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decomposition for real-time dynamics reconstruction
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Real-time monitoring and predictive modeling of complex accelerator subsystems demand data-efficient
approaches that can capture essential dynamics from minimal measurements. This study introduces a
framework based on kernel-based dynamic mode decomposition that constructs surrogate dynamical
models from a single reference waveform, enabling accurate time-series reconstruction with substantially
reduced data requirements compared to conventional methods. The approach formulates the system
dynamics as a continuous ordinary differential equation (ODE) in a delay-embedded phase space, where a
sparse dictionary and polynomial kernel provide both computational efficiency and physics-aligned
interpretability through the underlying ODE structure. The method is validated on three beam kicker
systems and two pulse-forming network (PFN) modulator systems at the Stanford Synchrotron Radiation
Lightsource (SSRL) at SLAC, demonstrating accurate waveform reconstruction using only one training
waveform per system. A comparative study against exponential smoothing and linear trend models
confirms the method’s superior predictive capability, particularly in extrapolative tail regions. These results
establish a lightweight, scalable foundation for real-time waveform monitoring, anomaly detection, and
potential integration into broader facility-level digital twin frameworks in accelerator science and beyond.
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Introduction. Real-time monitoring of complex engineer-
ing systems requires models that accurately capture system
dynamics while remaining computationally tractable. For
particle accelerators, subsystems such as beam kickers and
pulse-forming network (PFN) modulators exhibit intricate
pulsed dynamics that are critical for beam control and must
be monitored continuously to ensure operational reliability.
Traditional physics-based modeling of these subsystems
requires detailed knowledge of component parameters and
is often computationally intensive, making it impractical
for real-time applications.

Data-driven approaches have seen significant develop-
ment within the accelerator community, including surrogate
models, predictive models, and optimization algorithms
[1-8]. These methods leverage neural networks, Gaussian
processes, and Bayesian optimization for efficient model-
ing but typically require substantial training datasets. A
complementary, data-efficient alternative is desirable for
scenarios where only limited waveform data are available.
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Dynamic mode decomposition (DMD), introduced by
Schmid [9], provides a powerful data-driven framework for
extracting dynamic modes from time-series data without
prior system assumptions. Kernel-based extensions of
DMD [11] map the data into higher-dimensional feature
spaces to accommodate nonlinear dynamics, while sparse
dictionary methods [12,13] enhance computational effi-
ciency. The LANDO linear and nonlinear disambiguation
optimization (LANDO) framework [13] combines these
ideas into a unified algorithm for learning nonlinear
dynamics from data.

This study applies the kernel-based DMD framework
(LANDO) to construct surrogate dynamical models for
accelerator subsystems using only a single reference wave-
form per system. By formulating the problem as a
continuous ordinary differential equation (ODE) in a
delay-embedded phase space [14], the approach captures
the essential dynamics from minimal data while maintain-
ing physical interpretability through the ODE structure.
The key contributions are as follows: (i) demonstration that
a single pulsed waveform provides sufficient information
for accurate dynamics reconstruction in accelerator kicker
and modulator systems; (ii) systematic validation across
five different subsystems at SLAC spanning three years of
operational data; and (iii) a comparative study against
alternative time-series methods confirming the approach’s
effectiveness. While the present work focuses on unidirec-
tional monitoring (physical system to model), the
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lightweight surrogate models produced here could serve as
building blocks for broader, facility-level digital twin
efforts in the future [15,16].

Methodology.

Signal preprocessing: The raw time-series data from kicker
and modulator systems consist of pulsed waveforms that
require preprocessing to ensure uniformity before DMD
analysis. Let x,,(7) denote a raw waveform of length N.
The preprocessing pipeline consists of three steps applied
sequentially.

