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Solving the inverse parametric problem
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We present a method to calculate the frequency components of a pump waveform driving a parametric
oscillator, which realizes a desired frequency mixing or scattering between frequency modes. The method
is validated by numerical analysis, and we study its sensitivity to added Gaussian noise. A series of
experiments apply the method and demonstrate its ability to realize complex scattering processes
involving many modes at microwave frequencies, including nonreciprocal mode circulation. We also
present an approximate method to dynamically control mode scattering, capable of rapidly routing signals
between modes in a prescribed manner. These methods are useful tools for encoding and manipulating
continuous-variable quantum information with multimodal Gaussian states.
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L. INTRODUCTION

Parametric oscillators are a universal paradigm for a
variety of applications across physics. They are extensively
used in quantum technologies for quantum-limited ampli-
fication [1], coupling qubits [2], quadrature squeezing
[3-10], and engineering entanglement through frequency
mixing and second-harmonic generation, at microwave
[11-17] and at optical wavelengths [18-20].

A parameter of an oscillator is externally controlled by
a coherent drive known as the pump. The pump can be a
continuous wave consisting of a single frequency or a
periodic waveform consisting of a sum of multiple tones.
The frequency, amplitude, and phase of these tones define
the pump waveform, effectively controlling the parametric
process. Given a particular pump waveform p; (), a direct
computation of the equation-of-motion matrix M yields
the scattering matrix S, which describes how an input
a;, (1) is transformed to an output a,(t) [see Fig. 1(a)]
[21,22]. We call this computation the direct parametric
problem [see Fig. 1(c)], useful for describing parametric
amplification [23], entanglement generation [11-15],
multimode squeezing and cluster state generation
[16,17,19,20], signal routing and frequency conversion
[22,24,25], and even nonreciprocal [26,27].

More interesting in many applications is a solution to
the inverse parametric problem: given a desired scattering
matrix, what is the required pump waveform? Previous
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attempts to solve this problem have relied on optimization
methods such as automated pump shaping [28], discovery
of coupled-mode networks [29], or machine-learning
strategies [30]. To our knowledge, a general and systematic
framework for solving the inverse parametric problem has
remained an open challenge.

Here, we propose an exact solution to this problem in the
frequency domain. Our method relies on mode-coupling
theory [22], which is traditionally used in network synthesis,
where coupled resonators realize scattering between physi-
cally distinct ports. We use the same theoretical framework
to describe scattering between the frequency modes of a
transmission line reflected from a single port of a multi-
frequency pumped parametric oscillator. The method han-
dles systems with high pump degeneracy, where pump
amplitudes do not map directly onto individual Hamiltonian
terms. In this picture, each pump frequency is an element
of an orthogonal basis spanning the Hilbert space of all
possible matrices M. Defining a suitably normalized inner
product on this Hilbert space, we directly obtain the
amplitude and phase at each pump frequency as a projection
of the M that gives the desired output. We implement the
method numerically and assess its robustness against noise,
demonstrating the ability to reconstruct randomly generated
scattering matrices. We use the method to design circulation
between multiple frequency modes described by a given
ideal target scattering matrix. We also demonstrate another
method, which encodes arbitrary information in the output
modes by dynamically changing the pump waveform.

II. PARAMETRIC OSCILLATOR
AND INVERSE PROBLEM

A general parametric oscillator is described by the time-
dependent Hamiltonian
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FIG. 1. (a) General I/O relation of a parametric oscillator
where the output is determined by the scattering matrix S,
controlled by the pump p; (7). (b) Example of a parametric
oscillator, the pump port modulates the inductance of an LC
oscillator. (c) We define a direct problem when the knowledge of
pr(T) allows one to compute the scattering matrix S, inverse
problem when, from a target S, one recovers the pump signal that
realizes it.

