubit gate with the X gate for Bell-state
generation. This also shows that overall success proba-
bilities saturate at 6, 2 1/ t0 PgenPiryps, With [36]
5 Kex g
ok @A (1= porr (19
For a larger branching ratio, the photon generation
probability increases [36,55] while the infidelity increases
due to the reduced photon purity [see Fig. 2(e)]. Even
in the case of high py,, it is evident that a longer-pulse
photon enables the infidelity to be below 107%; we
emphasize that this is evaluated with a realistic photon
source having a single-photon trace purity [56,57] of M :=
S A2/ )?* =097 (at 6, =5/y and py = 0.4)—
demonstrating the inherent robustness of the CAPS-based
protocol against an imperfect photon source. This is in
stark contrast to the two-photon-interference scheme,
which requires near-unity single-photon purity, as the
fidelity is determined as (see Appendix D for the deriva-
tion, as well as Refs. [58,59])

Fop= s, (19)

In contrast, the CAPS framework maintains high fidelity
even in the presence of realistic, nonideal photon sources,
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FIG. 3. Performance of the hybrid emission-CAPS networking.
(a) Schematic of the configuration consisting of the atom-
photon entanglement generation and the memory loading.
(b), (c) Success probability and infidelity of the hybrid network-
ing incorporating the imperfection of the initial atom-photon
entanglement generation process. The system parameters are the
same as Figs. 2(d) and 2(e), leading to the upper bound Pgen of
the atom-photon entanglement generation probability obtained
from (18) by replacing (g, k, ko) With (2g, 2k, 2k.,), respec-
tively. The dashed lines show the performance of photon-
interference-based networking for reference, obtained using
the same atom-cavity systems to generate the atom-photon
entanglement. In panel (b), the dotted lines show the upper

t
bound of the success probability Ppe,Pgaps.

allowing orders-of-magnitude improvement of the infidel-
ity, for example, below 0.99 for two-photon interference
and 10™* level for CAPS protocol, for the case of
M, = 0.97 as shown above.

IV. HARDWARE-EFFICIENT HYBRID
EMISSION-CAPS PROTOCOL

From the results of the previous section, we propose a
more hardware-efficient protocol for atom-atom entangle-
ment generation, motivated by the inherent robustness of
CAPS to finite photon impurity. In this protocol, the first
cavity is used to generate atom-photon entanglement,
while the second cavity functions as a memory-loading
interface for a photon entangled with the first atom,
resulting in a heralded generation of remote atom-atom
entanglement. This eliminates the need for an independent
photon source, as required in the protocol of the previous

section, while achieving the same task of generating
remote entangled atom pairs.

The proposed hybrid networking is illustrated in
Fig. 3(a). For the atom in the first cavity, we consider a
simple four-level system [60]. A time-varying excitation
laser is applied to the cavity-coupled atom for atom-photon
entanglement generation, resulting in [®*), . = (|0),|0) , +
[1),]1 >p)/\/§' The photon is sent to Bob’s cavity, and then,
qubit teleportation is executed using the CAPS gate, i.e., a
CAPS gate on Bob’s side followed by an X-basis meas-
urement of the photon [35] and a Hadamard gate applied to
Bob’s qubit, thereby yielding one of the atom-atom Bell
states |®*), = (|0),]0), +[1),]1),)/+/2 depending on the
detection outcome (see Appendix B for the details of the
memory loading).

More precisely, for a photon with a frequency profile
f(A), the click of the detector j = 0(1) for the photonic
state | + (—)), projects the two atoms onto

5 )P, ) el (7B (A
= — / an L BB () @) (@ff | [E3(A))',

Pee
(20)

with the detection probability

2 . .
Pl = [aa B oz ez@ied). e

where |<I>i(§)> = D7), |<I>i(;)> = |®+). Here, £B(A) repre-
sents the error operator acting on Bob’s qubit induced by
the frequency dependence of the reflection functions (1),
of which the explicit form is (see Appendix D for the
details)

rgl + ropt.B R rgl _ optB

E38) == —1,+ =

Z, +O(A?), (22)

such that the calibration of the mirror reflectivity as r2 =

roPtB results in the complete elimination of the first-order
effect on the fidelity, EB(A) = ro?B], 4 O(A?).
Similarly to the previous section, this protocol also
demonstrates robustness against photon impurity. To see
this, we characterize the emitted photon with the auto-
correlation function (15) for an end-to-end performance
evaluation (see Appendix C for the details). In Figs. 3(b)
and 3(c), we show the end-to-end success probability

P.. = ijo.l Pé’;) and average fidelity,
_ P(@ @) + P (@ o |0F)
POy

Fe. ., (23)

which includes the effect of the source imperfec-
tion, together with the corresponding performance for
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two-photon-interference-based protocol [12] where the
two cavities are configured to create atom-photon entan-
glement via photon emission, before the photon pair is
measured in Bell basis in the middle using beamsplitters
and photon detectors (see Appendix D for the details).

Hybrid networking presents much higher success prob-
abilities than photon-interference-based networking,
mainly due to the fact that it avoids the 50% upper bound
of the two-photon-interference-based Bell measurement
[61]; for an atom-photon entanglement generation prob-
ability Pge,, the success probability of the two-photon-
interference protocol is

)2l 2
Pee:( gze“) , (24)

while that of the hybrid protocol is approximately
PéenPg;PS. Moreover, Fig. 3(c) shows that hybrid network-
ing is highly robust against photon impurity—a feature
also shared by sequential-CAPS-based networking—since
neither protocol relies on two-photon interference. (An
excitation pulse with a duration much shorter than the
excited-state lifetime and large k., allows high-fidelity
networking with photon interference, albeit with a much
reduced photon emission probability [13].)

V. TIME- AND WAVELENGTH-MULTIPLEXED
CAPS NETWORKING

Even with the CAPS protocols presented above, which
exhibit high performance and robustness to errors, the
realistic implementation of quantum networks incurs addi-
tional time and operational constraints that substantially
limit the overall network performance. For example, qubit
shuttling is required to bring initialized qubits to the cavity
for trapped-atom platforms such as neutral atoms [62] and
trapped ions [63], which incur shuttling-time delays 7, of
up to hundreds of microseconds and limit the entanglement
generation rates to 1/z,, orders of magnitude slower than
the upper bound given by the success probability and the
photon pulse duration [5,13,16]. A practical solution is the
time-multiplexed operations with a cavity that hosts a
large number of individually addressable atoms [62], with
near-term designs recently proposed for operating over
200 atoms [5,13]. A crucial requirement of the high-
fidelity time-multiplexed operation is the careful manage-
ment of the crosstalk effect, achievable by inducing ac
Stark shifts to spectator qubits with addressable laser
beams [13,64]. In this section, we first analyze the cross-
talk error of CAPS gates in the presence of a large number
of spectator atoms that are detuned from the cavity
resonance, obtaining a simple analytical expression for
the detuning required for time-multiplexed CAPS oper-
ations. We then extend the analysis to the case of wave-
length multiplexing, exploiting the multiple resonant
frequencies naturally available, separated by the free

Shuttling time g

0
® 10 —oaTTy (c)
T \ ~—Cn=301 &
2@ 3 mw 102 .
1072 =
- . :
10 | “‘Elol _
1074 N E 1 il
10! 102 103 1 10 100

Aa/Ngy Nga

FIG. 4. Multiplexed CAPS operation. (a) Schematic of the
time-multiplexed operation. For an efficient use of the channel, a
large number of atoms (atom number N,) are shuttled to the
cavity in parallel, followed by the application of hiding beams to
all but one atom that performs a CAPS gate with an incoming
photon with temporal width o,. After the time window 5S¢, for the
first photon arrival, the hiding beam pattern is switched such that
another atom can then interact with the next incoming photon.
Once all atoms interact with their respective photon, the atom
array is transported out while the new array is brought into the
cavity mode for the next batch of operation. This operation is
highly efficient for larger N,,, while the network rate saturates for
7, < 50,N, [see panel (c)]. (b) Crosstalk-induced infidelity of
CAPS gates, evaluated by using Eq. (E4) for N, = 200 (solid
lines), which agrees well with the approximate expression given
by Eq. (26) (dashed lines). For high internal cooperativity
Cin = 100, choosing A,/(N,y) > 2 x 10> keeps the crosstalk
error below 1073, (c) Remote entanglement generation rate (27)
with time-multiplexed hybrid emission-CAPS networking
(Fig. 3) for varying N,. Here, we use realistic parameters
summarized in Table II, which motivated by "'Yb atoms coupled
to a low-loss nanophotonic cavity. The dashed lines represent the
intrinsic rate R;,.

spectral range. These modes are well separated but still
accessible by the large ac Stark shifts, thereby allowing
low-crosstalk parallel operation of the CAPS-based net-
working with a single optical cavity.

