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Recent work introduced a systematic method for designing so-called azimuthally modulated rf cavities
that support transverse magnetic modes composed of user-desired multipoles, enabling precision control of
the magnitude and orientation of multipolar components in rf cavity design. This paper extends this method
to practical implementation by deriving the multipolar expansion of the longitudinal electric field in such rf
cavities with beam pipes, as well as the momentum change of ultrarelativistic particles traversing these
modes. The derived equations explicitly show the radial variation of the change in longitudinal and
transverse momentum follows a polynomial rather than Bessel-function relationship. The expression for
the longitudinal electric field is then compared to a field map obtained from the 3D electromagnetic
simulation of an azimuthally modulated cavity designed to support a mode composed of monopole, dipole,
and quadrupole components. Beam dynamics studies are presented to assess the derived expressions for the
change in momentum, including the effects of relaxing the ultrarelativistic assumption. Finally, two
example applications are presented: the first demonstrates the removal of unwanted transverse multipoles to
create a multipole-free accelerating structure with a single-port coupler, whereas the second illustrates the
synthesis of desired multipoles to create an rf cavity that transforms the transverse distribution of a beam

from Gaussian to uniform.

DOI: 10.1103/tjigp-gjq7

I. INTRODUCTION

rf cavities in modern particle accelerators typically
operate in transverse magnetic TM,,;o modes, where the
integer m denotes the azimuthal variation (or multipolar
order) of the mode. The monopolar m = 0 TMy;, mode is
widely used for accelerating charged particles across
various energy scales and gradients. This mode also finds
applications in deceleration [1,2], linearization [3,4], veloc-
ity bunching [5], bunch length, and energy compression
[6,7]. tf cavities operating in transverse m > 1 modes also
have dedicated applications. For example, the dipolar
m=1 TM;;o mode is used to deflect and separate a
particle beam into multiple beams [8,9], control electron
beams in free-electron lasers through incorporation in
emittance exchangers [10,11], compress x-ray pulses in
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synchrotron light sources [12,13], and exploit a position-
dependent transverse kick to enable measurement of
longitudinal beam parameters, such as bunch length
[14,15], or to enable luminosity control in particle colliders
as crab cavities [16,17]. The quadrupolar m =2 TMy;q
mode is another mode that finds application in Landau
damping transverse beam instabilities [18,19].

TM,,10 modes are supported by pillbox cavities with a
circular cross section, with modes of distinct m resonating at
different frequencies for a given cavity radius. Previous
research introduced the azimuthally modulated method
(AMM) for designing so-called azimuthally modulated rf
cavities that support TMy,,},o modes, where {m} denotes the
set of multipolar orders that comprise the mode [20]. The
AMM offers a method for controlling the individual
strengths and orientations of the multipolar components of
the longitudinal electric field, thereby providing a means of
precisely tailoring the field for dedicated and specific
applications.

This paper makes significant advancements to the AMM,
enabling its practical use in the design of rf cavities. These
advancements are underpinned by derivations presented in
Sec. I which describe the multipolar form of the longitudinal
electric field in azimuthally modulated cavities with beam
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pipes that support TMy,,1;9 modes, as well as the longi-
tudinal and transverse momentum change of rigid, ultra-
relativistic, parallel particles that traverse these modes. An
evaluation and benchmarking of these equations against
3D electromagnetic simulations and beam dynamics stud-
ies is then presented in Sec. I1I. First, the multipolar form of
the longitudinal electric field in an azimuthally modulated
cavity designed to support a TMyq ; 2119 mode is compared
to the field map obtained from 3D simulations of the cavity.
Second, the multipolar form of the longitudinal and trans-
verse momentum changes in the same cavity is compared to
beam dynamics simulations that track particles through
the calculated field maps. Additionally, the effects of
relaxing the assumptions of rigid, ultrarelativistic particles
are investigated.

Two example applications of the AMM are presented to
demonstrate its potential in rf cavity design. In Sec. IV, the
AMM is used to remove unwanted transverse multipoles
introduced by incorporating a slot-based power coupler
into an accelerating structure. These unwanted multipoles
cause transverse kicks which in turn lead to emittance
growth [21]. To address this, structures have been made
that incorporate two-port, dual-feed power couplers to
remove the dipole component and a racetrack cavity
design to eliminate the quadrupole component [22].
Other structures incorporate four-port, quad-feed power
couplers to mitigate both dipole and quadrupole compo-
nents simultaneously [23,24]. We demonstrate how the
AMM can mitigate the transverse multipoles up to any
order to negligible levels with just a single-port to create a
multipole-free accelerating structure. This approach can
minimize the cost, design complexity, and manufacturing
time of rf structures, as well as reduce the space and
material required.

In Sec. V, the AMM is used to design an rf cavity capable
of uniformizing a beam by transforming its transverse
spatial distribution from Gaussian to uniform. Uniform
beams find many applications, including in homogeneous
irradiation for processing tasks such as sterilization, waste-
water treatment, material processing, and mutation breed-
ing [25]; in high-energy electron radiography [26]; in
reducing peak energy deposition density during target
irradiation [27]; and in radiotherapy [28]. A demonstrated
method for achieving beam uniformity is the use of
nonlinear focusing forces generated by a multipolar magnet
composed of octupolar, dodecapolar, and other higher-
order components [29]. Here, we demonstrate how the
AMM can replicate this functionality by designing an rf
cavity that supports a TMy4¢)10 mode with embedded
octupole and dodecapole components.