Fpo = % (ATA + AAT) + % LA +AD2 (D)

where A and A" are the annihilation and creation operators
of the oscillator mode with resonant frequency w,, which is
modulated by a pump p;(z). We consider pump wave-
forms that are periodic over a time interval 7, expressed as
a coherent superposition of tones with frequencies Q,,
amplitudes p;, and phases ¢;:

PL(t) = D picos(ut + ) = Y (gee N + giel),
k 3

2)

where g, = %e"ﬁk are the complex pump amplitudes.

The parametric oscillator is coupled to an external bath
of modes, allowing an input-output description of its
dynamics. In superconducting implementations, this cou-
pling typically occurs through input and output trans-
mission lines, as illustrated in Fig. 1(b). The oscillator
mode A (AY) is coupled to the continuum of propagating
modes in the transmission lines, described by the field
operators a(w) and a' (w). The measurement time window
T sets the frequency resolution A = 1/T so that the field in
the transmission line is represented by a discrete set of
orthogonal frequency modes a,, and aj,. A convenient way
to model the dynamics of the parametric oscillator is to
expand Eq. (1) in the frequency-mode basis of the trans-
mission lines, A =3 all)eiont (see Ref. [25] for a
detailed derivation).

This expansion transforms the time-dependent
Hamiltonian into a time-independent system of N coupled

harmonic oscillators [22,24,25]. The resulting equation
of motion for the mth mode in the frequency domain
reads

i@+ @0 + 1 _(Gunln + Gyn@h) = /7 Ginns (3)

where @y = w, — iy/2 and y denotes the coupling rate to
the transmission line, assumed constant for all modes.

The parametric pump enables intermodulation or fre-
quency mixing between modes through the couplings
mn = Dk 9k Omntr» Which connect modes satisfying the
condition w,, + w,, = £Q,. This mixing is a direct con-
sequence of multiplication with p; () in Eq. (1), which is a
convolution in the frequency domain (see Ref. [25] for
further details). The validity of this framework is con-
tingent upon the assumption that (i) the linear regime
holds, Hpo is quadratic, and intrinsic higher-order (i.e.,
Kerr) terms are considered negligible. Any presence of
quartic or higher-order terms in Hpy would create inter-
modulation processes through four-wave or higher mixing
that cannot be described by Eq. (3) and the method that
follows hereafter. (ii) The PO is operated in the stiff pump
regime, i.e., the pump is sufficiently strong compared with
the input-output signals so that pump depletion can be
neglected. (iii) The frequency modes w,, lie well within the
bandwidth of the PO.

The equations of motion can be compactly written in
matrix form as

—iyMd = \/y iy, “)

where a = (ay, aJ{, ... ay,ay)T collects all mode opera-

tors satisfying the bosonic commutation relations

[am,aT] =06, In the classical limit, aﬁ,p eaﬁ,f)eC.

Following Ref. [24], we normalize M by y.

We distinguish two types of pumps, low-frequency (LF,
sometimes called beam-splitter or frequency conversion)
pumps Q; = kA < wy with k€N, and high-frequency
(HF, sometimes called squeezing) pumps Qp = 2w, +
k' A with k' € Z, and we decompose the 2N x 2N matrix M
to a general form,

M=M,+> L+ > Hyp. 5)
k K

Here, M, is diagonal with elements A, = (1/y)
(—w,, — @y) €C, and L; and H, are the coupling matrices
associated with the low- and high-frequency pumps,
respectively.
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The matrices L; exhibit two off diagonals at +2k,

0 I
0 -7
I 0 I
I 0

while the matrices Hy contain a single antidiagonal at 2k’

0 hy
0 e

k/
H, = S NG

_h*
hkr

0
For clarity, we distinguish between [, = % and hy = %,
which are the normalized complex pump amplitudes of the
low- and high-frequency pumps, respectively. There are
Nig =N —1 low-frequency pumps and Nygp =2N — 1
high-frequency pumps. Thus, in total, there are N =
Nig + Nyr = 3N — 2 pumps.

