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Dual-frequency radio-frequency systems are widely deployed in high-brightness synchrotron radiation
light sources to achieve electron bunch lengthening. However, the transient beam-loading (TBL) effect
induced by bunch gaps causes significant synchronous phase shifts and severely compromises bunch-
lengthening performance. To address this, we propose an active compensation scheme that suppresses
voltage fluctuations in both the main and harmonic cavities by modulating only the driving voltage of the
main cavity via a feedforward approach. To elucidate the underlying physical mechanisms, we establish a
gap-induced linear decomposition analytical model, which decomposes the TBL-induced beam voltage
into steady-state and transient components. Based on this model, we derive an optimization method
to minimize power requirements, enabling the main-cavity TBL compensation to achieve performance
levels comparable to those of broadband-cavity TBL compensation. The efficacy of this framework is
demonstrated through two case studies: for an steady-state microbunching storage ring with a 7.5-MHz
hardware half-bandwidth, the required single-cavity peak power is maintained at 158 kW, with normalized
average radiation power improved from 78% to 97%; for the KEK light source storage ring with a 6-MHz
bandwidth, the single-cavity peak power is optimized to 148 kW, successfully restoring the average bunch
length from 31.1 to 40.9 ps. The proposed scheme establishes a highly efficient and cost-effective
paradigm for TBL suppression, providing a promising technical pathway for next-generation light sources.
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L. INTRODUCTION

Flattening the radio-frequency (rf) potential well with a
harmonic cavity has become the baseline technique for
high-brightness storage rings [1-4]. By diluting the longi-
tudinal charge density of individual bunches, the method
suppresses intrabeam scattering (IBS), extends the
Touschek lifetime, and, through the enlarged synchrotron
frequency spread, stabilizes the beam against longitudinal
collective instabilities [1].

In practical storage ring operations, filling gaps are
commonly employed to facilitate ion clearing and beam
injection and extraction. However, when the gap duration
becomes comparable to the cavity filling time, a strong
transient beam-loading (TBL) effect is triggered [5]. This
effect induces asymmetric fluctuations in the cavity
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voltage amplitude and phase along the bunch train, thereby
undermining the conditions required for optimal bunch
lengthening. Consequently, the majority of bunches devi-
ate from their target longitudinal distribution, suffering
from distribution distortion and centroid shifts that ulti-
mately shorten the beam lifetime [5,6]. This issue is
particularly critical for Steady-State Microbunching
(SSMB) light sources, where the reliance on reversible
microbunching necessitates precise synchronization
between electron bunches and the seed laser. In this
context, TBL-induced centroid shifts disrupt this delicate
synchronization, leading to severe degradation in the
coherence and intensity of the output radiation power [7].

Existing approaches for suppressing TBL include:
(1) using cavities with low R/Q values to weaken
beam-cavity interaction strength [3]; (2) adjusting the
filling pattern by strategically placing “guard bunches”
at the boundaries of the train to provide passive compen-
sation for the missing load during the gap passage [8].
However, the former is limited by cavity design, as R/Q
cannot be reduced indefinitely while maintaining high
shunt impedance, and the latter is limited because high-
charge bunches have short lifetimes, offering limited
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compensation. Therefore, active compensation based on
feedforward control presents a more promising scheme: by
compensating the cavity voltage via feedforward from the
rf power source, voltage perturbations from TBL can
theoretically be precisely canceled. However, feedforward
schemes acting on the main and harmonic cavities usually
impose high demands on generator power [3].

To circumvent the generator power bottleneck, alter-
native compensation strategies have been explored. One
prominent approach is the dedicated broadband-cavity
compensation feedforward (BCF) scheme, which effec-
tively reduces transient power requirements while pre-
serving compensation performance [9,10]. However,
integrating such auxiliary cavities inevitably escalates
engineering complexity, consumes scarce straight-section
real estate, and introduces parasitic broadband impedance
into the storage ring. Concurrently, following the Fourier-
truncation feedforward approach pioneered at KEK
[3,11,12], studies by the ALBA and BESSY collaboration
investigated feedforward compensation applied directly to
active harmonic cavities, demonstrating that truncating the
Fourier series to a few dominant harmonics (e.g., N = 2)
substantially lowers peak generator power demands
[13,14]. Nonetheless, such direct Fourier truncation wastes
the available system bandwidth: high truncation orders
cannot be exploited, because the gibbs oscillations they
introduce leave the compensated waveform plagued by
ripple artifacts.

To address these limitations, this paper proposes a main-
cavity feedforward (MCF) scheme that leverages the
existing fundamental rf cavities to simultaneously mitigate
transient voltage fluctuations across the entire dual-
frequency system. Previous research has primarily treated
the main and harmonic cavities independently; the absence
of a unified theoretical optimization framework has rein-
forced the prevailing perception that feedforward com-
pensation through the accelerating cavities demands
prohibitively high peak power. To challenge this view,
we formulate the gap-induced linear decomposition
(GILD) model alongside a gap constraint relaxation
(GCR) optimization algorithm to systematically identify
global power minima. Our findings demonstrate that the
proposed MCF framework achieves compensation flatness
comparable to dedicated broadband-cavity solutions while
keeping generator power requirements well within prac-
tical operational boundaries.

The remainder of this paper is organized as follows.
Section II establishes the theoretical foundation by
detailing the fundamentals of longitudinal dynamics
and introducing the GILD model, along with its validity
thresholds for high-Q cavities. Section III presents the
architectural design of the proposed MCF scheme and
derives analytical expressions to globally optimize cavity
detuning and coupling factors under unconstrained band-
width. To address practical hardware limitations, Sec. IV

investigates parameter tuning under bandwidth con-
straints; it analyzes the detrimental impacts of the gibbs
phenomenon and introduces a numerical optimization
algorithm incorporating the GCR strategy. Section V
validates the proposed framework through comprehensive
case studies, performing parametric Pareto scans and
numerical simulations for the SSMB and KEK light
source (KEK-LS) storage ring scenarios. Section VI
provides critical engineering insights by evaluating col-
lective beam stability boundaries and benchmarking the
MCEF performance against broadband-cavity compensa-
tion schemes. Finally, Sec. VII summarizes the core
findings and concluding remarks of this work.

II. ANALYTICAL MODELING OF
TRANSIENT BEAM LOADING

A. Fundamentals of longitudinal dynamics

Consider a storage ring equipped with a double-rf
system, where the main cavity is utilized to replenish
the energy loss of the bunches, and the harmonic cavity is
employed to achieve bunch lengthening. The total voltage
of the system can be expressed as:

Vc(t) = Re[‘?c‘.f exp(iwrft) + Vc,h exp(iha)rft)]’ (1)

where f/c, rand V., are the complex voltage phasors of the
main and harmonic cavities, respectively, and % is the
frequency ratio of the harmonic cavity to the main rf
system. These phasors can be explicitly written in terms of
their amplitudes and phases as:

Ver=1IVeslexplidy). Ven = [Vealexp(idy), (2)
where |V, ;| and |V,,| denote the voltage amplitudes,
while ¢, and ¢, represent the respective phases of the
cavity voltages relative to the bunch.

Due to beam-loading effects, the cavity voltage should
be the sum of the generator voltage and the beam-induced
voltage. We assume that the harmonic cavity uses a passive
scheme, so only the main cavity has a generator voltage
term.

VC,f = Vg.f + Vb,f’ Ve =V 3)

where Vg,f is the generator voltage for the main cavity and
Vb_ ¢ and f/b,h are the beam-induced voltages for the main
and harmonic cavities, respectively.

From the total voltage V.(7), the potential-well

function ®(¢) can be derived, yielding the bunch density
distribution p(?):

A Wrf
277.'h0E0

(1) = - / eoVu(t) — Ugydr. (@)
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FIG. 1. Storage ring with n, electron bunches with n, empty
bucket.
1
p(t) = poexp | ——5@(1) ). &)
aco;

where a, is the momentum compaction factor, A is the
harmonic number of the main cavity, E, is the beam
energy, U, is the energy loss per turn due to synchrotron
radiation, e is the elementary charge, and o, is the energy
spread.