A. Time multiplexing

In time-multiplexed operation, we prepare N, atoms in
the cavity and operate a CAPS gate only on one of them,
which we label a target atom index k, while the other
N, — 1 atoms are shifted out of resonance by an amount
A,, as shown in Fig. 4(a). This operation is repeated for
each target atom k ranging from 1 to N, allowing each of
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the atoms to try the CAPS gate once. In this case, the
reflection coefficients with A = 0 are

") 2 —1
A =1 (e 4 )T (e o)

(25)

where m(< N, — 1) counts the number of spectator atoms
being in state |1),, and the last term mg*/(y + iA,)
represents the crosstalk effect due to the residual coupling
between spectator atoms and the cavity mode.

To quantify crosstalk-induced infidelity, we model the
CAPS gate as a quantum channel acting on the photonic
qubit and a register of N, atoms (see Appendix E for the
formal definition). Here, we consider a sufficiently long
pulse such that the absence of crosstalk results in the

channel fidelity F EN”) = 1, where the reflection amplitudes
are calibrated to r,, = r°"'; the crosstalk-induced error is

therefore quantified by the infidelity in the presence of the

crosstalk effect, 1 — F™*). For |A,| > N,g?/x,y, the
resulting infidelity approximates to (see Appendix E for
the derivation)

A 3 Nar\?
1—Fo“~=(14+>C, , 26
(+5e) () e

which is in excellent agreement with the exact result
applicable for finite detuning, as shown in Fig. 4(b). Since
Eq. (26) describes the fidelity of the operation performed
on N, atoms and a photon, the average fidelity measure
relevant for a single atom involved in one CAPS gate is

approximately [F, (Na )] I/Na,

In time-multiplexed operation, the N, qubits are pre-
pared in the cavity, e.g., by qubit shuttling, before the
CAPS gate is applied sequentially to each atom while
switching the addressable hiding laser beams to the
remaining N, — 1 atoms before being moved out for
subsequent operations. In this work, we consider the
simplest case of time multiplexing where each qubit
interacts with the channel only once, for a total of N,
CAPS protocols for the case of a N,-qubit register, while
in-cavity qubit resets can further enhance the overall
entanglement generation rates [5,13,16]. In this case,
the accumulated error per atom after the N, CAPS

operations approximates to 1 — F <CN”). Assuming a shut-

tling time z,, atom number N,, pulse separation of 5o,
(This ensures the overlap of two successive photon
temporal modes below 1073.) and a success probability
P for remote entanglement protocols, the resulting net-
work rate is

TABLE II. Summary of parameters for time-multiplexed

CAPS networking.

Parameter Symbol Value

Single-atom operation parameters

Intrinsic finesse Fint 2000

Free spectral range wgsr /27w 0.97 GHz

Internal cooperativity Cin 89

Cavity length Loy 11 cm [from Eq. (7)]

Atomic decay rate y/2x 0.24 MHz

Internal cavity loss rate Kin/27  0.24 MHz [from Eq. (6)]

External coupling rate Kex /27 3.2 MHz [from Eq. (2)]

Atom-photon coupling rate g/2x 3.2 MHz

Photon pulse width o, 310 ns

Branching ratio Phor 0.35

Impurity error 1 —F, 5x 1074

Success probability P 0.67

Intrinsic rate Ry 430 kHz

Time-multiplexed operation

Shuttling time T 100 ps

Number of atoms N, 56

Light shift A,/2m 3.9 GHz

Crosstalk error 1 — FWa  4x107* [from Eq. (26)]

Total rate R nux 200 kHz [Fig. 4(c)]
R (V) = —e2 Mo )

- 7, + 50,N, - it 7,/(56,) + N,’

while the intrinsic rate is R;,, = P/(50,).

This enables the evaluation of the required N, to achieve
a desired network rates; then, the necessary detuning A, is
identified. For a concrete evaluation, in Fig. 4(c), we show
the estimated rate of the hybrid emission-CAPS protocol
with the parameters in Table II, motivated by using the
telecom (°Py—’D;) transition of '7'Yb atoms coupled to
low-loss nanophotonic cavity [5,39]. Since we do not
implement in-cavity qubit cooling and resets, no feedback
operations on atoms within the cavity are required; the
dominant time cost on the networking rate arises from the
atom shuttling time 7,; the case of the single-atom
operation yields a rate of R (1) =6.6 kHz, a factor
of 65 smaller than the intrinsic rate of R;,, = 430 kHz. In
contrast, using N, = 56 atoms efficiently enhances the
total rate to 200 kHz. In this case, the required light shift to
realize the crosstalk error of 4 x 10™*is A, /27 = 3.9 GHz
from Eq. (26). Since the spectator atoms remain in the
ground state for the ideal operation, shining a hiding
beam on the transition between |e), and the other excited
state enables a large light shift with favorable scattering
error scaling, as demonstrated for qubit measurements
[64,65] and qubit gates [66]. More concretely, for '"'Yb
atoms, by using the 3D, (|e),) to 6s8p3P; transition at
Ahiding = 522 nm, the hiding-beam detuning of around
1 GHz suppresses the scattering error to ~107* with
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FIG.5. Wavelength-multiplexed CAPS operations. (a) Schematic of wavelength-multiplexed cavity-QED systems where each atom
in |1}, couples to the different cavity modes by tuning the resonant frequency of the atoms via ac Stark shift. (b) Cavity reflection
spectra evaluated by the transfer-matrix method. N, = 10 atoms are assigned to N, = 10 channels, respectively, and we plot the
reflectance for the cases with all the atoms prepared in |0), (blue line) and |1), (green line). The plot on top provides a magnified view
of one representative mode. (c) Crosstalk effect for the wavelength-multiplexed CAPS gates (see Appendix F for the details). Here, we
consider the same setup in Fig. 4(c) for the time-multiplexed operation, where the key parameters are summarized in Table II. (d) Time-
multiplexed entanglement generation rates with multiple wavelength channels. The N, atoms are partitioned into N, channels for
parallel execution of time-multiplexed entanglement generation for each channel.

negligible heating and decoherence of the atoms, as
discussed in Ref. [67] for remote entanglement generation
via time-multiplexed atom-photon entanglement emis-
sions; a moderate laser power of around 180 pW with a
1/e? beam radius of around 500 nm is required for the light
shift of A,. In addition, the mm-scale interface region for
atom-photon coupling over 11-cm cavity length has
enough space to arrange N, = 56 atoms with a sufficiently
large spacing to ensure negligible crosstalk on neighboring
atoms [64]. Overall, remote entanglement generation at a
rate of 200 kHz with infidelity of 1073, which includes
errors arising from photon impurity, crosstalk between
multiple atoms, and hiding beams, is achievable with the
realistic hardware setup (see Table II). We finally mention
that increasing the number of atoms further enhances the
total rate, as shown in Fig. 4(c), at the cost of a larger light
shift required.

B. Wavelength multiplexing

While time multiplexing offers substantially faster
remote entanglement generation than native implementa-
tion with a single-qubit network register, the rate is
inherently limited by the fact that the atom-photon
interaction must operate sequentially. This is because
we have so far only considered a specific cavity resonance
and neglected others, which are typically far off-resonant
from the atomic transition.

We now utilize the multiple resonant frequencies avail-
able in optical cavities and treat them as separate wave-
length channels, further enhancing the single-cavity
network performance. In particular, we consider the cases
where the cavity is sufficiently long and the free spectral

range wggg 1s relatively small, such that atomic resonances
can be shifted between different resonant modes by laser
beams. It is also crucial that the finesse is sufficiently high,
ensuring that each mode is spectrally well isolated; such an
operating regime is realized with several optical cavity
implementations, such as Fabry-Perot cavities [68] and
nanofiber cavities [39].

For such a wavelength-multiplexed parallel networking
to be realistic, it is essential that the errors arising from
cross-channel crosstalk be sufficiently low. More con-
cretely, we evaluate the effect of resonantly coupled atoms
in an adjacent mode on the response of the target atom-
cavity system. While a full multiatom, multimode simu-
lation of the coupled atom-cavity system is computationally
intractable, here we employ the transfer-matrix approach
[69] where we linearize the atomic response inside the
cavity and treat the entire atom-cavity system as a sequence
of input-output elements expressed by 2 x 2 matrices (see
the details in Appendix F). This precisely evaluates the
reflection function, provided the input light consists of up to
one photon [70], which is compatible with the quantitative
evaluation of the CAPS protocol.

As illustrated in Figs. 5(a) and 5(b), we are interested in
the reflection coefficients of atom-cavity systems with N,
atoms, each shifted by a different amount to be coupled to
distinct resonance modes of the cavity at frequency
(ng + n)wgsg (n € Z), where ny is the central mode index.
We then evaluate the average infidelity of the CAPS
operation in the presence of N — 1 spectator atoms
coupled to nearby resonance modes—similar to the analy-
sis in time-multiplexed operation—as shown in Fig. 5(c)
for an exemplary case of wpgr/27 = 0.97 GHz and
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intrinsic finesse F;,, = 2000. We chose this as an acces-
sible regime both in terms of light shift capability and
cavity parameters, where we find that the cross-channel
crosstalk effect is negligible below 107>; this suggests that
each mode can be treated individually, allowing parallel
networking. We note that even for the moderate intrinsic
finesse of 500, the average cross-channel crosstalk infi-
delity remains below 10~* (see Appendix F), making this
approach an attractive option for a wide variety of optical
cavity designs.

