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Enhancing the speed of direct volumetric imaging through annular illumination
and spatial coherence of light
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We propose and demonstrate a direct volumetric imaging method based on spatial coherence of light
and sequential illumination from pointlike sources distributed along a ring. We prove that when the
source geometry restricts illumination to high-angle modes matching the system numerical aperture,
linear annular illumination achieves the same lateral resolution and similar axial sectioning as planar
full-disk illumination, while offering the advantage of a threefold faster acquisition and an even lighter
computational demand. The proposed approach offers a simplified and efficient alternative to conventional
light-field and computational imaging, opening new paths for fast, cost-effective, real-time volumetric

imaging and three-dimensional microscopy.
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I. INTRODUCTION

Wide-field microscopy is a cornerstone imaging
technique for real-time visualization of biological and
industrial specimens, prized for its direct imaging capa-
bilities, low cost, and compatibility with live imaging
[1]. Nonetheless, its performance is fundamentally con-
strained when extended to a three-dimensional (3D) object.
The high resolution guaranteed by objectives with a large
numerical aperture (NA) is accompanied by a limited
depth of field (DOF); this forces a compromise between
lateral resolution and axial coverage, requiring mechan-
ical z scanning to retrieve volumetric information [2,3].
However, the scanning process is inherently slow and
requires precise hardware, which limits its suitability for
studying dynamic processes, high-throughput tasks, and
cost-sensitive applications.

In response to these limitations, a range of scanning-
free 3D imaging methods have been proposed. Among
them, light-field microscopy (LFM) has gained traction for
enabling single-shot acquisition of volumetric data by cap-
turing both spatial and angular information via a microlens
array placed in the image plane [4—6]. This configura-
tion permits volumetric reconstruction from a single cam-
era exposure, facilitating instantaneous three-dimensional
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imaging of fast biological or physical phenomena
[7,8]. The acquired four-dimensional (4D) dataset, called
a “light-field function,” is computationally transformed,
through wave optics—based deconvolution or synthetic
refocusing algorithms [6], to retrieve 3D information
about the shape of the object in the volume of interest.
LFM offers exceptional temporal resolution and volumet-
ric acquisition speed; however, it suffers from a strong
trade-off between resolution and DOF: the acquired depth
of field is gained at the expense of the spatial resolution,
which is typically at least 2 times lower than the diffraction
limit. This is largely due to its reliance on geometric optics,
where defocusing is governed by the size of the NA-
dependent circle of confusion (COC; a common feature
of direct imaging techniques based on spatially incoherent
illumination) [9]. LFM thus exhibits degraded resolution,
which undermines its effectiveness for quantitative analy-
sis at the microscale [10,11]. Recent work has integrated
deep learning—based restoration and deconvolution meth-
ods [12,13] to compensate for aberrations and increasing
spatial resolution toward near-isotropic performance.

A different class of techniques addresses the resolu-
tion versus DOF trade-off by leveraging the illumination
strategy. These include methods such as ptychography,
Fourier ptychography, and digital holography, which share
the common goal of computationally retrieving either vol-
umetric or high-resolution information by synthetically
expanding the numerical aperture of the optical system
through structured or angularly multiplexed illumination
[14-16]. In this category, it is also worth mentioning
structured illumination microscopy. Designed to increase
resolution by illuminating the specimen with spatially
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structured light patterns and performing Fourier-space
demodulation [17—19], structured illumination microscopy
enables high-resolution volumetric imaging and dynamic
sample analysis by applying interferometric and learning-
based methods [20]. The aforementioned approaches typi-
cally require the sequential acquisition of multiple images
under various illumination angles or phases. Computa-
tionally expensive inverse reconstructions typically relying
on iterative optimization algorithms are then required to
retrieve both the amplitude and the phase of the object.
Although extremely powerful in resolution and flexibility,
these computational illumination methods are not direct
imaging techniques, as they require intensive postpro-
cessing and are inherently slow due to the numerical
reconstruction required for the full retrieval of object
information. This limitation is particularly pronounced in
real-time or high-throughput applications, where speed and
simplicity are essential.

In contrast to these indirect approaches, recent advances
have shown that the spatial coherence of light can be
harnessed as a resource to enable high-resolution direct
volumetric imaging [21]. In particular, away from the
focused plane, the transverse resolution of coherent imag-
ing (namely, imaging through spatially coherent illumina-
tion of the object) was shown to be completely independent
of the NA of the imaging system, and to depend exclu-
sively on the propagation of spatially coherent light; as
a consequence, the resolution versus DOF trade-off is
highly released and significantly higher resolution can
be achieved. However, coherent imaging lacks the axial
localization required for volumetric imaging; this is com-
pensated by combining coherent imaging with sequential
illumination from a two-dimensional (2D) array of sources
with known transverse position: this approach was shown
to entail the sharp NA-dependent axial sectioning capa-
bility typical of incoherent imaging, with a longitudinal
resolution that depended exclusively on the dominating
NA of the optical design [21]. The coherence-based direct
volumetric imaging approach presented in Ref. [21] thus
combines the high transverse resolution of coherent imag-
ing with the high longitudinal resolution of incoherent
imaging. This paradigm shift leverages the physics of spa-
tial coherence—as opposed to geometric optics or full
wave front recovery,—to enable the reconstruction of the
same 4D light-field function typically retrieved in LFM,
but without microlenses and with significantly improved
3D resolution and DOF. This approach thus opens up a
new class of spatial coherence—assisted volumetric imag-
ing modalities, which combines the speed and simplicity of
wide-field imaging with the volumetric reach and resolu-
tion enhancement typical of indirect methods—yet without
their computational burden.

In this work, we further develop this direction, and
demonstrate that the sequential full-grid (2D) illumination
used in the work reported in Ref. [21] can be effectively

replaced by a sequential annular (hence, linear) illumina-
tion, with the advantage of speeding up acquisition and
elaboration, while fully preserving image resolution and
axial sectioning capability. The underlying idea is that the
information encoded within the measured light-field func-
tion (four-dimensional) might be partially redundant, as it
is typically used to retrieve three-dimensional information
about the object. Most of the information encoded by illu-
mination of the scene from a 2D array will be shown to
be not needed, as the properties of the reconstructed vol-
umetric image are found to be defined by the outermost
circular sector of the illumination grid. In particular, the
maximum useful illumination radius is found to be defined
by the angular acceptance of the imaging device: match-
ing the radius of the annular illumination with the NA of
the optical system enables maximization of both the lateral
resolution in focus and the axial resolution of refocused
images, as they are both defined by the dominant NA in the
optical design. High-resolution volumetric reconstruction
is thus found not to require accessing of the entire 4D light-
field function: the annular distribution of pointlike sources
limits illumination to the optical modes with the largest
accepted angular divergence, and, still, preserves the res-
olution and DOF of the full-grid approach, while greatly
improving the temporal performance of the technique.

