
Optimizing the interaction geometry of inverse Compton
scattering x-ray sources

C.W. Sweers * and O. J. Luiten
Department of Applied Physics, Eindhoven University of Technology,

P.O. Box 513, 5600 MB Eindhoven, The Netherlands

(Received 5 February 2026; accepted 6 August 2026; published 31 August 2026)

Inverse Compton scattering (ICS) is a promising method for generating coherent and tunable x-rays in a
compact setup. In this paper, we present a theoretical framework describing the output of an ICS x-ray
source for arbitrary interaction angles between pulsed electron and laser beams in the Thomson regime.
This allows for analytic optimization of the x-ray beam properties by varying the parameters defining the
geometry. In general, different x-ray applications require optimization of different x-ray beam properties,
such as energy spread for x-ray spectroscopy and angular spread for x-ray scattering measurements. In this
paper, we restrict ourselves to optimization of the x-ray brilliance, which is a comprehensive figure of
merit for x-ray beam quality. The framework can be used, however, to optimize other x-ray properties. We
investigate two specific ICS interaction geometries in particular: head-on scattering of a laser beam off an
electron beam and scattering of a laser beam off an electron beam in a co-propagating geometry,
interacting under a grazing angle. For head-on scattering, we show that a tightly focused, cylindrically
symmetric laser pulse, which balances laser intensity and interaction time, optimizes the x-ray brilliance.
For a co-propagating, grazing angle geometry, an elliptical focus of the laser pulse is required to mitigate
the geometric reduction of the interaction time. We find that the latter geometry is especially useful for soft
x-ray generation.

DOI: 10.1103/z3ll-hxlp

I. INTRODUCTION

Coherent and tunable x-ray sources have become an
indispensable tool in many fields of research, such as
materials science [1], life sciences [2], and advanced
medical diagnostics [3]. This demand is primarily served
by large facilities such as synchrotrons and free elec-
tron lasers [4]. However, due to the limited availability of
these large facilities, their usage comes with many logis-
tical challenges. Therefore, there is a growing need for
coherent and tunable x-ray sources at the scale of the
university lab.
Inverse Compton scattering (ICS), a phenomenon in

which a highly energetic electron collides with a photon in
such a way that the electron loses energy and the photon
gains energy, forms the basis of a promising method to
generate x-rays at the lab scale. Several ICS-based x-ray
sources are currently operational [5–11] and new designs

have been proposed [12–16]. Imaging techniques that
require energy tunability and coherence, such as K-edge
subtraction imaging [17] and phase contrast imaging [18],
have been demonstrated with an ICS-based x-ray source
and the use of lensless techniques such as ptychography
has been proposed [19].
While the fundamental theory of ICS has been described

in great detail [20–23], a closed-form analytical treatment
that takes into account both the three-dimensional distri-
bution of the pulsed electron and laser beams and arbitrary
interaction angles is lacking. Optimization tasks are there-
fore left to simulations, which can be time consuming and
do not provide a thorough physical understanding of the
limitations.
The goal of this paper is to provide an analytical closed-

form theoretical framework to optimize x-ray generation
by ICS. We restrict ourselves to the Thomson regime,
where electron recoil can be ignored. Different applica-
tions require optimization of different x-ray beam proper-
ties. In this paper, we choose to optimize the x-ray
brilliance, which is a comprehensive figure of merit that
takes into account x-ray flux, transverse coherence, and
energy spread. The framework can be extended, however,
to optimize other quantities such as flux of spectral density.
This is described in Appendix B. The average x-ray
brilliance is defined as [24]
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Bx ¼
fNx

ΔAΔΩðΔω=ωxÞ
: (1)

Here,Nx is the number of x-rays per pulse, f is the pulse
repetition frequency, ΔA is the effective x-ray emission
area, and ΔΩ is the solid angle in which the x-rays are
emitted. Δω=ωx is the relative bandwidth of the x-ray
beam. For details on the definition of the x-ray brilliance
used in the paper, see Appendix D.
The framework is meant to provide an intuitive under-

standing of how the x-ray source performance scales
with the parameters of the interaction geometry. Here,
the term geometry refers not only to the interaction
angle but also to the electron and laser pulse dimensions,
the electron beam energy, and the bunch charge. The
framework could serve as a baseline for a Compton
x-ray source design, in which, given a desired x-ray
energy and performance of the electron beamline and
laser system, the optimized interaction geometry can be
calculated.

A. Basics of inverse Compton scattering

Figure 1(a) shows a schematic illustration of the ICS
geometry. An electron (green) with velocity v⃗ ¼ βcẑ and
normalized energy γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
interacts with a laser

pulse (red) at an interaction angle θL, w.r.t. the electron
velocity. This angle is defined in such a way that θL ¼ π
corresponds to a head-on collision. During the interaction,
the electron oscillates rapidly and radiates in the process
(purple). Due to the relativistic nature of the electron, the
radiation becomes strongly blue shifted. In the Thomson
regime, the shifted frequency is given by [22]

ωx ¼ ωL
1 − β cos θL
1 − β cos θx

: (2)

Here, ωx and ωL are the angular frequencies of the
generated radiation and the laser pulse, respectively, and θx
is the angle of the outgoing radiation with respect to the
electron velocity.
In the relativistic limit (γ ≫ 1) and under small radiation

angles (γθx ≪ 1), Eq. (2) can be approximated in a
convenient way. For head-on scattering ðθL ¼ πÞ this
results in the well known expression

ωx ≃
θL¼π

ωL
4γ2

1þ γ2θ2x
; (3)

whereas for small interaction angles ðθL ≪ 1Þ, we find

ωx ≃
θL≪1

ωL
1þ γ2θ2L
1þ γ2θ2x

: (4)

Note that, since typically a large frequency shift is
desired, preferably γθL ≫ 1. These approximations clearly
show that the x-ray energy can be tuned by varying either
the electron energy, γ, or the interaction angle θL.
Furthermore, Eqs. (3) and (4) show how the x-ray

frequency depends on the angle θx: the highest x-ray
frequency, ω0, is emitted along the propagation direction
of the electron (θx ¼ 0) and the x-ray frequency gradually
decreases for larger angles, as shown in Fig. 1(c) [25].
At θx ≃ 1=γ the x-ray frequency has become half of the
on-axis frequency, ω0. Figure 1(b) shows the intensity
distribution of ICS, which is concentrated in a narrow
cone characterized by a half angle θx ¼ 1=γ [26,27].
The distribution is slightly asymmetric for linear laser
polarization, which is pointing in the vertical direction
in Fig. 1(b) [9,28]. However, for θx ≪ 1=γ, which is
required for a narrow bandwidth x-ray beam, the angular
distribution of the radiation is to a good approximation
uniform.

FIG. 1. (a) Schematic representation of ICS. An electron (green) interacts with a laser pulse (red) under an angle θL, generating x-rays
with emission angle θx. (b) Angular radiation distribution, which becomes cylindrically symmetric for θx ≪ 1=γ. Here the vertical axis
is in the direction of the laser polarization. (c) Spectral angular density, with ω0 ¼ ωLð1 − β cos θLÞ=ð1 − βÞ the x-ray frequency
for θx ¼ 0.
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The central challenge in the development of Compton
x-ray sources lies in the low efficiency of x-ray generation
per electron, associated with the small Thomson cross
section,

σT ¼ 8π

3
r2e ≃ 66.5 fm2; (5)

where re ¼ e2=ð4πϵ0mc2Þ is the classical electron radius,
with e the elementary charge and m the electron mass.
Obviously, for efficient generation of x-rays by Compton
scattering, the density of electrons and laser photons needs
to be as high as possible, requiring focused electron and
laser pulses.

