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In general, optimizing chromaticity and transverse feedback parameters is important in suppressing
beam instabilities for stable operation in high-intensity proton machines. Meanwhile, space charge effects
impact the intrabunch motion of the proton bunch within a large chromaticity region in the machines, such
as the main ring (MR) in the Japan Proton Accelerator Research Complex (J-PARC). To address this issue,
the decoherence and recoherence of the transverse motion of the particles comprising the proton bunch
are investigated. The analysis reveals that the space charge effects have a significant influence on the
recoherence period through the chromaticity. Nevertheless, the relationship between the maximum
frequency in the bunch and the chromaticity is not affected by the space charge effects. These findings
are demonstrated with particle tracking simulations, including the direct and indirect space charge effects,
and the impedance source of the J-PARCMR. Furthermore, we illustrate the influence of the indirect space
charge effect on particle motion by examining the excitation patterns of radial and head-tail modes.
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I. INTRODUCTION

High-intensity proton beams are essential for a wide
range of experiments, from high-energy physics to life
and material sciences. Major facilities include the Super
Proton Synchrotron (SPS) [1] at Conseil Européen pour
la Recherche Nucléaire (CERN), the Main Injector (MI)
synchrotron [2] at Fermi National Accelerator Laboratory
(FNAL, Fermilab), the Alternating Gradient Synchrotron
(AGS) [3] at Brookhaven National Laboratory (BNL), and
the SIS-18 synchrotron [4–10] at GSI Darmstadt.
The main ring (MR) synchrotron at the Japan Proton

Accelerator Research Complex (J-PARC) [11–16] is also
recognized as a major high-intensity proton facility. It
plays a central role in neutrino physics research, supporting
the T2K experiment [17–20] and the future Hyper-
Kamiokande experiment [21]. The high-intensity proton
beam and the stable operation of the J-PARC MR con-
tribute to increasing the statistics and improving the
precision of measurements of neutrino oscillation param-
eters. The operational average beam power of the J-PARC
MR is approximately 800 kWas of 2024 under the number
of protons per pulse (ppp) of 2.3 × 1014 with 8 bunches,

a cycle of 1.36 s, and an extraction energy of 30 GeV. To
further improve the performance of the accelerator toward
an intensity frontier, it is important to manipulate the
intrabunch motions of the beam adequately.
While enlarging chromaticity is a standard method to

suppress beam instabilities, head-tail (azimuthal) and radial
modes [22,23] could be excited by the wakefields in the
ring. An upgrade of the transverse intrabunch feedback
(IBFB) [24–34] is currently underway to achieve operation
at 1.3 MW.
Needless to say, space charge effects must play a

significant role in the intrabunch motion in high-intensity
beams. Theoretically, Blaskiewicz investigated the direct
space charge effect on beam instabilities by introducing
“the space charge modes” [35], which is equivalent to the
head-tail modes [4,5].
This paper aims to clarify the behavior of the modes with

the high-intensity beams caused by the combined effects of
the chromaticity, impedance, and the direct and indirect
space charge to achieve stable operation. One pioneering
work was done to investigate the effects of the intrabunch
motion in the SIS-18 but within limited parameters. In
those studies, the chromatic phase χb, defined as

χb ¼ 2π
ξx
ηC

zb; (1)

was lower than 5, where ξx ¼ Δνβ;x=Δδ is the horizontal
chromaticity, zb is the full bunch length, η is the slippage
factor, and C is the circumference of the ring, νβ;x is the
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bare betatron tune, and δ is the longitudinal momentum
deviation. The space charge parameter qsc [4–8] is
defined as

qsc ¼
jΔνincj
νs

(2)

was lower than 10, where Δνinc is the incoherent tune shift
from the direct space charge and νs is the synchrotron tune.
Among the head-tail modes excited by the transverse bunch
displacement during the injection process, the only lower
modes m ≤ 3 survived after the injection.
For machines aiming for higher intensities, such as the

J-PARCMR, more extensivework is indispensable because
the chromatic phase χb could change in wider regions to
around 50 to suppress the beam instabilities, and the space
charge parameter qsc could become higher than 50. Then,
we present a more comprehensive study of the effects
of space charge on particle motion within the bunch across
the wider parameter range, using theoretical analysis,
simulations, and experimental measurements at the
J-PARC MR.
One major objective of this study is to understand the

fundamental aspects of the intrabunch motion under large
chromaticity in high-intensity proton rings. Specifically,
we explore the impact of direct and indirect space charge
effects on the head-tail modes through the chromaticity
within the wider parameter region when no beam instability
is present by choosing suitable machine parameters.
To gain deeper insight into the complex factors of

intrabunch dynamics, reconciling simulation and experi-
mental results is essential. However, full three-dimensional
simulations are often impractical as a primary approach due
to their time consuming and overly complex nature. To
address this issue, we developed a simplified particle
tracking simulation code to model the time evolution of
transverse dipole moments and space charge effects. This
code tracks particles in two dimensions—horizontal and
longitudinal—using a linear approximation. This simplifi-
cation enables us to better understand the combined effects
of the chromaticity and space charge driven head-
tail modes.
To validate this code, we provide a robust foundation for

handling direct and indirect space charge effects from a
fundamental perspective. During this derivation process,

TABLE I. List of symbols.

Term Unit Description

m Head-tail mode number index
Δνinc Incoherent tune shift from the direct space charge
Δνcoh Coherent tune shift from the indirect space charge
c ms−1 Light velocity
e C Electric charge
E0 eV Total energy
ϵ0 Fm−1 Vacuum permittivity
rp m Classical particle radius of the proton
Z0 Ω Impedance of free space
C m Circumference of the ring
ξx Horizontal chromaticity
h Harmonic number
Vrf V rf voltage
βx m Average value of the beta function along the ring
β Lorentz beta
γ Lorentz gamma
T0 s Revolution period
f0 s−1 Revolution frequency
η Slippage factor
νβ;x Horizontal bare betatron tune
νs Bare synchrotron tune
Ns turn Synchrotron period
n Simulation step number index
s m Path length
ẑ m Half bunch length of ABS and ABH model
δ0 Momentum deviation of ABS model
ΔðkÞ mC Dipole moment in kth segment

λðkÞ C Charge density in kth segment
ΔT s Advance time per step
ϕ rad Betatron phase advance
σx mm rms horizontal beam size
σz mm rms longitudinal beam size
σδ mrad rms momentum deviation
zb m Full bunch length
X0 m Horizontal offset position at injection
NB Bunch population
Bf Bunching factor

λ̂ C Peak line density of electrical charges
xn m Transverse centroid of the entire bunch
x̄ðn; zÞ m Transverse centroid
χσ rad rms chromatic phase
χb rad Chromatic phase
fintðnÞ s−1 Intrabunch frequency
fmax s−1 Maximum value of intrabunch frequency fintðnÞ
NAM turn Recoherence time
Nf turn Decoherence time
XðnÞ m Transverse centroid of the entire bunch
qsc Space charge parameter
i Macroparticle number index
f m Half distance between the two focal points
hC m Radius of the cylindrical conductive chamber
dω m Finite thickness of the resistive wall chamber
L m Length of the resistive wall chamber
ρ m Resistivity of the resistive wall chamber
F Filling factor of the elliptical chambers along the ring
G Geometrical factor
Nparticle Number of macroparticles in the bunch

(Table continued)

TABLE I. (Continued)

Term Unit Description

σΔ m Segment length
Δν Tune interval between the head-tail modes
νm Head-tail mode frequency
q C Allocated charge for one macroparticle

YOSHIMURA, TOYAMA, and SHOBUDA PHYS. REV. ACCEL. BEAMS 28, 101003 (2025)

101003-2



we clarify the limits of the theory’s applicability to the
direct and indirect space charge effects within the linear
approximation. For a benchmark test, the simulation results
are compared with theoretical predictions addressing
Gaussian beams in a harmonic potential with weak space
charge forces, extended from the airbag square-well (ABS)
model originally developed by Blaskiewicz [35].
We also estimate the effect of longitudinal and transverse

impedances on the intrabunch motion in the J-PARC MR.
In the process, we establish a framework for incorporating
the long-range resistive wall impedance into simulation
codes by accounting for the chamber thickness. Finally, we
demonstrate that the impedance does not influence intra-
bunch motion both theoretically and simulationally unless
the beam instability occurs. In other words, our simulation
study reveals that the indirect space charge effect stabilizes
the beams [36,37] by suppressing the radial and negative
head-tail modes, although the direct space charge excites
the beam instability [38].
Ultimately, we demonstrate that the simplified simula-

tion tools are valuable for characterizing and understanding
experimental measurements dealing with the high-inten-
sity beams.
This paper is structured as follows: In Sec. II, we

introduce the basics of the algorithm without space charge
effects. In Sec. III, we review the theoretical decoherence
model without space charge to understand the character-
istics of intrabunch motion. In Sec. IV, we establish a robust
foundation for incorporating space charge effects into the
code. In Sec. V, we address the transverse resistive wall
impedance. In Sec. VI, we partially generalize the ABS
theoretical model to account for Gaussian beams in a
harmonic potential, incorporating both weak direct and
indirect space charge effects. In Sec. VII, we provide a
comprehensive analysis of intrabunch motion by compar-
ing the simulation with the theoretical results. In Sec. VIII,
we perform supplementary simulation to survey how the
radial and negative head-tail modes are suppressed by
the indirect space charge effect. In Sec. IX, we examine
the effects of space charge on intrabunch motion through
chromaticity and rf voltage in the time domain from
simulation and analytical points of view in preparation
for comparison with the experimental measurements. In
Sec. X, the measured data are analyzed and compared with
the simulation results. Finally, the paper is summarized
in Sec. XI.
The symbols used throughout this paper are defined in

Table I.

II. BASIC ALGORITHM

In this section, let us focus solely on implementing basic
kinematics into our code, neglecting the space charge and
wakefield effects. To simplify the situation, the simulation
only deals with 1D transverse (horizontal) + 1D longi-
tudinal motion by tracking macroparticle motions in

discrete time steps. In this paper, only the storage mode,
not the acceleration mode, is considered to highlight the
feature of the space charge effect on the intrabunch motion
in the following sections after generalizing this algorithm.
The symbols used in this section are defined in Table II.
The horizontal coordinates x are defined as the position

relative to that of the synchronous particle, and x0 ¼ dx=ds
is the derivative of x with respect to s, path length along the
design trajectory. The horizontal motion terms are calcu-
lated as

xnþ1;i ¼ cosðϕn;iÞxn;i þ βx sinðϕn;iÞx0n;i; (3)

x0nþ1;i ¼ − 1

βx
sinðϕn;iÞxn;i þ cosðϕn;iÞx0n;i; (4)

where i is the macroparticle number index, n is the
simulation step number index, xn;i is the horizontal posi-
tion, x0n;i is the horizontal position derivative with respect to
s ¼ βcT̂n, T̂n is the nth time, the betatron phase advance is

ϕn;i ¼ 2πðνβ;x þ ξxδn;iÞ
ΔT
T0

; (5)

ΔT ¼ T̂nþ1 − T̂n, δn;i is the longitudinal momentum
deviation from the synchronous particle, the bare betatron
tune νβ;x ¼ 21.35, the circumference C ¼ 1567.5 m, the
slippage factor η ¼ −0.0578 for a total energy E0 ¼
3.938 GeV with Lorentz-β ¼ 0.971 and Lorentz-
γ ¼ 4.198, the revolution period T0 ¼ C=βc ¼ 5.384 μs,
and βx ¼ C=2πνβ;x is the average value of the beta function
along the J-PARC MR.
For the transverse phase space distribution, we adopt

a Gaussian distribution with σx ¼ 7.5 mm and σx0 ¼
0.64 mrad as its initial condition. The condition for this
simulation matches the condition of the J-PARC MR
because the beams injected into the ring typically have
an unnormalized root mean square (rms) emittance of

TABLE II. List of symbols in Sec. II.

Term Unit Description

x m Horizontal position
x0 rad Horizontal position derivative with respect to path length
z m Longitudinal position
δ Longitudinal momentum deviation
T̂n s Time at the nth step
ϵx mm

mrad
Unnormalized rms horizontal emittance

σx0 mrad rms horizontal beam divergence
xðkÞ m Transverse centroid in kth segment

zðkÞ m Longitudinal position in kth segment

NðkÞ Number of macroparticles in kth segment

SðkÞi
Shape function
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ϵx ¼ 4.8π mmmrad. The horizontal offset position at
injection is X0 ¼ 0.01 m.
The longitudinal coordinates z and δ are defined as the

position and the momentum deviation relative to those of
the synchronous particle, respectively. The longitudinal
motion terms are calculated as

znþ1;i ¼ zn;i − ηCδn;i
ΔT
T0

; (6)

δnþ1;i ¼ δn;i − eVRF

β2E0

2πh
C

znþ1;i
ΔT
T0

; (7)

where zn;i is the longitudinal position, the electric charge
e ¼ 1.6 × 10−19 C, and the harmonic number h ¼ 9.
Unless otherwise specified, the rf voltage is Vrf ¼ 263 kV
in this paper.
The small-amplitude bare synchrotron tune νs is given by

νs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eVRFhjηj
2πβ2E0

s
; (8)

which is 0.0024 by the given parameters. The synchrotron
period is defined as Ns ¼ 1=νsð¼ 410Þ.
For the longitudinal phase space distribution, we adopt a

Gaussian distribution with σz ¼ 10 m and

σδ ¼
2πνs
jηjC σz; (9)

as its initial condition.
In this paper, the bunching factor is defined as

Bf ¼
eNB

Cλ̂
; (10)

whereNB is the bunch population, λ̂ is the peak line density
of electrical charges, typically featuring Bf ¼ 0.015 in this
simulation.
Particularly under the square-well potential in the airbag

model (ABS model), which is used for the theoretical
analysis in the following sections, Eq. (7) is replaced by

δnþ1;i ¼ δn;i; for − ẑ ≤ znþ1;i ≤ ẑ;
−δn;i; for znþ1;i < −ẑ; ẑ < znþ1;i;

�
(11)

to ensure consistent longitudinal motion with the momen-
tum deviation at a constant velocity in the region of −ẑ <
z < ẑ (ẑ is the half bunch length). We set ẑ ¼ ffiffiffiffiffiffiffiffi

π=2
p

σz ¼
12.5 m to match the peak density of the uniform distribu-
tion and that of the Gaussian distribution for the same
bunch intensity eNB, and the momentum is distributed as
δ ¼ �δ0 ¼ �0.13% to satisfy

δ0 ¼
4νs
jηjC ẑ; (12)

to guarantee the same synchrotron period as that of the
harmonic potential.
The transverse centroid of the entire bunch xn is

defined as

xn ¼
1

Nparticle

X
i

xn;i; (13)

whereNparticle is the number of macroparticles in the bunch.
Subsequently, let us divide the ring with the segment

length σΔ, where kth segment is identified with zðkÞ ¼
−C=2hþ kσΔ in the interval ½−C=2h; C=2h�, and inves-
tigate the intrabunch frequency by calculating the dipole
momentΔðkÞ and the charge density λðkÞ for the kth segment
when the segment is filled with macroparticles comprising
the bunch. The number of macroparticles NðkÞ in kth
segment is calculated as

NðkÞ ¼
X
i

SðkÞi ; (14)

where ðkÞ and i specify the segment and macroparticle
indices, respectively, and the shape function is introduced
as follows [39,40]

SðkÞi ¼ 1 − jzi−zðkÞj
σΔ

; for zðk−1Þ ≤ zi ≤ zðkþ1Þ;
0; for zi < zðk−1Þ; zðkþ1Þ < zi:

(

(15)

Finally, the dipole moment ΔðkÞ and the charge density
λðkÞ of kth segment are respectively described as

ΔðkÞ ¼ q
σΔ

X
i

xiS
ðkÞ
i ; (16)

λðkÞ ¼ q
σΔ

X
i

SðkÞi ; (17)

with q ¼ eNB=Nparticle being the allocated charge for one
macroparticle. Accordingly, the transverse centroid xðkÞ of
kth segment is given by

xðkÞ ¼ ΔðkÞ

λðkÞ
: (18)

In the following simulations concerning the transverse
oscillation in the bunch, we will conduct tracking simu-
lations with both the ABS model with Eqs. (6) and (11),
and the harmonic potential bunch model with Eqs. (6)
and (7). The horizontal chamber boundary is set to
�0.065 m, while the longitudinal bucket size is �C=2h.
We assume that any macroparticles outside this region
should be lost.
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III. TRANSVERSE LINEAR DECOHERENCE