While similar annular illumination strategies have been
used in Fourier ptychography [22,23], they have thus far
been limited to indirect imaging frameworks, relying on
iterative reconstruction. In contrast, our method enables a
direct imaging modality with substantial temporal advan-
tages, as the volumetric image is obtained by appropriate
summing of the collected dataset, as is: each pixel of the
final image is obtained by simply summing pixels of the
initial dataset [21,24] without the need for time-consuming
wave front reconstruction or statistical inference typical of
indirect imaging methods. The results presented thus pave
the way for simplified, efficient, and real-time volumetric
imaging and 3D microscopy.

This paper is organized as follows. In Sec. II, we intro-
duce the principles and main features of coherence-based
direct volumetric imaging based on sequential annular illu-
mination. We start by recalling the analytical expression
for the intensity distribution of defocused coherent images
obtained by a single pointlike illuminator (Sec. I1 A). The
volumetric reconstruction capability enabled by an array
of sequentially illuminated point sources is reported in
Sec. II B, where we highlight the effect of both spatial
coherence and illumination geometry on transverse reso-
lution, and dig into the underlying physical mechanism
of the reconstruction algorithm. In Sec. II C, we demon-
strate and discuss the physical origin of the axial resolution
of the technique, relating it to geometric effects. In Sec.
II D, we present a formal comparison of coherent imaging
with full-disk illumination and with annular illumination.
This analysis is then extended quantitatively in Sec. I1E
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through the use of an estimator, referred to as “image
fidelity,” which enables a direct comparison of the axial
and longitudinal resolution achieved by the two illumina-
tion strategies. In Sec. IV, we discuss the results and draw
relevant conclusions.

II. THEORETICAL ANALYSIS

A. Analytical expression for defocused coherent
images obtained with a single pointlike illuminator

We start by evaluating the intensity distribution that
describes the coherent image of a two-dimensional object
having complex field transmittance A(r,), where r, =
(x,,V,) is the transverse coordinate on the object plane. As
reported in Fig. 1, we suppose the object is illuminated
by a pointlike source placed at a transverse coordinate
r; = (x5, ys), defined on the source plane, and the light
transmitted by the object is collected by an imaging system
reproducing an out-of-focus image on a high-resolution
two-dimensional photosensor. The intensity at a transverse
coordinate r = (x, ) of the sensor is given by

2

I(rg,r) = S(ry) /ﬁ(rs, l'o)A(l‘o)’P(;(l‘o,l')dzl'o , (1)

where L(r,,r,) describes the propagation of the electric
field from the illumination plane up to the object plane,
Ps(r,,r) describes the propagation of the electric field
from the object plane through the defocused optical device
up to the photosensor [25,26], and S(ry) is the optical inten-
sity of the pointlike emitter at coordinate ry. The parameter
8, named the “defocusing distance,” indicates the distance
between the transverse plane of the object and the plane
optically conjugated to the sensor; § is taken to be posi-
tive if the object is placed at a distance from the imaging
device that is greater than the focusing distance, and to be
negative otherwise. The form of Eq. (1) is explained and
discussed in Appendix A.

As reported in Ref. [21], the field propagation through
a defocused system can be decomposed into two terms:
free-space propagation from the object plane to the conju-
gate plane of the sensor, followed by propagation through
the focused imaging system, until the sensor. The Green’s
function Ps can thus be expressed as

Ps(r,,r) = /exp [Z% |l‘0 —ry |2:| Po (l‘f, r) dzlff. 2)

The first, exponential function in the integrand describes
free-space propagation of a monochromatic electric field,
with wave number k, by a distance 6 from the object
plane to the conjugate plane of the sensor, with trans-
verse coordinate ry. The second term describes the optical
response of the imaging system to a spatial impulse located

Array of point sources (r;)

iR 2D sensor (r)

/S Imaging system (r))

<
i
i
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(2]
k]

Z Focusing distance

Triggering unit '———

FIG. 1. Coherence-based direct volumetric imaging. Illumina-
tion is provided by an array of point sources that we turn on
one at a time (as indicated by the green pixel depicted on the
source array); depending on the desired illumination geometry,
the array will be a ring or a full circle of radius 7. Light from
each pointlike source illuminates the object. Transmitted light is
then collected by an imaging system and detected by a 2D sen-
sor. A triggering unit is used to acquire an image for each lit
source. The conjugate plane of the 2D sensor, which is at the
focusing distance from the imaging system, is at a distance z
from the array of point sources and at a distance § (referred to as
the “defocusing distance”) from the object. The defocusing dis-
tance is chosen to be larger than the DOF of the (incoherently
illuminated) imaging system. When all pointlike sources from
the full circle or the ring of radius 7, are simultaneously ON (i.e.,
in conditions of incoherent illumination), the image of the object
on the 2D sensor is out of focus, and hence blurred.

in the conjugate plane of the sensor; its squared modulus
corresponds to the Airy disk.

Regardless of the spatial coherence properties of the
illumination, the image resolution in focused conditions
(namely, when the object is in the conjugate plane of the
sensor) is defined by the Airy disk (hence, by the system
NA). Conversely, recent work has shown that the qual-
ity of defocused images changes significantly according to
whether the system is illuminated by spatially coherent or
incoherent light [21,27,28]. For conventional (incoherent)
imaging, the resolution of defocused images is well known
to be defined by the NA-dependent COC—namely, the
geometric projection of the limiting aperture of the imag-
ing system onto the plane where the defocused image is
observed. However, as demonstrated in Refs. [27,28] for
coherent imaging, the transverse resolution of defocused
images does not depend on the NA of the imaging sys-
tem, and no COC-induced blurring occurs; rather, the loss
of image quality with defocusing is dictated by free-space
propagation of the field diffracted by the object.

In light of these considerations, we assume, for
simplicity, ideality of the imaging system [Poy(r/,r) =
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52 (r; —r/M)], 50

k
Ps(r,,r) = exp [lﬁ

r 2

o ] SNC)
always bearing in mind that such a strong simplification is
valid only for a coherent system, and only reasonably far
away from its plane in focus (defocusing greater than the
ratio between the wavelength and the squared NA). As we
shall see, interesting insight into the features of coherent
images is gained by use of Eq. (3) in the expression for the
intensity at the detector.

From Eq. (1), we see that the intensity distribution of
the coherent image depends not only on the focusing con-
ditions (P;s) but also on the illumination scheme (L£); as
discussed in Ref. [21], the features of coherent images can
be tuned by either changing the distance of the illumina-
tion plane from the object or using relay lenses, or even
changing the size of the single illuminators. In this paper,
we consider only the case where the object is separated by
a distance z,, in free space, from the illumination plane,
and sources are pointlike. Hence, the illumination field at
the object plane is given by

k
L ssLo) = —————|r, — 1y 2 . 4
(rg,1,) = exp |:12(Zs 3 Ir, — g :| 4)
By plugging Egs. (3) and (4) into Eq. (1), we find that

the intensity distribution of the detected coherent image
reduces to

I(rg,r) =~ S(ry)

k
A(r, ' 0
/ (Fo) exp [12[51 + -8 'r

2
=81 8 2d2
- 37 — I r,
ze M ozg

This result indicates that the coherent image produced by
a point source is described by the diffraction pattern of
the object, as observed from the equivalent defocusing
distance [8_1 + (zy — 8)_1]; this distance reduces to the
real defocusing distance § only in the case of plane-wave
illumination (z; — 00), in accordance with the findings
of Ref. [21]. As theoretically and experimentally demon-
strated in Ref. [21], one of the most interesting conse-
quences of this result is that the transverse resolution of
defocused coherent images has a square-root dependence
on the defocusing distance, as is typical of coherent imag-
ing; we come back to this point when discussing Fig. 5.
Upon further inspection, Eq. (5) also indicates that the
images produced by different single point sources from the
illumination array are basically identical to one another,
with the only difference being a slight §-dependent magni-
fication [z,/(zy — )] and a ry-dependent shift on the sensor
given by 8r/z, thus depending both on the defocusing and
on the illumination distance.