Step 1: dc offset removal. The baseline offset is estimated
from the first N¢ samples (typically N = 10), where no
pulse activity is present:
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Step 2: Amplitude normalization. Signals are normalized
using the mean amplitude within the full width half
maximum (FWHM) region. Let A, = max,|x.,(?)|
The FWHM region is defined as S = {t: |xen(?)] >
Amax/2}, and the normalization factor is
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Step 3: Temporal alignment. Waveforms are aligned to a
reference signal x,.; via cross-correlation. The optimal lag
7* is determined by

7 = argmax ) et (1) Xnom (1 = 7). 3)
t

and the aligned waveform is obtained by shifting x,,m, by
7* samples, with zero padding applied to vacated regions.

For the results presented here, the most recent waveform
in each dataset serves as the reference. These preprocessing
parameters (offset region, FWHM normalization constant,
and alignment lag) are computed independently for each
new waveform using the fixed reference, which is impor-
tant for real-time deployment: only one stored reference
waveform is needed, and the per-waveform preprocessing
involves only subtraction, division, and a cross-correlation,
all of which are readily implementable on field-program-
mable gate array (FPGA) hardware.

Dynamic mode decomposition framework: The system
dynamics are modeled as a continuous ODE:

dX

— = F(X), 4

ar (X) “4)
where X(7) € RP is the system state in an embedded phase
space, and F is the unknown dynamics function. The
continuous ODE formulation reflects the inherently smooth
evolution of physics-based systems such as kickers (driven

by electromagnetic fields and current flow) and modulators
(governed by RLC circuit dynamics) [10], avoiding dis-
cretization artifacts while supporting flexible numerical
integration.

The dynamics function F is approximated using a
kernel-based surrogate:

ax ~Y =Wk(X, X), )
dt
where Y = dX/dt is the time derivative (computed via
numerical gradient of the training waveform), W is the
trained weight matrix, (., .) is a kernel function, and X is
a sparse dictionary of representative states. Equation (5) is
an approximation; the “=x” reflects that Y is a data-driven

surrogate for the true dynamics F(X).

Phase-space construction via delay embedding: A single
scalar time series V() is insufficient to represent the full
system state. Phase-space reconstruction via Takens’ delay
embedding theorem [14] constructs a higher-dimensional
state from delayed copies of the signal:

V(1)

V(t+1t,)

X(f) = : ERP, (6)
Vi (D—1)-1,)

where 7, is the embedding lag (in samples), and D is the
embedding dimension. Takens’ theorem guarantees that,
for a sufficiently large D (specifically D > 2d, where d is
the dimension of the underlying attractor), this embedding
is a diffeomorphism of the original attractor, preserving its
topological properties. For the accelerator waveforms
studied here, the pulsed nature of the signals provides
inherent richness: the rising edge, peak, and decaying tail
traverse a substantial portion of the system’s state space
within a single pulse, providing the diversity of states
needed for accurate model identification. This is analogous
to the persistence of excitation condition in system iden-
tification [17]: the training signal must explore a suffi-
ciently rich region of state space to constrain the model
parameters.

For kicker systems, only a current signal is available. For
PFN modulator systems, both voltage and current signals
are available; the current signal was used for the primary
analysis (Modulator Systems section), and a comparison of
voltage-versus-current modeling is presented in the Voltage
Versus Current Signal Comparison section.

The embedding parameters 7, and D are system-specific
and optimized via grid search to minimize the L; loss
> | Virue () = Viprea(#)| evaluated on a held-out test wave-
form. The constraint z, X D < Ny, (With Ny, = 350
samples for kickers) ensures that the number of initial-
condition points required for prediction remains practical.
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The L, loss is evaluated on the tail region (samples beyond
Nnmax)» Which represents the purely extrapolative prediction
where no input data are available.

