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Two-level systems (TLSs) are known to be a dominant source of dissipation and decoherence in super-
conducting qubits. Superconducting resonators provide a convenient way to study TLS-induced loss due to
easier design and fabrication in comparison with devices that include nonlinear elements such as Joseph-
son junctions. However, precisely measuring TLS-induced loss in a resonator in the quantum regime is
challenging due to low signal-to-noise ratio (SNR) and the temporal fluctuations of the TLS, leading to
uncertainties of 20% or more in the loss measurement. To address these limitations, we develop a multi-
wavelength resonator device that extends the resonator length from a standard quarter wavelength λ/4 to
Nλ/4, where N = 37, at 6 GHz. This design provides two key advantages: the TLS-induced fluctuations
are reduced by a factor of

√
N due to spatial averaging over an increased number of independent TLSs,

and the measurement SNR for a given intraresonator energy density increases by a factor of
√

N . The mul-
tiwavelength resonator also has fundamental and harmonic resonances spanning a wide frequency range,
allowing one to study the frequency dependence of TLS-induced loss. In this work we fabricate both
multiwavelength and quarter-wave coplanar waveguide resonators formed from thin-film aluminum on a
silicon substrate, and characterize their TLS properties at 10 and 200 mK. Our results show that the power-
dependent TLS-induced loss measured from the Nλ/4 resonator agrees well with that measured from the
λ/4 resonator, while achieving a fivefold reduction in measurement uncertainty due to TLS fluctuations,
down to 5%. The Nλ/4 resonator also provides a measure of the fully unsaturated TLS-induced loss due
to the increased measurement SNR at low intraresonator energy densities. Finally, measurements across
seven harmonic resonances of the Nλ/4 resonator between 4 and 6.5 GHz reveal no frequency depen-
dence in the TLS-induced loss over this range. These results highlight the benefits of the multiwavelength
resonator approach for material development in superconducting quantum circuits.

DOI: 10.1103/2l7h-zn9s

I. INTRODUCTION

Superconducting qubits are among the most promis-
ing platforms for scalable quantum computing due to
their compatibility with semiconductor technology [1,2].
Recent advances in quantum error correction experiments
highlight the need for high-coherence qubits in order to
surpass the threshold for fault-tolerant quantum computa-
tion [3,4]. Coherence times have steadily increased over
the years in large part due to improved circuit designs that
reduce the influence of two-level system (TLS) defects
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located at the interfaces between the substrate, metal, and
air [5–10]. These defects are generally assumed to couple
the qubit’s electric field, and recent advances have focused
on reducing this coupling either through optimized design
of the qubit capacitor or through the choice of super-
conducting thin films with lower surface-interface defect
density and corresponding loss tangent [5,11,12].

Superconducting resonators are a popular way to assess
this TLS-induced loss due to their simpler fabrication and
measurement requirements [13]. However, precise mea-
surement of TLS-induced loss in resonators often faces
two major challenges. The first challenge is related to the
limited drive power one can use to measure the unsaturated
resonator loss. Two-level systems are saturable absorbers,
and for resonators of small volume such as in planar cir-
cuits, in which TLSs couple relatively strongly to the
internal resonator electromagnetic field, one must measure
resonator loss at low intraresonator photon number, which
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in many cases is at or below the single-photon limit. Mea-
surement of high-Q microwave resonators at the single-
photon level requires the use of an amplifier, the noise
of which sets the attainable signal-to-noise ratio (SNR).
Ultralow-noise microwave amplifiers, such as cryogeni-
cally cooled high electron mobility transistor amplifiers
or quantum-limited parametric amplifiers [14], are typi-
cally used to boost the SNR. More efficient measurement
protocols, such as in Ref. [15], can also aid in reducing
the measurement time. Despite these efforts, measuring
the unsaturated TLS absorption in high-Q resonators with
high accuracy below the single-photon level remains a
challenge.

The second, more pernicious challenge is how to
address temporal fluctuations in the TLS-induced res-
onator absorption loss [16]. This phenomenon can be
explained by the following simplified model. The drive
tone fr of a resonator interacts with a group of near-
resonant TLSs whose transition frequencies fTLS fall within
a window fr ± δf , where δf is on the order of the spectral
linewidth of the TLS. We can estimate δf to be around
1 MHz, corresponding to the TLS dephasing rate (1/T2)
at the millikelvin temperatures typically used for opera-
tion of microwave superconducting quantum circuits [9].
Crucially, the number of TLSs within this δf ≈ 1 MHz
interaction zone is not constant in time. Instead, TLS-TLS
interactions can cause TLS transition frequencies to drift in
and out of this zone, either continuously [17] or abruptly
(like a telegraph process [18]). The fluctuating number
of TLSs within this fr ± δf frequency window leads to
fluctuations in the TLS absorbed power. Limited by this
phenomenon, measurements of TLS-induced absorption
loss in quarter-wave (QW) resonators in the single-photon
regime often show uncertainties and fluctuations of more
than 30% of their mean value [19–21].

To reduce the impact of TLS fluctuations on the loss
measurement, we propose using multiwavelength (MW)
superconducting resonators. By extending the resonator
length from a quarter wavelength (λ/4) to N/4 wave-
lengths (Nλ/4), we effectively increase the number of
TLSs interacting with the microwave tone by a factor of N .
As a result, the multiwavelength resonator design reduces
the root-mean-square (rms) TLS-induced fluctuations in
the measurement result by a factor of

√
N in comparison

with a quarter-wave resonator. The longer resonator length
also results in lower energy density in the resonator for
a given input power. As the absorption rate of any given
TLS is proportional to the local electric field intensity,
this allows one to measure the TLS-induced loss down to
lower TLS saturation levels (1/N ) without degrading the
measurement SNR (i.e., same input power levels). Finally,
the multiwavelength resonator exhibits fundamental and
harmonic resonances across a wide frequency range that
enables broadband studies of frequency-dependent TLS
loss.