B. Structure of this paper

We will analyze the dependence of the x-ray generation
on geometry of ICS in increasing levels of complexity,
illustrated by Fig. 2. We start in Sec. II by describing ICS
in a head-on geometry using a collisional model. We first
consider the collision between pencil beams, i.e., in the
approximation of perfectly parallel beams (① in Fig. 2).
Next, we analyze the more realistic situation of a focused
laser pulse and a pencil electron beam (② in Fig. 2) and
find the optimized interaction spot size and the corre-
sponding optimized bunch charge.

In Sec. III, we analyze ICS for arbitrary interaction
angles. This is the most novel part of the paper. A proper
analysis of this geometry requires a treatment in a
covariant framework. Again, we first analyze the situation
of two pencil beams (③ in Fig. 2). Subsequently, we
investigate the combination of a focused laser pulse and a
pencil electron beam (④ in Fig. 2). We derive closed-form
analytical expressions for the laser focal spot size and
the electron bunch charge, which optimize the x-ray
brilliance in a grazing angle geometry. We find that a
shallow co-propagating interaction angle—a grazing angle
geometry—can be favorable compared to a head-on
geometry, especially for the generation of soft x-rays.

II. HEAD-ON INVERSE COMPTON SCATTERING

In this section, we describe ICS in a head-on geometry
ðθL ¼ πÞ. We start with a pencil beam description and
calculate the x-ray brilliance. The result from this sim-
plified model serves as a demonstration of important
scalings for ICS. Next, we consider a finite laser pulse
length to find the optimal laser waist. Finally, a simple
argument is used to determine the bunch charge that
maximizes the x-ray brilliance.

A. Pencil beam description

We assume the pulses to be pencil beams with a
Gaussian transverse photon/electron density distribution

ρL;e ¼
NL;e

2πσ2L=e
exp

�
− x2 þ y2

2σ2L=e

�
; (6)

where the subscripts L and e refer to the laser beam and the
electron beam, respectively. NL=e is the total number of
laser photons/electrons and σL=e is the rms transverse size.
Throughout this paper, a quantity σ refers to an rms
quantity (with the exception of the Thomson cross section
σT). Note that we can neglect the z-dependence of the
density distributions due to the head-on geometry and the
pencil beam approximation. The total number of scattered
x-rays in the collision is given by [29]

Nx ¼ σT

Z
dt

Z
dxρLρejve − vLj ¼

σTNLNe

2πðσ2e þ σ2LÞ
: (7)

Note that Eq. (7) corresponds to the situation in which
the x-rays are scattered in the complete 4π solid angle with
100% relative energy spread. If a small relative energy
spread Δω=ωx is required, the x-ray acceptance angle
should be reduced to Θx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðΔω=ωxÞ
p

=γ. If γΘx ≪ 1, the
number of x-rays in this acceptance angle is [23,27]

FIG. 2. Schematic illustrations of the four geometries consid-
ered in this paper. In each geometry, the electron bunch (green)
with velocity β and laser pulse (red) with wave vector kL are
shown at three different times up until the collision. The top
figures show the pencil beam ① and focused laser beam ②

geometries in a head-on geometry. The bottom figures show the
pencil beam ③ and focused laser beam ④ geometries in a grazing
angle geometry. The relevant rms pulse dimensions are also
indicated.

OPTIMIZING THE INTERACTION GEOMETRY OF … PHYS. REV. ACCEL. BEAMS 29, 083405 (2026)

083405-3



Nx ¼
σTNLNe

4πσ2e

3

2
γ2Θ2

x: (8)

Here, we have additionally assumed that the sizes
of the electron and laser pulses are matched (σL ¼ σe),
which is close to the optimized situation and simplifies
the analysis. This is an important assumption used
throughout this section. Using ΔAΔΩ ¼ 2π2σ2eΘ2

x and
Δω=ωx ¼

ffiffiffiffiffi
2π

p
σω=ωx, with σω=ωx the rms relative band-

width, the average brilliance is given by

Bx ¼
fσTNLNeffiffiffiffiffi

2π
p

8π3
3

2

1

σ4eΘ2
x

γ2Θ2
x

σω=ωx
: (9)

The energy spread of a Compton x-ray source has
several contributions originating from both the laser pulse
and the electron beam properties [30]. To illustrate impor-
tant scalings, we restrict ourselves in the first instance to
the contribution to the energy spread due to the angular
spread of the electron beam: σω=ωxjσθe ¼ γ2σ2θe. If we
describe the electron beam using the normalized emit-
tance, ϵn ¼ γβσeσθe ≃ γσeσθe, Eq. (9) can be rewritten as

Bx ¼
fσTNLNeffiffiffiffiffi

2π
p

8π3
3

2

γ4σ2θe
ϵ4n

: (10)

Equation (10) shows two important scalings: First, we
find that the brilliance scales with γ4, which originates
from the improved geometric emittance with increased
electron energy. This not only results in a smaller x-ray
source size but also allows for tighter focusing of the laser
pulse. In a head-on geometry, the electron energy is fixed
by the desired x-ray energy for a given laser wavelength.
However, if the interaction angle can be varied, this scaling
can be exploited for any desired x-ray energy. This will be
further explored in Sec. III.
Second, Eq. (10) shows that Bx ∝ Ne=ϵ4n. For space

charge dominated electron beams, it holds that Ne=ϵ2n ¼
constant. As a result, we find that the x-ray brilliance
increases with a lower bunch charge. This counterintuitive
result is a direct consequence of the assumption that the
spot sizes of the electron and laser beams are matched
ðσL ¼ σeÞ, which is an assumption that cannot hold
indefinitely, as it is obviously limited by the laser beam
diffraction limit. In the remainder of this section, we
calculate the x-ray flux and brilliance with realistic
electron and laser beam descriptions, and find the opti-
mized laser focus and the corresponding bunch charge to
match the electron spot size to the laser pulse.

B. Focused laser pulse

Before the laser beam diffraction limit is reached, the
Rayleigh range may become comparable to, or even
smaller than, the laser pulse length, resulting in a signifi-
cant reduction of the interaction time between the electron

pulse and the laser pulse (see Fig. 3). This will lead to both
a reduction of the number of x-ray photons produced and
an increase of the x-ray energy spread. To analyze the
effect of focusing the laser beam, we now consider the
photon density of a TEM00 pulsed Gaussian laser beam

ρL ¼ NL

ð2πÞ3=2σ2LðzÞσt
exp

�
− x2 þ y2

2σ2LðzÞ
− ðz=cþ tÞ2

2σ2t

�
; (11)

where σt is the laser pulse length and σLðzÞ ¼
σLð0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRÞ2

p
with zR ¼ 2kLσ2L the Rayleigh length.