®)

B. Refocusing algorithm for coherence-based direct
volumetric imaging

The identified § dependence of the transverse shifts that
defocused coherent images undergo when the illumination
coordinate r; is changed can be exploited for axially local-
izing the object or, equivalently, for isolating the “slice” of
the volume where the planar object is placed [21]. This
is done by means of the so-called refocusing or recon-
struction algorithm, which realigns the intensities /(r;, r)
associated with a given axial coordinate 6 and sums them
together:

E(r)—/[ r S oy, 3
8 - S ZS—(S s Zs_5

o 1(0, M r). (6)

Mr) d*r,

Refocusing is thus the result of a two-dimensional Radon
transform: the plane at the axial coordinate 6 is recon-
structed by means of two Radon transformations of the
acquired images /(rs,r) at the same angle ¢ = §/z;, one
in the (x;,x) plane and the other one in the (y;,y) plane
[24]. Since obtaining a reconstruction from the dataset is
a very easy computational operation, involving only pixel
shifting and a sum, the required Radon transform is compu-
tationally nondemanding, and can performed in real time
by up-to-date graphics-processing unit architectures [29].

From Egs. (5) and (6), we see that the reconstruc-
tion process retrieves the Fresnel diffraction pattern of the
object after free-space propagation through the equivalent
distance [8’1 + (z5 — 8)’1] in Eq. (5). The transverse res-
olution of coherence-based direct volumetric imaging is
thus expected to be predominantly defined by the way
diffraction and free-space propagation affect the individ-
ual images produced by single pointlike sources, while
the specific pattern of pointlike sources (i.e., their number,
their positions, and the overall extension of the illumina-
tion array) is expected not to play a relevant role. The the-
oretical and experimental demonstration of this intuitive
result is reported in the following sections.

We now study the role played by the numerical aperture
of the imaging system regarding the retrieved defocused
images in the ideal case of an infinitely extended uni-
form illumination plane [S(rs) = 1]. To this end, we report
in Fig. 2(a) the 2D slices of the 4D dataset /(xy, ys, X, )
corresponding to y, = y = 0; the left-hand-side and right-
hand-side slices correspond to two different values of the
NA of the imaging system. The simulation is performed by
our considering a Gaussian-shaped transmissive slit

r
A(rs) = €Xp [_402] s

with o, = 100 wm, and pointlike emitters placed at an illu-
mination distance z, = 100 mm, and our shining green
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(a) ey = 70 x NA

— Refocusing angle (§ = §")

— Misfocused angle (6’ = 0)

X, (mm)

-0.05 0.00 0.05 -0.05 0.00 0.05
x (mm)

Refocused (6" = 8)—large lens

Refocused—small lens
----- Misfocused (&' = 0)—large lens
----- Misfocused—small lens

Intensity (arb. units)

FIG. 2. (a) Simulation of 2D slices of the 4D dataset
1(xs,ys,x,y) corresponding to y;, = y = 0 for a Gaussian-shaped
transmissive object and two different values of the NA of the
imaging system, larger for the left plot and smaller for the right
plot (see the text for details). (b) Quantitative comparison of
background suppression, characterized via the COC, between
high-NA (red) and low-NA (blue) configurations.

light (A = 532 nm) on the sample. The simulated imag-
ing device is a unit-magnification 4f system with focal
length f = 10 mm, having an acceptance pupil of radius
[: in the left plot in Fig. 2(a), / =5 mm and NA = 0.5,
while in the right plot, / = 2 mm and NA = 0.2. Both plots
are based on Eq. (1), without our performing any of the
approximations discussed so far. As can be easily seen, the
most evident effect of the NA of the imaging system is to
determine a cutoff in the space of the illumination array, so
illumination from larger x; coordinates does not produce
detectable coherent images on the sensor. In other words,
light from illumination angles greater than the NA of the
optical system does not contribute to /(xs, ys,x,y). Inter-
estingly, this result can be accurately predicted through
geometric optics. To see this, we apply a stationary phase
approximation (A — 0) to the full expression as given in
Eq. (1), obtaining

I(ray)(rs,r) = lim I(r,,¥) = ‘A (érs n Zg— 0 r
k— o0 Zg ze M
z; x NA zzxNA) M|’
(7)

where the function P(r;) is the dominant iris (of radius /)
and determines the NA of the imaging system. The first
factor in Eq. (7) is the defocused image of the object pro-
duced by the point source placed at the coordinate ry; the
geometric approximation thus maps the object plane to
a mixed transverse coordinate that depends on both the
illumination and the detection coordinates:
) Zg—48 I

ro — —Jg —+ .
Zg zg M

Comparison of Egs. (7) and (5) clearly indicates that
ray optics predicts the same shifting and magnification
of the single out-of-focus coherent images, but is obvi-
ously incapable of describing the image degradation due
to diffraction. As the object shows no degradation due to
diffraction, the geometric limit incorrectly predicts no loss
of resolution, regardless of the amount of defocusing. Nev-
ertheless, the geometric optics framework is capable of
predicting the largest illumination coordinate r; giving rise
to a coherent image on the sensor: on the basis of Eq. (7),
we see that an object point in the center of the field of view
(FOV) r, = 0 is mapped onto an infinite range of optical
rays between the illumination plane and the detector plane,
satisfying
0 ) zg—d8r
r,=0= Zsrs + Ve

Among those, only rays crossing the lens plane at coordi-
nates r; within the iris can contribute to image formation.
This requirement can be deduced from Eq. (7), which
requires that

/ l r
—_r, 14— —| <L
‘ szNAr‘+< +zS><NA>M‘_

In the hypothesis of small defocusing (§ < z;), a point at
the center of the FOV is thus projected onto a coordinate
r; obeying the mapping

r,=0—r~——.

Therefore, a sample coordinate near the center of the FOV
is imaged properly only as long as ry//(z; x NA) <[ or,
equivalently,

rg S = 20 x NA. ®)

Equation (8) is easy to interpret, as it requires that the
illumination-side numerical aperture

NA, = -, ®

with 7 the largest illumination radius, should at most
match, but never exceed, the acceptance NA.
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This result, which we remark is obtained purely from
geometric arguments, is reported as dashed green lines
xs = £zg x NA in the plots in Fig. 2(a). The plots clearly
demonstrate the ability of the geometric argument to pro-
vide a good quantitative evaluation of the identified cutoff
even outside the geometric context.

