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Storage ring-based steady-state microbunching (SSMB) is a promising approach for generating high-
average-power coherent radiation, while the instabilities driven by coherent undulator radiation in the laser
modulator (LM) are important for the ring performance. In this paper, we investigate the longitudinal
single-bunch multiturn LM instability using cavity-mode decomposition techniques. The evolution of the
wakefield in the longitudinal beam dynamics equations is derived, and the instability growth rates are
analyzed. Numerical simulations show excellent agreement with the theoretical model, validating the
mode-decomposition approach. These findings provide critical insights into the design and operation of
SSMB storage rings, suggesting effective mitigation strategies to suppress the instability and enhance the
overall performance.
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I. INTRODUCTION

Advanced accelerator-based light sources have revolu-
tionized various fields of science and technology by
providing high-intensity, coherent radiation across a broad
spectral range. Currently, these sources are categorized
into two main types: free electron lasers (FELs) and
synchrotron radiation sources. FELs utilize high-energy
electron beams passing through undulators to generate
high-peak-power coherent radiation, while synchrotron
radiation sources rely on the bending of electron beams
in storage rings to produce x-rays with high repetition
rates. The ongoing evolution of these facilities is driven by
the persistent demand for higher brightness, shorter pulses,
and improved coherence.
In 2010, Ratner and Chao proposed the concept

of steady-state microbunching (SSMB) to combine the
advantages of both FELs and synchrotron radiation [1]. In
an SSMB storage ring, the conventional radiofrequency
(rf) cavity is replaced by a laser modulator (LM) system,
enabling microbunching at optical wavelengths. The
resulting submicrometer electron bunches capitalize on
the high repetition rate of storage rings to produce intense,
high-average-power radiation at short wavelengths.

Driven by this potential, SSMB has witnessed remarkable
advancements over the past decade [2–14].
The LM system in an SSMB storage ring generally

comprises an undulator and a laser cavity, as schematically
illustrated in Fig. 1. When the electron beam traverses the
undulator with a periodic magnetic field, it oscillates and
emits radiation that will bounce and evolve within the
cavity. The interaction between the beam and the bouncing
radiation field may trigger longitudinal beam instabilities,
potentially degrading the beam quality and the overall
performance of the storage ring.
In 2021, Tsai et al. conducted pioneering and in-depth

research on collective beam instabilities potentially driven
by coherent radiation in an SSMB laser modulator
[15–19], employing an undulator radiation wake function
combined with a macroparticle model. To account for the
recirculating nature of radiation within the optical cavity,
the radiation profile is assumed to be maintained over
round-trips within the cavity, thereby enabling the descrip-
tion of multiturn beam dynamics. This assumption, in our
view, may not strictly hold when considering the optical
properties of the cavity, such as diffraction and mirror-
induced focusing, which suggest a complex evolution of
the field profile that warrants a detailed treatment. To
properly capture these phenomena, here we adopt a mode-
decomposition approach. By expanding the radiation into
a complete set of cavity eigenmodes, we are able to
represent the global evolution of the radiation as the
sum of individual mode components. Initial efforts to
apply mode decomposition to radiation can be found in
several prior studies [20–26]. This approach complements
existing models by incorporating the detailed optical
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evolution of the modulator, providing further insights into
the instability characteristics of SSMB storage rings.
To provide a clear roadmap of this study, we introduce

a novel multimode decomposition framework that goes
beyond prior rigid wakefield models by explicitly
tracking the diffraction and Gouy phase shifts of
Hermite–Gaussian cavity modes. Operating under the
assumptions of the paraxial approximation for the cavity
fields and utilizing a single-macroparticle model for the
beam dynamics, we calculate the mode-decomposed
undulator radiation spectrum, evaluate the turn-by-turn
evolution of the longitudinal wakefields, and analytically
derive the longitudinal instability growth rates. These
theoretical derivations, particularly the complex reso-
nance structures of the growth rates, are then rigorously
validated through numerical multiturn tracking simula-
tions. Ultimately, this analysis yields concrete design
guidance for SSMB facilities: it demonstrates that these
multimode instabilities can be mitigated by carefully
tuning the storage ring working point and cavity mirror
curvature to avoid sharp instability resonances and
suggests that they could be effectively suppressed by
selectively attenuating the high-order modes (e.g., via
aperture-limiting D-shaped mirrors).

The remainder of the paper is organized as follows:
Section II details the expressions for the cavity modes and
their excitation. Section III decomposes the undulator
radiation spectrum and derives the multiturn wakefield
evolution. Section IV formulates the beam dynamics and
analyzes the instability growth rates. Section V presents
our numerical validations, and Section VI summarizes our
conclusions.

II. CAVITY MODES

A. Hermite–Gaussian modes

In the optical cavity, the envelope uðrÞ of a laser field
with frequency ω propagating along the z axis satisfies the
paraxial wave equation [27]:

∇2⊥u − i2k
∂u
∂z

¼ 0; (1)

where ∇2⊥ is the transverse Laplacian and k ¼ ω=c is
the wave number. The conventions Eðr; tÞ ¼ EðrÞeiωt and
EðrÞ ¼ uðrÞe−ikz are used. In Cartesian coordinates, the
solutions of Eq. (1) are the Hermite–Gaussian modes, also
known as the transverse electromagnetic (TEM) modes:

Emn ¼ Emn;0
w0

wðzÞHm

� ffiffiffi
2

p
x
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� ffiffiffi
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y
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�
z
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�
− ikz

�
; (2)

where Emn;0 is the amplitude normalization constant; Hm
and Hn are Hermite polynomials of order m and n,
respectively; and w0 ¼ wð0Þ is the beam waist wðzÞ at
z ¼ 0. The beam waist wðzÞ, radius of curvature RðzÞ, and
Rayleigh length zR are defined as:

wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
z
zR

�
2

s
; (3)

RðzÞ ¼ zþ z2R
z
; (4)

zR ¼ πw2
0

λ
: (5)

The validity of the paraxial approximation requires that
the divergence angle Θ ¼ w0=zR ≪ 1, i.e.,

FIG. 1. Schematic of the laser modulator in an SSMB storage ring. Arrows indicate the direction of the electron beam and the
circulation of the optical pulse. As the emitted radiation bounces and evolves within the optical cavity, the transverse modes accumulate
a Gouy phase shift (detailed in Secs. II B and III B), which plays a critical role in the multiturn interference and the resulting
longitudinal beam instabilities.
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kzR ≫ 1; (6)

which is equivalent to the condition that the envelope uðrÞ
varies slowly along the z direction compared to the
wavelength λ.
The intensity profile I ∝ jEmnj2 is given by the product

of a Gaussian envelope and the squared Hermite poly-
nomials, which has ðmþ 1Þ and ðnþ 1Þ peaks along the x
and y directions, respectively, as shown in Fig. 2.