Throughout this paper, we assume perfect laser beams
(M2 ¼ 1). For nonperfect laser beams, the analysis still
holds if the expressions for the Rayleigh length and the
angular spread are adjusted accordingly. For now, we
assume the electron beam to be described by a pencil
beam. Substituting (11) into the central term of Eq. (7)
and subsequently performing the integration over time
results in

Nx ¼
σTNLNe

4πσ2e

3

2
γ2Θ2

x
ffiffiffi
π

p
u erfcxðuÞ: (12)

Here, erfcxðxÞ ¼ expðx2ÞerfcðxÞ is the scaled comple-
mentary error function [31], and u ¼ 2zR=cσt. The termffiffiffi
π

p
u erfcxðuÞ describes how the effective interaction time

is reduced due to laser beam divergence [20]. If we assume
ϵn=γ ≪ λL=4π, a very reasonable assumption in practice,
then also the divergence and finite longitudinal size σz of

FIG. 3. Illustration showing how focusing the laser beam
results in a reduction of the Rayleigh length, which affects
the interaction time. The bottom graph shows the product of the
electron pulse density and laser pulse photon density as a
function of time for a tight focus and a loose focus.
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the electron beam can be taken into account using
u ¼ 2zR=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2σ2t þ σ2zÞ

p
.

To calculate the brilliance, we must now take into
account the x-ray energy spread, to which both the laser
beam properties and the electron beam properties contrib-
ute. Here we consider only the three contributions of the
laser beam. First, we take into account the Fourier limited
bandwidth σω=ωxjωL

¼ 1=ð2ωLσtÞ, which is broadened
due to the shorter interaction time:

σω=ωxjωL
¼ 1=½2ωLσt

ffiffiffi
π

p
u erfcxðuÞ�: (13)

Second, the angular spread of a focused laser pulse gives
rise to a spread in the interaction angle σθL ¼ 1=ð2kLσLÞ,
resulting in additional x-ray broadening. By expanding
Eq. (2) around θL ¼ π, we find σω=ωxjσθL ¼ 1=ð2kLσLÞ2
[30], which can be expressed in terms of u as

σω=ωxjσθL ¼ 1

ωLσtu
: (14)

Finally, at high field intensities, the x-ray energy
spread is increased due to nonlinear broadening [32],
characterized by the normalized vector potential amplitude
A0 ¼ eE0=ðmcωLÞ. The corresponding x-ray energy
spread is given by [30]

σω=ωxjA0
≃
1

6
A2
0 ¼

χ

ωLσtu
: (15)

In the right hand side term, we have expressed the
nonlinear broadening in terms of the laser pulse dimen-
sions. Here, χ ¼ 4σTNL=ð3

ffiffiffi
π

p
αλLcσtÞ relates the laser

peak power to the normalized vector potential and α is the
fine structure constant. χ is only dependent on the laser
pulse energy and duration, and not the focal spot size.
The nonlinear broadening can become the significant
contribution to the x-ray energy spread if the laser is
tightly focused. We note that the nonlinear broadening can
be circumvented using appropriate laser pulse chirping
[33–35], which would effectively bring χ → 0.
The three energy spread contributions associated with

the laser beam properties can be combined, resulting in the
following expression for the x-ray brilliance

Bx ¼
3fσTNLNeffiffiffiffiffi

2π
p

8π3
γ2ωLσt
σ4e

πu2 erfcxðuÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4πð1þ χ2ÞerfcxðuÞ2

p :

(16)

To optimize brilliance, we note that for space
charge limited electron beams ϵn ¼ η

ffiffiffiffiffiffiffiffi
eNe

p
[36], where

η is a property of the injector that describes the elec-
tron beam emittance at a given bunch charge. Therefore
Ne=σ2e ¼ constant. Since u ∝ σ2L ¼ σ2e, the function

gðuÞ ¼ πu erfcxðuÞ2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4πð1þ χ2ÞerfcxðuÞ2

p
must be

maximized, resulting in the optimized value for σe

σopte ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
umaxλLcσt=8π

p
; (17)

where umax is the value of u that maximizes gðuÞ and thus
the x-ray brilliance. To take into account the length of the
electron pulse σz, the substitution σt → σt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðσz=cσtÞ2

p
should be used in Eq. (17).
Equations (16) and (17) do not take into account

bandwidth contributions originating from the electron
energy spread, σω=ωxjσγ ¼ 2σγ=γ, where σγ is the elec-
tron energy spread, and the electron angular spread,
σω=ωxjσθe ¼ γ2σ2θe. To include these contributions, the
substitution χ2 → χ2 þ ν2 should be made, where

ν ¼ ωLσtu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2σγ=γÞ2 þ ðγ2σ2θeÞ2

q
: (18)

This has the consequence of decreasing the value
of umax.
In Fig. 4, the function gðuÞ is plotted for χ ¼ 0 (green

curve) and χ ¼ 5 (blue curve), respectively. The function
1=u (yellow curve) is plotted as well, which gives the
brilliance scaling in the pencil beam limit. The inset shows
a plot of umax as a function of χ.
This analysis has been performed under the assumption

that the electron and laser spot sizes are matched, i.e.,
σe ¼ σL. For a fixed energy, the electron spot size is
determined by the beam divergence σθe and the normalized
emittance ϵn. For relativistic beams, σθe is typically limited
in practice to a few milliradians. We choose a fixed
electron beam divergence of 1 mrad and optimize the
normalized emittance such that σe ¼ σL. To arrive at an
expression for the optimized bunch charge, we use the
fact that ϵn ¼ η

ffiffiffiffiffiffiffiffi
eNe

p ¼ γσeσθe, combined with Eq. (17).

FIG. 4. Plots of the function gðuÞ for χ ¼ 0 (green curve) and
χ ¼ 5 (blue curve). The inset shows a plot of umax as a function
of χ. For comparison, the function 1=u (yellow curve) is plotted
as well, which gives the brilliance scaling of the pencil
beam limit.
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This results in

eNopt
e ¼ umaxγ

2σ2θe
λLcσt
8πη2

; (19)

which is the bunch charge that allows for the optimized
electron spot size σopte .
Interestingly, by substitution of Eqs. (17) and (19) into

Eq. (10), we find that the x-ray brilliance is independent of
the pulse lengths. However, this is only the case when the
energy spread contributions of only the laser pulse are
included. When including the energy spread contributions
of the electron beam, the laser pulse length is optimized
when the total of the energy spread contributions of the
laser pulse is equal to the energy spread contributed by the
electron beam.
We note that the presented optimization assumes ideal

Gaussian electron and laser beams. To account for non-
ideal laser beams, the substitution zR → zR=M2 should be
made in the definition of u ¼ zR=2cσt. Similarly, nonideal
electron beams can be accounted for by increasing the
normalized emittance to account for the increased inter-
action spot size. When the laser pulse has a time bandwidth
product above the Fourier limit, Eq. (13) should be scaled
accordingly. Note that the definition of u remains
unchanged, since the pulse length remains the same.