II. DEVICE PRINCIPLE

We explain the principle of the multiwavelength
resonator design by comparing it with a standard
transmission-line quarter-wave resonator, as illustrated in
Fig. 1, which shows circuit diagrams of both a quarter-
wave resonator [Fig. 1(a)] and a multiwavelength res-
onator [Fig. 1(b)], each coupled to a feedline that connects
to a cryogenic amplifier. Consider exciting the λ/4 res-
onator by a microwave tone of power Pf on the feedline,
which results in an average of nph,λ/4 photons stored in the
resonator. Its local electric field distribution is given by

�E(x, y, z) = �E0(x, y) cos
(

2πz
λ

)
, (1)

where �E0(x, y) represents the electric field distribution in
the x-y cross section, and z ranges from 0 to l = λ/4, with
z = 0 representing the open end. For a coplanar waveg-
uide (CPW) resonator, E0(x, y) corresponds to the TEM
mode of the CPW, which can be determined by solving
a two-dimensional electrostatic problem. A multiwave-
length resonator’s electric field distribution maintains the

(a)

(c)

(b)

FIG. 1. λ/4 and Nλ/4 resonators. (a) A quarter-wave res-
onator coupled to a feedline with an amplifier. The resonator
is driven with probe power PQW

f , and the output signal is read
out through the amplifier, with noise temperature Tn over the
measurement bandwidth B. (b) A multiwavelength (Nλ/4) res-
onator coupled to a feedline operating at the same resonance
frequency and with the same amplifier as the λ/4 resonator in
(a). The probe power PMW

f in in this case is NPQW
f , so each λ/4

section of the multiwavelength resonator has the same number of
photons nph,λ/4 as the quarter-wave resonator. (c) Measurement
of S21 of the quarter-wave and multiwavelength resonators in
(a),(b) would yield the same normalized resonance circle. How-
ever, the S21 measurement uncertainty σS21 would be a factor of√

N smaller for the multiwavelength resonator (blue circle) in
comparison with the quarter-wave resonator (red circle). Here we
assume the S21 uncertainty is dominated by the amplifier noise,
so it is given as σS21 ≈ √

kBTnB/Pf .
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same form as Eq. (1), but with z extending from l = 0
to l = Nλ/4, where N is the number of quarter wave-
lengths. Importantly, the TLSs couple to the local elec-
tric field through their dipole moments, which requires
EMW(x, y) = EQW(x, y) in order to have the same TLS-
induced loss per unit length. We refer to this requirement as
the “equal electric field condition.” Under this condition,
each λ/4 segment of the MW resonator stores an aver-
age of nph,λ/4 photons, matching the QW resonator, and the
total number of photons is expressed as nph,λ/4 = Nnph,λ/4
because there are N segments. Henceforth, we refer to
nph,λ/4 as the “photon density,” representing the number of
photons per unit λ/4 section of the resonator, and nph as
the “total number of intraresonator photons.”

Now we turn to analyzing the TLS-induced loss in a
resonator following the model in Ref. [22]. The TLSs are
assumed to be uniformly distributed within a volume Vh,
which occupies a portion of the total resonator volume
V. These TLSs contribute to the complex dielectric con-
stant εTLS = ε1 − j ε2 and loss tangent δTLS = ε2/ε1. The
mean value of the TLS-induced resonator loss ξ = 1/QTLS
is given as

ξ =
∫

Vh
ε2| �E|2d�r∫

V ε| �E|2 d�r = FδTLS, F =
∫∫

�h
ε| �E0|2 dx dy∫∫

�
ε| �E0|2 dx dy

,

(2)

where ε is the real part of the dielectric constant, while �h
and � represent the TLS occupied area and the total area in
the resonator’s x-y cross section, respectively. F is theTLS
filling factor and represents the fraction of the resonator’s
total electrical energy stored in the TLS-hosting material.
In the derivation of Eq. (2), we used the electric field dis-
tribution from Eq. (1). Since δTLS and F are independent
of the resonator length l and the number of quarter wave-
lengths N , measurements performed on λ/4 and Nλ/4
resonators should yield identical results for ξ . Further-
more, according to the standard tunneling TLS model [17],
the TLS loss tangent can saturate with temperature and
electric field strength, resulting in a power-dependent and
temperature-dependent ξ expressed as

ξ = ξ0

tanh
(

�ω
2kBT

)
√

1 + (| �E|/Ec)2
, ξ0 = Fδ0

TLS, (3)

where ω is the angular frequency of the probe tone, kB
is the Boltzmann constant, T is the resonator temperature,
δ0

TLS is the intrinsic TLS loss tangent, and Ec is the char-
acteristic electric field strength for TLS saturation. This
means that ξ0 is an intrinsic property of the resonator that
depends on its geometry and material composition, but is
independent of power and temperature; therefore, it serves
as an important figure of merit for comparing different
resonator designs and materials.