In summary, the NA of the imaging system has a negli-
gible effect on the transverse resolution, but indeed limits
the “useful” illumination coordinates (ry) in the illumina-
tion plane to angles compatible with the pupil geometric
acceptance. This limits the possible illumination patterns
S(ry) to functions whose support is contained within the
angular domain defined by the lens. We also highlight
an important implication of the findings in this section.
Given that lens pupils are typically circular, or can be
reasonably approximated as such, the region on the illumi-
nation plane that matches the system angular acceptance
is also circular. As a result, in architectures using illumi-
nation from a 2D grid of emitters matched to the system
NA, only the sources located within a circle inscribed
in the grid contribute effectively. For this reason, in the
remainder of this paper, we restrict our analysis to a com-
parison between full, disk-shaped, illumination patterns
and annular, ring-shaped, illumination patterns.

C. Effect of the illumination NA on the axial resolution

The limited support of /(ry,r), imposed by the accep-
tance and/or illumination NA, implies that the integration
domain of the reconstruction algorithm in Eq. (6) does not
extend infinitely along the ry axes even if S(r;) = 1 in Eq.
(1). While we have shown that the transverse structure of
the source does not influence the lateral resolution, in this
section we demonstrate that the finite extent of the acces-
sible ry coordinates fully determines the axial resolution
properties.

Let us consider the analytical expression for a recon-
struction [Eq. (6)] at a generic axial coordinate §’, which
can in principle be different from the actual coordinate § at
which the object is placed. There are several reasons why
one might be interested in a “misfocused” reconstruction.
Primarily, this arises from the fact that the experimenter
does not know a priori the axial position § of the object. As
a result, a (software) z scan is always required, where Eq.
(6) is evaluated over a range of axial values. This is analo-
gous to the conventional experimental approach of seeking
the best focus by physically adjusting the imaging sys-
tem (hardware z scan) and visually identifying the sharpest
image. In this scanning procedure, the axial resolution of
the technique manifests itself as the axial “thickness” of
the reconstruction—namely, the range of &’ values over
which the object can plausibly be located and confidently
identified as being at position §.

The analytical expression for the generic reconstruction
in §’ is obtained by application of Eq. (6) with § — §’ to

Eq. (5) and reads, in the § < z, approximation,

1
7 x NA2(§ — §)2

N 1 o 2.
X//Ms(ro)l Xdisk (—IS—S/I T r0)>dr0,

g (r) ~

(10)
where
12
As(e) = / A(mexp[i Klr, ~r) _l}dzro
2[6 + (=87
(1

is the Fresnel diffraction pattern generated by the object at
the equivalent observation distance. xgisk is a disk-shaped
characteristic function, valued 1 whenever its argument is
within a unitary radius, and 0 outside, and is obtained by
assuming matched illumination NA and acceptance NA.

Equation (10) yields exactly the diffraction pattern of
the object [Eq. (11)] only when 8’ = §; in all other cases,
it entails a convolution with a disk-shaped COC. Such an
effect is purely geometric, as is expected from a COC [21],
as the same point-spread function (PSF) is obtained by
application of a stationary phase approximation to Eq. (10).
The radius of the disk-shaped COC is defined by the prod-
uct |8 — 8’| x NA, as is typical of defocused incoherent
imaging systems [21].

The effect of the COC and its role in defining the axial
resolution can be seen in Fig. 2(b), where we show a com-
parison between the x sections of the reconstruction of the
Gaussian slit in Fig. 2(a). As discussed in Sec. II B, images
refocused at the correct object position § are virtually iden-
tical for both the larger lens (NA = 0.5, solid red line) and
the smaller lens (NA = 0.2, solid blue line). The only evi-
dent difference is the overall brightness, which is reduced
in the low-NA case due to decreased light collection.
However, this effect can be easily corrected during post-
processing, provided that a sufficiently high signal-to-noise
is available.

A far more significant distinction emerges when we
consider the suppression of out-of-focus planes. This is
illustrated by the reconstructions at §' = 0, correspond-
ing to a defocus of 100 wm relative to the true object
plane at §. The two dashed lines (red for high NA, blue
for low NA) reveal that the lower-NA system produces
a much smaller COC, which—under a moderate defo-
cus—hampers the ability to clearly distinguish the in-focus
plane. Moreover, the reduced performance in background
suppression is reflected in the limited contrast, evaluated
as the ratio between the peak intensities of the correctly
refocused image and the misfocused image. In contrast, the
high-NA system exhibits a significantly larger COC and
superior suppression of background planes, as evidenced
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by the higher contrast between in-focus and out-of-focus
reconstructions.

D. Comparison of coherence-based volumetric
imaging with annular illumination and with full-disk
illumination

In this section, we show that the essential features of
coherence-based direct volumetric imaging are retained
when the full 2D illumination array is replaced by a ring
of pointlike sources.

Let us consider the reconstruction obtained by illumina-
tion of the sample with an annular pattern, defined as the
outermost ring of a disk in the illumination plane, matching
the acceptance NA. As was done in Sec. II C for full-disk
illumination, the reconstruction in 8’ resulting from annular
illumination reads

rin, 1
23/ g(r) =
21 x NA|§ — &/|
./4 ANV 1 / d2 /
X | 5(r0)| Xring |8_8,W|1'—1'0| r,

(12)

where  xring(161 — &) = 8V (& — &|—1) describes a
ring-shaped PSF of radius 1 in the (§1, &) space, while Aj
is again defined as in Eq. (11).

Aside from differences in overall brightness, disk and
annular illumination yield identical images under perfect
reconstruction conditions. However, whenever 8’ # §, the

Annular illumination
utar fiuminatio 2D sectionat y=0

y (mm)

two produce distinct background responses: annular illu-
mination results in ring-shaped blurring on out-of-focus
planes, whereas disk illumination generates a ring-shaped
PSF around the object details. A noteworthy observa-
tion is that the radii of the PSFs—whether full or annu-
lar—are identical. According to the results presented in
Sec. 11 C, the axial sectioning performance of both illumi-
nation strategies is thus expected to be comparable, as it
depends primarily on the size of the COC.

Annular illumination can therefore be leveraged to
achieve the same high axial resolution enabled by a high-
NA design, while suppressing redundant information asso-
ciated with small-angle components of the illumination,
which do not contribute to axial sectioning.

Figure 3 shows a comparison between the volumetric
reconstructions obtained via software scans in the cases
of annular illumination (upper row) and full-disk illumi-
nation (lower row). For ease of calculation, we simulated
a Gaussian illumination pattern to obtain the full-disk
illumination case—namely,

[_—rf ] (13)
- Pl 2asnr ]

where the width of the equivalent Gaussian has been set
to 1.57; to qualitatively match the axial performance of
a full-disk illumination of radius 7. The simulated object
is a 100-pum-wide Gaussian slit, placed at axial position
8 = 4200 pm for both illumination strategies.

s
S(ry) = exp [— 262} =ex

Reconstruction at

Refocusing (§ = &)

y (mm)

Xx (mm)

Fullillumination 2D section at y = 0

y (mm)
0

05

8’ (mm)

FIG. 3.

