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Symplectic integrators play a pivotal role in the long-term tracking of charged particles within
accelerators. To obtain symplectic maps in accurate simulations of single-particle trajectories, two key
components are addressed: precise analytical expressions for arbitrary electromagnetic fields and a robust
treatment of the equations of motion. In a source-free region, electromagnetic fields can be decomposed
into harmonic functions, applicable to both scalar and vector potentials, encompassing both straight and
curved reference trajectories. These harmonics are constructed according to boundary surface field data
due to the uniqueness theorem. By finding generating functions to satisfy the Hamilton-Jacobi equation
via a perturbative ansatz, we derive maps that are symplectic at any order of the expansion. This method
yields a direct mapping from initial to final coordinates, bypassing the tracking of intermediate coordinates.
Our developed particle-tracking algorithm translates the field harmonics into beam trajectories, offering a
high-resolution integration method in accelerator simulations.
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I. INTRODUCTION

Accurate prediction of particle trajectories in an accel-
erator beamline is essential for both the design and
operation of the accelerator. This is especially important
for a circular machine where particles revolve for millions
of turns, as the effects of any nonlinear fields or complex
fringe fields are magnified. The emittance acceptance must
also be carefully estimated. Accurate tracking of the exact
particle path along a reference trajectory requires a precise
and well-defined prior description of electromagnetic
fields. Standard expressions in simple cases, like the
hard-edge model, are not applicable to complex magnets.
For example, novel superconducting coils or complex
magnets used for an FFAG accelerator pose challenges
in calculating particle trajectories [1,2]. Therefore, we need
an efficient evaluation of arbitrary static electromagnetic
fields before tracking. An analytical representation of the
fields, which can be differentiated and integrated, is more

suitable for programming to obtain precise results for
particle tracking than interpolation fitting of grid data.
For most accelerator elements, the equations of motion

cannot be solved analytically and must therefore be
addressed using numerical integration methods. In
Hamiltonian mechanics, these equations of motion can
be equivalently expressed using Hamilton’s canonical
equations, Poisson brackets, or the Hamilton-Jacobi equa-
tion. Symplecticity, a fundamental property of any
Hamiltonian conservative system, ensures the preservation
of phase-space structure and is crucial for accurate long-
term particle tracking [3]. As the system described by the
Hamiltonian H cannot be solved analytically, numerical
integration techniques preserving symplecticity should be
employed. Explicit Runge-Kutta (RK) algorithms can be
applied to solve Hamilton’s canonical equations to obtain
particle coordinates and momenta. However, they require
sufficiently small step sizes and do not inherently preserve
symplecticity [4]. Poisson brackets naturally extend to a Lie
algebra method, which is powerful and widely used in
particle tracking [5–7]. This includes applications such
as the approximation of nonseparable Hamiltonians [8]
and symplectic multiparticle tracking with self-consistent
space-charge simulations [9]. In Poisson bracket-based
symplectic tracking, each integration step involves multiple
intermediate variable transitions [6]. This reliance on the
Baker-Campbell-Hausdorff (BCH) formula complicates
careful code implementation.
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However, a Taylor-expanded generating function (GF)
method can generate a flexible and symplectic mapping
routine for particle tracking in external magnetic fields
[10–13]. This method is quite general and is based on the
solution of the Hamilton-Jacobi equation. The approach
has been successfully used for particle tracking in straight
3D fields for accelerator-driven light sources, allowing
complete parametrization and simplifying tracking studies
[14]. This approach yields approximate solutions of the
Hamilton-Jacobi equation, accurate to arbitrary order.
However, if magnetic fields in an accelerator are configured
to guide particles along a curved trajectory, such as in ring
accelerators, this application of the generating function
method remains unexplored. Our study aims to fill this gap
by extending the generating function method to magnetic
field configurations that guide particles along curved
trajectories, as is common in ring accelerators. This
extension is particularly valuable for synchrotrons, storage
rings, and fixed-field alternating gradient (FFAG) accel-
erators, which often utilize complex magnet designs,
including novel superconducting coils. These advanced
machines present significant challenges for particle
tracking due to their intricate field structures, making
traditional methods less effective. By ensuring symplec-
ticity and employing analytical field representations, our
method offers a precise and efficient solution for particle
trajectory prediction, which is essential for the design and
operation of these sophisticated accelerator systems. To
address this, a field representation that satisfies Maxwell’s
equations must first be established, followed by the devel-
opment of an efficient method to integrate the equations of
motion for particles traversing these fields. The scope of
this work is limited to single-particle dynamics. Single-
particle beam dynamics applies when interparticle forces
are negligible—e.g., in low-current beams or high-energy
sections—since space-charge forces are weak compared to
external fields.
The organization of this paper is as follows: After the