In this section, to overview a typical behavior of intra-
bunch motion, we review the linear decoherence model
[4,41], neglecting the space charge and wakefield effects,
and assuming the tune shift is solely caused by the
chromaticity. The longitudinal and transverse motions of
particles within a bunch are correlated through the syn-
chrotron motion. To explore how the chromaticity affects
the motions of the particles comprising the bunch, we
examine a situation where the particles with identical initial
transverse offsets are injected into the ring, exciting the
intrabunch motions. In general, the disappearance of the
coherent oscillation signal, observed as the beam circulates
the ring, reflects the betatron phase spread caused by the
chromaticity, (space charge and wake effects).
The intrabunch oscillation describes the behavior of the

transverse centroid at the respective longitudinal position
along the bunch for a specific turn in the ring, which is
closely related to the decoherence signals of the bunch. The
Fourier transform of this centroid position with respect to
the longitudinal direction yields a frequency spectrum in
the bunch. When this frequency spectrum becomes pro-
nounced, it can manifest the instability of the beam. Proper
identification and analysis of intrabunch oscillations are
essential for determining the performance of the IBFB
because it functions by detecting the frequency signals.
Following this model, we examine the transverse cent-

roid x̄ðn; zÞ for a group of particles with the same
longitudinal position z in a given turn n. For simplicity,
all equations in this section and in Sec. VI are expressed
in complex notation. Observable quantities correspond to
the real parts of x̄ðn; zÞ and XðnÞ, i.e., Re½x̄ðn; zÞ� and
Re½XðnÞ�, respectively.
The initial condition is set as x̄ðn ¼ 0; zÞ ¼ X0 regard-

less of the longitudinal position of the particles, with an
initial betatron phase of ϕðn ¼ 0; zÞ ¼ 0. Assuming a
Gaussian distribution [σδ ¼ 2πνs=jηjC × σz: Eq. (9)] in
the synchrotron phase space, the transverse centroid x̄ðn; zÞ
for the respective parts of the bunch is calculated as [6,42]

x̄ðn; zÞ ¼X0 exp

�
− 1

2
χ2σsin2ð2πνsnÞ

�

× exp
�
−i

�
2πνβ;xn − 2χσsin2ðπνsnÞ

z
σz

��
;

(19)

where i is the imaginary unit, and the rms chromatic phase
χσ for the bunched beam is defined as

χσ ¼ 2π
ξx
ηC

σz ¼
jξxj
νs

σδ: (20)

Since the envelope amplitude term is
X0 exp½−χ2σ sin2ð2πνsnÞ=2� in Eq. (19), it is approximated

as X0 exp½−2ðπχσνsÞ2ðn −mNs=2Þ2� up to the second
order after expansion around n ¼ mNs=2 (m is an integer),
regardless of the longitudinal positions z in the bunch.
In other words, the higher the absolute chromaticity, the
sharper the recoherence signals.
Since the intrabunch frequency fintðnÞ can be interpreted

as the betatron phase advance within the bunch per unit
time, it can be defined as

fintðnÞ ¼
���� 1

2π

d
dt

�
2πνβ;xn − 4π

ξx
ηC

z sin2ðπνsnÞ
�����

¼
����2 ξx
ηC

dz
dt

sin2ðπνsnÞ
����

¼
����2f0 ξxη sin2ðπνsnÞ

����; (21)

by recognizing the exponential factor in Eq. (19), where
f0 ¼ 1=T0 is the revolution frequency. The maximum
value of fintðnÞ at the specified longitudinal position z
in the bunch is given by

fmax ¼ fint

�
Ns

2

	
¼

����2f0 ξxη
����: (22)

The intrabunch frequency fintðnÞ is proportional to ξx
and independent of z in the linear decoherence model,
which means any portion of the beam can oscillate at the
maximum intrabunch frequency fmax. Moreover, the maxi-
mum intrabunch frequency is remarkably enhanced by
increasing the chromaticity.
The transverse centroid of the entire bunch XðnÞ is

calculated by convolving Eq. (19) with a Gaussian
distribution:

ρzðzÞ ¼
1ffiffiffiffiffiffi
2π

p
σz

exp

�
− z2

2σ2z

	
; (23)

resulting in [41]

XðnÞ ¼ X0 exp½−2χ2σsin2ðπνsnÞ� expð−i2πνβ;xnÞ: (24)

Thus, the amplitude of this betatron oscillation AðnÞ
follows

AðnÞ ¼ X0 exp½−2χ2σsin2ðπνsnÞ�: (25)

As the chromaticity increases, the betatron phase spread
widens through the chromatic phase, demonstrating that the
transverse centroid amplitude decreases. This represents
the decoherence of particles comprising the bunch.
However, after a synchrotron period from injection,
fintðNsÞ ¼ 0, the recoherence of particles emerges because
of AðNsÞ ¼ X0. It is noticeable that this recoherence
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phenomenon occurs with the synchrotron period only when
the effect of the chromaticity is taken into consideration.
Similarly to Eq. (19), let us expand Eq. (25) around

n ¼ mNs (where m is an integer), resulting in AðnÞ ≃
X0 exp½−2ðπχσνsÞ2ðn −mNsÞ2� up to second order. The
higher the absolute chromaticity, the sharper the recoher-
ence signals. Notably, the recoherence period for the entire
bunch is Ns, although the dipole moments of the particles
comprising the bunch align to create sharp signals with a
period of Ns=2, as implied by Eq. (19).

IV. FORMULATION OF THE SPACE
CHARGE EFFECT

To investigate the space charge effects on the intrabunch
motion, this section formulates the effects, which are
implemented into our tracking simulation, based on the
Poisson equation. In this context, we will directly observe
that the direct and indirect space charge effects are
characterized by the incoherent tune shift Δνinc and
coherent tune shift Δνcoh, respectively, within the linear
approximation, although most papers assume this charac-
teristic without specifying any particular conditions
required. We will find that this linear approximation helps
manage the space charge effects efficiently when the
transverse beam size is sufficiently smaller than the
chamber radius. The symbols used in this section are
defined in Table III.
In the case of a proton bunch like the J-PARC MR, since

the longitudinal bunch length is much larger than the
transverse beam size, we simplify the three-dimensional
beam to the two-dimensional one by slicing the beam
perpendicularly to the longitudinal direction before treating
the respective segments independently. This approach not
only streamlines the computational process but also allows
us to effectively capture the transverse dynamics of the
bunch. Within each segment, we assume that the beam is
represented with a charge line density λðzÞ in the longi-
tudinal direction and a uniform-density elliptical beam with
a horizontal beam size ax and a vertical beam size ay on the
transverse plane, following the Kapchinski-Vladimirskij
(K-V) distribution [43]. Since the simulation tracks only
horizontal motion, ax is dynamically updated at each time
step with ay fixed.
In the tracking simulation, since the transverse distribu-

tion is not always uniform, we need to evaluate the
representative value of ax. Here, the transverse charge
distribution is assumed to follow a Gaussian beam, as
shown in

ρðx; yÞ ¼ λ

2πσxσy
exp

�
− ðx − x̄Þ2

2σ2x
− y2

2σ2y

	
; (26)

with the horizontal rms beam size σx and the vertical rms
beam size σy, producing the line density λ after integrating

over the transverse plane. Therefore, we set ax ¼
ffiffiffi
2

p
σx

with ay ¼
ffiffiffi
2

p
σy ¼ 0.014 m to reconcile the following

space charge calculation based on the uniform elliptical
distribution with that on the Gaussian distribution. This
is because the peak densities of the elliptical beam with
ax ¼ ay and the Gaussian beam with σx ¼ σy are identified
as λ=πa2x and λ=2πσ2x, respectively, for the same line density
λ. In the case of the J-PARC MR, the typical transverse
beam sizes are given by σx ¼ 0.009 m and σy ¼ 0.010 m,
which are almost symmetric in accordance with the
assumption.
To formulate the space charge effects in the elliptical

beam, we will proceed by separately addressing the
elliptical chamber in open space and the one placed inside
the bending magnet, simplified by parallel magnetic pole
faces. First, we consider the case of two-dimensional beam
passing through the elliptical chamber in open space. Let us

TABLE III. List of symbols in Sec. IV.

Term Unit Description

x̄ m Horizontal centroid of each segment
ax; ay m Horizontal and vertical beam sizes
Iðx; yÞ Region occupied by the beam on the

transverse plane
λ C Charge line density in the laboratory

frame
λ̄ C Charge line density in the rest frame
hEx

; hEy
m Major horizontal and minor vertical axis

of the elliptical conductive chamber
g m Half distance between the magnetic pole

surfaces of parallel plates placed
perpendicularly to the vertical axis

Φ V Scalar potential in the laboratory frame
Φ̄ V Scalar potential in the rest frame
E0
x Vm−1 Horizontal component of the electric field

excited by the point charge in the
laboratory frame

E0
x;DS; E

0
x;im Vm−1 E0

x excited by the direct and indirect space
charge

Ex;DS Vm−1 Superposition of the horizontal
component of the electric field by the
direct space charge

Ex;im Vm−1 Superposition of the horizontal
component of the electric field by the
indirect space charge

Fele
x N Electric contributions to the Lorentz force

Fmag
x N Magnetic contributions to the Lorentz

force
ϵ1 Incoherent electric image coefficient
ξ1 Coherent electric image coefficient
ϵ2 Incoherent magnetic image coefficient
ξ2 Coherent magnetic image coefficient
Az V sm−1 Vector potential in the laboratory frame
FB Filling factor of the bending magnet

along the ring

YOSHIMURA, TOYAMA, and SHOBUDA PHYS. REV. ACCEL. BEAMS 28, 101003 (2025)

101003-6



define the region I occupied by the beam on the transverse
plane as

Iðx; yÞ ¼
�
1; for Dðx; y; x̄Þ ≤ 1;
0; for Dðx; y; x̄Þ > 1;

(27)

where

Dðx; y; x̄Þ ¼ ðx − x̄Þ2
a2x

þ y2

a2y
; (28)

where x̄ is the horizontal centroid of each segment.
The charge line density λ̄ in the rest frame and the charge

line density λ in the laboratory frame are related by

λ ¼ γλ̄; (29)

after the Lorentz transformation.
We assume an elliptical conductive chamber with the

major horizontal axis 2hEx
¼ 2f cosh u0 and the minor

vertical axis 2hEy
¼ 2f sinh u0. Here, the half distance

between the two focal points f is calculated as f ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2Ex

− h2Ey

q
for the chamber of hEx

> hEy
.

When a point particle is located at ðxs; ysÞ, the scalar
potential Φ̄ in the rest frame is given by [44]

Φ̄ðx; y; xs; ysÞ

¼ − λ̄

4πϵ0
log

����Dx
s

Ds

CDs − CsD
CDx

s − Cx
sD

C − Cs

DþDs

C − Cx
s

DþDx
s

����; (30)

where ϵ0 is vacuum permittivity,

S ¼ SðζÞ ¼ snðuðζÞ; kÞ;
C ¼ CðζÞ ¼ cnðuðζÞ; kÞ;
D ¼ DðζÞ ¼ dnðuðζÞ; kÞ;

(31)

sn, cn, and dn are the Jacobian elliptic functions,
Cs ¼ CðζsÞ; Ds ¼ DðζsÞ, Sx ¼ Sðζ̄Þ ¼ S̄; Cx ¼ Cðζ̄Þ ¼
C̄; Dx ¼ Dðζ̄Þ ¼ D̄, Cx

s ¼ Cðζ̄sÞ ¼ C̄s, Dx
s ¼ Dðζ̄sÞ ¼ D̄s

[45], ζ ¼ xþ iy, and the complex conjugate ζ̄.
Their arguments are calculated as

uðζÞ ¼ 2KðkÞ
π

cos−1 ζ
f
; (32)

by the complete elliptic integral of the first kind KðkÞ [45].
The “modulus” k in Eqs. (31) and (32) is determined by
Kð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2

p
Þ=KðkÞ ¼ 2=πtanh−1ðhEy

=hEx
Þ. From now on,

we will simplify the description of KðkÞ as K by omitting k
in the argument of the complete elliptic integral of the
first kind.
Once the scalar potential in the rest frame is obtained, the

scalar potential Φ in the laboratory frame is calculated as

Φ ¼ γΦ̄: (33)

Accordingly, the horizontal component of the electric
field E0

x excited by the point charge in the laboratory frame
is expressed as

E0
x ¼ − ∂Φ

∂x

¼ λ

4πϵ0

KS
πW

�
D

C − C1

þ D
C − Cx

1

− Ck2

DþD1

− Ck2

DþDx
1

þDD1 − C1Ck2

CD1 − C1D
−DDx

1 − Cx
1Ck

2

CDx
1 − Cx

1D

�

þ λ

4πϵ0

KSx

πWx

�
Dx

Cx − Cx
1

þ Dx

Cx − C1

− Cxk2

Dx þDx
1

− Cxk2

Dx þD1

þDxDx
1 − Cx

1C
xk2

CxDx
1 − Cx

1D
x −DxD1 − C1Cxk2

CxD1 − C1Dx

�
;

(34)

where

W ¼ WðζÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 − ζ2

q
(35)

and Wx ≡Wðζ̄Þ ¼ W̄.
Subsequently, the electric fields by the elliptic uniform

beam is calculated after superposing Eq. (34) on the beam
cross section as follows

Ex ¼
1

πaxay

Z Z
dxsdysE0

xIðxs; ysÞ

¼ 1

πaxay

Z Z
dxsdysðE0

x;DS þ E0
x;imÞIðxs; ysÞ;

(36)

where E0
x;DS and E0

x;im are the direct and indirect
space charge contributions from the point particle,
respectively.
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When the witness particles are on the horizontal axis (y ¼ 0), E0
x;DS and E0

x;im are simplified as [42]

E0
x;DS ¼

λ

2πϵ0

x − xs
ðx − xsÞ2 þ y2s

; (37)

E0
x;im ¼ λ

2πϵ0

�
KS
πW

�
D

C − Cs
þ D
C − C̄s

− Ck2

DþDs
− Ck2

Dþ D̄s

	
− x − xs
ðx − xsÞ2 þ y2s

�

≃
λ

2πϵ0

�
A1xs þ A2xþ

A3

3
x3s − A3xsy2s þ A4x2sx − A4y2sxþ A3xsx2

	
;

(38)

in the first order approximation, where

A1 ¼
1

6f2

�
1 − 4ð1 − 2k2ÞK2

π2

	
;

A2 ¼
1

6f2

�
2 − 4ð2 − k2ÞK2

π2

	
;

A3 ¼
1

120f4

�
17 − 40ð1 − 2k2ÞK2

π2
− 16ð7þ 8k2 − 8k4ÞK4

π4

	
;

A4 ¼
1

120f4

�
8 − 16ð8 − 8k2 − 7k4ÞK4

π4

	
;

(39)

which respectively approach

A1 →
1

h2C
;

A2 → 0;

A3 → 0;

A4 →
1

h4C
;

(40)

equivalent to those of a cylindrical chamber with radius hC, as hEx
approaches hEy

¼ hC.
The superposition of the electric field on the elliptical beam distribution provides Ex;DS due to the beam itself and Ex;im

due to the chamber boundary as follows,

Ex;DS ¼
1

πaxay

Z Z
dxsdysE0

x;DSIðxs; ysÞ

¼ λ

2π2ϵ0axay

Z
axþx̄

−axþx̄
dxs

Z ay
ax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x−ðxs−x̄Þ2

p

−ay
ax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x−ðxs−x̄Þ2

p dys
x − xs

ðx − xsÞ2 þ y2s

¼ λ

π2ϵ0axay

Z
axþx̄

−axþx̄
dxstan−1

�
ay
ax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x − ðxs − x̄Þ2

p
x − xs

	

¼ λ

πϵ0

x − x̄
axðax þ ayÞ

;

(41)

Ex;im ¼ 1

πaxay

Z Z
dxsdysE0

x;imIðxs; ysÞ

≃
λ

2πϵ0

�
A1x̄þ A2xþ

1

4
ða2x − a2yÞðA3x̄þ A4xÞ þ xx̄ðA3xþ A4x̄Þ þ

1

12
A3x̄3

�

≃
λ

2πϵ0
½A2ðx − x̄Þ þ ðA1 þ A2Þx̄�

¼ λ

πϵ0

�
ϵ1
h2Ey

ðx − x̄Þ þ ξ1
h2Ey

x̄

�
;

