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Coherent synchrotron radiation (CSR) has long been recognized as a significant source of longitudinal
impedance driving microwave instability in electron storage rings. In the pursuit of higher luminosity,
next-generation circular eþe− colliders operating in the few-GeV energy range, such as B-factories and
Tau-Charm factories, are being designed with low-emittance beams and high beam currents. Damping
wigglers are commonly introduced to reduce damping times and control beam emittance. In this study,
we systematically investigate the impact of coherent wiggler radiation (CWR), a specific form of CSR
generated within wigglers, on beam stability in Tau-Charm factories. We revisit the threshold conditions
for CWR-induced microwave instability and evaluate its effects under realistic lattice configurations of
collider rings. Furthermore, we examine theoretical models of longitudinal CWR impedance and identify
improved formulations that better capture its influence. As an illustrative example, the developed CWR
impedance models are applied to simulate beam stability in the Super Tau-Charm Facility currently under
design in China.
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I. INTRODUCTION

In particle accelerators, a charged beam emits synchro-
tron radiation (SR) as it traverses bending magnets. The
total radiation spectrum can be expressed as

PðkÞ ¼ ðN þ NðN − 1ÞjFðkÞj2ÞI1ðkÞ; (1)

where k is the radiation wave number, N is the number of
particles in the bunch, FðkÞ is the bunch form factor, and
I1ðkÞ is the single-particle spectrum. The second term,
proportional to N2jFðkÞj2, corresponds to coherent syn-
chrotron radiation (CSR). This contribution becomes sig-
nificant when the bunch length σz is comparable to or
smaller than the radiation wavelength 2π=k, or when
substructures with characteristic scale σ̂z form within the

bunch such that FðkÞ remains sizable at k ∼ 1=σ̂z. Hence,
the coherence originates entirely from the bunch profile
through its form factor.
In storage rings, the interaction of SR with the beam is

usually described by the longitudinal impedance ZðkÞ,
whose real part is directly related to the single-particle
spectrum as Re½ZðkÞ� ∝ I1ðkÞ. By long-standing conven-
tion, this impedance is referred to as the “CSR impedance.”
Although this terminology can be somewhat misleading,
since the coherence does not arise from the impedance
itself, it is standard in the literature. In this paper, we follow
this convention and use CSR impedance to denote the
impedance of synchrotron radiation in bending magnets.
The influence of CSR fields on beam stability in storage

rings has been the subject of extensive research in recent
years (see, for example, [1] and references therein). Of
particular interest is the case of synchrotron radiation from
wigglers, commonly termed coherent wiggler radiation
(CWR). This effect was first identified in the 2000s as a
potential driver of microwave instability during the design
of damping rings for colliders [2,3]. Following the termi-
nology used for CSR, we refer to the associated impedance
as the CWR impedance, while emphasizing that coherence
originates from the bunch form factor rather than the
impedance itself. More recently, the impact of CWR
impedance on microwave instability has been investigated
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in detail through both theoretical analyses and numerical
simulations [4].
The crab-waist collision scheme has become the stan-

dard choice for new-generation circular eþe− colliders,
including B-factories [5,6], Tau-Charm factories [7–9], and
Higgs factories [10,11], since its invention in 2006 [12] and
its successful demonstration at DAΦNE [13]. For collider
rings operating in the few-GeV range (below 10 GeV), the
radiation damping provided by regular bending magnets is
insufficient to achieve the required damping time. As a
result, damping wigglers are introduced to shorten the
damping time and control the beam emittance (see, for
example, [6–8]).
The use of damping wigglers, while essential, raises

concerns about the impact of CWR-driven instabilities on
beam dynamics in collider rings. In [2], the CWR imped-
ance in free space was evaluated, and later in [3] the
combined effects of CSR from bending magnets and
wigglers were analyzed to optimize the performance of
damping rings. A scaling law for the instability threshold
as a function of the wiggler-to-bend damping ratio [Eq. (24)
in [3] ] was proposed to assess the role of CWR impedance.
However, this scaling law relies on the plausible
assumption that the momentum compaction factor αp
varies with the damping ratio, an assumption that does
not hold in collider rings. Consequently, the threshold
current scaling derived in [3] is not directly applicable to
the collider rings considered here.
Further progress was made in [14], where an analytical

framework incorporating parallel-plate shielding was
developed for CWR impedance calculations. While this
represents an important advance, the resulting formulas do
not converge well in numerical evaluations, limiting their
practical applicability. These considerations motivate us to
establish a theoretical framework tailored to the specific
requirements of modern collider rings, especially those
employing the crab-waist collision scheme. Our approach
also builds upon and extends recent advances in CSR and
CWR instability studies [1,4]. Moreover, although our
analysis is carried out in the context of a Tau-Charm
facility, the framework is general and can be applied to
other machines, provided the applicability conditions are
carefully examined.
The paper is organized as follows. In Sec. II, we briefly

review the theories of longitudinal single-bunch insta-
bility in electron storage rings, with the CSR-induced
instability as a specific case. Then we derive alternative
analytic models for CWR impedance in Sec. III. Using
the theories, we evaluate the impact of CWR impedance
on ring design for Tau-Charm factories in Sec. IV. In
Sec. V, detailed simulations are presented to analyze the
microwave instability induced by the CWR and CSR
impedances for the proposed Super Tau-Charm Facility
(STCF) in China. Finally, we summarize our findings
in Sec. VI.

