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Hybrid quantum architectures that integrate matter and photonic degrees of freedom present a promising
pathway toward scalable fault-tolerant quantum computing. This approach needs to combine well-
established entangling operations between distant registers using photonic degrees of freedom with direct
interactions between matter qubits within a solid-state register. The high-fidelity control of such a regis-
ter, however, poses significant challenges. In this work, we address these challenges with pulsed control
sequences that modulate all interspin interactions to preserve the nearest-neighbor couplings while elim-
inating unwanted long-range interactions. We derive pulse sequences, including broadband and selective
gates, using composite-pulse and shaped-pulse techniques as well as optimal-control methods. This
ensures a general pulse sequence in the presence of spin-position bias, robustness against static offset
detunings, and Rabi-frequency fluctuations of the control fields. The control techniques developed here
apply well beyond the present setting to a broad range of physical platforms. We demonstrate the effi-
cacy of our methods for the resource-state generation for fusion-based quantum computing in four- and
six-spin systems encoded in the electronic ground states of nitrogen-vacancy centers or other molecular
solid-state qubits. We also outline other elements of the proposed architecture, highlighting its potential
for advancing quantum computing technology.

DOI: 10.1103/185z-nxt1

I. INTRODUCTION

Quantum computation is formulated in terms of either
the gate-array model or the measurement-based model. In
the gate-array model, one- and two-qubit quantum gates,
described as unitary operators, are used to build up a
desired state transformation on a multiqubit device [1,2].
In contrast, in the measurement-based gate implementa-
tions [3,4], Bell states are used to enable the synthesis
of quantum gates based on local operations. More gen-
erally, a multipartite entangled resource state, such as
the cluster state, can be prepared [5–7] and then generic
quantum computation can be realized via single-qubit
measurements and single-qubit rotations [6–9].

The measurement-based approach is particularly attrac-
tive for optical quantum information processing, where
a universal quantum gate set is difficult to implement
directly, as this would require large nonlinearities. Pho-
ton detection, however, is fast, readily available, and in
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fact essential, as photons have short lifetimes in integrated
photonic structures and need to be measured before they
are absorbed. A detailed measurement-based approach to
optical quantum computing was first formulated in Ref.
[10] and later refined into more resource-efficient designs
within the language of the measurement-based approach
based on cluster states [6,11,12]. However, the preparation
of a large cluster state in advance is challenging due to
environmental noise and the limitations of current control
techniques.

Recently, as an alternative, fusion-based quantum com-
putation (FBQC) [13,14], a highly modular architecture,
has been formulated. Here, only small graph states (the so-
called four- and six-ring states) are required as resource
states, which are then connected by entangling measure-
ments [11,15] between pairs of such resource states in a
fusion network “on the fly,” while simultaneously propa-
gating the quantum computation. This all-optical approach
requires highly multiplexed photonic down-conversion
sources and fast optical switches to produce the required
four- and six-ring resource states quasideterministically.
Multiplexed sources, switches, and photon detectors need
to be operated in a cryogenic environment to achieve high
photon-detection efficiency [16].

These daunting requirements have motivated the search
for alternative deterministic photon sources, e.g., based on
quantum dots [17–20], where the internal spin degree of
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freedom can be used to control the generation of entangled
photon states. The use of solid-state emitters with an inter-
nal degree of freedom suggests a further shift of paradigm
toward hybrid schemes in which quantum information is
held on matter degrees of freedom (stationary qubits) and
connected via photonic degrees of freedom using entan-
gling measurements [15]. This represents an alternative
approach that implements spin-optical quantum computing
by generating source states in a spin-based system and per-
forming fusion measurements through photonic methods.
Such a hybrid architecture effectively integrates estab-
lished matter-based and photonic based techniques, estab-
lishing a potential platform to implement fault-tolerant
quantum computing (for a recent summary of such an
approach, see, e.g., Ref. [21]).

While one might use entangling measurements on
photons to build a cluster state and then execute
measurement-based quantum computation, it seems tempt-
ing to transfer the concept of fusion-based quantum com-
puting to a hybrid matter-photonic system. There are now
two possible routes toward this goal. In the first approach,
individual optically active spin qubits are each placed in
a separate optical resonator, which is then connected to
a photonic network that allows for the implementation
of entangling operations based on Ref. [15] or reflec-
tion and detection of photons [22], or here we take an
approach in which each resonator contains a small num-
ber of optically active spin qubits that are magnetically or
otherwise coupled in order to create the desired resource
states (e.g., four- and six-ring cluster states) locally on the
matter qubits. The latter may offer additional opportunities,
as matter qubits exhibit greater versatility and flexibility
in their mutual interaction, which can be used to create
desired quantum states and may therefore offer advantages.

In this work, we are placing our emphasis on the
matter-based quantum register in a fusion-based hybrid
matter-photon quantum computer with the objective of
demonstrating the potential for generating the desired
resource state. The spin-based quantum information pro-
cessor in a solid-state system employs the spin states of
electrons or nuclei in solid materials to encode, manip-
ulate, and process quantum information. However, the
preparation of complex multipartite quantum states in
these systems remains a challenge. Especially in solid-
state quantum registers based on magnetic interactions,
the nearest-neighbor (NN) couplings dominate but, nev-
ertheless, beyond-NN interactions are still relevant when
aiming to achieve the extremely high fidelities that are
necessary for fault-tolerant quantum error correction. In
conventional schemes capable of eliminating long-range
spin interactions, the NN ones tend to be suppressed as
well. Moreover, Ref. [23] proposes a general dynamical-
decoupling-based protocol that appropriately applies π -
pulse sequences on selected qubits to average out next-
nearest-neighbor (NNN) couplings while preserving the

desired NN ones, enabling high-fidelity preparation of
one-dimensional cluster states. The evolution is divided
into several short intervals and spin-selective π pulses are
applied at suitable timing. Both xy and zz interactions can
be refocused while NNN terms average over one dynamic
cycle, leaving an effective Hamiltonian dominated by NN
ones. The protocol is, however, formulated specifically for
the one-dimensional spin chain and does not explicitly
address how control sequences modify longer-range inter-
actions, thereby limiting its direct applicability to more
general architectures with extended couplings.

In addition, conventional schemes typically assume an
idealized scenario in which all spins are precisely posi-
tioned, usually forming a perfect one-dimensional spin
chain or two-dimensional square lattice. In practice, how-
ever, deviations in the positions of the spins due, e.g., to
the implantation of color centers or those associated with
nuclear spins, are common. The resulting variations in
the mutual distances lead to inhomogeneities in the cou-
pling strengths that, in turn, can significantly affect the
effectiveness of most state-preparation schemes.

Finally, in solid-state systems, strong interactions typ-
ically emerge when the spins are closely spaced, which
poses significant challenges for performing local manip-
ulations and measurements. Specifically, in electron-spin
or nuclear-spin systems, sufficiently strong direct magnetic
dipole interactions occur on the scale of tens down to a
few nanometers. Consequently, it is crucial to investigate
methods for quantum state preparation that are feasible
with only a global drive. Note that the ability to manip-
ulate spins without individual control is a fundamental and
common necessity for quantum spin systems.

In our work, we present a new approach for generat-
ing cluster states using a carefully designed sequence of
selective π pulses. This sequence is designed to modify the
interspin couplings in a nonuniform manner across differ-
ent segments, ensuring the preservation of NN interactions
while eliminating long-range interactions. Our scheme is
illustrated in Fig. 1(a), where a quantum spin system is
driven by a global control field (green light) and the solid
and dashed lines between the spins denote the NN and
long-range couplings. In Fig. 1(b), we show the pulse
sequence, which is composed of m segments. Rx

π(i) is
a selective π pulse about the x axis that flips all the
spins indicated by an index vector i, and the single selec-
tive π pulse [the inset in Fig. 1(b)] is implemented by a
composite pulse that only flips the resonant spin, while
leaving the others unaffected. To implement our protocol,
we develop a general framework of a frequency-selective
pulse using composite-pulse and shaped-pulse techniques.
These pulses, optimized using optimal-control methods,
are robust to possible imperfections in the global driving
field.

Our paper is organized as follows. In Sec. II, we intro-
duce the general framework of the cluster-state preparation
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(a) (b)

FIG. 1. (a) The scheme of the pulsed-cluster preparation in
a quantum multispin system, where all spins are driven by
the global field (light green). The solid lines indicate the NN
couplings that have to be preserved, while the dashed lines repre-
sent the unwanted long-range couplings. ωi indicates the unique
energy splittings of spin i. (b) The pulsed dynamical sequence
to eliminate long-range couplings. The whole process is divided
into m segments and each segment consists of a free-evolution
time τk sandwiched by two selective πx and π†

x gates, denoted
as Rx

π (i
(k)) and R−x

π (i
(k)). The index vector i(k) indicates the spins

flipped by the πx pulses in the kth segment. The foundation of
the scheme lies in a selective single πx pulse, which selectively
flips the resonant spin while leaving the remainder unchanged.
As we discuss in Secs. IV C and IV D, the selective πx and π†

x
pulses could be implemented by a sequence of two shaped (π/2)x
pulses (purple curves) and two composite πx pulses (yellow and
blue blocks), depicted within the dashed box. The generation of
all pulses is attributed to the global driving field due to limitations
in the spatial resolution of the control field.

utilizing a pulsed control sequence. We then present sev-
eral examples by giving a few multispin systems and dis-
cuss the extension to larger systems in Sec. III. In Sec. IV,
we demonstrate the feasibility of implementing the pro-
posed scheme in nitrogen-vacancy- (N-V) center systems
[24,25], with the development of selective pulses and the
numerical simulation of preparation fidelity. A brief con-
clusion of our proposal and an outlook toward the hybrid
matter-photon quantum information processor are given in
Sec. V.

II. THEORETICAL FRAMEWORK

To generate a cluster state in a fully connected spin
system, we first initialize all spins into a product state
|ψ0〉 = ⊗i|+〉i and then the cluster state |ψ〉C is prepared
by applying an NN controlled-Z gate S = ∏

〈i,j 〉 Sij , where

Sij = |0〉i i 〈0| ⊗ 1j + |1〉i i 〈1| ⊗ σ z
j , (1)

and 〈i, j 〉 denotes NN spins. S is a joint controlled-Z
gate and is typically generated using an Ising-like zz-
coupling Hamiltonian HC/� = ∑

〈i,j 〉 g(1 − σ z
i )(1 − σ z

j )

with the required evolution time t = π/4g [8]. S can
be decomposed into a product of three basic gates:
S = ∏

〈i,j 〉 Uzz
π (i, j )Rz

π/2(i)R
z
π/2( j ). Here and subsequently,

Rz
α(i) indicates a joint α rotation along the z axis of

spins denoted by the index vector i, while Uzz
π (i, j ) =

exp(−iπσ z
i σ

z
j /4) acts between spin i and j . Because all

elements in S commute, S can be written as

S =
∏

i

Rϕi
z (i)

∏

〈i,j 〉
Uzz
π (i, j ), (2)

where ϕi = niπ/2 and ni indicates the number of NN pairs
in which spin i is involved. We obtain a target unitary Ut
to prepare the cluster state after dropping the first local
transforms

Ut =
∏

〈i,j 〉
e−i π4 σ

z
i σ

z
j . (3)

This necessitates an engineered evolution process that
ensures that the phases of the NN coupling terms are equal
to π while simultaneously eliminating the inherent long-
range couplings. However, as the size of the spin system
increases, the number of two-body interactions increases
quadratically with the number of spins. This makes mit-
igation of long-range interactions more challenging. To
explain our proposal to eliminate the long-range zz inter-
action, we consider a fully connected N -spin Hamiltonian
(� = 1)

Hzz =
∑

i�=j

gij

4
σ z

i σ
z
j . (4)

For simplicity, we assume that the coupling terms gij are
arranged in descending order based on their corresponding
strengths rather than the indices.