Next we consider fluctuations in ξ . If the TLS-induced
dielectric constant fluctuates on timescales that are much
longer than the resonator’s period, one would expect to see
ξ fluctuations given by

δξ(t) =
∫

Vh
δε2(�r, t)| �E|2 d�r∫

V ε| �E|2 d�r . (4)

To proceed, we make some assumptions about the correla-
tion function 〈δε2(�r1, t1)δε2(�r2, t2)〉 between two regions of
ε2. For independently fluctuating TLSs, we expect, under
the assumption of stationarity, that the correlation function
has the form 〈δε2(�r1, t1)δε2(�r2, t2)〉 = C(�r1, t1 − t2)δ(�r1 −
�r2), where C(�r1, t1 − t2) is some function of a single posi-
tion coordinate and only the time difference. Furthermore,
because the TLSs are also assumed to be uniformly dis-
tributed in Vh, we expect C(�r1, t1 − t2) to be independent
of position �r1, which allows it to be rewritten as C(t1 −
t2). We can now derive the correlation function of the ξ

fluctuations as [22]

〈δξ(t)δξ(0)〉 =
C(t)

∫
Vh

| �E|4 d�r(∫
V ε| �E|2 d�r)2 = C(t)ρxyρz, (5)

where we have used Eq. (1) and the assumption that the
TLS distribution is z independent to write the result as a
product of two terms, ρxy and ρz. The first term

ρxy =
∫∫

�h
| �E0|4 dx dy(∫∫

�
ε| �E0|2 dx dy

)2 (6)

involves only integrals in the x-y plane and is therefore the
same for QW and MW resonators under the equal electric
field condition. The second term involves only integrals of
z, which we evaluate to be

ρz =
∫ Nλ/4

0 cos4( 2πz
λ

) dz(∫ Nλ/4
0 cos2( 2πz

λ
) dz

)2 = 6
Nλ

, N = 1, 3, 5, 7, . . . .

(7)

Because of N in the denominator, the correlation function
is reduced by a factor of N in a MW resonator com-
pared with a QW resonator. By taking t = 0 in Eq. (5), we
arrive at

〈δξ 2〉MW = 〈δξ 2〉QW/N , (8)

thus demonstrating the N -fold reduction in the variance
〈δξ 2〉 of the TLS-induced loss. It follows from the assump-
tion of stationarity and the Wiener-Khinchin theorem that
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the power spectral density (PSD) of ξ fluctuations Sξ will
have the same relationship:

SMW
ξ (ν) = SQW

ξ (ν)/N . (9)

In addition to reducing the intrinsic TLS-induced fluctu-
ations in ξ , a MW resonator has the advantage that it can
also increase the measurement SNR for a given level of
TLS saturation. Assuming the equal electric field condi-
tion (i.e., equal TLS saturation), equal coupling Qc, equal
resonance frequencies (f MW

r,N = f QW
r,1 ), and that the inter-

nal Qi is limited by QTLS, the two types of resonators
should have the same Qi and loaded Q. This indicates
that an S21 measurement of both resonators would yield
the same resonance circle. However, the probe power Pf
used to measure the Nλ/4 resonator would be N times
greater, PMW

f = NPQW
f , despite the same S21 response. This

follows from the fact that the equal electric field condi-
tion is equivalent to having the same internal microwave
power Pint, where Pint = (2/Nπ)(Q2/Qc)Pf [22]. There-
fore, assuming we have the same amplifier noise level, the
S21 measurement uncertainty σS21 is expected to be a fac-
tor of

√
N smaller for the MW resonator in comparison

with the QW resonator, as we show in Fig. 1(c). Con-
versely, this implies that when PMW

f = PQW
f , EMW(x, y) ∼

EQW(x, y)/
√

N . This indicates that the MW resonator can
reduce the intraresonator energy density |E(x, y)|2 by a fac-
tor ofN while maintaining a similar SNR as that of a QW
resonator, thus making observation of ξ0 easier. As a sum-
mary of this section, we list the relationships between the
MW and QW versions of various parameters in Eqs. (10a)
and (10b):

�EMW = �EQW,

f MW
r,N = f QW

r,1 ,

QMW
c = QQW

c

(10a)

implies the following

nMW
ph = NnQW

ph ,

nMW
ph = nQW

ph ,

PMW
f = NPQW

f ,

〈δξ 2〉MW = 〈δξ 2〉QW/N ,

SMW
ξ = SQW

ξ /N ,

[σ 2
S21

]MW = [σ 2
S21

]QW/N .

(10b)

III. DEVICE FABRICATION AND
EXPERIMENTAL SETUP

To compare the performance of the Nλ/4 design against
that of the standard λ/4 design, we fabricated two devices

(a)

(b)

(c)

FIG. 2. Devices and experimental setup. (a) Scanning electron
micrograph of the λ/4 resonator design. (b) False-color optical
micrograph of the Nλ/4 resonator design. (c) Measurement setup
used in this study. White scale bars at the bottom right in (a),(b)
correspond to 500 μm.

from a 100-nm-thick Al film deposited on a high-resistivity
(approximately 10 k� cm) silicon substrate (see Appendix
A). One device contained 11 hanger-style λ/4 resonators
of different lengths (5.45–5.67 mm) coupled to a com-
mon transmission line, while the other contained a single
Nλ/4 resonator (181 mm) with a fundamental frequency of
165 MHz, as shown in Figs. 2(a) and 2(b) (see Appendix
B). Both resonator designs used a CPW geometry with a
30 μm center strip and 30 μm gap widths. We chose adja-
cent dies for each device in order to help eliminate spatial
variations during fabrication.