C. Optimized head-on geometry

As an example, we calculate the brilliance of an ICS
source generating 10 keV x-rays in a head-on geometry.
The electron bunches are generated from a C-band photo-
injector [37,38] that is able to create 200 pC electron
bunches at ϵn ¼ 200 nmrad ðη ¼ 14 nmrad=

ffiffiffiffiffiffi
pC

p Þ and a
relative energy spread of 0.2%. The electrons are accel-
erated to γ ¼ 46 to generate 10 keV x-rays with a 5 mJ,
100 fs, 1030 nm interaction laser pulse (χ ¼ 5.6) [39]. In
this example, we take the electron divergence angle to be
σθ ¼ 1 mrad, and the electron pulse length and the laser
pulse length are equal. Both the photoinjector and the laser
operate at f ¼ 1 kHz.
Figure 5 shows the x-ray brilliance as a function of

bunch charge. Here the bunch charge determines σe ¼
η

ffiffiffiffiffiffiffiffi
eNe

p
=ðγσθeÞ and the size of the laser is matched to the

electron beam, σL ¼ σe. This results in a bunch charge
where σL and σe are optimized. The energy spread
contributions due to the electron beam properties have
also been included. The continuous curve is calculated
using Eq. (16), and the dots are the result of particle
tracking simulations (General Particle Tracer [40]) and
subsequent numerical calculation of the Liénard-Wiechert
potentials [41]. From Eqs. (17) and (19), it then follows
that σopte ¼ 2.4 μm and the corresponding optimized bunch
charge eNopt

e ¼ 43 pC.
At the relatively low bunch charge of 43 pC, the x-ray

brilliance is 10 times higher than at 1 nC. Additionally, the

total number of scattered x-rays is only 4% lower at 43 pC
than at 1 nC. Remarkably, due to the optimization of the
laser focus and bunch charge, ICS is significantly more
efficient at a bunch charge which is ∼20 times lower.

III. INVERSE COMPTON SCATTERING FOR
ARBITRARY INTERACTION ANGLES

In a head-on ICS geometry, the generated x-ray energy
increases with the electron energy. For a given laser
wavelength, the desired x-ray energy therefore determines
the electron energy. At the same time, the x-ray brilliance
increases with electron energy, implying that, using ICS,
the generation of hard x-rays is more favorable than the
generation of soft x-rays. However, if instead of the electron
energy, the interaction angle is varied to achieve the required
x-ray energy, an additional degree of freedom is introduced,
which allows further exploitation of the favorable scaling of
the brilliance with the electron beam energy. This will be
explored in some detail in this section. We will find that a
grazing angle geometry (see Fig. 1) can be particularly
useful for the generation of high-brilliance soft x-rays.
We will now use the framework of covariant electro-

dynamics, with the metric gμν ¼ diagð1;−1;−1;−1Þ, to
describe the interaction of a relativistic electron bunch
with a laser pulse under an arbitrary interaction angle. We
start, in Sec. III A, by considering a single electron inter-
acting with a Gaussian pencil beam. Next, in Sec. III B, we
investigate the effects of focusing the laser beam, and in
Sec. III C, an electron bunch of finite dimensions instead
of a single electron. In Sec. III D, the x-ray brilliance is
optimized for θL ≪ 1. Finally, in Sec. III E, the optimized
performances of ICS in a grazing angle geometry and in a
head-on geometry are compared.

FIG. 5. X-ray brilliance for 10 keV x-ray generation in a head-
on geometry with matched electron and laser spot sizes, as a
function of bunch charge. The analytical result of Eq. (16) (solid
curve) agrees well with simulation results (dots). The arrow
marks the optimized bunch charge given by Eq. (19).
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A. Single electron with a pencil laser beam

In the regime where electron recoil can be ignored, i.e.,
4γ2ð1 − cos θLÞℏωL=γmc2 ≪ 1 [42], a single electron
with 4-trajectory xμðτÞ and 4-velocity uμðτÞ radiates,
according to the Liénard-Wiechert potentials, with a
spectral angular density [20]

Sðω; θxÞ ¼
∂2Nx

∂ω∂Ω
¼ αωx

4π2

����
Z

uμ exp ðikνxxνÞdτ
����2: (20)

Here kμx ¼ kxð1; nxÞ is the four-wave vector of the
scattered x-rays with nx the propagation direction.
Furthermore, xμ ¼ ðct; xÞ is the electron four-position,
uμ ¼ γð1; βÞ its normalized four-velocity, and τ ¼ t=γ is
the proper time.
The x-ray brilliance is closely related to the spectral

angular density. Using the fact that, obviously, σe ≪ σL for
a single electron,

Bx ≃
fNe

2πσ2e
ω0Sðω0; 0Þ: (21)

The dimensionless quantity ω0Sðω0; 0Þ is the peak
normalized spectral angular density, which is maximized
for θx ¼ 0 and therefore ω ¼ ω0 ¼ 2γ2ωLð1 − β cos θLÞ.
In this section, we will analyze how ω0Sðω0; 0Þ depends
on the interaction geometry of ICS. Specifically, how it
depends on the laser pulse dimensions, interaction angle,
and electron energy.
The integral in Eq. (20) is solved by considering a single

electron that experiences the normalized vector potential,
with amplitude AðτÞ, due to the laser pulse. We assume
that this normalized vector potential is Gaussian, i.e.,
AðτÞ ¼ A0 expð−τ2=4τ2intÞ. Here, τint is the proper inter-
action time of the electron with the laser pulse. Note that
τint is not equal to the length of the laser pulse. The manner
in which τint depends on the parameters of the laser pulse is
discussed later. A0 can be written in terms of the laser pulse
dimensions

A2
0 ¼

3σTNL

2απ3=2
1

σLkσL⊥ωLσt
: (22)

Because of the asymmetry in the interaction geometry,
we also have to consider an asymmetric laser pulse focus
with two transverse sizes, σLk and σL⊥. Here, the sub-
scripts k and ⊥ refer to the directions parallel and
perpendicular to the x-z plane, respectively.
When nonlinear effects can be neglected, i.e., A0 ≪ 1,

the peak normalized spectral angular density due to a
single electron is given by the concise expression

ω0Sðω0; 0Þ ¼
1

4π
αA2

0ω
2
0τ

2
int: (23)

For details, we refer to Appendix A. In this expression,
all dependencies on the interaction geometry are implicit
in A0, ω0, and τint. The quantity ω0τint plays an important
role. It is equal to the number of oscillations that the
electron makes during the interaction with the laser pulse,
multiplied by the Lorentz factor γ. In either a head-on
geometry (θL ¼ π) or a perfect co-propagating geometry
(θL ¼ 0), ω0τint ¼ γωLσt. For intermediate interaction
angles (0 < θL < π), ω0τint is reduced due to the less than
infinite value of σLk.
Figure 6 illustrates how the overlap between the electron

and the laser pulse is dependent on σLk, for two cases:
(a) where σLk ≪ cσt and (b) where σLk ≫ cσt. The figure
shows that the start of the interaction is not only deter-
mined by the laser pulse length but also by its transverse
size σLk. This is illustrated by the vector potential
amplitude, as experienced by the electron (red solid curve).
Figure 6 shows that τint can become very large when
θL ≪ 1 (as long as σLk ≫ cσt), which might infer
increased x-ray yield. However, this is exactly canceled
by the dependence of ω0 on θL, when evaluating ω0τint.
This is because the total number of oscillations of the
electron can never be larger than the number of oscillations
in the laser pulse, ωLσt, which is Lorentz invariant.
The reduction in the interaction time can be quantified

by a dimensionless parameter ζ∈ ½0; 1�, defined such that

FIG. 6. Illustrations of how the proper interaction time τint is
reduced by σLk. (a) Case for σLk ≪ cσt. (b) Case for σLk ≫ cσt.
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ω0τint ¼ γωLσtζ, where