The paper concludes in Sec. VI with a summary of the
findings and a discussion of future studies that could build
upon the presented work or extend the application of the
AMM into new directions.

II. THEORY

A. Framework and assumptions

Figure 1 shows the setup used for the analysis in this
paper, in which a particle of charge ¢ traverses an
azimuthally modulated cavity with cross section ry(6)
and cell length L.. The cavity is connected to beam pipes
of radii a and lengths L, and it is assumed to support a
harmonic standing-wave TM mode with a longitudinal
electric field given by E_(7,1) = E,(r, 0, z)e' %), where
w; 1s the resonant angular frequency of the mode and vy is
its phase.

To simplify the theoretical analysis, we make the follow-
ing assumptions: (i) Rigid particles (or thin cavities): The
transverse position (r, ) of a given particle is assumed to
remain constant as it traverses the cavity. (ii) Ultrarelativistic
and parallel particle: The particles are assumed to have
velocity ¥ = ¢2. (iii) Long beam pipes and evanescent fields:
The beam pipes are assumed to be sufficiently long that all
electromagnetic fields are zero for |z|>L,+L./2
(iv) Neglection of fringe fields: Any fringe fields, such as
those at the sharp edge between the cavity and beam pipes,
are ignored.

Additionally, we locate the center of the cavity at z = 0,
set the rf phase to be y at t = 0, and set the longitudinal
coordinate of the particles to be z =0 at t =0, such
that r = z/c.

Under these assumptions, the change in longitudinal
momentum can be calculated from the Lorentz force as

L
Ap.(r.0) ZQ/ E (r.0.z,1)dt

—L

- / T E(r.0,2)e W) dz, (2.1

¢ o

re(0)
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FIG. 1. Cross-sectional view of the setup analyzed in this paper,
showing a particle traversing an azimuthally modulated cavity
connected to beam pipes.
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where k; = w,;/c is the wave number of the mode and c is
the speed of light. The change in transverse momentum can
also be calculated using the Panofsky-Wenzel theorem [30]
as

L
AR (r0) =—iL | "V E.(F1)dz
w;J-L

= —iivL /o0 E.(r,0,7)e!kztv) dz

) 0

=iV, p.(r.0). 2.2)
w;

Equations (2.1) and (2.2) show that the changes of
momentum of particles traversing the cavity are determined
solely by the longitudinal component of the electric field.
Thus, by tailoring the longitudinal electric field of the
cavity, we can directly control both the longitudinal and
transverse momentum changes of the particles.

B. Multipolar form of the longitudinal electric field

The mathematical form of the electromagnetic field of a
TM,;n, mode in a pillbox cavity (a cavity with constant
cross section ry(6) = ry and no beam pipes) is derived in
many accelerator textbooks [31,32]. The multipolar form of
the longitudinal electric field in such a mode can be written
as

E,(r.0.2) = cos (k,2) Gy n(k,7) cos (m0 — ¢,,), (2.3)

where §,, is the magnitude of the multipole component of
the mode of order m and ¢,, is its orientation (¢,, = 0 is
normal and ¢,, = 7/2 skew). Here, J,, denotes the Bessel
function of the first kind of order m, k, =2pzn/L,,
Kpro = jmn» Where j,, is the nth zero of the Bessel
function. The integers n and p denote the radial and
longitudinal orders of the mode, respectively.

References [20,33] show that Eq. (2.3) can be extended to

E (r,0,7) = Z cos (k,2)Gd (k1) cOS (MO — ¢h,),
{m}
2.4

which describes the multipolar form of TMy,,;,, modes
composed of a set of multipoles {m}. Such modes are
supported by azimuthally modulated cavities, and the azi-
muthally modulated method (AMM) provides a means of
calculating cavity shapes that support a desired mode. To do
s0, the boundary condition,

0=">"cos (k,2)GnJ [kﬂé’”(&)} cos (ml — ¢,,), (2.5)
()

is numerically solved to determine the azimuthally modu-

lated cross sections r(()") () that support specific TMy,,,y,,,

mode. Here, 77 denotes the radial order of the mode and takes a
more general definition as the minimum number of radial
poles found across all values of 6.

As an example, the TMq 1), 0 modes with a monopolar
component j, = 1 MV/m and normal dipole component
g1 = 2 MV/m have a longitudinal electric field of the form

E.(F) =1 x Jo(k;r) + 2 x J; (k;r) cos 6. (2.6)

The corresponding set of azimuthally modulated cross

sections r(()”)(Q) that support such TMyq ;},0 modes can

be found by numerically solving
0=1x1J, [k,rg”)(e)} +2 %, [k,rg” (9)] cos, (2.7)

for i () at each angle .

To utilize the AMM in practice, the effect of incorpo-
rating beam pipes must be accounted for. To derive this, we
begin with a general expression for the longitudinal
component of the electric field of a standing-wave mode
[ in an rf cavity as derived in Ref. [34]

00 ikz ©
ER = [T @k TS 00k ) cos (0~ )
(2.8)

Here, the radial function R,,(k;r) takes the form of either a
regular or a modified Bessel function:

Ratir) = { 1o

[kl < [kyl;
otherwise, (2.9)
where «7 = |[k* — k3.