B. Analytical formulation of the gap-induced
linear decomposition model

As shown in Fig. 1, in a storage ring containing multiple
bunch trains, each structure consists of n, buckets filled
with electron bunches of charge ¢, followed by a gap of
n, empty buckets. Each bunch is assumed to have an
identical longitudinal distribution, characterized by a
bunch form factor F at the cavity resonant frequency.
The time interval between consecutive buckets is f,, and
the total revolution period of the train-gap structure
is T = (n, + ny)t,

The form factor is defined as the normalized bunch
spectrum, F = [® py(t)e " ®=!dt, with [p,(r)dr =1,
where p,(t) denotes the longitudinal charge distribution
of a single bunch.

Under steady-state conditions, the beam-induced volt-
age V, is periodic with period T'. Let V( 7) denote the cavity
voltage immediately preceding the j- th bunch in a train.
The induced voltage for the first bunch, f/él), can be
derived as follows [3]:

‘7(1) - anquenqa i la

b 1_€n+n

an e(n_,,+1)a 1 — e@
(1—6"’ n a)(l_ea)

Here, k, = (w.s/2)(R/Q) represents the cavity loss
factor, while @ = —(#,/7,)(1 — itany) denotes the com-
plex cavity decay factor per bucket time. Furthermore,
75 =20 /Wy is the cavity filling time and y is the
detuning angle.

For a continuous-time description within the m-th train
(where m =0,1,2,... indexes the train number), let
t = mT + 7, with €0, T) being the intratrain time.

During beam passage (0 < 7 < n,t,,), corresponding to
the j-th bunch where j = [7/1,]:

-1
— 2k Wb Fe (z/t,—j+1)a ela. (7)
1

~.

Vy(r) = ‘71(7 ) p(t/ty)a

i
o

During gap passage (n,t, < 7 < T), the voltage decays
freely from its value at the end of the train:

Vy(z) = f/gl)e’w — 2k,,quZ ela] e/t=na (g)
=1

In main and harmonic cavities, the loaded quality
factor Q; is typically designed to be high to minimize
power consumption. Consider the high-Q; regime where
|a| < 1: the exponential terms in Egs. (7) and (8) can be
simplified using a first-order Taylor expansion. By defin-

ing the average beam current as Io = - (4~ f’F‘n ), the beam-

induced voltage can be linearized across the pulse and gap
durations as follows:
During beam passage (0 < 7 < n;1;):

~ n T—n,t n
V(1) % —2k,q, F |—2 AL
b( ) nqb nt+ng tb (nt+ng)a
(R)O)IF oy (t— ) — 20 F— 1L
- L Wes(T— - _
0 n, res t'b 0 l—itany/
©)
and during gap passage (1,1, < 7 < (n, + ny)tp):
~ n T— n,t n
V,(2) ~ —2k,q, F | —— AL :
b( ) ndb n, +ng tb (n[ +ng)a
R
= +(R/Q)oFwres(t — nyty) — ZIOFm'
(10)

Equations (9) and (10) can be decomposed into a time-
independent steady-state component, V, , and a time-
dependent transient component, V,, (7):

Vy(7)

where V), o = —2I)F —L— 3 mn represents the steady beam

loading, with R; = (R/Q)Q; the loaded shunt impedance,
yw the cavity detuning angle [3], and tany =
20 (W — Wyp)/ 0y Here oy = hogwy, with @q the rev-
olution angular frequency of the ring, is the drive fre-
quency fixed by the beam: the main cavity must be driven
at exactly w,; and the harmonic cavity at & w,;. The cavity

= Vs + Viu(7), (11)
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resonant frequencies . r and w5, in contrast, are free
parameters adjusted through detuning. This decoupling of
the linear transient slope from the static component forms
the basis of the GILD model. Consequently, the transient
term V, . (z) is given by:

_<R/Q)IOF%wres(T_nttb), O<Tﬁnttb
+(R/Q)10eres(7_nzlb)- nt, <t< T
(12)

Vb,tr(f) = {

Notably, this transient voltage manifests as a triangular
waveform. Its peak amplitude scales linearly with the
cavity geometric shunt impedance (R/Q), the resonant
frequency ., and the average beam current /. This
explicit dependence physically justifies the preference for
low-R/Q cavity designs [3] and explains why TBL effects
are inherently more pronounced in harmonic cavities and
high-current storage rings. Given that the form factor F
typically approaches unity, this linear fluctuation directly
accounts for the synchronous phase shifts documented in
previous studies [3,4,6,15], while providing a physical
explanation for why compensating for the imaginary part
of the transient voltage yields negligible benefits [9].

Beyond its mathematical formulation, the GILD model
offers significant engineering utility. Although strictly
derived under the assumption of uniformly distributed
gaps, the model provides an elegant and intuitive analytical
framework that captures the essence of beam-induced
voltage fluctuations. By distilling the complex, time-
domain TBL-induced beam voltage into a simple,
closed-form linear representation, the GILD model enables
rapid estimation of beam-loading effects without the need
for extensive numerical simulations. This capability is

iterations and sensitivity analyses are required to optimize
system parameters for effective TBL suppression.

Finally, it is worth noting that the GILD model assumes
uniform bunch spacing and a constant form factor. While
the TBL-induced synchronous phase shift in an uncom-
pensated ring technically renders this constant-#,
assumption nonself-consistent, the primary objective of
the proposed feedforward scheme is to suppress these
fluctuations and restore a uniform longitudinal profile.
Therefore, utilizing the GILD-derived voltage as the
feedforward compensation signal is not only mathemati-
cally valid but also physically self-consistent for the
targeted corrected state.

C. Benchmarking and validity of the
high-Q approximation

A fundamental premise of the proposed GILD model
relies on the high-quality-factor cavity approximation. To
validate the proposed GILD model under different quality-
factor conditions, we conducted a detailed comparison
between the semianalytical solution, evaluated directly
from Egs. (7) and (8), and the linearized analytical
GILD solution [based on Egs. (9) and (10)]. The loaded
quality factor Q; was varied over 3 orders of magnitude,
specifically taking values of 10%, 103, and 5 x 103, while
other parameters were fixed: n, = 450 bunches per train,
n, =50 empty buckets, I, =0.1 A, w,, =500 MHz,
R/Q =50 Q, and tany = 0.5.

To quantify the validity regime of the model, we
introduce the parameter y, defined as the ratio of the
bunch-train duration to the cavity filling time:

. . . . . . n,t n,t
particularly advantageous for theoretical investigations into ¥ = b+ tan’y = Zrh |secy], (13)
feedforward compensation strategies, where quick design Tr Tr

(a) > (b) ; (c) ;
=102 y = 14.137 =10° y = 1414 4 =5x10% y=0283
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FIG.2. Comparison of the beam-induced voltage waveforms obtained from the semianalytical solution of Egs. (7) and (8) (solid blue)
and the GILD model (dashed red) for three different loaded quality factors: (a) Q; = 10 (y = 14.137), (b) Q; = 10° (y = 1.414), and
(c) O =5 x 10 (y = 0.283). The saturation parameter y determines the validity of the linear approximation, with good agreement

achieved for y < 1.
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where 7, =20, /w, is the cavity filling time. This
dimensionless parameter characterizes the degree of cavity
voltage decay during the beam passage.

Figure 2 compares the semianalytical and linearized
beam-induced voltage waveforms across different regimes
defined by y. The former is evaluated directly from Egs. (7)
and (8) without further simplification, so that the full
exponential decay and accumulation of the cavity field
from bunch to bunch are retained. The results demonstrate
that the GILD model remains highly accurate for y < 1
(e.g., Q; =5 x 10%), where the bunch-train duration is
shorter than the cavity filling time. As y increases toward
and beyond unity (e.g., Q; < 10°), the cavity voltage
approaches saturation, leading to a monotonic increase in
the discrepancy between the GILD approximation and the
semianalytical solution. Consequently, y < 1 is estab-
lished as the fundamental criterion for the validity of
the GILD analytical model.

III. MAIN-CAVITY FEEDFORWARD SCHEME
AND POWER OPTIMIZATION

A. Architecture of the MCF scheme

The objective of the MCF scheme is to modulate the
main-cavity generator voltage Vg, # to dynamically cancel
the transient terms originating from both the main and
passive harmonic cavities.