ζ≡
�
1þ

�
β sin θL

1 − β cos θL

cσt
σLk

�
2
�−1=2

: (24)

ζ describes the number of oscillations experienced by
the electron compared to the total number of oscillations in
the laser pulse. The geometric reduction of the number
of oscillations is determined by the ratio between the
electron velocity component perpendicular to the laser
pulse propagation (β sin θL) and the difference between the
electron and laser velocity along the direction of the laser
pulse propagation (1 − β cos θL). The latter of which can
become very small for small interaction angles.
Equation (23) can be rewritten such that the peak

normalized spectral angular density becomes

ω0Sðω0; 0Þ ¼
1

4π
αA2

0γ
2ω2

Lσ
2
t ζ

2: (25)

Figure 7 shows how ζ depends on the interaction angle
θL for various aspect ratios σLk=cσt. In either the head-on
geometry ðθL ¼ πÞ or a perfect co-propagating geometry
(θL ¼ 0) the electron travels through all of the oscillations
of the laser pulse and therefore ζ ¼ 1. However, for
0 < θL < π, the electron experiences fewer oscillations,
which strongly depends on θL. This effect is most extreme
at small interaction angles, a grazing angle geometry. ζ is
minimum at θL ¼ cos−1ðβÞ ≃ 1=γ, since at this angle the
electron velocity is matched to the laser pulse velocity
component along the z axis.
The geometric reduction of the interaction time can be

overcome by either applying a pulse front tilt to the laser
that corrects for the tilted front in the co-moving frame
[43–45] or by utilizing a line focused laser pulse, where
σLk ≫ σL⊥. In this work we will analyze the second
solution.

As an example, a 100 fs laser pulse focused to σL ¼
2.4 μm interacting under θL ¼ 10° at γ ¼ 50, lowers the
interaction time by a factor ζ ¼ 0.007. As a result, the
brilliance is reduced by more than 4 orders of magnitude.
Utilizing a line focus, with aspect ratio σLk=σL⊥ ¼ 100, we
find that ζ ¼ 0.58. While the laser intensity is now lower
(by a factor of 100), the x-ray brilliance is almost 2 orders
of magnitude higher than if a tight symmetrical focus was
applied.
The blue curve in Fig. 7 shows that also for small

deviations from θL ¼ π the interaction time can become
significantly reduced when utilizing a tight laser focus.
This suggests that in a head-on geometry, it may pay off to
approach θL ¼ π as closely as possible, for instance by
using parabolic mirrors with through holes [46].
In Sec. III D, we will find expressions for the optimized

laser pulse dimensions. To find these, however, we first
need to describe the effect of using a focused laser beam at
arbitrary interaction angles.

B. Single electron with a focused laser beam

Similar to Sec. II B, we have found that a tight laser
focus is required to optimize the ICS interaction.
Therefore, we need to consider the effect of a focused
laser pulse. In contrast to Sec. II B, we now only have a
tight focus in the y direction. Additionally, since the
interaction angle is no longer parallel to the electron
velocity, the electron no longer traverses the complete
longitudinal profile of the laser pulse. The effect of a
focused laser pulse for grazing angle ICS is analyzed using
the substitution AðτÞ → AðτÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2=2τ2R

p
, similar to the

method presented in [47]. Here we have introduced a
proper Rayleigh time,

τR ¼ 2
ffiffiffi
2

p
kLσ2L;⊥

γβc cos θL

�
1þ σ4L;⊥

σ4L;k

�−1=2
; (26)

which describes the proper time that the electron spends
within the Rayleigh range of the laser pulse. When this
time becomes small compared to the interaction time, the
number of scattered photons is reduced and the x-ray
bandwidth is increased. The effect can be taken into
account by the substitution

τint → τintψK0ðψ2=4Þ; (27)

with K0ðxÞ ¼ expðxÞK0ðxÞ=
ffiffiffiffiffi
2π

p
the exponentially scaled

Bessel function of the second kind and order zero, and
ψ ¼ τR=τint. The role of ψ is also similar to that of u from
Sec. II B. However, ψ describes the effect of laser pulse
divergence on the interaction time at any interaction angle.
In a head-on geometry, ψ ¼ u. This result is very similar to
the result from Eq. (12) since

ffiffiffi
π

p
erfcxðxÞ ≃K0ðx2=4Þ.

FIG. 7. Reduction ζ of the overlap time as a function of the
interaction angle θL for three values of the ratio σLk=cσt (blue,
green, and yellow curves) for γ ¼ 10 (solid curves) and for
γ ¼ 50 (dashed curves).
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In a line focus geometry, where σL⊥ ≪ σLk, ψ can be
rewritten as

ψ ≃
1 − β cos θL
β cos θL

2k2Lσ
2
L⊥

ωLσtζ
: (28)

When the interaction angle θL ≪ 1, ψ ∝ 1=γ2. This is a
consequence of the long interaction length, γβcτint, in a
grazing angle geometry with a line focused laser pulse.
Therefore, σL⊥ needs to be larger compared to the head-on
case, to ensure that the Rayleigh length in the perpendi-
cular direction does not reduce the interaction time.
In Sec. III D, we will find an expression for σL⊥ that
optimizes the x-ray brilliance.
In addition to a reduced interaction time, the angular

spread of the focused laser pulse also induces an additional
x-ray bandwidth that is not yet included in Eq. (27). The
angular spread introduces a spread in the Doppler shift.
This can be quantified by an expansion of Eq. (2) around
θL, resulting in

σω=ωxjσθL ¼ β cos θL
1 − β cos θL

ðσ2θLk þ σ2θL⊥Þ: (29)

Here σθLk and σθL⊥ are angular spreads of the laser pulse
parallel and perpendicular to the x-z plane, respectively.
We note that one would also expect a term in Eq. (29) that
is first order in σθLk; however, this term is already taken
into account by ζ. For a line focused laser pulse, Eq. (29)
can be rewritten as

σω=ωxjσθL ¼ 1=ðωLσtζψÞ: (30)

Equation (23) only takes into account the Fourier
limited bandwidth

σω=ωxjωL
¼ 1=½2ωLσtζψ K0ðψ2=4Þ�: (31)

By combining the above two expressions, we find the
following expression for the peak normalized spectral
angular density

ωxSðωx; 0Þ ¼
1

π
αA2

0γ
2ω2

Lσ
2
t ζ

2
ψ2K0ðψ2=4Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4K0ðψ2=4Þ2

p : (32)

Other bandwidth contributions can be included in the
same method as discussed in Sec. II B. For the laser
parameters under consideration, the bandwidth due to
nonlinear broadening can be neglected due to the use of
the line focus.