If the longitudinal electric field is completely known on
the surface of a cylinder of radius R as E,(R, 6, z), then the
multipolar strengths §,,(k) describing the field can be
explicitly calculated by a Fourier transform of Eq. (2.8) as

1 o dz .
e_’kZE R, 7),
Rm (KZR) /—oo 2r Z’m( )

(k) = (2.10)

where E_(R,0,z) = >.°_( E_,,(R.z)cos (mb — ¢,,).
We assume that the longitudinal electric field along the

bore of the azimuthally modulated cavity shown in Fig. 1 is
given by

> G, cos(mb—¢,,)cos (k,z), |z| <L./2;

E.(a,0,z) =< {m}
0, otherwise,
@2.11)

where G,, is the magnitude of the electric field multipolar
component in the bore gap. This asserts that the longi-
tudinal electric field varies identically to the case without
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beam pipes. Accordingly, this bore-gap magnitude can be
related to the multipolar magnitude in Eq. (2.4) as

G = Gk = 0)J,,(k,a), (2.12)
where, for emphasis,
in Eq. (2.4).

The assumption outlined above allows the multipolar
strengths describing the mode throughout the cavity to be
calculated by inserting Eq. (2.11) into Eq. (2.10). This gives

Jm(k=0) corresponds to g,

o[22 o
e
R, (kia) J—r, 2\ 27

LG, sin(kL./2)
V2R, (ka) kL2

G (k) =

(2.13)

where, for simplicity, we have set ¢,, =0 and p =0,
noting that the general case is a straightforward extension
obtained by restoring the omitted terms. Substituting

Ap.(r,0) Z cos (m0) ””/ /
Ty

Then, using the identity

/Oo etk dz = 2x8(k + k;), (2.16)
and the limit
lin}) [Rm(Klr)/Rm(K[a)} = (r/a)™, (2.17)
K=

simplifies Eq. (2.15) to the concise multipolar form

(k;L./2)
Apz(r,e)zﬁ CSmk l/cz/ COSV/ZG ( ) cos (m#).
¢ l c

(2.18)
|

0’

AﬁL(rﬁe): KL./2
wa kL,
{m}

q L.sin(kL./2) Slnl//ZmG

m<£)m—1< cqsmHg) Coms 1
—sinmo /.,

Eq. (2.13) into Eq. (2.8) gives the longitudinal electric
field at any point in the cavity as

L.G
E.(F) = = cos (m6)
x(=

© dk . sin(KL./2)
—oo0 V 271'

Rm(Klr)
kLc/2 Rm(Kla)

). (2.14)

Equation (2.14) thus provides the multipolar form of the
longitudinal electric field in an azimuthally modulated
cavity with beam pipes.

C. Multipolar form of the change in momentum

From the multipolar form of the longitudinal electric
field, we can derive the corresponding multipolar expres-
sion for the change in longitudinal momentum. Substituting
Eq. (2.14) into Eq. (2.1) gives

dkdz oike lkzsm (kL./2) R,,(x;r) . (2.15)
\V2r kLc/2 Rm (Kla)
[
Defining the on-axis voltage as
- ,. (L2
(2.19)

we note that Eq. (2.18) can also be written as

p:(r.0) =

zO cos WZ

() cos (m@). (2.20)
{m}

Finally, we can utilize the Panofsky-Wenzel theorem in
Eq. (2.2) to obtain the corresponding change in transverse
momentum

’

(2.21)

Furthermore, by substituting Eq. (2.19) and performing a change of basis, Eq. (2.21) can be expressed concisely in

Cartesian coordinates as
0,
Ap (r,0) =< 4
. {m}

V.o m—1( cos(m—1)0
m r >
7 —Lsiny ) mee () < sin ( 1)9>(x!y), m2>1

m=20;
(2.22)
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Equations (2.20) and (2.22) are multipolar expressions
for the changes in longitudinal and transverse momentum
that provide the desired extension to the AMM framework.
The momentum changes are related to the longitudinal
electric field via the coefficients G,,, which in turn can be
related to the required azimuthally cavity cross section
r(6) through Egs. (2.12) and (2.5).

Equations (2.18)—(2.22) explicitly show that the radial
dependence of the momentum change is polynomial, rather
than Bessel. This is consistent with previous results for the
longitudinal and transverse wakefield potentials in circu-
larly symmetric structures [35-37].

III. EXAMPLE AZIMUTHALLY
MODULATED CAVITY

To analyze the expressions derived in Sec. II, we consider a
cavity of the type in Fig. 1, with dimensions L. = ¢/2f~
50 mm, @ = 10 mm, and L, = 50 mm that supports a f; =
3 GHz TM{O0, 1,2}10 mode with §;/go = /9o = 1. The

azimuthally modulated cross section, rél}(e), that supports
this mode is obtained by solving Eq. (2.5) with the given
parameters. The resulting cavity geometry is shown in Fig. 2.
To compensate for the slight change in resonant frequency
introduced by the beam pipes, the cross section was
uniformly scaled by ~0.2% to precisely tune the mode
to 3 GHz.

(a) (b)

0.06
0.04

0.02

y [m]

-0.02

-0.04

-0.06

A -0.05 X Fm] 0.05
(©) (d)

FIG. 2. (a)Isometric, (b) face-on, and (c) cutting plane views of
the azimuthally modulated cavity, with beam pipe radius a =
10 mm and cell length L. = ¢/2f; ~ 50 mm, designed to sup-
pOIT a 3 GHz TM{O,I.Z}IO mode with gl/go = gz/go = 1. The
corresponding contour plot of E, at the center of the cavity is
shown in mode (d).

A. Field comparisons

The TMj12j10 mode of the constructed cavity was
solved using the eigenmode solver in the 3D simulation
software cST [38], with < 300 000 mesh cells. cST normal-
izes the computed electromagnetic fields such that the total
stored energy in the mode is 1 J. For the modeled cavity,
this corresponds to an on-axis voltage of V,, = 1.24 MV
and an average on-axis electric field of 24.8 MV/m.