II. THEORIES OF LONGITUDINAL
SINGLE-BUNCH INSTABILITY

The longitudinal wakefields distort the potential well
experienced by the beam in electron storage rings. When
the bunch current exceeds a certain threshold, the beam
becomes unstable. Awidely used formula for estimating the
threshold bunch current is provided by the Keil-Schnell-
Boussard (KSB) criterion [15,16]:

IthðKSBÞ ¼
ð2πÞ3=2ðE=eÞjηjσ2pσz

Cj Zn j
; (2)

where E is the beam energy, e is the electron charge,
η ¼ αp − 1=γ2 is the slip factor with αp being the momen-
tum compaction and γ being the Lorentz factor, σp is the
energy spread, σz is the Gaussian bunch length, C is the
ring circumference, and jðZ=nÞj is the longitudinal imped-
ance per harmonic, a real quantity with units of impedance.
For a given design bunch current, Eq. (2) also provides a
guideline for managing the impedance level in a storage
ring. Since we consider electron rings in the GeV energy
range, we set η ¼ αp and tentatively assume αp > 0 as
follows.
The quantity jðZ=nÞj is associated with the machine

impedance, which can be determined in different ways. For
longitudinal CSR impedances in the high-frequency range
k ≫ 1=σz, the dispersion-relation analysis for the coasting
beam presented in [17] was employed to determine the
threshold current for microwave instability. Later, this
method was extended to incorporate various analytical
impedance models [1,4,18]. Furthermore, it was shown
that the dispersion relation [e.g., Eq. (9) in [17] ] can also
be solved using numerically computed broadband imped-
ances [1,19]. In particular, an explicit form of the
frequency-dependent threshold current is found in [4]:

IthðkÞ ¼
2πðE=eÞαpσ2pσzkRe½ZkðkÞ�

GijZkðkÞj2
; (3)

where ZkðkÞ represents the longitudinal broadband imped-
ance as a function of the wave number k and Re½� denotes
the real part of a complex function. The factor Gi is
determined from [4]

GiðxÞ
GrðxÞ

¼ Re½ZkðkÞ�
Im½ZkðkÞ�

; (4)

at the given k, with

GrðxÞ ¼
ffiffiffiffiffiffi
2π

p − πxe−x2=2erfi
h
x=

ffiffiffi
2

p i
; (5)

GiðxÞ ¼ sgn½η�πxe−x2=2: (6)
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Here Im½� denotes the imaginary part, erfi½z� ¼
−i 2ffiffi

π
p

R
iz
0 e−t2dt is the imaginary error function, and sgn½�

is the sign function. Both GrðxÞ and GiðxÞ are real-valued
functions of the real variable x. Radiation damping is
neglected in the derivation of Eq. (3).
From the application of Eq. (3) to broadband high-

frequency impedances, as demonstrated in [1], it has been
empirically observed that the minimum threshold current
occurs around a critical wave number kc, which is close to
the zero crossing of Im½ZkðkÞ�, i.e., Im½ZkðkcÞ� ≈ 0. Under
this condition, Eq. (3) reduces to

IthðkcÞ ¼ Min½IthðkÞ� ≈
2πðE=eÞαpσ2pσz
Gic

Re½ZkðkcÞ�
kc

; (7)

where we define Gic ¼ Gi½xðkcÞ� ≈ 1.75. The latter value
follows from solving Eq. (4) in the limit of Re½ZkðkÞ�=
Im½ZkðkÞ�jk¼kc → ∞ [4]. The properties of the impedance
ensure that Re½ZkðkÞ� > 0 when k ≠ 0. Equation (7) high-
lights the importance of the real part of the impedance in
determining the threshold current. However, the chamber
shielding fundamentally determines kc, which means that
the imaginary part of the impedance also plays a signifi-
cant role in the overall result. An alternative approach, as
demonstrated in [17], is to use the cutoff wave number of
the vacuum chamber (whether straight or curved) for kc,
where Im½ZkðkcÞ� ≈ 0, to determine the minimum thresh-
old current.
By connecting Eqs. (2), (3), and (7), the effective

impedance jðZ=nÞj for high-frequency broadband imped-
ances can be evaluated as

����Zn
���� ¼

ffiffiffiffiffiffi
2π

p

C
Min

�
GiðkÞjZkðkÞj2
kRe½ZkðkÞ�

�

≈
ffiffiffiffiffiffi
2π

p
GicRe½ZkðkcÞ�

Ckc
: (8)

The above equations offer a practical method for
converting the calculated impedances into an effective
impedance, enabling the estimation of the threshold current
for instability.
By applying the steady-state CSR impedance model

with parallel-plate shielding [20] to Eq. (3) and taking the
minimum value, the CSR-induced instability threshold
current is obtained as [1,18]:

IthðCSRÞ ≈
6

ffiffiffi
2

p ðE=eÞαpσ2pσzffiffiffi
π

p
Z0h

; (9)

where Z0 is the impedance of free space and 2h is the full
height of the vacuum chamber in bending magnets. The
critical wave number for Eq. (9) is

kc ≈ 2

ffiffiffiffiffiffiffiffiffiffi
ρ=h3

q
(10)

with ρ the bending radius in the bending magnets.
Comparing Eqs. (9) and (2), one can find that the CSR
impedance with parallel-plate shielding contributes to an
effective impedance of����Zn

����
CSR

≈
π2hZ0

3C
: (11)

Comparing with Eq. (2) in [21], the above expression (with
C replaced by 2πR) represents a value close to the peak of
ReZðnÞ=n defined therein.
A similar analysis can be performed using the CWR

impedance to estimate the instability threshold, as detailed
in [4]. In Sec. IV, we will extend this analysis by explicitly
considering the impact of storage ring parameters in the
presence of wigglers.