C. Overall performance

To fully utilize both time- and wavelength-multiplexed
operations, we evaluate zoned multiplexing [5] where the
time-multiplexed operation is performed over multiple
independent operating sets of qubits for each wavelength
channel. We set the total atom number in the cavity to be
N, which is partitioned into N, optical channels available
for parallel entanglement generation trials. We then con-
sider the parallel execution of the time-multiplexed oper-
ation with |N,/Ng,| atoms at a rate of R, (|Ny/Nepn)),
obtaining the total network rate N, Rpux (| Ny/Nen|). The
achievable entanglement generation rate is plotted in
Fig. 5(d), showing a rapid increase in the overall rate
R, for increased N, approaching 10° s! with a few
hundred atoms and 10 channels, nearly a factor of 5
increase over single-channel operation without additional
cavities or atoms. A successful integration of this approach
significantly improves the network performance of a single
optical cavity; thus, it is an attractive alternative to physical
channel multiplexing requiring multiple optical cavities to
scale the network rates [5,14].

VI. CONCLUSION AND OUTLOOK

In conclusion, we have established CAPS-based atom-
photon gate operation as a promising primitive for high-
rate, high-fidelity quantum networking and demonstrated
its robustness to experimental imperfections. The key to
this advancement is the careful incorporation of error
cancellation methods supported by thorough modeling of
the optical response of atom-cavity systems, including the
crosstalk effects in 200-atom systems for time multi-
plexing. As an example, for the case of the telecom-band
transition of 171Yb atoms [5,13,67], we estimate a rate of
2x10° s7! at a heralded fidelity of 0.999, just with a
single round of entanglement generation trials for each
atom. This is in contrast to the time-multiplexed operations
considered previously, with many rounds of trials neces-
sary to reach high rates through repeated qubit reinitial-
ization and cooling [5,13,16]; the CAPS-based protocol
achieves a higher rate with only light shift laser beams
needed for remote entanglement generation, without
requiring high-power excitation lasers and other complex
qubit controls—therefore, we predict this to be a viable

option for cavity-based quantum interconnect. We have
further demonstrated that wavelength multiplexing, using
multiple modes naturally accessible for optical cavities,
scales the network performance without additional in-
module hardware complexities.

We conclude with a few remarks on the further improve-
ments of the CAPS operations, implications for the design
of networked fault-tolerant quantum computers, and an
application for long-distance quantum communication.

A major performance improvement of the CAPS gate is
expected with the use of techniques already proposed or
utilized for the two-photon-interference schemes. An
example is the use of photon detection time information:
when the photon is detected at the end of the protocol, the
timing information provides rich insight into the error
characteristics of the generated atom-atom entanglement.
For the case of photon-interference-based networking,
detection time information provides error probabilities
and error biases of generated Bell pairs [13], as well as
a way for significant error suppression through detection
time filtering [15]. This is also expected to be efficient for
the CAPS protocol, as the infidelity sources of CAPS
studied in this work are also time-dependent; this may
become a crucial ingredient for achieving even better
performance than that already analyzed in this work.

The improved performance of CAPS-based quantum
networking over the two-photon-interference protocol,
without needing fast, high-power excitation lasers, may
transform the architectural design of multiprocessor fault-
tolerant quantum computers [5]. With only atom shuttling
and light shift beams required for passive interconnect
operation, and given the efficiency of entanglement dis-
tillation [5,10,71], greater flexibility in module layout is
expected. Furthermore, the high success probability
now allows the use of only a single round of entanglement
generation trials while maintaining a good networking
rate, thus eliminating the complicated conditional
sequencing required to reset only the atoms that failed
in the previous round [5,13]. The full system design,
involving the logical entanglement generation [14,72], will
thus be more efficient thanks to the simplicity and
performance of the CAPS-based remote entanglement
generation.

Finally, multiplexed CAPS-based memory loading,
discussed in Appendix B, is also a powerful scheme
for long-distance quantum communication, including
quantum repeater operation, thanks to the robustness of
the CAPS gate to source and channel fluctuations,
improved success probability, and high fidelity (see
Appendix A). For example, a variant of CAPS-based
networking, with a single-photon source replaced by an
entangled photon-pair source (see also Appendix D),
offers advantages in extreme-loss communication set-
tings, including the satellite-to-ground downlink-assisted
quantum networking [73].
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APPENDIX A:
OPTIMIZATION OF CAPS GATES

The appendices are organized as follows. In
Appendix A, we define the conditional gate fidelity
and success probability for CAPS gates and provide
analytical expressions in both long-pulse and finite-
bandwidth regimes. Based on the analytical formula, in
Appendix B we analyze the performance of CAPS-based
memory loading via photonic-state teleportation. In
Appendix C, we formalize performance metrics for
single-photon generation and its application to atom-
photon entanglement generation, followed by Appendix D
where we analyze heralded remote entanglement gener-
ation using CAPS gates, as well as photon-interference-
based networking for comparison. In Appendix E, we
evaluate crosstalk in multiatom CAPS operations and
derive its scaling with the number of atoms and detuning.
Appendix F is for a transfer-matrix model for wavelength-
multiplexed CAPS gates and evaluates channel crosstalk
under realistic conditions.

We introduce two metrics for the CAPS gate, condi-
tional gate fidelity, and success probability, and use them
to quantify the performance of the CAPS gate. Although
the CAPS gate suffers optical loss from atomic sponta-
neous emission and intracavity loss, many applications
considered in this work, including photon-mediated
remote atomic-qubit gates [21,22], memory-loading
schemes [24,35], and CAPS-based remote entanglement
generation, allow for the postselection of cases where
photons were measured at the end of the protocol. In such a
heralded protocol, the conditional gate fidelity and the
success probability are the relevant figures of merit for the
CAPS gate.

In the following, we first introduce the general forms
of conditional fidelity F,. and success probability P in
Appendix A 1. Then, we evaluate F. and P of the
CAPS gate in the long-pulse limit in Appendix A 2.
Finally, we extend to the frequency-dependent behavior
relevant to the high-speed operation of CAPS gates in
Appendix A 3.

1. General framework for metrics
to evaluate CAPS gates

Let us consider the joint Hilbert space H =
‘H* @ HP: the atomic subspace H* is spanned by the
orthonormal basis {|0),,|1),,|e),,|0),}. while the pho-
tonic subspace H” is spanned by {|0) . 1) ,.|@) ,}, where
|0), represents an auxiliary state that can be populated via
atomic decay from |e), in addition to the qubit states |0),,
and [1),, and |@) , denotes the vacuum state. Following the
standard leakage framework where the system of interest is
embedded in a larger Hilbert space that also contains all
loss pathways, we partition the atom-photon space H“”?
into the direct sum, H = X, @ X)o, Where

Xq = span{|0),, [1),} ® span{[0),.. |1),} (A1)

represents the dy-dimensional computational subspace,
whereas X, (dimension d,) is the loss subspace,
occupied when the photon leaks out. The leakage L of
a channel G is defined by [74]

LG =1- / dyy Tr{1,G(1yg) (v

-r-afua)]

where the integral is taken over the Haar measure of all
states |yg) in the computational subspace X, and 1,
denotes the projector onto X,. We define the average
gate fidelity F' in the subspace X, as

(A2)

F(G.Uw) = / dyg (v 01, G we) (W) 1y D).
(A3)

where Uy, is the target unitary operator. For the Kraus
representation G(p) = >, GpG!, this reduces to [75]

Zk (Tr[lqéllqéqu] + |Tr[0jar1qék1q} |2)

F(g7 Utar) =

dy(dq +1) '
. qupro(g’ Utar) +1- L<g) (A4)
B dy+1 ’

where we have used the process fidelity in the computa-
tional subspace,

I Tr[U}1,Gi 1]
Fpro(ga Utar) = mrdg . (AS)

q
When we postselect events where the gate output remains
in the qubit subspace, the average success probability P
and the corresponding average conditional fidelity F,. are
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given by [75]

F
P=1-L F.=——. A6
’ C l—L ( )
Using Eq. (A4), we find
d F
l-F, =—3 (1 -—=). A7
¢ dq+1< 1—L> (A7)

2. Evaluation and optimization of CAPS gates
in the long-pulse regime

For the CAPS gate, the target unitary operator is given
by

Ui = 1, ® 10),{0] + (=10)4(0] + 1), (1)) ® [1),, (11,
(A8)

which corresponds to the ¢z gate up to local Pauli gates.
We first consider the standard CAPS gate where the mirror
perfectly reflects the photon. For a sufficiently long photon
pulse that has a narrow bandwidth, the reflection ampli-
tudes in Eq. (1) can be approximated by their resonant
ones, r;(0)(i € {0,1}). The Kraus operator G, that corre-
sponds to the event without photon loss is given by

Go =1, ®10),(0] + (r0]0)4 (0] + ri[1)u (1)) ® [1) (1],
(A9)

where r and ry are given in Eq. (1) with A = 0. All the
other events project the photonic qubit onto the vacuum
state. Thus, the success probability and the conditional
gate infidelity are given by

24 |rol* + | ?
Pcaps :—4 s
. 2
1_p 4 (1 PortnlTy (A10)

The optimization of the external coupling rate via Eq. (2)
sets the reflectivities to —ry = r; = r°P', which gives

2 1
1—-F. == All
C 51+ Gy] (AlD
V1+2C;, (A12)

Peaps = 1 — .
CAPS 1+Cp +1+2C,

This is the conventional performance of the CAPS gate
widely studied, where infidelity of < 1073 requires
C;, > 400, which is beyond state-of-the-art optical cavity
implementations.