The devices were cooled in a dilution refrigerator, and
S21 measurements on each device were performed with
a vector network analyzer (VNA) in the setup shown in
Fig. 2(c). To best utilize the measurement time, we imple-
mented the hybrid approach of parameter-constrained con-
formal mapping method as described in Ref. [15] (see
Appendix C). At high powers (nph,λ/4 � 104) in the linear
regime, we performed frequency sweeps of the S21 mea-
surement centered at f = fr and extracted the loss along
with power-independent resonator parameters by fitting
the data using the diameter correction method [23]; the
error bars represent the 1σ confidence interval. At lower
powers, we measured the time-dependent S21(f , t) on res-
onance at a single frequency f = fr for a few seconds.
We then conformally mapped the S21(fr, t) time series into
1/Qi(t) using the power-independent parameters deter-
mined at high power to obtain the average 1/Qi value at
each lower power [15]; in this case, the error bars represent
the standard error of the mean. Finally, the TLS-induced
loss was obtained by subtraction of the power-independent
loss component (1/Qi,HP, measured at highest power) from
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the total resonator loss (1/Qi), yielding ξ = 1/QTLS =
1/Qi − 1/Qi,HP.

IV. RESULTS

A. Comparison of ξ versus nph,λ/4 for multiwavelength
and quarter-wave resonators

We experimentally compare the power-dependent TLS
loss ξ measured from the Nλ/4 and λ/4 resonators in
Fig. 3; the lowest microwave power used was around
−165 dBm (nph,λ/4 ∼ 0.0002), with each curve taken 5 min
apart from each other. Measurements were first performed
at the base temperature (10 mK) of the dilution fridge.
The loss curves from the λ/4 resonators (red) and the
Nλ/4 resonator (blue), with 27 ≤ N ≤ 39, lie roughly on
top of each other when plotted against photon density
nph,λ/4. This overlap confirms that both resonator types
yield the same measurement result for ξ , as expected
given their identical cross-section CPW geometry and
fabrication. The average loss ξ across all frequencies at
nph,λ/4 ≈ 1 is (4.66 ± 0.49) × 10−7 for the Nλ/4 resonator

(a)

(b)

(c)

FIG. 3. Measurement of ξ vs nph,λ/4 for Al-based λ/4 and
Nλ/4 CPW resonators. (a) ξ vs nph,λ/4 measured at 10 mK for 11
λ/4 resonators (red) and seven Nλ/4 resonances (blue) covering
a resonance frequency range of 4–6.5 GHz. Corresponding reso-
nance frequencies for each resonator are indicated by the white
marks in the color bar. (b) Temperature-corrected ξ vs nph,λ/4
for the same resonators as in (a) measured at 200 mK. The tem-
perature factor β = tanh(hfr/2kBT), as defined in Eq. (3), where
T = 0.2 K, has been divided out. The quasiparticle loss from the
elevated temperature has also been removed. (c) Temperature-
corrected loss values extracted from (b) at the lowest photon
densities plotted against fr.

and (3.96 ± 0.57) × 10−7 for the λ/4 resonators. Notably,
the loss curves do not plateau for either type of resonator
even at the lowest power, making it impossible to extract
the intrinsic loss ξ0 = Fδ0.

To address this issue, we repeated the measurements
at a temperature of 200 mK. Raising the temperature
extends the plateau region to higher powers by increasing
the critical electric field �Ec that results in TLS satura-
tion. This occurs because the critical electric field scales
as | �Ec| ∝ (T1T2)

−1/2, where the relaxation (1/T1) and
dephasing (1/T2) rates both increase with temperature
[22,24,25]. To remove the temperature-dependent factor
[β = tanh(hfr/2kBT)] from the TLS loss in Eq. (3), we
plot in Fig. 3(b) a temperature-corrected loss of ξ/β. The
thermal quasiparticle loss associated with the elevated tem-
perature [22,26] has been subtracted and accounted for
by the power-independent loss term 1/Qi,HF. A distinct
plateau region is observed in the Nλ/4 curves at low pho-
ton densities (nph,λ/4 < 0.1), while the λ/4 curves follow a
similar shape but are limited to an N times higher region
of nph,λ/4 due to the limited SNR at the lowest nph,λ/4.
Reading directly from this plateau region of the Nλ/4 res-
onator, where the TLSs are in their ground state, we can
safely determine the intrinsic loss parameter ξ0 = Fδ0

TLS =
1.25 × 10−6.

In Fig. 3(c), we plot ξ against fr for each of the
resonators. The loss values were extracted from the
temperature-corrected 200 mK data at the lowest mea-
sured photon density nph,λ/4. The λ/4 resonator loss values
(red) are slightly lower (by 15%) than those of the Nλ/4
resonator, primarily because the λ/4 resonator measure-
ments barely reach the plateau region. We observe no clear
frequency dependence of the loss across a span of approx-
imately 2 GHz, with the exception of a slight upturn at
4.5 GHz (N = 27). This is mostly consistent with the stan-
dard model of a uniform TLS density of states [17,27].
The upturn appears to exceed the 1σ error bars calculated
from this short measurement interval, but as we discuss in
the next section, additional experiments demonstrate that
time-dependent drifts can increase the loss variation by an
additional 5%. Further study of the uniformity of the TLS
density of states using this MW resonator is required to
confirm if the upturn is statistically significant.

B. Comparison of ξ fluctuations measured for
multiwavelength and quarter-wave resonators

On the basis of the analysis presented, a MW resonator
is expected to show a

√
N -fold reduction in ξ fluctua-

tions compared with a QW resonator when operated at
similar resonance frequencies and excited to equivalent
photon densities nph,λ/4. We experimentally demonstrate
this insensitivity to TLS drift on both short (seconds) and
long (hours) timescales.
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(a)

(b)

(c)

FIG. 4. Power spectral densities and rms fluctuations of ξ vs nph,λ/4 for λ/4 and Nλ/4(N = 33) resonators measured at 10 mK. (a)
Solid lines correspond to the power spectral densities of the data projected along the ξ̂ quadrature at nph,λ/4 ≈ 1. Dotted lines correspond
to the power spectral densities of the transmission background taken off resonance (f = fr + 2 MHz) after projection. (b) The same
as in (a) but for nph,λ/4 ≈ 550. (c) Each point corresponds to data taken on resonance for 100 s at a sampling rate of 500 Hz. The data
were subsequently projected along the dissipation quadrature ξ̂ , from which the PSD was estimated by Welch’s method. Next, the
variance was calculated by integration of the PSD down to 0.1 Hz. The dashed gray lines indicate best fits to a scaling law of the form√

var[ξ ] = Anph,λ/4
α . For the points marked with a black diamond or a black triangle, the corresponding PSDs are shown in (a),(b),

respectively.