(42)
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in the first order approximation, after the third term on the
second line of Eq. (42) is neglected for a beam whose size is
considerably smaller than the chamber size, as indicated by
Eq. (40). As a result, the coefficients A2 and A1 þ A2 are
respectively related to the well-known incoherent and
coherent electric image coefficients ϵ1 and ξ1 for the
elliptical chamber [46].
Since the vector potential Az in the laboratory frame is

obtained by

Az ¼
β

c
γΦ̄; (43)

the electric Fele
x and the magnetic Fmag

x contributions to the
Lorentz force are respectively expressed with the scalar
potential Φ as

Fele
x ¼ −e∇xΦ ¼ eEx; (44)

Fmag
x ¼ e∇xAzβc ¼ −β2eEx: (45)

Finally, when an elliptic beam with a horizontal offset
passes through the elliptic chamber placed in open space,
the contributions to the direct space charge force from the
electric field Fele

x;DS, and the magnetic field Fmag
x;DS, as well as

the contributions to the indirect space charge from the
electric field Fele

x;im, and the magnetic field Fmag
x;im, are

summarized as

Fele
x;DS ¼

eλ
πϵ0

x − x̄
axðax þ ayÞ

; (46)

Fmag
x;DS ¼ −β2 eλ

πϵ0

x − x̄
axðax þ ayÞ

; (47)

Fele
x;im ¼ eλ

πϵ0

�
ϵ1
h2Ey

ðx − x̄Þ þ ξ1
h2Ey

x̄

�
; (48)

Fmag;ac
x;im ¼ −β2 e

πϵ0

�
λ − eNB

C

	�
ϵ1
h2Ey

ðx − x̄Þ þ ξ1
h2Ey

x̄

�
:

(49)

Here, the dc component of the beam is subtracted in
Eq. (49), as illustrated by Laslett [46], because the magnetic

field with the dc component can penetrate the metal
chamber.
More generally, we deal with the ring composed of

cylindrical and elliptical chambers, like the J-PARC MR,
by replacing the coherent electric image coefficients ϵ1=h2Ey

and ξ1=h2Ey
in Eqs. (48) and (49) as

ϵ1
h2Ey

→ F
ϵ1;E
h2Ey

þ ð1 − FÞ ϵ1;C
h2C

¼ F
ϵ1;E
h2Ey

; (50)

ξ1
h2Ey

→ F
ξ1;E
h2Ey

þ ð1 − FÞ ξ1;C
h2C

¼ F
ξ1;C
h2C

; (51)

where F is the filling factor of the elliptical chambers along
the ring because the Laslett parameters are given by ϵ1;C ¼
0 and ξ1;C ¼ 1=2 for the cylindrical chamber [46]. In the
case of the J-PARC MR, hC ¼ 0.065 m; F ¼ 0.358;
ϵ1;E ¼ −0.10; and ξ1;E ¼ 0.25, because of 2hEx

¼
2 × 0.065 m and 2hEy

¼ 2 × 0.050 m, producing F ¼
0.94 in Eq. (51). Finally, we modify Eqs. (48) and (49) as

Fele
x;im ¼ eλ

πϵ0

�
F
ϵ1;E
h2Ey

ðx − x̄Þ þ F
ξ1;C
h2C

x̄

�
; (52)

Fmag;ac
x;im ¼ −β2 e

πϵ0

�
λ− eNB

C

	�
F
ϵ1;E
h2Ey

ðx− x̄Þ þF
ξ1;C
h2C

x̄

�
;

(53)

respectively.
Next, let us consider the chamber placed in the bending

magnet to derive the dc component in the Lorentz force by
presuming a coasting beam with line density eNB=C with
the horizontal centroid of the entire bunch X. In the case,
we assume only the magnetic pole surfaces of parallel
plates placed perpendicularly to the vertical axis with a
distance of 2g as the boundary condition, neglecting the
chamber boundary.
Because the vector potential Az by a point charge located

at (xs; ys) in the laboratory frame is given by [44]

Az ¼ − β

c
1

4πϵ0

eNB

C
log f½cosh κðx − xsÞ − cos κðy − ysÞ�½cosh κðx − xsÞ þ cos κðyþ ysÞ�g; (54)

where κ ¼ π=2g, the corresponding Lorentz force Fmag;0
x is calculated as

Fmag;0
x

β2e
¼ ∂Az

∂x
c
β
¼ − 1

2πϵ0

eNB

C
κ½cosh κðx − xsÞ − sin κy sin κys� sinh κðx − xsÞ

½cosh κðx − xsÞ − cos κðy − ysÞ�½cosh κðx − xsÞ þ cos κðyþ ysÞ�
; (55)

which is simplified as
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Fmag;0
x;im

β2e
¼ − 1

2πϵ0

eNB

C

�
κ cosh κðx − xsÞ sinh κðx − xsÞ

½cosh κðx − xsÞ − cos κys�½cosh κðx − xsÞ þ cos κys�
− x − xs
ðx − xsÞ2 þ y2s

�

≃ − 1

2πϵ0

eNB

C

�
− κ2

3
xs þ

κ2

3
xþ κ4

45
x3s − κ4

15
xsy2s − κ4

15
x2sxþ

κ4

15
y2sxþ

κ4

15
xsx2

	
;

(56)

on the horizontal axis (y ¼ 0). Similar to deriving Eq. (42), the straightforward superposition of the magnetic field on the
elliptical beam provides the contribution to the Lorentz force Fmag;dc

x;im only from the magnetic boundary as

Fmag;dc
x;im

β2e
¼ 1

πaxay

Z Z
dxsdys

Fmag;0
x;im

β2e
Iðxs; ysÞ

≃ − 1

2πϵ0

eNB

C

�
κ2

3
ðx − XÞ − κ4

60
ða2x − a2yÞðx − XÞ þ κ4

15
xx̄ðx − XÞ þ κ4

45
X3

�

≃ − 1

πϵ0

eNB

C
π2

24

1

g2
ðx − XÞ

¼ 1

πϵ0

eNB

C

�
ϵ2
g2

ðx − XÞ þ ξ2
g2

X

�
;

(57)

where the higher-order terms are neglected by assuming the large magnetic pole surfaces. Again, the well-known incoherent
and coherent magnetic image coefficients for the parallel plate boundary, ϵ2 and ξ2, appear in the Lorentz force. Note that
the Laslett parameter ξ2 ¼ 0 in the horizontal direction when the parallel magnetic planes [46] are oriented perpendicular to
the vertical axis.
Thus, the Lorentz force due to the magnetic image is given by

Fmag;dc
x;im ¼ β2

e
πϵ0

eNB

C
FB

�
ϵ2
g2

ðx − XÞ þ ξ2
g2

X

�
; (58)

where FB is the filling factor of the bending magnet along the ring. In the case of the J-PARC MR, the half-height of the
ferromagnetic material g is equal to 0.053 m, and the filling factor FB ¼ F, because the elliptical chamber only occupies the
bending region.
Finally, we can simplify the equation of motion by summing up Eqs. (46), (47), (52), (53), and (58) as

x
00 ¼ 1

γmpc2β2
ðFele

x;DS þ Fmag
x;DS þ Fele

x;im þ Fmag;ac
x;im þ Fmag;dc

x;im Þ

¼ e
πϵ0mpc2γβ2

��
λ

γ2
1

axðax þ ayÞ
þ λ

γ2
F
ϵ1;E
h2Ey

þ β2
eNB

C
F
ϵ1;E
h2Ey

�
ðx − x̄Þ þ β2

eNB

C
F
ϵ2
g2

ðx − XÞ
�

þ e
πϵ0mpc2γβ2

�
λ

γ2
F
ξ1;C
h2C

þ β2
eNB

C
F
ξ1;C
h2C

	
x̄:

(59)

Accordingly, the horizontal kick at the mesh grid
point k by the space charge implemented into the code
is simplified as

Δx0i ¼ x00cβΔT

¼ − 4π

βx

h
ΔνðkÞincðxi − xðkÞÞ þ ΔνðkÞcohx

ðkÞ
iΔT
T0

; (60)

where the incoherent tune shift ΔνðkÞinc in kth segment
approximated as

ΔνðkÞinc ≃ − rpC2

2π2eγ3β2νβ;x

λðkÞ

aðkÞx ðaðkÞx þ ayÞ
; (61)

with the classical particle radius of the proton rp ¼
e2=4πϵ0mpc2 ¼ 1.5 × 10−18 m by neglecting the contri-
bution of terms proportional to ϵ1;E and ϵ2, because the
beam size in the J-PARC MR, which is typically
ax;y ≤ 0.015 m, is considerably smaller than the typical

chamber size: 0.065 m, with the coherent tune shiftΔνðkÞcoh in
kth segment summarized as
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ΔνðkÞcoh ¼ − rpC2

2π2eγ3β2νβ;x
λðkÞF

ξ1;C
h2C

− NBrpC

2π2γνβ;x
F
ξ1;C
h2C

:

(62)

Note that the respective macroparticles must follow
the symplectic transformation even when the space
charge effects are incorporated into the code. This is
summarized as

xnþ1 ¼ cos

�
2πðνβ;x þ ξxδnÞ

ΔT
T0

�
xn

þ βx sin

�
2πðνβ;x þ ξxδnÞ

ΔT
T0

�
x0n;

(63)

x0nþ1 ¼ − 1

βx
sin

�
2πðνβ;x þ ξxδnÞ

ΔT
T0

�
xn

þ cos

�
2πðνβ;x þ ξxδnÞ

ΔT
T0

�
x0n

− 4π

βx
Δνinc

ΔT
T0

ðxnþ1 − xnþ1Þ − 4π

βx
Δνcoh

ΔT
T0

xnþ1;

(64)

after combining Eqs. (3)–(5) and (60), where Δνinc and
Δνcoh must be assigned to those in the segment in which the
transferred macroparticles are located, and xnþ1 is the
transverse centroid of macroparticles in the segment after
ðnþ 1Þth step. To ensure the transformation remains
symplectic, it is crucial that the third and fourth terms
on the right-hand side of Eq. (64) are proportional to xnþ1

rather than xn.

V. IMPLEMENTATION OF THE HORIZONTAL
WAKE POTENTIAL INTO THE CODE

If the space charge force affects the recoherence time, the
wakefields could potentially have an impact on it as well.
Since the authors have identified that the effect of the
longitudinal impedance on the decoherence time is negli-
gible [42,47], this section describes how to implement the
horizontal wakefields due to the resistive wall chambers
into the code to simulate the impedance source in the
J-PARC MR.
The horizontal resistive wall wake function WT1ðsÞ is

given by [48–51]

WT1ðsÞ¼
LD1xðu0Þ

h3Ey

2cZ0ρ

πdω

X∞
n¼0

exp

�
−π2ρ

d2ω
s

�
nþ1

2

	
2
�

≈

LD1xðu0Þ
h3Ey

cZ0
ffiffi
ρ

p
π
ffiffi
π

p
ffiffi
1
s

q
; for 0<s< 500m;

LD1xðu0Þ
h3Ey

2cZ0ρ
πdω

exp


−π2ρ

d2ω
s
4

�
; for s> 500m;

8><
>:

(65)

for an elliptic chamber with the major horizontal axis
2hEx

¼ 2f coshu0, the minor vertical axis 2hEy
¼

2f sinh u0, (f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2Ex

− h2Ey

q
), a finite thickness dω, a

length L, SUS316L resistivity ρ ¼ 1.96 × 10−9 m, and
the impedance of free space Z0 ¼ 120π Ω, where

D1xðu0Þ ¼
sinh3 u0

4π

Z
2π

0

dv
Q2

1xðvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2 u0 þ sin2 v

p ; (66)

Q1xðvÞ ¼ 2
X∞
m¼0

ð−1Þmð2mþ 1Þ cos ð2mþ 1Þv
cosh ð2mþ 1Þu0

: (67)

The factor D1xðu0Þ characterizes the asymmetry of the
elliptic chamber and approaches one for a cylindrical
chamber. Notice that the wake function WT1ðsÞ is propor-
tional to LD1x=h3Ey

. As the thickness dω goes to infinity,

Eq. (65) becomes proportional to 1=
ffiffiffi
s

p
, which is the

typical behavior of the resistive wall impedance. In other
words, we can make use of the damping effect due to the
chamber thickness in Eq. (65) to calculate beam behavior
affected by the resistive wall impedance.
In the J-PARC MR, where the cylindrical chamber

with an inner radius hC(= 0.065 m) dominates, the
thickness of the chamber is dω(= 0.002 m). The
bending magnet region, where the elliptical ducts with
a major axis 2hEx

(¼2 × 0.065 m) and a minor axis
2hEy

(¼2 × 0.050 m), equivalent to D1x ¼ 0.615, are
placed, occupies F(¼0.358) of the total circumference of
the ring. Hence, the total resistive wall impedance along the
ring, including the effect of the elliptic chambers, is
enhanced by the factor G:

G ¼ FD1x
h3C
h3Ey

þ ð1 − FÞ ¼ 1.1; (68)

compared to the case where the ring is assumed to be
perfectly composed of cylindrical chambers. This indicates
that the assumption that the resistive wall wake for the
cylindrical chamber:

WT1ðsÞ ¼
C
h3C

2cZ0ρ

πdω

X∞
n¼0

exp

�
− π2ρ

d2ω
s

�
nþ 1

2

	
2
�
; (69)

perfectly occupies the J-PARC MR, estimates the resistive
wall impedance of the ring within about 10% accuracy,
which is applied for our formulation.
The resistive wall impedance provides the kick on the

witness particle in a similar way as the longitudinal wake

case. Concretely, the horizontal dipole kick kickðkÞx at the
mesh grid point k with a single-turn wake is calculated into
the code as
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kickðkÞx ¼ σΔ
X
j

WT1ðzj − zðkÞÞΔðjÞ; (70)

where the dipole moment ΔðjÞ of jth segment is calculated
as Eq. (16). Using this kick at each segment, the horizontal
dipole kick kickx;i on ith macroparticle between kth and
ðkþ 1Þth grid points are estimated as

kickx;i ¼
�
1 − zi − zðkÞ

σΔ

	
kickðkÞx þ zi − zðkÞ

σΔ
kickðkþ1Þ

x :

(71)

Finally, the horizontal dipole kick at each time step is
provided as

Δx0i ¼
1

E0

kickx;i
ΔT
T0

: (72)

Taking into account the thickness of the chamber
facilitates dealing with the multiturn long-range effects
on the beams with the rapid decay of the resistive wall
impedance, according to Eq. (65). To see the convergence
of the accumulated multiturn wake, let us simply sum the
resistive wall impedance up to Nλ, assuming the positions
of beams exciting the wakes in the previous turns are
identical, as

VðNλÞ ¼
XNλ

l¼1

WT1ðlCÞ: (73)

Figure 1 shows Eq. (73) for different Nλ and the
deviation of VðNλÞ from the analytical estimate of
Eq. (73) with infinite Nλ, respectively. In the J-PARC
MR with circumference C(= 1567.5 m), the deviation
reduces to nearly 0.1% after Nλ ¼ 4 turns as already
revealed in Ref. [51], because the thickness of the installed
chamber is typically dω(= 0.002 m). Therefore, we con-
clude thatNλ ¼ 4 is sufficient to adequately incorporate the

accumulation effects of the long-range wakefields in
the code.
More explicitly, the accumulated horizontal kicks are

calculated as

Δx0 ¼ 1

E0

kickx
ΔT
T0

; (74)

where

kickx ¼
X4
l¼1

WT1ðlCÞΔn−l (75)

and the dipole moment of the respective bunches Δn is

Δn ¼ q
X
i

xn;i ¼ eNBxn: (76)

Here, the transverse centroid of the entire bunch xn in
Eq. (76) is calculated by averaging the macroparticle
positions in the bunch following Eq. (13).
As a result, the short-range [Eq. (72)] and long-range

[Eq. (74)] wakes are simultaneously implemented into
the code by making use of the feature of resistive wall
impedance with chamber thickness.

VI. DEFINITION OF HEAD-TAIL MODES

The space charge intrinsic eigenmodes, head-tail modes,
originally introduced by Blaskiewicz [35], are quite ben-
eficial to interpret the following simulation results describ-
ing the intrabunch motion, though the head-tail modes are
assumed to be excited by wakes in most of the cases. In this
section, we delineate the intrabunch transverse motions
with respect to the space charge intrinsic modes, based on
the ABS model, and an airbag harmonic model (ABH
model) which replaces the square-well potential in the
original ABS model with a realistic harmonic potential for
the longitudinal motions. Finally, the airbag distribution
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FIG. 1. Sum of multiturn wakes for different Nλ (a) and the deviation from the analytical estimate with infinite Nλ (b). Here, V
represents the accumulated wake function values, assuming they are stored only for the past Nλ turns. (a) VðNλÞ
and (b) 1 − VðNλÞ=Vð∞Þ.
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will be replaced by a Gaussian distribution under a weak
space charge force as an approximation.
The detailed derivation is beneficial for understanding

how the space charge intrinsic modes are dynamically
excited by the synchrotron motions in the bunch, and
for qualitatively understand the measurements. The
derived formula will be used as a tool for conducting
benchmark tests of our simulation code in the following
sections. The symbols used in this section are defined in
Table IV.