Figure 3 shows the multipolar contributions to the longi-
tudinal electric field in the bore gap, normalized to the
monopolar contribution at the cavity center G,(0). We find
that G,,/G,, remains constant throughout the bore gap to
within < 6% for |z| <20 mm, with a notable divergence
around the beam pipe intersection at z =25 mm. This
deviation is expected due to the mesh coarseness and the
sharp corner at the beam pipe intersection. At the center of the
bore gap, the multipolar contributions are G, /G, = 0.3466
(corresponding to §;/go = 1.0471 using Eq. (2.12)),
G,/Gy=0.0547 (3,/Go = 1.0338), |G3/G,| = 0.0002,
and |G4/Gy| < 0.0001. The bracketed values indicate that
the AMM design values of G,/ = §,/9o = 1 agree to
within < 5%, supporting the validity of the assumption in
Eq. (2.11) that fringe fields can be neglected.

As an additional comparison, Eq. (2.14) was numerically
integrated in Mathematica [39] using the monopole, dipole,
and quadrupole components measured at the center of the
bore gap. The integration used 1000 steps in the dz-integral
up to 100 mm and 2000 in the dk-integral up to S000k;.

Figure 4 compares the longitudinal electric field profiles
calculated using Mathematica and csT at different radial
positions for 6 = 0. Figure 4(a) shows that, there is a < 5%
difference between the two results for z < 20 mm when the
time variation of the field is neglected. Figure 4(b) shows
that including time variation reduces this difference and, as
aresult, the computed A p, from numerical integration, CST
simulation, and Eq. (2.18) all agree to within < 1%.

157 _(:;0
Gy
Gs
—Gy
S ]
~
057 ‘_//\
0 A
0 5 10 15 20 25 30 35
z [mm]
FIG. 3. Multipolar contributions to the longitudinal electric

field along the bore gap, normalized to the central value of G (0).
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2.5
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FIG. 4. Comparison of the longitudinal electric field along the
different radial lines described in the legend for the static (a) and
time varying (b) TMyq | 2110 mode, the latter representing the field
as seen by an ultrarelativistic particle. Results are computed using
CST (dashed lines) and by numerical integration of Eq. (2.14)
(including time variation) using Mathematica (solid lines).
(a) Static field with E.(r, 0, z, + = 0). (b) Time-varying field
with E.(r, 0, z, t = z/c).

B. Beam dynamics

To further explore the expressions derived in Sec. II, we
performed beam dynamics simulations using RF-Track [40],
a versatile tracking code that numerically integrates the
particle trajectories and supports both time-based and
space-based tracking. For this investigation, the field
map solved using CST was imported into RF-Track with a
step size of 0.25 mm. To probe the field map, a bunch of
electrons consisting of six concentric rings of radii between
r = 0to8 mm was initialized at the longitudinal position

7z =—(L/2+L,)~—75mm, with a momentum
Pi = pi.2. The bunch was then tracked through to
72y = +(L./2+ L,). The change in momentum for each
particle was calculated as Ap, = p;. — p; . with y = 0°
(on crest) and Ap, = py, and Ap, = p, with y = 90°.

As a first test, we tracked an ultrarelativistic beam by
setting p; = p;.2 and p;. = 10 GeV/c. The analytical
predictions were calculated using the RF-Track measured
value of V., and multipolar ratios of G,/Gy = 0.3546
(1/90 = 1.0713) and G,/Gy = 0.0556 (§/3y = 1.0508).
In this case, these latter values were obtained by minimiz-
ing the root mean square deviation (RMSD) between the
analytical [Eq. (2.20)] and simulated values (RF-Track) of
Ap, as

3 [Apz"™ 1 (6;) — ApETrk(g,)]?
n

RMSD(Ap,) = ,

(3.1)

evaluated on the cylinder surface of radius R = 8 mm,
where n is the number of samples.

Figures 5(a)-5(c) show very good agreement between
the analytical formula and RF-Track measurements, with the
dashed lines visually coinciding with the solid lines.
Quantitatively, the percentage error on the maximum
difference between the two results is < 0.7% for all three
components of Ap.

For the next investigations, we relaxed the assumption of an
ultrarelativistic beam. We expect the agreement between
analytical formula and RF-Track to degrade as the beam’s
velocity decreases because: (i) The change in transverse
position of the particle as it traverses the cavity becomes sig-
nificant. Specifically, the assumption that [ E_(r,0, z)dt =
J E(r;.0;.z)dz becomes less valid. (ii) The change in the
longitudinal velocity of the particle as it traverses the cavity
becomes significant. Specifically, the assumption thatr = z/¢
becomes invalid.

First, we compare the change in momentum calculated
from the analytical expressions and from RE-Track for an
initial momentum of p,, = 10 MeV/c. In Fig. 5(d), we
observe good agreement between analytical prediction and
simulation for the longitudinal momentum change Ap,. In
contrast, Figs. 5(e) and 5(f) show a clear discrepancy in the
transverse components, which arises from the breakdown
of assumptions underlying the Panofsky-Wenzel theorem at
lower energies. This is most noticeable in Fig. 5(e), where a
discrepancy of approximately 5% is observed in the
constant offset associated with the dipole component.