Ideally, to achieve optimal bunch lengthening (the “flat-
potential” condition), the total accelerating voltage V.
must satisfy the following three conditions simultaneously
at the synchronous phase:

Vi(0)= Uy Vi(0)=0,  VI0)=0. (14)

However, it is important to note that in the main-cavity
feedforward setup, the first and third conditions in Eq. (14)
are inherently contradictory. Since the harmonic cavity
operates passively, its second-order derivative contribution
(V?) cannot be independently modulated at the h-th
harmonic frequency. Consequently, the MCF scheme
can only satisfy the voltage value and its first derivative,
leading to a “near-flat” potential well [16] rather than
a perfectly flat potential well throughout the entire
bunch train.

As shown in Egs. (1) and (3), the total accelerating
voltage is the superposition of the generator and beam-
induced components. By requiring the total voltage to
remain constant, the compensation requirements for the
main-cavity generator voltage are determined by:

Re(V, ;) =Uy—Re(V, s+ V). (15)

Im(V, ;) = —Im(V, s+ V, ). (16)

By substituting the analytical expressions of the GILD
model into Egs. (15) and (16), we derive the explicit

time-dependent generator voltage. For the beam-passage
duration (0 < 7 < n,t,,), the required main-cavity gener-
ator voltage is

- - Ry s g
V(@) =V.,+ 2IoFfm+(R/Q)tot10 n_lwrfT’

Vg.f.sl Vg.f.lr(T)

7)

and during the gap passage (n,1, <7 < (n, + ny)t,), it
follows

- > Ry
Vg’f(’l') = Vc,f + Q’IOFfW_(R/Q)tOIIOwVfT .
‘7 Vg,f,lr(T)
9.f st
(18)

To simplify the notation, we define the total effective

(R/Q)1or as:

(R/Q)ior = Ff(R/Q)f + hF;,(R/ Q) (19)

Here F s and F), denote the bunch form factors evaluated
at the resonant frequencies of the main and harmonic
cavities, respectively. Since the harmonic cavity operates
at the A-th harmonic frequency (w; = hoy), it induces a
voltage transient slope that is & times steeper than that of
the main cavity for a given R/Q value.

The steady-state terms in Egs. (17) and (18) provide the
nominal cavity voltage V.  required for acceleration while
compensating the steady beam-loading effect. The tran-
sient term provides a linear voltage ramp that simulta-
neously counteracts the transient variation of both the main
and harmonic cavities.

To evaluate the power demands on the rf generator for
the MCF scheme, we start from the beam-cavity inter-
action equation [17,18] and establish the relationship

between the required generator voltage V, (f) and the
drive current 1, ;(1):

dng Wres.f v (R) !
— 2 — = (I —itany )V, = Wyes Ly
dt 2QL.,f< Wos "\o ! o
(20)

Rearranging Eq. (20) to solve for the required generator
current yields

1 dv,,
wres.f<R/Q)f dt

I —itany, 7
20, ,(R/Q);

(2).
21

I,4(1) =

The generator power demand P, ; is determined by the
generator current [17,18]; the equation is by:
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1R
Py,f(t) ﬁf| g.f(t)|2

Q001

o g.r ()], (22)

_E(R/Q)

where R; is the main-cavity shunt impedance, f; is the
main-cavity coupling coefficient, and Q, is the intrinsic
quality factor of the main cavity.

The analytical decomposition of the generator current in
Eq. (21) yields significant physical insights into the power
demand of the feedforward. The required generator volt-
age f/g,f comprises a steady-state term and a transient
linear ramp term. The derivative of this transient ramp,
df/g‘ 7/dt, represents the reactive current necessitated by
the rapid slewing of the cavity field. This term is the
primary driver of the peak power surge, reflecting a
scenario in which the transmitter power is predominantly
consumed in contending with the electromagnetic inertia
of the cavity’s stored energy.

A critical observation is the contrasting dependency of
these two components on the cavity quality factor Q;.
While the current required for transient compensation is
independent of Q;, the associated peak power scales
linearly with Q;. Consequently, lowering the Q factor
(increasing bandwidth) effectively mitigates the power
demands of transient compensation—a principle that
justifies the use of a broadband cavity. However, such a
reduction in Q; simultaneously increases the steady-state
power demand.

B. Analytical optimization of the power demand

To minimize the rf power penalty imposed by the active
feedforward scheme, this section derives the optimal
cavity-design parameters—specifically, the loaded quality
factor (Q;) and the detuning angular frequency (Aw).

Under the practical condition where the steady-state
voltage dictates the overall amplitude (|X7g’ rstl > |‘7g, rarl)
and F; = 1, we can approximate the term proportional to
Vg.f in Eq. (21) using the steady-state component \79, Fast
solely. This simplification yields explicit analytical expres-
sions for the required generator current in two distinct
temporal regions:

During the beam passage (0 < 7 < n,t,):
(8Os 1, 1= T

1 o R — V. 41, 23)
#I0em T RQ); 2R, PO

During the gap passage (n,t, < 7 < (n, + ny)t):

3 _ (R/Q)ot + | —itanyy o 1%

I 1, 24
(R/Q); 2R; ¢ es T1o- 28

g.f.gap ¥

The minimization of the power demand inherently
formulates a minimax optimization problem. The global

minimum is achieved when the required generator power is
dynamically balanced between the beam and gap passages:

|7g,f,beam| = |7g,f,gap | . (25)

Since P, o |7 |?, the peak power over one filling
period is set by the larger of the two passage currents in
Egs. (23) and (24). With the detuning y; providing the
only free phase, this peak is minimized when the two
current magnitudes are equal, in analogy with the balanced
beam-loading operation of singly detuned rf sys-
tems [19,20].

By applying this equal-amplitude condition at the
temporal boundaries, the optimal detuning angular fre-
quency for the main cavity is analytically derived as:

k(R/Q) Q1o+ V. ycos s
2Vc‘f Sin¢fQL ’

2m—(n—ny)(R/ Q) / (R/Q)

To physically elucidate the essence of these matching
conditions, it is highly instructive to decompose the
driving forces into three distinct equivalent current com-
ponents: the active intrinsic wall-loss current [, =
Ver/l(R/Q);Qql, the active steady-state beam-loading
current Iy = klycos¢y, and the reactive transient-
compensation current Iy = [(R/Q)/(R/Q) ]Iy singy.

Finally, by substituting the optimal detuning condition
and differentiating the power expression with respectto Q; ,
the optimal loaded quality factor that globally minimizes
the total power consumption is obtained analytically:

Awf,opt = T Wres f (26)

where k = £ is introduced for brevity.

Oy
==, 27
QL,opt : R (Isﬁ;lc)%rllzr ( )

c

Recalling the relation Q; = Q,/(1 + ) between the
loaded quality factor and the coupling coefficient reveals
the optimal coupling factor:

Ig+1.)>+ 12
Brom = YL 1) o (28)

Substituting Q; o, back yields the absolute minimum
power requirement P, for optimum feedforward
compensation:

opt — 4sm2¢ [ (Ist+1) +It2r+(lst+lc)] (29)

To appreciate the universality of this formulation, it is
highly instructive to examine the degenerate case of a
single rf system, where harmonic cavities are absent (i.e.,
(R/Q)ior = (R/Q);). Under this condition, assuming a
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cavity voltage phase of ¢, = /2 (corresponding to a
purely reactive beam with zero net acceleration), the
optimal cavity parameters derived from the GILD model
naturally degenerate to the half-detuning scheme widely
employed at CERN [19,20].

IV. FEEDFORWARD OPTIMIZATION UNDER
BAND-LIMITED CONSTRAINTS

In the preceding section, the optimal feedforward
parameters and power requirements were derived under
the implicit assumption of infinite system bandwidth. In
practical rf systems, however, the solid-state amplifiers
and the associated low-level rf (LLrf) control loops possess
finite bandwidths. To address this physical constraint, this
section investigates the feedforward parameter optimiza-
tion under band-limited conditions.

A. Fourier series truncation and the
associated gibbs phenomenon

We first evaluate the Fourier series truncation method,
previously explored at the KEK-LS [3]. From a signal-
processing perspective, Parseval’s theorem ensures that a
truncated Fourier series minimizes the mean-square error
between the synthesized waveform and the ideal waveform
within a given bandwidth.