The solution of Eq. (4) is readily available upon matrix
inversion, d = %M‘lﬁin. The scattering matrix of input-
output theory in the frequency domain is then derived from
the mode-matching condition /7@ = Gi, + Gy

S=iM"'-1. ®)

Multiple pumps contribute to nonzero off-diagonal
elements in M. Upon matrix inversion, these off-diagonal
elements mix, creating high-order intermodulation prod-
ucts appearing as off-diagonal elements of S. Note that
these higher-order processes have a different origin than
those generated from higher-order terms (e.g., Kerr)
in Hpo.

In summary, frequency-domain knowledge of the peri-
odic pump allows for discrete convolution leading to M in
Eq. (4), which upon inversion yields S in Eq. (8). Note that
S in the a;, a; basis is a 2N x 2N complex matrix, with
elements S,,, = |S,,,|e’ defined by magnitude and
phase, both determined by the combined action of the
pumps. This formally defines the direct problem illustrated
in Fig. 1(c). The inverse parametric problem is the
computation of the pump waveform necessary to realize

a given target scattering matrix Sq. Its solution requires
deconvolution, which is generally not trivial.

A. Solving the inverse problem

In the decomposition of M in Eq. (5), the pump-induced
coupling matrices L, and H exhibit internal symmetries,
reflecting the identical action of each pump tone across all
frequency modes. These symmetries allow us to further
decompose the coupling matrices as

Lk:lkL]j"_l]th_, Hk’ :l’lle;:,‘i—h*;H;, (9)
where the [, hy €C are normalized complex pump
amplitudes, and the matrices Li and HS w» Which have
only elements £1 and 0, are defmed in Appendix B.

To determine the complex pump amplitudes [, and Ay,
we introduce the Frobenius (Hilbert-Schmidt) inner prod-
uct between two matrices

(A,B) =Tr(A-B7). (10)
With respect to this inner product, the set of all L,jf and
Hﬁ forms an orthogonal basis in the space of complex
2N x 2N matrices:

(L Ly) = 2(N — k)éyg.
(Hy H) = (N = [K])dpg
(L H5) =0. (11)

We define the off-diagonal components of M as
AM =M — M, which collects all pump-induced mode
couplings. Equation (5) together with Eq. (9), and the
orthogonality relations Eq. (11), imply that we can expand
AM as
)+ Z hy H

AM = (L L{ + ;L o+ H).
k

(12)

Thus, the matrices {Li", H;’} constitute an orthogonal
basis spanning the Hilbert space that contains all possible
coupling matrices AM. In this framework, the complex
pump amplitudes are expansion coefficients, obtained by
projecting AM onto the corresponding basis elements:

o ZAMLY) - (AMLHp)
‘ 1L D
where ||A|| = /(A,A) denotes the Frobenius norm.

In summary, given a target scattering matrix Sq, Eq. (8)
is inverted to yield the corresponding target equation-of-
motion matrix M, and its off-diagonal components AM :
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AMg =—i(Se+ 1) —Mg,. (14)

Substituting AM, into Eq. (13) provides the complete
set of complex coefficients {l;, hy }, directly yielding the
amplitude and phase of each pump tone. This method,
which we refer to as the pump-projection method (PPM),
constitutes an exact and closed-form solution to the inverse
parametric problem. The complexity of the method scales
linearly with the total number of pumps, which is O(N) in
the number of modes.

B. Testing the pump projection method

We validate the PPM through numerical simulations on
a set of 10* randomly generated target scattering matrices
of different sizes 2N. Each target matrix S, is produced by
solving the direct problem for a randomly generated pump
waveform consisting of 3N — 2 tones, both low- and high-
frequency pumps with random amplitude and phase (see
Appendix B). Solving the inverse problem for S yields
the corresponding pump waveform, which we use in the
direct problem to reconstruct a scattering matrix S... The
deviation between S and S, benchmarks the accuracy of
the method. Up to numerical precision, our implementa-
tion of the PPM is always able to recover the original pump
waveform.