introduction, we present the theory of 3D descriptions for
magnetic fields using harmonics, and symplectic tracking
based on generating functions is discussed in Sec. II. In
Sec. III, we provide the numerical results of our method and
illustrate different approaches for modeling the magnetic
field. Finally, conclusions are presented in Sec. IV.

II. THEORY

A. Field representation

1. 2D and axisymmetric configurations

Accurate models of electric and magnetic fields for
beamline elements are essential for computing precise
particle orbits and high-order transfer maps, which are
critical for the performance of accelerators. In particular,
for long, straight 2D accelerator magnets, field quality is
efficiently characterized by a set of Fourier coefficients

an; bn, known as field harmonics in the polar coordinate
system, where ρ0 is a reference radius. The longitudinal
magnetic vector potential As is governed by the following
equation:

Asðρ; θÞ ¼
X∞
n¼1

�
ρ

ρ0

�
n
ðan sin nθ − bn cos nθÞ: (1)

In a curved system characterized by curvature h, with
invariance along the magnet axis and using transverse beam
coordinates x and y centered on the reference trajectory, the
longitudinal vector potential As and magnetic fields Bx; By

are expressed as [15]:

∂2As

∂x2
þ ∂2As

∂y2
þ h
1þ hx

∂As

∂x
− h2

ð1þ hxÞ2 As ¼ 0;

Bx ¼
1

1þ hx
∂½ð1þ hxÞAs�

∂y
;

By ¼
−1

1þ hx
∂½ð1þ hxÞAs�

∂x
: (2)

It is noted that the x axis of the local coordinate system is
oriented away from the center of curvature for positive h
and toward the center for negative h, as illustrated in Fig. 1.
Specifically, for a dipole field, a solution to Eq. (2) is

expressed as

As ∼ −xþ hx2

2ð1þ hxÞ : (3)

Other solutions to Eq. (2) can be determined through specific
analytical techniques [16]. By substituting As ¼ Affiffiffiffiffiffiffiffi

1þhx
p ,

Eq. (2) transforms into

∂2A
∂x2

þ ∂2A
∂y2

¼ 3h2

4ð1þ hxÞ2A: (4)

This transformed equation isolates the Laplace operator on
the left-hand side, suggesting that preliminary approximate
solutions resemble those of Eq. (1). If the curvature is small
and the region of interest is within the paraxial area, the
right-hand side of Eq. (4) can be neglected, and we obtain the
following solution:

As ≈
ρneinθffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ hx

p : (5)

Z

X
Y

Z
X

Y

FIG. 1. The x axis (green color) of the local coordinate system
is oriented away from the center of curvature for positive h (left)
and toward the center for negative h (right).
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To achieve higher accuracy, an iterative method substitutes
this initial solution into the right-hand side of Eq. (4). The
solutionA is then refined with each iteration to progressively
improve the approximation, as follows:

As ¼
ρneinθffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ hx

p
�
1þ 3

16

h2ρ2

nþ 1

�
: (6)