A. Head-tail modes in the ABS model with space
charge effects

The horizontal motion of a beam particle in the beam
obeys the equation of motion as [23]

d2

ds2
xþ 4π2

C2
ðνβ;x þ δξxÞ2x ¼ Fbeamðx; x̄Þ

γmpc2β2
; (77)

where Fbeam represents the space charge force and wake-
fields. When the effects of the wakefields can be neglected,
Eq. (77) simplifies to

d2

dn2
xþ 4π2ðνβ;x þ δξxÞ2x

¼ −8π2νβ;x½Δνincðx − x̄Þ þ Δνcohx̄�;
(78)

after transforming the variable s to the turn number n by
using the relation s ¼ Cn, where Δνinc and Δνcoh are
assumed to be representative of the values at the bunch
center, with their z dependence negligible.
This simplified equation of motion is realized with the

validity of the linear approximation by referring to
Eqs. (59), (61), and (62), noting that the transverse beam

size must be significantly smaller than the chamber size.
Here, we should also note that even an indirect space charge
effect can be addressed through the coherent space charge
tune shift in Eq. (78).
In the ABS model, Eqs. (6), (11), and (12) follow

dz
dn

¼ −ηCδ; (79)

δ ¼ �δ0 ¼ � 4ẑνs
jηjC : (80)

Let us define the horizontal positions of particles with
momentum deviation δ0 and those with −δ0 as xu and xd,
respectively. When η < 0, we obtain the total derivative
with respect to n for xu and xd as follows

d
dn

xu;d ¼
∂
∂n

xu;d � 4ẑνs
∂
∂z

xu;d; (81)

where the plus and minus signs in front of the second term
correspond to the equations for xu and xd, respectively.
On the other hand, the equations of motion for particles

Eq. (78) with positive momentum δ ¼ δ0 and negative
momentum δ ¼ −δ0 are described as follows

d
dn

xu;d ¼ − i2πνβ;xxu;d ∓ i2πδ0ξxxu;d

− i2πΔνincðxu;d − x̄Þ − i2πΔνcohx̄;
(82)

after neglecting the second-order terms for the coherent and
incoherent tune shifts. Here, x̄ ¼ ðxu þ xdÞ=2 denotes the
transverse centroid of the beam. The minus and plus signs
in front of the second term in Eq. (82) correspond to the
equations for xu and xd, respectively.
During synchrotron motion in the square-well potential,

the transverse positions do not change abruptly with an
instantaneous change in momentum. Hence, the boundary
conditions are imposed as

xuðz ¼ ẑÞ ¼ xdðz ¼ ẑÞ;
xuðz ¼ −ẑÞ ¼ xdðz ¼ −ẑÞ; (83)

which provides the eigenvalue Δνx as [42]

Δν�;k ¼
Δνinc þ Δνcoh

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔνinc − ΔνcohÞ2

4
þ k2ν2s

r
;

Δν0 ¼ Δνcoh;
(84)

which satisfies
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðΔνx − ΔνincÞðΔνx − ΔνcohÞ

p ¼ kνs.
Notice that the eigenvalue Δν�;k and the corresponding
amplitude A�;k are independently defined for the

TABLE IV. List of symbols in Sec. VI.

Term Unit Description

Fbeam N Space charge force and wakefield
xu; xd m Transverse position of each stream
ϕu;ϕd rad Betatron phase advance of each stream
δu; δd Momentum deviation of each stream
χABS rad Chromatic phase in the ABS model
χABH rad Chromatic phase in the ABH model
k Eigenmode number index
Δνx;Δν�;k Eigenvalue of the head-tail mode
Am Head-tail mode coefficient
am;ABS Relative amplitude in the ABS model
am;ABH Relative amplitude in the ABH model
ãm;ABSðzÞ Relative amplitude in the ABS model in each

segment
θ rad Synchrotron phase
θ0 rad Synchrotron initial phase
am;b Relative amplitude for the Gaussian beam
ãm;bðzÞ Relative amplitude for the Gaussian beam in each

segment

SPACE CHARGE EFFECTS ON THE INTRABUNCH … PHYS. REV. ACCEL. BEAMS 28, 101003 (2025)

101003-13



respective branches � in Δν�;k for the specified k∈N ¼
f1; 2; 3; � � �g, and the eigenvalue Δν0 and the amplitude A0

express the m ¼ 0 mode, having only one branch.
Equation (84) reproduces the result found in Ref. [35] as

Δνcoh approaches zero neglecting the indirect space charge
effect.
Finally, the superposition of these solutions provides the

horizontal positions of particles with þδ0 and −δ0 as [42]

xuðn; zÞ ¼ exp

�
iχABS

z
ẑ
− i2πνβ;xn

	
A0 exp ð−i2πΔν0nÞ

þ exp

�
iχABS

z
ẑ
− i2πνβ;xn

	 X
�;k∈ℕ

A�;k exp ð−i2πΔν�;knÞ ×
�
cosðkθ0Þ − i

Δν�;k − Δνcoh
kνs

sinðkθ0Þ
�
;

(85)

xdðn; zÞ ¼ exp

�
iχABS

z
ẑ
− i2πνβ;xn

	
A0 exp ð−i2πΔν0nÞ

þ exp

�
iχABS

z
ẑ
− i2πνβ;xn

	 X
�;k∈ℕ

A�;k exp ð−i2πΔν�;knÞ ×
�
cosðkθ0Þ þ i

Δν�;k − Δνcoh
kνs

sinðkθ0Þ
�
;

(86)

where θ0 ¼ −π=2 × ðz=ẑ − 1Þ with (0 < θ0 < π), and the
chromatic phase χABS in the ABS model is defined by

χABS ¼ 2π
ξx
ηC

ẑ; (87)

which differs from the definition for the Gaussian beam
[refer to Eq. (20)].
Equations (85) and (86) produce the transverse centroid

of each segment in the bunch as

x̄ðn; θ0Þ ¼ X0

X
m∈ℤ

am;ABS exp

�
iχABS

z
ẑ
− i2πνmn

	

× cos

�
m
π

2

�
z
ẑ
− 1

		

¼ X0

X
m∈ℤ

ãm;ABSðzÞ exp ð−i2πνmnÞ; (88)

with the space charge intrinsic modes νm, the head-tail
modes. Here, the relative amplitude ãm;ABSðzÞ in each
segment is defined as

ãm;ABSðzÞ ¼ am;ABS exp

�
iχABS

z
ẑ

	
cos

�
m
π

2

�
z
ẑ
− 1

		
;

(89)

where

νm ¼ ν0 ¼ νβ;x þ Δν0;
ν�k ¼ νβ;x þ Δν�;k;

�

Am ¼ A0;

A�k ¼ A�;k;

�

am;ABS ¼
Am

X0

;

(90)

and m∈Z is an integer. The expansion coefficient Am is
normalized to am;ABS by dividing by the initial horizontal
position of the beam x̄ðn ¼ 0; zÞ ¼ X0 (refer to Sec. III),
where all macroparticles are aligned regardless of z;
and the movable region of mode m in the final expres-
sion of Eq. (88) is extended to the entire integer
region by combining the minus branch with the original
mode k.

B. Derivation of the oscillation amplitude with weak
space charge force under the ABS model

In Eqs. (85)–(88), the amplitude Am is still an unknown
factors. In general, determining these parameters analyti-
cally becomes quite difficult when space charge effects are
significant. However, when this effect is neglected or
within the minor level, the amplitudes can be explicitly
obtained by comparing Eqs. (85)–(88) with the horizontal
positions derived independently based on the linear
decoherence scenario in Sec. III, after being applied to
the ABS model.
Let us examine the transverse centroid x̄ðn; zÞ for a

group of particles with the same longitudinal position z in a
given turn n. As described in Sec. III, the initial condition is
set as x̄ðn ¼ 0; zÞ ¼ X0 regardless of the longitudinal
position of the particles, with an initial betatron phase
of ϕðn ¼ 0; zÞ ¼ 0.
The equation of motion for a single particle correspond-

ing to Eqs. (6) and (11) is given by Eqs. (79) and (80). Since
the synchrotron phase is followed as θ ¼ 2πνsnþ θ0 with
initial phase θ0, the equation of motion for a single particle
is described as

dz
dθ

¼ dz
dn

dn
dθ

¼∓ 2ẑ
π
: (91)
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Therefore, each particle motion is followed as

zðn; θ0Þ ¼ − 2ẑ
π
cos−1fcos½θðn; θ0Þ�g þ ẑ; (92)

δðn; θ0Þ ¼ δ0sgnfsin½θðn; θ0Þ�g: (93)

Given z ¼ z0 at n ¼ n0, there are two solutions
θ0;uðn0; z0Þ and θ0;dðn0; z0Þ for the initial synchrotron

phase θ0, as

θ0;ðu;dÞðn0; z0Þ ¼ ∓ π

2ẑ
ðz0 − ẑÞ − 2πνsn0: (94)

Hence, the betatron phase advance ϕuðn0; z0Þ and
ϕdðn0; z0Þ can be calculated for the respective
θ0;ðu;dÞðn0; z0Þ as

ϕu;dðn0; z0Þ ¼ 2πνβ;xn0 − χABS

�
z0
ẑ
− 1þ 2

π
cos−1

�
cos

�
∓ π

2

�
z0
ẑ
− 1

	
− 2πνsn0

	��
: (95)

Because of the transverse oscillation with initial condition x̄ðn ¼ 0; zÞ ¼ X0, the transverse positions of particles with
�δ0 and the transverse centroid of each segment in the bunch are expressed as

xu;dðn; zÞ ¼ X0 expð−i2πνβ;xnÞ exp
�
iχABS

�
z
ẑ
− 1

		
exp

�
i
2

π
χABScos−1

�
cos

�
∓ π

2

�
z
ẑ
− 1

	
− 2πνsn

	��
; (96)

x̄ðn; zÞ ¼ 1

2
X0 expð−i2πνβ;xnÞ exp

�
iχABS

�
z
ẑ
− 1

		

×

�
exp

�
i
2

π
χABScos−1

�
cos

�
− π

2

�
z
ẑ
− 1

	
− 2πνsn

		�

þ exp

�
i
2

π
χABScos−1

�
cos

�
þ π

2

�
z
ẑ
− 1

	
− 2πνsn

		�	
;

(97)

respectively.
Now, let us equate Eq. (88), the result of the mode expansion method, to Eq. (97), the result of the betatron phase tracking

method, producing

2
X
m∈ℤ

am;ABS exp ðiχABSÞ expð−imφÞ cosðmθ0Þ

¼ exp

�
i
2

π
χABScos−1½cosðþθ0 − φÞ�

�
þ exp

�
i
2

π
χABScos−1½cosð−θ0 − φÞ�

�
;

(98)

where θ0 ¼ −π=2 × ðz=ẑ − 1Þ with (0 < θ0 < π), and
φ ¼ 2πνsn.
After multiplying Eq. (98) by expðimφÞ and then

integrating it over φ from 0 to 2π, the coefficient am;ABS

is expressed as

am;ABS ¼ ð−iÞm χABS
χ2ABS −

�
m π

2



2
sin

�
χABS −m

π

2

	
: (99)

The transverse centroid of the entire bunch XðnÞ, the
average value of Eq. (88) over the longitudinal positions of
the bunch, is calculated as

XðnÞ ¼
Z

ẑ

−ẑ
dz
2ẑ

x̄ðn; zÞ ¼ X0

X
m∈Z

jam;ABSj2 exp ð−i2πνmnÞ;
(100)

where the amplitude am;ABS is determined by Eq. (99).

C. Head-tail modes in the ABH model with space
charge effects

Next, let us consider the ABH model under any strength
of space charge by replacing the square-well potential with
a harmonic potential to more realistically describe the
motion of particles in the bunch. Equation (7) instead of
Eqs. (11) and (12) follows
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dδ
dn

¼ ð2πνsÞ2
ηC

z: (101)

When we discuss only the case of η < 0, the momentum
deviations δu and δd are uniquely determined for z and are
denoted by

δu;d ¼ ∓ 2πνs
ηC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẑ2 − z2

p
; (102)

where the minus and plus signs correspond to δu and δd,
respectively, and ẑ is the half bunch length at the
ABH model.
Rigorously, Δνinc and Δνcoh are distributed along the

longitudinal direction within the bunch. However, in this
model, we simplify the analysis by neglecting the z
dependence of Δνinc and Δνcoh, assuming that the space
charge effects near the center of the bunch are well
described by the waterbag model and the effects are nearly
uniform in the entire bunch.
Consequently, the equations corresponding to Eqs. (81)

and (82) are given by

d
dn

xu;d ¼
∂
∂n

xu;d − ηCδu;d
∂
∂z

xu;d; (103)

d
dn

xu;d ¼ −i2πνβ;xxu;d − i2πδu;dξxxu;d

− i2πΔνincðxu;d − x̄Þ − i2πΔνcohx̄; (104)

where xu and xd represent the horizontal positions of
particles with momentum deviations δu > 0 and δd < 0,
respectively.
Finally, the head-tail mode expansion formula for the

transverse centroid of each segment in the bunch is
expressed as

x̄ðn;zÞ
¼X0

X
m∈ℤ

am;ABHexp


iχABH

z
ẑ
−i2πνmn

�
cos



mcos−1


z
ẑ

��
;

(105)

in the ABH model. Notice that νm follows the same form as
Eq. (90) with Eq. (84) in the ABS model. When νm is
replaced by νβ;x þmνs by neglecting the space charge
effect, the outcome reproduces the Formula (6.186) in the
Chao’s textbook [22], which was derived under the
assumption that the space charge effects are negligible
from the beginning. In this sense, Eq. (105) successfully
generalizes the previous formula to incorporate the space
charge effects.

Here, the chromatic phase χABH is defined by

χABH ¼ 2π
ξx
ηC

ẑ; (106)

which is equivalent to Eq. (87).

D. Derivation of the oscillation amplitude with weak
space charge force under the ABH model

In a similar manner explained in Sec. VI B, we need
to derive x̄ðn; zÞ to determine am;ABH in the weak space
charge limit, following the linear decoherence scenario
under the harmonic potential. Since the synchrotron phase
is followed as θ ¼ 2πνsnþ θ0 with initial phase θ0, the
equations of motion given by Eqs. (79) and (101) are
rewritten as

dz
dθ

¼ dz
dn

dn
dθ

¼ − ηC
2πνs

δ; (107)

dδ
dθ

¼ dδ
dn

dn
dθ

¼ 2πνs
ηC

z: (108)

Therefore, each particle motion is followed as

zðn; θ0Þ ¼ ẑ cos θðn; θ0Þ; (109)

δðn; θ0Þ ¼
2πνs
ηC

ẑ sin θðn; θ0Þ: (110)

Given z ¼ z0 at n ¼ n0, there are two solutions
θ0;uðn0; z0Þ and θ0;dðn0; z0Þ for the initial synchrotron
phase θ0, as

θ0;ðu;dÞðn0; z0Þ ¼ � cos−1
�
z0
ẑ

	
− 2πνsn0: (111)

Hence, the betatron phase advance ϕuðn0; z0Þ and
ϕdðn0; z0Þ can be calculated for the respective
θ0;ðu;dÞðn0; z0Þ as

ϕu;dðn; zÞ ¼ 2πνβ;xn − χABH

×

�
z
ẑ
− cos

�
�cos−1

�
z
ẑ

	
− 2πνsn

��
;

(112)

where the plus and minus signs on the right-hand side
correspond to ϕu and ϕd, respectively.
Because of the transverse oscillation with initial con-

dition x̄ðn ¼ 0; zÞ ¼ X0, the transverse positions of par-
ticles with δu;d and the transverse centroid of each segment
in the bunch are expressed as
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xu;dðn; zÞ ¼ X0 expð−i2πνβ;xnÞ exp
�
iχABH

z
ẑ

	

× exp

�
−iχABH cos

�
�cos−1

�
z
ẑ

	
− 2πνsn

	�
;

(113)

x̄ðn; zÞ ¼ 1

2
X0 expð−i2πνβ;xnÞ exp

�
iχABH

z
ẑ

	

×

�
exp

�
−iχABH cos

�
þcos−1

�
z
ẑ

	
− 2πνsn

	�

þ exp

�
−iχABH cos

�
−cos−1

�
z
ẑ

	
− 2πνsn

	�	
;

(114)

respectively.
After equating Eq. (114) to Eq. (105), we obtain

2
X
m∈Z

am;ABH expð−imφÞ cos ðmθ0Þ

¼ exp ½−iχABH cosðþθ0 − φÞ�
þ exp ½−iχABH cosð−θ0 − φÞ�;

(115)

corresponding to Eq. (98) in the ABS model, where θ0 ¼
cos−1ðz=ẑÞ with (0 < θ0 < π) and φ ¼ 2πνsn. In the end,
the coefficient am;ABH is expressed as

am;ABH ¼ ð−iÞmJmðχABHÞ; (116)

where JmðxÞ is the Bessel function of the first kind [45]. If
we compare Eq. (116) of the ABH model with Eq. (99) of
the ABS model, we observe similar responses of the
dominant head-tail modes to a given chromatic phase,
χABH or χABS.