Sparse dictionary construction and kernel training: The
dictionary X, is a sparse subset of the phase-space states
from the training waveform, selected automatically by the
LANDO algorithm [13] during training. Starting from the
first state vector, the algorithm sequentially evaluates each
new state: if it is approximately linearly dependent in the
kernel-induced feature space on the existing dictionary
members, it is discarded; otherwise, it is added to the
dictionary. Formally, a state x, is added to the dictionary if:

6, = k(x,,x,) —klI'm, > v, (7)
where k, = k(X,, x,) is the vector of kernel evaluations

between the dictionary and the candidate, =z, solves
C’Crx, = k, (with C the Cholesky factor of the kernel

matrix), and v is the sparsification threshold. This almost
linearly dependent (ALD) test ensures that the dictionary
captures the essential structure of the data while remaining
compact. In practice, the dictionary typically retains
~5%-10% of the original phase-space points (e.g., 26
dictionary elements from 375 phase-space states for K2
modulator current, a sparsity ratio of 6.9%), providing
substantial computational savings for prediction.
A polynomial kernel is employed:

k(x.y) = (1+a-x"y)?, ®)

with p =1 and @ = 0.1 throughout this study, yielding
k(x,y) = 1+ 0.1 x"y. While p = 1 produces a kernel that
is linear in the inner product, it is not equivalent to standard
linear DMD. The constant offset term (the “1” in the kernel)
provides an important bias that standard linear DMD lacks,
enabling the model to handle dc components and baseline
variations in the signal naturally. Furthermore, the kernel
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SSRL kicker system waveforms. Raw waveforms are displayed on the right (top: booster extraction kicker, middle: booster

injection kicker, bottom: SPEAR3 injection kicker). These waveforms are sampled at 100 MHz, each spanning 10 ps. The left side
presents the processed waveforms after alignment and normalization. The middle column shows the lag distribution for each waveform
set, obtained through the alignment process using the most recent waveform as reference.
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acts in the delay-embedded phase space (dimension
D = 25-55), so the resulting model captures dynamics
that are nonlinear in the original scalar signal space. This
choice balances model expressiveness with computational
efficiency and avoids overfitting when training on a single
waveform. Higher-order kernels (p > 1) or Gaussian ker-
nels could be employed for systems with stronger non-
linearities, though the polynomial p =1 kernel proved
sufficient for all systems studied here.

The weight matrix W is obtained by solving the
regularized least-squares problem:

W:arng%nHY—Wk(Xd, X) 1|5, )
via the pseudoinverse of k(X,, X) computed using SVD
with a regularization cutoff of 10~ for numerical stability
[10]. An ensemble of N, = 5 models is trained, each on a
different random permutation of the training data columns,

and predictions are averaged to improve robustness.

Prediction via ODE integration: With the trained weight
matrix W and dictionary X, predictions for a new wave-
form are generated as follows: (i) The new waveform is
preprocessed (Signal Preprocessing section). (ii) The first
D samples at intervals of 7, provide the initial condition
X(0) via Eq. (6). (iii) The ODE dX/dt = W k(X,, X) is
integrated forward in time. (iv) The multirow prediction
matrix is assembled into a single time series by taking the
first row as the primary signal and overwriting subsequent
segments with appropriately shifted later rows.

This procedure requires only N = D input points (the
initial condition) to reconstruct the full waveform, enabling

TABLE 1. Optimized embedding parameters for kicker sys-
tems.

Kicker system Lag 1, Dim D Dict. size
Booster extraction 10 35 22
Booster injection 12 29 18
SPEAR injection 14 25 20

applications such as: (i) Real-time monitoring: Continuous
tracking of waveform shape for drift or degradation.
(i1) Anomaly detection: Elevated L; loss between predic-
tion and measurement flags abnormal behavior.
(iii) Predictive simulation: Forecasting future states from
partial initial measurements.

Results.

Kicker systems: Three kicker systems at the SSRL are
analyzed: the booster extraction kicker, the booster injec-
tion kicker, and the SPEAR3 Injection kicker. Each system
provides current waveforms sampled at high rate (~400
samples per pulse), as shown in Fig. 1. The dataset spans
approximately three years of operation (2021-2024), with
several hundred waveforms per system.

For each kicker, the most recent waveform serves as
the training (reference) signal, and the second-most-recent
waveform is used for hyperparameter optimization.
The embedding parameters (¢,, D) are optimized via grid
search over 7,€[8,20] and D €[20,55], subject to the
constraint 7, X D < 350. Table I summarizes the optimized
parameters.