To eliminate the reflectivity mismatch between two
polarization modes, we deliberately introduce a calibrated
loss in the H-polarized path, similarly to the idea of
Ref. [76], by turning the HWP away from 6, = z/4:
specifically, we set 6, such that the reflection amplitude at
the second PBS is r,. The corresponding Kraus operator
becomes

Go=rmla ®[0),(0]+ (r|0)4 (0] + 1), (1)) ® [1) (1.

(A13)
Then, the two measures are replaced with
2rl® + [rol® + |7l

Pcaps = 1 ;
Al4
| F_4 | |2rm —ro + 11| (Al4)

©s 16Pcaps '

This shows that setting r,, = —ry = r; = r°P* results in

F® =1 with a finite reduction in success probability as
PP s = (r°P)? = 2Pcaps — 1; the infidelity as a function
of the relative deviation (r,, — r°P")/r°" is plotted in Fig. 6.
This shows that the calibration of the mirror amplitude to
ensure the relative deviation up to 2% is sufficient to
suppress the error below 107*. Crucially, this added loss
can be heralded: a detector placed at the unused output port
of the PBS, illustrated as a photodetector with a label
“Erasure detection” in Fig. 1(b), registers any H-polarized
photon diverted for attenuation, thereby converting to an
erasure of the photonic qubit. The detector click at this port
indicates that the photon did not interact with the cavity,
and as such, the protocol can be retried immediately
without time-consuming atom reinitialization.

3. Frequency-dependent CAPS gate analysis

The discussion in Appendix A 2 relied on the long-pulse
limit. However, for fast networking, it is necessary to

1073

10—5 — Cjp = 10

— Cyy =30

o]~ Gn=100
-0.04 -0.02 0.00 0.02 0.04

(1 = %) 7

FIG. 6. Sensitivity of the CAPS gate to the imperfect calibra-
tion of the mirror amplitude r,. The infidelity 1 —F, in

Eq. (A14) is plotted as a function of the relative deviation (r, —

ro?y /r® for different Cy,. The results for Cy, = 10, 30, 100 are
degenerate in the plot.
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operate with short photonic pulses featuring relatively
large bandwidths where the frequency-dependent response
of the atom-cavity system must be taken into account. The
reflection functions of the cavity are [32,34,35]:

. (A):—Kex—FKin—iA
0 Kex+’<in_iA 7

— L —IA A, —IA 2
r(a) = TRa K I I8 ZTA) TG g

(Kex +Kip — IA)(}/+ iAa - ZA) +92 '

where A = @ — w, is the detuning from the cavity fre-
quency o, and A, = w, — @, is the detuning of the atomic
transition [We set A, = 0 in Eq. (1) of the main text for
simplicity]. To incorporate the spectrum of the photon, we
define a photonic qubit state with a spectral amplitude

£(A) as
i, = [assa@e), Gefo1p. @io

where @;(A) is the annihilation operator of a monochro-
matic photon in the polarization mode j. The inner product
is given as

ok hljs ), = oi(h £), (A17)
with the inner product of functions,
nf) = [asw@)ra). @)
We allow the norm of |j; f) p to be less than 1:
Uity = [AAlF@P <1 (A1)

for the simplicity of notation in the following analysis. The
target unitary operator for the photon with a frequency
mode f is then given by replacing [j), with [j;f), in
Eq. (A8), yielding

Utar,f = 1a ® |0’f>p<05f|
+ (—10), (O] + [1),(1]) & [1: £}, (1: f|.  (A20)

The corresponding Kraus operator GO is given by

Gos = rml, ® |05 £),(0; f]

+ ) 1)l ® 1), (15 11, (A21)
j=0.1
where we define
fi(A) = e™8r,(A)f(A), (A22)

and e "2 denotes the action of the delay line [see
Fig. 1(b)]; while the delay line is inserted in the path
for the |0), photon, the effect is incorporated to the model
here for the |1) ,» photon by shifting the temporal origin, for
notation simplicity. By using Eqgs. (A20) and (A21), we
calculate

Tr(G§ Go ] = 2lrul® + (fo. fo) + (f1- f1)

o0l 1 Go /] = 2w = (£ fo) + (. S1) (A23)
resulting in the process fidelity and the leakage as
F :|2rm_<f’f0>+<f’fl>|2
pro‘f 16 b
2
Lf:1—2|rm| + (fo. fo) + (/1. f1) (A24)

4 El

which enables the evaluation of the conditional infidelity
and the success probability by using Egs. (A6) and (A7).

4. Mitigating pulse delay via cavity optimization

Here, we outline one of the main sources of infidelity in
the CAPS gate, temporal-mode mismatch caused by
the atomic-state-dependent pulse delay and discuss prac-
tical mitigation measures. First, we derive explicit expres-
sions for the atomic-state-dependent pulse delays in
Appendix A 4 a. Second, we present a concrete example
that employs a Gaussian waveform in Appendix A 4b.
Finally, we describe a practical method to mitigate
temporal-mode mismatch by optimizing the cavity length
in Appendix A4 c.

a. State-dependent pulse delay

We consider that the atom is resonantly coupled to the
cavity, A, =0, and perform the Taylor expansion of
reflection functions of Eq. (A15) as

2
Fo(A) = rg— i =X A + T A2 1 O(A3),
K K
2k (67 —77)
ri(A) =r 4+ i—5—5"
l( ) 1 (92+K7/)2

2kex (K + 267y — 1)
(¢ +xy)?

A2+ O(AY). (A25)

For a sufficiently small A such that we can neglect the
second- and higher-order terms, we find

ri(A) =r;(0) + r}(O)A +0(A?) = rje”/A +0(A?),
(A26)
where 7; = —irj(0)/r;(0) represents the pulse delay

induced by the reflection off the cavity [32,77], as shown
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in Fig. 7(a). The explicit forms are given by

2Kex 2Kex (92 B 72)

TO = s Tl = .
2 2 4 2 2(.2 2
Kex —Kin g + Zg YKin—7 (Kex - Kin)

(A27)

and the difference is given by

207 Kex (K6 = K3 = 2Kin — )
[g" + 207y — 77 (k& — K5, (k& — K,
(A28)

T — 7% =

In the case of optimal external coupling rate k., = Kok in

Eq. (2), we obtain

1 V1+2Cy, _ 2Cinkin—7 1
0 Tk G e rkin - CinV/T+2C,
Tl_Tozz[cinkin_(l+cin)ﬂ‘ (A29)
7KinCinV/1 +2C5,

b. Infidelity evaluation with Gaussian pulses

To evaluate the tradeoff between speed and fidelity in
the CAPS gate, we consider a canonical example in which
the input mode function f(A) is Gaussian:

1 A?
=———exp|——],
(7[03,)1/4 P 202,

Then, the mode function in time domain is written by

() = = [ an f(ayes
1

t2
=——7exp|—== .
(0?1 p( za%)

with o, = 1/0,. For r;j(A) ~r;e"*, we find (f;,f;) ~

|rj[? and (f, f;) = rje~(~™)0/4 leading to

f(a) (A30)

(A31)

(ropt>2[2 + e_(TO_Tln)zo-zzu/4 + e—(Tl—Tm)ZD‘E)/‘t]Z
pro.f = 16 ’
1 —Ly~ (roPH)2, (A32)

F

where we have used —ry = r| = rp, = r°P.
To mitigate the pulse-delay effect, we set 7, = (7o +
71)/2 [32], resulting in the conditional infidelity as

4 F
| —F, =< 1 —pof

—(71—10)%02,/167 2
ST

When the pulse width o, = 1/6,, is sufficiently longer
than the differential time delay 7; —7) such that
(r1 — 79)0, < 1, we find

7T
" Tm = (Tot71)/2

FIG. 7. Mitigation of the pulse-delay effect. (a) Schematic of the
pulse delays that depend on the qubit states of the atom and
the photon. For the photonic qubit |0),, = |H),,, we introduce the
calibrated delay 7, = (ry + 7,)/2 (see also Fig. 1) to mitigate
the qubit-dependent pulse-delay effect. (b) CAPS gate infidelity
I — F_ f as a function of the pulse width yo, for various Cj;, before
optimizing the cavity length. Here, we set «;,/y = 0.2/3 [62].
Dashed lines represent approximate results from Eq. (A34),
agreeing well with the full calculations (solid lines) from Eq. (A24).
(c) CAPS gate infidelity as a function of pulse width yo, and internal
cooperativity C;,, where the cavity length is tuned at the respective
optimum, to ensure the condition given in Eq. (6). The dashed line
represents the empirical criterion, yo, > 5.2C;%%, required to
maintain infidelity of the CAPS gate below 107,

(71—70)262 o 1 <71—To

1-F,.r~ =—
of 200 20\ o,

2
) , (A34)
which is shown in Fig. 7(b).

c. Optimal cavity length for pulse-delay compensation

To eliminate the atomic-state-dependent delay in
Eq. (A28) by enforcing 7, = 7;, the optimal external
coupling rate for pulse-delay compensation is given by

Ko = /K2, + 2y + G

To meet this condition and the reflectivity-matching
delay opt

(A3)5)

requirement simultaneously, we set kex ° = Kex , Which
yields
Kin 14 Cin (A36)
Y Cin

A practical way to satisfy Eq. (A36) is to adjust the cavity
length, because «;, scales inversely with L,,, whereas y
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and C;, are independent of L,,. To make this dependence
explicit, we express the key cavity-QED parameters in
terms of L,, [69]:

o ngID o ngex o Ugaloss
IV L ™ Tan,, T an

cav cav cav

(A37)

where v, is the group velocity of light, 7', is the coupling-
mirror transmittance, and o, is the round-trip intrinsic
loss. The emission rate into the guided mode is

c Oy

FlD - — .
UgAeff

(A38)

As a result, the internal cooperativity is rewritten by

92_660 2

== (A39)
" 2Kin}/ ”g Aeff Aoss

which is independent of L,,.