Upon further lowering the initial momentum to p;, =
1 MeV/c, Fig. 5(g) shows a strong disagreement in Ap._,
which now arises because the change in the longitudinal
momentum of the particle is comparable to the initial
momentum of the particle. As expected, Figs. 5(h) and 5(i)
show very poor agreement for Ap, and Ap,, respectively.
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FIG.5. Change in longitudinal, horizontal, and vertical momenta of an electron beam traversing the TMyq | 2119 mode with different
initial energies of 10 GeV/c (a), (b),(c); 10 MeV/c (d), (e), (f); and 1 MeV/c (g), (h), (i). Results computed using RF-Track simulations
(solid lines) and calculated from Egs. (2.20) and (2.22) (dashed lines). (a), (d), (g) w = 0% (b), (c), (e), (f), (h), (i) w = 90°.
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FIG. 6. Root mean square deviation (RMSD) between RE-Track simulations and analytical Egs. (2.20) and (2.22) for the change in
longitudinal (a), horizontal (b), and vertical (c) momentum of an electron beam with p; = p, 2. (a) y = 0° and (b),(c) y = 90°.

To visualize the validity of the analytical expressions,
Fig. 6 shows the RMSD as a function of initial momentum
over the range of 1-10 000 MeV/c. We observe that Ap,
diverges more rapidly than Ap, because the dipole com-
ponent is orientated in the x direction.

Nonetheless, we have demonstrated in this section that
the derived analytical expressions are in excellent agree-
ment with simulation results at ultrarelativistic energies and
still offer reasonable accuracy at the moderately relativistic
energy of 10 MeV (y ~ 20).

IV. DESIGN OF A MULTIPOLE-FREE
ACCELERATING STRUCTURE

Incorporating ancillaries such as slot-based power cou-
plers and higher-order mode dampers into accelerating rf
cavities alters the azimuthal symmetry of the cavity. As a
result, unwanted transverse multipolar components are
introduced into the TMy;, mode, transforming it from
TMyg-exact to TMy;y-like. These transverse multipoles
can have significant and detrimental effects by introducing
transverse deflecting forces [41].

Multiple mitigation strategies exist to counteract these
transverse multipoles. For example, the lower-order com-
ponents can be negated by raising the order of the
azimuthal symmetry of the cavity, such as by including
additional slot-based power couplers. Alternatively, the
transverse multipoles with a single-slot can be compensated
for by offsetting the coupler cavity, or the deflecting effect
can be reduced by feeding successive accelerator structures
from alternating directions. Here, we show how the AMM
can be used to completely remove the transverse multipoles
from the mode with a single-port coupler incorporated.

A. N-port coupler designs

Here, we analyze the 3 GHz TM,; modes supported by rf
cavities with a cell length of L, = ¢/2f; ~ 50 mm and beam
pipes of radius a =10 mm and length L, =50 mm.
Figure 7 shows the design of such pillbox cavities with
one-, two-, and four-port couplers incorporated. These
structures were constructed in CST and simulated with
simultaneous excitations of all rf ports (with equal amplitude
and phase). To critically couple the cavities, slot widths of
15.7,14.6, and 13.2 mm were required for the one-, two-, and
four-port coupler designs, respectively.

For each design, the TM;(-like mode was solved and the
transverse multipolar components of the mode measured by
integrating the electric field as per Eq. (2.1) and sub-
sequently decomposing the longitudinal momentum into
the form given by

(5]

Ap(r.0) =) Fur"cos(mO+¢,). (41
m=0
(@) () ©

FIG. 7. Pillbox cavities incorporating beam pipes and different
N-port couplers. (a) one-port coupler, (b) two-port coupler, and
(c) four-port coupler.
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TABLE 1. Momentum multipolar components in the 3 GHz  octupole component due to the limited space, which typically
TMy,0-like mode supported by a pillbox with beam pipe and allows no more than a four-port configuration. An alternative

N-slot couplers. is to retain a one-port coupler and use the AMM to minimize
_ _ ~ S all transverse multipoles, thus creating a multipole-free
/7o 72/To 73/To 74/To accelerating structure. The following iterative process is
One-port 0.0119 0.0035 0.0012 0.0004  used to achieve this: (i) The cavity at iteration step i (with

Two-port <0.0001 0.0069 <0.0001 0.0009  j = 0 as the circular pillbox) is constructed in CST. (ii) The
Four-port <0.0001 0.0001 <0.0001 0.0019  glot width of the one-port coupler is optimized for critical
coupling (S1; < —40dB). (iii) The cavity is scaled such that
. . the TMy;( mode resonates at 3 GHz. (iv) The TM,;, mode is
This expression follows from Eq. (2.20), where, for solved, and the longitudinal electric field is exported along a

simplicity, all constants have been absorbed into the . .
coefficient y,,. Table I shows the results of this decom- cylinder of radius R La;zdﬂlength 2Le/24Ly)- (v) The
c P

position for the different cavity designs with < 300000  Vvoltage V(R.0) = f—(LC/2+Lp) E.(R.0.z)dz is calculated
mesh cells. We see that the dominant transverse multipole  and decomposed into Bessel functions as V, =

for the N-port coupler design is the 7, multipole. Upd o (kiR) cos (m8 + ¢,,). (vi) The correcting multipoles
for this iteration are calculated using gﬁ,? =0,,/Jo(kiR).
B. Multipole-free design (vii) A new cavity shape is calculated by solving Eq. (2.5)

Adding ports to negate the transverse multipoles is not With _gm =Y —@(1? (whe.re the sum is over the number of
only cumbersome but also impractical for removing the  iterations /) and the associated ¢b,,.