Figure 2 shows the prediction results for all three
kicker systems. In each panel, the black dots indicate
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FIG. 2. Kicker system predictions obtained by applying the initial conditions (black dots) to the learned ODE [Eq. (4)].
Red: prediction; Blue: measured truth. All three systems show excellent agreement between the model and measurement.
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(b) Abnormal waveform reconstruction

(a) Booster extraction kicker L; loss over three years. The loss jump within the pink box corresponds to a hardware

modification; the red dot marks the largest anomaly. (b) Reconstruction of the anomalous waveform, showing the shape distortion

detected by the model.

the D initial-condition points extracted from the test wave-
form, and the red curve shows the model prediction obtained
by integrating Eq. (4) forward from these initial conditions.
The blue curve is the measured truth. The model accurately
captures the pulse shape, including the rising edge, peak
amplitude, and decaying tail, across all three systems.
Long-term monitoring and anomaly detection. To assess
the model’s ability to track system changes over time, the
trained model is applied to all waveforms in the booster
extraction dataset spanning three years. Figure 3(a) shows
the L, loss for each waveform as a function of time. The

5 Processed Waveforms

Lag distribution

loss remains low and stable for normal operation, with a
clear jump within the pink-shaded region corresponding to
a known hardware modification. The red dot marks the
waveform with the largest loss spike. Figure 3(b) shows the
reconstruction of this abnormal waveform, revealing a
shape distortion that the model correctly identifies as
anomalous. This demonstrates the framework’s utility for
long-term monitoring: systematic drift or abrupt hardware
changes are reflected in elevated L, loss, while normal
operational variations produce consistently low loss values.
The baseline L, loss of approximately 15 (in normalized
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FIG. 4. SSRL Linac PFN modulator current waveforms for K2 (top) and K3 (bottom), sampled at 100 MHz. Left: processed (aligned
and normalized) waveforms. Middle: lag distribution from the alignment process. Right: raw waveforms.
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FIG.5. 2D heatmaps of log,o(L,) loss as a function of embedding lag 7, and dimension D for the (a) K2 and (b) K3 modulator current

signals. Red circles indicate the optimal (z,, D) pairs.

units) represents the combined effect of measurement
noise, minor pulse-to-pulse jitter, and residual alignment
imperfections, model uncertainty, and serves as a practical
threshold for anomaly detection.

Modulator systems: Two PFN modulator systems (K2 and
K3) on the SSRL Linac are analyzed. These systems
provide both current and voltage waveforms sampled at
100 MHz. Figure 4 shows the raw and processed current
waveforms for both modulators, along with the lag dis-
tributions obtained during alignment.

The embedding parameters are optimized as described
for the kickers, with the results shown in Figs. 5(a) and 5(b)
as 2D heatmaps of log;o(L,) over the (z,, D) grid. The red
circles mark the optimal parameter sets. These heatmaps
are computed using a single training waveform and a single
test waveform; the smooth landscape indicates that the
optimization is not sensitive to the specific training wave-
form chosen, as verified by repeating the scan with different
training waveforms, which produce qualitatively similar
landscapes.

Figures 6(a) and 6(b) show the prediction results for the
K2 and K3 modulator current waveforms, respectively. As
with the kickers, the model achieves excellent agreement
with the measured waveforms.

Voltage versus current signal comparison For the PEN
modulator systems, both voltage and current signals are
available. To assess whether the choice of signal affects
reconstruction quality, the same modeling procedure was
applied to the voltage waveforms of both K2 and K3
modulators. Table II summarizes the results. The voltage

signal yields significantly lower reconstruction error for
both modulators (approximately 40x lower MSE), with
correspondingly higher correlation. This is likely because
the voltage signal has a smoother waveform shape that is
better suited to the polynomial kernel and delay embed-
ding, while the current signal contains sharper transients
that are more challenging to capture. For systems where
both signals are available, the voltage signal is therefore
recommended for surrogate model development. However,
the current signal results remain highly accurate
(correlation > 0.999) and are sufficient for monitoring
applications.