First, we show the
√

N -fold improvement on a short
timescale of 0.1–10 s. Note that on this timescale the noise
in the inferred value of ξ is a combination of both the white
noise of the amplifier and the low-frequency noise of the
TLS frequency fluctuations. We compare the power spec-
tral densities (PSDs) between an Nλ/4 resonator with N =
33 (5.43 GHz) and a λ/4 (5.23 GHz) resonator. The raw
data were obtained by measuring the on-resonance time-
dependent S21(f , t) at a single frequency f ≈ fr for 100 s
at a sample rate of 500 Hz. We subsequently projected
the data onto the dissipation quadrature ξ̂ and converted
it to ξ(t), from which we computed the PSD Sξ (ν) using
Welch’s method [28]. The 100 s length was chosen to
reduce the uncertainty in the PSD estimate at low fre-
quencies near 0.1 Hz. This analysis protocol follows stan-
dard procedures for characterizing quadrature-dependent
resonator noise [22] (see Appendix D).

We plot the resulting Sξ (ν) as solid lines in Figs. 4(a)
and 4(b) for nph,λ/4 ≈ 1 and nph,λ/4 ≈ 550, respectively.
For reference, we also include the system noise floors
(dashed lines) measured off resonance at f = fr + 2 MHz.
For both resonators, the noise floors appear as white noise
that converge with the on-resonance PSDs (solid lines) for
ν > 10 Hz. Toward lower frequencies (ν < 1 Hz), Sξ (ν)

exhibits a 1/f -noise behavior that rises above the white
noise floor (set by the amplifier noise), which suggests that
TLS-induced fluctuations are the dominant noise mech-
anism in this frequency range. As discussed previously,
the noise power of both the TLS frequency fluctuations

and the amplifier noise is expected to reduce by a factor
of N in the MW resonators. Indeed, we observe a large
separation between the noise power spectral densities of
Sξ (ν) throughout the entire frequency range, with the noise
power spectral density for the Nλ/4 resonator being more
than 30 times lower than that for the λ/4 resonator. This
result demonstrates the effectiveness of the MW resonator
design in substantially reducing the ξ fluctuation for short
timescales of less than 10 s. The amount of noise power
reduction is also in good agreement with the prediction of
the factor N = 33 [Eq. (9)].

We further demonstrate this reduction over a range
of microwave signal powers by plotting the rms fluctu-
ations in ξ ,

√
var[ξ ], against nph,λ/4 in Fig. 4(c). Each

point is calculated by our integrating its corresponding
PSD down to 0.1 Hz. The dotted gray lines correspond to
best fits to a scaling law of the form

√
var[ξ ] = Anph,λ/4

α .
We extract an exponent of α ≈ 0.5 for both resonators.
This is expected for fluctuations that are dominated by
white noise from the cryogenic amplifier. In this case,
the S21 uncertainty, and hence the uncertainty in ξ , obeys
σS21 ∝ 1/

√
Pf ∝ 1/

√nph,λ/4. Comparison of the prefac-
tors indicates that Aλ/4/ANλ/4 = 6.2 ± 0.2, showing again
a reduction in noise on the order of

√
N across a wide

range of photon densities. We note that the reduction fac-
tor of exactly

√
N is derived under the assumption that

both resonators share identical geometry, Qc, Q, and are
excited to produce equivalent electric field strength and
distribution �E0(x, y). In our case, the Qc values for the two
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resonators were chosen to be similar but still differed by
15%. Additionally, imperfection in power calibration and
chip-to-chip variations in TLS density may also affect the
actual observed Sξ (ν) reduction factor.

Next we compare the long-term performance on a
timescale of hours. We conducted repeated measurements
of ξ versus nph,λ/4 curves (similar to those in Fig. 3) at
10 mK over a 12 h period on two Nλ/4 resonators and two
λ/4 resonators with similar resonance frequencies at 5.43
and 6.08 GHz. Each ξ versus nph,λ/4 curve took about 2 min
(12 power steps with 10 s measurement time at each step)
to collect, and a total 100 curves were collected per res-
onator or resonance. The MW and QW datasets were taken
during separate 12 h measurement periods.

We pick 12 random ξ versus nph,λ/4 curves from this
12 h period for each resonator type and overlay them in
Figs. 5(a) and 5(c). Qualitatively, the MW curves show
notably less spread than the λ/4 curves over the 12 h.
For numerical comparison, we calculated the empirical
cumulative distribution functions (ECDFs) of the ξ values
measured for nph,λ/4 ≈ 1 from the full 100 curve datasets
and plot them in Figs. 5(b) and 5(d); the corresponding
Dvoretzky-Kiefer-Wolfowitz confidence bands at the 99%
level are shown as the filled areas [29]. These ECDFs

(a) (b)

(c) (d)

FIG. 5. Repeated ξ measurements for λ/4 and Nλ/4 res-
onators at 10 mK over 12 h. (a),(c) The repeated measurements of
ξ vs nph,λ/4 over 12 h for two λ/4 resonators (red) and two Nλ/4
resonances (blue) at 5.43 and 6.08 GHz. For clarity, we plot only
12 randomly selected curves out of the total of 100 curves for
each resonator. (b),(d) Empirical cumulative distribution func-
tions of ξ(nph,λ/4 ≈ 1) taken from the 100-curve datasets. Gray
lines indicate best fits to a log-normal distribution. The filled
areas correspond to the Dvoretzky-Kiefer-Wolfowitz confidence
bounds calculated at the 99% confidence level.