Reconstruction at
|6 - 8’| =600 um

X (mm)

Refocusing (6 = §°)

y (mm)

X (mm)

Qualitative comparison between two illumination strategies. Images obtained with full Gaussian illumination (upper row)

and with annular illumination (lower row). From left to right, the plots represent a whole 3D z scan obtained by the sweeping of &’
in the reconstructed images obtained with Eq. (6); a 2D section of the z scan along the (x,§") plane, evaluated at y = 0; the sharpest
reconstruction at ' = §; a misfocused reconstruction at |§ — 8’| = 600 wm.
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As can be seen from the two pairs of plots on the left in
Fig. 3 reporting, respectively, the 3D software z scans and
their 2D slices at y = 0, both illumination strategies enable
a very similar axial localization of the object around the
correct refocusing position 8’ >~ §. The software z scan is
obtained by evaluating the reconstruction algorithm over
multiple axial positions §’, assuming the correct position
of the object is not known a priori. The object position
is identified as the axial location where the reconstructed
image appears sharpest. It corresponds to the point at
which the blur, quantified by the radius of the COC associ-
ated with the reconstruction procedure [Egs. (10) and (12)],
is minimum [24].

As shown by the two images highlighted by a dashed red
outline, the performance of the two illumination geome-
tries is identical when reconstruction is performed exactly
on the object plane—namely, when 8’ = §; in the spe-
cific case of the reported simulation, this corresponds
to considering the 2D slice of the z scan obtained at
8" = 4100 pum.

As clearly seen in the two rightmost images outlined by
a dashed blue square, a significant difference between the
two illumination strategies appears when we consider out-
of-focus images; in the specific case, the reported images
correspond to a misfocus of 600 wm from the position of
the object. The images show that the illumination strategy
based on Gaussian illumination induces a Gaussian-shaped
COC (bottom right panel), whereas annular illumination
results in a donut-shaped image (top right panel), hav-
ing approximately the same radius as the Gaussian-shaped
COC. This difference will clearly appear in the background
planes of reconstructed images, as we see in Sec. I1I.

As a final remark, we discuss the speedup of acquisi-
tion and reconstruction associated with annular illumina-
tion versus full-disk illumination. For annular illumination,
the reconstruction algorithm involves only one integra-
tion variable, as the angular coordinate is swept while
the illumination radius is fixed. The acquired dataset thus
becomes three-dimensional, rather than four-dimensional:

1(x5,y5,¥) —> I(rgcos0,rgsinf,xr) =: Z(0,r). (14)
The reconstruction algorithm needs to be changed accord-
ingly, as it now involves a single-axis integration:

0 (x, )

2 ; 8/
=/ 7(o,—2—m|*| - M, | €9 1) a0,
0 zg =8 | zg — &' sin6

(15)

This function can be recognized as no longer consisting
of two cascaded Radon transforms [as in Eq. (6)], as it
involves shifting the coherent images along the 6 axis
in the (ry,6) plane. Interestingly, Eq. (15) represents the

5=+0.5mm

FIG. 4. Simulations of the 3D dataset Z(0, r) [Eq. (14)] result-
ing from annular illumination of a Gaussian object, correspond-
ing to three values of defocusing 6 values (see the text for further
details).

parametrization of a helicoidal path integral over the (6,r)
space; a single path integral over a helix thus replaces the
double path integral over lines typical of the reconstruction
algorithm with full illumination [Eq. (6)]. This can be seen
in Fig. 4, where we report the 3D dataset /(6,r) obtained
by illumination of the Gaussian sample corresponding to
Fig. 2 with an annular pattern of radius r; = z; x NA in the
cases of negative defocusing (§ = —0.5 mm, left panel),
positive defocusing (6§ = —0.5 mm, right panel) and no
defocusing (§ = 0, middle panel). As expected, the coher-
ent image of the slit does not show any shift in the focused
case. However, object points describe helices in the (6,r)
space, with axes parallel to the 6 axis, chiralities defined
by the sign of the defocusing, and whose radii depend on
the absolute defocusing itself.

E. Quantitative comparison between full-disk
illumination and annular illumination: Fidelity
analysis

To quantitatively compare the resolution and axial sec-
tioning capability of the two illumination strategies, we
evaluate the so-called image fidelity, defined by the func-
tional scalar product between the m-normalized reference
function |4(r)|* and its reconstruction ¥ (see Appendix B
for details):

£ (o)) = J |A(r)|%l|z(r;{p}>|% d’r

([ 1AmI" 2R ([ 1200 phI” &)
(16)

The generic n-ple {p} represent the set of parameters
on which the final image depends, including the object
parameters (size, shape, defocusing, etc.), optical param-
eters (optical NA, illumination NA, defocusing) and the
reconstruction parameter §’. In particular, to assess the
performance of the imaging technique, we evaluate the
parametric curves

F(005638/3 NAS) 2 Cth, (17)

where ¢y, is a threshold above which the image is consid-
ered faithful [24,27,28]. We thus use the fidelity to evaluate

024088-8



ANNULAR ILLUMINATION FOR COHERENT 3D IMAGING

PHYS. REV. APPLIED 25, 024088 (2026)

Ring: 6 = 0 pm
& =+200 pm
& = +400 pm
Full: 5 =0 pm
& =+200 pm
& = +400 pm

------ fan/| 6|/ K
,,,,,,, Foodm 16-6| 10l

rrrrrrr fiom 16-6"| G0/20

ds (mm)

-01 0.0 0.1 6,(‘"5"1) 03 04 0.5
FIG. 5. Fidelity of the reconstrcuted images in the cases of full
(Gaussian-shaped) illumination and annular illumination.

the quality of the reconstructed image over the 4D space
of the parameters (o,, §, NAy, §') that determine the recon-
structed image. The quality of the refocused image of an
object of size o, depends not only on the distance between
the object and the plane in focus (§), as for conventional
incoherent imaging, but also on the coordinate where the
reconstruction is performed (8'); the parameter NA; is also
be considered to achieve a quantitative and systematic con-
firmation of the role of the illumination aperture NA; in
determining the axial sectioning.

On the basis of the analytical expressions reported
in Appendix B [Egs. (B2) and (B5)], the fidelities
of correctly refocused (8’ = §) images are identical in
the cases of full-disk illumination and annular llumi-
nation—namely, F'"(c,, 8,8 = §) = F"(0,,8,8' = 6) .
This result reflects the fact that the transverse resolution
obtained by the two illumination strategies is independent
of the illumination aperture NA,; the effect of the illumina-
tion aperture on the fidelity is entirely contained within the
term associated with the COC, as discussed in the previous
section. The curves of best resolution for differing axial
position of the object have the typical square-root trend of
coherent imaging [21,27,28]:

ull, ring / )
Flling 5.8 = 8) > e —> 0,(6) = ,/%fdﬂ(cm),
(18)

where the expression for fgr(c) is given in Appendix
C. This trend describes the diffraction-limited fransverse
resolution attained by coherence-based direct volumetric
imaging as a function of defocusing, regardless of the
illumination strategy (dashed black line in Fig. 5).