C. Focused electron and laser beams

Up to now, we have only considered the interaction of a
single electron with the laser pulse. We will now also take

into account the finite electron bunch size and angular
spread by means of correction terms.
The finite size of the electron beam can be taken into

account by considering an electron with offset ðx; y; zÞ at
t ¼ 0. This electron will probe a lower intensity of the laser
pulse and therefore radiate fewer x-rays. Note that the
x-ray bandwidth remains unaffected. For an electron bunch
with initial density distribution

ρeðt ¼ 0Þ ¼ Ne

ð2πÞ3=2σ2eσz
exp

�
− x2 þ y2

2σ2e
− z2

2σ2z

�
; (33)

we find that the total number of scattered x-rays is reduced
by a factor 1þ Σ, where

Σ ¼ σ2eð1 − β cos θL − sin2θLÞ2=β2 þ σ2zsin2θL
4σ2Lkð1 − β cos θLÞ2 þ 4β2c2σ2t sin2θL

þ σ2e
4σ2L⊥

: (34)

In a head-on geometry, this expression reduces to

Σ ¼
θL¼π

σ2e
4σ2Lk

þ σ2e
4σ2L⊥

: (35)

By expanding Eq. (34) around θL ¼ 0 and assuming that
σL⊥ ≪ σLk, we find that

Σ ≃
θL≪1

σ2e
4σ2L⊥

þ σ2z
σ2Lk

γ4θ2L: (36)

The important result here is that the electron pulse
length, σz, starts to have a significant influence on the
total x-ray flux compared to the head-on case. Note that
γθL ≫ 1, even in a grazing angle geometry [see Eq. (4)].
Besides the well-known bandwidth contribution of the

electron angular spread due to the spread in emission
angle, σω=ωxjσθx ¼ γ2σ2θe, in a grazing angle geometry, we
also have to take into account that the electron angular
spread changes the interaction angle. This creates an x-ray
bandwidth contribution

Δω=ωjσθe ¼
β sin θL

1 − β cos θL
σθe ≃

ffiffiffiffiffiffi
ωx

ωL

r
2γσθe: (37)

The approximation on the right holds for θL ≪ 1.
Finally, we must take into account the effect of the inter-

action length, γβcτint, becoming longer than the electron
beta function, β̂ ¼ ϵn=ðγσ2θeÞ. In this regime, the x-ray
source size varies during the interaction, and we can no
longer use the electron beam size in the focus as the x-ray
source size. Instead, we have to use the effective x-ray
source size, obtained by a laser intensity-weighted average
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of the electron beam size:

σ2e;eff ¼ σ2e

�
1þ 1

2
ðγ2σ2θecτint=ϵnÞ2

�
: (38)

Equation (38) should be substituted in Eq. (21). It is not
required to apply the substitution in Eq. (34), since we will
find that in the above mentioned regime, the electron beam
becomes very small compared to the laser focus.

D. Optimization of a grazing angle interaction
geometry

All ingredients which are required for optimizing the
grazing angle interaction geometry are now in place. To
arrive at closed-form analytic expressions, we first con-
sider the interaction of a single electron with a focused
laser pulse and optimize the peak normalized spectral
angular density. Next we add the contributions for a
realistic electron beam to calculate the corresponding
x-ray brilliance. As a final step, we investigate the
behavior for small interaction angles θL ≪ 1 to find the
optimized electron energy. This method yields analytical
expressions for the laser pulse dimensions, interaction
angles, and electron energy for a desired x-ray energy.
For the interaction of a single electron, we optimize the

peak normalized spectral angular density given by Eq. (32)
to find optimized values of σLk and σL⊥. The dependency
on the laser pulse dimensions is implicit in A0 and ζ, given
by Eqs. (22) and (24), respectively. We now consider a line
focused geometry such that ψ is given by Eq. (28) and
recognize that A2

0 ∝ 1=σLkσL⊥. We now find that the peak
normalized spectral angular density scales as

ωxSðωx; 0Þ ∝ ψ3=2hðψÞζ3=2=σLk
with hðψÞ ¼ K0ðψ2=4Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þK0ðψ2=4Þ2
p : (39)

The optimized σLk is found by maximizing ζ3=2=σLk,
which occurs when

σoptLk ¼ 1ffiffiffi
2

p sin θL
1 − β cos θL

βcσt: (40)

Under this condition, ζ ¼ ffiffiffiffiffiffiffiffi
1=3

p
. Next, to find the

optimized σL⊥, we optimize ψ3=2hðψÞ, which has a
maximum at ψmax ¼ 1.91. When additional bandwidth
contributions such as the electron energy spread are taken
into account, additional terms result in the denominator of
hðψÞ. This will have the effect of decreasing ψmax.
Substituting ζ ¼ ffiffiffiffiffiffiffiffi

1=3
p

and ψ ¼ ψmax into Eq. (28), we
also find an expression for the optimized σL⊥:

σoptL⊥ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cσt
kL

���� β cos θL
1 − β cos θL

����
ffiffiffi
1

3

r
ψmax

s
: (41)

The absolute value signs are required since the argument
becomes negative when θL > 90°.
The red curves in Fig. 8 show the optimized laser spot

sizes σLk and σL⊥ for the generation of 500 eV x-rays
under different interaction angles, according to Eqs. (40)
and (41). The figure shows that for small interaction
angles, the optimal laser spot size σL becomes large in
both directions; however, the line focus is still maintained:
σLk ≫ σL⊥ over the entire angular range. The green dashed
curve shows σe for ϵn ¼ 200 nmrad and σθ ¼ 1 mrad.
Since the optimized laser spot size can become very small
outside of the grazing angle geometry, σe should always be
used as a lower bound for σL.
The x-ray brilliance can be calculated by including the

effects of the finite electron beam and effective spot size
into Eq. (21), resulting in

Bx ¼
fNe

2πσ2eð1þ κ2=2Þ
1

1þ Σ
ωxSðωx; 0Þ: (42)

Here, we have introduced κ ¼ γ2σ2θecτint=ϵn, which
corrects for the effective spot size over the interaction
length. For arbitrary interaction angles and beam dimen-
sions, the parameters ζ;ψ , and Σ should be calculated
using Eqs. (24), (26), and (34), respectively. However,
in the optimized grazing angle geometry, ζ ¼ ffiffiffiffiffiffiffiffi

1=3
p

,
ψ ¼ 1.91, and Σ becomes

FIG. 8. Optimized laser spot sizes σoptLk and σoptL⊥ (red solid and
dash-dotted curves) and electron spot size σe (green dashed
curve) for the generation of 500 eV x-rays as a function of
interaction angle.
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Σ ¼ σ2z
6β2c2σ2t

: (43)

In Fig. 9, x-ray brilliance for the generation of 500 eV
x-rays is plotted as a function of interaction angle. While
the interaction angle is varied, the laser pulse dimen-
sions are also changed, according to Eqs. (40) and (41).
The normalized emittance of the electron beam is
ϵn ¼ 200 nmrad and the electron beam angular spread
σθ ¼ 1 mrad. The electron energy is determined by the
interaction angle and the fixed x-ray energy of 500 eV.
Here σe is used as a lower bound for σLk and σL⊥.
The figure clearly shows how brilliance increases with

decreasing interaction angles, but only up to a point. At
small interaction angles, the effective source size becomes
so large that the brilliance drops abruptly. This results in an
optimal interaction angle, or equivalent electron energy. To
find an expression for this optimized electron energy, we
analyze how σoptLk and σoptL⊥ scale for large electron energy.
By series expansion of Eq. (2) for θL ≪ 1, we find that

σoptLk ≃
ffiffiffiffiffiffi
ωL

ωx

r
2γcσt; (44)

σoptL⊥ ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ψmax

ωxσt

ffiffiffi
1

3

rs
γcσt: (45)

The aspect ratio of the optimized line focus is therefore
given by σLk=σL⊥ ≃ 2.15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωLσt=ψmax

p
. Since the laser spot

sizes in both directions become linear with the electron
energy, the peak normalized spectral angular density
becomes independent of γ. As a consequence, the x-ray

brilliance scales according to

Bx ∝
1

σ2e;eff
¼ σ2θe

ϵ2n

γ2

1þ κ2=2
: (46)

Since κ ∝ γ3, we can find the electron energy, γopt, that
optimizes the x-ray brilliance:

γopt ¼
�
ωLσ

2
θe

ωxϵn
4cσtζψ K0ðψ2=4Þ

�−1=3
: (47)

Combining Eq. (47) with Eq. (2), the corresponding
interaction angle is obtained. As an example, for the
parameters used in Fig. 9, the optimized electron energy
γ ¼ 103 and the corresponding optimized interaction angle
θL ¼ 11.3°. This is in good agreement with the result
shown in Fig. 9.
Finally, Eqs. (40) and (41) can be used to find the

optimized laser pulse dimensions, completing the full
characterization of the optimized grazing angle interaction
geometry.