The coupling strength gij is typically determined by the
relative position between spin i and j . In practice, possi-
ble variations in spin positions lead to inhomogeneities in
interaction strengths, causing differences in the accumu-
lated phase (denoted as θij = gij t) for each interaction term
during the evolution Uzz(t) = exp(−iHzzt). The inhomo-
geneity results in unique phase shifts for each spin pair,
affecting the overall quantum state dynamics. To make
the phases accumulated by all NN interactions equal to
π while eliminating long-range couplings, we introduce
a pulsed dynamical decoupling sequence that selectively
reverses specific interaction strengths. As illustrated in Fig.
1(b), an elementary segment in the sequence consists of
two multispin π pulses Rx

π(i
(k)) and R−x

π (i
(k)) before and

after a free-evolution period of a length τk. This segment
selectively inverts the coupling terms [23]. Here,

Rφπ(i) = ⊗ni
j =1 exp

(
−i
π

2
σ
φ
ij

)
, (5)

where index vector i = (i1, i2, . . . , ini), indicating which
spins are flipped are arranged in increasing order; and
σ
φ
ij = cos(φ)σ x

ij + sin(φ)σ y
ij denotes the rotation operator
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of the ij th spin. The evolution of the kth segment is given
by

U
(
i(k), τk

) = R−x
π (i

(k))Uzz(τk)Rx
π(i

(k))

= exp

⎛

⎝−i
∑

i�=j

fij (k)
gij τk

4
σ z

i σ
z
j

⎞

⎠ , (6)

where the modulation factor fij (k) = (−1)Nij (k) and
Nij (k) = ∣

∣{i, j } ∩ i(k)
∣
∣ indicates the number of spins

flipped by Rx
π(i

(k)) in spin {i, j }. Here, τk denotes the dura-
tion of the kth segment, as π pulses are assumed to be
instantaneous in the analysis. If only one of the spins i and
j is affected by the Rx

π(i
(k)) pulse, the effective coupling

strength during this evolution is inverted, gij → −gij . If
none or both of them are involved, the sign of the coupling
strength gij remains unchanged.

Therefore, we are able to tailor the accumulated
phases by applying a pulse sequence. The sequence
includes m elementary segments with corresponding
indices S = {i(1), i(2), . . . , i(m)} and corresponding duration
�τ = (τ1, τ2, . . . , τm)

T. The whole evolution unitary is

U(Tc) =
m∏

k=1

U
(
i(k), τk

) = exp

⎛

⎝−i
∑

i�=j

θij

4
σ z

i σ
z
j

⎞

⎠ , (7)

where the accumulated phases and total duration are

θij = gij

m∑

k=1

fij (k)τk, Tc =
m∑

k=1

τk. (8)

These two equations naturally form a linear equation

M · �τ = �α, (9)

with the factor matrix M ∈ R(ng+1)×m and target phase
vector �α ∈ R(ng+1)×1. The first ng + 1 elements of �α are
θij /gij and α(ng + 1) = Tc. Here, ng = N (N + 1)/2 is the
number of coupling terms. It is apparent that the form
of the pulse sequence is determined by solving the lin-
ear equation. The solution of the equation is general and
does not require a perfect lattice. After fabrication, all cou-
plings are fixed, thereby enabling the determination of the
corresponding pulse sequence.

In the next section, we will provide solutions in the
small spin-ring systems employed in FBQC as examples
to explain our procedure. Note that these decoupling pulses
modify the interaction strengths while they do not change
their forms. Hence, the order of applying the pulses can be
arbitrary, as the unitary evolution operators of all segments
mutually commute. In addition, each pulse can be applied
at most once, as multiple segments with the same pulses
can be moved together and merged.

III. RESOURCE-STATE GENERATION

We proceed with discussing the specific forms of our
pulsed-cluster-state-preparation protocol in different sys-
tems. First, we consider two small spin-ring systems that
are fully solvable and are required for the implementation
of FBQC. In these systems, we consider both the cases
with and without uncertainties in the positions. We then
investigate an ideal larger spin-ring system, utilizing its
spatial symmetry, and demonstrate that our proposal could
be extended to a larger quantum system with about 20
spins.

A. Spin-ring system

Our discussion initially focuses on two resource-state
generators associated with four- and six-spin-ring sys-
tems. These two systems are fully solvable, whereby the
invertibility of the matrix M and the relevance of the semi-
positive solution can be guaranteed by selecting ng + 1
suitable pulses

�τ = M−1 · �α ≥ 0. (10)

In the four-spin system, as shown in Fig. 2, the spin
index sequence is S4 = {(0), (1), (1, 2), (2), (2, 3), (3), (4)}
where (0) means that no pulses are applied in the first seg-
ment and (i, j ) means that pulses are applied to spins i and
j . The corresponding time-duration solution is

�τ = 1
4

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

α12 + α23 + α34 + α14
Tc − α12 − α14 + α24
α12 + α34 − α13 − α24
Tc − α12 − α23 + α13
α23 + α14 − α13 − α24
Tc − α23 − α34 + α24
Tc − α34 − α14 + α13

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (11)

where the first ng = 6 elements of �α are defined as αij =
θij /gij .

This is a general solution of a four-spin sys-
tem and the sequence S4 is chosen to minimize the
number of single-spin pulses Nπ after canceling the
pulses between adjacent segments, resulting in a pulse
sequence [τ1-π1-τ2-π2-τ3-π†

1 -τ4-π3-τ5-π†
2 -τ6-π†

3π4-τ7-π†
4 ].

In the expression for the pulse sequence, the duration τi

represents the ith free-evolution process, while πi and π†
i

are abbreviations for Rx
π(i) and R−x

π (i) in this section. A
cluster state connecting NN pairs is generated by setting
two phases of the long-range terms α13 = α24 = 0. The
evolution of the accumulated phases θij and the pulse
sequence are shown in Fig. 2(c), where the phases of the
NN couplings and the NNN coupling, respectively, are π
and 0 in the end.

In the ideal case, all spins are located on the square-
lattice sites, denoted by the solid green dots in Fig. 2(a).
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(a)

(c)

(b)

FIG. 2. (a),(b) The preparation of a cluster state in a four-
spin system, where the square lattices without and with posi-
tion errors are represented by green dots and black circles
in (a), respectively. The corresponding coupling strengths gij
are represented by green and purple bars in (b). g1 is the
NN coupling strength in the ideal case. (c) The evolution
of the accumulated phase θij with respect to the NN cou-
plings g12,14 and one NNN coupling g13 are represented. In
each segment, the derivatives of the phases with respect to
time are determined by the corresponding modulation fac-
tors. The sequence of the selective π pulses employed is
S4 = {(0), (1), (1, 2), (2), (2, 3), (3), (4)}, resulting in a pulse
sequence [τ1-π1-τ2-π2-τ3-π†

1 -τ4-π3-τ5-π†
2 -τ6-π†

3π4-τ7-π†
4 ]—the

notation and meaning of τi and πi are introduced in the text. The
parameters are identical to those presented in Sec. IV E within a
solid-state system.

Thus, the elements in vector �α associated with NN and
NNN couplings are identical to π/g1 and 0. Here, g1 is
the strength of the NN coupling. The minimal length of the
sequence is Tc = 2π/g1 and the length of each segment is

τ1 = π

g1
, τ2,4,6,7 = 0, τ3,5 = π

2g1
. (12)

Thereby, the corresponding index sequence is S4 =
{(0), (1, 2), (2, 3)} and only six pulses remain, as the pulse
sequence is [τ1-π1π2-τ3-π†

1π3-τ5-π†
2π

†
3 ] after the cancella-

tion.
Similarly to the four-spin case, solving Eq. (10), a clus-

ter state could be prepared by a sequence of two-body
pulses in a six-spin system. We obtain a sequence of the
pulse indices S6 = {(0), (1, 2), (2, 3), (3, 4), (4, 5), (5, 6),
(1, 6), (1, 3), (1, 4), (4, 6), (2, 4), (2, 6), (3, 6), (3, 5), (1, 5),
(2, 5)}, which means that the required number of π pulses
is Nπ = 32. The six spins are labeled clockwise and
the general pulse sequence is [τ1-π1π2-τ2-π†

1π3-τ3-π†
2π4-

τ4-π†
3π5-τ5-π†

4π6-τ6-π†
5π1-τ7-π†

6π1-τ8-π†
3π4-τ9-π†

1π6-τ10-
π

†
6π2-τ11-π†

4π6-τ12-π†
2π3-τ13-π†

6π5-τ14-π†
3π1-τ15-π†

1π2-τ16

-π†
2π

†
5 ]. In the ideal case, the corresponding length of each

segment is

τ1 = 5π
8g1

, τ2,3,5,6 = π

g1
, τ4 = 3π

8g1
,

τ8,10,14→16 = π

8g1
, τ9,10,12,13 = 0,

(13)

with the total duration of the sequence Tc = 2π/g1. More
details and sequences of quantum spin systems are pro-
vided in Appendix A. It is essential to note that for a
multispin system, our proposal enables the generation of
cluster states with diverse geometries and connectivities
by appropriately choosing the target phase vector �α. In
particular, the same framework can be used either to effec-
tively realize higher-dimensional cluster states or to isolate
a single desired coupling by suppressing all other interac-
tions, as illustrated by the two representative examples in
Appendix A 2.

B. Larger spin-ring system

As illustrated in the preceding section, the state-
generation proposals employ up to two-spin pulses in a
small spin system. Inspired by this, we aim to explore the
preparation of the cluster state in larger spin-ring systems.
Here, we assume that N spins are equally spaced and the
periodic condition σ z

1 = σ z
N+1 leads to a spatial symmetry

that is the key in our proposal. First, we label the two-
spin couplings with respect to the distance between them.
Thus, all NN couplings are denoted as C(1), the NNN cou-
plings are labeled as C(2), and the lth order of the collective
coupling is

C(l) =
nl∑

i=1

1
4
σ z

i σ
z
i+l, (14)

where nl is the number of elements in C(l). The Hamilto-
nian in Eq. (4) can be rewritten as Hzz = ∑L

l=1 glC(l), where
gl is the lth coupling strength and L indicates the number
of collective couplings. The target unitary [see Eq. (3)] in
a spin-ring system is now

Ut = exp
(−iπC(1)

)
, (15)

which requires the preservation of the first collective cou-
pling. In a system with an odd number of spins, the number
of collective couplings is given as L = (N − 1)/2. In the
lth collective coupling, the number of two-spin interactions
is nl = N . In contrast, in an even spin system, the number
of collective couplings is L = N/2. Each coupling contains
nl = N elements, except that the number of elements in the
Lth coupling is nL = N/2.

Similarly, the kth two-spin collective pulse, G(k), is
defined to include all possible pulses applied on two spins
with a specific distance G(k) = {Rx

π(1, 1 + k), Rx
π(2, 2 +
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k), . . .}. The number of elements in G(k) is nk, which is
identical to the number of coupling terms in the kth col-
lective coupling C(k). All the two-spin pulses in G(k) are
applied before and after a unitary Uzz sequentially, the
evolution in the kth segment being

G(k)[Hzz, τk] =
nk∏

i=1

R−x
π (i, i + k)Uzz(τk)Rx

π(i, i + k). (16)

Due to the symmetry of the system, the unitary operator
can be expanded as

G(k)[Hzz, τk] = exp

(

−i
L∑

l=1

f ′
lkglC(l)τk

)

, (17)

where f ′
lk is the modulation factor of the lth coupling C(l)

modified by the kth collective gate G(k). The values of f ′
lk

are listed in Table I and the last two columns are relevant
to f ′

lL in the odd and even spin systems, respectively.
We take an example Ca,a+l = σ z

aσ
z
a+l, an element in cou-

pling C(l), to explain the value of f ′
lk . The involved spins a

and (a + l) are only affected by four pulses, Rx
π(a − k, a),

Rx
π(a, a + k), Rx

π(a + l − k, a + l), and Rx
π(a + l, a + l +

k), in collective pulse G(k). Thus, if l �= k, all four pulses
inverse the coupling Ca,a+l and the rest of the nk − 4 ele-
ments in G(k) do not affect the coupling, which gives the
modulation factor of nk − 8. If l = k, only two unique
pulses, Rx

π(a − k, a) and Rx
π(a + k, a + 2k), remain and

invert the coupling, resulting in a modulation factor of
nk − 4. One special case is the performance of the last col-
lective pulse, G(L), in the even spin system N = 2L. If l �=
N/2, Rx

π(a − L, a), Rx
π(a, a + L), Rx

π(a + l − L, a + l), and
Rx
π(a + l, a + l + L) reduce to two pulses, Rx

π(a − L, a),
and Rx

π(a + l − L, a + l), due to the symmetric property
a − L = a + L. Thus, the modulation factor here is N/2 −
4. If l = L, neither of the two pulses inverts coupling
Ca,a+l, giving a factor of N/2.