In Fig. 5, the colored regions of space serve as a com-
plete qualitative reference of the behavior of the fidelity
for full Gaussian illumination (pink, purple, and orange
regions, corresponding to an object placed at § = 0 um,
8 =200 wm, and 6 = 400 wm, respectively) and for annu-
lar illumination (blue, yellow, and green regions, at the
same defocusing values). The plots are obtained by our
assuming NA; = o5/z, = 0.1 for full illumination, and

NA, = 75/z; = 0.1 for annular illumination, and illumina-
tion distance z;, = 100 mm. The fidelity evaluation was
performed with ¢y, = 99%. Both illumination strategies
clearly give rise to the typical NA-independent loss of res-
olution as the object is moved away from the focus; at the
focus, the image has the best possible resolution and all
vertices of the colored regions at high fidelity lie on the
same square-root trend defined by coherence (dashed black
line). However, far from the best resolution, the fidelity
of the reconstructed image assumes the typical V-shaped
trend of the COC-induced linear scaling of resolution ver-
sus DOF [21]. Although the widths of the V-shaped regions
are slightly different for the two illumination strategies,
the two techniques perform similarly, with full illumina-
tion apparently enabling slightly better axial sectioning (a
point we address later).

We now study in a more quantitative way the axial per-
formance obtained with the two illumination modalities.
Being uniquely determined by the COC, the axial reso-
lution is independent of diffraction-induced artifacts due
to coherence [21]; we thus work in the limit of negligi-
ble diffraction (details are provided in Appendix B). The
expressions for the fidelity in the absence of diffraction-
induced artifacts read, respectively,

FM(0,,18 — 8'|,NA,) > ctn = 0, > |8 — 8’| x NA

geom
X [ o (€n),
(19)
F% (05,18 — §'|,NA) = cn = 0, 2 |8 — 8| x NA,
ngélogm (Cth)a
(20)

where the explicit forms of the two threshold-dependent
coefficients are provided in Appendix C. These two expres-
sions can be recognized as determining the COC-induced
resolution curves, having the same linear scaling as the
COC induced by the acceptance pupil. They are similar,
as expected, differing only in the multiplying threshold-
dependent function f. The dashed red and blue lines in
Fig. 5 represent Eqs. (20) and (19), respectively. Figure
5 shows that, far from the diffraction curve, the behavior
of the fidelity can be completely explained by the expres-
sion obtained in the geometric approximation; the two
expressions have the same direct proportionality with both
the defocusing NA and the illumination NA, as expected
by the COC. Figure 5, as already mentioned, also shows
a better axial sectioning for full (Gaussian) illumination.
This is because a Gaussian illumination pattern of width
NA, contains illumination angles much larger than NA;,
whereas the annular illumination is, by its nature, limited to
the single angle defined by the illumination aperture. One

always has f rgiélogm (cm) < fRU(cy) for any fidelity thresh-

geom
old ¢y, < 1. To match the imaging performance of the two
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illumination strategies, the full Gaussian illumination thus
needs to be chosen with an equivalent numerical aperture
given, for high fidelity (c¢y, >~ 1), by

NA?auSS _ f%:(llgm(cth) % NA, ~ NAs.
geom (Cth) \/E

I1II. EXPERIMENTAL RESULTS

A schematic representation of the setup used for exper-
imental validation of the results presented is shown in
Fig. 1. In the experiment, illumination was provided by
an array of 2427 WS2812B red-green-blue light-emitting
diodes (LEDs), although only green light was used for
simplification of the proof-of-principle demonstration. The
illumination patterns used were either a disk or a ring with
a diameter of 12 LEDs, as shown in Fig. 6(a). The objects
were elements 5 and 6 of group 5 of a U.S. Air Force
(USAF) resolution test target, having linewidths 9.84 and
8.77 wm, respectively. The imaging system was an opti-
cal microscope consisting of an objective lens (Nikon
Plan Apo A20x, NA = 0.75) and a tube lens (Thorlabs
WFA4100), combined to give 10x magnification. The 2D
sensor was a Thorlabs Zelux CS165MUI1 monochrome
complementary metal-oxide semiconductor camera. An
external microcontroller (Arduino UNO), depicted as the
triggering unit in Fig. 1, was used to power each LED
separately, and to simultaneously trigger the camera. The
complete dataset / (rg, r) was obtained by our lighting, one
at a time, all LEDs of the ring or disk and acquiring the
corresponding images produced on the camera.

The condition for coherent imaging was achieved by
guaranteeing that, on the object plane, the coherence area
of single LED illumination was larger than or comparable
to the object details; to this end, the array was placed at
a large enough distance (z, = 110 mm) from the working
distance of the microscope.

In Fig. 6(b), we report the experimental reconstructed
images obtained by use of Egs. (6) and (12), respec-
tively, for annular illumination (left panel) and full-disk
illumination(right panel) while 8’ is swept in the interval
[—150 pm, +150 pm].

The plots enable comparison of the axial sectioning
obtained by means of the two illumination strategies. In
particular, the plots in Fig. 6(b) are obtained by our slic-
ing the 3D reconstructed cube on the same y coordinate,
resulting in a 2D (x, §") axial section. The results indicate
that both illumination geometries equally enable the axial
localization of the USAF test target; both reconstructed
images show, for instance, the tilting of the mask slide
with respect to the z axis, as the two triple-slit elements
(corresponding to elements 6 and 5) are not parallel to the
x axis (i.e., are not refocused at the same §). This is in
agreement with the results reported in Fig. 6(c), where we
report reconstructed images at the coordinates §' = 0 wm,

1 2

Disk isllumination1

FIG. 6. (a) The two different illumination patterns used: annu-
lar and full in a 12-light-source-diameter ring. (b) 2D (x, §") axial
section obtained by slicing of the 3D reconstructed cube on the
same ) coordinate by means of the two illumination strategies.
(c) Comparison of the reconstructed images of the USAF tar-
get at reconstruction coordinates 8 = 0 um, §' = —70 wm, and
§ = —85 pm.

8 = —70 wm, and 8 = —85 wm, from top to bottom:
the reconstructed images reported in the second and third
rows show that element 6 is reconstructed slightly close
to the plane in focus (8’ = —70 wm) compared with the
element 5, which is reconstructed at ' = —85 wm. The
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accuracy, quality, and features of the reconstructed images
appear to be essentially unaffected by the illumination
geometry, as expected. In contrast, the effect of the differ-
ent illumination strategies appears in the reconstruction at
8’ = 0 [upper plots in Fig. 6(c)], where the features in the
background planes of the reconstructed defocused images
clearly change with the illumination geometry. This is due
to the difference, presented in Sec. I D, between the COC
of annular illumination and the COC of full-disk illumina-
tion, which is ring-shaped for the former (a typical result
for defocused catadioptric lenses [30]) and smoother for
the latter.

IV. DISCUSSION AND CONCLUSIONS

The optimal combination of NA-independent transverse
resolution and NA-defined axial localization characteriz-
ing the coherence-based direct volumetric imaging tech-
nique has been shown to be fully maintained when the
number of illumination sources, and hence the number of
acquired coherent images, is reduced.