B. Phase contour and resonance condition

For mode confinement in a laser cavity formed by two
reflective mirrors, the mirror profiles need to conform to
the wave front of the modes at the respective mirror
positions. The phase of the mode is

Φ ¼ − kðx2 þ y2Þ
2RðzÞ þ ðmþ nþ 1Þ arctan

�
z
zR

�
− kzþ ωt;

(7)

the radius of curvature of the phase contour at position z is

ρ ¼ zþ z2R
z
− ðmþ nþ 1Þ zR

kz
: (8)

The paraxial approximation [Eq. (6)] implies that the
last term is negligible, so ρ ≈ RðzÞ ¼ zþ z2R=z. Typically,
the cavity is designed for the fundamental mode ðHG00Þ
at a target laser wavelength λL, with a specific Rayleigh
length zR;L. The geometric boundary conditions of the
cavity then dictate the Rayleigh length zRðλÞ and beam
waist w0ðλÞ for other modes and wavelengths. Over a
broad spectral range around λL, the Rayleigh length can be
approximated as constant zRðλÞ ≈ zR;L, which remains
highly accurate under the paraxial approximation.
In the laser modulator, the laser beam is focused

to modulate the electron beam in the undulator.

Optimization shows that the effective modulation voltage
VL peaks at [28]:

zR
Lu

¼ argmax
z

ffiffiffi
z

p
arctan

�
1

2z

�
≈ 0.359; (9)

and VL remains relatively insensitive to zR for values
exceeding this maximum point. Consequently, in practical
designs, the Rayleigh length zR is usually chosen to be on
the order of the undulator length Lu, which means the
paraxial approximation is well satisfied for the laser
modulator.
Furthermore, to support stable modes within the cavity,

the resonance condition must be satisfied. This requires
the round-trip phase shift of the modes to be an integer
q ¼ 1; 2; 3;… multiple of 2π, leading to the formation of
a standing wave pattern. For a two-mirror cavity with
identical radii of curvature R1 ¼ R2 ¼ R, the resonant
frequencies are given by [29]:

ωmnq ¼
c
L

�
qπ þ ðmþ nþ 1Þ arccos

�
1 − L

R

��
; (10)

where L is the cavity length. Since L ≫ λL, the free
spectral range of the modes,

ΔωFSR ¼ ωmnðqþ1Þ − ωmnq ¼
πc
L

; (11)

is significantly smaller than the laser frequency ωL,
implying that the longitudinal mode index q is typically
very large. Meanwhile, the transverse mode indices m; n
are relatively small, as higher-order modes exhibit
larger beam sizes and suffer from higher diffraction
losses. Nevertheless, the transverse phase shift ψmn ¼
ðmþ nþ 1Þ arccosð1 − L=RÞ introduced by the Gouy
phase plays a crucial role in mode evolution within the
cavity, distinguishing it from free-space propagation. This
will be discussed in detail in the next section.

C. Mode expansion and excitation

However, the TEM modes have only transverse electric
field components, which do not satisfy the divergence-free
condition of the electric field:

∇ · E ¼ ∂Ex

∂x
þ ∂Ey

∂y
þ ∂Ez

∂z
¼ 0: (12)

As ∂Ez=∂z ≈ −ikEz, the longitudinal electric field
component Ez can be derived from the transverse
components E⊥:

Ez ≈ − i
k
∇⊥ · E⊥; (13)

FIG. 2. Intensity profiles of Hermite–Gaussian modes with
different mode orders ðm; nÞ at z ¼ 0. The intensity is normal-
ized to the total power of the mode.
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and we get the expression of Emn. Then the magnetic field
Hmn can be derived from Faraday’s law:

H ¼ i
ωμ0

∇ × E: (14)

For the completeness of Hermite polynomials, we can
express any paraxial field in terms of Hermite–Gaussian
modes:

EðrÞ ¼
X
mn

CmnEmnðrÞ; (15a)

HðrÞ ¼
X
mn

CmnHmnðrÞ: (15b)

Then the evolution of the field can be described by the
evolution of the mode amplitudes Cmn. Note that field EðrÞ
is the Fourier transform at frequency ω of the Eðr; tÞ ¼
EðrÞeiωt in the time domain; thus, Cmn has the dimension
of time.
The excitation of cavity modes by current density J can

be described using the mode amplitude equation [24]:

ΔCmn ¼ − 1

4Pmn

Z
JðrÞ · E�

mnðrÞ dV; (16)

where Pmn is the power normalization constant of the
mode:

Pmn ¼
1

2

Z
Re½EmnðrÞ ×H�

mnðrÞ� · ẑ dA: (17)

For the Hermite–Gaussian modes, it can be shown that:

Pmn ¼
1

4
ϵ0E2

mn;0 πw2
0 c ð2mÞ!!ð2nÞ!!; (18)

where Emn;0 is the amplitude normalization constant of the
modes in Eq. (2). This expression admits a straightforward
physical interpretation: it is the product of the energy
density (ϵ0E2

mn;0=4), the laser beam cross section area
(πw2

0), and the speed of light (c). The double factorial
factor ð2mÞ!!ð2nÞ!! arises from the inner product of
Hermite polynomials.
The energy spectrum of the radiation in terms of the

mode amplitudes is given by the Parseval theorem:

dWmn

dω
¼ 2

π
PmnjΔCmnj2: (19)

And the total radiation energy spectrum is given by
summing over all modes:

dW
dω

¼
X
mn

dWmn

dω
¼ 2

π

X
mn

PmnjΔCmnj2: (20)

If the current density is given by a series of electrons at
positions riðtÞ with velocities viðtÞ:

Jðr; tÞ ¼ −eXNe

i¼1

viðtÞδðr − riðtÞÞ: (21)

Substituting into Eq. (16) and taking the Fourier trans-
form of Jðr; tÞ gives [24]:

ΔCmn ¼ − 1

4Pmn

XNe

i¼1

ΔWmn;i; (22a)

ΔWmn;i ¼ −e
Z þ∞

−∞
viðtÞ · E�

mnðriðtÞ; tÞ dt; (22b)

where ΔWmn;i is the work done by i-th electron on the
mode field Emn over its trajectory riðtÞ.
Next, we will use this equation to calculate the modes of

the radiation excited by the electron beam in the laser
modulator.

III. MODE DECOMPOSITION OF
UNDULATOR RADIATION

The prescribed motion of a relativistic electron with an
energy γmec2 in a planar undulator is given by [30]:

vx ¼ −cK
γ
sinðkuv̄ztÞ; (23a)

vy ¼ 0; (23b)

vz ¼ v̄z þ c
K2

4γ2
cosð2kuv̄ztÞ; (23c)

x ¼ K
γku

cosðkuv̄ztÞ; (23d)

y ¼ 0; (23e)

z ¼ v̄ztþ
K2

8γ2ku
sinð2kuv̄ztÞ; (23f)

where K is the dimensionless undulator parameter,
ku ¼ 2π=λu is the undulator wave number, and v̄z is the
average longitudinal velocity,

v̄z ¼ c
�
1 − 1þ K2=2

2γ2

�
: (24)
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A. Undulator radiation spectrum

The double differential spectrum of a moving electron
can be derived from the Liénard–Wiechert potential [31]:

d2W
dωdΩ

¼ e2ω2

16π3ϵ0c3

����
Z þ∞

−∞
n̂ × ðn̂ × vÞe−iωtþikn̂·rdt

����2:
(25)