Substituting Eqs. (A37) and (A39) into Eq. (A36), we
find that the condition koe™ = %' is met when the cavity
length is tuned to [32]

1 oy C

L = .
1 + Cip Aetr 2y

(A40)

Thus, fine tuning the cavity length offers a straightforward
experimental knob for simultaneously canceling the
atomic-state-dependent delay and achieving both temporal
mode and reflectivity matching.

Assuming the cavity-length optimization, we numeri-
cally evaluate the gate infidelity induced by the higher-
order effects, as shown in Fig. 7(c); this gives the empirical
condition to realize infidelity below 1074,

6, > 52C080/y. (Ad1)

5. Robustness of CAPS gates

Here, we model and quantify the response of the CAPS-
gate fidelity to major imperfections expected in realistic
implementations. We consider both static deviations of the
cavity parameters from the desired value due to fabrication
errors, as well as random changes in the parameters arising
from experimental drifts and fluctuations. The CAPS
protocol allows up to tens of percent in random, real-time
fluctuations of key parameters while maintaining high-
fidelity operation. Strikingly, even greater static parameter
differences between multiple atom-cavity systems are
tolerated with no effect on the fidelity, thanks to the
independent calibrations of atom-cavity parameters pos-
sible for passive interconnects, as we have identified in the
main text.

First, we discuss the effect of deviations in atom-photon
coupling g among the cavities used for remote entangle-
ment generation. Such an effect is detrimental in the
remote entanglement generation protocol using photon
emission and two-photon interference, since the difference
in cavity parameters degrades the indistinguishability of
the emitted photons from different setups. Consider two
atom-cavity systems operating sequential CAPS network-
ing, where the first cavity has the atom-photon coupling ¢
with internal cooperativity Cj,, and the second cavity has ¢
and C! . For each cavity, we independently set the out-
coupling rate «,, to satisfy Eq. (2): this is possible in situ
for various cavity implementations, such as the nanofiber
cavity with precise thermal tuning capability of mirror
reflectivity [78], the fiber-taper-coupled microresonator
with finely tuned taper-resonator distance [20,79,80] or the
free-space cavity with an output coupler placed outside the
vacuum chamber [38]. With appropriate tuning of the
HWP angle 6, and delay line 7, for each device,
reflectivity mismatch and pulse-delay errors are eliminated
independently. To investigate the requirement for the
calibration of the delay line, we evaluate the increase of
infidelity arising from the imperfect delay line 7, as
shown in Fig. 8(a); with the pulse length o, to be at the
right-hand side of Eq. (A41), we find that the infidelity is
suppressed below 1073 up to more than 10% deviation of
the delay line.

Further controlling the cavity length L,, independently,
e.g., by fiber-Bragg-grating placement for the nanofiber
cavity [5,39] or setting the voltages for the piezoelectric
adjuster for free-space cavities [38], and setting the single-
photon pulse width o, to satisty Eq. (A41) for both cavities,
then the overall infidelity is suppressed to 10~* per CAPS
gate, independent of the fractional differences of g and ¢'.
Figure 8(b) shows the CAPS-gate infidelity as a function
of fractional deviation 6L from the optimal cavity length
L. The results indicate that maintaining the infidelity
below 1073 requires fractional length precision of <0.2,
i.e., 20% deviation of the cavity length is permitted for
high-fidelity operation. This demonstrates notable toler-
ance of the CAPS gate to the fabrication errors.

In Fig. 8(c), we plot the effect of random fluctuations in
the atom-photon coupling g on the conditional infidelity of
the CAPS gate, with other parameters fixed. This quan-
tifies the robustness of the CAPS gate to real-time and
postinstallation fluctuations arising, for example, from the
finite temperature of the trapped atoms and fluctuations of
the spatial cavity mode. In our simulation, the coupling g
follows a Gaussian distribution with a full width at half
maximum (FWHM) of gWg, 1.e., fractional fluctuation
with FWHM W,. According to Fig. 8(c), nearly 20%
fractional fluctuation of g is allowed while maintaining the
CAPS-gate infidelity below 1072,

Finally, we evaluate the performance of the CAPS gate
under fluctuations in the cavity resonance frequency .,
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FIG. 8. CAPS gate in the presence of imperfections and

fluctuations. (a) Infidelity 1 — F., calculated from Eqs. (A7)
and (A24) as a function of the relative deviation &7, /r?rfn for
different Cy,. (b) Effect of the static cavity-length deviation 5L from
the desired value Lgﬁff,, for example, from the fabrication error,

where the cavity parameters change to g — g/4/1 4+ 6L/L% and
Kex(in) = Kex(in)/ (1 4+ 8L/Lehy). (c) Effect due to the fluctuation
of the atom-photon coupling strength g, where ¢ fluctuates
following a Gaussian distribution around the original value g,
with FWHM g, W,. (d) Cavity-frequency jitter with FWHM
o,W,, where o, is the photon bandwidth which is chosen to
achieve the CAPS-gate infidelity of 10™* in the absence of
fluctuation, according to Eq. (A41).

which we denote as dw, arising, for example, from cavity
lock jitter. Here, w,. fluctuates around its desired frequency
following a Gaussian distribution with FWHM W, in
units of the photon bandwidth o, (= 1/0,), which is set
according to Eq. (A41). This fluctuation not only shifts the
cavity response in Eq. (1) as A - A —dw, but also
detunes the resonance between the cavity and the atom
[see Eq. (A15) for the response function including the shift
of the cavity resonance]. Figure 8(d) shows that the CAPS
gate is highly robust against this error, with up to ~10%
jitter resulting in a negligible increase of infidelity, while
nearly 40% fluctuation is allowed for the total infidelity
of 1073,

APPENDIX B: CAPS-BASED MEMORY
LOADING

Here, we analyze CAPS-based memory loading by
following the discussion in Ref. [35] with revisions made
primarily to simplify the notations and derive an operator
that characterizes the error arising from the frequency

dependence of the reflection amplitudes. The atom is
initially prepared in |+),, and the photonic qubit is
), = al0), + BI1), (la]* + |B]* = 1), without consider-
ing the photonic frequency spectrum. In the memory
loading scheme, we finally measure the photonic qubit
state, which allows us to postselect the trajectory without
photon loss. Thus, in what follows, we only track it, where
G, represents the action of the CAPS gate. Applying the
CAPS gate to the initial state |+),(a|0; f), + fI1; f),)
yields

%(|O)a|1;f0>p + 1)1 £1),),

= |+>a(arm|0;f>p +ﬂ‘19f+>p) _ﬁ|_>a|1;f—>p)’
(B1)

al+)arml0;f), +

where  f.(8) = [f1(8) % fo(A)]/2.
Hadamard gates H,H, results in

Applying  the

|¢>ap = |0>a(arm|+;f>p +ﬁ|_;f+>p) _ﬂ|1>a|_;f7>p)7
(B2)

which reduces to Z,|y), 0; ), + [w),[1:f), in the
ideal case, —ry(A) = r(A) =ry, =1 and 7, = 0. For a
detector having a flat frequency response, the measure-
ment operator of detecting the photonic qubit j € {0, 1} is
given by

I, = /dA ai(A)|@),(@a;(A). (B3)
From the relation
A) ~ N .
012,810, =L 225, B

where

E(A) = rp|0)(0] + e [r_(A)[1) = r i (A)[0))(1].
(B5)

and r.(A) =[r;(A) £ ro(A)]/2, we obtain the density
operator of the atom after measurement j € {0, 1} as

P :Trp[ﬁj|¢>up<¢|]

oad Tr[nj|¢>ap<¢|]
IR N LN PRV
= [ 8B i B )

(B6)

where
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. f(a))? A . L
A= [aa VEL iz by k)25,

2
(B7)

represents the detection probability. Here, Z'*/|y/) is the
ideal final state, and the operator £(A) represents the error
induced by the frequency dependence of the reflection
amplitudes.