A critical challenge emerges when evaluating the
reactive generator current /,. As indicated by the cavity
dynamics in Eq. (21), I, is primarily determined by the
time derivative of the transient voltage V(7). Given that
V(t) exhibits a triangular profile, its derivative is funda-
mentally a square wave characterized by abrupt jump
discontinuities at the bunch-train boundaries. When this
derivative is synthesized via a truncated Fourier series, the
gibbs phenomenon inevitably arises. Instead of converging
uniformly, the series produces persistent oscillatory
ringing—the gibbs artifacts—in the immediate vicinity
of these discontinuities. These artifacts manifest as high-
frequency overshoot in the required generator current 7,
thereby necessitating an increased peak generator power to
accommodate the stringent transient voltage requirements.

To analytically quantify the impact of the gibbs phe-
nomenon on the required generator current, we define the
derivative factor k(z) as the ratio of the derivative of
synthesized waveform D(z) to the slope factor S:

D)

) ==,

(30)

where S, represents the physical slope factor required for
exact transient compensation. This value is determined
solely by the bunch-train filling pattern and the compen-
sation amplitude:

0.45 —— Numerical Max

¢ Analytical Form
— — Ideal Slope
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FIG. 3. Convergence of the normalized derivative factors k.
and k,;, of the Fourier-truncated waveform as a function of the
number of harmonics N (d = 0.8; the corresponding ideal values
are k. = 0.25 and kg, = —1). The orange dashed lines
represent the gibbs limits, and the dark gray dashed lines show
the ideal slope values.

A

Sozm.

(31

Here, A represents the peak-to-peak amplitude of the
triangular voltage waveform, and d =n,/(n, +n,)
denotes the duty cycle of the bunch train. Equivalently,
So = o (R/Q) ol 1-€., the gap-passage slope magnitude
of the ideal compensation ramp of Eqs. (17) and (18). The
derivative factor k(7) is therefore the instantaneous slew
rate of the synthesized generator voltage, normalized to
this ideal gap slope: perfect infinite-bandwidth compen-
sation corresponds to k = (1 —d)/d (= n,/n,) during the
beam passage and kK = —1 during the gap.

As illustrated in Fig. 3, the maximum and minimum
derivative factors k., and k.;, are, respectively, the
largest and smallest values attained by the synthesized
k(z) over one filling period—for a duty cycle of d = 0.8,
the ideal values are ky, = (1—d)/d=025 and
kmin = —1. Because the peak generator power is dictated
by the worst-case (largest-magnitude) generator current
rather than by its time average, it is precisely these two
extrema that control the required transmitter power; this is
why ko and k., rather than the full profile k(z), appear
in the current and power expressions of Egs. (32)-(35)
below. These results clearly demonstrate the nonuniform
convergence characteristic of the gibbs phenomenon [21]:
as the harmonic order N increases, the k,,,, and k;, fail to
converge to the ideal slope near the temporal disconti-
nuities. Instead, they exhibit persistent oscillatory ringing,
with the peak magnitudes asymptotically stabilizing at the
gibbs limits, which are approximately 1.089 times the ideal
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value, a direct consequence of the square-wave nature of
the time derivative of the triangular target waveform.

By incorporating the derivative factors k., and k.;,
into the generator current, the current during the beam and
gap passages can be expressed as:

 ®RQu,, | 1-itay

I eam =———1 kmax 7‘/0 + 1y, (32
o (R/Q)s 0 2Ry ¢ s+l G2)
7 (R/Q)ot | —itany; -

Ly poap = 57 Lokmin +——55—Vesp+ 1. (33)
9 £ (R/Q); 0 2Ry s S

To facilitate a concise analytical solution, we define the
bandwidth-dependent factors Hy and H,:

_(R/Q)w ,
HZ - (R/Q)f (kmax + krmn)7
o (R/Q)Iot _ ) 34
HA - (R/Q)f (kmax kmm)' ( )

The optimal parameters—specifically the detuning
Awy o> the loaded quality factor Q; oy, and the minimum
power P, —preserve the exact analytical structures of
Egs. (26)—(29). The extension to band-limited tracking is
seamlessly achieved by mapping the intermediate driving
terms to their generalized counterparts: the reactive tran-
sient-compensation current is updated to I, = H I, sin ¢y,
and the effective geometric coefficient is replaced by
k = Hy + 2. Consequently, the bandwidth-dependent dis-
tortion factors are directly embedded into the optimization
framework.

Under the assumption that steady-state loading and
cavity wall losses are negligible (/= 0,[.~0), the
minimum forward power P, under finite-bandwidth
constraints simplifies to:

1 Vc,fIO (R/Q)tot
opt X kmax_kmin . 35
"~ dsindy (R/Q), b

Equation (35) explicitly reveals that the optimal rf
power scales linearly with the magnitude (kyu — kmin)-
As N continues to rise, the term (ky. — kmin) Oscillates
and asymptotically stabilizes at the gibbs limit, leading to a
nonvanishing power overhead that is approximately 18.7%
higher than the ideal infinite-bandwidth prediction.

B. Numerical optimization via gap constraint
relaxation

As shown in the previous section, although a finite
Fourier series effectively minimizes the global fitting error,
it inevitably triggers the gibbs phenomenon at the sharp
boundaries of the bunch train. These characteristic over-
shoots artificially inflate the factor k., and k,;,. Because

the required rf power is strictly dictated by these peak
factors, the gibbs-induced overshoots severely escalate the
power demand, imposing a heavy penalty on the rf power
source requirements.

To bypass the inherent limitations of analytical Fourier
truncation, a numerical optimization approach is proposed.
Instead of relying on fixed analytical Fourier coefficients,
the transient generator voltage waveform Vi ,(7) is
parameterized using a finite harmonic expansion:

N
Vopgar(7) = > _la, cos(nar) + b, sin(nwr)].  (36)

n=1
where ¢ = {ay, by, -, ay, by} denotes the vector of 2N

tunable coefficients. To quantify the performance of this
optimized waveform, we evaluate the derivative factor
k(7), defined in Eq. (30), as the ratio of the synthesized
slope to the slope factor S:

_ idvg.f(l') 1y dvopt,g,tr<7>

S dr amRIO)dy  dr - 7

k(z)

The physical justification for this optimization relies on
the operational asymmetry of the storage ring. Strict
fidelity of the cavity voltage is mandatory only during
the beam passage (Tpeam)- Conversely, the voltage within
the beam gap (T,,,) is physically inconsequential to the
beam dynamics, provided the boundary conditions align
smoothly with the head and tail of the bunch train. By
exploiting this physical characteristic, the fitting con-
straints within 7'g,, are deliberately relaxed. This allows
the optimizer the geometric freedom to “round-off” tran-
sitions and actively suppress gibbs overshoots. This
strategy is formally designated as GCR.

To systematically search for the optimal harmonic
coefficients ¢ under the GCR framework, we construct
a composite objective function J that balances power
efficiency against compensation fidelity:

j(C) = WPP0pt<kmax7 kmin)

+ WE/ |Vopt,g,tr(7) - Vg.,f.tr(f)|2 dr, (38)
beam

where the optimization balance is governed by the weight-
ing factors wp and wg. A dominant wp prioritizes peak
power suppression by smoothing the transitions at the gap
boundaries, while a higher wy emphasizes waveform
fidelity to ensure precise beam-loading compensation.
By tuning the ratio C « wg/wp, the algorithm can be
flexibly tailored to specific operational requirements.
Finally, to minimize this nonlinear objective function,
we employ the Sequential Quadratic Programming (SQP)
algorithm [22,23]. SQP is particularly well suited for this
application, as it effectively handles nonlinear trade-offs
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by iteratively solving quadratic approximations of the
Lagrangian function. This iterative refinement ensures
that the optimizer converges robustly to a local minimum,
yielding the optimal harmonic coefficients that satisfy both
the transmitter load limits and the beam-on voltage
requirements.

V. NUMERICAL RESULTS AND CASE STUDIES

To validate the proposed MCF scheme and the GCR-
based optimization algorithm, this section provides a
comprehensive numerical analysis spanning two distinct
operational scenarios: a KEK-LS storage ring case evalu-
ating bunch-length variations and an SSMB storage ring
case assessing perturbation-induced radiation power deg-
radation. Despite the differing underlying physics and
optimization objectives, the TBL effects are successfully
counteracted via the MCF compensation scheme in both
machines.

A. Application to KEK-LS:
Impact on bunch-length dynamics

To quantitatively demonstrate the optimization perfor-
mance of the proposed GCR strategy, a detailed case study
is performed based on the design parameters of the KEK-
LS storage ring. The nominal machine specifications and
the corresponding double-rf system baseline configuration
are systematically summarized in Tables I and II,
respectively.