Substituting the electron motion from Eq. (23) into the
above equation, we can get the well-known undulator
radiation spectrum [30]:

d2WH

dωdΩ
¼ 2e2γ2

πϵ0c
FðϵÞGðθ;φÞ: (26)

The radiation is coherent at discrete harmonics H ¼
1; 2; 3; � � � of the fundamental resonant wavelength λr,

λr ¼
λu
2γ2

�
1þ K2

2
þ γ2θ2

�
: (27)

Factor FðϵÞ describes the frequency dependence around
the harmonic,

FðϵÞ ¼
�
sinðNuπϵÞ

πϵ

�
2

; (28)

where ϵ ¼ ω=ωr −H is the relative frequency detuning
from theH-th harmonic and Nu is the number of undulator
periods. While factor Gðθ;φÞ ¼ Gσðθ;φÞ þGπðθ;φÞ
describes the angular distribution of the radiation, the
σ- and π-mode polarizations correspond to the x- and
y-component of n̂ × ðn̂ × vÞ, respectively,

Gσðθ;φÞ ¼
1

2

�
HðKD1 þ γθD2 cosφÞ

1þ K2=2þ γ2θ2

�
2

; (29a)

Gπðθ;φÞ ¼
1

2

�
HγθD2 sinφ

1þ K2=2þ γ2θ2

�
2

; (29b)

where θ and φ are the polar and azimuthal angles of the
observation direction n̂, and D1;D2 are given by series of
Bessel functions,

D1¼−1

2

X∞
m¼−∞

JHþ2m−1ðHαÞ½JmðHζÞþJm−1ðHζÞ�;

(30a)

D2 ¼
X∞

m¼−∞
JHþ2mðHαÞJmðHζÞ; (30b)

where α; ζ are defined as:

α ¼ 2Kγθ cosφ
1þ K2=2þ γ2θ2

; (31a)

ζ ¼ K2=4
1þ K2=2þ γ2θ2

: (31b)

The frequency spectrum of the radiation can be obtained
by integrating the double differential spectrum over the
solid angle Ω:

dWH

dω
¼

I
d2WH

dωdΩ
dΩ ¼

Z
π

0

Z
2π

0

d2WH

dωdΩ
sin θ dθdφ: (32)

By splitting factor Gðθ;φÞ into factors Gσðθ;φÞ and
Gπðθ;φÞ, we can also get the radiation spectrum of each
polarization mode, dWH;σ=dω and dWH;π=dω, separately;
the undulator radiation spectrum of σ− and π-modes are
shown in Fig. 3, with the parameters in Table I to be
presented below. The total radiation spectrum is given by
summing over all harmonics,

dW
dω

����
LW

¼
X
H

dWH

dω
¼

X
H

dWH;σ

dω
þ
X
H

dWH;π

dω
: (33)

Using the mode excitation [Eq. (22)] and the Parsval
theorem, we can calculate the undulator radiation in terms
of cavity modes.

dWmn

dω
¼ e2

8πPmn

����
Z þ∞

−∞
v · E�

mnðr; tÞdt
����2; (34)

as Pmn ∝ E2
mn;0 and Emn ∝ Emn;0, dWmn=dω is indepen-

dent of the choice of Emn;0. The integral interval is limited

FIG. 3. Undulator radiation spectrum. The blue, orange,
yellow, and black lines correspond to the fundamental
(H ¼ 1), second (H ¼ 2), third (H ¼ 3), and total (summing
overH ¼ 1; 2; 3;…) harmonics, respectively, with the solid lines
for σ-mode and the dashed lines for π-mode.
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within the undulator length −Lu=2v̄z ≤ t ≤ Lu=2v̄z, as the
electron does not emit significant radiation outside the
undulator.
Due to the absence of electron motion along the y axis,

only the even n modes with x-polarization (σ mode) and
odd nmodes with y-polarization (π mode) are excited, and
the π-mode radiation is much weaker than the σ-mode
radiation.
The Hermite–Gaussian mode components of undu-

lator radiation are shown in Fig. 4, with the parameters
in Table I. One can see that the peaks of the mode
spectrum are around the harmonics of the fundamental
resonant frequency ωr, with even ðmþ nÞ modes peak-
ing at odd harmonics and odd ðmþ nÞ modes peaking at
even harmonics. While the fundamental mode ðHG00Þ is
the strongest, high-order modes with m; n > 0 also
contribute significantly to the total radiation spectrum,
especially for higher harmonics. The mode spectrum
exhibits a nonvanishing contribution when ω → 0. This
low-frequency artifact arises because the paraxial
approximation inherently fails as ω → 0. However, this
artifact is located well below the lowest relevant
harmonic and is therefore explicitly excluded from
the frequency integration in subsequent wakefield and
impedance calculations, ensuring it does not affect the
growth-rate results.
The total radiation spectrum is given by summing over

all modes,

dW
dω

����
HG

¼
X
mn

dWmn

dω
: (35)

In this paper, with parameters in Table I, the total modes
calculated are up to mmax ¼ 200 and nmax ¼ 200, the
frequency grid interval is Δω=ωr ¼ 0.01, and the

harmonic cutoff is Hmax ¼ 21. As shown in Fig. 5, the
spectrum obtained via Hermite–Gaussian mode
decomposition is in excellent agreement with the
Liénard–Wiechert potential results, thereby validating
the mode-decomposition approach for analyzing undulator
radiation.
The convergence of the mode decomposition is usually

not very fast though; therefore, we need to include enough
high-order modes to get accurate results. The criterion for
the number of modes to include is that the total energy of
the undulator radiation obtained by summing over modes
should converge to the theoretical valueWu, which is given
by integrating the spectrum from the Liénard–Wiechert
potential [30]:

Wu ¼
e2γ2K2kuNu

6ϵ0
: (36)

TABLE I. Parameters for an SSMB example.

Parameter Value Description

E0 250 MeV Beam energy
λr 1064 nm Radiation wavelength
λL 1064 nm Modulation laser wavelength
K 1.76 Undulator parameter
h 5000m−1 Energy chirp strength
λu 20 cm Undulator period
Nu 10 Number of undulator periods
Lu ¼ Nuλu 2 m Undulator length
L 4 m Cavity length
R1 ¼ R2 2.26 m Radii of cavity mirror curvature
R1 ¼ R2 0.999 985 Reflectivity of cavity mirrors
zR 0.72 m Rayleigh length
C 48 m Storage ring circumference
R56 −10 μm Storage ring dispersion

(a)

(b)

–35

–37

FIG. 4. Hermite–Gaussian mode components of undulator
radiation. Different line colors are for different m, and different
line styles are for different n. (a) The σ-mode radiation has only
even n modes, while (b) the π-mode radiation has only odd
n modes.
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The radiation energy of each mode is obtained by
integrating the spectrum over frequency:

Wmn ¼
Z þ∞

0

dWmn

dω
dω; (37)

where the harmonic cutoff Hmax ¼ 21 is chosen in the
numerical integration to ensure convergence. As shown in
Fig. 6(a), the distribution of the mode energy is related to
the parity of m; n because of the characteristics of the
undulator motion and the distribution of the mode
intensity profile. Adding up all modes’ energy, Wmn
gives the total energy of the undulator radiation; the
convergence of the mode energy is shown in Fig. 6(b),
which indicates that the total mode energy converges
to the theoretical value Wu, when mmax ¼ 200 and
nmax ¼ 200, with the parameters in Table I.