As demonstrated in Table I, a collective pulse G(k) mod-
ulates all collective couplings in the same manner, with the
exception of C(k). Thus, we are able to preserve first-order
interactions while nullifying others by choosing only the
first two pulses, G(0) and G(1), with the corresponding time
intervals (τ0, τ1) = (8 − N , 1)τ1. The evolution is

G(1)[Hzz, τ1]G(0)[Hzz, τ0] = exp
(−i4g1τ1C(1)

)
. (18)

We obtain the solution (τ0, τ1) = (8 − N , 1)π/4g1 by set-
ting 4g1τ1 = π . The total duration of the sequence is

Tc = τ0 + n1τ1 = 2π
g1

. (19)

The corresponding preparation sequence of the indices is
SN = {(0), (1, 2), (2, 3), . . . , (N , 1)} and the total number

of single-spin π pulses (including π and π†) is 2N + 2.
This two-spin cluster-state-preparation scheme is consis-
tent with the sequence S6 that we have derived in Sec.
III A. It should be noted that this proposal is valid when
N ≤ 8, to ensure that 8 − N is a positive integer. The larger
spin system will be discussed in the following text.

Here, we extend our protocol to the generation of
cluster states in a larger spin-ring system with N > 8.
The principle of the preparation requires multispin (up
to Ng spins) pulses to increase the variety of coupling
modulations, as opposed to relying solely on two-spin
pulses. Similarly, we define the kth collective pulse G(k)mk

=
{Rx
π(i

(1)
k ), Rx

π(i
(2)
k ), . . . , Rx

π(i
(Nk)
k )} as a set of mk-spin pulses

possessing the kth smallest internal distance Dk. Here,
D = ∑

m

∣
∣�rim+1 − �rim

∣
∣ is the sum of the distance between

every two nearby spins involved by a selective π pulse
Rx
π(i), with all indices in the vector i = {i1, i2, . . . } listed in

ascending order.
Due to the symmetry of the quantum spin-ring system,

the collective pulse modifies the free evolution in the kth
segment as

G(k)mk
[Hzz, τk] =

Nk∏

i=1

R−x
π (i

(i)
k )Uzz(τk)Rx

π(i
(i)
k )

= exp

(

−i
L∑

l=1

f̃lkglC(l)τk

)

. (20)

The factor f̃lk quantifies the modulation achieved by the
collective gate G(k)mk

to the lth collective coupling. We
apply the collective pulses sequentially, with the corre-
sponding sequence being (k1, k2, . . . , knc), resulting in an
overall unitary U(Tc) = ∏nc

j =1 G
(kj )
mkj

[Hzz, τj ] with the dura-
tion Tc = ∑nc

j =1 Nkj τj . Here, Nkj denotes the number of

mkj -spin pulses included in G(kj )
mkj

and τj is the correspond-
ing time interval. Similar to Eq. (9), the linear equation
is

M̃ · �τ = �α. (21)

Here, M̃ ∈ Ro×nc represents the modulation factors corre-
sponding to the nc collective pulses employed; �τ ∈ Rnc×1

indicates the time interval within each segment and the
target phases �α = 0 except for the first element α(1) =
π/g1.

While the utilization of collective gates to modify the
coupling has notably simplified the computational com-
plexity, the increase of the system size presents challenges.
As the size of the system increases, the number of long-
range couplings and multispin pulses increases quadrati-
cally and polynomially, respectively. Although serendipity
may lead to a few solutions for quantum multispin sys-
tems, these solutions are not inherently optimal. Ideally,
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TABLE I. The modulation factor of the lth collective coupling C(l) modified by the kth two-spin collective pulse G(k). The last two
columns present f ′

lL in the system with odd and even spins, respectively. The kth (k > 0) collective pulse modulates all the collective
couplings in a unit manner, with the exception of the kth coupling.

f ′
lk G(0) G(1) G(2) G(3) · · · G(L)odd G(L)even

C(1) 1 N − 4 N − 8 N − 8 · · · N − 8 N/2 − 4
C(2) 1 N − 8 N − 4 N − 8 · · · N − 8 N/2 − 4
C(3) 1 N − 8 N − 8 N − 4 · · · N − 8 N/2 − 4
...

...
...

...
...

. . .
...

...
C(L) 1 N − 8 N − 8 N − 8 · · · N − 4 N/2

the number of single-spin pulses involved should be min-
imized and the total evolution time should be kept to a
minimum.

The key challenge lies in developing an efficient search
algorithm to address the scalability of our cluster-state-
preparation proposal. In this context, we propose a feasible
numerical solution: initially selecting nc = L − 1 elements
from all collective pulses randomly, then finding the least-
squares solution (LSS) �τLSS of Eq. (21), which minimizes
the relative residual σ = ‖M̃ · �τLSS − �α‖2/‖�α‖2 (‖�x‖2 =√�xTx). Finally, from all possible solutions, we identify the
ones that satisfy the following criteria: (i) positive time
intervals; (ii) a low residual, with a value no greater than
a specified threshold σ0; and (iii) a limited duration, with
a maximum value of a specified limit T0. The number of
single-spin pulses can be further reduced by following two
steps. First, the segments the time intervals of which are
less than a certain value τmin, are removed. Second, all the
multispin pulses involved are arranged to cancel the pulses
between two adjacent segments as much as possible. In
Fig. 3(a), we present the solutions with high preparation
fidelity (FC > 0.999 99) that we obtain in the ten-spin sys-
tem, as well as the number of single-spin pulses and the
duration Tc. Furthermore, we show the minimal number of
Nπ as a function of the size of the system in Fig. 3(b), with
the parameters σ0 = 0.1, T0 = 10T1, and τmin = 10−5T1,
with T1 = 2π/g1.

IV. POTENTIAL EXPERIMENTAL
IMPLEMENTATIONS

In this section, we present a potential implementation
of our proposal for preparing a pulsed-cluster state, using
an N-V center system as an illustrative example. In prin-
ciple, our proposal is well suited to entangling the quan-
tum spin system using the inherent mutual zz interactions
as the resource. The N-V center, an artificial defect in
the diamond, represents a promising platform due to the
desired zz couplings arising from mutual direct magnetic
dipole interactions. Moreover, nearby nuclear spins could
be involved in the same interaction framework.

We begin this section by briefly introducing the N-V
center, outlining relevant practical challenges, and deriv-
ing the interaction Hamiltonian in Eq. (4). Then, we
develop the broadband and selective pulses necessary for
our proposal, employing optimal-control methods as well
as composite and shaped pulses. Finally, we conduct the
numerical simulation of our proposal in the N-V center
system.

A. N-V centers in diamond

N-V centers in diamond are well-studied point defects
with electronic spin-1 ground states that can be manipu-
lated using microwave fields and initialized and read out
optically. The electronic spin properties combined with the
ability to couple to nearby nuclear spins make the N-V cen-
ter a promising candidate for scalable quantum networks
and computing architectures [24,26–30]. However, several
practical challenges must be addressed when developing
a matter-photon quantum information processor based on
N-V centers.

First, achieving the desired Hamilton [see Eq. (4)] relies
on the magnetic dipole-dipole interaction between N-V
centers, requiring nanometer-scale precision control of
the positions of defects to achieve appropriate coupling
strengths. In particular, the deterministic preparation of

(a) (b)

FIG. 3. The preparation of cluster states in the larger spin-ring
system. (a) The fidelity of the state preparation of the solutions
obtained within a ten-spin system, along with the corresponding
number of single-spin πx pulses and the duration of the con-
trol field, Tc. (b) The minimum number of single-spin πx pulses
required to prepare a cluster state in a multispin system increases
with the system size.
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color centers in large numbers represents a significant chal-
lenge for the realization of scalable quantum computing.
This constraint is somewhat relaxed in FBQC, where at
most six spins are required in a single resource-state gen-
erator (RSG). For scalable solid-state spin registers in dia-
mond, a key requirement is the ability to position a small
number of N-V centers at nanometer-scale separations. A
well-established method for this purpose is the nitrogen-
ion implantation process, where nitrogen ions are accel-
erated and implanted into diamond through a nanohole
to create dipolar-coupled N-V centers. By optimizing the
mask geometry and implantation parameters, interacting
N-V pairs with separations down to a few nanometers have
been demonstrated [31]. Moreover, tailored ion beams and
deterministic single-ion sources provide additional con-
trol over extraction voltage, beam focusing, and beam
monochromaticity, further improving the spatial accuracy
and implantation yield for the creation of color centers
[32–34]. The number of coupled N-V centers could be
further increased by replacing the ion beam with ionized
nitrogen-rich molecules. Consequently, the positions of
N-V centers are determined by the intrinsic structure of
the molecule and implantation parameters [30,35], offer-
ing a potential route toward the fabrication of regular spin
arrays. A recent development in the field involves the fab-
rication of a system comprising four coupled N-V centers,
with a separation distance of approximately 9 nm [36].
Moreover, coupled N-V center pairs exhibit to be entangled
with a reported fidelity of 96% in Ref. [30], and the sepa-
ration of the N-V pair can be rapidly determined optically,
as demonstrated in Ref. [37].

Second, the implementation of selective pulses is
another issue to be addressed. The ability to selectively
address, manipulate, and read out individual spins is
fundamental to the development of matter-based quan-
tum information processors. Constrained by the distance
between N-V centers, frequency-selective operations offer
a viable alternative. Meanwhile, the coupling strengths can
be extracted using the double electron-electron resonance
technique [38,39], which is essential for determining the
preparation sequence.

Third, the preparation proposal must be robust against
noise, typically being consistent with the present meth-
ods to suppress the decoherence, such as the dynamical
decoupling. The last challenge relates to increasing the low
photonic connection efficiency between spatially separated
registers, which is constrained by the low zero-phonon-
line (ZPL) emission efficiency and the low collection
efficiency. Techniques such as lowering the temperature,
placing the N-V center in an optical resonant cavity, and
fabricating diamond nanostructures can enhance the prob-
ability of detecting ZPL photons.

These challenges are specific to an N-V center-based
quantum information processor. In our work, focusing
on state preparation, the main concern is to realize the

selectivity to suppress the long-range interactions. Based
on the designed broadband and selective pulses, the
pulsed-cluster proposal demonstrates robustness against
uncertainties in spin positions, imperfections of the control
fields, and the dephasing noise.

B. Hamiltonian

We explore the preparation of a cluster state in a multi-
spin system, where each spin is encoded in the electronic
ground state of the N-V center. Ideally, these N-V cen-
ters are positioned close together, equidistant from one
another, and aligned in the same plane, with their ori-
entations perpendicular to this plane. Each N-V center
represents a spin S = 1 system with three ground states that
can be initialized, manipulated, and read out under ambient
conditions.