APPENDIX C: CAVITY-ASSISTED
SINGLE-PHOTON AND ATOM-PHOTON
ENTANGLEMENT GENERATION

Here, we develop a theoretical framework for the gen-
eration of a single photon and atom-photon entanglement
using cavity-QED systems, which serve as core function-
alities of the sequential CAPS and emission-CAPS net-
working. We begin by analyzing the emission of single
photons from a A-type atomic system and characterizing
their temporal properties in Appendix C 1. Building on this
foundation, we then consider the generation of atom-photon
entangled states through polarization-selective cavity cou-
pling in Appendix C 2.

1. Cavity-assisted single-photon generation

We numerically evaluate the single photon generation
with a A-type three-level system coupled to a cavity, as
shown in Fig. 2(a). The atom is initially prepared in |u),, at
time ¢t = ;. The Hamiltonian of the system is given by

H(1) = Q(1)(le), (| +[u) o {e]) +g(le)a(gle +1g)ale]eT),
(ChH

and the atomic decay and the internal cavity loss are
denoted by the following Lindblad operators:

(C2)

where p,, denotes the branching ratio of the atomic decay
to the initial state |u),. The cavity couples to the output
mode at rate k.

For py, = 0, where the spontaneous emission at rate y
always leads to failure of the photon generation, the atom-
cavity system probabilistically emits a pure photon. In
contrast, for py, > 0, the atomic decay L, resets the atom
in the initial state |u),, thereby restarting the photon
generation process. This reexcitation process results in
the photon emission with a distorted wave packet [51-53].
The generated photonic state is given by [15,51]

0=In=Ly,),(n= Ly,
+/ ds r(s)|n = Liy), n = Loy
p

+ (1 - Pgen)|®>p<®|’ (C3)

where |[n = L;y,), (s > ;) is the unnormalized single-
photon state corresponding to a trajectory in which the
atomic decay L, occurs at t = s and does not occur for
t>s. The state |n = 1;y,) represents the trajectory
without the decay L,, and the function r(s) denotes the

decay rate associated with L, at t = 5. Then, the photon
generation probability is given by

Pgen :p<n = 1;WIi|n = 1;Wti>p

+/ dsr(s),(n = Liygn = Ly,),.  (C4)
f

To characterize the photonic state in Eq. (C3), we use
the temporal autocorrelation function [48],

gW(1.1) = Trla" (r)a(7)Q], (C5)

where

dA a(A)e At (Co)

0=/

is the instantaneous annihilation operator, which satisfies
[a(1),a%(f)] = 6(t — t'). We rewrite the photonic state
with the autocorrelation function in Eq. (C5) as follows:

a:]wMWWﬂmwwmmw>

+(1_Pgen)’®>p<®|’ (C7)

where

¢wLw—wwo%ﬁn+/“mdwmowxm (C8)

4

To quantitatively evaluate the photonic state, we sim-
ulate the dynamics of the local atom-cavity system,
treating the desired mode as part of the environment. In
this case, the external coupling is also expressed by the
Lindblad operator, Ly = 1/2ke ¢, and the system evolves
according to the master equation as follows:

7 2O SRR IS
= —ilH, (). ]+ (Lijj — 5{L L ,p}>. (C9)
j=0

We denote the solution with the dynamical map, p(t) =
A(t;19)[p(29)] [81]. This map gives the autocorrelation
function of the emitted photon as follows [82,83]:
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g (1) = TrlLgA(r: 1) [Lop(1)]]
providing the full information of g¢(!)(z,#), since
g (¢, 1) = [¢"W(t,¢)]* by definition of Eq. (C5). We
numerically calculate this and obtain the temporal auto-
correlation function with QuTiP [84]. Note that the
autocorrelation function can be experimentally accessed
via homodyne measurement [85].

(t>1), (Cl10)

2. Atom-photon entanglement generation

As an extension of the single-photon generation discussed
in Appendix C1, we further evaluate the atom-photon
entanglement generation. We consider the typical level
structure of the entanglement generation [60,62] [Fig. 3(a)],
where the transition |0),, <> |e), (|1), <> |e),) is coupled to
the left (right) circularly polarized cavity mode. For sim-
plicity, we consider that the two cavity modes couple to the
atom at the same coupling strength ¢g. The Hamiltonian is
given by

H,(t) = Q(1)(le), (u] + ), e])
+9Y (e (le; + i)alele)),

Jj=0.1

(C11)

where ¢y is the annihilation operator of the left (right)
circularly polarized mode. The Lindblad operators are given

by (j€{0.1}):
i‘Oj = \/2Kexé'j
I:Ij = \/ZKinéj
Z'2 =V 2pbr7/|u>a<e

Ly = /(1= pu)rli)ale (C12)
The desired atom-photon entangled state is
0),10; £), + [1),]1;
PR M Y MET PR

7 :

followed by the photon passing through the waveplate. As in
the case of the single-photon generation, the atomic decay to
|u) , causes the generation of the atom-photon entangled state
in the distorted wave packet, resulting in the mixed state as
follows [59]:

p = Py )ap (@ 3w
—|—/ ds r(8)[@F5y,) o p (@5 |
4
+ (1 - Pgen)ﬁa@’ (C]4)

where p,; represents the failure of the photon generation. In
this case, the autocorrelation function in Eq. (C8) is given by

(C15)

Wty = " Telaf (0)a;(1)pay)

j=0.1

which can be calculated from the dynamics of the atom-
cavity system as follows:

ZTr

j=0,1

A Lop(D]] - (t27).

(Clo)

Note that we set Q(z) by replacing (g, ke, ki) With
(29, 2Kex, 2K;,) in the analytical expression of Q(¢) for the
single-photon generation [50], so that the generated wave
packet is close to the desired Gaussian function. This
adjustment accounts for the two cavity-coupling pathways
involved in the entanglement generation protocol.

The theoretical framework developed here is sub-
sequently utilized to evaluate heralded entanglement gen-
eration in Appendix D.

APPENDIX D: HERALDED REMOTE
ENTANGLEMENT GENERATION

Here, we analyze remote entanglement generation pro-
tocols based on CAPS gates, focusing on two representative
network configurations: sequential CAPS and emission-
CAPS networking. For later convenience, we refer to the
two atom-cavity systems as Alice (A) and Bob (B), between
which entanglement is established. In Appendix D 1, we
consider the sequential CAPS networking where single
photons are supplied by an external source and sequentially
interact with two atom-cavity systems to generate heralded
entanglement. In Appendix D 2, we propose a heralded
entanglement generation (HEG) protocol that uses an
external entangled photon-pair source and CAPS-based
memory loading, enabling improved performance in high-
loss regimes such as satellite-based links. In Appendix D 3,
we analyze the emission-CAPS networking, which com-
bines atom-photon entanglement generation at one node
with CAPS-based memory loading at the other, eliminating
the need for external photon sources while maintaining high
fidelity and success probability. In Appendix D4, we
further consider the photon-interference-based networking
with imperfect atom-photon entanglement as a reference
and show the infidelity arising from photon impurity.

1. Sequential CAPS networking
with single-photon sources

To evaluate the performance of sequential CAPS net-
working, we derive two key metrics: conditional fidelity
and success probability for the protocol in which sequen-
tial CAPS gates and a final photonic measurement are used
to generate entanglement between Alice (A) and Bob (B)
assisted by an ancilla photon. Specifically, for the atomic-
qubit input state |+)*|+)B and a photon initially in the
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state |+; f) ,, the (unnormalized) premeasurement state is
obtained using the CAPS gate operator GO,f in Eq. (A21):

Go X, G| 9)A )1+ 1),

— 510011 AB), + rB10: £,
+ 1) (ral 15 f8) , + [0 f ) ,)
+ [01) (| 1: /7)) 4+ rml0: ) )
+[10)(ril 15 £8), + 05 £ )]

= [Y) pre.

(DD

Then, we measure the photonic qubit in X basis. The final
two-atom state, conditioned on the measurement outcome
j€{0, 1}, can be derived using the following relation:

(D2)

where rf(A) = e~™4/9(A) and |ij) = |i)*|j)®. From this,
we obtain the postmeasurement density operator of the
two atoms as

A) Trl’[ﬁjﬁp‘w>pre<v/|ﬁp]
c AA A~
Tr[HjHP|W>pre<l//|Hp]

1 A)|2 . '
~ 0 / dA MIT(”(A)MT“)(A)L (D3)

where

(D4)

P = [[as DL oy ay

is the probability of obtaining the measurement outcome ;.

For the ideal, lossless case where all reflection coef-
ficients satisfy —r3(A) =11(A) = rih = 1 for q€ {A, B},
we find that [T (A)) =|®~) and [T (A)) = |¥-),
where the Bell states are

_|00>i|11> _|01>i|10>
V2o V2o
In realistic scenarios, however, deviations from the ideal

parameters lead to mixed output states, and the fidelity of
the resulting entanglement must be evaluated accordingly.