According to the GILD model, the TBL effects induced
by the asymmetric filling pattern generate a triangular
transient voltage V.. This transient voltage heavily
distorts the potential well, resulting in significant syn-
chronous phase shifts and shortening the bunch length. To
counteract this distortion, the proposed MCF scheme
employs a GCR-based optimization algorithm to synthe-
size a corrective voltage profile that actively compensates
for the TBL-induced transient. To establish an intuitive
understanding of this compensation mechanism, Fig. 4
illustrates a grid comparison of the optimized, synthesized
profiles—specifically the normalized derivative factor k(z)
and the corresponding normalized compensation voltage

TABLE I. Principal parameters of the KEK-LS.
Parameter Symbol Value
Nominal beam energy E, 3.0 GeV
Stored beam current I 500 mA
Radio frequency (fundamental) [t 500.07 MHz
Harmonic number hg 952
Synchrotron radiation loss per turn Uy 851 keV
Main rf voltage Ve 2.5 MV
Natural relative energy spread (rms) o, 7.3 x 107
Momentum compaction factor a, 22x 1074

Filling patterns 2 x (446D + 30e)

TABLEII. Principal parameters of the double-rf system for the
KEK-LS at the beam current of 500 mA.

Main rf  Harmonic rf
Parameter Symbol (n=1) (n=23)
Rf voltage Ven 25 MV 777 kV
Synchronous phase neg, 1.178 rad —1.708 rad
Tuning angle v, —0962rad 1.433rad
Total R/Q R,/O 4375Q 193 Q
Total shunt impedance R, 17.5 MQ 7.24 MQ
Cavity coupling coefficient  fj, 3.5 0.27
Cavity detuning amount Afiesn —40.3 kHz 185 kHz

waveform—under a low-bandwidth scenario (N = 4) and
a high-bandwidth scenario (N = 20) across different
weighting parameters C (where C o wg/wp).

As observed in the low-bandwidth regime (N = 4), the
system suffers from severe spectral scarcity, necessitating
a strict compromise. When power minimization is heavily
penalized (small C), the tracking profiles at the bunch-train
boundaries are significantly rounded off, implying that the
unconstrained beam gap acts as a temporal buffer to
redistribute the local slope and clip generator power
overhead. Conversely, when tracking fidelity dominates
(large C), the waveform is forced to match the discon-
tinuous target, reintroducing severe gibbs overshoots and
high-frequency ringing.

A qualitative transition occurs when expanding the
harmonic bandwidth to N = 20. As shown in the lower
row of Fig. 4, even under the stringent tracking constraint

0.1 L2 - Target (Ideal)
it I FET truncation

<~ 0 9, ! [|— Optimized with small C
g E] — Optimized with large C
5 -0l S 08
1 >
o -02tf [ FFT truncation 5t
‘g5 —— Optimized with small C % 0.6
Z-03 — Optimized with large C g
5 504
2 04 Z

—05 0:2

—0.6 0

[ 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
0.5 12
- — - Target (Ideal)
LI I [+ FFT truncation

< 0 b 3 —— Optimized with small C
1:":; / _______ FFT truncation — Optimized with large C
£ —— Optimized with small C
2-05 — Optimized with large C
5
aQ -

|
in

"o 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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FIG. 4. Comparison of the derivative factor k(z) (left column)
and normalized voltage waveforms V(z)/S, (right column) for
N =4 (top row) and N = 20 (bottom row). The dashed curves
represent the ideal target, the dotted curves denote the analytical
Fourier truncation, and the solid lines show the optimized profiles
synthesized under small C and large C (where C & wg/wp).
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(large C), the optimized solution eliminates gibbs-induced
distortions while maintaining high-precision tracking
within the beam-on region. This behavior is fundamentally
governed by the enhanced temporal resolution of higher
harmonics. From signal-processing principles, the mini-
mum rise time for a band-limited step transition scales as
7, ~T/(2N). Since the normalized gap duration is
A, = (1 —d)T, confining a full transient cycle (a rapid
fall and rise) strictly within the nonbeam interval requires
27, < Az, This yields a fundamental bandwidth-gap com-
patibility criterion for the critical harmonic threshold N .:

1
N>N“_1—d' (39)

For the KEK-LS fill pattern, N. =~ 15.9. Below this
threshold (N < N,), the transient response is geometri-
cally choked by the narrow beam gap, forcing the afore-
mentioned compromise between boundary smoothing
and tracking fidelity. In the spectral abundance regime
(N > N_), the response becomes rapid enough to fully
confine the corrective oscillations for gibbs suppression
within the Az, buffer, thereby completely decoupling the
power suppression mechanism from the active beam-
compensation precision.

To systematically map this trade-off between the
single-cavity peak rf power (P.,) and the tracking
accuracy across all operational regimes, a global
Pareto optimization frontier is generated by continuously
scanning the weighting ratio C. To quantitatively evaluate
the optimization algorithm’s ability to synthesize the
desired voltage profile, we employ the relative root-
mean-square error (e€,) as the primary performance
metric, defined as:

[K Vo i arei2
erelz\/zll( pii — Viargtr) x 100%., (40)

M 2
i=1 Vtarget,i

where Vo, ; and Vi ; correspond to the voltages
sampled at the i-th filled bucket of the optimized and
target voltage vectors, respectively, and M denotes the
total number of filled buckets.

The resulting Pareto optimal curves across various
harmonic limits N are illustrated in Fig. 5, with the
analytical Fourier series truncation solutions serving as
baselines.

The Pareto frontiers visually corroborate the N, thresh-
old criterion. For N < N, the optimized frontiers strictly
converge toward their respective Fourier-truncation base-
lines (marked by x) due to the structural lack of geometric
freedom within the beam gap. Conversely, for N > N, the
Pareto curves decisively detach from these analytical
markers and shift toward the lower-left region of the
objective space. This displacement represents a strict
Pareto improvement, demonstrating that the GCR strategy
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FIG. 5. Pareto optimization frontiers mapping the single-cavity
peak rf power P, against the relative tracking error €, for
different harmonic bandwidths N. The markers (x) indicate the
unoptimized analytical Fourier series truncation solutions.

successfully circumvents classical Fourier synthesis limits
to simultaneously achieve minimized power consumption
and superior beam-passage voltage tracking.

From an engineering perspective, while operating at the
spectral abundance regime (N > N,) yields near-ideal flat-
potential compensation, implementing such high-order
harmonic systems imposes severe hardware complexity
and bandwidth constraints on the rf cavities and power
amplifiers. A more practical design strategy relies on
exploiting the distinct “knee” (the region of maximum
curvature) present on the Pareto curves at moderate
bandwidths (N < N_.). Operating near this knee allows
for a substantial reduction in peak power demand at the
expense of a marginal, well-controlled degradation in
compensation precision.

To anchor this threshold in physical requirements,
semianalytical analysis for the KEK-LS storage ring
reveals that a feedforward scheme with a broadband cavity
under Fourier series truncation (N = 3) successfully
stretches the average bunch length to over 40 ps [3],
which fully satisfies the machine’s nominal requirements.
Crucially, this N = 3 truncation baseline corresponds to a
relative voltage tracking error €., of approximately 25%,
establishing an operationally acceptable perturbation
threshold for bunch lengthening.

Based on this 25% physical tolerance, a moderately
band-limited scenario with N =6 is selected as the
optimal hardware configuration. Theoretically, the unopti-
mized Fourier-truncation expansion for N = 6 demands a
prohibitive peak generator power of approximately
200 kW per cavity. By shifting the operating point to
the knee of the GCR-optimized Pareto frontier, the
theoretical peak power requirement per cavity can be
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FIG. 6. Rms bunch length (top) and corresponding generator
power per main cavity (bottom) across the bucket indices for
KEK-LS under two conditions: uncompensated (blue A/solid
line) and compensated under the N =6 MCF scheme
(€re) = 25%, red o /solid line).

reduced to 145 kW, at the cost of a marginal increase
in the fitting error €. Physically, it is realized by
increasing the coupling factor from 3.5 to 4.14 and
shifting the cavity detuning frequency from —40.3 kHz
to —44.95 kHz.