The Hamiltonian of the system is

H =
∑

i

H 0
i +

∑

ij

H dd
ij + Hc(t), (22)

where H 0
i is the Hamiltonian for the N-V center at site i

under an external static magnetic field Bz applied along z
to lift the degeneracy of the spin states ms = ±1,

H 0
i = (D0 + δD

i )(S
z
i )

2 − (γeBz + δz
i )S

z
i , (23)

where D0 = (2π)2.87 GHz is the zero-field splitting
and γe is the electronic spin gyromagnetic ratio. δD

i
and δz

i represent the energy disorder of site i, primar-
ily attributed to lattice strain, the positioning of the N-V
centers, and the inclusion of scattered paramagnetic impu-
rities [40,41]. A time-dependent global driving, Hc(t) =∑

i

√
2
(t) cos[ωct + φ(t)]Sx

i , is applied to the system,
which generates all the control pulses required. Finally,
H dd

ij is the magnetic dipole-dipole interaction between
spins i and j.

In our system, each spin-1/2 is encoded in the ground
state of the N-V center as |0(1)〉 = |ms = +1(0)〉. Now
moving to the interaction picture with respect to H0 =∑

i ωcσ
z
i /2 and applying the rotating-wave approximation

(RWA), we obtain the effective Hamiltonian [42]

HI =
∑

i

�i

2
σ z

i +
∑

ij

gij

4
σ z

i σ
z
j − gij

2

(
σ+

i σ
−
j +σ−

i σ
+
j

)

+ 
(t)
2

∑

i

[
cosφ(t)σ x

i + sinφ(t)σ y
i

]
, (24)

where the detuning �i = ωi − ω + ∑
k �=i gik/4 results

from the disorder and 
(t) and φ(t) are the amplitude and
phase of the global field.

Although the presence of unwanted detunings �i typi-
cally leads to deviation in evolution, it also offers an oppor-
tunity for individual spin control, provided that the spins
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acquire distinct energy splittings �ω = (ω1,ω2, . . . ,ωN )

that exhibit sufficiently large differences. Selectivity is
achieved by applying a resonant narrow-band π pulse,
which is composed of two shaped pulses and two broad-
band π pulses. Further details can be found in Sec. IV D.
This ability to manipulate individual spins in nanoscale
N-V arrays paves the way for the realization of scalable
quantum information processors [43].

In the Hamiltonian, the zz-coupling term as delineated in
Eq. (4) naturally emerges. Thus, a carefully designed evo-
lution process becomes essential to mitigate the presence
of undesired flip-flops and detuning terms. The disor-
der of the spin resonant transition and optical transition
of each N-V center is intrinsic and can be modified by
the application of external fields [44,45]. We establish a
lower bound on the energy-splitting difference for every
two spins, set as �min = (2π)4 MHz. This is defined
as ∀(i, j ), |ωi − ωj | = |�i −�j | ≥ �min. With neighbor-
ing spins at a distance of 30 nm, the resulting coupling
strength is gij = (2π)1.924 kHz. Thus, the flip-flop effect
induced by σ+

i σ
−
j + σ−

i σ
+
j is highly suppressed due to

the large detuning difference (gij � �min). In addition, the
unique energy splitting enables the manipulation of indi-
vidual spin (see Sec. IV D). Therefore, we can write the
effective Hamiltonian in a free-evolution process as [26]

Hz =
∑

i

�i

2
σ z

i +
∑

ij

gij

4
σ z

i σ
z
j . (25)

To eliminate the detuning term, we design a basic
pulse sequence that consists of a free evolution Uz(t) =
exp(−iHzt) and a following equal-length free evolution
sandwiched by two broadband π pulses, Rx

π(iN ) and
R−x
π (iN ). Here, indices iN = (1, 2, . . . , N ) indicate all the

spins, which means that all spins will be flipped simulta-
neously. A unitary governed by the zz Hamiltonian [see Eq.
(4)] is realized as

Uzz(2t) = R−x
π (iN )U(t)R

x
π(iN )U(t)

= exp

⎛

⎝−i
∑

i�=j

gij t
2
σ z

i σ
z
j

⎞

⎠. (26)

The design of the broadband pulse is explained in Sec.
IV C. Note that this process is typically an application of
pulsed dynamical decoupling in a multispin system [46],
thereby inheriting the property of robustness against the
dephasing noise.

In principle, the decoupling pulse could be replaced by
more efficient pulses, such as the Carr-Purcell-Meiboom-
Gill (CPMG) [47,48] sequence or other periodic pulses
[49–51], to further extend the coherence time. Previous
studies have reported coherence times of approximately 1
s [52], which is a crucial prerequisite for the applicability
of our proposal to solid-state systems.

In addition, during the whole process, we have to deal
with the inherent imperfections of the control field Hc(t)
[53]. The errors that we consider are the offset error δ and
the Rabi-frequency error ε. The Hamiltonian with these
two errors is

Hc(ε, δ, t) = δ
0

2
σz

+ 
(t)(1 + ε)

2
[
cosφ(t)σx + sinφ(t)σy

]
,

(27)

where 
0 = max |
(t)| is the peak value of Rabi
frequency 
(t). In the following section, we develop
general frameworks for generating broadband and narrow-
band pulses, which are crucial to the experimental imple-
mentation, utilizing the global field Hc(t) and the quan-
tum optimal-control method. This approach integrates
composite-pulse and shaped-pulse techniques to achieve
the desired pulse characteristics, while also demonstrat-
ing robustness against the errors of the control field.
In the simulation of the construction of the pulses, the
weak-interaction zz terms are ignored, since their cou-
pling strengths are much weaker than the Rabi fre-
quency (approximately megahertz) of the driving field.
For simplicity, we denote the single-spin pulses as αφ =
exp(−iασφ/2) and αz = exp(−iασz/2).

C. Broadband pulses

We first design the broadband pulses πx and (π/2)x
(i.e., π0 and (π/2)0) employed to flip and initialize all
spins simultaneously. To this end, we develop a composite
pulse that is robust against the detuning error. The compos-
ite pulse is an easily implemented technique to generate
a robust quantum pulse using a series of optimally cho-
sen pulses to cancel out imperfections [54–58]. The pulses
inside the composite pulse are realized by a constant Rabi
frequency (i.e., rectangular pulses) with the Hamiltonian
H = (δ
b/2)σz + [
b(1 + ε)/2]σφ . The composite pulse
is designed to be robust against the detuning error with
a broad high-fidelity (1 − F < 10−5) range |δ| < δ0 that
covers all spins,

2δ0
b > ωmax − ωmin, (28)

where ωmax(min) = max(min){ �ω}. The frequency of the
driving field is chosen to be ωc = (ωmax + ωmin)/2. We
construct a πx gate with a symmetric pulse sequence
U( �φnφ ) = πφ1πφ2 · · ·πφn · · ·πφ2πφ1 , where the phases
�φnφ = (φ1 · · ·φn) are the parameters to be optimized. To
develop a broadband πx gate, we define a collective cost
function G( �φnφ ) = ∑

i aig(δi, �φnφ ), where ai is the weight
of the contribution g at working point δ = δi, and a single
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component g(δi, �φnφ ) is

g(δi, �φnφ ) = 1 − Fi + Di(δ), (29)

where the fidelity is Fi = Tr[πxU†(δi, �φnφ )]/2. The deriva-
tive is

Di(δ) =
ki∑

k=1

∥
∥
∥
∥
∥
∥

c−k ∂
kU(δi, �φnφ )

∂δk

∣
∣
∣
∣
∣
δ=δi

∥
∥
∥
∥
∥
∥

F

, (30)

where ki is the derivative order with respect to δ at
each working point δi, the coefficient c−k is the weight
of each order of derivative, and we usually set c = 10;
‖X ‖F =

√∑
ij |Xij |2 is the Frobenius norm. By choos-

ing the parameters and minimizing the cost function, a
series of broadband composite pulses are generated (see
Fig. 7). In addition, a broadband (π/2)x is developed by
using a different symmetric pulse sequence, U(α, �φnφ ) =
αφ1πφ2πφ3 · · ·πφnφ

· · ·πφ3πφ2αφ1 [59], where α and �φnφ are
the parameters to be optimized.

We present numerical simulations illustrating the infi-
delities of the optimal composite broadband pulses πx and
(π/2)x in Figs. 4(a) and 4(c), respectively. These sim-
ulation results demonstrate the robustness of composite
pulses against both detuning and amplitude errors. The
red dotted boxes in the figures highlight regions of high
fidelity, where the relative biases of detuning and control
amplitude errors are tolerable, with values of δ0 = 0.35
and ε0 = 0.03, respectively. For a large Rabi frequency of

b = (2π)40 MHz, seven spins at most could be manip-
ulated with high fidelity simultaneously. In Figs. 4(b) and
4(d), we display vertical and horizontal slices of the infi-
delities along δ = 0 and ε = 0, respectively. Note that by
adding a global phase � to the optimal phase �φnφ , arbi-
trary broadband gates π� and (π/2)� are obtained. These
various broadband pulses π and π/2 enable the imple-
mentation of pulse sequences such as the XY-series pulse
[60–62].

D. Selective pulses

We now introduce the approach to implementing the
selective pulses that are the building blocks of our pro-
posal. These tailored pulses ensure precise control over the
state of the targeted spin while minimizing disruption to
the states of other spins. Within our framework, the unique
energy splitting exhibited by each spin allows the manip-
ulation of spin j at the spatial site to be equated with the
application of a resonant narrow-band pulse that closely
matches the intrinsic frequency ωj . In the absence of spin
interactions, the system Hamiltonian in Eq. (24) simplifies

to the single-spin case,

Hs(t) = δ
0

2
σz + 
x(t)

2
σx + 
y(t)

2
σy , (31)

resulting in a unitary Us = T e−i
∫

Hs(τ )dτ .
The third diagram depicted in Fig. 5(b) illustrates the

application of a desired selective αx (i.e., Us = αx) to the
spin in the resonant region (RR), defined as |δ| ≤ δr. This
RR exhibits a finite width, which serves to maintain the
accuracy of a selective pulse in the presence of an off-
set error. On the other side, the states of spins within the
far-detuning regions (DRs), defined as |δ| ≥ δd, remain
unperturbed. Thus, to implement a selective αx to a spe-
cific spin, it is necessary to ensure that the driving is nearly
resonant to the target spin, and that the detunings of the
rest of the spins are strictly within the DR. This condition
is naturally satisfied by setting the minimum disorder value
greater than the TR width (�min ≥ δd
0).

In Fig. 5(a), we illustrate the scheme of the compos-
ite selective pulse αx, which is composed of two distinct
processes. The first is a single (α/2)x pulse, while the sec-
ond is a (α/2)x pulse sandwiched between two broadband
πx and π†

x pulses. In Fig. 5(b), we demonstrate the details
of the selective pulse in the frequency domain, which is
divided into five ranges by δr and δd. In the RR, the evo-
lution of the entire process is π†

x (α/2)x πx (α/2)x = αx,
which is the desired gate. However, within the DR, the off-
set term δ
0σz/2 dominates the Hamiltonian, resulting in
a nearly pure z rotation. Thus the evolution in the DR is
π

†
x θzπxθz = 1, where θ = δ
0Ts/2. Lastly, the evolution

operator of the shaped pulse in the transition region (TR),
defined as |δ| ∈ (δs, δd), is of no consequence.