TABLE I. Mean E[ξ ], variance var[ξ ], and relative errors√
var[ξ ]/E[ξ ] obtained from fitting the empirical cumulative

distributions of ξ1ph in Fig. 5 to a log-normal distribution.

fr (GHz) N E[ξ ]/10−7 var[ξ ]/10−14 √
var[ξ ]/E[ξ ]

5.43 1 3.83 ± 0.016 0.968 ± 0.055 0.256
5.43 33 4.018 ± 0.001 0.032 ± 0.0009 0.044
6.08 1 3.677 ± 0.005 0.476 ± 0.012 0.188
6.09 37 3.826 ± 0.001 0.019 ± 0.0005 0.036

were fitted to a log-normal distribution and we found
good agreement; the results of the fits are tabulated in
Table I (see Appendix E). Compared with their λ/4 coun-
terparts, the Nλ/4 resonators demonstrate reductions in
the rms fluctuation of ξ by factors of 5.5 and 4.9 for
N = 33 and N = 37, respectively. This corresponds to a
fivefold decrease in the relative uncertainties of ξ from
greater than 20% to less than 5%, which is achieved with
a measurement time of only 10 s. The smaller improve-
ment of the N = 37 resonator over the corresponding
λ/4 resonator could be attributed to potential intrachip
fabrication variations; we observed before that different
resonators within the same die can have different levels of
loss and fluctuations. These findings further confirm the
improved performance of the Nλ/4 design over the stan-
dard λ/4 design, demonstrating reduced ξ fluctuations and
greater measurement sensitivity across both short and long
timescales.

V. DISCUSSION

The multiwavelength resonator device significantly
increases TLS loss measurement sensitivity, enabling us
to investigate deep into the sub-single-photon regime. The
results shown in Fig. 3 highlight an important distinction
between two key quantities, ξ1ph and ξ0. ξ1ph characterizes
the TLS loss near nph,λ/4 ≈ 1 and is dependent on circuit
operating conditions (such as input power and its proxim-
ity to the TLS-saturation power), while ξ0 represents the
intrinsic TLS loss limited by material and circuit design
parameters. Importantly, ξ1ph and ξ0 can differ due to TLS
saturation effects.

In our 10 mK measurements, neither resonator type
exhibits a loss plateau at the lowest powers, despite reach-
ing photon densities as low as approximately 10−1 in the
λ/4 resonator case and approximately 10−3 in the Nλ/4
resonator case. Given the absence of a plateau, ξ0 cannot be
extracted from the 10 mK measurements. Conversely, at an
elevated temperature of 200 mK, a distinct plateau emerges
in the loss curves, allowing us to precisely determine ξ0.
Notably, ξ1ph is approximately half the value of ξ0 in the
resonators studied here. This demonstrates that combining
temperature control with the MW resonator can provide a
more comprehensive characterization of TLS-induced loss
and lead to better comparisons between different materials

014045-7



CLIFF CHEN et al. PHYS. REV. APPLIED 25, 014045 (2026)

and designs [20,21]. As part of future research, we plan
to use this tool to investigate further the geometry and
frequency dependence of TLS-induced loss.

We note that the improved precision of the MW res-
onator comes from its coupling to a large number of TLSs
and making use of the central limit theorem; therefore, it
is important to check that we are not in the few-TLS limit.
We can estimate the number of TLSs within our MW res-
onator on the basis of TLS densities found in the literature.
With a TLS density of 100 GHz−1 μm−3 [30], we calcu-
late that there are approximately 106 TLSs per gigahertz
on the center strip of our MW resonator, assuming the
TLSs occupy a 2-nm-thick layer. Combined with a typical
TLS linewidth of 1 MHz [9], the microwave tone inter-
acts with roughly 103 TLSs at any moment. This places
our device in a regime where we perform averaging over a
large ensemble of TLSs and differs from the case of small-
volume devices such as Josephson junctions, where only a
few discrete TLSs are involved.

The averaging effect of the MW resonator implies that
measuring a single Nλ/4 resonator is, in principle, equiv-
alent to measuring N identical λ/4 resonators at the
same resonance frequency spread out through a single
chip. However, the multi-λ/4-resonator approach is sig-
nificantly more demanding from a resource standpoint,
either requiring more hardware if measurements are par-
allelized or more time if they are performed sequentially.
There are also the added issues of frequency collisions
and crosstalk as the number of QW resonators per chip
increases, which can be exacerbated by nonuniformity in
the fabrication process [31]; both these issues are miti-
gated in the MW approach. These arguments also apply
to measurements of the resonator frequency, in which the
stability of the MW approach can enable precise determi-
nation of the temperature-dependent frequency shift due to
TLSs. We reemphasize that these precision improvements
apply only to a single chip; wafer-scale variations can still
introduce changes in the loss larger than what is observed
here.

Finally, we mention some considerations that should
be taken into account when an Nλ/4 resonator is used
to probe absorption loss. First, since the coupling qual-
ity factor Qc varies with frequency, the coupling structure
must be carefully designed to accommodate the specific
frequency band of interest. Second, the larger physical
footprint of the resonator means that is is more suscepti-
ble to parasitic modes in comparison with the standard λ/4
resonator. Air bridges or wire bonds should be added to the
device to maintain ground plane continuity and suppress
unwanted modes.