To further substantiate the optimization benefits, semi-
analytical simulations are executed based on the calcu-
lation framework established in Ref. [3]. It should be noted
that this semianalytical model assumes a steady state,
inherently neglecting collective bunch instabilities. As
illustrated by the calculated power and tracking profiles
in Fig. 6, the maximum peak power is 148 kW, slightly
exceeding the theoretical value of 145 kW. This discrep-
ancy arises because the theoretical derivation assumes
[V, rstl > |V, s, thereby neglecting the transient compo-
nent’s contribution to the steady-state current /, . In
practice, however, this omitted transient term slightly
elevates the actual peak power requirement. Nevertheless,
the resulting average power remains well controlled at
approximately 141 kW per cavity. With this MCF compen-
sation implemented, the average bunch length is success-
fully stretched from the uncompensated 31.1 to 40.9 ps,
while the single-cavity peak power increases from 131
to 148 kW. Given that the storage ring utilizes a total
of five cavities, the entire 1f system requires a peak power
increment of approximately 85 kW and an average power
scaling of about 50 kW. Compared to a broadband-cavity
scheme—which exhibits cavity peak power demand of
roughly 50 kW—the proposed MCF scheme achieves
comparable bunch-lengthening performance while main-
taining a remarkably similar and manageable power over-
head, fully validating its feasibility for practical engineering
deployment.

B. Application to SSMB:
Impact on coherent radiation power

In SSMB light sources, harmonic cavities are employed
to stretch the electron bunch length, thereby decreasing the
local peak current density and mitigating the damaging
IBS effects in the microbunch. However, the high-power
EUV radiation scheme relies on coherent echo-enabled
modulation, which requires precise spatial-temporal syn-
chronization between the electron bunch and the external
seed laser. To maximize laser efficiency, the second-stage
modulation laser pulse is designed with an rms length o,
comparable to the electron bunch length o,. Consequently,
any distortion of the longitudinal bunch distribution or
deviation relative to the laser pulse severely degrades the
interaction overlap, thereby suppressing the resulting
coherent radiation power [7].

Assuming a Gaussian temporal envelope for the second-
stage laser pulse, the normalized bunching factor R(z)
within the interaction region is determined by:

Juiilaexp(=7*/207)]

RE) == @

: (41)

where 7 is the modulation order and « is the modulation
amplitude with the optimal value aqy ~ n + 0.81n'/3.

To account for the effects of centroid shift and bunch-
shape distortions, the integrated coherent radiation power
W can be evaluated via the generalized overlap integral:

W /_ “IR(2) - py ()2, 42)

[5e]

where pgi (7) represents the perturbed longitudinal charge
distribution of the electron bunch under TBL effect; both
Egs. (41) and (42) follow the echo-enabled modulation
formalism of Ref. [7]. As a baseline, previous simplified
analyses that overlooked bunch-shape variations indicated
that a bunch centroid shift of less than 20 ps is required to
sustain at least 95% of the output radiation power [7].

To evaluate the capability of the proposed transient-
compensation framework under these strict synchroniza-
tion constraints, a systematic case study is conducted
based on a typical SSMB storage ring design. The
principal machine specifications and the double-rf con-
figurations are summarized in Tables III and IV,
respectively.

Following the identical evaluation methodology estab-
lished in the previous section, we perform a dedicated
multiobjective Pareto frontier scan specifically for the
SSMB storage ring configuration by continuously varying
the weighting ratio C. This calculation independently maps
the global trade-off between the tracking precision and the
peak generator power overhead under the specific SSMB
parameter space. Adopting the operationally acceptable
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TABLE III.  Principal parameters of the SSMB.
Parameter Symbol Value
Nominal beam energy E, 600 MeV
Stored beam current I 1A
Radio frequency (fundamental) [t 500 MHz
Harmonic number hg 1000
Synchrotron radiation loss per turn Uy 330 keV
Main rf voltage Vers 1.2 MV
Natural relative energy spread (rms) o, 1.3 %1073
Momentum compaction factor a, 1x1073
Filling pattern 5 x (175b + 25¢)
Modulation order n 76

TABLE IV. Principal parameters of the double-rf system for
the SSMB.

Main rf Harmonic rf
Parameter Symbol (n=1) (n=23)
Rf voltage Ven 1.2 MV 384.57 kV
Synchronous phase ne, 1.178 rad —1.5709 rad
Tuning angle |7/ —0.962 rad 1.5707 rad
Total R/Q R,/0 262.5 Q 20 Q
Unloaded Q factor o 40 000 1 x 108

error threshold of €, =40%, the newly synthesized
optimization frontiers are illustrated in Fig. 7.

Operating at this selected N = 3 configuration limits the
required rf low-level hardware bandwidth to approxi-
mately 7.5 MHz. From an engineering perspective, accom-
modating these high-frequency corrective harmonics
inevitably requires a larger transient voltage overhead,
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FIG. 7. Multiobjective Pareto frontier scan of the peak gen-
erator power versus the residual tracking error for the SSMB
storage ring configuration.

TABLE V. Optimized rf parameters for the SSMB double-rf
system.

Main rf Harmonic rf
Parameter Symbol n=1) (n=23)
Loaded quality factor O 5871 1 x 108
Cavity detuning amount Af,,, —105.09 kHz 55.425 kHz

thereby increasing the peak single-cavity generator power
from the uncompensated baseline of 133 to 155 kW. The
corresponding self-consistent cavity detuning frequencies
and optimized loaded quality factors for this specific
operating point are detailed in Table V.

To definitively validate the macroparticle stability and
synchronization performance under this GCR-optimized
MCEF scheme (N = 3), high-fidelity turn-by-turn tracking
simulations are conducted using the graphics processing
unit-accelerated code STABLE [24]. STABLE provides a
self-consistent macroparticle tracking framework that fully
incorporates longitudinal beam evolution alongside real-
istic collective effects.

Figure 8 illustrates the simulated steady-state beam
parameters along the train, providing a direct visual
benchmark between the uncompensated and regulated
scenarios. As shown in the uncompensated case, the
TBL effect causes the synchronous phase error to accu-
mulate severely along the bunch train. This induces a
massive bunch centroid shift spanning from 60 ps at the
train head to —60 ps at the tail.

In sharp contrast, when the GCR-optimized MCF
compensation scheme is enabled, the longitudinal bunch
length is noticeably lengthened and stabilized at approx-
imately 78 ps, while the overall bunch centroid offset is
substantially suppressed. The residual phase deviations
observed at the very head and tail of the bunch train stem
inherently from the rounding off of the band-limited
voltage waveforms, which structurally introduces these
localized boundary errors. The peak single-cavity gener-
ator power of the main rf system increases from the
uncompensated baseline of 133 to 158 kW, representing
a peak power increment of approximately 25 kW per
cavity, with the average power demand settling at
around 147 kW.

By substituting the simulated macroparticle distribu-
tions into the analytical formulas in Egs. (41) and (42), the
calculated performance shows that the proposed feedfor-
ward compensation scheme boosts the normalized average
coherent radiation power from a degraded 78% to a
superior 97%. This effectively satisfies the operational
requirements and successfully averts the degradation of
coherent emission efficiency otherwise caused by severe
TBL effects. It demonstrates that the joint MCF scheme
can achieve excellent TBL mitigation at an acceptable cost
in additional generator power.
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FIG. 8. Steady-state longitudinal beam parameters and rf

power profiles across the SSMB bucket indices, comparing
cases with and without the GCR-optimized MCF scheme
(N =3). The subplots show (a) the rms bunch length o,
(b) the bunch centroid shift (z), and (c) the required generator
power per main rf cavity.

VI. DISCUSSION

A. Stability constraints and modified optimal
conditions

The optimal detuning frequency Awy, and loaded
quality factor Q; o, derived in the preceding sections are
determined strictly from the objective of minimizing the
forward rf generator power. However, in practical storage
ring operations, improper combinations of large detuning
angles and high loaded quality factors can easily trigger
longitudinal coupled-bunch instabilities driven by the
fundamental mode impedance of both the main and
harmonic cavities. If the coherent instability growth rate
exceeds the natural longitudinal radiation damping rate
(Tgl), it will inevitably lead to emittance growth or beam
loss. Therefore, the unconstrained power-optimum param-
eters must be systematically evaluated and bounded within
a rigorously defined stability envelope.