At this point, the objective is to design the pulses to
implement the αx and identities within the RR and the
DR, respectively. The values of δd and δr characterize
the selectivity in the frequency domain and robustness
against the detuning, respectively. Therefore, it is recom-
mended to obtain a relatively low value of δd to achieve
high selectivity, while a larger value of δd is required to
ensure robustness against detuning in the optimization pro-
cess. We introduce a shaped-pulse control field to achieve
these objectives, enabling additional robustness against the
Rabi-frequency fluctuation error ε. The two components of
the shaped pulse are both the sum of half-sine functions
that are modulated by a Gaussian envelope [63]:


̃x(y)(t) =
Na(b)∑

k=1

a(b)k sin [(2k − 1)ωst] e− (t−Ts/4)2

2σ2 , (32)

where ωs = 2π/Ts, �a, �b, and σ are the parameters to gen-
erate a smooth pulse. Gaussian-shaped functions in the
time domain usually result in selectivity in the frequency
domain, which has been widely used [64,65]. Employing
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(a) (b)

(c) (d)

FIG. 4. Simulated infidelities between the optimal composite pulses and the target pulses. (a) The infidelity of the composite pulse
πx versus the static detuning and control-amplitude error with nφ = 10. (b) The vertical and horizontal cut along δ = 0 and ε = 0,
respectively. (c),(d) The same with (a) and (b) but for an optimal (π/2)x gate and the corresponding parameter nφ = 8. The integers m
in (a) and (c) indicate the infidelity 10−m. Additionally, two regions of high fidelity (F > 1 − 10−5) are identified by dashed red boxes,
bounded by |δ| ≤ 0.35 and |ε| ≤ 0.03.

sine components guarantees that the Rabi frequency 
̃x(y)
begins and ends with zero values. To limit the magnitude
of the Rabi frequency to the value 
0, both components
are adjusted relative to a normalization factor, 
x(y)(t) =
r
̃x(y)(t), where r = 
0/max

(√

̃2

x(t)+ 
̃2
y(t)

)
. In the

presence of errors δ and ε, we define a cost function

G = ĪI + Īα + cD̄(ε), (33)

where the quantities Īα and ĪI represent the average infi-
delities associated with the desired αx and the identity gate
within the RR and the DR, respectively. The third term is
the average derivative with respect to ε in the RR and c is
the weight.

By minimizing the cost function, the obtained optimal
pulse shapes are determined by the parameters �a and �b.
The shaped pulses and the resulting infidelity 1 − Fπ asso-
ciated with πx near the RR are shown in Figs. 5(c) and
5(d). We highlight the high-fidelity area with the dotted
red box that is bounded by |δ| ≤ δr = 0.05 and |ε| ≤ 0.03.
The horizontal cut of Fπ along ε = 0 is shown in Fig. 5(e).
Furthermore, we show the infidelity associated with the
identity operator in Fig. 5(f). The corresponding bound-
ary of the DR, denoted by the dotted red lines, is located

at δd = 1.75. The narrow peaks of fidelity Fπ and infi-
delity II in the vicinity of δ = 0 illustrate the frequency
selectivity of the optimal pulse, which allows the realiza-
tion of the cluster-state-preparation proposal. More details
and parameters can be found in Appendix C. In addition,
an optimal selective (π/2)x pulse is presented in Fig. 8. It
is worth noting that we use composite pulses to generate
selective π -pulse coupling modulation, to demonstrate the
importance of selectivity more intuitively. However, a sim-
pler modulation method, with only the Gaussian-shaped
pulse in Eq. (32) to implement a πx pulse within the RR,
regardless of z rotations within the DR, is achievable, given
that all these local z rotations commute with the evolution
of each segment.

E. Numerical simulation of the preparation protocol

We complete this section with the numerical simulations
for both the four- and six-spin systems using the broadband
and selective pulses we have developed. The systems that
we consider here are both spin-ring systems, in which the
position of each spin shifts slightly from the desired posi-
tion. Thus, the position-dependent coupling strengths are
determined, giving us the details of the time intervals �τ .
Using the pulse sequence S4 and S6 that we have devel-
oped, we obtain the total evolution process in the presence
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FIG. 5. The scheme of the composite selective pulse αx. (a) The time domain of the selective pulse αx. The pulse is composed of
two sequential shaped (α/2)x (purple curves) and two broadband πx and π†

x pulses (yellow and blue blocks) applied at t = Ts/2 and
Ts, respectively. (b) The frequency domain of the pulse αx. The first two diagrams represent the performance of two pulses in the time
domain with the corresponding unitaries (α/2)x and π†

x (α/2)xπx, respectively. In the far-detuning region (DR), defined as |δ| ≥ δd, the
large-detuning term δ
0σz/2 dominates and results in two nearly pure z pulses ±θz , where θ = δ
0Ts. As shown in the third diagram,
the two z pulses ultimately cancel, yielding an identity operator. Meanwhile, in the resonant region (RR), |δ| ≤ δr, both of the two
unitary operators remain (α/2)x (purple blocks), resulting in a desired αx pulse. The transition region (TR) is given by |δ| ∈ (δs, δd),
where the evolution (green blocks) is usually quite different from the desired gate. (c) The Gaussian-shaped pulses 
x(y) to implement
a single (α/2)x pulse. (d) Contour plots of the simulated infidelity of the selective πx pulse versus δ and ε. The high-fidelity area is
highlighted by the red box bounded by |δ| = 0.05 and |ε| = 0.03. (e) The fidelity between the composite pulse and the ideal πx gate
as a function of the detuning. The inset shows the fidelity in the RR and f5 = 0.999 99. The resonant region is indicated by two red
dotted lines δ = ±0.05. (f) The infidelity between the composite pulse and the identity gate as a function of the detuning, the DRs
being defined as |δ| > δd = 1.75 here.

of errors as

UC(�τ , δ, ε) =
∏

k

Rx
π(i

(k))e−iHzzτk R−x
π (i

(k)). (34)

In our simulation, the selective π pulse Rx
π(i

(k)) is applied
sequentially as Rx

π(i
(k)) = Rx

π(i
(k)
nk
) · · · Rx

π(i
(k)
2 )R

x
π(i

(k)
1 ) to

each spin involved in i(k). We choose the maximum value
of the selective pulses as
0 = �min/δd = (2π) 2.28 MHz,
resulting in Ts = 6.2132 µs. The Rabi frequency in the
broadband pulse is 
b/2π = 30 (40) MHz for the four-
(six-) spin system. The achievable fidelity of the prepa-
ration FC = | 〈ψ0| U†

CUt |ψ0〉 |2 depends on the fidelity of
each selective pulse, Rx

π(i
(k)), usually constrained by the

presence of zz crosstalk. In this context, we propose an
optimization procedure to mitigate the impact of zz cou-
pling through adjustments in the time intervals �τo. The
optimal procedure is demonstrated under the nonerror

conditions

1 − Fop = min
�τ

1
2N Tr

{
UtU

†
C(�τ , δ = 0, ε = 0)

}
, (35)

where Fop is the optimal cluster-state-preparation fidelity.
It is pertinent to note that the fidelity of preparation in
the spin-lattice system should be comparable to that in
the spin-ring system, given that they both require identical
pulse sequences, albeit with differing intervals. Moreover,
the fidelity of the cluster-state preparation can be fur-
ther enhanced by applying a series of proper local unitary
operations on each spin.

Here, we show the simulated optimal fidelities within
four- and six-spin-ring systems in Fig. 6. In Figs. 6(a) and
6(c), the green dots and black circles denote the positions
of individual spins and their corresponding ideal positions,
respectively. By choosing the total time of the cluster-
state preparation Tc = 4π/g1 = 1.0395 ms, the optimal
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time intervals �τo are determined by demonstrating the opti-
mization process in Eq. (35); the corresponding contour
plots of the preparation fidelity are shown in Figs. 6(b) and
6(d), in which a high-fidelity area over 0.999 (0.99) exists
in the four- (six-) spin system. The values of the fidelity
without error are 0.9997 and 0.9937, respectively. More
details of the simulations are given in Appendix C. More-
over, in Appendix D, we perform numerical evaluations of
the impact of possible error sources during the preparation
process. The results indicate that the preparation scheme
maintains high fidelity across the range of experimentally
feasible parameters.

F. Toward hybrid quantum computing

We conclude this section by discussing the potential
approaches for developing a hybrid FBQC using spin-ring
systems as RSGs. Once the resource states are prepared,
two main steps are required to complete the entangling
fusion measurement. First, the target spins within each
RSG must be entangled with photonic qubits. Then, the
photons from two RSGs are collected and interfered at
a beam splitter to carry out the required fusion measure-
ments.

Several schemes have been proposed and implemented
with the objective of entangling photons and spins [66–
69]. These schemes are based on the principle that certain
degrees of freedom inherent to photons exhibit responses
conditional on spin states and transitions. Typically, the
spin systems are embedded in separate optical cavities
to enhance the spin-photon interference and improve the
photon-collecting efficiency. In our approach, the selec-
tive pulses that we have developed are used to populate
the state of the target spin to the far-detuned third |a〉 =
|ms = −1〉 level. This enables selective entanglement of
the target spin with photons, owing to the significantly dif-
ferent optical transition of the target spin. Additionally,
we assume that the energy splittings between |1〉 and |a〉
of each spin in an RSG exhibit sufficiently large differ-
ences, which is essential to ensure the effectiveness of the
selective pulses.

One entanglement method starts by applying a selective
π pulse to flip the target spin from |1〉 = |ms = 0〉 to |a〉.
Subsequently, the state |a〉 |v〉 couples with |1〉 |f 〉 (i.e., the
vacuum Rabi oscillation) when the cavity mode is resonant
with the transition between |1〉 and |a〉. Here, |v〉 represents
the vacuum state of the cavity mode and |f 〉 denotes the
single-photon Fock state in the cavity [15,70,71]. An alter-
native entanglement protocol involves photon emission
from an excited state. For example, we could use a short
laser pulse to excite |1〉 to the excited state |Ex/y〉 present-
ing the same spin projection. The spontaneous emission
back to |1〉 then directly entangles the spin with the number
of photons [72–74].

Once the spin-photon entangled states have been pre-
pared, time must be allowed for the photons to leak
from the cavities. The required entangling measurements
are then performed using linear quantum optical meth-
ods [75,76]. A common technique is “path erasure,” in
which photons are directed to interfere on a beam splitter
to remove the which-path information [15]. The detection
of a single photon in this setup probabilistically projects
the spins in the two RSGs into an entangled state. The
success of path erasure depends on the photons being indis-
tinguishable in all their degrees of freedom, including the
frequency, spatial wave packet, polarization, and arrival
time. To ensure that photons from different cavities share
identical frequencies, the ability to tune optical transi-
tions with local external electromagnetic fields is essential
[72,73].

In the spin-photon entanglement scheme based on
conditional-amplitude reflection [22,77], satisfying the
indistinguishability condition may be less challenging,
because the photons are generated from the same coherent
source. In this scheme, the photon is reflected by a high-
cooperativity cavity when the transition of the target spin
is resonant with the cavity. This mechanism entangles the
spin state and the photon numbers. The required high coop-
erativity not only facilitates entanglement generation but
also demonstrates robustness against detuning. The coop-
erativity C ∼ 1 [78,79] achieved thus far by coupling a
single N-V center with an optical cavity is significantly
lower than the requisite level of high cooperativity. How-
ever, it is possible to achieve high entanglement fidelity by
sacrificing entanglement probability using the reflected or
transmitted photons as resources. Reference [80] presents
an entanglement protocol based on reflection from two
remote N-V cavity nodes. A single photon splits in a
Mach-Zehnder interferometer and is reflected from both
nodes; the conditional detection in one output port then
heralds an entangled state between the two N-V centers. By
appropriately choosing the cavity decay rate and the mir-
ror asymmetry, the scheme ensures high-fidelity heralded
entanglement with moderate cooperativity. Reference [81]
proposes another entangling scheme based on the transmit-
ted photon through a symmetric cavity, operating within
the bad-cavity regime and with a homogeneously broad-
ened matter spin. Moreover, the frequency-bin encoding
scheme provides an alternative method for spin and photon
entanglement without employing indistinguishable pho-
tons. In this approach, the target spins in two RSGs are
resonant with the corresponding cavity and the photonic
qubit is encoded in two distinct frequencies, typically
enabling a potential platform for the photonic quantum
information process [82,83].

The atomlike properties of the N-V centers enable the
application of photonic connection schemes originally
developed on the basis of a cavity with single atoms and
optical photons. However, in our configuration, a basic
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FIG. 6. The simulated fidelities of the cluster-state preparation in four- and six-spin systems. (a),(c) The solid green circles represent
the positions of the spin, while the open black circles denote the ideal positions. (b),(d) Contour plots of the state-preparation fidelities
Fop versus the detuning error δ and the Rabi-frequency error ε. The values of the fidelities in the four- and six-spin systems are 0.9997
and 0.9937 in nonerror cases, respectively.

register consists of a spin-ring system placed in a cavity.
Therefore, existing connection schemes need to be modi-
fied to achieve selective connectivity associated with the
target spin. One advantage of this configuration is that it
requires fewer resources to construct a quantum network,
as it demands fewer optical connections.