III. ANALYTIC MODELS FOR CWR IMPEDANCE

The CWR impedance has been analyzed extensively
[2,14], with particular emphasis on the low-frequency
regime relevant to microwave instability [3,4]. In what
follows, we revisit these analytic treatments in a unified
framework, contrasting free-space and parallel-plate shield-
ing, and distinguishing steady-state emission in infinitely
long wigglers from transient effects in finite-length devices.
Although free-space models are not adequate for quanti-
tative predictions of CWR effects, we retain them as a
compact analytic baseline that clarifies how shielding alters
the impedance and helps interpret instability mechanisms.
This organization provides a coherent reference against
which the subsequent, more realistic formulations can be
assessed for scope and applicability.
The simplest broadband model for the CWR impedance

is the free-space steady-state model (hereafter abbreviated
as FS-SS model) per unit length [2,14]:

ZkðkÞ
L

≈
Z0kwk
4k0

�
1 − 2i

π
ln

�
k
k0

��
; (12)

where kw ¼ 2π=λw is the wiggler wave number, with λw
being the wiggler period length, and k0 ¼ 4kw=θ20 is the
fundamental radiation wave number of the wiggler.
The parameter θ0 ¼ K=γ represents the deflection angle,
whereK ≈ 93.4Bwλw is the wiggler strength (Bw is the peak
field of the wiggler in Tesla) and γ is the Lorentz factor.
Equation (12) is valid under the conditions r ¼ k=k0 ≪ 1,
θ0 ≪ 1, and K ≫ 1 [2]. Under the same conditions,
analytical models have been developed to account for
the shielding of parallel plates [4,14].
We begin with Eq. (C7) from [14] to derive simplified

models of the CWR impedance, specifically tailored for
wigglers of finite length. In doing so, we incorporate
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parallel-plate shielding along with transient effects at both
the entrance and exit of the wigglers (hereafter abbreviated
as PP-TR model). For simplicity, we retain only the terms
corresponding to n ¼ 0;�1. The resulting impedance per
unit length of the wiggler is then expressed as

ZkðkÞ
L

≈
ði − 1ÞZ0θ

2
0k

2
ffiffiffi
π

p
X∞
p¼0

Fpðk; uÞ; (13)

where Fpðk; uÞ is given by

Fpðk; uÞ ¼
1ffiffiffiffiffiffiffiffi
kkw

p
a

Z
u

0

dνffiffiffi
ν

p sin2
ν

2
e−iνβpGðν; r; uÞ; (14)

and Gðν; r; uÞ is defined as

Gðν; r; uÞ ¼ ei
4r
ν sin

2ν
2

��
1− νþ sinν

u

�
J0ðRÞ

þ i

�
1− νþ 2 sinνþ 1

2
sinð2νÞ

u

�
J1ðRÞ

�
: (15)

Here, JnðxÞ is the Bessel function of the first kind, a
denotes the full distance between the parallel plates, and
u ¼ kwLw ¼ 2πNp, where Lw is the total length of the
wiggler andNp is the number of periods. The coefficient βp
in the phasor is given by

βp ¼ k2p
2kkw

þ r; (16)

with kp ¼ ð2pþ 1Þπ=a for p ¼ 0; 1; 2;…. Finally, the
parameter R is defined as

R ¼ r
�
sin ν − 4

ν
sin2

ν

2

�
: (17)

The first term on the right-hand side of Eq. (16)
represents shielding effects, while the second reflects the
influence of the beam’s wiggling motion. The shielding
effects are more pronounced in the low-frequency region,
whereas the wiggling-motion effects dominate in the high-
frequency region. In physical space, these correspond to
influencing the long-range and short-range wakefields,
respectively.
The terms proportional to 1=u in Gðν; r; uÞ represent the

transient effects in the CWR. In the limit of u → ∞, the
expression simplifies to:

Gðν; r; uÞju→∞ ¼ ei
4r
ν sin

2ν
2½J0ðRÞ þ iJ1ðRÞ�: (18)

This result corresponds to Eq. (D4) in [14], which describes
the steady-state CWR impedance for an infinitely long
wiggler with parallel-plate shielding (hereafter abbreviated
as the PP-SS model).

For the CWR in free space, one can take the limit of
a → ∞ in Eq. (13). Then, the summation over p is replaced
by integration [14], leading to

Fðk; uÞ ¼
X∞
p¼0

Fpðk; uÞ
����
a→∞

¼ 1 − i
4

ffiffiffi
π

p
Z

u

0

dν
ν
sin2

ν

2
e−iνrGðν; r; uÞ: (19)

Substituting this expression into Eq. (13) yields the free-
space CWR impedance model that includes transient
effects (hereafter referred to as the FS-TR model).
We next examine two regimes where further simplifi-

cations can provide deeper insights into the nature of CWR:
the low-frequency regime (r ≪ 1) and the high-frequency
regime (r≳ 1).