E. Performance of a grazing angle soft x-ray
Compton source

As an example, we apply the theoretical framework
described above to the design of a soft x-ray Compton
source with continuous tunability between 0.25 and
2.0 keV. This energy range is highly relevant for life
sciences [48,49] and catalysis [50,51]. In this energy
range, achromatic reflective x-ray optics with focal lengths
less than 1 m are available [52], which could keep the
footprint within the scale of a university lab.
The electron beamline is based on a high repetition

rate C-band photoinjector [37,38]. This injector creates
Q ¼ 200 pC electron bunches with a normalized emit-
tance of ϵn ¼ 200 nmrad ðη ¼ 14 nmrad=

ffiffiffiffiffiffi
pC

p Þ and 0.2%
energy spread at a repetition rate of f ¼ 1 kHz. Sub-
sequent LINACs can be used to accelerate the electrons to
the required energy. The electrons are focused to the
interaction point with an angular spread of σθe ¼ 1 mrad.
The interaction laser is a 100 fs, 5 mJ, Yb-fiber system
with a central wavelength λL ¼ 2πc=ωL ¼ 1030 nm, also
operating at 1 kHz repetition rate [39]. We assume the
electron pulse length to be equal to the laser pulse length.
We compare the x-ray source performance for three

geometries. First, a full optimization as described in the
previous section is performed, where the electron energy,
the interaction angle, and the laser pulse shape are
optimized. Second, an optimization is performed in which
the electron energy is kept constant and only the inter-
action angle and the laser pulse shape are optimized. This
has the advantage that no realignment of the electron optics
is required, while the x-ray performance is hardly affected.
Finally, a head-on geometry is optimized as described
in Sec. II. The resulting analytically optimized x-ray

FIG. 9. X-ray brilliance as a function of interaction angle for
the generation of 500 eV x-rays, using optimized laser spot sizes
σoptLk and σoptL⊥. The inset shows an enlargement of the 0°–30°
angular range, where the arrow denotes the interaction angle
corresponding to the optimized electron energy γopt.
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brilliances in the three different geometries are plotted
with solid curves in Fig. 10(a) for the 0.25–2 keV soft
x-ray energy range and in Fig. 10(b) for the entire
0–20 keV x-ray energy range. Also shown are the results
of charged particle tracking simulations (General Particle
Tracer [40]) combined with the numerical calculation of
the Liénard-Wiechert potentials [41], which are indicated
by dots. The analytical model results are in excellent
agreement with the numerical calculations.
We find that the grazing angle geometry is able to

improve the brilliance of an ICS source in the soft x-ray
regime by almost an order of magnitude compared to
the head-on geometry. In addition, we find that the
optimization of the grazing angle geometry is hardly
affected if the electron energy is not optimized and kept
fixed at γ ¼ 100. Figure 10(b) shows that the optimized
head-on geometry outperforms the grazing angle geometry
only at x-ray energies exceeding 7 keV for the parameters
considered.
The performance of the grazing angle geometry could

be improved even further by using an appropriate pulse
front tilt such that ζ → 1. In this case, the x-ray brilliance

would increase by approximately the aspect ratio of the
laser pulse focus σLk=σL⊥ ≃ 2.15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωLσt=ψmax

p
.

Additionally, the performance of the head-on geometry
can be increased by using an appropriately chirped laser
pulse to eliminate the effect of nonlinear broadening,
which would reduce χ → 0.

IV. CONCLUSION

In this paper, we have presented a theoretical approach
to optimize inverse Compton scattering x-ray sources. We
have found closed-form analytical expressions to describe
the x-ray beam properties in terms of the laser and electron
beam parameters. We find that the interaction angle is
an important optimization parameter, which has not yet
been treated in great detail. The model not only provides
physical intuition on the important scaling of parameters
involved in Compton scattering x-ray generation but also
allows for analytical optimization, which is usually done
by time consuming simulations. The presented method can
serve as a tool for the design of future Compton scattering
x-ray sources and the optimization of existing inverse
Compton scattering beamlines.
We find that, apart from the conventional head-on

interaction geometry, a co-propagating grazing angle inter-
action can be particularly effective for generating soft
x-rays. In general, the optimization involves a subtle inter-
play between several beam parameters. For a head-on
geometry, we find the surprising result that lowering the
bunch charge can lead to a higher x-ray brilliance while
maintaining the same x-ray flux. For soft x-ray wave-
lengths, optimization of a co-propagating grazing angle
geometry results in an order of magnitude higher x-ray
brilliance compared to the optimized head-on geometry.
Even higher x-ray brilliance could be achieved in a

head-on geometry by using chirped laser pulses to sup-
press the nonlinear broadening. The grazing angle geo-
metry could be optimized even further by employing a
laser pulse front tilt, which increases the interaction time
without loss of intensity.
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FIG. 10. X-ray brilliance as a function of x-ray energy for three
different optimized geometries: head-on scattering (red); grazing
angle scattering with optimization of both the interaction angle
and the electron energy (blue); and grazing angle scattering with
the electron energy kept fixed at γ ¼ 100 (green). (a) Results for
soft x-rays in the range 0.25–2 keVand (b) for the entire range of
0–20 keV.
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APPENDIX A: DERIVATION OF THE PROPER
INTERACTION TIME

We describe ICS in the framework of covariant
electrodynamics, when electron recoil can be ignored
(4γ2ð1 − cos θLÞℏωL=γmc2 ≪ 1), by assuming an electron
with normalized 4-velocity uμ and 4-trajectory xμ, inter-
acting with a laser pulse described by the normalized
vector potential

AμðτÞ ¼ A0 exp ð−τ2=4τ2intÞ exp ½iϕðτÞ�ϵμ; (A1)

with ϕðτÞ ¼ kνLxνðτÞ the laser phase and ϵμ is the laser
four-polarization. It is important to note that Aμ describes
the vector potential as experienced by the electron, i.e.,
evaluated at the position and time described by the electron
trajectory xμ. To arrive at Eq. (23), we assume that the
amplitude vector potential remains small ðA0 ≪ 1Þ and
that the laser pulse envelope varies slowly compared to
the laser phase. Additionally, we assume that the laser
polarization is perpendicular to the initial electron four-
velocity uμ0. The spectral angular density of the radiated
field is given by [22]