Finally, additional optimizations or improvements may
be necessary to enhance the probability of establishing a
successful connection. These may include implementing a
repeat-until-success protocol with a timing-encoding bin,
improving the photon detection efficiency, and addressing
photon loss. The RSG methodology and photonic con-
nection techniques suggest the possibility of developing a
hybrid quantum computing technology that leverages both
matter spins and light.

V. CONCLUSIONS AND OUTLOOK

In conclusion, we establish a scheme to generate clus-
ter states within the quantum spin system, where spins
are spatially localized and separated. The principle of our
proposal is to design an optimal pulse-control sequence
that exhibits nonuniform modulation among two-spin cou-
plings in each segment, eventually preserving the NN cou-
plings while eliminating all long-range ones. Our proposal
applies to systems of varying configurations, including
one-dimensional and even high-dimensional systems. We
theoretically derive the corresponding pulse sequences for
few-spin systems, accounting for the possible positional
errors of each spin, and explore the feasibility of extending
this approach to larger systems. The present preparation

proposal is a versatile tool and can be extended to more
general systems with similar forms of interaction, such as
other single defects and molecular spin systems, etc. To
illustrate our proposal in a solid-state system, we develop
the broadband and selective gates required in the pulse
sequence using composite-pulse and shaped-pulse tech-
niques with experimentally feasible parameters. All pulses
are designed to be robust against static offset detuning
and Rabi-frequency fluctuations to mitigate inaccuracies
caused by these control imperfections.

Our preparation scheme facilitates the realization of var-
ious quantum information scenarios. The first point is the
construction of the hybrid matter-photon quantum com-
puting architecture. The preparation of four- and six-ring
cluster states in N-V center systems represents a crucial
first step toward FBQC, serving as RSGs [14]. The second
step involves implementing an entangling fusion mea-
surement between two spins located in distinct resource
states. This is achieved by placing each in an optical cav-
ity and employing probabilistic linear-optical operations
[22]. Furthermore, the proposed scheme offers a candidate
quantum control method for the direct interaction-based
spin systems [84], with the potential to advance quantum
information processing in spin arrays [85].

The second potential application is that the capacity to
exert selective control over the system represents a possi-
bility for building a quantum register within the solid-state
spin system. First, the obtained solutions of the linear
equation [see Eq. (9)] allow the preparation of differ-
ent entangled states with the various target phase vectors
�α. This approach is expected to facilitate the generation
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of the entangled states, such as the weighted cluster
state and the Greenberger-Horne-Zeilinger states, and even
provides the possibility of simulating high-dimensional
entangled states within a lower-dimensional system [86].
Second, the selective pulses that we have developed
enable three basic single-spin gates to be implemented, as
θx = (π/2)π/2π(θ−π)/2(π/2)π/2, θy = (π/2)ππθ/2(π/2)π ,
and θz = ππ+θ/2π0 [87]. Also, a selective controlled-Z gate
could be implemented by setting one element, αij , equal
to π . Consequently, a set of universal quantum gates is
implemented [88]. Lastly, the sizes of the system could be
extended by involving the proximal nuclear spins (e.g., N
and 13C) [42,89–91].

We would like to stress that our approach is versa-
tile and can be translated directly to other systems, such
as molecular color centers in suitable organic molecules.
As an example, the optically addressable chromium-ion-
(Cr4+) based molecular qubit exhibits a spin-1 ground
state, which can be manipulated by microwaves and tuned
by strong-field (aryl) ligands in a high-symmetry config-
uration [92]. The established synthetic chemical method
allows for precise control over the positions of molec-
ular qubits, thereby ensuring the emergence of dipole
interactions [93]. Furthermore, the coherence time of the
molecular qubit can be significantly extended by the sym-
metry control over the host-crystal surroundings [94]. Due
to its excellent spin properties and rich degrees of con-
trol, it offers an alternative platform for implementing
our cluster-state-preparation scheme and, more impor-
tantly, it is a crucial platform for realizing spin-based
quantum information processing [43]. Moreover, in the
cluster-state-preparation scheme proposed in other quan-
tum systems, such as trapped ions, external controls are
employed to engineer the interactions and thereby adjust
their accumulated phases [95,96]. Our approach, leverag-
ing pulsed-coupling modulation, may introduce an addi-
tional and auxiliary means that reduces the required control
resources.

Finally, some other improvements to our proposal for
preparation are worthy of further discussion and inves-
tigation. The first of these improvements is to develop
an advanced and efficient algorithm to generate cluster
states within larger systems, thus expanding the scope
and scalability of our preparation proposal. In the N-V
center system, this requires the development of more selec-
tive narrow-band pulses to lower the detuning difference
demanded. The important steps remain the preparation of
a large N-V center system with the same orientations and
the appropriate manipulations, including the possible mod-
ulation of the energy splittings of electronic spins using an
electric field through the electrode or applying a magnetic
gradient [44,45]. The second is to use composite gates to
implement a robust two-qubit zz gate, in which random
fluctuations in the coupling strength are corrected [97,98].
Although this scheme is developed for a two-qubit system,

it suggests that residual errors arising from uncertainties in
the coupling characterization can be mitigated by suitable
composite-pulse techniques.

In addition, although our state-preparation scheme
achieves high fidelity by suppressing long-range zz cou-
plings during free evolution, the zz crosstalk during
the implementation of selective pulses still constrains
our fidelity. Therefore, we set d = 30 nm to main-
tain small coupling strengths. Several approaches have
been proposed to suppress zz crosstalk. A widely used
one is to introduce additional hardware (a tunable cou-
pler [99–101]) or extra qubits (shunted flux qubits [102,
103]), to eliminate undesired zz-coupling terms, albeit
at the expense of increased system complexity. Alterna-
tive approaches, such as adjusting the control fields [104]
applied to spins or suppressing the impact of zz crosstalk
through pulse and scheduling co-optimization [105] or
pulsed dynamical decouplings [101,106], however, require
the capability of individual control of spins. Thus, in solid-
state spin systems, advancing high-fidelity selective pulses
under the limitations of global control and nontunable
coupling is imperative.
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APPENDIX A: ADDITIONAL INFORMATION ON
SOLVABLE SYSTEMS

1. Solvable systems

In this appendix, we are going to present more details
about the solutions in the four-, five-, and six-spin systems.
In a four-qubit system, the index sequence of spin is S4 =
{(0), (1), (1, 2), (2), (2, 3), (3), (4)}, with the corresponding
matrix

M4 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 −1 1 −1 −1 1 1
1 1 −1 −1 1 −1 1
1 1 1 1 −1 −1 1
1 −1 −1 1 1 1 −1
1 −1 −1 1 −1 −1 1
1 1 −1 −1 −1 1 −1
1 1 1 1 1 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(A1)

and the corresponding inverse matrix

M−1
4 = 1

4

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 0 0 0
−1 0 0 −1 0 1 1
1 0 1 0 −1 −1 0

−1 −1 0 0 1 0 1
0 1 0 1 −1 −1 0
0 −1 −1 0 0 1 1
0 0 −1 −1 1 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(A2)

Here, �α = (α12,α23,α34,α14,α13,α24, Tc)
T is the target

vector.
In a five-spin system, we identify two distinct

sequences of spin indices. The first sequence is S5 =
{(0), (1), (1, 2), (2), (2, 3), (3), (3, 4), (4), (4, 5), (5), (1, 5)}
and the corresponding inverse matrix is

M−1
5 = 1

4

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 0 0 0 0 0 −1
−1 0 0 0 −1 0 0 0 0 1 1
−1 −1 0 0 0 1 0 0 0 0 1
0 −1 −1 0 0 0 1 0 0 0 1
0 0 −1 −1 0 0 0 1 0 0 1
0 0 0 −1 −1 0 0 0 1 0 1
1 0 0 0 0 −1 0 1 0 −1 0
0 1 0 0 0 −1 −1 0 1 0 0
0 0 1 0 0 0 −1 −1 0 1 0
0 0 0 1 0 1 0 −1 −1 0 0
0 0 0 0 1 0 1 0 −1 −1 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A3)

The second sequence is {(0), (1, 2), (2, 3), (3, 4), (4, 5), (1, 5), (1, 4), (2, 4), (2, 5), (3, 5), (1, 3)}, and the corresponding
inverse matrix is

M−1
5 = 1

12

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1 1 1 1 1 2
−1 −1 2 2 −1 −1 −1 2 −1 −1 1
−1 −1 −1 2 2 −1 −1 −1 2 −1 1
2 −1 −1 −1 2 −1 −1 −1 −1 2 1
2 2 −1 −1 −1 2 −1 −1 −1 −1 1

−1 2 2 −1 −1 −1 2 −1 −1 −1 1
−1 −1 −1 2 −1 −1 2 −1 −1 2 1
−1 −1 −1 −1 2 2 −1 2 −1 −1 1
2 −1 −1 −1 −1 −1 2 −1 2 −1 1

−1 2 −1 −1 −1 −1 −1 2 −1 2 1
−1 −1 2 −1 −1 2 −1 −1 2 −1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A4)

024002-16



RESOURCE-STATE GENERATION FOR A MULTISPIN... PHYS. REV. APPLIED 25, 024002 (2026)

The solutions of the time intervals are obtained directly
as �τ = M−1

5 · �α, with the target vector

�α = (α12,α23,α34,α45,α15,α13,α24,α35,α14,α25, Tc)
T .

(A5)

The numbers of π pulses employed in each sequence are
12 and 22, respectively.

In the six-spin system, the sequence is S6 = {(0), (1, 2),
(2, 3), (3, 4), (4, 5), (5, 6), (1, 6), (1, 3), (1, 4), (4, 6), (2, 4),

(2, 6), (3, 6), (3, 5), (1, 5), (2, 5)}, which means that the
required number of π pulses is Nπ = 32. The target vector
is

�α = (α12,α23,α34,α45,α56,α16,α13,α24,α35,α46,

α15,α26,α14,α25,α36, Tc)
T. (A6)

The corresponding inverse matrix is

M−1
6 = 1

16

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 −1 −1 −1 1 1 −1 −1 −1 −1 1 1

−1 1 −1 1 1 1 −1 −1 −1 1 1 −1 1 −1 −1 1
1 −1 1 −1 1 1 −1 −1 −1 −1 1 1 −1 1 −1 1
1 1 −1 1 −1 1 1 −1 −1 −1 −1 1 −1 −1 1 1
1 1 1 −1 1 −1 1 1 −1 −1 −1 −1 1 −1 −1 1

−1 1 1 1 −1 1 −1 1 1 −1 −1 −1 −1 1 −1 1
−1 −1 −1 1 1 −1 1 1 −1 1 −1 1 −1 1 −1 1
−1 1 −1 −1 1 −1 −1 −1 1 −1 −1 1 1 1 1 1
1 1 −1 −1 −1 −1 1 −1 1 1 1 −1 −1 1 −1 1

−1 −1 −1 −1 1 1 1 1 1 −1 1 −1 −1 −1 1 1
−1 −1 1 1 −1 −1 1 −1 1 −1 1 1 1 −1 −1 1
1 −1 −1 1 −1 −1 −1 1 −1 −1 1 −1 1 1 1 1
1 −1 −1 −1 −1 1 −1 1 1 1 −1 1 1 −1 −1 1

−1 1 1 −1 −1 −1 −1 1 −1 1 1 1 −1 −1 1 1
−1 −1 1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A7)

2. Two examples in the four-spin system

Here, we introduce two interesting examples with differ-
ent target vectors �α of the four-spin system, demonstrating
the broad applicability of our proposal. The first is to
prepare a cluster state within a small three-dimensional
system, where four spins are located on the vertices of
a regular tetrahedron. We now set all phases to θij =
π , resulting in α12 = α23 = α34 = α14 = π/g1 and α13 =
α24 = π/(