VI. CONCLUSION

In conclusion, we have shown that a multiwave-
length resonator device reduces the TLS-induced loss

measurement uncertainty in comparison with conventional
quarter-wave resonator devices. Our theoretical and exper-
imental results demonstrate that the multiwavelength res-
onator reduces fluctuations from both the TLSs in the
device and the cryogenic amplifier, resulting in a

√
N

reduction in measurement uncertainty, both on short
timescales (seconds) and on long timescales (hours). Addi-
tionally, the multiwavelength resonator reduces the photon
density in the resonator for a given SNR, enabling more
efficient observation of the fully unsaturated TLS con-
tribution to the resonator loss ξ0. Finally, the multiple
resonances of a multiwavelength resonator provide a spec-
tral analysis of the TLS-induced absorption loss. Taken
together, these properties of a multiwavelength resonator
make it a valuable tool for investigating the impacts of
materials, resonator designs, and fabrication processes on
quantum device performance.
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APPENDIX A: DEVICE DESIGN AND
FABRICATION

One 1 × 1 cm2 quarter-wave device [Fig. 6(a)] and one
1 × 1 cm2 multiwavelength device [Fig. 6(b)] were fab-
ricated on the same high-resistivity silicon wafer with
100-nm-thick aluminum deposited on it. All resonators
used a coplanar-waveguide geometry with a 30 μm cen-
ter strip and 30 μm gap widths. The quarter-wave device

(a) (b)

FIG. 6. (a) Quarter-wave device design. (b) Multiwavelength
device design. The black scale bar at the bottom right in (a),(b)
corresponds to 1 mm.
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FIG. 7. Broadband S21 vs frequency of the λ/4 (orange) and
Nλ/4 (blue) resonator devices.

contained 12 λ/4 resonators inductively coupled to a com-
mon feedline in a hanger-style configuration. The multi-
wavelength device contained a single resonator of length
18.1 cm capacitively coupled to a feedline. The choice of
inductive versus capacitive coupling does not affect the
results obtained in this study.

APPENDIX B: NOMINAL RESONATOR
PARAMETERS

Resonator quality factors were determined from mea-
surements of the S21 scattering parameter of each device.
These measurements were done with the use of a VNA in a
dilution fridge setup as described in Fig. 2(c). Resonances
for the λ/4 device (orange) and the Nλ/4 device (blue)
were identified by means of a broadband frequency sweep
between 4.25 and 6.5 GHz as shown in Fig. 7; the traces
have been vertically shifted for clarity.

For the λ/4 device, we identified 12 resonances dips in
accordance with the 12 resonators in the device. We found
that one resonator at 5.19 GHz showed unusually high
power-independent loss, which was attributed to the pres-
ence of trapped flux in the ground plane near the resonator.
This resonator was excluded from the study.

For the Nλ/4 device, we identified seven reso-
nances with a frequency spacing of 0.33 GHz within the
4.25–6.5 GHz range in accordance with the design. We
also picked up one spurious resonance at 5.65 GHz, whose
resonance frequency does not match the expected har-
monics of the Nλ/4 design. The presence of this extra
resonance is not unexpected given that the Nλ/4 resonator
is more susceptible to parasitic modes due to the large
division of the ground plane. The resonator quality factors
extracted at high photon densities (nph,λ/4 > 104) for both
devices are given in Table II.

APPENDIX C: LOSS VERSUS POWER
MEASUREMENT AND DATA ANALYSIS

We used a hybrid approach to extract the power-
dependent resonator loss ξ . All data presented in this

TABLE II. Quarter-wave and multiwavelength resonator fre-
quencies and quality factors at nph,λ/4 > 104.

Type N fr (GHz) Qi (×106) Qc (×106)

MW 27 4.45 9.46 2.42
MW 29 4.77 2.77 2.19
MW 31 510 5.42 2.27
MW 33 5.43 3.33 2.34
MW 35 5.76 1.63 3.31
MW 37 6.08 2.20 5.40
MW 39 6.42 3.89 6.58

QW 1 5.23 1.94 3.31
QW 1 5.28 2.71 2.25
QW 1 5.39 7.53 1.79
QW 1 5.43 8.37 2.06
QW 1 5.48 6.50 1.81
QW 1 5.88 7.05 2.12
QW 1 5.93 6.83 2.04
QW 1 5.98 6.61 1.83
QW 1 6.08 4.32 2.10
QW 1 6.13 5.67 2.48
QW 1 6.18 3.97 2.06

appendix was taken on the N = 33 harmonic of the
Nλ/4 resonator device. We assume the S21 data can be
modeled as

S21(f ) = e−j 2π f τ z = e−j 2π f τ z∞
Ql/Qcej φ

1 + 2Ql(f − fr)/fr
,

(C1)

where τ is the cable delay including the delay on the chip,
z∞ is the off-resonance point, φ is a mismatch angle asso-
ciated with impedance mismatches in the signal chain, fr is
the resonance frequency, and Ql and Qc are the loaded and
coupling quality factors, respectively. The intrinsic quality
factor Qi and loss ξ are subsequently calculated as

1
Qi

= 1
Ql

− cos φ

Qc
(C2)