The transverse centroid of the entire bunch XðnÞ, the
charge-density-weighted average value of Eq. (105) with
respect to the airbag distribution over the longitudinal
positions of the bunch produces, is calculated as

XðnÞ ¼
Z

ẑ

−ẑ
dz

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẑ2 − z2

p x̄ðn; zÞ

¼ X0

X
m∈ℤ

jam;ABHj2 expð−i2πνmnÞ; (117)

where the amplitude am;ABH is determined by Eq. (116).

E. Derivation of the oscillation amplitude for a
Gaussian beam with weak space charge force

Now, we consider the transverse centroid of each seg-
ment x̄ðn; zÞ in an entire Gaussian bunch by generalizing
the ABHmodel. If the space charge effect is small and there
is no interaction between the respective airbags, the
calculation can proceed by convolving x̄ðn; z; δÞ, obtained
by replacing ẑ in Eq. (105) with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ðηC=2πνsÞ2δ2

p
, with

the Gaussian distribution in the momentum direction
characterized by the momentum deviation σδ, as follows:

x̄ðn; zÞ ¼
Z

∞

−∞
dδ

1ffiffiffiffiffiffi
2π

p
σδ

exp

�
− δ2

2σ2δ

	
x̄ðn; z; δÞ

¼ X0

X
m∈Z

ãm;bðzÞ exp ð−i2πνmnÞ: (118)

Since this result must be the same as Eq. (19) for the
weak space charge limit, the relative amplitude ãm;bðzÞ in
each segment is calculated in two different ways as:

ãm;bðzÞ ¼ exp

�
iχσ

z
σz

	
ð−iÞm X∞

l¼−∞
Jmþ2l

�
χσ

z
σz

�
ð−1Þl exp

�
− χ2σ

4

�
Il

�
χ2σ
4

�

¼ exp

�
iχσ

z
σz

	
ð−iÞm zffiffiffiffiffiffi

2π
p

σz

Z π
2

−π
2

dθ
cos2θ

Jm

�
χσ

z
σz

1

cos θ

�
exp

�
− z2

2σ2z
tan2θ

�
cosðmθÞ: (119)

Formally, the transverse centroid of the entire bunch XðnÞ should be calculated by averaging Eq. (118) with a charge
density ρzðzÞ, given by Eq. (23), weight over the longitudinal positions of the bunch, resulting in

XðnÞ ¼
Z

∞

−∞
dzρzðzÞx̄ðn; zÞ ¼ X0

X
m∈Z

jam;bj2 expð−i2πνmnÞ: (120)

Since the straightforward calculation to derive XðnÞ and am;b is quite difficult, we bypass it by generalizing
Eq. (117), treating ẑ as a variable, and integrating it with a Rayleigh distribution over ẑ, resulting in the expression
for XðnÞ as
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XðnÞ ¼
Z

∞

0

dẑ
ẑ
σ2z

exp

�
− ẑ2

2σ2z

	
Xðn; ẑÞ

¼ X0

X
m∈Z

Z
∞

0

dẑ
ẑ
σ2z

exp

�
− ẑ2

2σ2z

	
J2m

�
χσ

ẑ
σz

	
expð−i2πνmnÞ

¼ X0

X
m∈Z

expð−χ2σÞImðχ2σÞ expð−i2πνmnÞ;

(121)

where ImðxÞ is the modified Bessel function of the first
kind [45], and the rms chromatic phase χσ relates to the
chromatic phase of ABH model as χABH ¼ χσ ẑ=σz. This
final result is identical to Eq. (24) after m is summed over.
Here, we use νm ¼ νβ;x þmνs, because the space charge is
negligible.
The comparison between Eqs. (120) and (121) leads to

jam;bj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp ð−χ2σÞImðχ2σÞ

q
: (122)

Though Eq. (116) features the dominant mode for the
chromaticity ξx in the airbag model, they disappear in
Eq. (122) and there is no longer the dominant mode for the
specified chromaticity ξx in the low-intensity beam because
the Gaussian bunches fill in the airbag distribution in the ẑ
direction.
The analytical results of Eqs. (119) and (122) support the

validity of our code by the tracking simulation in Ref. [42].

VII. RESPONSE TO CHROMATICITY AND BEAM
INTENSITY IN TRACKING SIMULATION

In this section, we will scan the beam intensity and
chromaticity in the ABS model, and the Gaussian bunch
model under the harmonic potential for the longitudinal
distribution to realize the limit of the ABS model and
understand the space charge effects on the Gaussian bunch.
The developed tracking simulation code in Secs. II, IV,

and Venables us to investigate how the frequency (νm), and
the amplitude in the entire bunch (am) of the head-tail
modes are affected by the transverse wake and space charge
effects on the intrabunch motion unless instabilities are
excited after choosing suitable machine parameters.
The benchmark tests of the basic algorithm ignoring the

space charge effect and the transverse wake are provided in
Ref. [42]. Furthermore, the results of checking the reli-
ability of the parameter settings in the simulation with the
space charge effects are surveyed there [42].
Roughly, the beam sizes assumed to be σx ¼ 0.009 m

with fixed σy ¼ 0.010 m (refer to Sec. IV), and the peak
charge density λ̂ determined by Eq. (10) through the
bunching factor (typically Bf ¼ 0.015) produces the mini-
mum incoherent tune shift in the bunch:

Δνinc ¼ −157 × 10−4 × NB=1012 (123)

and the minimum coherent tune shift in the bunch:

Δνcoh ¼ −7.4 × 10−4 × NB=1012; (124)

for both potential models, after replacing aðkÞx , ay, and λðkÞ

by
ffiffiffi
2

p
σx,

ffiffiffi
2

p
σy, and λ̂ in Eqs. (61) and (62), respectively,

though the simulation dynamically changes the horizontal
and longitudinal beam sizes.
In both simulations in the ABS model and the Gaussian

bunch model under the harmonic potential, the tune
spectrum, νm, and the absolute relative amplitude, jamj,
of the centroid xn [Eq. (13)] for the entire bunch oscillation
are obtained by applying a fast Fourier transform (FFT) to
the turn-by-turn bunch oscillations from the start of the
simulation up to 10,000 turns. The results of these
simulations will be compared with the theoretical
predictions.
Figure 2 shows the intensity dependence of the excited

frequency shifts in the Gaussian bunch under the harmonic
potential for the chromaticity values (ξx), where the
analytical results of Eq. (84) based on the ABS model,
which is identical to the frequency shift in the ABH model,
are superimposed. The overall behavior of the intensity
dependence of the tune shifts can be understood using
Eq. (84), which incorporates all space charge effects.
Although only positive modes appear in high-intensity
regimes, the observed shift aligns with prior simulations
considering the direct space charge alone, due to finite
coherent tune shift (Δνcoh ≠ 0) arising from the indirect
space charge. However, achieving a perfect fit with the
simulation for the Gaussian bunch model is impossible
because the analytical Eq. (84) is based on the ABS and
ABH models, and we need to rely on simulation studies to
rigorously identify the excitation pattern.
Figure 3 illustrates the chromaticity dependence of the

mode-dependent tune shifts for the low-intensity Gaussian
beams under the harmonic potential. The analytical results
from Eq. (84) are overlaid on the lines in the figures. The
head-tail tune spectra match the theoretical predictions and
exhibit no chromaticity dependence. Simulations also
confirm that all modes are excited regardless of chroma-
ticity, consistent with the prediction of Eq. (122).
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For high-intensity Gaussian beams under the har-
monic potential, Fig. 4 illustrates the chromaticity depend-
ence of the mode-dependent tune shifts for (a) NB ¼
4.2 × 1012 ppb and (b) NB ¼ 8.6 × 1012 ppb. In contrast

to the low-intensity case, there is a discrepancy between the
theoretical results and simulations: the lower modes remain
distinguishable, although the theoretical model predicts
degenerate lines. Still, no significant chromaticity depend-
ence is observed in either case.
More specifically, Fig. 5 depicts the simulations of the

relative amplitudes for the respective head-tail modes for
the cases of (a) NB ¼ 4.2 × 1012 ppb and (b) NB ¼
8.6 × 1012 ppb, respectively. In these figures, the black,
red, green, blue, orange, magenta, cyan, dark green, purple,
and gray curves represent modes m ¼ 0; 1; 2;…9, respec-
tively. In contrast to weak space charge cases, head-tail
mode excitations depend on the chromaticity: e.g., modes
m ¼ 0; 1; 2; 3; 5, and 7 dominate at ξx ¼ −1.5 while
m ¼ 3; 4, and 5 dominate at ξx ¼ −8.0 for NB ¼
8.6 × 1012 ppb. These excitations, characterized by peaks
along the chromaticity axis, arise due to the space charge
effects. Such chromaticity-dependent behavior does not
appear in weak beams as described by Eq. (122), but
resembles the predictions of Eqs. (99) and (116) under the
strong space charge conditions.
Finally, Fig. 6 summarizes the head-tail frequency

shifts by the simulations for four cases: (a) the ABS
model without indirect space charge effect, (b) the ABS
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FIG. 2. Head-tail tune spectra in the harmonic potential model with indirect space charge effect for various values of chromaticity:
(a) ξx ¼ −1.5, (b) ξx ¼ −6.5, and (c) ξx ¼ −12.5. The dots indicate only the results for jamj > 0.1. The blue, green, and red dashed lines
and black, red, green, blue, orange, magenta, cyan, dark green, purple, gray, dark red, dark cyan, and yellow lines represent the
frequency shifts calculated by Eq. (84) for each head-tail mode in the range of m ¼ −3;−2; � � � 12, respectively.
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FIG. 3. Head-tail tune spectra in the harmonic potential model
with weak space charge force. The dots indicate only the results
for jamj > 0.1. The orange, blue, green, and red dashed lines and
black, red, green, blue, and orange lines represent the frequency
shifts calculated by Eq. (84) for each head-tail mode in the range
of m ¼ −4;−3; � � � 4, respectively.

FIG. 4. Head-tail tune spectra in the harmonic potential model with indirect space charge effect for various values of intensity:
(a) NB ¼ 4.2 × 1012 ppb and (b) NB ¼ 8.6 × 1012 ppb. The dots indicate only the results for jamj > 0.1. The black, red, green, blue,
orange, magenta, cyan, dark green, purple, gray, dark red, dark cyan, and yellow lines represent the frequency shifts calculated by
Eq. (84) for each head-tail mode in the range of m ¼ 0; 1; 2; � � � 12, respectively, but due to the resolution they are drawn as if the low
modes were degenerate.
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model including all space charge effects, (c) a Gaussian
beam under the harmonic potential model without indirect
space charge effect, and (d) a Gaussian beam under the
harmonic potential model including all space charge
effects.
These figures superimpose the peak positions of each

spectrum with dots for the chromaticity values ξx ¼−1.5;−3.5;−5.5;−6.5;−8.0, and−12.5, for the respective
beam intensities because the frequency shifts due to
the head-tail mode are independent of chromaticity, as

previously demonstrated. Analytical results from Eq. (84)
are overlaid in all panels by the solid lines.
The simulations and analytical results by the ABS model

(a) and (b) are excellent in agreement, demonstrating the
credibility of our code [42]. In both the ABS model and the
harmonic potential model, the head-tail modes become
degenerate as the beam intensity increases. Mode 0 exhibits
a negative tune shift in (b) and (d) that increases with
beam intensity, caused by the indirect space charge effect.
The frequency shifts for the harmonic potential model

FIG. 5. Relative amplitudes jamj tracking simulation of the harmonic potential model with indirect space charge effect. The black, red,
green, blue, orange, magenta, cyan, dark green, purple, and gray curves denote the cases of m ¼ 0; 1; 2; � � � 9, respectively. (a) NB ¼
4.2 × 1012 ppb and (b) NB ¼ 8.6 × 1012 ppb.
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FIG. 6. Tune shift at which the head-tail tune spectrum reaches its maximum peak in the simulation of the beam intensity parameters.
The dots indicate only the results for jamj > 0.1. The green and red dashed lines and black, red, green, blue, orange, magenta, cyan, dark
green, purple, gray, dark red, dark cyan, and yellow lines represent the frequency shifts calculated by Eq. (84) for each head-tail mode in
the range of m ¼ −2;−1; � � � 12, respectively. (a) The ABS model without indirect space charge effect, (b) the ABS model with indirect
space charge effect, (c) the harmonic potential model without indirect space charge effect, and (d) the harmonic potential model with
indirect space charge effect.

YOSHIMURA, TOYAMA, and SHOBUDA PHYS. REV. ACCEL. BEAMS 28, 101003 (2025)

101003-20



including all space charge effects (d) show the deviations
from the analytical results. Although the indirect space
charge partially resolves the degeneracy of head-tail modes
in the ABS model, the effect is more enhanced in the
harmonic potential model in the simulation. This discrep-
ancy arises due to the limitations of the current theoretical
model, as the formula is derived under the assumption of a
square-well potential with an airbag beam, rather than a
harmonic potential with the Gaussian bunch.
The present simulations include both space charge

effects and the transverse resistive wall impedance, with
algorithm described in Sec. V. The simulations suggest that
the resistive wall impedance does not significantly affect
the intrabunch motion when no beam instability occurs
because some agreement can be observed between the
analytical results, which consider only space charge effects,
and the simulations that include the wakefields, as
well [42].
A theoretical estimate of the tune shift due to wakefields

offers insight to justify this negligence. The coherent tune
shift due to the wakefields is given by

Δνcoh ¼ Δνsingle þ Δνmulti ¼ −0.24 × 10−4 × NB=1012;

(125)

where the coherent tune shift for a Gaussian bunch caused
by the single-turn wake Δνsingle is calculated as

Δνsingle ¼ −iG Cec
16π2

ffiffiffi
π

p
σzνββE0

NBZdip;effðωξÞ

¼ ð−0.24 − 0.24iÞ × 10−4 × NB=1012
(126)

and the coherent tune shift of the multiturn wake Δνmulti is
given by

Δνmulti ¼ −G C2ecρ
4π3νββE0h3Cdω

NB

X∞
k¼1

X∞
n¼0

e
−π2ρkC

d2ωZ0
ðnþ1

2
Þ2−i2πkνβ

¼ ð0.016þ 0.018iÞ × 10−4 × NB=1012;

(127)

with the transverse effective impedance

Zdip;effðωÞ ¼
P∞

p¼−∞ZD
T1½ðpþ νβÞω0�h0½ðpþ νβÞω0 −ω�P∞
p¼−∞ h0½ðpþ νβÞω0 −ω� ;

(128)

the transverse impedance

ZD
T1ðωÞ ¼ Z0½sgnðωÞ − i� tanh

� ffiffiffiffi
2i

p dω
δskin

	
L

2πh3C
δskin;

(129)

the chromatic frequency ωξ ¼ ω0ξ=η (the definition of
chromaticity in Ref. [22] differs from the one used in this
paper), the power spectrum of the Gaussian zero azimuthal
bunch mode h0ðωÞ ¼ expð−ω2σ2z=c2Þ, and the skin depth
δskin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cρ=Z0jωj

p
[48].

When the resistive wall wake from Eq. (65) or (129) is
used as the input parameter, Eq. (125) yields two orders of
magnitude smaller than Eq. (124). Thus, we conclude that
the theory supports the simulations: the resistive wall
impedance of the J-PARC MR does not affect intrabunch
motion, provided no beam instability is triggered and the
wakefield-induced tune shift is negligibly smaller than that
caused by the space charge forces within the bunch.
In conclusion, while Eq. (84) provides valuable quali-

tative insights into the head-tail mode-dependent tune shifts
of a high-intensity Gaussian beam, simulation studies are
crucial for quantitatively capturing these shifts. This is
particularly important for analyzing the impact of the
indirect space charge effect on the intensity-dependent
tune shifts in the Gaussian beam and the selection of mode
excitation patterns, influenced by the direct and indirect
space charge effects, under the specified chromaticity.