2. 3D configurations

Whether in two dimensions or under axisymmetric con-
ditions, these models provide simplified representations of
electromagnetic field distributions, whereas the actual three-
dimensional distribution is significantly more complex. In a
region where no net current is enclosed by any closed loop,
the magnetic field B⃗ is curl-free and can therefore be
described in terms of a magnetic scalar potential ψ ,
such that B⃗ ¼ ∇ψ . It must then obey the Laplace equation
∇2ψ ¼ 0 (since∇ · B⃗ ¼ 0), which is usually solved numeri-
cally via the finite element method.
In mathematics, general solutions ψ satisfying the

Laplace equation in certain orthogonal coordinate systems
within a specified domain exist as analytic forms, known as
harmonic functions. These magnetic field harmonics form a
complete and orthogonal set in the region. Higher-order
terms can be ignored, as they represent rapidly varying
magnetic fields that are of minimal practical significance.
Using a set of coefficients to describe the field map, both
the field and its derivatives or integrals in the region of
interest can be obtained by summing the contributions of
the analytical field harmonics. Mathematicians have exten-
sively studied these solutions in various specific coordinate
systems, including ring [17], cylindrical [18], and spherical
[19,20] domains, as illustrated in Fig. 2. Harmonics in
cylindrical systems for a straight reference trajectory have
been widely discussed in beam physics literature [14,18].
In this paper, we focus on harmonics in ring systems
for a curved reference trajectory. Additionally, spherical

harmonics are among the most extensively studied har-
monic functions, and with appropriate spherical arrange-
ments, they can approximate any shape. This paper also
explores their applications.
In accelerator physics and beam dynamics, the magnetic

vector potential A⃗ is often preferred over the scalar
potential ψ . Here, we choose a gauge where the longi-
tudinal component of the vector potential is set to zero,
reducing the number of variables for trajectory calculations.
The scalar potential is related to the vector potential in a
straight coordinate system as

Ax ¼
∂
∂y

�Z
ψdz

�
; Ay ¼ − ∂

∂x

�Z
ψdz

�
; Az ¼ 0.

(7)

In a curved system, the scalar potential is related to the
vector potential as

Ax ¼ ð1þ hxÞ ∂
∂y

�Z
ψds

�
;

Ay ¼ −ð1þ hxÞ ∂
∂x

�Z
ψds

�
;

As ¼ 0. (8)

B. Hamilton-Jacobi equations

The resolution of mechanical problems using the
Hamilton-Jacobi equation adopts a systematic approach
rooted in analytical mechanics. The process begins with the
system’s Hamiltonian, which, for a particle in an accel-
erator beamline, is given as [21]:

H ¼ δ

β0
− ð1þ hxÞ ×

 
asþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
δþ 1

β0
− qϕ
cP0

�
2 − ðpx − axÞ2 − ðpy − ayÞ2 − 1

β20γ
2
0

s !
:

(9)

Elliptical cylinder

Circular cylinder

Sphere

Oblate spheroid

Ellipsoid Ring

FIG. 2. Solutions to Laplace’s equation in ring, cylindrical, and spherical domains are typically analyzed within their respective
coordinate systems. Arrows indicate progressive symmetry specialization.
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It describes the motion of a particle with energy deviation
δ in an electrostatic potential ϕ and a magnetic field
described by scaled vector potential components ax; ay; as
(where these potentials are scaled by the reference momen-
tum P0). The reference particle’s velocity, energy, and
momentum are represented by β0, γ0, and P0, respectively.
The longitudinal coordinate s acts as a timelike parameter,
while x and y are transverse coordinates with conjugate
momenta px and py:

px ¼
γm0β

dx
ds þ qAx

P0

; py ¼
γm0β

dy
ds þ qAy

P0

;

ax ¼
qAx

P0

; ay ¼
qAy

P0

; as ¼
qAs

P0

: (10)

In this paper, we consider a particle with reference energy
δ ¼ 0 traversing an external magnetic field, reducing the
problem to two canonical coordinates x; y and their
canonical momenta px; py. We assume that the dynamical
variables remain sufficiently small along the accelerator,
enabling the Hamiltonian to be approximated by expanding
the square root to a chosen order as follows:

H ≈ −ð1þ hxÞ
�
1 − 1

2
ðpx − axÞ2 − 1

2
ðpy − ayÞ2 þ as

�
;

(11)

which serves as an effective Hamiltonian that maintains
symplecticity for particle tracking under paraxial approxi-
mation in this paper.
A specific canonical transformation can be defined such

that the transformed Hamiltonian becomes identically zero.
The generating function F bridges the old coordinates
ðx; yÞ and momenta ðpx; pyÞ with the new coordinates
ðux; uyÞ and momenta ðvx; vyÞ. These newly defined
coordinates and momenta are constants for each particle,
invariant with respect to s in the motion, though they may
differ between particles. The scalar function Fðx; y; vx; vyÞ
satisfies the first-order partial differential equation known
as the Hamilton-Jacobi equation:

∂sFðx; y; vx; vyÞ ¼ −H: (12)

The relationship between the old and new coordinates and
momenta is given by

px ¼
∂F
∂x

; py ¼
∂F
∂y

; (13a)

ux ¼
∂F
∂vx

; uy ¼
∂F
∂vy

: (13b)

By relating the original coordinates ðx; yÞ and momenta
ðpx; pyÞ at both ends of a finite step (from s0 to sf, where

the step size is Δs ¼ sf − s0) to the newly defined
generalized coordinates ðux; uyÞ and momenta ðvx; vyÞ,
this GF method calculates the motion of particles, as
illustrated in Fig. 3.
By substituting Eqs. (11) and (13a) into Eq. (12), we

derive the following Hamilton-Jacobi equation:

∂sF ¼ð1þ hxÞ
�
1 − 1

2
ð∂xF − εaxÞ2

− 1

2
ð∂yF − εayÞ2 þ εas

�
; (14)

which involves the first-order partial derivatives of F with
respect to s; x; y. We introduce a parameter ε to facilitate
tracking the power of the potential functions ax, ay, and as,
which is ultimately set to 1, consistent with its historical use
in [13,14]. We adopt a Taylor series expansion of the
generating function as an ansatz, having the following
form:

F ¼ vxxþ vyyþ
X∞

i;j;k;l¼0

fijklvixv
j
yhkεl; (15)

where the summation excludes the terms f1000 ¼ x and
f0100 ¼ y, as these are already included explicitly in the
form vxxþ vyy. The fijkl coefficients are functions of the
local variables x; y; s, and the expansion order is given by
iþ jþ kþ l. By substituting Eq. (15) into Eq. (14) and
considering some of the lowest-order fijkl terms, we can
recursively obtain higher-order terms of fijkl. This property
arises from the presence of the quadratic terms on the right-
hand side of Eq. (14). The use of the parameter ε facilitates
tracking the power of the potential functions ax; ay; as for
the coefficients fijkl and can therefore be set to ε ¼ 1

without loss of generality. It should be noted that the

Hamiltonian Flow

Phase Space Axis

Cyclic Coordinates

FIG. 3. Cyclic coordinates act as invariants in symplectic
dynamics, linking initial and final phase-space coordinates via
generating functions. The transverse axes correspond to the 4D
phase space and the longitudinal axis corresponds to “time.”
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introduction of the parameter ε enables the formulation of a
recurrence relation for the coefficients fijkl.
Once we have determined the coefficients fijkl of the

generating function, Eqs. (13a) and (13b) yield the follow-
ing relationships:

px ¼
X∞

i;j;k;l¼0

∂fijkl
∂x

vixv
j
yhkεl þ vx;

py ¼
X∞

i;j;k;l¼0

∂fijkl
∂y

vixv
j
yhkεl þ vy: (16)

ux ¼
X∞

i;j;k;l¼0

ifijklvi−1x vjyhkεl þ x;

uy ¼
X∞

i;j;k;l¼0

jfijklvixv
j−1
y hkεl þ y: (17)