—r=0mm —r=2mm —r=4mm ——r=6mm r =8 mm
1.008 T T - 1.002
1.006

1.004 1.001

. /\ ~
o (5]
< 2 A
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= 7 N\ Z -7 DN
4 4
0.998 \_/ 0.999
0.996 et
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) =
b
c Z
2 1 NP IRNRTE R I
& .
< I
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(©) (d)

FIG. 8. Change in longitudinal momentum of a rigid, ultrarelativistic, parallel particle traversing 3 GHz TM,;o-like modes in different
cavity configurations: (a) circular pillbox with one-port coupler, (b) with two-port coupler, (c) with four-port coupler, and (d) multipole-free
accelerating structure with one-port coupler. The electromagnetic field is normalized such that the on-axis change in momentumis 1 MeV/c.
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It should be noted that the nontrivial geometry of the
cavity and coupler can be represented by Fourier decom-
posing the boundary into a sufficiently large number of
components. Consequently, accurate reconstruction
requires decomposing the on-axis voltage into Bessel-
based multipolar components of sufficiently high order
to capture the highest azimuthal variations. In practice,
however, numerical noise in the field data and diminishing
contributions of higher-order multipoles make it computa-
tionally expensive to resolve beyond a certain order,
typically the dodecupole. In the example presented here,
the boundary condition is solved using components up to
the octupole, which, as presented below, is sufficient to
yield a multipole-free accelerating structure.

After five iterations of applying the above method to the
single-slot 3 GHz TMj,( pillbox cavity, a multipole-free
accelerating structure (with a slot width of 16.7 mm) was
achieved, where all transverse multipoles were measured as
7m/70 < 0.0001. Figure 8 compares the multipole-free
design to the N-port pillbox designs by plotting Ap,,
calculated by integrating the longitudinal electric field per
Eq. (2.1), as a function of @ at different radii when Vo =
1 MV (corresponding to an average gradient of
20 MV/m). The finite mesh resolution and the field
map sampling with a step size of 0.25 mm introduce some
noise and error. Nevertheless, the dominant dipole, quadru-
pole, and octupole components are clearly visible in the
one-port [Fig. 8(a)], two-port [Fig. 8(b)], and four-port
[Fig. 8(c)] structures respectively. Additionally, the
decreasing influence of the transverse multipoles on Ap,
as N increases is also visible. For instance, the dipole
component in the one-port coupler causes a maximum
perturbation of 0.7% at r = 8 mm, the quadrupole com-
ponent in the two-port causes 0.2%, and the octupole
component in the four-port causes 0.01%.

Figure 8(d) shows Ap, for the one-port, multipole-free
cavity design. The transverse multipole components are
reduced to the order of the noise floor (< 0.005%)
corresponding to the dipole, quadrupole, sextupole, and
octupole components being smaller than y,,/y, < 0.00005.
Increasing the mesh sampling size and reducing the field-
map step size could further reduce these components, at the
expense of increased computation time.

Figure 9 compares the azimuthal cross section of the
multipole-free design with that of the circular pillbox. We
see that the multipole-free design is compressed relative to
the pillbox at § = 90°, where the one-port coupler con-
nects. The difference in the cross sections varies by up to
1.3 mm (3.4 % of the pillbox cavity radius), which is well-
within manufacturing tolerances.

The minimization of the transverse multipoles in the
multipole-free design reduces the change in transverse
momentum, as described by Eq. (2.2). This results in
two main benefits of designing multipole-free accelerating
structures: better minimization of the transverse multipoles

iio

(b)
80 I 1
Circular pillbox
60 = == Multipole-free 05
w| . N Nan
ol /v\ ) , V V \
= 2-057
g g
R =
= 5 -1
-20
—40 -1.5¢ U
-60 -2
—80 -25
-50 0 50 0 180 360
x [mm] 6 [deg]
(© (d)

FIG. 9. Circular pillbox with one-slot coupler (a) and multi-
pole-free cavity with one-slot coupler (b). Cross-section compar-
isons in Cartesian coordinates are shown in (c), and radial
differences as a function of angle in (d).

and the elimination of the need for additional ports, which
would otherwise add complexity to the design process,
increase manufacturing time, and require extra space and
material.

V. UNIFORM BEAM

In addition to removing unwanted multipoles, the AMM
can also be used to introduce desired multipolar components.
In this section, we present an example application of using
the AMM to design an rf cavity that transforms the transverse
spatial distribution of a beam from Gaussian to uniform.

A. Uniformization with multipole magnets

Reference [29] presents a method for uniformizing the
transverse beam profile by utilizing the nonlinear-focusing
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forces of a multipole magnet. The approach requires a
multipole magnet composed of an octupole with integrated
field strength

PR
7 26y fotan @

(5.1)

and higher even-order m poles defined by the recursive
relationship

m—1

_Km’
&b

where ¢ is the geometric rms emittance of the beam, 3 is the
beta function at the magnet position 0, and @ is the betatron
phase advance from the magnet to the target position ¢ where
the beam becomes uniform. The magnet must be placed at a
point where the beam size in one direction is significantly
larger than the other—for analysis here, let us assume this
element is located at a point where the beam has a finite x
dimension and negligible y dimension. The multipole
magnet uniformizes the beam to a horizontal distribution
with a transverse diameter given by

2r, = V2r\/€ep,| cos ®

where f, is the beta function at the target position.

To uniformize the beam in both horizontal and vertical
directions, a second multipole magnet is required. This
magnet must be positioned where the vertical envelope of
the beam is significantly larger than the horizontal one.