B. Wakefield and its evolution in the cavity

The electromagnetic interaction between the beam and
its environment is described by radiation impedance in the
frequency domain and wakefields in the spatial domain.
The real part of the impedance, which accounts for the
resistive energy dissipation, is directly proportional to
the radiation spectrum for a single electron, as given by the
following relation [30,32]:

Re
�
ZkðωÞ

	 ¼ π

e2
dW
dω

: (38)

We can also define the impedance of each harmonic
Re½Zk;HðωÞ� and each mode Re½Zk;mnðωÞ� accordingly.

While the impedance provides a frequency-domain
representation of the interaction strength, the longitudinal
wakefield function WkðzÞ describes the normalized inte-
grated radiation interaction by trailing particles on the
leading ones at a distance z due to the longitudinal velocity
vz < c. The longitudinal wake function in free space can
be reconstructed from the real part of the impedance via
the inverse cosine transformWkðzÞ ¼ F−1

cos½Zk�ðzÞ [30,32]:

F−1
cos

�
Zk

	ðzÞ ≔ 2

π

Z þ∞

0

Re½ZkðωÞ� cosðkzÞ dω; (39a)

F−1
sin

�
Zk

	ðzÞ ≔ 2

π

Z þ∞

0

Re½ZkðωÞ� sinðkzÞ dω: (39b)

Here the inverse sine transform F−1
sin ½Zk�ðzÞ is also

defined for later use.

FIG. 5. Comparison of undulator radiation spectrum obtained
from the Liénard–Wiechert potential and the Hermite–Gaussian
mode decomposition. The blue line is the spectrum obtained
from the Liénard–Wiechert potential, and the orange line is the
spectrum obtained from the Hermite–Gaussian mode decom-
position. The solid lines are for the σ-mode, and the dashed lines
are for the π-mode.

(a)

(b)

FIG. 6. Convergence of the mode energy of the undulator
radiation spectrum. (a) The energy Wmn distribution of each
mode with mode order m; n ≤ 20. (b) The blue line is the energy
cumulatively summing over m ≤ mmax and n ≤ 200; the orange
line is the energy cumulatively summing over m ≤ 200 and
n ≤ nmax. The dashed line is the theoretical total energy Wu ¼
1.12 × 10−19 J of the undulator radiation in Eq. (36).
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Figure 7 illustrates the wakefield calculated using the
parameters listed in Table I. While the wakefield of
individual harmonics exhibits a damped sinusoidal profile,
their superposition results in a highly localized, short-
range total wakefield that attenuates rapidly from its peak
value Wkð0Þ ¼ 2Wu=e2 ¼ 8.73 × 1018 V=C.
The frequency spectrum of the modes, however, is

discrete due to the cavity resonance condition (10);, thus,
the Fourier transform integral in the wake function WkðzÞ
should be replaced by a Fourier series:

WkðzÞ ¼
2

π

X
mnq

Re½Zk;mnðωmnqÞ� cosðkmnqzÞΔωFSR; (40)

where Re½Zk;mn� is the impedance of modes, kmnq ¼
ωmnq=c ¼ ðψmn þ πqÞ=L is the wave number of the
modes, ψmn ¼ ðmþ nþ 1Þ arccosð1 − L=RÞ is the trans-
verse phase shift introduced by the Gouy phase, and
ΔωFSR ¼ πc=L is the free spectral range of the modes.
Typically, the wavelength of the radiation λr is much
smaller than the cavity length L, thus the modes are highly
dense in the frequency domain with ΔωFSR ≪ ωr. Under
this condition, the wakefield in the cavity has two distinct
regimes where the characteristics are completely different:
the short-range regime where z ≪ L and the long-range
regime where z approaches the cavity scale L.

In the short-range regime where z ≪ L, the Euler–
Maclaurin formula ensures that the discrete Fourier series
of WkðzÞ asymptotically approaches the continuous
Fourier transform F−1

cos½Zk�ðzÞ in Eq. (39a); the asymptotic
behavior could be denoted as:

WkðzÞ ≃ F−1
cos½Zk�ðzÞ; z ≪ L: (41)

Physically, this implies that the short-range wakefield is
dominated by the local radiation characteristics, and the
influence of the cavity boundaries is negligible.
In the long-range regime, conversely, as z approaches

the cavity scale L, the discreteness of the spectrum
becomes manifest, leading to significant deviations from
the short-range regime. To clarify this, we can rewrite the
expression of the wake function [Eq. (40)] by explicitly
separating the Gouy phase term ψmn and the Fourier series
term:

WkðzÞ ¼
2c
L

X
mn

Re
�
eiψmnz=L

X
q

Re½Zk;mnðωmnqÞ�eiπqz=L
�
;

(42)

which indicates that the wakefield in the cavity exhib-
its a quasi-periodic structure with a fundamental
period of 2L driven by the Fourier series termP

q Re½Zk;mnðωmnqÞ�eiπqz=L, while the Gouy phase ψmn

introduces a cumulative phase slip that modulates the
interference between transverse modes, so generally the
wakefield does not have a strict periodicity of 2L:

Wkðzþ 2LÞ ≠ WkðzÞ: (43)

The direct numerical calculation of the wake function
[Eq. (40)] is computationally expensive due to a large
number of q at the scale of L=λr. However, we do not need
to calculate the long-range wakefield WkðzÞ across the
entire cavity length L. For SSMB applications, the electron
bunch only samples the wakefield turn-by-turn around the
same phase-space bucket, while the wakefield evolves
after several round-trips in the cavity. Due to this periodic
synchronization, our analysis can be restricted to the
localized properties of the wakefield on multiple round-
trips by shifting the longitudinal coordinate from z to
ðzþ 2pLÞ, where integer p ¼ 0; 1; 2;… is the number
of round-trips and the local coordinate z ≪ L; then using
the asymptotic behavior in the short-range regime
[Eq. (41)] gives:

Wkðzþ 2pLÞ ¼ 2

π

X
mnq

Re½Zk;mnðωmnqÞ� cosðkmnqzþ 2pψmnÞΔωFSR

≃
X
mn

½cosð2pψmnÞF−1
cos½Zk;mn�ðzÞ − sinð2pψmnÞF−1

sin ½Zk;mn�ðzÞ�; (44)

FIG. 7. Longitudinal wakefield of undulator radiation for the
first three harmonics and the total sum. The blue, orange, and
yellow lines represent the fundamental (H ¼ 1), second (H ¼ 2),
and third (H ¼ 3) harmonics, respectively. The thick black line
denotes the total wakefield.
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which is a linear combination of inverse cosine and sine
transforms of the impedance, with the coefficients modu-
lated by the transverse phase shift ψmn. Figure 8 shows the
evolution of the wakefield Wk;mnðzþ 2pLÞ of different
modes over round-trips with the parameters in Table I.
Adding all modes together gives the total wakefield
evolution, as shown in Fig. 9. We comment here that this
decomposition of wakefield into different modes, and the
analysis of their evolution over round-trips, is the key
difference of our work compared to previous studies.
Moreover, in contrast to the short-range wakefieldWkðzÞ,

which is strictly constrained to z > 0 by the principle of
causality, the long-range wakefield Wkðzþ 2pLÞ after p
round-trips exhibits a nonzero distribution for both positive
and negative z. This phenomenon does not violate funda-
mental causality; rather, it originates from the focusing and
diffraction effects of the cavity. When the radiation is
reflected by the mirrors, off-axis field components travel
different geometric optical path lengths compared to the on-
axis one, resulting in the nonzero distribution of the
wakefield Wkðzþ 2pLÞ for z < 0.