A. Low-frequency regime r ≪ 1

For small r, the Bessel functions in Eq. (15) can be
approximated as J0ðRÞ ≈ 1 and J1ðRÞ ≈ 0. Under this
approximation, only the leading terms of the slowly
modulating phasors are retained. As a result, Eq. (14)
simplifies to:

Fpðk; uÞ ¼
1ffiffiffiffiffiffiffiffi
kkw

p
a

Z
u

0

dνffiffiffi
ν

p sin2
ν

2
e−iνβp

�
1 − νþ sin ν

u

�
:

(20)

The integral over ν in Eq. (20) can be evaluated analytically,
resulting in the following expression:

Fpðk;uÞ¼Fp1ðk;uÞþFp2ðk;uÞþFp3ðk;uÞþFp4ðk;uÞ;
(21)

where the individual terms are given by

Fp1ðk; uÞ ¼ −
ffiffiffiffiffiffi
πu

p
4

ffiffiffiffiffiffiffiffi
kkw

p
a
½E1ðϕ−1Þ − 2E1ðϕ0Þ þ E1ðϕ1Þ�;

(22)

Fp2ðk; uÞ ¼ −
ffiffiffi
u

p
4

ffiffiffiffiffiffiffiffi
kkw

p
a
½E2ðϕ2−1Þ − 2E2ðϕ2

0Þ þ E2ðϕ2
1Þ�;
(23)

Fp3ðk; uÞ ¼
ffiffiffiffiffiffi
πu

p
8

ffiffiffiffiffiffiffiffi
kkw

p
a
½E3ðϕ−1Þ − 2E3ðϕ0Þ þ E3ðϕ1Þ�;

(24)

Fp4ðk; uÞ ¼ − i
ffiffiffi
π

p
8

ffiffiffiffiffiffiffiffiffiffi
kkwu

p
a
½E1ðϕ−2Þ − 2E1ðϕ−1Þ

þ 2E1ðϕ1Þ − E1ðϕ2Þ�: (25)
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Here, the parameter ϕn is defined as ϕn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðβp þ nÞup

,
and the functions E1ðxÞ, E2ðxÞ, and E3ðxÞ are given by

E1ðxÞ¼
erfðxÞ
x

; E2ðxÞ¼
e−x
x

; E3ðxÞ¼
erfðxÞ
x3

; (26)

where erfðxÞ is the error function, defined as
erfðxÞ ¼ 2ffiffi

π
p

R
x
0 e

−t2dt.
As u → ∞, Fpj → 0 for j ¼ 2; 3; 4 and erfðxÞ → 1 as

jxj → ∞. Consequently, Fp simplifies to the following:

Fpðk;∞Þ¼Fp1ðk;∞Þ

¼−
ffiffiffi
π

p
4

ffiffiffiffiffiffiffiffi
kkw

p
a

"
1ffiffiffiffiffiffiffi
iβ−p

p − 2ffiffiffiffiffiffiffi
iβp

p þ 1ffiffiffiffiffiffiffi
iβþp

p
#
; (27)

with β�p ¼ βp � 1. This result is equivalent to Eq. (11)
of [4], but presented in a more concise form.
The terms involving ϕ�2 in Fp4 originate from the

wiggler’s second harmonic and are therefore negligible.
Since u ≫ 1 under typical conditions, particularly for long
wigglers where Np ≫ 1, the magnitude of Fp4 is on the
order of 1=u relative to Fp1. Consequently, Fp4 makes an
insignificant contribution to Fp.

B. High-frequency regime r≳ 1

In the high-frequency regime, where r is relatively large,
short-range CWR wakefields dominate the total imped-
ance. In this scenario, only the terms in Gðν; r; uÞ with
ν ≪ 1 contribute significantly to Fpðk; uÞ, while transient
effects become negligible. Taking these factors into
account, Eq. (14) can be approximated as

Fpðk;∞Þ ≈ 1

4
ffiffiffiffiffiffiffiffi
kkw

p
a

Z
∞

0

dνν3=2e−iν
k2p

2kkwe−irν
3

12

×

�
J0

�
rν3

12

�
− iJ1

�
rν3

12

��
: (28)

The integral over ν converges poorly in the above
equation. As an alternative, we start from Eq. (C2) in [14]
and retain the integration over ξ. By Taylor expanding the
ν-dependent terms around 0 and keeping only the leading-
order terms, we obtain

Fpðk;∞Þ ≈ 1

4π
ffiffiffiffiffiffiffiffi
kkw

p
a

Z
2π

0

dξjcos ξj2=3

Z
∞

0

dν0ν03=2e−iν0
k2p

2kkwe−irν
03
6 ; (29)

where a change of variable ν0 ¼ ν cos2=3 ξ has been used.
To simplify the expression, the variable ν within the

factor
ffiffiffi
ν

p
exp ½−iνk2p=ð2kkwÞ� is directly replaced by ν0,

neglecting the implicit dependence on ξ. It is worth noting
that the integral over ξ in Eq. (29) matches the one in
Eq. (14) of [2]. In the limit a → ∞, the discrete summation
over p becomes a continuous integration, and Eq. (29)
reduces to Eq. (24) of [2]. Evaluating the integrals over ξ
and ν0, the final expression for Fpðk;∞Þ can be expressed
in terms of Airy functions and their derivatives:

Fpðk;∞Þ ≈ − πð−1Þ7=12Γð5
6
Þ

Γð4
3
Þ ffiffiffiffiffiffiffiffi

kkw
p

að2rÞ5=6

× ½Πp½Ai2ðΠpÞ þ Bi2ðΠpÞ�
þAi02ðΠpÞ þ Bi02ðΠpÞ�; (30)

where Πp is given by

Πp ¼ − ð−1Þ1=3k2p
2kkwð2rÞ1=3

: (31)

In the free-space scenario, Eq. (19) is approximated as

Fðk;∞Þ ≈ 1 − i
16

ffiffiffi
π

p
Z

∞

0

dννe−irν
3

12

×

�
J0

�
rν3

12

�
− iJ1

�
rν3

12

��
: (32)

Performing the integration over ν yields:

Fðk;∞Þ ≈ ð1 − iÞ62=3Γð2
3
Þ

4ðirÞ2=3Γð1
3
ÞΓð1

6
Þ : (33)

Substituting Eq. (33) into Eq. (13), we obtain the high-
frequency steady-state CWR impedance in free space as

ZkðkÞ
L

¼ ð ffiffiffi
3

p þ iÞ32=3Γð2
3
Þ

2
ffiffiffi
π

p
Γð1

3
ÞΓð1

6
Þ Z0ðkwθ0Þ2=3k1=3: (34)

This result exactly reproduces Eq. (27) in [2]. In particular,
Eq. (34) exhibits the same scaling law with respect to k as
the high-frequency limit of the steady-state CSR impedance
in free space [22]. This similarity is expected, considering
that short-range CSR fields are influenced by local curva-
ture of the beam orbit.
Referring to Eq. (1) in [1], there is a straightforward way

to derive the CWR impedance of Eq. (34). Assuming that
the curvature, expressed as ρ−1, depends on z as

ρ−1ðzÞ ¼ kwθ0j cosðkwzÞj; (35)
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one can take the average of ρ−2=3 over z, resulting in:

hρ−2=3i ¼ Γð5
6
Þffiffiffi

π
p

Γð4
3
Þ ðkwθ0Þ

2=3: (36)

Substituting this result into Eq. (1) in [1] reproduces
Eq. (27) of [2] exactly.
It should be emphasized that the total CWR impedances,

computed using Eq. (30) for parallel-plate shielding and
Eq. (34) in free space for the regime r ≫ 1, depend solely
on the peak magnetic field and total length of the wiggler
and are independent of the wiggler period λw. However, in
the regime r≲ 1, the wiggler period λw has a significant
impact on the scaling behavior of the CWR impedances, as
will be demonstrated in Fig. 3.

IV. IMPACT OF CWR IMPEDANCE
IN TAU-CHARM FACTORIES

By substituting the CWR impedance from Eq. (12) into
Eq. (3), the threshold current as a function of wave number
can be approximated as [4]

IthðkÞ ≈
8π

ffiffiffiffiffiffi
2π

p ðE=eÞαpσ2pσz
LwZ0θ

2
0 ln

k0
k

: (37)

The validity of the above expression is subject to the
conditions 1=σz ≪ k ≪ k0. The lower bound arises from
the assumptions underlying the instability analysis [17],
while the upper bound reflects the applicability range of the
impedance model used.
When considering the shielding effects of parallel plates,

the minimum threshold current due to CWR impedance can
be approximated at the cutoff wave number

kcðCWRÞ ¼ k2w þ π2

a2

2kw
; (38)

leading to

IthðCWRÞ ≈ 8π
ffiffiffiffiffiffi
2π

p ðE=eÞαpσ2pσz
LwZ0θ

2
0 ln

k0
kc

: (39)

As pointed out in [3,23], the beam parameters αp, σy, and
σz are not independent but are instead strongly correlated
through the properties of the ring lattice. The momentum
compaction is defined as αp ¼ I1=C with I1 ¼

R
C
0

ηx
ρ ds the

first synchrotron integral and ηx the horizontal dispersion
function. The wiggler contribution to I1 can be approxi-
mated as I1w ≈ −Lw=ð2ρ2wk2wÞ [24], with ρw ¼ E=ðecBwÞ.
For Tau-Charm factories such as STCF, this contribution is
very small, so αp is essentially determined by the arc optics,
with damping wigglers having negligible influence. The
energy spread is determined by

σ2p ¼ Cqγ
2
I3
jzI2

; (40)

where Cq ¼ 3.8319 × 10−13 m is the quantum radiation
constant; jz is the longitudinal damping partition number;
the second and third synchrotron integrals are given by
I2 ¼

R
C
0

1
ρ2
ds and I3 ¼

R
C
0

1
jρj3 ds. The contributions from

arc dipoles and wigglers to these integrals can be explicitly
formulated as follows:

I2a ¼
2πBa

Bρ
; I2w ¼ LwB2

w

2ðBρÞ2 ; (41)

I3a ¼
2πB2

a

ðBρÞ2 ; I3w ¼ 4LwB3
w

3πðBρÞ3 ; (42)

where Bρ ≈ E=ðecÞ represents the beam rigidity. Here, it is
assumed that there is only one type of arc bending magnet,
characterized by a uniform magnetic field Ba, and that the
wigglers have sinusoidal field distributions with a peak
magnetic field Bw. Consequently, the energy spread is
expressed as