ξ = 1
Qi

− 1
Q∗

i
, (C3)

where Q∗
i is the Qi value obtained in the power-

independent regime at high photon densities and represents
the TLS-independent loss channels. Extraction of ξ at high
photon densities can be done by fitting the data to Eq. (C1)
using the conventional diameter correction method (DCM)
[23]. We showcase an example DCM fit (blue line) of
data (gray circles) obtained at nph,λ/4 ≈ 7000 in Fig. 8(a);
note that we plot the unwrapped data z = ej 2π f τ S21(f ). As
part of the fitting procedure, a nonlinear fit of the phase
arg(z − zc) to the function 2 arctan(2Ql(f − fr)/fr) + θ is
performed, where zc is the resonance circle center, fr is the
resonance frequency, and Ql is the loaded quality factor.
We show the results of this phase fit in Fig. 8(b).
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(a) (b)

(c) (d)

FIG. 8. Method for extracting the power-dependent loss. The data presented here were obtained on the N = 33 harmonic of the Nλ/4
resonator device. (a) Unwrapped, frequency-dependent data z (gray circles) obtained at high photon density (nph,λ/4 ≈ 7000) plotted
alongside a best fit (blue line) using the diameter correction method. Other resonator parameters used in describing the resonance circle
are also shown. (b) Frequency-dependent phase of the resonance circle (gray circles) plotted alongside a best fit (blue line) to a function
of the form arg(z − zc) = θ + 2 arctan(2Ql(f − fr)/fr). (c) Normalized, high-photon-density resonance circle (gray circles) zn plotted
alongside the low-photon-density, single-frequency data obtained on resonance (blue dots). (d) With use of the power-independent
resonator parameters determined at high photon density, the data shown in (c) are conformally mapped to directly obtain the resonator
loss 1/Qi and fractional frequency shift 2(f − fr)/fr.

At photon densities approximately equal to or less than
one, the SNR is reduced and the noisy data can cause the
DCM fitting procedure to produce unreliable estimates of
ξ . To mitigate this problem, we used the strategy outlined
in Ref [15]. We collected S21 data at various nph,λ/4 values
at a single frequency f ≈ fr. Next, we normalized the data
by the off-resonance point to obtain zn = z/z∞, which we
plot as blue dots in Fig. 8(c); the normalized version of
the resonance circle from Fig. 8(a) (gray circles) is also
shown for reference. We proceeded to conformally map the
normalized data zn to obtain a new set of values w, whose
real component Re[w] corresponded to estimates of 1/Qi,
as we show in Fig. 8(d). The final 1/Qi estimate and error
were reported by our taking the mean and standard error of
Re[w], which was then converted into a final estimate of ξ .
This same procedure was used for the measurements taken
at 200 mK.

APPENDIX D: NOISE POWER SPECTRAL
DENSITY MEASUREMENT AND DATA ANALYSIS

We obtained the raw data for the PSDs shown in
Figs. 4(a) and 4(b) by measuring the time-dependent

S21(f , t) at a single frequency f ≈ fr for 100 s at a sample
rate of 500 Hz. To calculate the PSD in ξ , we processed the
data as follows. First, we factored out the cable delay from
S21 to obtain the unwrapped data z and then subtracted the
time-averaged mean 〈z〉t to obtain δz = z − 〈z〉t. We then
projected the δz values along two constant directions,

r̂ ∝ ∂z
∂(1/Qi)

∣∣∣
f =fr

, (D1)

θ̂ ∝ ∂z
∂fr

∣∣∣
f =fr

, (D2)

where r̂ and θ̂ are the directions corresponding to the
dissipation and frequency quadratures, respectively [22].
The projected data along the r̂ direction were then used
to calculate the corresponding PSD, Sδr(ν), according to
Welch’s method [28]. We used a Hann window with 50%
overlap in the calculation. The final conversion to a PSD
in ξ was found as

Sξ (ν) = Sr̂(ν)

|∂z/∂(1/Qi)|2f =fr

= Q2
c

Q4|z∞|2 Sr̂(ν). (D3)
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TABLE III. Parameters obtained from fitting the ECDFs to a
log-normal distribution.

N fr (GHz) μ[ln(ξ/10−7)] σ [ln(ξ/10−7)]

1 5.43 1.311 ± 0.004 0.253 ± 0.006
33 5.43 1.3899 ± 0.0004 0.0442 ± 0.0006
1 6.08 1.285 ± 0.001 0.186 ± 0.002
37 6.09 1.341 ± 0.0003 0.0365 ± 0.0005

Note that we used three different frequency resolutions to
plot Sξ (ν) in Figs. 4(a) and 4(b): 0.1 Hz for 0.1 Hz ≤ ν <

1 Hz, 1 Hz for 1 Hz ≤ ν ≤ 10 Hz, and 10 Hz for 10 Hz ≤
ν ≤ 250 Hz. To find the corresponding variance var[ξ ],
we integrated Sξ (ν) from 0.1 to 250 Hz for each value of
nph,λ/4. This corresponds to a variance over a timescale
of 10 s.

APPENDIX E: FITTING THE EMPIRICAL
CUMULATIVE DISTRIBUTION FUNCTIONS

The ECDFs of ξ at nph,λ/4 ∼ 1 in Figs. 5(b) and 5(d)
were fitted to a log-normal distribution whose cumulative
distribution function has the form

f (ξ) = 1
2

[
1 + erf

(
ln(ξ) − μ

σ
√

2

)]
, (E1)

where erf is the error function, and μ and σ are the
mean and standard deviation of ln(ξ), respectively. Using
converted the extracted μ and σ parameters to the corre-
sponding mean and variance of the underlying ξ as

E[ξ ] = eμ+σ 2/2, (E2)

var[ξ ] = (eσ 2 − 1)e2μ+σ 2
. (E3)

We provide the results of fitting the ECDFs to Eq. (E1) in
Table III.
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