The summation excludes f1000 and f0100. If the condition
fijkljs¼sf ≡ 0 is satisfied, then the new coordinates ux; uy
and momenta vx; vy are equal to the old coordinates
xjs¼sf ; yjs¼sf and momenta pxjs¼sf ; pyjs¼sf , respectively.
With a chosen expansion order for F and a small step size
of js0 − sfj, a Newton’s method can be employed to solve
Eq. (16) for vx and vy, as follows:

vx ¼ pxjs¼s0 −
X∞

i;j;k;l¼0

∂fijkl
∂x

vixv
j
yhkεl;

vy ¼ pyjs¼s0 −
X∞

i;j;k;l¼0

∂fijkl
∂y

vixv
j
yhkεl: (18)

In this process, the initial guess values for vx and vy can be
set to pxjs¼s0 and pyjs¼s0 , respectively. Typically, only a
few iterations are required to converge to the solutions.
For example, in the case of no fields (the so-called “drift

case”), the Hamilton-Jacobi equation becomes

∂sF ¼ 1 − 1

2
ð∂xFÞ2 − 1

2
ð∂yFÞ2: (19)

The nonzero coefficients are:

f0000¼ s−sf; f2000¼−s−sf
2

; f0200¼−s−sf
2

: (20)

The results from Eqs. (16) and (17) then satisfy the
predictions for a drift segment:

pxjs¼s0 ¼ vx ¼ pxjs¼sf ;

pyjs¼s0 ¼ vy ¼ pyjs¼sf ; (21)

ux ¼ xjs¼sf ¼ vxðsf − s0Þ ¼ pxjs¼s0ðsf − s0Þ;
uy ¼ yjs¼sf ¼ vyðsf − s0Þ ¼ pyjs¼s0ðsf − s0Þ: (22)

III. TRACKING RESULTS

A. Tracking through ideal elements

1. Algorithm

In the first test, we assess the suitability of the generating
function method for tracking motion through ideal hard-
edge elements. We also emphasize the importance of a
precise representation of the magnetic field. In nonlinear
dynamical systems, accurate tracking of dynamical varia-
bles over long integration periods is paramount for a
thorough understanding of their evolution.
We formalize definitions to characterize the algorithmic

implementation of the recurrence relations governing the
coefficients fijkl. By substituting the ansatz and performing
a coefficient comparison for the Hamilton-Jacobi equation,
we derive the following equations:

Zði;j;k;lÞ ¼ − 1

2

Xi
α¼0

Xj
β¼0

Xk
γ¼0

Xl
χ¼0

½Xðα;β;γ;χÞXði−α;j−β;k−γ;l−χÞ

þYðα;β;γ;χÞYði−α;j−β;k−γ;l−χÞ�

− x
2

Xi
α¼0

Xj
β¼0

Xk−1
γ¼0

Xl
χ¼0

½Xðα;β;γ;χÞXði−α;j−β;k−1−γ;l−χÞ

þ Yðα;β;γ;χÞYði−α;j−β;k−1−γ;l−χÞ�

;

(23)

where the definitions are given by

Zði;j;k;lÞ ≔fijkl;s − δ0i δ
0
jδ

0
kδ

1
l as − δ0i δ

0
jδ

1
kδ

1
l xas;

Xði;j;k;lÞ ≔fijkl;x − δ0i δ
0
jδ

0
kδ

1
l ax;

Yði;j;k;lÞ ≔fijkl;y − δ0i δ
0
jδ

0
kδ

1
l ay: (24)