σ2p ¼ Cqγ
2ð3πBa þ 8BwFwÞ

3πjzðBρÞð1þ FwÞ
; (43)

with Fw ¼ I2w=I2a following the definition in [3]. Using
the bunch length defined as σz ¼ αpCσp=ð2πνsÞ and the
synchrotron tune given by

νs ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− αpVrfωrfC cosϕs

cðE=eÞ

s
; (44)

the scaling law for the threshold current driven by CWR
can be derived as

IthðCWRÞ ∝ γ3α3=2p
ffiffiffiffi
C

p
ffiffiffiffiffiffi
Vrf

p
Lwθ

2
0 ln

k0
kc

�
3πBa þ 8BwFw

1þ Fw

�
3=2

: (45)

It should be noted that this formulation differs slightly from
Eq. (24) in [3] and is better suited for analyzing instability
thresholds in Tau-Charm factory rings. For a given beam
energy and storage-ring layout, the parameter Fw is
primarily determined by the desired vertical damping time:

τy ¼
3C

γ3recI2
¼ 3Cmec2

2πγ2reec2Bað1þ FwÞ
: (46)

While increasing the momentum compaction is a straight-
forward approach to raising the instability threshold, it
generally requires larger dispersion functions in the arcs,
which consequently increases the horizontal emittance. If
we assume the horizontal emittance to be fixed, thus
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preventing any further increase in αp, Eq. (45) indicates that
the remaining viable methods to improve the threshold
current are reducing the wiggler period length λw, as will be
demonstrated using the STCF project as an example in
Sec. V, and decreasing the wiggler chamber height a.
We apply Eqs. (9) and (39) to STCF using beam and

wiggler parameters as summarized in Table I (for detailed
design configurations of STCF, see Refs. [25–27]). The
parameters shared by designs for different beam energies
are: the ring circumference C = 860.321 m, number of
bunches Nb = 688, full chamber height in the bending
magnets 2h = 52 mm, full chamber height in the wigglers
a = 42 mm, number of wigglers Nw = 16, number of periods
per wiggler Np = 6, wiggler’s period length λw = 0.8 m, and
wiggler’s peak field Bw ¼ 1.6 T. The threshold currents due
to CSR and CWR are compared with the design bunch
currents to achieve the relevant luminosity goals. It is seen
that, at the lowest beam energy of 1 GeV, the current STCF
design might operate below the instability threshold, setting
an obstacle to achieving the luminosity goal.
The threshold of Eq. (39) serves a fast check of CWR

effects for storage rings, but is applicable only when
1=σz ≪ kcðCWRÞ ≪ k0. Otherwise, different approaches
have to be found. For example, for k ≫ k0, the impedance
of Eq. (34) can be applied to Eq. (3) to determine the
instability threshold. Furthermore, with detailed configu-
rations of the rings, one can use the calculated impedance
and beam parameters to perform numerical simulations
to determine the threshold, as will be discussed in the
following section.

V. SIMULATIONS OF CWR-DRIVEN
MICROWAVE INSTABILITY FOR STCF PROJECT

As established in the previous section, CSR and CWR
impedances exert their strongest influence at the lowest

beam energy (1 GeV) of the STCF. Thus, this section
specifically focuses on this scenario. We begin by compar-
ing the various CWR impedance models introduced in
Sec. III, utilizing the beam and wiggler parameters detailed
in Table I.
We first compare the steady-state and transient free-

space models for calculating the total CWR impedance of
the STCF rings, as illustrated in Fig. 1. Notably, the FS-TR
model described by Eq. (19) clearly differs from the
formulations given in [2], yet successfully reproduces
the key features of CWR impedance shown in Figs. 4
and 5 of that reference. The FS-SS model defined by
Eq. (34) correctly captures the scaling behavior of CWR
impedance in the high-frequency regime but deviates
significantly from the other two models at low frequencies.
As a result, the FS-SS model of Eq. (34) is not suitable for
simulations where low-frequency components dominate
the instability threshold, as is the case for STCF, where the
bunch length is approximately 7 mm.
Figure 2 shows the total CWR impedance of the STCF

rings calculated using three parallel-plate shielding models.
The presence of parallel plates alters the resonance con-
ditions [4], resulting in additional resonance spikes in the
CWR impedance compared to the free-space models
discussed earlier. Nevertheless, in the high-frequency
regime, the overall impedance amplitude continues to
follow the expected scaling law, ZkðkÞ ∝ k1=3.
It is important to emphasize that the CWR impedance

models given by Eqs. (12) and (21) are valid only in the
regime where k ≪ k0. When k≳ k0, these models exhibit
noticeable deviations from the more accurate transient
models, as illustrated in Figs. 1 and 2. Their applicability
must be carefully assessed before being used in instability

TABLE I. Beam and wiggler parameters optimized at different
beam energies, and derived parameters relevant to CSR and CWR
for STCF project. The threshold bunch current IthðCSRÞ and
IthðCWRÞ are calculated by Eqs. (9) and (37), respectively.