(a) (b)

(c) (d)

FIG. 8. Evolution of the wakefield Wk;mnð2pLþ zÞ of the (a) mode, (b) mode, (c) mode, and (d) mode over circulations. The blue,
orange, and yellow solid lines represent the wakefield after zero (p ¼ 0), one (p ¼ 1), and two (p ¼ 2) round-trip reflections within
the cavity, respectively. For reference, the inverse cosine transform F−1

cos½Zk;00� (corresponding to the p ¼ 0 initial wake) and the
inverse sine transform F−1

sin ½Zk;00� of the impedance are displayed as blue solid and dashed lines. Here, the phase shift
ψ00 ¼ arccosð1 − L=RÞ ≈ 2.45, with the cavity parameters in Table I.

FIG. 9. Evolution of the longitudinal wakefield Wkðzþ 2pLÞ.
The blue, orange, yellow, and purple solid lines represent the
wakefield after zero (p ¼ 0), one (p ¼ 1), two (p ¼ 2), and three
(p ¼ 3) round-trip reflections within the cavity, respectively.
Here the phase shift ψ00 is set to 0.01 to show a small evolution.
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One may ask what if the wakefield is observed at odd multiples of the cavity length, i.e., Wkðzþ ð2pþ 1ÞLÞ where
integer p ¼ 0; 1; 2;… and the local coordinate z ≪ L. In this case, we can also use the asymptotic behavior in the short-
range regime [Eq. (41)] to get:

Wkðzþ ð2pþ 1ÞLÞ ¼ 2

π

X
mnq

ð−1Þq Re½Zk;mnðωmnqÞ� cosðkmnqzþ ð2pþ 1ÞψmnÞΔωFSR ≃ 0: (45)

As the cavity modes are very dense in the frequency
domain, the Euler–Maclaurin formula ensures that odd q
terms and even q terms will cause strong cancellation,
leading to a negligible result compared to Wkðzþ 2pLÞ,
which implies that the reversed wakefield does not affect
the beam dynamics under the assumption that it does not
affect the electron beam prescribed motion.
Back to the discussion of the periodicity of the

wakefield in the long-range regime. The periodicity of
Eq. (44) is determined by the rationality of ψmn=π.
As ψmn ¼ ðmþ nþ 1Þψ00, we can only focus on the
fundamental ψ00: if ψ00=π is a rational number, the
wakefield will be strictly periodic and will repeat itself
after some given number of round-trips; if ψ00=π is an
irrational number, the wakefield will be quasi-periodic,
exhibiting a complex interference pattern that never
exactly repeats but may show approximate recurrences
over long distances, which is determined by how well
ψ00=π can be approximated by rational numbers. The
approximate period can be estimated by truncating
the continued fraction expansion of ψ00=π with a
given tolerance. A lower tolerance will give a much
bigger period. Figure 10 shows the periodicity of the
wakefield with different cavity mirror curvatures
R1 ¼ R2 ¼ R.

There are some special cases where ψ00=π is a rational
number: (i) the parallel plane cavity with R1 ¼ R2 → ∞,
then ψ00 ¼ 0 and the wakefield is strictly periodic
with a period of 2L; (ii) the concentric cavity with
R1 ¼ R2 ¼ L=2, then ψ00 ¼ π and the wakefield is strictly
periodic with a period of 2L; (iii) the confocal cavity with
R1 ¼ R2 ¼ L, then ψ00 ¼ π=2 and the wakefield is strictly
periodic with a period of 4L.
The general case of a stable cavity with R1; R2 > L=2

usually has an irrational ψ00=π, thus the wakefield is quasi-
periodic. The periodicity of the wakefield is desired to be
long and not to recur too frequently; then ψ00=π needs to
be close to a rational number with a big denominator. In
our case of parameters in Table I, ψ00=π ≈ 0.78 is very
close to 295=378; thus, the wakefield will be approx-
imately periodic with a period of 378 round-trips.
Before ending this subsection, we may further consider

the attenuation of the wakefield due to the finite finesse of
the cavity. As higher-order modes decay faster than the
fundamental mode, a more precise approach is to consider
the attenuation of each mode separately. We introduce δmn
as the coefficient of logarithmic fractional power loss of
the mode per round-trip; for simplicity here, we only
consider the case where δmn is independent of frequency;
then the wakefield evolution can be updated as:

Wkðzþ 2pLÞ ≃
X
mn

e−pδmn=2½cosð2pψmnÞF−1
cos½Zk;mn�ðzÞ − sinð2pψmnÞF−1

sin ½Zk;mn�ðzÞ�: (46)

The total cavity-loss factor δmn consists of the reflectivity
R1;R2 of the cavity mirrors and the diffraction loss of the
mode in the cavity.

δmn ¼ − lnðR1R2Þ þ δdiffmn ; (47)

where the diffraction loss δdiffmn can be calculated by inte-
grating the mode field outside the mirror aperture [33,34].

IV. LONGITUDINAL BEAM DYNAMICS

Having obtained the wakefield and its evolution in the
cavity, we can now derive the longitudinal beam dynamics
equations of a microbunch consisting of Ne electrons. The
longitudinal coordinates of the i-th electron in the j-th turn
are denoted as ðzi;j; δi;jÞ, where zi;j is the longitudinal

position relative to the reference particle and δi;j ¼
γi;j=γ0 − 1 is the relative energy deviation.

A. Longitudinal dynamics equations

To the first order, this linear coupling between the
energy deviation and the longitudinal position is charac-
terized by the longitudinal dispersion strength R56 (also
known as the momentum compaction factor in circular
machines). The mapping for the longitudinal position
zi;jþ1 after the j-th iteration or section can be expressed as:

zi;jþ1 ¼ zi;j þ R56δi;jþ1: (48)

We then drive the energy deviation δi;jþ1 after the j-th
turn by considering the work done by the electric field of
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the radiation on the electrons. The energy of the radiation
field is given by:

W ¼
Z þ∞

0

dW
dω

dω ¼ 2

π

X
mn

Z þ∞

0

PmnjCmnj2 dω: (49)

The conservation of energy gives the relation between
the change in electron energy and the work done by the
electric field:

XNe

i¼1

γi;jmec2 þ
2

π

X
mn

Z þ∞

0

Pmn

��Cmn;j

��2dω ¼ constant:

(50)

After the microbunch passes through the undulator in the
j-th turn, the mode amplitudes are updated from Cmn;j to
C0
mn;j, and the energy deviation change of all electrons is:

XNe

i¼1

Δδi;j ¼ − 2

πE0

X
mn

Z þ∞

0

PmnðjC0
mn;jj2 − jCmn;jj2Þdω;

(51)

where E0 ¼ γ0mec2 is the reference energy of the beam.
The excitation of modes ΔCmn;j ¼ C0

mn;j − Cmn;j is given
by [Eq. (22)]:

ΔCmn;j ¼
e

4Pmn

XNe

i¼1

Z
Lu=2v̄z

−Lu=2v̄z

vi;j · E�
mnðri;j; tÞdt: (52)

The position and velocity of the electrons can be
approximated by the reference trajectory of the beam,

ri;j ¼ r0 þ zi;jẑ; (53a)

vi;j ≈ v0: (53b)

As the electrons are tightly bunched and have small
energy deviation, they follow the reference trajectory
closely, with the slow-varying envelope approximation
umnðri;jÞ ≈ umnðr0Þ; we have:

Emnðri;jÞ ≈ Emnðr0Þe−ikzi;j ; (54)

then the mode excitation equation becomes:

ΔCmn;j ¼ ΔCmn

XNe

i¼1

eikzi;j ¼ ΔCmn Nebj; (55)

where ΔCmn is the mode excitation by a single reference
electron at position r0 and bj ¼

PNe
i¼1 e

ikzi;j=Ne is the
bunching factor at wave number k. Eq. (55) means that
the mode excitation of a single electron is a complex
number with constant magnitude jΔCmnj and a phase
factor eikzi;j that depends on the longitudinal position of
the electron, and the total mode excitation by the micro-
bunch is given by the sum of all electrons, which is
proportional to the bunching factor bj. The schematic of
mode excitation by a microbunch in the laser modulator is
shown in Fig. 11.
It is worth noting that the modulation by the laser is not

included in the mode excitation [Eq. (55)], as the laser field
is typically much stronger than the undulator radiation
field (eVL ≫ Wu). The effect of the laser modulation is
separately included in the beam dynamics equations as an

FIG. 10. Periodicity of the wakefield with different cavity
mirror curvatures R1 ¼ R2 ¼ R. The period is the denominator
of the continued fraction expansion of ψ00=π truncated with
tolerance of 10−4.

FIG. 11. Mode excitation ΔCmn;j by a microbunch consisting
of Ne ¼ 9 electrons in the laser modulator. Each electron excites
the mode ΔCj ¼ ΔCmneikzi;j with a phase factor eikzi;j according
to its longitudinal position zi;j, and the total mode excitation is
given by the sum of all electrons.
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external modulation term, which can be added to the
energy deviation update [Eq. (51)] as:

δi;jþ1 ¼ δi;j þ
eVL

E0

sinðkLzi;jÞ þ Δδi;j; (56)

where VL and kL are the effective voltage and wave
number of the laser in the modulator and Δδi;j is the
energy deviation change due to the interaction with the
undulator radiation field in Eq. (51).
Moreover, when the beam is revolving in the ring turn

by turn, the cavity modes also evolve due to the phase
change and cavity loss. After one ring circumference C
with period T ¼ C=βc, the phase change of the modes is
ΔΦmn ¼ ωT ¼ kC=β, and the number of round-trips in the
cavity is p ¼ cT=2L ¼ C=2Lβ, with attenuation factor
e−δmn=2 for each round-trip; thus, the mode amplitude is
updated as:

Cmn;jþ1 ¼ C0
mn;je

−δmnC=4LβeikC=β; (57)

which, together with the mode excitation [Eq. (55)], gives
the iteration relation of the mode amplitude in the cavity.
We can further analyze the evolution of mode ampli-

tudes in the cavity; the change of the energy of mode
ðm; nÞ due to the interaction with the bunch in the j-th
pass is:

jC0
mn;jj2 − jCmn;jj2
¼ jΔCmn;jj2 þ 2Re½ΔC�

mn;jCmn;j�
¼ N2

e jΔCmnj2jbjj2 þ 2NeRe½ΔC�
mnb�jCmn;j�: (58)

The first term represents the spontaneous radiation
emitted by the bunch, while the second term represents
the stimulated radiation due to the existing field in the
cavity.
For a simplified first-order treatment, we only consider a

single relativistic macroparticle as a representative of the
entire bunch, implying β ¼ 1 and zi;j ¼ zj, δi;j ¼ δj for all
Ne electrons. While the macroparticle model neglects the
effects of finite bunch length and may overestimate the
instability threshold, it provides a valuable first-order
approximation for understanding the fundamental dynam-
ics of the system.
Then the iteration relation of the mode amplitude is

given by:

Cmn;jþ1 ¼ ðCmn;j þ NeΔCmneikzjÞe−δmnC=4LeikC: (59)

At the initial stage, we assume all modes are not excited,
i.e., Cmn;0 ¼ 0. Then the general term formula of the mode
amplitude after j-th pass can be derived as:

Cmn;j ¼ NeΔCmn

Xj

p¼1

e−pδmnC=4Leikðzj−pþpCÞ: (60)

Then the mode energy change after the j-th pass can be
derived as:

jC0
mn;jj2 − jCmn;jj2 ¼ N2

e jΔCmnj2
�
1þ 2

Xj

p¼1

e−pδmnC=4L cosðkðzj−p − zj þ pCÞÞ
�
: (61)

Taking into the integral in Eq. (51), the energy deviation
change of the electron after the j-th pass can be written as
wake functions:

Δδj ¼ −NeWu

E0

− Nee2

E0

Xj

p¼1

Wkðzj−p − zj þ pCÞ: (62)

The first term Wu represents the energy loss due to the
spontaneous radiation emitted by the bunch itself; the
second term Wkðzj−p − zj þ pCÞ represents the energy

modulation due to the stimulated radiation from the
previous turns.
To ensure the phase-locking condition, the revolution

timeC=βc of electron beams in the storage ring is designed
to be an integer multiple of the round-trip time 2L=c of the
laser in the cavity, which is exactly our case discussed in
the previous sections. Consequently, the mode field is
reproduced at the bunch position in subsequent turns. To
ensure clarity, we formally define the shorthand notations
for the scaled phase Ψmn ≔ ψmnC=βL and scaled attenu-
ation Δmn ≔ δmnC=4βL shown in the expression of
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Wkðzþ pCÞ; then the wake function and its derivative in the p-th turn can be written as:

Wkðzþ pCÞ ≃
X
mn

e−pΔmn ½cosðpΨmnÞF−1
cos½Zk;mn�ðzÞ − sinðpΨmnÞF−1

sin ½Zk;mn�ðzÞ�; (63a)

W0
kðzþ pCÞ ≃ −X

mn

e−pΔmn ½cosðpΨmnÞF−1
sin ½kZk;mn�ðzÞ þ sinðpΨmnÞF−1

cos½kZk;mn�ðzÞ�: (63b)

B. Growth rate of instability

We can further analyze the growth rate of instability by considering the linearized beam dynamics around the
equilibrium point, which is given by the fixed point of the mapping defined by Eqs. (48) and (56). In the case of SSMB,
zj ≪ λL, the laser modulation can be linearized as sinðkLzÞ ≈ kLz. Moreover, we can Taylor expand the wake function
around pC as:

Wkðzj−p−zjþpCÞ¼WkðpCÞþW0
kðpCÞðzj−p−zjÞþ��� : (64)

The first term WkðpCÞ is the static parasitic loss term, the second term W0
kðpCÞzj−p characterizes the driving source and

participates in the collective dynamics, and the third term W0
kðpCÞzj refers to the potential well distortion effect [32,35].