We have shown that the axial sectioning enabled by full
illumination is de facto reproduced by an annular illumi-
nation pattern matching the acceptance numerical aperture
of the imaging system. The matching between the illumi-
nation NA and the acceptance NA was found to be the
best working condition: illumination angles larger than the
acceptance NA are irrelevant in the image reconstruction
process, as they cannot produce images on the camera;
on the other hand, angles corresponding to lower illumi-
nation angles do not significantly contribute to the axial
sectioning of the technique. Shining light from a densely
populated array of pointlike emitters is thus not needed.
This conclusion is perfectly in line with the purpose of this
work, which aims not at improving the image quality but
at a speedup of acquisition and elaboration that preserves
3D resolution and DOF.

To be more quantitative, we now prove that annular illu-
mination yields an advantage that becomes significantly
larger as the NA is increased and the illumination pitch
decreased. By assuming that pointlike emitters are spaced
by a quantity 87 on the illumination plane, we find that
the number of coherent images that must be acquired for
full-grid illumination, the number of coherent images that
must be acquired for full-disk illumination, and the num-
ber of coherent images that must be acquired for annular
illumination are given by, respectively,

4 T 2w
Niull grid = 52 77, Naisk = 52 72, Nring = 5
s s K
(21)

where ry is the illumination radius matching the acceptance
NA of the imaging system. On the basis of the number of
acquired frames in the cases of full-disk illumination and

annular illumination (Ngisk and Niing, respectively), annular
illumination guarantees a linearly increasing acquisition
speedup as the illumination radius is increased; the circum-
ference scales linearly with the radius of the circle, even
for a large linear density of emitters r,/ér;. This advan-
tage was leveraged in our experimental demonstration to
reduce the number of LEDs from 144 for full-square-
grid illumination or 112 for full-disk illumination to 32
for annular illumination; despite the modest LED density
characterizing our array, this resulted in a 3.5-fold speedup.

Apart from their application significance, the reported
results also carry a relevant fundamental weight. The direct
volumetric imaging technique considered has profound
analogies with so-called correlation plenoptic imaging
(CPI) [31-33], which retrieves a 4D light-field function
with extremely similar coherence-induced properties by
means of photon correlation. Uncovering the possibil-
ity of performing CPI by considering light propagating
at only the extreme angles of the optical setup and by
reducing the dimensionality of the required dataset from
4 to 3 has the potential to positively impact the perfor-
mance of correlation-based imaging techniques, where the
number of involved modes has detrimental effects on the
signal-to-noise ratio of the final images [34-37]. Signif-
icant developments of the proposed approach are thus
expected in view of both a more relevant speedup than
the one achieved in the present proof-of-principle demon-
stration and an extension of the presented working princi-
ple to more complex, e.g., correlation-based, 3D imaging
scenarios.

Finally, it is worth remarking that by adopting the ideal
imaging condition that leads to Eq. (3), we are ignoring
not only the diffraction-limited resolution of the plane in
focus but also effects that become relevant at large NA,
such as aberrations. Our choice is motivated by the need to
reduce the number of variables so as to highlight the essen-
tial features of the proposed imaging method by means of
purely analytical results. We postpone the investigation of
the large-NA effects to future research on the topic.
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APPENDIX A: FORMAL INTERPRETATION OF
EQ. (1)

The propagation of an electric field in a vacuum can
be described as a convolution between the transverse field
profile at the input plane and the appropriate Green’s
function (or, equivalently, as a multiplication by the cor-
responding transfer function in the Fourier domain) [26].
When the electric field passes through an optical setup
that includes a sample and lenses, the propagation must
additionally account for the phase and amplitude modifi-
cations introduced by these components. For simplicity,
we assume that both the sample and the lenses are suf-

J

Esample(rO) = /d2rNVN (l‘() - rN)PN(rN) e / d27'1V1 (1’2 - l'I)PI (1‘1) / dZVSVO(rl - rs)Esource(rs)o

where

7
V; (r) = exp (zk2> (A2)

1

is the paraxial vacuum Green’s function, which causes
propagation of the electric field by the distances z; that
separate the optical components, and P; (r;) is the trans-
mittance of the jth optical component, including both the
effect of the lenses on the field phase and the limitation of
the wave fronts induced by irises. The electric field in Eq.
(A1) clearly involves, in its most general form, one convo-
lution and one multiplication at any plane occupied by an
optical element. Although treating this expression analyt-
ically can become cumbersome for illumination strategies
involving even a small number of lenses, one can always
formally change the order of the integration variables and
write

Esample (l'()) = / dzrsﬁ(rs: l'0)Esource (rs)v (A3)

where the function L(ry, rp) is the result of performing the
N intermediate integrations on the surface of the optical
components. It is easily verified, even in the simple case
of a single lens, that £ depends explicitly on both coordi-
nates ry and ry, rather than having an implicit dependence
on their difference, as for the Green’s function in Eq. (A2).
Therefore, the equation does not typically represent a con-
volution. Incidentally, a case in which £ degenerates into

ficiently thin, so that their effect can be modeled by a
complex transmittance acting multiplicatively on the inci-
dent field. Under these assumptions, the complex electric
field at the output of the optical system can be expressed as
a cascade of integrals: each free-space segment contributes
a convolution, while at every plane containing a thin sam-
ple or optical element the integrand is multiplied by the
corresponding transmittance function.

In Eq. (1), we assume that the electric field at the source
plane passes through some illumination-shaping optics
before reaching the sample. In general, we can suppose
that the illumination architecture is made up of M cas-
caded lenses, each separated by a distance z; from the next
optical component, with j = 1,...,M — 1. Therefore, the
field on the sample (supposed to be placed at a distance z,,
from the last optical component of the illumination chain)
is described by the equation

(A1)

(

a single-variable function, with explicit dependence on the
difference between coordinates, is in the case study of this
paper, where the sample is directly illuminated through
free-space propagation [see Eq. (4)].

The same reasoning that allowed us to attribute a physi-
cal meaning to £ can be applied to the propagation of the
electric field from the sample plane to the plane of the pho-
todetectors, through an arbitrarily complex imaging setup.
If Egampie(ro) is the electric field illuminating the sample
plane, the electric field at the detector plane is given by

Eoulry) = / Pro Py (xo, DA Exanpe(r). (Ad)

Also in this instance, Ps(ro,r) does not generally depend
on the coordinate difference, so the integral does not
necessarily represent a convolution.

The expression in Eq. (1) is obtained by considering that
the illumination scheme is a collection of pointlike emitters
placed at transverse coordinates r;, defined on the source
plane, so that Eguce(rs) = 8@ (ry —r)). By performing
this substitution in the equations above, and considering
that intensity measurement is sensitive to the squared mod-
ulus of the output field, we can easily verify the formal
soundness of Eq. (1). In addition to the terms describ-
ing electric field propagation, we have included the factor
S(r;), which defines the support of the illumination and the
brightness of a given pointlike emitter.