K,.,=-— (m=4,6,8, ), (5.2)

; (5.3)

B. Theory of uniformisation with rf cavities

The multipole magnet transforms the Gaussian beam
into a uniform distribution by nonlinearly changing the
transverse momentum of the particles across different
horizontal positions, perfectly folding the tails of the
Gaussian distribution onto each other at position z;,. The
multipolar expansion of the required magnetic field
described in Eqgs. (5.1) and (5.2) is

> P =K, r"! sin m@
B(r,0) =— " . (54
(r.6) q mz:; L. (m—1)! <005m9>(r,a) GH

where P is the momentum of the reference particle and
L. is the length of the magnet. The resulting change in
transverse momentum is calculated by integrating Eq. (5.4)
using the Lorentz force, giving

R ad pm=l —cos m@
Apl(rae)_PrefmZAthm( Sinmg >(r’9>'
(5.5

The multipolar composition needed to uniformize a
beam using an rf cavity can be calculated by equating

the multipolar expansion in Eq. (5.5) to Eq. (2.21) which
gives the change in transverse momentum of a particle
traversing a TMy,,,,9 mode. The multipolar bore fields of
the needed mode relate to the integrated multipole magnet
strengths as

i

- Pref ()] k[LL/Z 1 am
"™ g L.sin(kL./2)sinym! "

(5.6)

By reexpressing this using Eq. (2.12), we obtain the
following relations for the rf cavity multipolar strengths
required to perfectly uniformize a beam

Pref ()] leL/Z 1 a™
q L.sin(k,L./2)siny J,,(ka)m!

In =

K,. (7

C. Beam dynamics simulations with rf cavities

To investigate this application of uniformizing beams with
rf cavities, we undertook beam dynamics simulations based
on a testline similar to the one analyzed in Ref. [29]. The
schematic layout of this testline is shown in Fig. 10. An 1f
cavity of length 0.15 m is placed at z = 0, followed by a
quadrupole magnet of length 30 cm and integrated strength
K, =4.25m™" placed at z =20 cm. The rf cavity is
designed for 3 GHz operation, with a cell length of L. =
5 cm and beam pipes of radius @ = 50 mm and length
L,=35cm.

We tracked 200 000 particles through the testline with an
initial momentum Py, = 10 MeV and using the same initial
beam conditions used in Ref. [29]: f; = 15 m, ag = 15,
and € =21 mmmrad. The phase advance to the target
position at z; = 1.7 mis @ = 0.0678 and, the beta function
at the target position is f, = 223 m. As a result, we expect
the ideal multipolar field distribution to generate a uniform
beam of radius r, = 85.6 mm by Eq. (5.3).

1. Pillbox cavities

As a first test, we placed a pillbox cavity operating in a
TMy;o mode into the testline. The pillbox and its mode are
shown in Fig. 11, with the electromagnetic field solved in
CST. The field map within the cylinder of radius r = a was
imported into RF-Track with a step size of 0.3 mm.

The magnitude of the ideal octupole component for
beam uniformization is calculated using Eq. (5.7) as

Target
Position (z¢)

Multipolar Quadrupole
rf Cavity Magnet

f T T T T z (m)

0 02 04 06 08 1

| T | |
1.2 14 16 1.8

FIG. 10. TIlustration of the beam testline used in tracking
simulations.
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(a) (b)

FIG. 11. Pillbox cavity designed to support a 3 GHz TMy,
mode (a) and the corresponding contour plot of E, at the center of
the cavity (b).

g4 = 108 MV/m. Figure 12 compares the transverse
intensity distribution at the target location for different
octupole field strengths of 0 X gy, 0.75 x g4, 1 X Gy,
1.25 x g4, and 1.5 x 4. We observe that a lower octupole
magnitude is insufficient to fold the tails of the Gaussian
distribution, resulting in no uniform region. On the other
hand, a larger magnitude introduces a uniform region at the
center of the distribution, but it is too strong and overfolds
the tails to create horns at the edges of the distribution.
Despite the horns, the TM, oy mode can uniformize the
beam effectively. For the 1 x g, case, |x| < 60 mm contains
71% of the total particles and is uniform to within < 4%.
In the pillbox cavity supporting this mode, the maximum
longitudinal electric field at the bore gap is 16.4 MV /m,
while within the bulk of the structure, it reaches
43.0 MV/m. This peak field remains within practical
breakdown limits and, as per Eq. (5.7), this peak field
could be reduced by effectively increasing the cavity length

0XGs —0.5xgs —0.75 % da

—1xgs —1.25 % gs —1.5 x d4

N

—
(&)

o
(&)

Relative Intensity

Ll

-200 -100 0 100 200
z [mm]

FIG. 12. Horizontal beam distribution at the target position z, in
the testline with a pillbox cavity operating in a TM,;, mode,
where the different octupolar strengths are indicated in the legend
with §, = 108 MV/m. The black line represents the ideal uni-
form distribution.

—m < 6 m < 8

[
8

—m < 10 —m < 12 = -m

Ap, [MeV/c]

-40 -20 0 20 40

x [mm]
FIG. 13. Transverse momentum change imparted by an ideal,
thin uniformizing element with multipoles up order m. The

dashed gray line represents the Gaussian distribution of the
initial beam.

by, for example, constructing it out of a series of
coupled cells.