To assess robustness, Gaussian noise of variable mag-
nitude is added to the target matrix S,. We quantify the
error in the PPM as the relative deviation from the noise-
free target ||Sg — Secll2/||Soll» where || - ||, denotes the
matrix 2-norm. In Fig. 2, we plot this relative deviation as a
function of the noise-to-target ratio ||Syll,/||Soll>- We
averaged over 100 noise configurations and repeated the
study for different numbers of modes N, corresponding to
different matrix sizes. As shown in Fig. 2, the error scales
linearly with the noise magnitude and remains bounded
from below by numerical precision e. The gray-shaded
area marks the region dominated by numerical noise eN?,
for the largest matrix size 2N,,. The inset illustrates
the divergence of the error as the noise-to-target ratio
approaches unity, indicating that the method breaks down.
Thus, the PPM gives a faithful reconstruction of the pump
waveform, even in the presence of significant noise, across
all matrix sizes.

In addition to numerical tests, we verify the performance
of the PPM with an experiment on a Josephson parametric
amplifier (JPA) in a setup described in Appendix A.
Figure 3 shows a representative example in which the
PPM reconstructs the pump waveform for a given target
scattering matrix. Figure 3(a) displays the target matrix S
obtained from a randomly generated pump waveform, and
Fig. 3(b) shows the experimentally measured matrix S,
obtained from the reconstructed pump waveform. Here,
the mode index O corresponds to the resonant frequency of
the JPA. The two matrices exhibit excellent agreement,
as shown in Fig. 3(c), with a total relative deviation of
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FIG. 2. Robustness of the PPM against Gaussian noise.
Relative reconstruction error ||Sg — Spec|l»/|ISo|l> as a function
of the noise-to-target ratio ||Sy|l,/||Soll, for different matrix
sizes 2N. The horizontal dotted line indicates the numerical
precision for the maximum number of modes tested N,,,,. The
vertical dotted line marks unity noise-to-target ratio, beyond
which the PPM becomes unreliable.

ISo — Sexpll2/[1Soll2 = 0.037; the residual discrepancy is
primarily set by the experimental background noise floor
in Fig. 3(b). Figure 3(d) shows the corresponding pump
waveforms, illustrating the distribution of amplitudes and
phases for the target pump tones (blue) and reconstructed
(cyan). These results validate the PPM beyond numerical
simulation, demonstrating its application in an experiment.

C. Applications

The PPM is very effective at recovering the pumping
scheme when one has full knowledge of both the
magnitude and phase of the elements of the target
scattering matrix. A separate but equally significant issue
is the design of a target scattering matrix, which is
physically realizable. When designing a target scattering
matrix for a practical application, e.g., a signal routing
between frequency modes, we often consider only mag-
nitudes, which define how power is distributed between
modes. The associated phases may be unknown, yet they
may play a significant role in the redistribution of power.
For a given set of target magnitudes, only specific phase
configurations correspond to physically realizable scatter-
ing matrices. The PPM projects onto a pump configura-
tion, which generates a closely associated but realizable
scattering matrix. Consequently, if the phases of the target
are inconsistent with the desired magnitudes, the recov-
ered pumping scheme generates scattering, which may
deviate significantly from the target. This phase ambi-
guity of S is a known problem in the literature [31-34].
Causality between the input and the output enforces
constraints on the real and imaginary parts of S,
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FIG. 3.

Experimental validation of the PPM. (a) Target scattering matrix S constructed from the target pumps (blue) shown in (d).

(b) Experimentally measured scattering matrix Sy, obtained from the reconstructed pumps (cyan) shown in (d). (c) Difference between
the magnitudes of the target and measured scattering matrices. (d) Pump amplitude (upper) and phase (lower). Amplitudes are
normalized by the single-frequency pump amplitude at 2w, which achieves 3-dB gain in the JPA.

effectively imposing specific phase relations on the
scattering matrix elements [35-37].