VIII. RELATION TO THE RADIAL MODES

Up to the previous chapter, we demonstrated through
simulations that the head-tail tune shifts are well described
by the analytical model in a regime with strong space
charge unless beam instabilities are excited. However, for
the realistic Gaussian beam the radial modes may play a
crucial role in the beam instabilities such as the transverse
mode-coupling instability (TMCI). A question may arise as
to whether our simulation code properly handles these
modes. To address this, we perform supplemental simu-
lations in the beam instability regime.
First, to identify the radial modes by comparing the

simulations with the theoretical results, we simulate a case
where the space charge effect is turned off, leaving only the
transverse wakefield, because the theoretical approach is
already established in this simplest case. The theoretical
results are obtained by using DELPHI [52,53], a well-
established transverse Vlasov solver, with the assumption
of the resistive wall impedance given by Eq. (129) as its
input parameter.
The simulations are performed up to the high-intensity

beam (NB ≤ 50 × 1012 ppb) to clearly excite the radial
modes nr. Figure 7(a) shows the tune spectra obtained from
our simulation and the theoretical outcome for the wake-
field-only case with zero chromaticity (ξx ¼ 0). Black
bullet dots denote the simulation results, while the solid
and dashed lines represent the theoretical results with the
Vlasov solver. The solid lines represent modes with nr ¼ 0,
and the dashed lines represent modes with nr ¼ 1. The
magenta, green, cyan, orange, red, pink, blue, yellow, and
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purple denote the outcomes with m ¼ −4;−3;−2;−1;
0; 1; 2; 3, and 4, respectively. The simulations reveal that
only the head-tail modes −1 ≤ m ≤ 1 are excited in this
case. However, as the beam intensity increases, (m ¼ 0;
nr ¼ 1) mode separates from (m ¼ 0; nr ¼ 0) mode and
becomes identifiable. Furthermore, at a bunch population
of NB ¼ 28 × 1012 ppb, the coupling of (m ¼ 0; nr ¼ 0)
and (m ¼ −1; nr ¼ 0) modes leads to TMCI. The insta-
bility threshold observed in our simulation perfectly
matches that predicted by the DELPHI. This provides
definitive evidence that our simulation code fully repro-
duces the dynamics of the radial modes.
Figure 7(b) illustrates the case when a large chromaticity

(ξx ¼ −8.0) was introduced to stabilize the beam, where
the labeling is the same as in Fig. 7(a). The simulations
perfectly explain the results by DELPHI, all radial modes
are degenerate and merge with the primary head-tail modes,
which is consistent with our previous simulations. This
indicates that the radial modes no longer play a crucial role
in the large chromaticity region where no beam instability
is excited.
Having confirmed the code’s credibility concerning the

wakefields, we then transition to the more physical regime
by reintroducing both the direct and indirect space charge

effects with the same transverse wakefield. The tune
spectrum is shown in Fig. 8, with the contribution from
Eq. (124) eliminated to clearly show the excitation modes.
The higher head-tail modes with m ≥ 0 are more excited
compared to the results in Figs. 7(a) and 7(b) regardless of
the choice of chromaticity, with the degeneracy of the radial
modes maintained in the case of ξx ¼ −8.0 (Fig. 8(b)). The
spectrum in Fig. 8(a) does not show a clear bifurcation
signature of the radial and head-tail modes, nor the TMCI
identified in Fig. 7(a), indicating the beam instability is
suppressed even in the case of ξx ¼ 0.
Let us examine how the suppression of radial and

negative head-tail modes occurs by intentionally changing
the ratio, r, of the space charge strength to the wake
strength, with it multiplied with the horizontal kick
originated from the space charge effect [Eq. (60)], consid-
ering the case of ξx ¼ 0. The results are shown in Fig. 9,
where the (m ¼ 0; nr ¼ 0) mode is represented by the red
bullet. We observe that the higher radial modes and
negative head-tail modes gradually disappear as the ratio
r (space charge strength) increases, and the higher head-tail
modes become more enhanced because they are space
charge intrinsic modes explained by the extended ABS
theory. This demonstrates that the space charge dismisses

(a) (b)

FIG. 7. Tune shift at which the tune spectrum reaches its maximum peak in the simulation with only the transverse wakefield (space
charge off), compared with the results from the DELPHI Vlasov solver. The pair of numbers on the lines describes the excited mode
indices (m; nr). (a) Chromaticity ξx ¼ 0 and (b) chromaticity ξx ¼ −8.0.
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FIG. 8. Tune shift at which the tune spectrum reaches its maximum peak in the simulation, including the transverse wakefield and the
direct and indirect space charge effects. (a) Chromaticity ξx ¼ 0 and (b) chromaticity ξx ¼ −8.0.
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TMCI between (m ¼ 0; nr ¼ 0) and (m ¼ −1; nr ¼ 0) at
ξx ¼ 0 in Fig. 7(a) by suppressing the negative head-
tail modes.
To directly confirm that the beam is more stable when the

space charge effect is considered, let us investigate the
dependence of the beam intensity on the turn-by-turn
horizontal amplitude (Courant-Snyder invariant) An:

An ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xn2 þ β2xx0n

2

q
; (130)

for the cases of zero chromaticity, where the Twiss
parameter α is assumed to be zero for simplicity and
x0n ¼

P
i x

0
n;i=Nparticle.

Figure 10 represents the results with only wakefield
effects, wakefield and direct space charge effects, and

wakefield with direct and indirect space charge effects,
respectively. The simulation reveals that the growth rate
with both direct and indirect space charge and wakefield
effects [Fig. 10(c)] is milder than that in the case
including only wakefield effects [Fig. 10(a)], demon-
strating the damping effects due to the indirect space
charge force [36,37]. On the other hand, neglecting
the indirect space charge force [Fig. 10(b)] would
significantly enhance the beam growth rate, compared
to the case including only wakefield effects [Fig. 10(a)],
which is consistent with another theoretical prediction
[38]. In conclusion, our code successfully resolves two
different theoretical predictions and highlights the
importance of including indirect space charge effect in
the simulation.

FIG. 9. Tune shift at which the tune spectrum reaches its maximum peak in the simulation with ξx ¼ 0. The pair of numbers describes
the excited mode indices (m; nr). (a) r = 0.001, (b) r = 0.01, (c) r = 0.1, and (d) r = 1.

FIG. 10. Transverse amplitude Ān scanned by varying beam intensity NB for the case of chromaticity ξx ¼ 0. (a) Only the transverse
wakefield, (b) the transverse wakefield and the direct space charge, and (c) the transverse wakefield and the direct and indirect space
charge.
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IX. TRANSVERSE BUNCH MOTION IN THE TIME
DOMAIN IN THE TRACKING SIMULATION

Since we have analyzed the frequency spectrum of a
Gaussian beam, we will observe how the bunch motions in
theGaussianbunchareaffected in the timedomainby thespace
chargeeffects through thechromaticity, thebeam intensity, and
the synchrotron period (rf voltage) by the tracking simulation
under the storage mode of the J-PARC MR.

A. Typical results of the tracking simulation

Figure 11 shows typical results in the time domain of the
tracking simulation for the case of strong space charge
(NB ¼ 8.6 × 1012 ppb) with the chromaticity ξx ¼ −12.5
and horizontal injection offset X0 ¼ 0.01 m. Figure 11(a)
illustrates that the frequency components of the dipole
momentΔðkÞ, alternately exhibiting high and low-frequency
components along the turn. Meanwhile, Fig. 11(b) depicts
the oscillatory behavior of the horizontal centroid of the
entire bunch, representing the decoherent and recoherent
motions of the particles comprising the beam. The com-
parison between Figs. 11(a) and 11(b) reveals that when the
average transverse position indicates decoherence at the Nf

turn (or recoherence at the NAM turn), the intrabunch
frequency in Fig. 11(a) reaches its maximum (fmax) or
minimum, respectively.
To proceed with the following analysis, it is necessary to

rigorously define fmax, Nf, and NAM from an observation
point of view. This is because the frequency components
in Fig. 11(a) distribute with intensities, and some oscil-
lation peaks can be observed in Fig. 11(b), making it
challenging to determine these parameters precisely. Since
the high-frequency components of the dipole moment are
more clearly identifiable in Fig. 11(a), Nf is defined as the
first turn number at which the frequency component
reaches its highest value with strongest signal (fmax),
sweeping from the injection point. Finally, the recoher-
ence period is defined as twice the intrabunch oscilla-
tion period: NAM ¼ 2Nf. In addition, to compare the
recoherence period for different synchrotron periods, the
normalized recoherence period NAM=Ns is introduced.

In Fig. 11 case, we can determine the maximum intra-
bunch frequency fmax ¼ 84.1 MHz, the intrabunch oscil-
lation period Nf ¼ 890 turns, the recoherence period
NAM ¼ 1780 turns, and the normalized recoherence period
NAM=Ns ¼ 4.3, respectively.
Figure 11(c) reveals that the dipole moment jΔðkÞσΔ=qj

characteristically meanders back and forth in the longi-
tudinal direction, with this cycle being equal to NAM.

B. Modeling of head-tail mode reflecting simulation

To understand the simulation results in Fig. 11, let us
simplify the transverse centroid of each segment in the
bunch as

x̄ðn; zÞ ¼ X0

Xmmax

m¼mmin

ãm;scðzÞ exp ð−i2πνmnÞ; (131)

where

ãm;scðzÞ ¼ ð−iÞm exp

�
i2π

ξx
ηC

z

	

× cos

�
m

�
tan−1

�
π

2

z
σz

	
− π

2

		
;

(132)

referring to Eq. (89). Here, the relative amplitude in the
head-tail mode modeling in each segment is ãm;scðzÞ. The
factor π=2 × z=ẑ is replaced with tan−1ðπ=2 × z=σzÞ in
Eq. (132). The excitation modes specified by mmin and
mmax in Eq. (131) are determined by the simulations.
Regarding the tune of the head-tail mode m ≥ 0, it is

assumed to be expressed as

νm ¼ ν0 þmΔν; (133)

with bare betatron tune ν0 and equal intervals of the head-
tail modes Δν, based on the simulation results of Fig. 6(a).
Figure 12 shows the dipole moment:

Δðn; zÞ ¼ Re½x̄ðn; zÞ�ρzðzÞ; (134)
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FIG. 11. Transverse bunch motion in the time domain for the chromaticity ξx ¼ −12.5 and the beam intensity NB ¼ 8.6 × 1012 ppb.
(a) Frequency component of the dipole moment in the bunch, (b) average of the beam position xn, and (c) dipole moment jΔðkÞσΔ=qj in
the bunch.
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its frequency component, and the average of the beam
position XðnÞ ¼ Re½R∞−∞ dzρzðzÞx̄ðn; zÞ� for the parameter
set of ξx ¼ −12.5, mmin ¼ 5, mmax ¼ 9, σz ¼ 10 m,
Δν ¼ 0.00057, ν0 ¼ 21.35, and X0 ¼ 1 mm. Comparing
the results to the tracking simulation (Fig. 11), we can
observe that the intrabunch frequency transitions with
an interval of Nf between high and low frequencies, the
periodic motion occurs at a cycle of NAM ¼ 1=Δν, and

the dipole moment meanders. The analytical model for the
simulations reveals that the space charge effects character-
ize the motions of particles comprising the beam.
To further analytically understand this phenomenon, we

will extend the upper limit of head-tail mode in Eq. (131) to
infinity with mmin ¼ 0. The transverse centroid of each
segment is simplified as

x̄ðn; zÞ= expð−i2πν0nÞ
¼ X0 exp

�
i2π

ξx
ηC

z

	X∞
m¼0

exp

�
−im

�
2πΔνnþ π

2

		
cos

�
m

�
tan−1

�
π

2

z
σz

	
− π

2

		

¼ X0 exp

�
i2π

ξx
ηC

z

	
1

2

0
@1þ 1

1þ exp


i


tan−1



π
2
z
σz

�
− 2πΔνn

�� − 1

1 − exp


i


tan−1



π
2
z
σz

�
þ 2πΔνn

��
1
CA:

(135)

The last term characterized by Δν diverges around

z ¼ − 2
π σz tanð2πΔνnÞ; for 0 < n < 1

4
NAM; 34NAM < n < NAM;

þ 2
π σz tanð2πΔνnÞ; for 1

4
NAM < n < 3

4
NAM;

�
(136)

in the range of 0 < n < NAM, explaining the meandering of
the dipole moments along the turn numbers, owing to the
space charge effects.
Referring to the derivation of Eq. (22), we focus on the

phase component of Eq. (135) to analyze the dependence of
the maximum intrabunch frequency on chromaticity,
including the effects of space charge. First, we calculate
Arg½x̄ðn; zÞ= expð−i2πν0nÞ� after substituting n ¼ NAM=2
into Eq. (135) for small z, resulting in

Arg

�
x̄

�
NAM

2
; z

	
= exp

�
−i2πν0 NAM

2

	�
− 2π

ξx
ηC

z

¼Arg

" Xmmax

m¼mmin

im cos

�
m

�
tan−1

�
π

2

z
σz

	
− π

2

		#

≃Arg

2
664 X
mmin≤m≤mmax

m∶even

ðþ1Þ þ i
X

mmin≤m≤mmax
m∶odd

m
π

2

z
σz

3
775:

(137)
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FIG. 12. Transverse bunch motion in the time domain under the condition of ξx ¼ −12.5, mmin ¼ 5, and mmax ¼ 9. (a) Frequency
component of the dipole moment, (b) average of the beam position XðnÞ, and (c) dipole moment jΔðn; zÞj in the bunch.
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Here, the second term can be estimated by referring to
the condition on Arg½x̄ðn; zÞ= expð−i2πν0nÞ� at n ¼ 0 for
small z, which must be zero due to the very initial condi-
tion. As a result, this condition is explicitly expressed by

Arg½x̄ð0; zÞ= expð−i2πν00Þ� − 2π
ξx
ηC

z

¼Arg

" Xmmax

m¼mmin

ð−iÞm cos

�
m

�
tan−1

�
π

2

z
σz

	
− π

2

		#

≃Arg

2
4 X

mmin≤m≤mmax
m∶even

ðþ1Þ − i
X

mmin≤m≤mmax
m∶odd

m
π

2

z
σz

3
5:

(138)

By combining the complex conjugate of Eq. (138) with
Eq. (137), we derive

Arg

�
x̄

�
NAM

2
; z

	
= exp

�
−i2πν0NAM

2

	�
≃ 4π

ξx
ηC

z:

(139)

Finally, the maximum value of fint at the center of the
bunch is given by

fmax¼fint

�
NAM

2

	
≃
���� 1

2π

d
dt

�
2πν0

NAM

2
− 4π

ξx
ηC

z

�����
¼

����2f0 ξxη
����;

(140)

which matches Eq. (22) in the absence of space charge
effects. The validity of this approximate formula including
the space charge effect will be discussed in Sec. X E.
In the end, the simulations featuring the meandering of

the dipole moment, the maximum intrabunch frequency,
and the recoherence of the entire bunch frequency can be
roughly understood by the analytical model for the given
excited head-tail modes mmin and mmax under the chroma-
ticity condition.

X. DEMONSTRATION BY BEAM
MEASUREMENTS

In this section, we examine the intrabunch motion
predicted by the tracking simulation in the previous section
by changing the chromaticity, the synchrotron period, and
the beam intensity in the storage mode of the J-PARC MR
based on beam measurements. We analyze the horizontal
centroid of the entire bunch, the dipole moment in the
bunch, and its intrabunch frequency for each turn, when
beams are injected into the MR with the horizontal offset of
about X0 ¼ 5 mm.

The measurements utilized data from a stripline beam
position monitor with a 500 MHz sampling rate. This
monitor, comprising two pairs of triangle-shaped electrodes
[54], is installed in the J-PARC MR to ensure a wide-band
frequency response for the IBFB system. The horizontal
dipole moment, ΔðzÞ, along the bunch is obtained by
integrating the difference signals from the horizontal
electrodes. The horizontal centroid of the entire bunch
xn is then calculated by summing all dipole moments in the
bunch and multiplying the result by the sensitivity coef-
ficient, 0.046 m, divided by the measured bunch current. In
the 3 GeV storage mode with a single bunch, the beam
power corresponds to 0.35 × NB=1012 kW for a repetition
period of 1.36 s.