@)

¥*) (D5)

Consequently, the conditional fidelity and the total success
probability are given by

PY(@ [pO)0-) + PL (¥~ [p0)w-)

F..= ,
: P P

P, =P 4+ P (D6)

a. Robustness against the inhomogeneity of two systems

Here, we consider the robustness of the protocol
against variations between the two atom-cavity systems.
Specifically, differences in the atom-photon coupling
strength ¢ lead to distinct optimal cavity reflectivities,
ie., roPUA £ poPB From the relations, rg(A) = —roPtd 4
O(A?) and r{(A) = rP"9 + O(A?), with the calibrated
delay line 7,,,, we derive

I"OPI'AI"E + (_l)jr;%ropt,B B
- @)
ropt.ArEl — (=1 j}"ﬁr‘Opt’B
=1) [¥) + O(A?).

2
(D7)

TO(A)) =

This means that the condition roP“ArE = rAroPtB yields
the ideal Bell states up to first order in A. To ensure this
condition is met, we adjust the mirror reflectivities as
follows:

: opt,A opt,B
if 7 >r (DY)

rA — I rB — r()])t,B/r(lpt,A
]f opt,A opt,B
! <_ L )

’,.E] =1, I’é — ropt.A/ropt,B
which leads to a success probability of [min(roP-A, roPLB)]2,

b. Photon in a mixed state

So far, we have assumed that the input photon is in a
pure state. In practice, however, a realistic photon source
will emit a photon in a mixed state due to, e.g., exper-
imental imperfections or fundamental limitations of the
generation scheme. We now extend the above analysis to
address this case, where the input photonic state is
modeled as a statistical mixture of single-photon states
[48]. The input photon in a mixed state is given by

o= pltiu, il + (1= ) ), (0

where >, p; < 1, and u;(A) are the mode functions. For
the sequential CAPS networking with the incoming photon
in Eq. (D9), we straightforwardly expand the above results
by replacing |f(A)|> with Y, p;|u;(A)|?. For this photonic
state, the autocorrelation function is given by

. (D9)
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gV (e, 0) = pui(tuy(?). (D10)
[

Thus, given g(!)(z, ') as the full characterization for the
mode distribution of the photon, the fidelity and success
probability can be calculated using the following relation
for an arbitrary function h(A):

[ anSplua)pna)
l
= // ded?’ g (1, t’)% / dA h(A)e~i20=1) (D11)

2. CAPS networking with photon-pair sources

Here, we consider the HEG protocol with entangled
photon-pair sources, in which a photonic Bell state is
loaded into the atomic qubits of Alice and Bob (see also
Ref. [73] that proposes an efficient repeater protocol
leveraging this). First, we prepare the photonic Bell state,

03 £, 115 2,105 £7),,
_ . ,
(D12)

P AR,

by, e.g., spontaneous parametric downconversion or
quantum emitters. Upon obtaining the measurement out-
come (j*,jB) during memory loading at Alice and Bob,
described by the memory-loading operator E(A) in
Eq. (B5) with the ideal loaded state given by [|01) +

(=1)7*~7°|10)]/+/2, the atomic-qubit pair is projected onto

(ZR) (2B

1) + (=1 B (A%)]10)
2v2
rarh (AP) + (=) Bed (a%)

= |@U"P) (AA AB)),

(D13)

where 1 (A) = e ™27 (A), and we have neglected
a global phase. Thus, the loaded atomic-qubit state is
given by

gy E[@UNT(AN AB)) (UM (AM, AB)]]
L pltP)

cc’

El

(D14)

where the symbol E is defined for a two-variable function
h(A%, AB) as

1072
©
10 0.75 E
3 2
= 9]
E 1074 3
0.74 2

1073

0.5
or (1/)

FIG.9. Infidelity and success probability for the case where the
two entangled photons are in the Gaussian wave packet with o,
and two parties have identical systems with C;, = 100.

E[h(A%, AP)]
://dAAdAB|fA(AA)|2|fB(AB)|2h(AAvAB)?
(D15)
and
Pﬁ’:‘jB) = E[|||@U"") (A7, AB)Y||2] (D16)

is the success probability of the remote entanglement
generation conditioned on the detection outcome
(j*, jB). From these expressions, we readily calculate the
fidelity and the total success probability, demonstrating
an infidelity around 1073 for a pulse width satisfying
yo, 2 0.25 as shown in Fig. 9.

a. Robustness against the inhomogeneity
of two systems

As in Appendix D 1, we analyze the protocol’s robust-
ness to system asymmetries, focusing on how variations in
the atom-photon coupling g between two cavities lead to
differing optimal reflectivities r°P“A # r°P“B_ In the long-
pulse limit, where the detuning dependence is negligible
and |®U"7°) (AA AB)) ~ |®U"7")(0,0)), the explicit form
of the loaded state is given by

B0, 0)) = ArTEION + (Z1 e A10)
2V2

(D17)

When the condition roP"ArB = pAroptB g satisfied, which
is identical to the condition for the sequential CAPS
networking with single photons, the state reduces to the
desired Bell state. By adjusting the mirror reflectivities as
specified in Eq. (D8), unit fidelity is achieved in the long
pulse limit, with a corresponding success probability
of [min(roPbA, FOPLB)]2,
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3. Emission-CAPS networking

Emission-CAPS networking consists of an atom-photon
entanglement generation followed by memory loading.
Alice first prepares the atom-photon Bell state,

10)210:.£), + [)al1: /),
7 :

which can be realized with, e.g., a four-level system inside
a cavity (see Appendix C 2). The photon is sent to Bob and
loaded into the atomic qubit, ideally resulting in atom-
atom Bell states. According to the detailed analysis of the
memory loading scheme in Appendix B, the state of the
two atomic qubits after the photonic qubit measurement
with outcome j€{0,1} is given using the memory-
loading operator £(A) defined in Eq. (B5):

; 1 A)?
(/) 2
Pec

where

5 f),, = (D18)

EB (&) @) (@Y)|[EB(A)]',

(D19)

2 . .
P = [aa VL o iz e sy o)) 20

represents the detection probability, and |d>i(g ) ) =|®7) and

|d>i((;)) = |®*). Thus, the total success probability and the
conditional fidelity are, respectively, given by

A 2 N A ~ ;
P [ as |f(2)| §1<q>f;>HEE(AWEE(A)@%»

1
FeC:_

(/) 2
Pec >‘ N

1d ‘EB

=0,1
D21)

a. Photon in a mixed state

As in Appendix D 1, we again consider the case where
the photon is generated in a mixed state. For simplicity, we
model such an atom-photon state as follows:

p (tOvtl) 16p(l‘0 tl)

and

= S0 ) (@ ] + (1 - zp,)%
1 1
(D22)

where p,, represents the state with the photonic state in
|@) - As in the sequential CAPS networking, we straight-
forwardly obtain the fidelity and the success probability by
replacing |f(A)|? with Y, p;Ju;(A)[? in Eq. (D21).

4. HEG with two-photon interference

To clarify how the photon purity affects the generated
Bell states in the two-photon-interference-based protocol,
we present the fidelity of the atom-photon Bell states given
by Eq. (D22). For the case of polarization encoding used
for the photonic qubit, the four detection patterns
announce the generation of the remote Bell state with
the same fidelity and success probability. Here, we con-
sider one of them, for which the measurement operator is
given by [15]

)Py (to:11),
(t

”
1 (to, 1)
Pilto. 1) = ag (t ) (1), (D23)

where a¥(r) = [a(r) £ aP(1)]/v/2, and 1; denotes the

detection time of the photon j. For the initial state
oy » ® P8 »» the atom-atom state after the measurement is
given by

Tr [ﬁl(t()’ tl)ﬁlu\p ® ﬁgp]
[Dl(t09 tl).oap ® pap]

Pilto. 11) = ; (D24)

along with the probability density p(to, 1) =
Tr[Dy (19, t1)p%, ® pB,], where Tr,[] represents the partial
trace of the photonic state. From the relation:

751(¢0¢1)|CD+§”1> |DF; ”1’>B

ap

—- [ (20)ugt (11)[01) + uit (11)uil (10) [10)]|@)*@)®.

4
(D25)
we find
|
1 ( g DA (19, 1) g VB (11, 1) [g VA (10, 11)]7g VB (10, 11)) (D26)
g DA (1o, 1) [gVB (o, 1) g VA (21, 11) gV (1o, 1)
g(l)A(tO’ tO)g(l)B(tl’ tl) + g(]>A(t17 tl).g(l)B(tOv tO) (D27)

P(t(), tl) =

16 '

where the basis of the matrix is {|01), |10)}. Thus, the fidelity to the desired Bell state |¥") is given by
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1+ M*B (15, 1)

Feolto.th) = =52, (D28)

where

Re[[g(l)A(fo» I )]*Q(I)B(lo» )]
8p(to.11)

MAB(t(),tl) - ) (D29)

thereby resulting in the average conditional fidelity given
by

[ degdry p(to. 1) Fi(tg. 1) 14 MAB

F.. = = , (D30
« JJ dtodty p(to, 1) 2 (B30)
where

[fdtg(l)A(t, t)} [f dt g(VB(1, t)}

which is known as a mean-wavepacket overlap [86].
For the two identical systems, ¢(VA(ty, 1)) =
g VB (10, 1) [= gV (2o, 1,)], this reduces to

1M,

FCC 2 ’

(D32)

where M, is a single-photon trace purity [53,56,57],

e |g V(e )P A2
T g P (B39

(Xede)?
which can be evaluated by a Hong-Ou-Mandel visibility
[86]. Note that a similar result has been derived
in Ref. [58].