We know of no universal or optimal strategy to construct
a good scattering matrix, but we have identified a few
physical constraints and practical guidelines: (i) It is often
easier to start in the (x;, p;) basis with Sy = US,U",
where U is the canonical transformation from (a;, aj) to
(x;, pi). In the (x;, p;) basis, we can apply the constraint
that Sy must be both real and symplectic, automatically
enforcing the correct phase relations between creation and
annihilation operators. (ii) Symmetry considerations, e.g.,
nonreciprocity, can serve as valuable criteria for guiding
the design. (iii) Enforcing causality by imposing the
Kramers-Kronig relations between the real and imaginary
elements of the target scattering matrix. (iv) An iterative
workflow, where the target scattering matrix is progres-
sively refined. A new target is constructed by altering a
calculated scattering matrix using pumps returned by the
PPM in the previous iteration.

Nevertheless, we used the PPM to construct a compli-
cated pump waveform for 13-mode circulation, which
obviously satisfies the above criteria because we verified it
in an actual experiment, as shown in Fig. 4. The nonre-
ciprocal target scattering matrix of an ideal 13-mode
circulator is shown in Fig. 4(a). This ideal scattering
matrix is not physically realizable for the arbitrary mag-
nitude of the off-diagonal elements. Following the prin-
ciples discussed above, we use the PPM to iterate through

the magnitude of the off-diagonal elements of S, maxi-
mizing for nonreciprocity of the recovered scattering
matrix, max [|S..| — |SL.|]. We arrive at the pumping
scheme shown in Fig. 4(b), which contains only LF
pumps. Programming this pumping scheme into our
multifrequency lock-in amplifier, we generate the mea-
sured scattering matrix shown in Fig. 4(c). Figure 4(d)
illustrates the resulting circular routing between the 13
frequency modes, where the color-coded arrows depict
the magnitude of the dominant scattering processes. We do
not achieve ideal circulation, but the unwanted scattering
channels are suppressed by more than —20 dB, with
approximately —6 dB transmission between modes in
the desired direction of circulation.

D. Dynamic control of scattering

The PPM is useful for determining pumping schemes
to realize complicated scattering matrices, but the lack
of knowledge of the phases of S defines the need for
alternative approximation methods, which are fast and
easy to implement. Here, we demonstrate a method to
quickly calculate a pumping scheme, which approximates
the desired scattering, when only the magnitude is known.
We can rapidly reprogram the pumps in an experiment
where the pump waveform is updated every 7., = 50 ms.
Each pump configuration is designed to generate a matrix
S,, which scatters a single input tone into a desired set
of output tones that code the pixel intensities of the
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FIG. 4. Design and implementation of a 13-mode circulator using the PPM. (a) Target scattering matrix |Sq | designed in the xp basis.
(b) Low-frequency pump amplitudes (top) and phases (bottom) of the waveform returned by the PPM. (c¢) Experimentally measured
scattering matrix |S.y, |, obtained by applying the pump waveform from (b). (d) Graphical representation of the 13-mode circulator. The

black arrow shows the circulation direction.
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FIG. 5. (a) Measured output mode amplitudes as a function of
time t,/T. The pump waveform is dynamically updated every
measurement window 7, encoding successive columns of the
target image. The scattered output evolves in time to reproduce
the desired pattern, with amplitudes expressed in decibels and
normalized to the pump-off reference. (b) Example of target
scattering matrix S, used to generate the output at 7,/T = 40
[white dashed line in (a)].

Zth column of an image. To a good approximation, the
pump waveform that realizes each S, is composed of N,
HF pumps at the frequencies €, = 2w, + kA where
ke[—=N,,0], with amplitude |A;| «x Pix;,, and with ran-
dom phase ¢, = rand|0, 2z|. The choice of random phase
facilitates average cancellation of the higher-order mixing
processes through destructive interference, allowing the
second-order intermodulation products generated by the
HF pumps to dominantly contribute to the target S,.