We then combine the Eqs. (48) and (56) to get the second-order difference equation for the longitudinal position of the
bunch:

zjþ1 − zj
R56

¼ zj − zj−1
R56

þ hzj − NeWu

E0

− Nee2

E0

Xj

p¼1

WkðpCÞ − Nee2

E0

Xj

p¼1

W0
kðpCÞðzj−p − zjÞ; (65)

where h ¼ eVLkL=E0 is the energy chirp strength of the
laser modulation. The first two terms in linearized Δδj will
be neglected as they do not depend on the current position
of the electron and thus do not contribute to the growth of
instability. Then we can assume an ansatz solution of the
form zj ¼ z0eijμ, where μ is the complex frequency of the
instability, and substitute it into the difference equation to
get the dispersion relation for μ:

ðeiμ − 1Þ2
eiμ

¼ hR56 − Nee2R56

E0

X∞
p¼1

W0
kðpCÞðe−ipμ − 1Þ:

(66)

Here we have taken the limit of j → ∞ to get the
asymptotic growth rate of instability, and the summation
is taken to infinity as the wakefield decays with p.
Under the small frequency limit jμj ≪ 1, we can take
ðeiμ − 1Þ2=eiμ ≈ −μ2. If there is no wakefield, i.e.,
WkðzÞ≡ 0, then the dispersion relation reduces to

μ20 ¼ −hR56, which is the synchrotron oscillation fre-
quency of the beam in the presence of the laser modula-
tion. The frequency shift due to the wakefieldΔμ ¼ μ − μ0
can be calculated by treating the wakefield term as a
perturbation where jΔμj ≪ jμ0j, which gives:

Δμ ¼ Nee2R56

2μ0E0

X∞
p¼1

W0
kðpCÞðe−ipμ0 − 1Þ: (67)

The growth rate of the instability is given by the
imaginary part of Δμ, which can be calculated as:

1

τ
¼ − Im½Δμ�

T
¼ Nee2cR56

2μ0E0C

X∞
p¼1

W0
kðpCÞ sinðpμ0Þ; (68)

where T ¼ C=c is the round-trip time of the beam in the
storage ring. The series related to the wakefield derivative
can be further simplified by substituting Eq. (63b) into it,
which gives:

X∞
p¼1

W0
kðpCÞ sinðpμ0Þ ¼ −X∞

p¼1

�
sinðpμ0Þ

X
mn

e−pΔmn sinðpΨmnÞF−1
cos½kZk;mn�ð0Þ

�

¼ 1

2

X
mn

�
F−1

cos½kZk;mn�ð0Þ
X∞
p¼1

e−pΔmn ½cosðpðΨmn þ μ0ÞÞ − cosðpðΨmn − μ0ÞÞ�
�

¼ 1

4

X
mn

�
sinhΔmn

coshΔmn − cosðΨmn þ μ0Þ
− sinhΔmn

coshΔmn − cosðΨmn − μ0Þ
�
F−1

cos½kZk;mn�ð0Þ: (69)
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WhenΔmn ≪ 1, the term in the bracket of a single mode
attains a sharp maximum value of Oð1=ΔmnÞ at the
resonant position μ0 ¼ −Ψmn þ 2πl and a corresponding
minimum at μ0 ¼ Ψmn þ 2πl, with a peak width of
OðΔmnÞ, which is shown in Fig. 12. The superposition
of all modes gives the total growth rate, which exhibits a
complex resonance structure with multiple peaks and
valleys as a function of the tune μ0.
The dependence of the growth rate [Eq. (68)] on the

fundamental phase shift Ψ00 and the tune μ0 is shown in
Fig. 13 for both low- and high-cavity-loss cases. The white
regions in Fig. 13 represent parameter spaces where
the asymptotic growth rate τ−1 calculated by Eq. (68) is
negative, indicating long-term stability. The following

features characterize the system’s stability: (i) While a
smaller Δmn leads to a sharper resonance with higher peak
growth rates as the wakefield can persist over more turns, it
also restricts the most unstable regions to narrower bands.
(ii) The map reveals distinct instability lines following the
relation μ0 ¼ Ψmn ¼ ðmþ nþ 1ÞΨ00, corresponding to
the parameter sets reaching the minimum. These features
demonstrate that each transverse mode acts as an inde-
pendent resonant driver, but modulated by its unique Gouy
phase shift. (iii) Consequently, the total growth rate is not a
simple superposition but an intricate resonance pattern.
This complexity arises from the coherent interference of
hundreds of cavity modes, leading to a distribution that is
highly sensitive to small perturbations in the cavity
geometry or the storage ring working point.
The physical mechanism of the longitudinal instability

investigated here is analogous to the classical Robinson
instability observed in conventional rf cavities. In both
cases, the instability arises from the cumulative interaction
between the electron bunch and a long-range electromag-
netic field trapped within a high-Q resonator. However,
several distinct features set the SSMB laser modulator
system apart: First, while the Robinson instability is
typically driven by a single dominant longitudinal mode
of an rf cavity, the instability in an SSMB laser modu-
lator is a multimode collective effect. It involves the
coherent superposition of a complete set of transverse
Hermite–Gaussian eigenmodes. Second, the phase evolu-
tion of these modes is not solely determined by fre-
quency detuning but is significantly modulated by the
Gouy phase shift of optical modes. This results in a more
complex resonance structure, where each transverse mode
contributes its own phase slip to the total wakefield.

FIG. 12. Resonance structure of single-mode growth-rate
contribution as a function of the tune μ0. The growth-rate
exhibits peaks at μ0 ¼ �Ψmn þ 2πl for integer l, with the
amplitude scaling as Oð1=ΔmnÞ near the resonance.

(a) (b)

FIG. 13. Growth rate of the instability for different phase shift Ψ00 and tune μ0 under (a) low-cavity loss Δmn ≡ 10−5 for all modes
and (b) high-cavity loss Δmn ≡ 10−2 for all modes. The grid resolution for μ0 and Ψ00 is 200 × 300. No artificial smoothing is applied.
White regions represent the stable region with negative growth rate, while colored regions represent the unstable region with positive
growth rate, and the color intensity represents the magnitude of the growth rate. Both (a),(b) share the same colorbar for the growth rate.
The red dot in the subfigure of panel (a) indicates the nominal operating point Ψ00 ¼ 29.4215; μ0 ¼ 0.2236 derived from the
parameters in Table I.
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Consequently, the stability of the beam is governed by the
derivative of the accumulated multimode wakefield at the
bunch position, leading to the intricate resonance patterns
observed in our growth-rate maps in Fig. 13.
At this point, it is instructive to compare our mode-

decomposition framework with earlier pioneering studies
[15–19], where the spatial profile of the radiation is
assumed to be strictly maintained over multiple round-
trips. Within our theoretical framework, this assumption is
equivalent to the plane mirror case (R → ∞), where the
Gouy phase shift vanishes (Ψmn ¼ 0). The core advantage
of the cavity-mode decomposition approach is its ability to
capture the realistic optical dynamics introduced by curved
cavity mirrors. Therefore, explicitly tracking this optical
phase evolution is essential for accurately evaluating
collective beam stability in realistic SSMB storage rings.
Finally, it should be emphasized that the convergence

of high-order cavity modes is relatively slow, with the
fundamental mode accounting for only a fraction of the
total contribution. Consequently, high-order modes exert a
significant influence on the instability. In the practical
design of laser cavities for SSMB, various techniques such
as the implementation of D-shaped mirrors are typically
employed to accelerate the attenuation of these high-order
modes [10]. Such measures serve as an effective means to
suppress the instabilities induced by high-order transverse
modes. Further details in this respect are expected to be
discussed in our later work.