E GeV 1 1.5 2 3.5
αp 10−3 1.26 1.32 1.35 1.37
Vrf MV 0.75 1.2 2.5 6
U0 keV 106 267 543 1494
νs … 0.0146 0.0154 0.0194 0.0228
σz mm 6.62 7.89 7.21 8.26
σp 10−4 6.18 6.93 7.8 10.02
τz ms 27 16 11 6.7
Fw … 12.51 5.56 3.13 0.0
k0 mm−1 8.42 18.94 33.67 103.12
kc mm−1 0.36 0.36 0.36 0.36
IbðdesignÞ mA 1.6 2.47 2.91 2.91
IthðCSRÞ mA 1.56 3.67 5.79 19.44
IthðCWRÞ mA 0.59 2.49 6.09 50.24

FIG. 1. Total CWR impedance of the STCF rings calculated
with free-space models. Beam and wiggler parameters corre-
spond to the 1 GeV case (see Table I and related discussion). The
red curves are obtained from Eq. (13) together with Eq. (19),
while the blue and black curves are calculated from Eqs. (12)
and (34), respectively.
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analyses or numerical simulations. Accordingly, in what
follows we employ the FS-TR and PP-TR models to
simulate CWR effects in STCF at 1 GeV. The FS-TR model
serves as a compact analytic baseline for interpreting the
impact of chamber shielding and for instability estimates,
while the PP-TR model is used for quantitative predictions.
We employ the STABLE code to perform tracking

simulations to evaluate CWR effects in STCF. The
STABLE code [28], originally developed as a GPU-
accelerated program for multibunch longitudinal beam
dynamics simulations, has been adapted with minor mod-
ifications for single-bunch longitudinal beam dynamics
tracking. It efficiently supports simulations involving tens
of millions of macroparticles and tens of thousands of slices
while maintaining high computational efficiency. In the
following analysis, we apply both the FS-TR and PP-TR
CWR impedance models in the tracking simulations
for STCF.

STABLE has been successfully applied to study micro-
wave instabilities induced by high-frequency resistive-wall
impedance [29]. It is also well suited for simulating
instabilities driven by high-frequency CWR (or similar
CSR) impedance. The program exclusively accepts short-
bunch wake potential data as input, rather than direct
impedance data. In this study, we employ a 0.5 mm rms
Gaussian bunch length, which is less than one-tenth of the
natural bunch length—sufficiently short to ensure accurate
results for CWR instability analysis. Consequently, the
CWR impedance data was converted into corresponding
wake potentials. Figure 3 presents the CWR impedance
spectra, while Fig. 4 shows the corresponding wake
potentials for various wiggler period lengths, based on
the FS-TR and PP-TR models, respectively. For reference,
we also include the CSR wake from the arc bending
magnets, computed using the parallel-plate model [20].
Here, the total wiggler length is fixed at Lw ¼ 76.8 m and
the peak field at Bw ¼ 1.6 T, while the wiggler period
length is varied. Consequently, the damping time remains
constant, in accordance with the machine design require-
ment given by Eq. (46). As the wiggler period length
decreases (resulting in a decrease in k0), the overall CWR
impedance is clearly reduced in the regime where k ≪ k0.
The computed wake potentials are then used as input for the
STABLE tracking simulations. Each bunch consisted of
5 million macroparticles, with a fixed bin width of 0.1 ps.
The single-bunch current was scanned from 0 to 3 mA. The
beam was tracked for 50,000 turns, with statistics on bunch
properties collected over the final 10,000 turns.
Figure 5 plots the simulated STCF (1 GeV) energy

spread and bunch length versus single-bunch current for
CWR alone, comparing the FS-TR and PP-TR models.
Threshold currents extracted from the tracking simulations
are compared with analytical estimates in Table II. For a
period length of 0.8 m in the current STCF design, both the
analytical formula in Eq. (39) and tracking simulations give
a threshold of approximately 0.6 mA, which is significantly
lower than the target current of 1.6 mA for the 1 GeV
STCF. The energy spread results from both FS-TR and PP-
TR modes shown in Fig. 5 are relatively close. At 1.6 mA,
the simulations predict a significant increase in energy
spread. In the PP-TR model, the bunch length continuously
increases with rising beam current. In contrast, the FS-TR
model shows a nonmonotonic behavior, with the bunch
length initially decreasing and then increasing. This differ-
ence arises primarily because the FS models exhibit
capacitive (deductive) impedance characteristics, whereas
the PP models exhibit inductive characteristics, a distinc-
tion previously identified in [4] (see Fig. 17 therein).
Considering that the actual situation is closer to the
PP-TR model, the simulations predict that CWR will lead
to significant increases in both energy spread and bunch
length, which are expected to substantially impact the
collision luminosity.