Sðω; θxÞ ¼
αA2

0

4π
ωτ2int exp

�
−γ2τ2intð1 − β cos θxÞ2

�
ω − ωL

1 − β cos θL
1 − β cos θx

�
2
��

1 −
�

sin θx sinφx

γð1 − β cos θxÞ
�

2
�
; (A2)

with φx the polar angle of the emitted radiation. In the
exponent, we can directly identify the angular dependent
Doppler shift of Eq. (2) and the Fourier limited bandwidth
σω=ωx¼ ½2γð1−βcosθLÞωLτint�−1. Evaluation of Eq. (A2)
at ω ¼ ωx and θx ¼ 0 results in Eq. (23). By integration
over the x-ray frequency, we find the angular radiation
distribution

∂Nx

∂Ω
¼ αA2

0

2
ffiffiffiffiffi
2π

p ωxτint
1 − β cos θx

�
1 −

�
sin θx sinφx

γð1 − β cos θxÞ
�

2
�
;

(A3)

from which we can derive the characteristic 1=γ cone.
When uν0ϵν ≠ 0, this distribution changes. However, if
γθL ≫ 1 this amounts to a rotation along φx.
To find the proper interaction time τint, we must describe

the 3D laser pulse in Lorentz invariant quantities. For this,
we must introduce the following four-vectors and corre-
sponding invariant contractions:

ϕ ¼ xνkνL kμL ¼ kð1; n̂Þ
ρ ¼ xνrν rμ ¼ ð0; ϵ̂ × n̂Þ
η ¼ xνϵν ϵμ ¼ ð0; ϵ̂Þ
ς ¼ xνsν sμ ¼ ð0; n̂Þ:

Figure 11 illustrates how the spatial components of
these four-vectors relate to the laser pulse. We note that,
while rμ and sμ can be constructed in any reference frame,
different observers may not construct the same four-
vectors. These vectors should therefore be interpreted as
a tool to describe a laser pulse, rather than manifestly
covariant four-vectors.

We can now describe the vector potential as

Aμ ¼ A0 exp
�
− ρðτÞ2

4σ2Lk
− ηðτÞ2
4σ2L⊥

− ϕðτÞ2
4ω2

Lσ
2
t

�

× exp ½iϕðτÞ�ϵμ: (A4)

We now assume that the electron has a ballistic
trajectory, xμ ≃ uμ0cτ, where we have defined xμ0 ¼ 0.
This allows the vector potential to be rewritten as

Aμ ¼ A0 exp
�
−
�ðuν0rνÞ2

4σ2Lk
þ ðuν0kLνÞ2

4ω2
Lσ

2
t

�
c2τ2

�

× exp ½iϕðτÞ�ϵμ: (A5)

Using uν0rν ¼ γβ sin θL and uν0kLν ¼ γkLð1 − β cos θLÞ,
the expression for the proper interaction time [Eq. (25)]
can be identified. To incorporate the finite electron beam
waist, we take xμ0 ¼ ð0; x0; y0; z0Þ and integrate over the
electron distribution.
Equation (A5) does not describe a true Gaussian TEM00

mode. Importantly, it lacks a description of the divergence,
which can be corrected for using the substitution

FIG. 11. Illustration of the spatial parts of kμL; r
μ; ϵμ, and sμ.

The red curve represents the envelope of a Gaussian laser pulse.
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Aμ → Aμ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðς=zRÞ2

q
: (A6)

Using ς ¼ uν0sνcτ ¼ γβ cos θLcτ, we can identify the
standard integral [31]

Z
dτ

exp ð−τ2=4τ2intÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τ2=2τ2R

p ¼ τintψ exp ðψ2=4ÞK0ðψ2=4Þ;

(A7)

with ψ ¼ τR=τint. Comparing this to the Gaussian standard
integral results in Eq. (27).

APPENDIX B: OPTIMIZATION OF OTHER
X-RAY QUANTITIES

The optimization presented in this paper focuses on the
average x-ray brilliance only. However, other x-ray quan-
tities such as the spectral density, brightness, or flux could
be the relevant quantity to optimize depending on the
application. Here we show how the presented framework
can be optimized for different quantities other than the
x-ray brilliance. Here it is discussed for the head-on case
(Sec. II); however, the same method can be applied to the
framework presented in Sec. III.
From Eq. (16), we found that the quantity that optimizes

the x-ray brilliance is

u2

σ2e

πerfcxðuÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ πð1þ χ2ÞerfcxðuÞ2

p : (B1)

However, it is possible to set a lower bound on either the
x-ray coherence, determined by σe, or the x-ray energy
spread by adding additional parameters to Eq. (B2),
resulting in

gðuÞ ¼ u
1þ 4k2Lσ

2
min=ðωLσtuÞ

×
πerfcxðuÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ πð1þ χ2 þ ½ωLσtu ε�2ÞerfcxðuÞ2
p ; (B2)

where we have used that u ∝ σ2e: σmin is the smallest
required source size and ε is the smallest required x-ray
energy spread. umax can be numerically evaluated using
these additional parameters. The resulting optimization
does not optimize the x-ray brilliance, rather the x-ray flux
within a specified partial coherence and energy spread.
This can be of interest in, for example, K-edge subtractive
imaging, where but high coherence is required spatial
resolution, but the energy spread can be ∼1%–10% [54].
The limit where σmin → ∞ optimizes the spectral

density and ε → ∞ optimizes the x-ray brightness.
ðσmin; εÞ → ð∞;∞Þ optimizes the x-ray flux.
The spectral density is optimized when umax → ∞,

whereas the flux and brightness are optimized when

umax ¼ 0. Only when there is a requirement on both the
source size and energy spread is the x-ray beam optimized
at a finite value of umax.

APPENDIX C: COMPARISON WITH
SIMULATIONS

Throughout this paper, the developed theory has been
checked with simulations. This is done by numerically
calculating the spectral angular density from the electron
motion with Liénard-Wiechert potentials using the algo-
rithm developed in [41]. The electron motion is calculated
using a particle tracking simulation (General Particle
Tracer [40]) and the electromagnetic field descriptions
of a pulsed Gaussian TEM00 mode with a focus that can be
asymmetrical.
This simulation not only takes into account a more

accurate field description that includes the radius of curva-
ture, Gouy phase, and a diverging laser pulse but also
includes nonlinear effects and ponderomotive scattering.
The electron beam is represented by 103 macroparticles,
where the effects of electron energy spread, divergence,
and beam size are incorporated. Since the dimensions
of the electron beam are much larger than the radiated
wavelength, the contributions from individual micropar-
ticles have been added incoherently.

APPENDIX D: DEFINITION OF X-RAY
BRILLIANCE

Throughout this paper, we define the x-ray brilliance
such that Z

Bx ∂A ∂Ω ∂ðω=ωxÞ ¼ fNx; (D1)

according to the convention used in [24]. Note that,
using this convention, Bx is independent of whether rms,
FWHM, or other values are used to define the quantities
ΔA;ΔΩ, and Δω=ωx, as long as a proper normalization is
used. Additionally, this definition of x-ray brilliance
ensures that Eq. (21) holds. Since σe and Δω=ωx refer
to rms quantities, ΔA ¼ 2πσ2e and Δω=ωx ¼

ffiffiffiffiffi
2π

p
σω=ωx.

Because the x-ray angular spread is uniform, ΔΩ ¼ πΘ2
x.

Combining these expressions results in Eq. (1).
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