To efficiently map out the longitudinal stability thresh-
old without resorting to computationally intensive turn-
by-turn macroparticle tracking simulations, we employ
the semianalytical code Algorithms for Longitudinal
Multibunch Beam Stability (ALBuMS) [25]. Through this
rapid numerical evaluation, a two-dimensional (2D) stable
operating region can be accurately mapped out in the
(Awy, Q;) parameter space.

Directly searching for a global multiobjective optimum
within this 2D stable domain is computationally intensive.
To streamline the optimization process, we propose a

dimension-reduction strategy that leverages the analytical
dependency defined in Eq. (26). Since this relation
mathematically defines an optimal trajectory in the
(Awy, Q) plane where the forward rf power is minimized
for any given Q;, the feasible search space can be
restricted from the entire 2D domain onto this 1D
theoretical curve. Consequently, Q; is treated as the sole
independent optimization variable. By evaluating the
collective stability margins along this analytical trajectory,
the modified optimal quality factor Qj 04 1S uniquely
determined at the boundary intersection where the trajec-
tory enters the ALBuMS-defined stable region. This
approach guarantees that the rf system operates at the
absolute minimum possible generator power while strictly
satisfying the rigid constraints of longitudinal beam
stability.

Once the modified quality factor Q; ;04 1S pinned under
the stability constraints, the corresponding constrained
optimal detuning frequency Awg 04 is inherently fixed
by the theoretical trajectory. Substituting these bounded
optimal parameters back into the power formulation, the
practical minimum forward rf power requirement for the
main-cavity feedforward scheme is formalized as:

P o 1 R QOQL,mod
opt — 8si 2 A —
sin“gpyr \Q/ y Qo — QL.mod

x [(Ist—l-lc % )2+Iﬁ]- (43)

QL,mod

Consequently, operating under these stability-enforced
restrictions introduces an unavoidable power penalty,
requiring a higher forward generator power compared to
the theoretical unconstrained optimum. The exact magni-
tude of this overhead is highly sensitive to the specific ring
lattice and cavity-design parameters. Nevertheless, this
power penalty can be effectively mitigated during the
hardware design phase by strategically co-optimizing the
harmonic-cavity parameters, thereby reshaping the funda-
mental impedance profile to allow the main cavity to safely
access the desired Q; o4 and Awy m,q combinations.

To quantitatively evaluate this effect, a parametric
stability scan is performed based on the KEK-LS con-
figuration. As illustrated in Fig. 9, the unconstrained
power-optimum loaded quality factor is determined to
be approximately 7780, which corresponds to the mini-
mum single-cavity power of 145 kW. When Q); is inten-
tionally shifted to 6000 or 10 000 to satisfy the longitudinal
stability margins, the required peak forward power per
cavity increases only marginally to around 150 kW.
Concurrently, the absolute variation in the detuning fre-
quency is confined to approximately 5 kHz, relative to the
optimum operating point. This numerical result explicitly
demonstrates that the forward power demand exhibits a
remarkable insensitivity to Q; variations around the Pareto
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FIG.9. Peak power requirement per main cavity (red solid line)
and detuning frequency Af = f... — fi (blue dashed line) as
functions of the loaded quality factor Q;.

knee, thereby providing a comfortable operational margin
for instability mitigation.

B. Comparison with the broadband
compensation cavity scheme

To comprehensively evaluate the advantages of the
proposed MCF scheme, it is instructive to benchmark
its performance against the BCF approach [9]. The BCF
scheme introduces an additional, dedicated low-Q cavity
into the storage ring specifically to counteract voltage
transients. By lowering the quality factor, the cavity
bandwidth is intrinsically broadened, allowing for rapid
transient voltage adjustments with minimal reactive power
demand.

To establish a rigorous comparison, we extend our
proposed optimization framework to analyze the BCF
scheme and derive its theoretical optimal design formulas.
We assume that the broadband cavity is tuned to operate in
a purely resistive mode by setting its detuning frequency to
zero (Aw,. = 0). Its primary objective is to generate an
exact counteracting voltage waveform V, .. For the beam-
passage duration (0 < 7 < n,t,), the required compensa-
tion voltage is expressed as:

~ R n
ngc(r) = (§> [Otlo n—fa)rfr + Vg,c,dcv (44)

and during the gap interval (n,t, < 7 < (n, + n,)t,):

Vg.c(T) = - <g> IOwrfT + Vg,c.dw (45)
tot

where (R/Q)i = Fr(R/Q); + hFy(R/Q), + 3= (R/Q),

represents the weighted total longitudinal impedance of the

accelerator ring and w,. is the resonant angular frequency

of the broadband cavity.

According to the beam-cavity interaction equations,
the required generator driving current for the BCF is
governed by:

1 dv,, N 1
a)c<R/Q)c dt ZQL,C(R/Q)C

I,.(1)= V,.(1). (46)

To minimize the peak transmitter power, we optimize
the dc voltage pedestal (V. q4.) to balance the current
demands at the boundaries of the bunch train, enforcing the
minimax criterion: |7g,c,max| = |79‘C,min|. By substituting
these balanced boundary conditions into the power for-
mulation P, . = IR, |1, .|* and optimizing with respect to
the loaded quality factor, we obtain the ideal optimal
loaded quality factor for the BCF, in agreement with the
earlier optimization at KEK [9]:

ngmm o,

QL,opt = (47)

Ng =+ Ny W

The corresponding ideal minimum required power
for the BCF under perfect triangular compensation is
given by:

_ 1(R/Q)%y , o ng(ny + ny)
POpt = Ei(R/Q)C Ioa)_cint . (48)

However, for a practical system constrained by a finite
amplifier bandwidth N, the ideal linear slope is replaced by
a truncated Fourier series. Applying our GCR methodol-
ogy, the voltage-derivative ripples are characterized by the
extremum factors ky.(N) and kp;,(N). Consequently,
the localized increase in the peak power demand adjusts
the optimal loaded Q and minimum power requirement to:

_ ngn,m @,
G = G o)~ KW "
Popt(N) = Popl : (kmax(N) - kmin(N))' (50)

This formulation allows for a precise determination of
the amplifier bandwidth required to maintain potential-
well stability within a specified power budget, utilizing
the exact same objective function 7 (c) as defined for
the MCF scheme. To establish a realistic benchmark, the
nominal hardware parameters for the broadband cavity are
adopted from the practical KEK prototype design [9], as
summarized in Table VL.

To systematically evaluate the impact, we generate the
Pareto frontiers for both configurations under the KEK-LS
baseline parameters (Table I), mapping the fundamental
trade-off between the required generator peak power
and the relative voltage fitting error €, as illustrated
in Fig. 10.
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TABLE VI. Principal parameters of the dedicated BCF system
assumed for the benchmark comparison.

Parameter Symbol Value
Resonant frequency fe 1.5 GHz
Unloaded quality factor Qo 17937
Loaded quality factor (0)3 292
Total characteristic impedance R/Q 60 Q

The optimization frontiers reveal profound physical
insights and critical engineering implications regarding
spectral coordination. Evidently, under standard unopti-
mized Fourier series truncation, the MCF scheme suffers
from an inflated peak power demand that vastly exceeds
the BCF baseline. This discrepancy stems from the
fundamental bandwidth limitations of high-Q cavities;
forcing such structures to trace sharp gap discontinuities
via rigid frequency clipping inherently triggers severe
gibbs-induced derivative overshoots, penalizing the system
with immense transient reactive power. Conversely, the
BCF scheme leverages its inherently wider bandwidth
(low-Q) to execute swift voltage transitions free from
high-frequency ringing, naturally yielding a more favor-
able Pareto frontier with lower power demands.

Crucially, the optimization curves reveal that when the
GCR method is applied, increasing the truncation order N
enables the MCF Pareto frontiers to achieve a performance
slope nearly identical to that of the BCF approach.
Specifically, at a representative configuration of N = 6,
the MCF scheme constrains the error ¢, to a window of
10% to 20%, effectively bridging the performance gap and
approaching the BCF baseline. This enhancement origi-
nates from the GCR-driven edge round-off effect, which
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FIG. 10. Pareto optimization frontiers mapping the single-
cavity peak rf power requirements against the relative voltage
tracking error €, comparing the MCF and BCF schemes for
KEK-LS parameters.

strategically smooths the boundary transitions and curtails
the transient power spikes. This numerical evidence under-
scores that scaling up the active harmonic channels ()
within the MCF framework, paired with GCR optimiza-
tion, provides a highly effective and power-efficient
feedforward compensation capability.