FIG. 2. Total CWR impedance of the STCF rings calculated
with parallel-plate shielding models. Beam and wiggler param-
eters correspond to the 1 GeV case (see Table I and related
discussion). The red curves are computed using Eq. (13) with
Eq. (14), while the blue and black curves correspond to
calculations using Eqs. (21) and (30), respectively.
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The results in Table II demonstrate that reducing the
wiggler period length effectively increases the threshold
current associated with CWR-induced instability.
Moreover, the analytical predictions based on the FS-SS
model Eq. (12) closely match the numerical tracking results
using the FS-TR model. This consistency confirms the
validity of the analytical expression in Eq. (39) reliably
estimates the CWR threshold, supported by the fact that the
condition 1 < kcσz ≪ kc is well satisfied in all cases.
Furthermore, the PP-TR and FS-TR models give consistent

threshold results for period lengths of 0.4 and 0.8 m.
However, for 0.6 and 0.2 m, the PP-TR results are larger
than the FS-TR results. Combining the tracking simulation
results, as shown in Fig. 5, it can be concluded that by
shortening the period length to 0.4 m, the threshold current
reaches about 1.4 mA, slightly below the target current. In
this case, the impact of CWR on luminosity would be
limited and considered acceptable at 1 GeV for STCF.
We also examine the interplay between the CWR

impedance and the CSR impedance from the arc bending
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FIG. 4. CWR wake potentials for a Gaussian bunch with σz ¼ 0.5 mm, obtained from the impedances in Fig. 3. Left: free space (FS-
TR). Right: parallel-plate shielding (PP-TR). The legend indicates the wiggler period λw. In the right panel, the dashed cyan curve shows
the CSR wake for the same bunch computed with the parallel-plate model.

FIG. 3. Total CWR impedance of the STCF rings for different wiggler periods, calculated using free-space (left) and parallel-plate
shielding (right) models. The total wiggler length and peak field are kept fixed while varying the period length. The legend gives the
wiggler period length.
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magnets. Figure 6 contrasts simulations with PP-TR CWR
alone against those including CSR, and the corresponding
threshold currents are summarized in Table II. With CSR
included, the threshold changes little for λw > 0.2 m but
drops dramatically at λw ¼ 0.2 m. Thus, at λw ¼ 0.2 m the
CSR impedance sets the instability threshold, whereas in
the other cases the CWR impedance is the dominant
limitation. To interpret these trends, we perform a
dispersion-relation analysis based on Eq. (3), using the
computed FS-TR CWR impedance with and without the
PP-SS CSR impedance (see Fig. 7). We adopt the FS-TR
model (rather than PP-TR) because its spectrum contains
fewer narrow resonant spikes, which is preferable for

TABLE II. Comparison of CWR thresholds across computa-
tional models and methods for four wiggler period lengths.

Period
length

Particle
tracking

Particle
tracking

Particle
tracking

Using
Eq. (39)

λw (m)
@ PP-TR
(mA)

w/CSR @ PP
(mA)

@ FS-TR
(mA)

@ FS-SS
(mA)

0.2 7.2 1.5 3.6 3.48
0.4 1.4 1.3 1.4 1.26
0.6 1.1 1.2 0.85 0.77
0.8 0.6 0.7 0.6 0.59

FIG. 6. Comparison of tracking results for CWR (PP-TR) alone and for the combined CWR (PP-TR) + CSR (PP-SS). Left: energy
spread versus single-bunch current. Right: rms bunch length versus single-bunch current.

FIG. 5. Comparison of tracking results between two models with different wiggler period lengths. The left plot shows energy spread as
a function of bunch current, while the right plot displays rms bunch length. The legend indicates the period lengths and their
corresponding calculation models.
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dispersion-relation analyses of beam instability [17]. As a
practical procedure, we evaluate the threshold in the band
k ≥ kcðCWRÞ and take the minimum in this range as the
predicted current. With CWR alone, the analysis roughly
reproduces the tracking thresholds obtained with the FS-TR
model. With CWR + CSR, the CSR contribution grows as
λw decreases (while the CWR wake weakens as shown in
Fig. 4) and ultimately controls the threshold at λw ¼ 0.2 m.
In summary, the simulation results in Figs. 5 and 6 agree
with and are explained by the instability analysis.

VI. DISCUSSION AND SUMMARY

The threshold current for longitudinal single-bunch
instability in electron storage rings fundamentally scales
with the parameter combination γαpσ

2
pσz. In modern

accelerator designs, particularly for light sources and
circular colliders, this parameter tends to decrease signifi-
cantly due to the push for ultralow emittances to meet
demanding experimental requirements. As a result, main-
taining beam stability becomes increasingly challenging,
and high-frequency impedance sources such as CSR and
CWR emerge as critical considerations.
In this study, motivated by the design efforts for the

STCF project, we investigated the theoretical aspects of
the CSR and CWR impedances. We showed that the CSR
impedance can be compactly expressed as an equivalent
effective impedance of Eq. (11), providing a convenient
formulation for practical use. For CWR, we developed
several impedance models based on the analytical frame-
work of [14], with clearly defined applicability conditions
to guide their usage.
We also revisited and extended the scaling laws for

CWR-driven microwave instability, originally discussed
in [3], to include the effects of damping wigglers and other
lattice features specific to collider rings. The resulting

expressions explicitly incorporate both wiggler and ring
parameters, offering valuable insight for the optimization of
storage ring designs.
As a case study, we applied the derived CWR impedance

models to simulate the microwave instability for the STCF
rings. The simulation results show good agreement with
theoretical predictions, reinforcing the applicability and
usefulness of the developed models in ring designs includ-
ing wigglers. Moreover, the present framework is naturally
connected to the beam measurements of the effects of the
damping wigglers on microwave instability. For example,
Ref. [30] reports that installing a single damping wiggler
did not significantly change the instability threshold,
whereas the associated reduction in damping time produced
observable differences in the above-threshold radiation
bursts. These observations provide an experimental context
for the application and further validation of our models.
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