Comparison with alternative time-series methods: To val-
idate the claim that a single waveform provides sufficient
training data, the kernel-based DMD method is compared
against two alternative time-series approaches, all trained
on the same single K2 modulator current waveform:
(i) Exponential smoothing: A first-order exponential
smoothing filter with @ = 0.3 is applied to the test wave-
form. This is a causal filter that uses only past values.
(ii) Linear trend model: A linear regression is fit to the
training waveform and used to predict the test wave-
form shape.

Table III summarizes the results, with metrics computed
on the tail region (samples > 350, the purely extrapolative
region beyond the initial-condition window).

The kernel-based DMD model learns the underlying
dynamics and generates predictions by integrating an ODE
from initial conditions, making it robust to pulse-to-pulse
variations and capable of detecting anomalies (as demon-
strated in the Kicker Systems section). Among the methods
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FIG. 6. Reconstruction of modulator current waveforms for (a) K2 and (b) K3. Black dots: initial condition points; Red: prediction

from ODE integration; Blue: measured truth.

that genuinely learn from data, the kernel-based DMD
outperforms both exponential smoothing (1.7x lower tail
MSE) and the linear trend model (> 100x lower tail MSE),
confirming its effectiveness for single-waveform training.

Discussion. The results demonstrate that the kernel-based
DMD framework can accurately reconstruct waveform
dynamics across five distinct accelerator subsystems using
only a single training waveform per system. Several aspects
of these results merit discussion.

Why does single-waveform training work? The success
of single-waveform training can be understood through two
complementary perspectives. First, Takens’ embedding
theorem [14] guarantees that a sufficiently rich time series
can reconstruct the system’s attractor, and the pulsed
accelerator waveforms studied here satisfy this require-
ment: the pulse traverses the full dynamic range of the
system (rising edge, peak, decay) within a single shot,
effectively exploring the relevant region of state space. This

TABLEII.  Voltage vs current signal reconstruction comparison
for modulator systems.

is analogous to the persistence of excitation condition in
classical system identification [17]. Second, the high pulse-
to-pulse repeatability of these systems means that a single
representative waveform captures the essential dynamics
with minimal information loss.

Interpretability of the kernel-based DMD model. The
framework provides interpretability at multiple levels:
(i) the ODE formulation [Eq. (4)] directly represents the
system dynamics as a differential equation, providing a
physics-aligned structure; (ii) the dictionary X, constitutes
a sparse, identifiable set of representative states in phase
space; (iii) the weight matrix W encodes the linear
relationship between kernel similarities and the time
derivatives, which can be inspected or linearized to extract
effective eigenvalues and modes; and (iv) the polynomial
kernel k(x,y) =1+0.1 xy is a simple, transparent
function. Together, these elements provide a level of
interpretability that is absent from black-box approaches
such as deep neural networks.

TABLE III. Comparison of time-series methods on K2 modu-
Modulator ~ Signal MSE  Correlation Rel. RMSE (%)  lator current (tail-region metrics, samples > 350).
K2 Current 4.6 x 107*  0.9990 4.7 Method MSE (Tail) L, (Tail) Corr. (Tail) Rank
1 -5 . .
Voltage  1.1x 107 0.9999 08 Kemel-based DMD 4.6 x 104 5.4 09980 1
K3 Current 82 x 107 0.9996 1.9 Exp. smoothing 78x107* 7.1 0.9960 2
Voltage 2.0 x 107 0.9999 0.3 Linear trend 73x 1072  68.5 0.6800 3
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Role of the dictionary and kernel choice. The sparse
dictionary X, serves as a compact basis for the model,
retaining only ~5-10% of the original phase-space states
while preserving the essential dynamics. The polynomial
kernel with p = 1 was found to be sufficient for all systems
studied here. While this kernel is linear in the inner product,
it operates in the delay-embedded phase space (dimension
25-55), so the resulting model captures dynamics that are
nonlinear in the original scalar signal. The constant offset
term in the kernel provides an important bias not present in
standard linear DMD, improving numerical stability and
baseline handling.