V. NUMERICAL RESULTS

As an example, we simulate the longitudinal beam
dynamics in an SSMB storage ring with parameters listed
in Table I [28]. Here we consider a constant cavity loss
Δmn ≡ 1 × 10−5 for all modes for simplicity, correspond-
ing to Fig. 13(a).
The calculations of the wakefield and its evolution in

the cavity are performed before the beam dynamics
simulation, and the results are stored in a look-up table
for efficient interpolation during the beam dynamics
simulation.
The evolution of the longitudinal phase-space coordi-

nates ðzj; δjÞ of the macroparticle with electron numbers
Ne ¼ 1 × 103 and Ne ¼ 2 × 103 over multiturns in the
storage ring is shown in Fig. 14. The initial condition of the
macroparticle is set to be z0 ¼ 10 nm and δ0 ¼ 0.
At the beginning, the macroparticle undergoes synchro-

tron oscillations with the frequency of μ0 ≈ 0.22, and the
macroparticle is mainly modulated by the laser with
amplitude of eVL=E0. As the radiation field builds up
in the cavity over multiple turns, the energy modulation
of the electron beam grows due to the interaction with
the coherent undulator radiation field, which leads to the
growth of the energy center oscillation amplitude in the
longitudinal phase space. During this stage, the oscillation
amplitude exhibits a distinct exponential growth trend with

the number of turns. Eventually, the energy modulation
can become large enough to cause significant distortion of
the beam distribution and even beam loss if the energy
spread exceeds half the bucket height δ1=2.
Under small electron number, the wakefield is much

smaller than the laser (NeWu ≪ eVL). The longitudinal
coordinate zj of the macroparticle could be well fitted by a
sinusoidal function of turn number j:

zj ¼ z0ejT=τ cosðμ0jÞ; (70)

where τ−1 is the growth rate of the instability. Figure 15
shows the growth rate fitted from the first 500 turns with
different electron number Ne, and we find good agreement
between the growth rate fitted from the simulation results
and the theoretical growth rate calculated by Eq. (68).

(a)

(b)

FIG. 14. Evolution of the longitudinal phase-space coordinates
ðzj; δjÞ of the electron beam over multiturns in the storage ring.
(a) zj versus turn number j; (b) δj versus turn number j.

FIG. 15. Growth rate as a function of electron number Ne. The
blue line refers to the theoretical growth rate calculated by
Eq. (68), and orange dots refer to the growth rate fitted from the
simulation results, where the error bar indicates the 95%
confidence interval.
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As the electron number Ne increases, the growth rate of
the instability is eventually serious enough to cause beam
loss within a few thousand turns; thus, it is crucial to
consider the effect of this instability in the design of SSMB
storage rings. Nevertheless, the growth rate can be effec-
tively reduced by optimizing the cavity geometry to
increase the attenuation of high-order modes or by tuning
the storage ring working point to avoid the resonance
peaks in the growth-rate map shown in Fig. 13.

VI. SUMMARY AND OUTLOOK

In this paper, we have established a comprehensive
theoretical and numerical framework to investigate the
longitudinal beam instabilities driven by coherent undu-
lator radiation within the laser modulator of an SSMB
storage ring. While previous studies relied on rigid
wakefield models, our approach employs a rigorous
cavity-mode decomposition technique. By expanding the
radiation field into a complete set of Hermite–Gaussian
modes, we have successfully captured the evolution of the
wakefields as they circulate within the optical cavity.
The core of our work involved deriving the mode

excitation equations based on first principles, treating
the electron beam as a current source. This allowed us
to calculate the specific mode decomposition of the
undulator radiation spectrum and trace its turn-by-turn
evolution. Our analysis revealed several critical insights:
Instability mechanism: We demonstrated that the inter-

action between the electron bunch and the accumulated
radiation field leads to a cumulative energy modulation.
This process is analogous to Robinson instability but is
uniquely characterized by the discrete resonance condi-
tions of the laser cavity and the transverse phase shifts
(Gouy phase) of the various cavity modes. Through both
analytical derivations and numerical simulations, we
characterized the growth rate of the instability.
Role of high-order modes: An important finding of this

study is the non-negligible contribution of high-order
transverse modes. Unlike free-space propagation, the
cavity environment traps these modes, and their slower
convergence necessitates their inclusion for accurate insta-
bility threshold predictions. Our results suggest that the
resonance structure of the growth rate is highly sensitive to
the phase shifts of these high-order modes.
Parametric sensitivity: The simulation results indicate

that the turn number at which beam loss occurs is inversely
proportional to the beam charge and increases with the
number of undulator periods. Furthermore, the cavity-loss
coefficients play a dual role: while smaller losses allow for
higher average power, they also broaden the unstable
domains by allowing wakefields to persist over a greater
number of turns.
From a design perspective, our work provides a quanti-

tative tool for optimizing the performance of SSMB

storage rings. To mitigate the adverse effects of these
instabilities, we propose the following strategies:
Mode control: The implementation of specialized cavity

geometries, such as the use of D-shaped mirrors or
aperture-limiting elements, can be employed to selectively
increase the attenuation of high-order modes without
significantly degrading the fundamental mode.
Operational tuning: By carefully choosing the cavity

mirror curvature and the storage ring tune, operators can
steer the system away from the sharp resonance peaks
identified in our growth-rate maps, thereby extending the
beam lifetime.
The framework developed in this study will serve as

a foundation for several promising avenues of future
research. First, the current model assumes a simplified
cavity geometry; extending the mode-decomposition
method to include complex asymmetric four-mirror cavity
configurations would enhance its applicability to advanced
light source designs. Second, while this paper focuses on
longitudinal dynamics, a unified 6D phase-space analysis
incorporating transverse-longitudinal coupling is essential
to capture the full picture of beam-radiation interaction.
Finally, the transition from single-bunch to multibunch

multiturn scenarios represents a vital next step. In high-
repetition-rate SSMB rings, the long-range wakefields
from preceding bunches will inevitably influence trailing
bunches, potentially leading to coupled-bunch instabilities.
Expanding our mode evolution equations to account for
these collective effects will be instrumental in the reali-
zation of next-generation, high-average-power coherent
radiation sources.
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