We performed an experiment encoding an image, which
is reproduced in Fig. 5(a). An example scattering matrix S,
used to reproduce the column of pixels at t,/T = 40
(white dashed line) is shown in Fig. 5(b). During each time
window starting at 1, = £ Ty, £€[1,N,]: (i) a weak
coherent tone is continuously applied at a fixed input
frequency w_,5 [green arrow in Fig. 5(a)]; (ii) the pump
waveform corresponding to the Zth image column is
applied to the flux port of the JPA; and (iii) the full set
of output frequency modes is simultaneously measured
using the multifrequency lock-in amplifier.

Figure 5 shows the measured amplitudes of the output
modes as a function of normalized time ¢/T.,. The
scattered output evolves dynamically over the sequence,
accurately reproducing the image encoded in the time
series of pump waveforms. The amplitudes are expressed
in decibels and normalized to the pump-off reference case.
The high contrast in the image generated by rapidly
changing the scattering of a single tone highlights the
ability to realize arbitrary, time-dependent transformations
of the scattering matrix. See Appendix A for implemen-
tation details.

E. Gaussian-state engineering

The ability to engineer the scattering matrix is of
particular significance in continuous-variable quantum
information [38] with Gaussian states, which are com-
pletely characterized by their first and second statistical
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moments. For such states the scattering matrix acts as a
Gaussian transformation on the covariance matrix

V=a8v,S", (15)

where V;, denotes the input covariance matrix. Throughout
this section, we use S to denote the scattering matrix in the
quadrature basis X = (xy, py,X2, P2, ..., X, Pn), related to
its representation in the annihilation-operator basis by
S =USU", where U is the canonical transformation
between the two bases. In this representation, S is real
and symplectic.

If vacuum is injected into the PO, the input covariance
matrix is Vi, = (7/2)1, and the output covariance matrix
is determined by the scattering matrix

h

Equation (16) connects a desired Gaussian state with the
symplectic transformation that generates it.

There is no unique solution to the problem of finding
a scattering matrix S that satisfies Eq. (16) for a given
covariance matrix V. Any orthogonal matrix @ (QQT = 1)
generates a matrix &' = SQ that also satisfies Eq. (16).
Among the infinitely many solutions, we are interested
in those that can be generated by pumping a parametric
oscillator with a periodic waveform, which is retrievable
with the PPM. Typical decompositions of SS, such as
Wigner-Moyal or Cholesky [39,40] tend to produce
strongly asymmetric and nonreciprocal symplectic matri-
ces that are typically difficult or impractical to realize
through parametric processes.

A particularly relevant subclass is that of symmetric
scattering matrices, S = 87, used in many key appli-
cations such as multimode squeezed states and graphlike
continuous-variable cluster states. For this class,
V = (7/2)8?, and the problem can be inverted by comput-
ing the matrix square root

8 =\ MV’ (17)

where the symbol N denotes the matrix square root (see

Appendix C for details). Equation (17) retrieves a scattering
matrix S, given a target covariance matrix V. With this
target scattering matrix S, the projection method allows us
to obtain a pump waveform to realize the Gaussian state
described by V.

III. CONCLUSION

We introduced the PPM, a general and closed-form
solution to the inverse parametric problem for a single pole
parametric circuit. By projecting the off-diagonal structure
of the equation-of-motion matrix onto an orthogonal basis,
the PPM directly returns the complete set of pump

amplitudes and phases required to realize a desired
scattering matrix. We validated the method numerically
and studied its sensitivity to the addition of controlled
Gaussian noise. The reconstruction error scales linearly
with the noise amplitude and remains bounded by numeri-
cal precision, demonstrating the robustness of the method.