A. Conditions of measurements

Three sets of measurements were conducted under
different machine conditions.
First, we observe the synchrotron tune dependence by

scanning the rf voltages Vrf ¼ 80; 110; 140; 200; 263, and
400 kV and the beam intensities NB ¼ 2.4 × 1012;
4.2 × 1012, and 8.6 × 1012 ppb with the fixed chromaticity
ðξx; ξyÞ ¼ ð−6.5;−7.4Þ and the betatron tune ðνβ;x; νβ;yÞ ¼
ð21.35; 21.41Þ. Here, ξy is defined as the vertical chroma-
ticity, and νβ;y is defined as the vertical betatron tune.
Table V summarizes the number of measured shots for the
analysis.
Next, we investigate the beam intensity and chromaticity

dependences by scanning the protons per bunch NB ¼
1.0 × 1012; 2.4 × 1012; 4.2 × 1012, and 8.6 × 1012 ppb; and
the horizontal chromaticities ξx ¼ −1.5;−7.9, and −12.5;
with the fixed vertical chromaticity ξy ¼ −15, the beta-
tron tune ðνβ;x; νβ;yÞ ¼ ð21.35; 21.41Þ, and the rf voltage
Vrf ¼ 263 kV equivalent to the synchrotron period
Ns ¼ 410 turns. For the above two conditions, the mea-
sured bunching factor at the injection time was Bf ¼ 0.017
for the beam intensity NB ≤ 4.2 × 1012 ppb, and Bf ¼
0.022 for the beam intensity NB ¼ 8.6 × 1012 ppb.
Alternatively, we scan the beam intensities NB ¼

1.3 × 1011; 2.5 × 1011; 5.0 × 1011; 1.0 × 1012; 2.4 × 1012,

TABLE V. Number of shots for the analysis of the synchrotron
period dependence with the fixed chromaticity ðξx; ξyÞ ¼
ð−6.5;−7.4Þ and the betatron tune ðνβ;x; νβ;yÞ ¼ ð21.35; 21.41Þ.

NBðppbÞ=1012 2.4 4.2 8.6

Ns ¼ 340 3 3 3
Ns ¼ 410 3 3 3
Ns ¼ 480 … 3 3
Ns ¼ 570 … 3 1
Ns ¼ 650 … 4 1
Ns ¼ 760 3 2 1
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and 4.2 × 1012 ppb; and the chromaticities ðξx; ξyÞ ¼
ð−5.7;−6.2Þ and ð−3.3;−4.4Þ; with the fixed betatron
tune ðνβ;x; νβ;yÞ ¼ ð22.30; 20.81Þ and the rf voltage
Vrf ¼ 155 kV, corresponding to the synchrotron period
Ns ¼ 540 turns. For this condition, the bunching factor
at the injection timing was Bf ¼ 0.022 for all beam
intensities. Tables VI and VII summarize the number of
shots for the analysis, respectively.

B. Typical results of the measured intrabunch motion

Figure 13 shows a typical result of the measured intra-
bunch motion in the time domain for a beam intensity of
(NB ¼ 8.6 × 1012 ppb) with a chromaticity of ξx ¼ −7.9.
As in the case of the tracking simulation, the frequency
components of the dipole moment jΔðzÞj in Fig. 13(a)
reveals the alternating with high-frequency and low-
frequency components along the turn. Figure 13(b) shows
the oscillatory behavior of the horizontal centroid of the
entire bunch, and the level of amplitude represents the
decoherence and recoherence motion of the particles that

make up the beam. Here, the definitions of fmax, Nf, and
NAM are the same as those used in the tracking simulation.
From the data in Fig. 13, we determine the maximum bunch
frequency to be fmax ¼ 53.4 MHz, the bunch oscillation
period to be Nf ¼ 850 turns, the recoherence period to be
NAM ¼ 1700 turns, and the normalized recoherence period
to be NAM=Ns ¼ 4.1. From Fig. 13(c), it can be seen that
the dipole moment jΔðzÞj meanders in the longitudinal
direction, and that the period is equal to NAM.
Figure 14 shows the intrabunch motion (the dipole

moment) observed at the beam measurement by super-
imposing the trajectories of five consecutive turns at
intervals of NAM=4. In the periodic NAM, the oscillation
frequency varies between high and low frequencies as
mentioned in Fig. 13(a), and the dipole component oscil-
lates with NAM period between the head and tail as
mentioned in Fig. 13(c).
Figure 15 also shows the intrabeam motion (the dipole

moment) at NAM=2 ¼ Nf with various chromaticities. We
can directly observe the higher chromaticity excites the
higher head-tail modes, as mentioned in Fig. 4.

C. Synchrotron period dependence

First, the dependence of intrabunch motion on the
synchrotron period Ns is investigated by varying the rf
voltage.

1. Simulation predictions and measurement results

Simulations were performed for various rf voltages
corresponding to synchrotron periods from Ns ¼ 340 to
760 turns. Specific examples for ξx ¼ −6.5 and NB ¼
4.2 × 1012 ppb are shown in Fig. 16. The extracted values
for ðfmax; NAMÞ were (43.5 MHz, 1700 turns) for Vrf ¼
400 kV, (39.6 MHz, 1720 turns) for Vrf ¼ 263 kV, and
(34.2 MHz, 2940 turns) for Vrf ¼ 110 kV.
Corresponding measurements were performed under the

same parameter set, with the results shown in Fig. 17.
The measured values for ðfmax; NAMÞ were (43.3 MHz,
1600 turns) for Vrf ¼ 400 kV, (45.3 MHz, 2300 turns)
for Vrf ¼ 263 kV, and (39.8 MHz, 3400 turns) for
Vrf ¼ 110 kV. The measurements qualitatively reproduce
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FIG. 13. Measured transverse bunch motion in the time domain for the chromaticity ξx ¼ −7.9, the beam intensity
NB ¼ 8.6 × 1012 ppb, and the rf voltage Vrf ¼ 263 kV. (a) Frequency component of the dipole moment in the bunch, (b) average
of the beam position xn, and (c) dipole moment jΔðzÞj in the bunch.

TABLE VI. Number of shots for the analysis of the beam
intensity and the chromaticity dependences with the fixed
betatron tune ðνβ;x; νβ;yÞ ¼ ð21.35; 21.41Þ and the rf voltage
Vrf ¼ 263 kV.

NBðppbÞ=1012 1.0 2.4 4.2 8.6

ξx ¼ −1.5 30 30 30 …
ξx ¼ −7.9 30 30 30 10
ξx ¼ −12.5 30 30 30 …

TABLE VII. Number of shots for the analysis of the beam
intensity and the chromaticity dependences with the fixed
betatron tune ðνβ;x; νβ;yÞ ¼ ð22.30; 20.81Þ and the rf voltage
Vrf ¼ 155 kV.

NBðppbÞ=1012 0.13 0.26 0.52 1.0 2.4 4.2

ξx ¼ −3.3 3 3 3 3 3 …
ξx ¼ −5.7 3 3 3 3 3 3
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the key features of the simulation, including the periodic
frequency structure and the long recoherence period.
The measured fmax (39–46MHz) andNAM=Ns (5.2–5.6)

are comparable to the simulated values of fmax (34–
44 MHz) and NAM=Ns (4.2–5.0).

2. Comparison and discussion

Figure 18 compares simulation and measurement results
to assess the dependence of the maximum intrabunch
frequency fmax on the synchrotron period. Both datasets
show minimal variation, indicating that the maximum
intrabunch frequency fmax is essentially independent of
synchrotron tune and beam intensity, as predicted by
Eq. (140).
Figure 19(a) represents the simulations to explain the

synchrotron period dependence of the normalized recoher-
ence period NAM=Ns. When the space charge effect is
stronger (NB ¼ 4.2 × 1012 and 8.6 × 1012 ppb), the nor-
malized recoherence period stays within the region of
4Ns < NAM < 5Ns even when the synchrotron period is

changed. Meanwhile, when the space charge effect is
moderate (NB ¼ 2.4 × 1012 ppb), the normalized recoher-
ence period tends to increase as the synchrotron period
increases.
This behavior of the recoherence period can be under-

stood in terms of the head-tail modes analysis. Figure 20
shows the head-tail tune spectrum of the relative amplitude
am, where the synchrotron period is scanned by changing
the rf voltage in the tracking simulation. The vertical axis is
the head-tail modes tune normalized by the synchrotron
tune: Δν=νs. In Figs. 20(b) and 20(c) (in the cases of the
strong space charge effect with the respective beam
intensities NB ¼ 4.2 × 1012 and 8.6 × 1012 ppb), we can
see that the normalized frequency interval between adjacent
head-tail modes is close to a constant of around
0.2 < Δν=νs < 0.25, even when the synchrotron period
is changed. On the other hand, in Fig. 20(a) (in the case of
the moderate space charge effect with the beam intensity
NB ¼ 2.4 × 1012 ppb), the interval dynamically decreases
from 0.5 to 0.25 as the synchrotron period increases. As a
result, we can conclude that the normalized recoherence
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FIG. 14. Measured dipole moment ΔðzÞ in the bunch at beam measurement for the chromaticity ξx ¼ −7.9 and the beam intensity
NB ¼ 8.6 × 1012 ppb. (a) 0 turn, (b) NAM=4 = 425 turns, (c) NAM=2 = 850 turns, (d) 3NAM=4 =1275 turns, (e) NAM = 1700 turns,
(f) 5NAM=4 = 2125 turns, (g) 3NAM=4 = 2550 turns, and (h) 7NAM=4 = 2975 turns.
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period saturates for the higher synchrotron tune due to the
space charge effects.
The measured data for the normalized recoherence

period NAM=Ns is shown in Fig. 19(b). The period remains
within the range of 4 < NAM=Ns < 7 and shows no strong
dependence on Ns, consistent with the saturation behavior
predicted for high-intensity beams. Interestingly, the data
for NB ¼ 8.6 × 1012 ppb deviates slightly from the lower
intensity cases. These measured results indicate that the
recoherence period already saturates in the midstrength
region of the space charge, suggesting that the current
modeling of the indirect space charge, based on the
simplified geometry of the J-PARC MR, overestimates
its effect on the intrabunch motions. Meanwhile, the reason
the normalized recoherence period falls below the saturated
value for beams with midstrength space charge is that the
injected beam is broadened from the outset due to the large
number of NB. Note, Bf ¼ 0.017 for NB ≤ 4.2 × 1012 ppb,

but Bf ¼ 0.022 for NB ¼ 8.6 × 1012 ppb in the measure-
ments. Consequently, the effective space charge effect is
mitigated in the bunch with NB ¼ 8.6 × 1012 ppb, leading
to a shorter normalized recoherence period compared to the
other results.

D. Beam intensity dependence

Next, the dependence of intrabunch motion on beam
intensity is analyzed using combined data from all three
measurement sets (Tables V, VI, and VII), based on the
observation in Sec. X C 2 that the synchrotron period has
little influence on fmax and NAM=Ns.

1. Simulation predictions and measurement results

We simulate the beam intensity dependence of intra-
bunch motions for a fixed rf voltage Vrf ¼ 263 kV and
chromaticity. Figure 21 shows the simulations of the
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FIG. 16. Simulations of the transverse bunch motion in the time domain for the rf voltages: Vrf ¼ 110; 263 and 400 kV, with the
chromaticity ξx ¼ −6.5 and the beam intensity NB ¼ 4.2 × 1012 ppb. (a) Frequency component of the dipole moment for Vrf ¼
400 kV, fmax ¼ 43.5 MHz, NAM ¼ 1700, NAM=Ns ¼ 5.0, (b) frequency component of the dipole moment for Vrf ¼ 263 kV,
fmax ¼ 39.6MHz, NAM ¼ 1720,NAM=Ns ¼ 4.2, (c) frequency component of the dipole moment for Vrf ¼ 110 kV, fmax ¼ 34.2MHz,
NAM ¼ 2940, NAM=Ns ¼ 4.5, (d) average of the beam position xn for Vrf ¼ 400 kV, (e) average of the beam position xn for
Vrf ¼ 263 kV, (f) average of the beam position xn for Vrf ¼ 110 kV, (g) dipole moment jΔðkÞσΔ=qj in the bunch for Vrf ¼ 400 kV,
(h) dipole moment jΔðkÞσΔ=qj in the bunch for Vrf ¼ 263 kV, and (i) dipole moment jΔðkÞσΔ=qj in the bunch for Vrf ¼ 110 kV.
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FIG. 17. Measurements of the transverse bunch motion in the time domain for the rf voltages: Vrf ¼ 110; 263 and 400 kV, with the
chromaticity ξx ¼ −6.5 and the beam intensity NB ¼ 4.2 × 1012 ppb. (a) Frequency component of the dipole moment for
Vrf ¼ 400 kV, fmax ¼ 43.3 MHz, NAM ¼ 1600, NAM=Ns ¼ 5.4, (b) frequency component of the dipole moment for Vrf ¼ 263 kV,
fmax ¼ 45.3MHz, NAM ¼ 2300,NAM=Ns ¼ 5.6, (c) frequency component of the dipole moment for Vrf ¼ 110 kV, fmax ¼ 39.8MHz,
NAM ¼ 3400, NAM=Ns ¼ 5.2, (d) average of the beam position xn for Vrf ¼ 400 kV, (e) average of the beam position xn for
Vrf ¼ 263 kV, (f) average of the beam position xn for Vrf ¼ 110 kV, (g) dipole moment ΔðzÞj j in the bunch for Vrf ¼ 400 kV, (h)
dipole moment ΔðzÞj j in the bunch for Vrf ¼ 263 kV, and (i) dipole moment ΔðzÞj j in the bunch for Vrf ¼ 110 kV.
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FIG. 18. Maximum intrabunch frequency fmax for the synchrotron period. Here, the black, red, and green denote the cases of
NB ¼ 2.4 × 1012, 4.2 × 1012, and 8.6 × 1012 ppb, respectively. (a) Tracking simulation and (b) measurement.
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transverse bunch motion in the time domain for the beam
intensity: NB ¼ 1.0 × 1012; 2.4 × 1012; 4.2 × 1012, and
8.6 × 1012 ppb with fixed chromaticity ξx ¼ −8.0. The
extracted values for ðfmax; NAMÞ were (53.3 MHz, 340
turns) for NB ¼ 1.0 × 1012 ppb, (49.0 MHz, 600 turns) for
NB ¼ 2.4 × 1012 ppb, (51.3 MHz, 1040 turns) for NB ¼
4.2 × 1012 ppb, and (53.7 MHz, 1860 turns) for NB ¼
8.6 × 1012 ppb. When the space charge effect is negligible,
the recoherence occurs atNAM ¼ Ns [42]. However, for the
moderate beam intensity in Fig. 21(e), the recoherence
signals weaken due to the betatron tune spread caused
by the space charge effects. In contrast, as the beam
intensity increases significantly, the strong space charge
effects bias the particle distributions within the beam,
leading to the reemergence of recoherence, as illustrated
in Figs. 21(g) and 21(h).
Since we have experimentally confirmed that the syn-

chrotron period does not have a strong effect on the
maximum intrabunch frequency and the normalized reco-
herence period NAM=Ns in Sec. X C 2, we handle the
measured data with different synchrotron periods (rf
voltages) simultaneously, from now on. Accordingly, we
will analyze the beam intensity and the chromaticity

dependences after combining the results based on
Tables V, VI, and VII. Figure 22 shows the measurements
of the transverse bunch motion in the time domain for the
beam intensity: NB ¼ 1.0 × 1012; 2.4 × 1012; 4.2 × 1012,
and 8.6 × 1012 ppb with fixed chromaticity ξx ¼ −7.9,
displaying the low to high-intensity beam results in left
to right columns. Just as in the simulation predictions, the
recoherence signal becomes more visible when the beam
intensity increases. The measured values for ðfmax; NAMÞ
were (50.5 MHz, 1300 turns) for NB ¼ 1.0 × 1012 ppb,
(52.2 MHz, 2200 turns) for NB ¼ 2.4 × 1012 ppb,
(51.9 MHz, 2100 turns) for NB ¼ 4.2 × 1012 ppb, and
(53.4 MHz, 1700 turns) for NB ¼ 8.6 × 1012 ppb.