This optimization demonstrates that the MCF strategy
can achieve TBL compensation performance comparable
to that of a broadband cavity, without requiring any
additional hardware. Consequently, the engineering com-
plexities, physical straight-section space allocation, and
vacuum or cryogenic infrastructures inherent to a dedi-
cated kicker cavity system can be avoided. The GCR-
optimized MCF framework thus offers a useful solution
that significantly improves the cost-effectiveness and
flexibility of TBL mitigation in modern storage rings.

C. Dependence on duty factor
and train-repetition frequency

The total rf power demands of the MCF and BCF
schemes are analyzed as functions of the duty factor
d=n,/(n,+n,) and the train-repetition frequency
fain = 1/[(n, + ny)t,]. The calculations are performed
with the modulation bandwidth of the rf system fixed at
3.3 MHz, using the KEK-LS parameters of Tables I and II
as the baseline. The filling pattern is taken as a single
bunch train of n, + n, = 119, 238, 476, or 952 buckets at
fixed bucket spacing, corresponding to train-repetition
frequencies from 8f, down to f,, where f, is the
revolution frequency of the ring.

Figure 11 shows the resulting total rf power as a
function of d. In both schemes, the power demand
increases rapidly as d decreases, since a larger gap fraction
produces a stronger transient to compensate. Remarkably,
the MCF power curves for all four bunch-train-repetition
frequencies collapse onto a single curve. The BCF power,
in contrast, increases at fixed duty factor as the repetition
frequency decreases and approaches the MCF curve only
at large duty factors.

The high-Q; narrow band main cavity of the MCF acts
as an integrator: the generator current is governed by the
time derivative of the compensation voltage rather than by
its amplitude, as expressed by Eq. (35), where the peak
current is set by the slope factor Sq = w(R/ Q). [o and
the derivative factors ky,x = n,/n, and ky;, = —1, both
pure ratios of bucket numbers that depend only on the
duty factor. Although the peak-to-peak amplitude A =
(R/Q)odowiinyt, grows linearly with the gap duration, its
time derivative does not: changing the train-repetition
frequency at fixed duty factor only stretches the triangular
waveform in time, and the required generator current, and
with it the power, remains unchanged. The repetition
frequency enters the MCF solely through the modulation
bandwidth N f -

114001-15



FANG, PAN, JIA, YAO, ZHENG, TANG, and DENG

PHYS. REV. ACCEL. BEAMS 29, 114001 (2026)

6000 T T T
— e MICF Scheme (Solid)
B k \ = = BCF Scheme (Dashed)
=< 5000 - N —m— /= 119 (8fy) 7
’g \ —0— h = 238 (4fy)
3 & —A— = 476 (2f;)
2 4000 - N —— 1 =952 () N
Z ¢
= N
< 30004 S . .
— SAL
z N e
o
o9
=
=
S
H
0 1 1 1
0.6 0.7 0.8 0.9 1
Duty Cycle, d = n,/(n; + ny)
FIG. 11. Comparison of total required rf power between the

proposed MCF scheme (solid curves with solid markers) and the
BCF scheme (dashed curves with open markers) as a function of
bunch-train duty cycle d=n,/(n,+n,) for various train-
repetition frequencies f.,, (parameterized by total bucket
number per train period n, 4 n, € {119,238,476,952}, corre-
sponding to 8f, down to f().

The broadband cavity of the BCEF, in contrast, is
operated at a low Q; to obtain its bandwidth; the low
Q; entails a small shunt impedance and a filling time
shorter than the transient duration, so the cavity cannot
integrate the drive and its generator must sustain the full
amplitude of the compensation voltage rather than its
derivative. The power demand therefore follows the
voltage amplitude, which grows linearly with the gap
duration nyt,: according to Eq. (48), the filling-pattern
dependence is the factor n,(n,+ n,)/n, which scales
linearly with the train length (or inversely with the
train-repetition frequency) at fixed duty factor. These
scalings separate the application domains of the two
schemes: filling patterns with long gaps and low train-
repetition frequencies favor the MCF, whose power
demand is insensitive to the gap length, whereas patterns
of many short trains at high repetition frequencies favor the
BCF, whose power penalty remains small.

D. Robustness to imperfect filling patterns

The analysis so far assumes an ideal filling pattern with
identical bunch charges. In operation, the pattern is
imperfect on two distinct time scales: bunch-to-bunch
charge noise within the train and a slow evolution of
the pattern itself, driven by the position-dependent
Touschek lifetime that results from the nonuniform bunch
lengthening along the train and by the uniform decay of the
stored current.

Bunch-to-bunch charge fluctuations occupy high-
frequency spectral components far beyond the modulation

bandwidth Nf ., of the correction: the MCF waveform
synthesizes only the first N train harmonics of the fill
envelope, and the GILD slope on which the correction is
based depends only on the slowly varying averages I
and d.

The slow drifts, in contrast, are decoupled from the
correction by their time scales: they occur over minutes to
hours, many orders of magnitude slower than both the
correction period and the LLrf loop bandwidth. The
feedforward waveform table can be refreshed periodically
from the measured fill pattern (adaptive feedforward),
while the residual slow errors are absorbed by the standard
low-bandwidth amplitude and phase feedback loops of
the rf system, the same loops that already maintain the
harmonic-cavity voltage as the beam current decays. A
fully quantitative assessment under realistic noisy fills is
left for future experimental study.

VII. CONCLUSION

In this paper, we have developed a novel and cost-
effective main-cavity feedforward scheme to mitigate the
TBL effect in dual-frequency rf systems. As the theoretical
foundation of this framework, the GILD model has been
established to decompose the TBL voltage into steady-
state and transient components. Based on the GILD model,
a rigorous parameter analysis for power minimization
was conducted, specifically incorporating band-limited
constraints into the evaluation. This parameter optimiza-
tion revealed that Fourier truncation inherently triggers
gibbs-induced overshoots at the bunch-train boundaries,
counterproductively inflating the peak power demand. To
circumvent this fundamental bottleneck, the parametric
analysis was advanced into a global wave-reconstruction
approach, culminating in the development of the GCR
optimization method. By actively resynthesizing and
optimizing the spectral coefficients of the driving wave-
form within an allowable fitting tolerance, the GCR
method successfully dampens the high-frequency deriva-
tive spikes, smoothing the sharp boundary transitions and
strictly clipping the peak generator power demand.

The efficacy and universality of this MCF and opti-
mization framework have been thoroughly validated
across two distinct machine scenarios via self-consistent
multiparticle tracking simulations. For the KEK-LS stor-
age ring, where bunch lengthening and Touschek lifetime
are the primary objectives, operating near the knee region
of the Pareto frontier with a moderate 6-MHz bandwidth
optimizes the peak power per main cavity to 148 kW,
successfully restoring the average bunch length from 31.1
to 40.9 ps. Meanwhile, for the SSMB light source where
phase-space fidelity is paramount, expanding the band-
width to N =3 (7.5 MHz) manages the peak generator
power at 158 kW, which tightly locks the bunch centroids
along the train within the strict synchronization threshold
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and boosts the normalized average coherent radiation
power from 78% to 97%.

Because the power-optimal main-cavity parameters may
excite longitudinal coupled-bunch instabilities, the loaded
quality factor (Q;) and detuning frequency (Af) must be
optimized with collective stability taken into account, and
the cavity parameters may deviate from the theoretically
optimal power conditions to avoid instability zones. We
propose a robust main-cavity parameter design methodol-
ogy tailored for instability avoidance, demonstrating that the
impact of adjusting the quality factor on the peak power
requirement remains well within an acceptable engineering
margin. Benchmark comparisons with the BCF approach
demonstrate that the GCR-optimized MCF strategy achieves
comparable TBL compensation performance within a prac-
tical power budget. Consequently, the engineering complex-
ities, physical straight-section space allocation, and vacuum
or cryogenic infrastructures inherent to developing a dedi-
cated broadband auxiliary cavity can be entirely bypassed.
The proposed framework establishes an elegant, software-
driven retroactive solution that maximizes the utility of
existing rf assets, offering a promising technological path-
way for the design and optimization of next-generation
light sources.
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