We tested the method in experiments with a JPA
thermalized at 10 mK. With a randomly generated target
scattering matrix, we showed that the method recovers a
pump waveform that, when applied to the JPA, realizes a
measured scattering matrix with a relative deviation to the
target of 3.7%. We used the PPM to engineer circulation
between 13 frequency modes in the JPA, with more than
—20 dB attenuation of scattering to unwanted channels,
and transmission of —6 dB in the desired direction. These
results demonstrate that the PPM is a practical method,
which reliably enables the design and implementation of
complex scattering that is extremely challenging to obtain
by intuition alone. However, the PPM will not work if the
target is not physically realizable. The applicability of the
method requires the design of a target scattering matrix
that satisfies simplecticity and causality constraints. This
may require additional optimization techniques if only
partial knowledge of the desired target is available (e.g.,
only amplitudes |Sg,,,| are known). We further introduce
an approximate method for designing a pump that is
capable of rapidly reconfiguring scattering, to dynamically
encode arbitrary information in the output modes.

An interesting extension of the PPM is the exploration
of frequency-mode coupling by parametrically modulating
circuits with multiple poles. For example, a parametric
band-pass filter sharply defines a region of the spectrum
where frequency modes scatter into one another. The
ability to engineer the scattering matrix is of particular
relevance for continuous-variable quantum information
[38] where the primary resources are Gaussian states,
which are fully specified by their first and second
moments. The PPM provides a direct way to compute
the pump waveform and realize a desired covariance
matrix. Its application with a multifrequency lock-in
amplifier makes for easy experimental realization of very
complex mode couplings, opening up other opportunities
for Gaussian-state engineering and multimodal quantum
technologies.
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APPENDIX A: EXPERIMENTAL SETUP

Figure 6 shows a schematic of the experimental setup.
The experiments are performed in a dilution refrigerator
(Bluefors L.D250) at millikelvin temperature. The para-
metric oscillator is JPA designed for broadband (100 MHz)
gain, with a loaded quality factor of about Q = 37.5. The
JPA resonance is tuned by magnetic flux threading a
SQUID loop. The dc flux adjusts the operating point
(resonance frequency), and the ac flux is externally
controlled by the pump waveform. The dc bias and
low-frequency pumps are combined with high-frequency
pumps using a cryogenic bias-tee. The input and output
share the same signal port and they are separated close to
the JPA by a cryogenic circulator. The reflected signal
passes through two isolators before reaching a low-noise
HEMT amplifier at 4 K. Attenuation and filtering are
distributed along the signal line to thermalize the incoming
radiation and suppress noise from higher temperature
stages.

A typical experiment uses a dc flux close to half a flux
quantum, where the resonance frequency is approximately
4.2 GHz. The pumps modulate the SQUID inductance,
generating frequency mixing among the modes connected
to the signal port. All pump and probe tones are syn-
thesized and detected by a digital multifrequency lock-in
amplifier (PRESTO, Intermodulation Products AB). The
instrument performs coherent modulation and demodula-
tion at up to 192 frequencies simultaneously (i.e., in the
same time window) with one reference phase for all
frequencies, and digital control of the amplitude and phase
of both signal and pump. Scattering measurements
typically average over 5 x 10° windows 7. The second
Nyquist zone of the digital-to-analog converters is used to
generate microwave signals from 3 to 10 GHz. Under-
sampling and aliasing are used to down-convert the
measured signals to the first Nyquist zone of the ana-
log-to-digital converters. Analog filters at room temper-
ature select the desired Nyquist zones for both up- and
down-conversion. With this approach, digital multipliers
replace the analog /Q mixers traditionally used at micro-
wave frequencies.