√
8g1), assuming that the coupling strength g ∝

r−3. The duration Tc = (2 − 1/
√

8)π/g1 and the length of
each segment is

τ1 = π

g1
, τ2,4,6,7 = 0, τ3,5 =

(

1 − 1√
8

)
π

2g1
. (A8)

The second example is to demonstrate an identity evo-
lution, i.e., to eliminate all of the coupling terms. This
is achieved by setting θ12 = 4π and the rest of the
phases equal to 0, which results in a unitary U(Tc) =
exp

(−iπσ z
1σ

z
2

) = −1. The corresponding time duration

Tc = 4π/g1 and

τ1,3,6,7 = π

g1
, τ2,4,5 = 0. (A9)

APPENDIX B: DETAILS OF STATE
PREPARATION IN N-V CENTER SYSTEMS

First, we initialize all N-V centers to the ground state
|1〉 = |ms = 0〉, and a product state ⊗i |+〉i could be pre-
pared by applying a broadband pulse (π/2)y . In the four-
spin system, the detuning of each N-V center that we set is
(2π)[−6, −2, 2, 6] MHz. As shown in Fig. 4, a wide high-
fidelity range 2δ0
b = (2π)21 MHz with 
b = (2π)30
MHz allows one to rotate all N-V centers simultaneously.
The corresponding positions of the four N-V centers are

�r1 = [−1.3077, 2.7694, −0.0631],

�r2 = [29.5664, −1.3499, 0.7147],

�r3 = [30.3426, 33.0349, −0.2050],

�r4 = [3.5784, 30.7254, −0.1241] nm,

(B1)
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denoted by the green dots in Fig. 6(a), which results in the
coupling strengths

[g12, g23, g34, g14]1 = (2π)[1.7143, 1.2728,

2.6796, 2.2727],

[g13, 24]2 = (2π)[0.6186, 0.7370] kHz.

(B2)

The corresponding ideal NN and NNN coupling strengths
are g = (2π)[1.9241, 0.6802]. Choosing a total evolution
time Tc = 4π/g1, the corresponding optimal time intervals
are

�τo = [267.6897, 135.7387, 111.6563, 93.3421,

149.3451, 119.6501, 163.0152] µs. (B3)

In the six-spin system, the detunings are (2π)[−10, −6,
−2, 2, 6, 10] MHz and the Rabi frequency is 
b = (2π)40
MHz. The spin positions are

�r1 = [29.2127, 1.4384, −0.2414],

�r2 = [15.8884, 26.3060, 0.3192],

�r3 = [−16.1471, 25.2258, 0.3129],

�r4 = [−31.0689, 1.3703, −0.8649],

�r5 = [−15.8095, −27.6923, −0.0301],

�r6 = [12.0557, −26.0830, −0.1649] nm,

(B4)

which are indicated by the green dots in Fig. 6(c). These
spins are slightly different from the ideal position repre-
sented by the black circles. The corresponding coupling
strengths are

[g12, g23, g34, g45, g56, g16]1

= (2π)[2.3094, 1.5774, 2.3136, 1.4645, 2.3888, 1.5229],

[g13, g24, g35, g46, g26, g15]2

= (2π)[0.3864, 0.3449, 0.3505, 0.3885, 0.3583, 0.3369],

[g14, g25, g36]3 = (2π)[0.2370, 0.2116, 0.2588] kHz,
(B5)

and the ideal coupling strengths are (2π) [1.9241, 0.3703,
0.2405], respectively. By choosing Tc = 4π/g1, the opti-
mal intervals are

�τo = [175.8969, 92.8740, 118.1285, 87.8812,

122.2728, 88.8799, 117.1140, 31.2665,

30.8702, 34.4913, 31.2770, 36.4844,

38.8677, 35.8695, 35.4856, 35.2711] µs. (B6)

APPENDIX C: DETAILS OF OPTIMIZATION

Here, we present details of the optimization process
employed in the development of broadband and selective
pulses. All optimizations are demonstrated in the MATLAB
Optimization Toolbox [107] to minimize the correspond-
ing cost functions.

1. Derivative of the optimal-control field

Achieving a robust and optimal-control field requires
aligning U(T, �λ) closely with the target gate while min-
imizing its variations with respect to errors �λ. To obtain
the derivatives ∂U/∂�λ, we first expand the whole process
using a Dyson series, with a general Hamiltonian

H(t) = H0(t)+ Hp(t), (C1)

where Hp(t) represents a perturbation error. Thus the
evolution is

U(T) = U0(T)
∞∑

n=0

∫ T

0
dt1

∫ t1

0
dt2

∫ t2

0
dt3 · · ·

∫ tn−1

0
dtn

× (−i)nH̃p(t1)H̃p(t2)H̃p(t3) · · · H̃p(tn),

where U0(T) = T exp
[
−i

∫ T
0 dτH0(τ )

]
and H̃p(t) =

U0(t)−1Hp(t)U0(t).
In a single-error case, i.e., H̃p(t) = εHε(t), the kth-order

derivative is

dkU(T)
dεk = U0(T)

∞∑

n=k

(−i)n
n!

(n − k)!
εn−k

× D
(
H̃ (1)
ε , H̃ (2)

ε , . . . , H̃ (n)
ε

)
, (C2)

where H̃ (i)
ε = H̃ε(ti) and where D

(
H̃ (1)
ε , H̃ (2)

ε , . . . , H̃ (n)
ε

)

denotes the multiple integrals in Eq. (C2) times ε−n, which
could be numerically calculated as an exponential of a
matrix [108–112]:

L(t) = −i

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

H0(t) A1(t) 0 · · · 0 0
0 H0(t) A2(t) · · · 0 0
0 0 H0(t) · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · H0(t) An(t)
0 0 0 · · · 0 H0(t)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,
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resulting in

T exp
[∫ T

0
dτL(τ )

]

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

U0(T) D
(

Ã(1)1

)
· · · D

(
Ã(1)1 , . . . Ã(n)n

)

0 U0(T) · · · D
(

Ã(1)2 , . . . Ã(n−1)
n

)

0 0 · · · D
(

Ã(1)3 , . . . Ã(n−2)
n

)

...
...

. . .
...

0 0 · · · D
(

Ã(1)n

)

0 0 · · · U0(T)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where Ã(i)k = U−1
0 (ti)Ak(ti)U0(ti). Here, all the diagonal

blocks are U0(T). By choosing all Ak(t) = Hε(t), we
directly obtain all the orders of the derivatives. At the zero
point ε = 0, the derivative is

dkU(T)
dεk = U0(T)(−i)kk!D

(
H̃ (1)

p , H̃ (2)
p , . . . , H̃ (n)

p

)
. (C3)

In the two-error case, the perturbation Hamiltonian
reads

Hp(t) = εHε(t)+ δHδ(t). (C4)

Expanding to the second order, the evolution operator is

U(T) = U0(T)
{

1 − i
∫ T

0
dt1

[
εH̃ε(t1)+ δH̃δ(t1)

]

−
∫ T

0
dt1

∫ t1

0
dt2

[
δ2H̃ (1)

δ H̃ (2)
δ + ε2H̃ (1)

ε H̃ (2)
ε

+δε
(

H̃ (1)
δ H̃ (2)

ε + H̃ (1)
ε H̃ (2)

δ

)]}

+ · · · , (C5)

which gives a multiple derivative at δ = 0 and ε = 0:

∂

∂ε

∂

∂δ
U(T)= −U0(T)

[
D
(

H̃ (1)
δ , H̃ (2)

ε

)
+ D

(
H̃ (1)
ε , H̃ (2)

δ

)]
.

In our simulation, the optimization is demonstrated on
multiple working points δi. The required correspond-
ing derivatives on these points are calculated by choos-
ing a new Hamiltonian H̃0(t) = H0(t)+ δiHδ(t). All the
exponential functions of the time-dependent matrices are
approximated numerically by the production of constant
NT slices of the total duration as

T exp
[∫ T

0
dτB(τ )

]

=
NT∏

k=1

exp[B(tj )�t], (C6)

where tj = j�t = jT/NT.

(a) (b)

(c) (d)

FIG. 7. The simulated infidelities the optimal broadband
pulses πx. (a),(b) Two optimal pulses with wide high-fidelity
ranges |δ| ≤ 0.6, with the corresponding (a) nφ = 8 and (b) nφ =
10. (c),(d) Two pulses that are robust against both δ and ε, with
(c) nφ = 11 and (d) nφ = 10.

2. Details of optimal broadband and selective pulses

In this section, we present further details on the devel-
opment of broadband and selective pulses. To illustrate the
practicality of our broadband pulse-optimization scheme,
we present four additional optimal broadband pulses πx
in Fig. 7. Unlike the top two pulses, which are only
robust against the detuning error, the two pulses at the
bottom are robust against both errors. Furthermore, the
parameters for the broadband pulse πx in Fig. 4 are �φ =
[0.4531, 1.1692, −0.2510, 0.8733, 0.9023, 0.7061, 0.6578,
−0.3322, 1.3085]π and for (π/2)x are (α, �φ) = [0.5355,
0.4645, 0.1322, 0.3789, 1.3156, 0.8444, 0.8222, 1.1370,
−0.1073]π .

In the development of selective pulses, the unitary of the
basic segment (α/2)x is governed by the Hamiltonian

Hs(δ, ε, t) = δ
0

2
σz + (1 + ε)

2
[

x(t)σx +
y(t)σy

]
.

(C7)

In our simulation, the corresponding evolution is

Us(δ, ε, Ts/2) = T e−i
∫ Ts/2

0 dτH(δ,ε,τ) (C8)

and the total evolution of the composite pulse is

U(δ, ε, Ts) = π†
x Us(δ, ε, Ts/2)πxUs(δ, ε, Ts/2). (C9)
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TABLE II. The parameters to implement selective πx and
(π/2)x pulses.

α Parameters

π �a = [−2.5136 1.6657, −1.1799, −0.1023,
0.53610.3596]

�b = [−2.8761 − 3.1094 4.1194 9.4484
1.9703 2.0822]

�δs = [0, 0.02, 0.04, 0.06], �δl = [1, 2, . . . , 20]

π/2 �a = [0.5937 2.3491 0.2494 − 0.9176
−0.4898 0.1127]

�b = [0.8659 3.9191 − 1.3086 − 3.6099
−3.1087 0.8589]

�δs = [0, 0.02, . . . , 1], �δl = [1, 2, . . . , 20]

Specifically, the cost function in Eq. (33) is defined as

G = c1ĪI (�δl)+ c2Īα(�δs)+ c3 D̄(�δ′
s)

∣
∣
∣
ε=0

, (C10)

where �δl and �δs denote the discrete values sampled within
the DR and the RR, respectively, and the weights are �c =
[1, 1, 10−4]. The average derivative with respect to ε is

D̄(�δ′
s) = 1

ñs

ñs∑

k=1

∥
∥
∥
∥
∥

∂Us(�δ′
s(k), ε, Ts/2)
∂ε

∣
∣
∣
∣
∣
ε=0

∥
∥
∥
∥
∥

F

, (C11)

where �δ′
s=[0, 0.04] represents another discrete sampling in

the RR, different from �δs. The duration Ts = 12(2π/g1)

and σ = Ts/10. In the numerical simulation of the evo-
lution in a single (α/2)x process, the number of slices is
NT = 1500. The rest of the parameters of the pulses, αx, are
listed in Table II. In Fig. 8, we show the composite selec-
tive (π/2)x pulse obtained by the optimization as described
in the main text.

APPENDIX D: THE ERROR RESOURCES

In this appendix, we briefly review the additional
sources of error in the preparation protocol. We identify
three main sources of concern: deviations in the selective
pulses due to interactions between N-V centers, the impact
of the far-detuned third levels of the N-V centers, and the
influence of local environmental factors such as 13C nuclei
or P1 centers. The sources of error affect two main aspects
of the preparation process, including the control pulses and
the free-evolution process. To demonstrate the robustness
of our protocol to these errors, we numerically evaluate
the corresponding preparation fidelity within the range of
experimentally feasible parameters.