As a final remark, we emphasize that our formalism
remains fully compatible with the established description
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of incoherent imaging systems, in which the recorded
intensity is given by the convolution between the object
and the PSF of the optical system. The image of a sam-
ple illuminated by a spatially incoherent source [e.g., an
extended lamp of intensity profile S(r)] can be described
by the incoherent superposition of all the coherent images
produced by the single emitters placed at all possible
angles; its analytical expression is thus given by the inte-
gral of Eq. (1) over r,, which gives

finc(r) = / & rod?r, A(r,) A () Ps (xo, 1) P; (g, 1)

x / d?reS(rg) L(xs,1,) L*(xg, 1)), (A5)

For definiteness, let us consider the case of simple free
space separating the emitter from the sample, in which case
the integral in the first line degenerates into the Fourier
transform of the source. By considering the typical case of
uniform illumination (S = 1), we recover the relationship
between the image and the PSF of the system—namely,

Ine(r) = / LA )PPt DR, (A6)

This relationship describes the convolution between the
object and the system response function. For typical parax-
ial, aberration-free, simple imaging systems (e.g., a single
imaging lens, a 4f confocal system), the only contri-
butions not depending on the coordinate difference are
in the phase. Since incoherent imaging depends only on
the amplitude part of the function Pj, characterized by
the dependence |P;(r,,r)|> = |Ps(r, — r/M)|?, our for-
malism is fully compatible with incoherent imaging [21].

APPENDIX B: EVALUATION OF THE IMAGE
FIDELITY

The fidelity defined in Eq. (16) is a generalization of the
expression so far used in the literature [21], which corre-
sponds to the case m = 1. This is motivated by the fact
that the analytical evaluation of the fidelity with annular
illumination does not lead for m = 1 to an analytical form.
Calculations were thus performed in the simpler case of
m = 2, although throughout the entire paper, we have sim-
plified the notation by dropping the superscript “(2)” for
better readability.

By our choosing a Gaussian object centered in the FOV,
the fidelity analysis developed in this paper depends only
on five parameters: one related to the object (its width o),
one related to the algorithm (8’), and three related to the
optical design—namely, the illumination NA, the optical
NA, and defocusing. However, a five-parameter study is
cumbersome and not needed, so we chose to ignore the

parameter related to the optical NA. To quantify the per-
formance of the illumination strategy, we thus evaluated
the parametric curves in the limit of infinite NA—namely,

FOO(U()’S’(S/’ NAS) = N}\im F(GO,(S,(S/, NASaNA) = cth'
(B1)

The ignoring of the lens aperture (NA — 00) represents
a working hypothesis of NA; <« NA. If we were work-
ing with a circular pupil, rather than the Gaussian pupil
we used to obtain analytical forms, this hypothesis would
not be required. As we showed in Sec. 11 B, the presence
of a binary pupil imposes an abrupt transition between
allowed illumination NA, for which the presence of a lim-
iting pupil is negligible, and angles that are blocked. On
the other hand, a Gaussian pupil behaves very differently,
as it transmits rays at very large angles (although attenu-
ated in the tails); as a consequence, the concurrent effect of
both NA and NA, (which is also a Gaussian) is never neg-
ligible. Our approximation of NA; < NA with Gaussian
apertures thus corresponds to the more physically sound
situation of NA; < NA with circular pupils. We expect the
infinite-NA approximation to correctly describe the behav-
ior of our system regardless of the illumination size, with
the exception of the focused plane, where the image is
entirely defined by NA. As a consequence, our analysis
will predict pointlike resolution in focus, rather than the
A/NA limit defined by the Airy disk [21].

In the case of a Gaussian-shaped full illumination, and
in the approximation z; >> 4, the fidelity of Eq. (16), with
m = 2, can easily be evaluated to be

\/1 +08oc/ 07 + O/ 07

Fil(g,. 8,8 NA,) ~ 2 ,
oo A0 2+ UCZOC/UOZ + ‘7<12iff/%2

(B2)

where

/ / /US
ococ (18 — 8'1.NA,) = |8 — 8'| x NA, = |8 — 8/ 2,
Zs

(B3)

|51
2ko,

ogifr (8,0,) = (B4)

As anticipated, perfect fidelity (F = 1) is obtained at the
focus (6 = &’ = 0), while, away from the focus, the fidelity
of a coherent imaging system limited by the illumination
NA (NA;) has the same limitations as a system limited by
the optical NA defined by the acceptance pupil.
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In the case of annular illumination of radius r, the
fidelity has a more complex analytical expression:

FL%(0,,8,8',NA;)

2 2
%oc/ % ’%iff/ %

’ =P [_ (1+"§ifr/ o ) (2+"§ifr/ o ) :| W

2 b
T 2oclod 24 o4g/0;
0 z(1+a§iﬁ/a3)

where Zy(¢) is the zero-order modified Bessel function of
the first kind and

~

(B3)

reoc(I8 — 8',NA,) = |8 — 8| x NA, = |6 — 8| (B6)
Zg

is the radius of the COC in the case of annular illumination.

The effects of the Airy disk at the focus are not included
[Foo®(0y,8 = 0,8 = 0,NA,) = 1], as we have ignored the
finite size of the acceptance pupil.

In the main text, we discussed how the effect of diffrac-
tion becomes rapidly irrelevant as one moves away from
the diffraction-defined resolution limits at a given defocus-
ing §. Furthermore, the axial sectioning of the techniques
is related to geometric optics phenomena (the COC), so the
expression for the fidelity obtained by ignoring diffraction
can be of interest. On the basis of the definition of oy,
this condition is met either when the ratio ogi/0, is very
small—namely, when one is working with object details
much larger than the resolution limit of Eq. (18)—or when
one is working in the geometric optics approximation. The
diffraction-free expression for the fidelity is obtained by
setting the ratio o4/0, to zero or, equivalently, by eval-
uating the limit £ — oo. Either way, such simplification
yields a simpler form for Egs. (B2) and (B5). In particular,
the expression related to full illumination has the advan-
tage of having an explicit form in the (o,,8 — ) plane, as
reported in Eq. (19). The same does not hold for annular
illumination, whose diffraction-free fidelity reads

FI" (0,,18 — 8'|,NA,)

geom
-1
1 /18— 8os\>
I() |:E (T) ] > Cth (B7)

and does not have an explicit form, so it cannot be directly
compared with the full-illumination case. However, the
comparison between the resolution limits is particularly
simple when ococ <K 0,. Apart from the obvious require-
ment that the COC should be much smaller than the object
itself, this condition can also be considered as the regime
that determines the shape of the resolution curves far from
the diffraction limit; the condition that the COC must be

smaller than the object is very easily satisfied, for the same
defocusing, with larger objects that are away from the res-
olution limit (upper part of Fig. 5). If the condition holds,
VIp(x)~1 ~ 1 —x?/8, and Eq. (B7) assumes the explicit
form reported in Eq. (20).

APPENDIX C: EXPRESSION FOR THE
THRESHOLD-DEPENDENT FACTOR OF THE
FIDELITY CURVES

In this appendix, we report the analytical form of the
f(cwm) functions from Sec. I E. Such functions appear in
the expression for the fidelity curves as multiplying fac-
tors, and are the only terms depending on the threshold
value chosen arbitrarily to discriminate between faithful
and unfaithful images.

For Eq. (18), we have

o [

For Egs. (19) and (20), the expressions for the coeffi-
cients read, respectively,

Sl (e) = \/[\/(1 —a) - 1] /2,
fing () = 1/v/32(1 = ¢).
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