Multifrequency lock-in amplifier

C Al (50) (50) J

ZVBP-8250-S+ ZX60-83LN-S+,
8025-8475 MHz 16 dB

RT

VBFZ-3590-S+|
ZVBP-4450-S+ 3-4.3 GHz
4.05-4.85 GHz

LNF-LNR4-8C 5} —20dB
4148 )

15
i<
=]
[e]

ZX60-06183LN+
16 dB

DC bias + LF pump

Input

& A
| 1008 LNFANC4SC ] _10 4B
¥ 42dB )

100 mK

10 mK

()

FIG. 6. Experimental setup used in this paper with a Josephson
parametric amplifier used as the parametric oscillator.

This all-digital approach enables phase coherence
between all frequency components, essentially defining
the orthonormal comb of modes in the measurement time
window 7, and the corresponding frequency spacing of
the modes A = 1/T. All frequencies in the comb and the
digital sampling clock frequency are related by a rational
fraction, establishing a frequency-comb basis, ensuring
orthogonality of the modes and eliminating Fourier
leakage between them. In the measurements presented
here, the spacing was set to A = 100 kHz, much smaller
than the linewidth of the JPA approximately 100 MHz,
so that all modes of the comb are well within the
amplifier bandwidth. Specifically, the 13-mode circula-
tor of Fig. 4 spans a total bandwidth of 12A = 1.2 MHz,
while the dynamic scattering experiment of Fig. 5
employs 97 frequency modes covering a bandwidth of
96A = 9.6 MHz, both centered around the JPA reso-
nance frequency wy/27 ~ 4.2 GHz. One limitation of
digital synthesis is the dynamic range of the multi-
frequency pump waveform, where the ratio of the
largest to the smallest Fourier coefficient cannot exceed
the resolution of the 14-bit digital-to-analog converters,
ie., 24 =16384.
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Prior to each measurement, the JPA is characterized by
measuring its flux modulation curve with a vector-
network analyzer, allowing us to identify the dc flux
bias corresponding to the resonance frequency w,/2z =~
4.2 GHz and to ensure operation in the linear regime. The
HF and LF pump amplitudes are calibrated independently
as they are delivered through separate lines with different
attenuation. The HF pump amplitudes are referenced to a
single pump tone at 2w, producing 3 dB of gain. The LF
pump amplitudes are calibrated by matching the ampli-
tude of an idler generated by a single LF pump, to those
produced by the reference HF pump. This calibration
gives a conversion factor that is programmed into the
measurement software.

APPENDIX B: THE COUPLING MATRICES

The pump coupling matrices Eqgs. (6) and (7) contain
the collective action of each pump tone on the different
frequency modes. Their structure is revealed by extracting
the constants [y, [; and hy, hj,.

Hy = heH) + hiH (B2)

]?7

Li and Hj; are constant; 2N x 2N matrices of the
form:

0 1
0 0
0 0 1
L= 4 0 o |- ®®
0 0
-1 0
0 0
0 -1
|1 0 0
1 0
0 0

0 1
0 0
H = 3 K , B5
Py | 0 (BS)
0 0
0
0 0
0 —1
H, = . B6
s 0 0 (B6)
—1 0
0

APPENDIX C: MATRIX SQUARE ROOT

Let us define the matrix square root /77~ as the inverse
operation that allows us to solve for X the matrix quadratic
equation

X? =B. (C1

Let W be the transformation that diagonalizes B, and
B, = WBWT the diagonal matrix containing the eigen-
values of B. Applying the transformation W to both sides
of Eq. (Cl1) we obtain the quadratic relation on the

diagonal matrix B,
XX =B,. (C2)

where X’ = WXWT. For the properties of diagonal matri-
ces, the solution of Eq. (C2) is

+vby

+vby ©3)

+vby
where b; are the eigenvalues of B. From Eq. (C3), the
solution of Eq. (C1) yields
X =WIX'Ww. (C4)
Using Egs. (C4) and (C2) to compute X2, it is straight-
forward to prove that Eq. (C4) is a solution of Eq. (C1)
X2 =WIXWWIX'W

= WIX'X'W = W'B,W = B. (C5)
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