1. Impact of N-V–N-V interaction

In the development of selective pulses, we have ignored
the weak interactions between N-V centers. Although

FIG. 8. The optimal composite (π/2)x pulse. The notation is
identical to that used in Fig. 5.

Gaussian-shaped pulses enhance the frequency-domain
selectivity, they also reduce the ability to suppress the
interactions due to their relatively longer duration. On
a microsecond timescale, the coupling strengths at the
kilohertz level still have an impact on the extremely
demanding fidelities that we are aiming to achieve here.
To quantify this influence, we simulate the effect of vary-
ing the NN distance d in an ideal four-spin square-lattice
system. In Fig. 9(a), we depict the average infidelities Īπ
of the selective pulses Us(j ) that we have developed for
four spins with j = 1, 2, 3, 4 compared to the ideal pulses
π x

j . In the presence of different driving imperfections, the
infidelities are approximately 10−4 when d = 30 nm and
become negligible compared to other sources of imper-
fections when d > 30 nm. For the sake of simplicity, we
define the infidelity as

Īπ = 1 − 1
4

4∑

j =1

1
24 Tr

[
π x

j U†
s (j )

]
. (D1)

In the presence of interactions, the Hamiltonian to
implement the desired selective pulse is

H(t) = Hs(t)+ Hint, (D2)

where Hs(t) represents the Gaussian-shaped pulse applied
on all spins. According to time-dependent perturbation
theory, the weak-interaction term Hint could be regarded
as a perturbation term. Therefore, to implement a selec-
tive pulse on spin j , the corresponding unitary operator
Us(Ts) = T exp

[
−i

∫ Ts
0 H(τ )dτ

]
is expanded up to first
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(a) (b)

FIG. 9. (a) The simulated average infidelity Īπ with respect
to four selective πx pulses. In this configuration, all four are
located at the vertices of a square with sides of length d. The
green squares, yellow triangles, and purple circles represent the
average infidelities Īπ with the presence of driving imperfections
as (δ, ε) = (0, 0), (0.02, 0.01), (0.1, 0), respectively. The dashed
lines indicate the infidelities in the absence of interactions. (b)
The fidelity of cluster-state preparation in the four-spin system
without optimizing the length of the time intervals �τ [i.e., Eq.
(10)]. All parameters are identical to those presented in Fig. 2(b).

order as

U(Ts) � Us(Ts)(1 − iH̃intTs) � Us(Ts) exp
(−iH̃intTs

)
,

(D3)

where the unitary Us(Ts) = T exp
[
−i

∫ Ts
0 Hs(τ )dτ

]
rep-

resents the high-fidelity selective pulse π x
j that we have

developed in the absence of interactions. Consequently,
the interaction can be approximately expressed as H̃int �
(
π x

j

)†
Hzzπ

x
j = Hzz − 2H j

zz. This arises because the zz cou-
plings are the crucial components of the interaction Hamil-
tonian [see Eq. (24)]. Here, H j

zz represents a subset of Hzz,
which is the sum of the zz couplings involving spin j.

In our preparation pulses, a selective pulse is usually
followed by an evolution Uzz(τ ) [i.e., Eq. (26)] governed
by Hzz. The bias induced by H̃int in Eq. (D3) typically
affects the subsequent evolution, despite the fact that Hzz
and H̃int are different in some certain components. Thus,
it is possible and necessary to adjust the evolution time
τ to compensate for the bias to some extent and thereby
achieve higher fidelity. This is the reason why the opti-
mization [i.e., Eq. (35)] over �τ is effective. To provide a
point of comparison, we present the fidelity of cluster-state
preparation associated with the original time length �τ , as
defined in Eq. (10), which has a maximum value of 0.9967
[see Fig. 9(b)].

2. Impact of the third N-V level

The N-V center contains ground-state triplet (3A), in
which the degeneracy of the states |ms = ±1〉 is lifted by
applying an external magnetic field Bz along the z axis.
For the sake of simplicity, we denote the three states as
|0〉 and |±1〉 here. With a relatively strong Bz, all the

driving fields employed in our proposal are almost reso-
nant with the transitions between |0〉 and |+1〉, while they
are far detuned with those between |0〉 and |−1〉. Conse-
quently, all the transitions to |−1〉 will be suppressed by the
large detuning. In addition, there are other ways to remove
the effects of the third level. At first, it is helpful to take
the third level |−1〉 as an additional source of error in the
development of the selective and broadband pulses. Sec-
ond, it is also worthwhile noting that use of the circularly
polarized microwave fields will help to reduce further the
impact of the off-resonant third level in the N-V centers.

The Hamiltonian of the system is

H(t) =
∑

i

H 0
i +

∑

ij

H dd
ij + Hc(t). (D4)

We now derive the effective Hamiltonian H̃(t) =
U†

0(t)(H − H0)U0(t) in the interaction picture with respect
to the unitary U0(t) = exp(−iH0t), with

H0 =
∑

i

ωc |+1〉i i 〈+1| + ωc |−1〉i i 〈−1| . (D5)

The two identical frequencies ωc are assigned to ensure a
time-independent interaction. This transforms the opera-
tors into

U†
0(t) |±1〉i i 〈0| U0(t) = eiωct |±1〉i i 〈0| , (D6)

which makes the spin operators Sx
i and Sy

i oscillate rapidly
in time.

The first term of the local Hamiltonian becomes

H̃ 0
i = �i |+1〉i i 〈+1| +�

(−1)
i |−1〉i i 〈−1| , (D7)

where the detunings �i = D + δD
i − γeBz − δz

i − ωc and
�
(−1)
i = 2γeBz + 2δz

i +�i. The Zeeman-splitting term
ωe = 2γeBz dominates; thus a large detuning �(−1)

i sup-
presses the transitions to state |−1〉. The control field
becomes

H̃c(t) =
N∑

i=1

1√
2

(t)

[
cos(φ(t))Sx

i + sin(φ(t))Sy
i

]
. (D8)

The magnetic dipole-dipole interaction between spin i and
spin j is

H dd
ij = �Si · �Aij · �Sj , (D9)

and among the nine couplings in H̃ dd
ij = U†

0(t)H
dd
ij U0(t),

the fast oscillating terms Sx
i Sz

j , Sy
i Sz

j , Sz
i Sx

j and Sz
i Sy

j are
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(a) (b)

FIG. 10. The simulation in the triplet states. (a) The simulated
average infidelity Īπ with respect to all selective πx pulses in the
four-spin system as a function of Bz . (b) The infidelities of the
cluster-state preparation within the triplet states. The dashed lines
represent the infidelities in two-level systems.

ignored due to the RWA. Thus we derive the interaction
Hamiltonian as

H̃nn =
N∑

i�=j

Axx
ij

(
ci,+c†

j ,+ + h.c.
)

+ Ayy
ij

(
ci,−c†

j ,− + h.c.
)

+ Axy
ij

(
ici,−1c†

j ,+1−ici,+1c†
j ,−1 + h.c.

)
+ Azz

ij Sz
i Sz

j .

(D10)

Here, the operators are ci,± = |±〉i i 〈0| and ci,±1 =
|±1〉i i 〈0|, with the states defined as |±〉i = (|+1〉 ± |−1〉)i
/
√

2. Aαβij is the element of the coupling tensor �Aij , and the
coupling strength in the main text is gij = Azz

ij . The Hamil-
tonian [see Eq. ((25))] could be naturally obtained with a
projection P = ⊗iPi = ⊗i

(|+1〉i i 〈+1| + |0〉i i 〈0|)

HI = PH̃(t)P . (D11)

In Fig. 10(a), we present the average infidelities Īπ
with respect to four selective πx pulses as a function of
the magnetic field Bz. The infidelity is defined as 1 −
Tr[π x

i PU†
s (j )P]/24, where U†

s (j ) is the selective pulse-
flipping spin j within the triplet states. In Fig. 10(b), we
show the cluster-state preparation with different driving
imperfections [the labels are the same as those in Fig.
9(a)]. The three dashed lines indicate the infidelities of
the preparation in the two-level system extracted from
Fig. 6(b).

3. Effect of nearby nuclear spins

In this section, we aim to discuss the effect of the local
environment on all N-V centers. The main factor con-
tributing to dephasing is the interaction with other spins,
particularly the P1 centers and the 13C nuclear spin bath.
To achieve long coherence times, our proposal emphasizes
using highly pure samples to ensure that only a minimal

(a) (b)

FIG. 11. The simulation in the four-spin system, with each
N-V center having a nearby 13C nuclear spin. (a) The maximum
coupling strength aα . (b) The simulated infidelity of the system
including the nuclear spins as a function of the distances between
the N-V centers and the nuclear spins. The imperfections of the
driving field are also taken into account. For distances exceeding
1.5 nm, the influence of the nuclei becomes negligible compared
to other sources of imperfection.

number of nuclear spins interact with the N-V center sys-
tem. For simplicity, we assume that each N-V center is
coupled to a nearby nuclear spin at a distance of a few
nanometers. In this case, the total Hamiltonian is [62]

Htot = HN−V + HC + Hhyp. (D12)

Here, HN−V is the Hz [see Eq. ((25))] of the N-V centers.
The nuclear-spin Hamiltonian is HC = −γc

∑
i Bz�Ii, where

�Ii = [I x
i , I y

i , I z
i ] are the spin-1/2 operators of the nuclear

spin i. The hyperfine interaction is Hhyp = ∑
i Sz

i �ai · �Ii,
where �ai is the coupling-strength vector. Moving into the
subspace Sz

i → (σ z
i + 1)/2, the total Hamiltonian is

Htot = Hz +
∑

i

(

−γcBzI z
i + 1

2
(σ z

i + 1)�ai · �Ii

)

. (D13)

Moving to the interaction picture with respect to
−ωzI z

i with ωz = γcBz, we could eliminate the fast-
oscillating terms I x

i → cos(ωzt)I x
i + sin(ωzt)I

y
i and I y

i →
− sin(ωzt)I x

i + cos(ωzt)I
y
i due to the RWA. We then obtain

the effective Hamiltonian, which is

H̃tot = Hz +
∑

i

(
az

i

2
σ z

i I z
i + az

i

2
I z
i

)

. (D14)

These three terms mutually commute and the σ z
i I z

i interac-
tion could be averaged together with the detuning error in
Eq. (26). The above derivation is based on the fact that the
N-V centers interact weakly with the nuclear spins.

In the numerical simulation, we choose the Hamiltonian
in Eq. (D13) with Bz = 1.5 T to describe the system. To
evaluate the influence of the couplings between the N-V
centers and the nuclear spins, we assign the vector of the
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nuclear spin i connecting the corresponding N-V center i
as �rc = rcêi. The unit vectors are randomly chosen as

ê1 = [0.1817, 0.6198, −0.7634]T,

ê2 = [0.5394, 0.1994, −0.8181]T,

ê3 = [−0.1197, 0.0946, 0.9883]T,

ê4 = [0.6404, −0.3121, 0.7018]T.

(D15)

In Fig. 11(a), we show the coupling strengths aα

between the N-V centers and the corresponding nuclear
spins. Here, aα = max

(
aαi
)
(i = 1, 2, 3, 4) is the maximum

value among four coupling strengths with α = x, y, z. In
Fig. 11(b), we show the preparation infidelities with dif-
ferent distances rc. Since a new error source, the nuclear
spins, is included, we optimize the time intervals as in Eq.
(35) to obtain the result in Fig. 11(b). With a large mag-
netic field Bz, the effects of the nuclear spins are highly
suppressed. At short distances, the nuclear spins still lead
to significant infidelities in the preparation due to their
large coupling strengths, which are tens of times larger
than g1, and the long preparation time. A reported enriched
12C (99.998%) sample [113] indicates that the probability
of finding a single 13C within 1.5 nm of the N-V center
is about 5%. This low value ensures that the preparation
process is free from the impact of nuclear spins.
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