Sensitivity of hyperparameter optimization. The 2D
heatmaps (Fig. 5) show that the L; loss landscape is
smooth and contains a well-defined optimum, indicating
that the hyperparameter selection is robust. The optimiza-
tion was performed using a single training and test wave-
form pair; repeating the scan with different waveform pairs
produces consistent optima, confirming that the results are
not artifacts of a particular waveform choice.

Preprocessing considerations for real-time deployment.
The three preprocessing steps (offset removal, FWHM
normalization, temporal alignment) are computationally
lightweight and deterministic. For FPGA deployment, the
offset removal requires a running average over N ¢ samples;
the normalization requires computing the half-maximum
threshold and a conditional mean; and the alignment
requires a cross-correlation, which can be efficiently imple-
mented using dedicated DSP blocks. The reference wave-
form and model parameters (W, X, kernel coefficients) are
stored as constants, requiring minimal on-chip memory.

Limitations. Several limitations of the current framework
should be noted: (i) System stationarity assumption: The
model assumes that the system dynamics are stationary—
i.e., that a waveform captured at one time is representative
of the dynamics at all times. The long-term monitoring
results (Fig. 3) show that hardware changes produce
detectable L loss increases, but the model does not adapt
automatically; retraining with a new reference waveform
would be required after significant system modifications.
(i1) Linear kernel regime: The polynomial kernel with p =
1 is effective for the systems studied here, where the
dynamics in the embedded phase space are approximately
linear. Systems with strongly nonlinear dynamics (e.g.,
chaotic or multimodal behavior) may require higher-order
kernels or Gaussian kernels, at the cost of increased model
complexity and potential overfitting with limited training
data. (iii) Hyperparameter sensitivity: While the L; loss
landscape is smooth for the systems studied (Fig. 5), the
grid search over (t,, D) requires evaluation of multiple
models. For deployment on new systems, this optimization
step must be performed off-line. (iv) Unidirectional imple-
mentation: The current implementation is unidirectional,
providing monitoring and prediction from physical

measurements to the model. Full bidirectional interaction
(model-to-physical-system feedback), as required for a
complete digital twin [15,16], is not yet implemented
but could be realized by using the L, loss signal to trigger
control actions. (v) Scope of validation: The method has
been validated on pulsed waveforms from kicker and
modulator systems. Generalization to other signal types
(e.g., continuous rf signals, nonrepetitive transients) has not
been tested and may require modifications to the prepro-
cessing or embedding strategy.

Conclusion and future work. This study presents a time-
series modeling framework based on kernel-based DMD
that constructs surrogate dynamical models from a single
reference waveform. Validated on three kicker systems and
two PFN modulator systems at the SSRL at SLAC, the
approach demonstrates accurate waveform reconstruction
with minimal data requirements. The continuous ODE
formulation, sparse dictionary representation, and polyno-
mial kernel provide a physically interpretable model that is
suitable for real-time monitoring and anomaly detection.

A comparative study confirms that the kernel-based
DMD outperforms exponential smoothing and linear trend
models when trained on a single waveform, and the long-
term monitoring analysis demonstrates the method’s ability
to detect hardware changes over multiyear timescales. The
voltage-versus-current comparison for modulator systems
provides practical guidance for signal selection in future
deployments.

Future work will focus on (i) integrating the single-
waveform surrogate models into broader facility-level
monitoring frameworks, where they could serve as com-
ponents of a comprehensive digital twin architecture;
(i1) implementing bidirectional feedback by coupling the
L loss signal to automated control actions; (iii) hardware-
accelerated deployment on FPGAs for sub-millisecond
prediction; and (iv) extending the methodology to non-
pulsed signal types and multisignal systems using stacked
delay embeddings.
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