To compensate for the overfolding of the beam tails,
higher order multipoles must be included. To demonstrate
this, Fig. 13 shows the change in momentum imparted by
the ideal multipolar element calculated using Eq. (5.5), as
successively higher orders of m are included. We observe
that including additional multipole components improves
convergence toward the ideal transverse momentum pro-
file, especially in the tails of the Gaussian distribution.

It is important to note, however, that the ideal multipolar
values calculated from Eqgs. (5.1) and (5.2) are based on the
assumption of a thin multipolar element. In contrast, the rf
cavities considered here are thick structures traversed by a
converging beam (ap = 15). As such, the theoretically
predicted values should be treated as approximate rather
than exact, estimates for the optimal multipolar strengths
required to uniformize the beam.

Bearing this in mind, the next multipole to try is a
dodecapole which, from Eq. (5.7), we estimate the required

(a)

FIG. 14. Pillbox cavity designed to support a 3 GHz TMg,
mode (a) and the corresponding contour plot of E, at the center of
the cavity (b).
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FIG. 15. Horizontal beam distribution at the target position z, in
the testline with a multipolar field consisting of a TMy;o super-
imposed with a TMg;y mode (blue), and for an azimuthally
modulated cavity supporting a TMy4419 (red). The black line
represents the ideal uniform distribution.

strength as g = —891 MV/m. To realize this component,
we designed a pillbox cavity that operates in a 3 GHz
TMg;o mode, as shown in Fig. 14.

We superimposed this field with the TMy, field at the
same position in the testline. (This is unphysical because
the two pillbox cavities have different radii and cannot
physically occupy the same space. This anticipates the use
of the AMM to resolve this limitation). This setup provides
two tunable parameters, §, and §g, which we vary to
generate the most uniform beam possible.

Using an optimization process that minimizes the
residual sum of squares between the tracked distribution
and the ideal uniform distribution of radius r,, we found
the optimal multipolar values to be g, = 151 MV/m
and gs = —1006 MV/m (corresponding to a ratio of
06/ 04 = —6.68). The resulting distribution at the target
position is shown in Fig. 15 (blue line). We see that
addition of the dodecapole field effectively smooths out
the horns present in the TMy y-only case, producing a
distribution that contains 82% of the particles and is
uniform to within 1% in the region |x| <70 mm.

2. Azimuthally modulated cavities

Taking the previous result, we solve Eq. (2.5) with the
optimized ratio Js/g, = —6.68 to design an azimuthally
modulated cavity that supports a 3 GHz TM4 6,10 mode.
The resultant structure and solved for mode are shown
in Fig. 16.

In the solved mode, we measure gs/gs = —7.10 which
is 5% larger than the design value. By varying the field
strength of the mode (with only one free parameter, since
s/ 04 is fixed), we find that the optimal values for
achieving a uniform beam are g, = 135 MV/m and
96 = —958 MV/m. In this TMy4 6};9o mode, the maximum
longitudinal electric field at the bore gap is 14.8 MV /m,
while within the bulk of the structure, it reaches
159 MV/m.

(b)

FIG. 16. Azimuthally modulated cavity designed to support a
3 GHz TMy46}19 mode with gs/g, = —7.10 (a) and the corre-
sponding contour plot of E, at the center of the cavity (b).

The resulting uniform distribution at the target location is
shown in Fig. 15 (red line), where approximately 74% of
the particles are contained within the region |x| < 60 mm,
and the distribution is uniform to within 0.3%. The
TM{4 6310 mode provides comparable performance to the
superposition of the TMy;, and TMg;, modes, smoothing
out the horns in the distribution and even producing a more
uniform profile, although over a slightly smaller region.
These differences arise due to small discrepancies between
the desired and achieved field. Specifically, there is a < 6%
difference between the targeted and measured multipolar
ratio (Jg/gs = —6.68 vs — 7.10), along with minor residual
monopole and quadrupole components.

An iterative design process, similar to that described in
Sec. IV B, could be used tune the multipolar components
and compensate for this small discrepancy. Then, to further
uniformize the beam, additional higher-order multipolar
components need to be added. As guided by Eq. (5.7), these
components are expected to be on the order of gg/G, = 122
T10/04 = —2.60 x 10>, and §;,/Gs = 7.27 x 10*. Further
investigation, and the design of such a structure for imple-
mentation in an actual beamline, is beyond the scope of this
paper. Nevertheless, the example highlighted in this section
of uniformizing a beam with an rf cavity demonstrates a
successful application of using the AMM for designing
cavities with tailored modes for bespoke applications.

VI. CONCLUSION

This paper has demonstrated the practical use of the
azimuthally modulated method (AMM) in designing rf
cavities for use in accelerator beamlines. The approach is
underpinned by derivations for the change in both longi-
tudinal and transverse momentum of an ultrarelativistic,
parallel particle traversing an azimuthally modulated cavity
with beam pipes. We showed that the derived equations are in
excellent agreement with simulation, even up to moderately
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nonrelativistic speeds (y ~ 10). Subsequently, we demon-
strated two example applications: first, negating unwanted
transverse multipoles in an accelerating mode, and second,
combining transverse multipoles to create a bespoke multi-
polar field for uniformizing a beam.

The demonstration of a multipole-free accelerating
structure is particularly interesting and warrants further
investigation for application in injectors and precision
machines. Another method of influencing the multipolar
content of a mode is by shaping the iris of the beam pipe,
and it would be valuable to develop a precise framework for
controlling the multipoles in line with the AMM. Future
research could also develop the AMM further by studying
the effects of longitudinal asymmetries on the multipolar
form of the change in momentum.
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