2. Comparison and discussion

Figure 23(a) shows the simulations of the normalized
recoherence period NAM=Ns for the beam intensity, which
saturates for the high intensity extreme, regardless of the
chromaticity. This feature can be interpreted based on
the tune spectrum results shown in Fig. 2, similar to the
discussion in the previous subsection. When the separation
of the excited tune shifts across different modes remains
nearly identical within the given range of beam intensities,
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FIG. 19. Normalized recoherence period NAM=Ns for the synchrotron period. Here, the black, red, and green denote the cases of
NB ¼ 2.4 × 1012; 4.2 × 1012, and 8.6 × 1012 ppb, respectively. (a) Tracking simulation and (b) measurement.

FIG. 20. Simulated spectra of head-tail tune normalized with synchrotron tuneΔν=νs for the synchrotron period obtained by analyzing
log jamj of the harmonic model with the indirect space charge effect. (a) NB ¼ 2.4 × 1012 ppb, (b) NB ¼ 4.2 × 1012 ppb,
and (c) NB ¼ 8.6 × 1012 ppb.
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the normalized recoherence period becomes independent of
the beam intensity.
For lower chromaticity, the lower head-tail modes are

excited, and their degeneration levels rapidly saturate at
high beam intensities. In contrast, for higher chromaticity,
the higher head-tail modes are excited, and their degener-
ation levels do not saturate easily, even at high beam
intensities (refer to Fig. 2).
As a result, achieving saturation of the normalized

recoherence period for these beam intensity parameters
requires a higher beam intensity in the higher chromaticity
condition. From the simulation point of view, Fig. 23(a)
reveals that the recoherence period is within 4Ns < NAM <
5Ns for the high-intensity beams. In the J-PARC MR, the
recoherence period is expected to lengthen to 1600 <
NAM < 2000 due to the space charge effects for a beam
characterized by the equal intervals of the head-tail modes

Δν, within the range of 0.0005 < Δν < 0.0006, based on
the simulation results of Fig. 6(a).
Figure 23(b) shows the measurements of the normalized

recoherence period for the beam intensity, corresponding to
the simulations in Fig. 23(a). From a measurement per-
spective, it is challenging to identify Nf, where the highest
frequency: fmax appears in the bunch with lower intensity
under conditions of lower chromaticity like ξx ¼ −1.5.
From a theoretical viewpoint, this difficulty arises because
multiple lower head-tail modes with different mode
differences are simultaneously excited in the low-intensity
beam at the lower chromaticity setting as explained
in Sec. VII. This makes it difficult to define the recoherence
period, NAM. As a result, we exclude the measurement
point or the case of NB ¼ 1.0 × 1012 ppb with ξx ¼ −1.5
in Fig. 23(b), deeming it unreliable.
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FIG. 21. Simulation of the transverse bunch motion in the time domain for the beam intensity: NB ¼ 1.0 × 1012;
2.4 × 1012; 4.2 × 1012, and 8.6 × 1012 ppb with the chromaticity ξx ¼ −8.0 and the rf voltage Vrf ¼ 263 kV. (a) Frequency component
of the dipole moment for NB ¼ 1.0 × 1012 ppb, fmax ¼ 53.3 × MHz, NAM ¼ 340, NAM=Ns ¼ 0.8, (b) frequency component of the
dipole moment for NB ¼ 2.4 × 1012 ppb, fmax ¼ 49.0 × MHz, NAM ¼ 600, NAM=Ns ¼ 1.5, (c) frequency component of the dipole
moment for NB ¼ 4.2 × 1012 ppb, fmax ¼ 51.3 × MHz, NAM ¼ 1040, NAM=Ns ¼ 2.5, (d) frequency component of the dipole moment
for NB ¼ 8.6 × 1012 ppb, fmax ¼ 53.7 × MHz, NAM ¼ 1860, NAM=Ns ¼ 4.5, (e) average of the beam position xn for NB ¼
1.0 × 1012 ppb, (f) average of the beam position xn for NB ¼ 4.2 × 1012 ppb, (g) average of the beam position xn for
NB ¼ 4.2 × 1012 ppb, (h) average of the beam position xn for NB ¼ 8.6 × 1012 ppb, (i) dipole moment ΔðkÞσΔ=q

�� �� in the bunch
for NB ¼ 1.0 × 1012 ppb, (j) dipole moment jΔðkÞσΔ=qj in the bunch for NB ¼ 2.4 × 1012 ppb, (k) dipole moment jΔðkÞσΔ=qj in the
bunch for NB ¼ 4.2 × 1012 ppb, and (l) dipole moment ΔðkÞσΔ=q

�� �� in the bunch for NB ¼ 8.6 × 1012 ppb.
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FIG. 22. Measurements of the transverse bunch motion in the time domain for the beam intensity: NB ¼ 1.0 × 1012;
2.4 × 1012; 4.2 × 1012, and 8.6 × 1012 ppb with the chromaticity ξx ¼ −7.9 and the rf voltage Vrf ¼ 263 kV. (a) Frequency component
of the dipole moment for NB ¼ 1.0 × 1012 ppb, fmax ¼ 50.5 MHz, NAM ¼ 1300, NAM=Ns ¼ 3.2, (b) frequency component of the
dipole moment for NB ¼ 2.4 × 1012 ppb, fmax ¼ 52.2 MHz, NAM ¼ 2200, NAM=Ns ¼ 5.4, (c) frequency component of the dipole
moment for NB ¼ 4.2 × 1012 ppb, fmax ¼ 51.9 MHz, NAM ¼ 2100, NAM=Ns ¼ 5.1, (d) frequency component of the dipole moment
for NB ¼ 8.6 × 1012 ppb, fmax ¼ 53.4 MHz, NAM ¼ 1700, NAM=Ns ¼ 4.1, (e) average of the beam position xn for NB ¼
1.0 × 1012 ppb, (f) average of the beam position xn for NB ¼ 2.4 × 1012 ppb, (g) average of the beam position xn for
NB ¼ 4.2 × 1012 ppb, (h) average of the beam position xn for NB ¼ 8.6 × 1012 ppb, (i) dipole moment ΔðzÞj j in the bunch for
NB ¼ 1.0 × 1012 ppb, (j) dipole moment ΔðzÞj j in the bunch for NB ¼ 2.4 × 1012 ppb, (k) dipole moment ΔðzÞj j in the bunch
for NB ¼ 4.2 × 1012 ppb, and (l) dipole moment ΔðzÞj j in the bunch for NB ¼ 8.6 × 1012 ppb.
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FIG. 23. Normalized recoherence period NAM=Ns with several fixed chromaticities for different beam intensities. Here, the red, green,
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respectively. (a) Tracking simulation and (b) measurement.
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The recoherence period appears to approach about
NAM ¼ Ns for the weak beam intensity NB ¼
0.13 × 1012 ppb, close to the linear decoherence scenario.
As the beam intensity increases, the normalized recoher-
ence period begins to rise, saturates at around NB ¼
2.4 × 1012 ppb, and then tends to decrease for higher-
intensity beams in the measurements.
More specifically, Fig. 23(b) shows that the saturation

number of protons per bunch, at which the normalized
recoherence period saturates, depends on the chromaticity.

Overall, the saturation number of protons per bunch

increases as the chromaticity becomes higher, consistent

with the simulation results in Fig. 23(a).
The decrease in the measured normalized recoherence

period in the higher-intensity beams can be attributed to
the same reason that explains the drop in normalized

recoherence period for the case of NB ¼ 8.6 × 1012 ppb,
as shown in Fig. 19(b). The longitudinal emittances of the
injection beam into the J-PARC MR depend on the beam
intensity, which enhances the bunching factor for NB ¼
8.6 × 1012 ppb compared to NB ¼ 4.2 × 1012 ppb. This
effect effectively weakens the space charge effect on the
bunch, resulting in a shortening of the recoherence period
compared to the recoherence period of intermediate-
strength beams. As a result, the recoherence period is
within the wider range of 4Ns < NAM < 7Ns for the
high-intensity and high-chromaticity beams in the mea-
surements, unlike the simulations.

E. Chromaticity dependence

Finally, the dependence of intrabunch motion on chro-
maticity is investigated.
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FIG. 24. Simulation of the transverse bunch motion in the time domain for the chromaticity: ξx ¼ −1.5;−8.0, and −12.5 with the
beam intensity NB ¼ 4.2 × 1012 ppb and the rf voltage Vrf ¼ 263 kV. (a) Frequency component of the dipole moment for ξx ¼ −1.5,
fmax ¼ 9.5 MHz, NAM ¼ 1940, NAM=Ns ¼ 4.7, (b) frequency component of the dipole moment for ξx ¼ −8.0, fmax ¼ 51.3 MHz,
NAM ¼ 1040, NAM=Ns ¼ 2.5, (c) frequency component of the dipole moment for ξx ¼ −12.5, fmax ¼ 76.5 MHz, NAM ¼ 660,
NAM=Ns ¼ 1.6, (d) average of the beam position xn for ξx ¼ −1.5, (e) average of the beam position xn for ξx ¼ −8.0, (f) average of the
beam position xn for ξx ¼ −12.5, (g) dipole moment jΔðkÞσΔ=qj in the bunch for ξx ¼ −1.5, (h) dipole moment jΔðkÞσΔ=qj in the bunch
for ξx ¼ −8.0, and (i) dipole moment jΔðkÞσΔ=qj in the bunch for ξx ¼ −12.5.
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1. Simulation predictions and measurement results

We simulate the case where the chromaticity is scanned
for the parameter set of rf voltage and particles per bunch
described in the previous subsection. Figure 24 shows the
transverse bunch motion in the time domain for the
chromaticity: ξx ¼ −1.5;−8.0, and −12.5 with the fixed
beam intensity NB ¼ 4.2 × 1012 ppb. The extracted values
for ðfmax; NAMÞ were (53.3 MHz, 340 turns) for NB ¼
1.0 × 1012 ppb, (9.5 MHz, 1940 turns) for ξx ¼ −1.5,
(51.3 MHz, 1040 turns) for ξx ¼ −8.0, and (76.5 MHz, 660
turns) for ξx ¼ −12.5.
Figure 25 shows the measured transverse bunch motion

for various chromaticities: ξx ¼ −1.5;−7.9, and −12.5
with fixed beam intensity NB ¼ 4.2 × 1012 ppb in the time
domain. The measured values for ðfmax; NAMÞ were
(10 MHz, 2200 turns) for ξx ¼ −1.5, (51.9 MHz, 2100
turns) for ξx ¼ −7.9, and (81.3 MHz, 1800 turns)
for ξx ¼ −12.5.

2. Comparison and discussion

Figure 26(a) shows the maximum intrabunch frequency
fmax dependence for the chromaticity in the tracking
simulation for various beam intensities. Regardless of
the space charge effect, it is clear that the maximum
intrabunch frequency follows fmax ¼ 6.4jξxj MHz [refer
to Eq. (140) denoted by the black dashed line, identical to
Eq. (22) derived under the assumption of weak space
charge effects] and is proportional to the chromaticity
because all the data points collapse onto a single line.
Figure 26(b) shows the maximum intrabunch frequency

fmax dependence for the chromaticity with the measure-
ment data. The black dashed line represents the analytical
result given by Eq. (140). The simulations in Fig. 26(a) are
in excellent agreement with the measurement in Fig. 26(b).
We observe the maximum intrabunch frequency follows the
analytical result: fmax ¼ 6.4jξxj MHz. In the end, we find
that the measurements confirm that space charge effects do
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FIG. 25. Measurements of the transverse bunch motion in the time domain for the chromaticity: ξx ¼ −1.5;−7.9, and −12.5 with the
beam intensity NB ¼ 4.2 × 1012 ppb and the rf voltage Vrf ¼ 263 kV. (a) Frequency component of the dipole moment for ξx ¼ −1.5,
fmax ¼ 10 MHz, NAM ¼ 2200, NAM=Ns ¼ 5.4, (b) frequency component of the dipole moment for ξx ¼ −7.9, fmax ¼ 51.9 MHz,
NAM ¼ 2100, NAM=Ns ¼ 5.1, (c) frequency component of the dipole moment for ξx ¼ −12.5, fmax ¼ 81.3 MHz, NAM ¼ 1800,
NAM=Ns ¼ 4.2, (d) average of the beam position xn for ξx ¼ −1.5, (e) average of the beam position xn for ξx ¼ −7.9, (f) average of the
beam position xn for ξx ¼ −12.5 (g) dipole moment ΔðzÞj j in the bunch for ξx ¼ −1.5, (h) dipole moment ΔðzÞj j in the bunch for
ξx ¼ −7.9, and (i) dipole moment ΔðzÞj j in the bunch for ξx ¼ −12.5.
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not influence the relationship between the maximum intra-
bunch frequency and chromaticity, as predicted by the
simulations.

XI. CONCLUSION

In this paper, we investigate the direct and indirect space
charge effects on the intrabunch motion across wider chro-
matic phase regions, by examining the dipole excitation in
detail, using theoretical analysis, simulations, and exper-
imental measurements. During the development of the
simulation code, we clarify the limitations of applying the
linear approximation to the space charge effects, namely
that the beam size must be significantly smaller than the
chamber radius. We find that neither the longitudinal [42]
nor the transverse impedance significantly influences the
motions in the J-PARC MR unless beam instability occurs.
The consistency of our code to the previous studies is

verified by examining the excitation patterns of radial and
head-tail modes. When space charge effects are neglected,
the simulation reproduces beam instabilities consistent with
the results of a well-established Vlasov solver. Further-
more, we demonstrate that the indirect space charge effect
suppresses beam instability, whereas the direct space
charge effect enhances the growth rate. As a result,
our simulations, developed through careful examination
of the fundamental aspects of the space charge effects,
successfully reconcile two differing predictions regarding
beam instability in the presence of the space charge.
Additionally, we reestablish the ABS theory to describe

the space charge effects on the intrabunch motion from a
fundamental perspective and extend it to partially account
for a more realistic Gaussian beam within a harmonic
potential model. This theoretical framework allows us to
better understand simulation features, including the
extended recoherence time and the degeneration of head-
tail modes toward the high-intensity beams. The simulation
code and theory are compared in the weak space charge

region, showing excellent agreement that supports the
extension of the simulations to stronger space charge
regions.
In the ABS model, the head-tail modes depend on the

chromaticity setting. Higher head-tail modes survive in
regions of higher chromaticity, which aligns with exper-
imental observations. However, in the simulations using
a Gaussian beam with a harmonic potential, all head-
tail modes are excited when the space charge effects are
neglected. This discrepancy with the observation is
resolved when the strong space charge effects are consid-
ered in the harmonic potential model, especially in higher
chromaticity regions. Overall, the ABS model effectively
describes simulations for Gaussian beams within a har-
monic potential. As a result, we can understand the
simulations based on the theory.
For the high-intensity beams, the recoherence time

saturates, because the indirect space charge effect mitigates
the degeneration of head-tail modes. In other words, the
recoherence time becomes independent of beam intensity
in higher chromaticity regions because the higher head-tail
modes are excited and hard to degenerate.
Strictly speaking, it is challenging to precisely predict

experimental outcomes because the longitudinal and trans-
verse emittances of injection beams from upstream facili-
ties vary with beam intensity. For instance, if the emittances
are broadened from the outset, the space charge effects on
intrabunch motion are effectively mitigated during the
storage mode in the ring, leading to a shortened recoher-
ence time compared to the expected saturated value by the
simulation. Nevertheless, the relationship between the
maximum frequency in the bunch and the chromaticity
remains unaffected by space charge effects.
In high-intensity proton rings such as the J-PARC MR,

the space charge parameter is large and the chromatic phase
has a broad range to suppress beam instability, so it is
necessary to understand the basics of intrabunch motion
for stable operation. We find a phenomenon in which the
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FIG. 26. Maximum intrabunch frequency fmax with fixed beam intensity for different chromaticities. In (a), the black, red, green, blue,
orange, magenta, and gray lines denote the cases of NB ¼ 1.0 × 1011; 2.0 × 1011; 5.0 × 1011; 1.0 × 1012; 2.4 × 1012; 4.2 × 1012, and
8.6 × 1012 ppb, respectively. In (b), the black, red, green, blue, orange, magenta, and gray lines denote the cases of NB ¼
1.3 × 1011; 2.6 × 1011; 5.2 × 1011; 1.0 × 1012; 2.4 × 1012; 4.2 × 1012, and 8.6 × 1012 ppb, respectively. The black dashed lines in both
figures are the result of Eq. (140). (a) Tracking simulation and (b) measurement.
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high-frequency component rises gradually as the beam
intensity becomes higher. If this characteristic is kept to the
case when the beam instability occurs, it is quite beneficial
to efficiently activate the IBFB. Therefore, the next goal is
to use this simulation to investigate the mechanism of beam
instability at high beam intensities to determine the optimal
conditions for the IBFB when the beam instability is
excited at the J-PARC MR.
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