APPENDIX E: CROSSTALK IN MULTIATOM
CAPS GATES

Here, we address the crosstalk effects that are critical for
the fidelity of time-multiplexed CAPS gate operations. In
this protocol, a single target atom undergoes the CAPS gate
interaction while the remaining N, — 1 atoms are spectrally
decoupled from the cavity via large ac Stark shifts. Despite
this detuning, the collective coupling of these spectator
atoms to the cavity mode can still induce residual inter-
actions that affect the gate fidelity of the target atom. To
quantitatively evaluate this effect, we develop a theoretical
framework that allows us to derive an analytic expression for
the crosstalk-induced infidelity, revealing its scaling with
key parameters such as the detuning A ,, atom number N,
and internal cooperativity Cj,. We outline the derivation of
this analytical result below.

As a starting point, we extend the single-atom CAPS
gate analysis to the case where N, atoms are confined

within a single cavity. For simplicity, we designate the
atom with index j =1 as the target and define the
corresponding unitary operator as

T =12V ® |0),(0|
+ (=10), (0] + 10), (1)) ® 187" @ |1),,(1].
(ET)

The corresponding Kraus operator (A;E)N,,)

given by

for N, atoms is

i = r1®% ® [0), (0]
+ 3 B NN @ 11,1
[1:N,]

(E2)

where j[k; k'] represents the bit string jiji.; - jy, and
l’[k’ k/]>a = |jk>a|jk+l>a T |jk’>a' Thus, we find

2N p 2

P A L e WP (68
d, ’
pva _ 2% rm S (Cre: v+ e )l
pro — dé ,

(E3)

with d, = 2Na*1 Jeading to the conditional infidelity as

d (lli)d)
1 — FWNd — _Ta [1 Fy } (E4)

Tdg 1 1L

Next, we explicitly compute the conditional infidelity
of Eq. (E4) using the state-dependent reflectivity of the
atom-cavity system. We consider the case where atoms
Ja, J3,---jn are detuned from the cavity resonant by an
amount A,, which leads to the following modified reflec-
tion coefficients:

2mC -1 m
Toj2N,) = 1—2’7<1 +m) [=: ’<() ],
2mC -1 m
FijN,] = 1—2’7<1 +2C+ m) [= "],

(E5)

where 1 = k. /k and C = ¢*/(2ky). Here, m = > ¥, ji
denotes the number of atoms j,, js.....jy, in [1),. To
proceed, we evaluate the conditional infidelity in the
regime where |A,|/y > N,C, 1, allowing us to neglect
third- and higher-order terms in the small parameter
e =g*/kA, =2Cy/A,. We also omit terms of
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O(ey/A,), which contribute negligibly under these con-
ditions. In this regime, we find

2mC -1
14+2 _
< - C+1+iAa/y>

1 - ie
~— m
1+2C 1+2C

2 € 2
“m\i12c) | EO

leading to the approximate expressions

r(()m) ~ ry — 2n(ime — m?€?),
2.2

r(m)Nr—2 ime _ m'e
ENTE 202 T (120

(E7)
where the on-resonant single-atom reflectivities are
given by

2n
1+2C°

ro = 1-2n, r=1- (E8)

By using Eq. (E7), we explicitly evaluate Eq. (E3) under
the conditions of both reflectivity and temporal-mode
matching, —ry = r| = r, = ", given in Eq. (3). In the
following, we also assume N,>1 to simplify the
expression, leading to,

(Vo) o (o L(rer)? +
Fprg” = (I’ pt)2 |:1 _Z( opt) (Nu€)2 )
11— optl+( opt)
1= LNo) o (rop)? [1 + 81 + rort (ror)2 (Nge)*|.
(E9)

Finally, we obtain the conditional fidelity and success
probability at C;, > 1

N, 1 3 N,y 2 N, o
1 —F! >z§ 1+ZCin A ,PéAgsz(rPt)z.

(E10)

APPENDIX F: MODELING WAVELENGTH-
MULTIPLEXED CAPS GATES

Wavelength-multiplexed CAPS operation requires
the use of multiple cavity modes spaced by the free
spectral range. In this regime, the standard single-mode
approximation—such as the frequency-dependent reflec-
tion model used in Eq. (A15)—is no longer valid, as it
neglects contributions from adjacent resonant modes. To
capture the effects of multiple cavity resonances, we adopt
a transfer-matrix method—a practical framework for
modeling the optical response of multiatom, multimode
cavity-QED systems. This approach assumes a linear
optical response, which is well justified for the CAPS

gate operating with a single incident photon interacting
with one atom at a time.

In the following, we implement the transfer-matrix
method [87], in which each component—such as atoms
M, mirrors M), and propagation segments M ,—is
represented by a 2 x 2 matrix. The application of this
method to cavity-QED systems has been studied in detail
in Ref. [69]. The overall transfer matrix of the system is
constructed as the ordered product of these component
matrices:

N
M.y = M, M, (AL) [H ]Mmz, (F1)

where AL;=L;,;—L;(Ly=0,Ly ,j =Lc,y) [Fig. 10(a)],
and each matrix is explained in the following. The
reflection coefficient r.,, of the system is given by

(F2)

The matrix M) represents mirror 1(2) forming the
cavity. To employ the boundary condition being consistent
with the conventional one in quantum optics [35] and
ensuring that the mirrors behave as fixed ends, we set the
matrices as

1 1 VT =T
Mﬁ“ZVT;< =T, 1 )’
Alz:_l_< 1 ——1—Tm> )

VT \ VT=T, 1 ’

where T,y denotes the transmittance of mirror 1(2).
Note that our definitions of mirror matrices differ from
those adopted in Ref. [69]. For mirror 1, which acts as
the coupler between the cavity and the output field,
the transmittance is related to the coupling rate k. as
Tox = 4nk/wrsr- For brevity, we treat the internal loss
as the nonzero transmittance of mirror 2, leading
to Ty, = 47Ky / Wgsk-

The matrix M ,(x) represents the free propagation of
light by distance x, which is given by

—jgltoe x
M (x) _ eXp ( i WESR Lcav) 0
! 0 exp (imStL_x
p WESR Lcav

(F4)

Finally, M,; represents the atom j at position Lj;.
To clarify the explicit form of that matrix, we consider
a single two-level (|1),,|e),) atom coupled to a
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(@) Mirror 1 Mirror 2 (b) 10-3L
)
Cex %
e e 0 Kin E 1074 F
1 1 1
L 1 > 1(')2 1(') 3
0 Ll L2 LNaLcav Fint
FIG. 10. (a) Schematic of multiple atoms coupled to a cavity.

For N, atoms within a cavity, L ; (j=1,2,...,N,) represents the
position of the atom j. (b) Average infidelity as a function of the
intrinsic finesse Fj, with N, =5, where the parameters are
0o/Aett = 0.1, ¢/v, = 1.4, and y/2x = 0.24 MHz.

one-dimensional waveguide. Considering that an itinerant
single photon interacts with the atom, the atom exhibits a
linear response, where the reflection and transmission
coefficients at frequency A + @, are, respectively, given
as follows:

L Tip
“ T T+l —2i(A—A,)’
IﬂlD
o+ —2i(A—A,)’

fo=1- (E5)

which are derived by solving the (non-Hermitian)
Schrodinger equation, with neither a steady-state approxi-
mation nor a weak-excitation approximation [88]. Here,
I';p is the radiative energy decay rate into the target mode,
and I' = 2y is the atomic spontaneous energy decay rate.
We note that |r,|> + |£,)*> < 1 due to the atomic sponta-
neous decay (the equality holds if and only if I' = 0). The
transfer matrix for the atomic linear response is given
by [87]

_L(r =\ _(1+iC i
Mﬂ_g<ra tg—rg)_(—ig 1—i4’>’ F6)

l—‘ID

ey WET "

For the atom j, we set A, to the detuning itself for |1) ,, and
to a sufficiently large value for |0),. The parameter 'y, is
related to the coupling strength ¢: I'jp = 76/ wrsg.

The transfer-matrix approach yields the set of reflec-
tion coefficients Ti[1:N,)» which are used to calculate the
fidelity for the target atom j € {1,2,..., N,} by substitut-
ing them into Eq. (E4). We plot the average of values
for each atom in Figs. 5(c) and 10(b). Here, considering
the position dependence of the coupling strength:
g(x) = gsin(max/Ley)(0 < x < Loy, me{l1,2,...}), the
atoms are randomly placed at one of the antinodes within
the region 0.45L,, < x < 0.55L,,. We evaluate 50 trials

with different random configurations, where the external
coupling rate k., is optimized for the unshifted target
atom, and the plotted infidelity is averaged over atoms
coupled to N, distinct modes.
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