The variables X, Y, and Z are introduced to make the
expressions of the Hamilton-Jacobi function more concise
and manageable. The notation fijkl;⋆ denotes the partial
derivative with respect to the variable indicated by a
variable ⋆. δ represents the Kronecker delta function.
Higher-order fijkl terms are computed by successively
differentiating lower-order terms with respect to x and y
and then integrating them with respect to s.
The magnetic field for ideal hard-edge elements is

derived from the solution presented in Eq. (1). In this
scenario, only the potential function as exists, while ax and
ay are zero. In this case, the longitudinal variable s is
decoupled from the transverse variables x and y, which
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allows the condition fijkljs¼sf ≡ 0 to be easily satisfied.
Several coefficients, written out explicitly, are:

f0000¼ s−sf; f2000 ¼ f0200¼−s−sf
2

; f0001 ¼
Z

asds;

f1001¼
Z �Z

∂as
∂x

ds0
�
ds;f0101¼

Z �Z
∂as
∂y

ds0
�
ds;

f0002¼−1

2

Z ��Z
∂as
∂x

ds0
�

2

þ
�Z

∂as
∂y

ds0
�

2
�
ds;

f0003¼−
Z

ð∂xf0001∂xf0002þ∂yf0001∂yf0002Þds;

f0010¼ xðs−sfÞ; f2010 ¼ f0210¼−xðs− sfÞ
2

;

f0011¼ xf0001; f1011 ¼ xf1001; f0111¼ xf0101;

f0012¼ xf0002; f0013 ¼ xf0003:

(25)

According to Eq. (6), the magnetic vector potential As
and corresponding field components Bx; By for curved
quadrupoles, accurate to the second order in h, are given by

As ¼ ðx2 − y2Þ þ h
2
ðxy2 − x3Þ þ h2

16
ð7x4 − 6x2y2 − y4Þ;

(26a)

Bx ¼ −2yþ hxy − h2

4
ð3x2yþ y3Þ; (26b)

By ¼ −2xþ h
2
ðx2 þ y2Þ − h2

4
ðx3 þ 3xy2Þ: (26c)

2. Results

A beamline is used to demonstrate the significance of
accurately representing the magnetic fields of curved
elements. The beamline employs a combined field con-
sisting of curved quadrupoles and dipoles with curvature
h ¼ 1 m−1, as illustrated in Fig. 4, which is a popular
design in tumor therapy transfer systems [22]. We track a
single test particle for 3000 turns within the beamline. The
expansion order of fijkl is set to i ≤ 2; j ≤ 2; k ≤ 2; l ≤ 3,
and the step length is set to sf − s0 ¼ 1 mm. Further
increasing the expansion order does not significantly affect
the results, and the relative error remains below 1 × 10−4.
We compare three different field models for the curved
quadrupoles in the tracking: a linear field model, a model
accurate up to the first order in h, and a model accurate up
to the second order in h.
The particle trajectory over 3000 turns can be seen in

Fig. 5 and is consistent with the Twiss parameter evolution
shown previously. The amplitude of the transverse orbit

excursion reaches 8 mm, and different field models have
varying effects on long-term tracking. We record its trans-
verse displacements at the entrance of the beamline to
obtain the phase space plots shown in Fig. 6. For the
different field models of curved quadrupoles, particularly
when comparing the linear field model with the model
incorporating the h correction, significant differences are
observed in the phase space. However, the phase space
characteristics of the field model with the h correction
and the one with the h2 correction appear similar. The orbit
displacement as a function of turn number is Fourier
transformed to determine the tunes and observe the
dynamic behavior of the particle, as depicted in Fig. 7.
The tunes from the linear field model deviate from those
of the other two models, while the latter two exhibit

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

s (m)

beamline Twiss

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

27.5

30.0

Dx

� y

� x

Dx (m) � � yx (m)

FIG. 4. Simple lattice layout with curved quadrupoles and
dipoles. Top: one half of the symmetric lattice, which includes a
drift, a straight focusing quadrupole, a drift, a curved defocusing
quadrupole combined with a dipole, followed by another dipole, a
curved focusing quadrupole combined with a dipole, and a drift,
arranged sequentially. Bottom: the evolution of the Twiss
parameters for this lattice, calculated using MADX.

FIG. 5. Particle trajectory in the beamline for 3 × 103 turns.
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similar tunes. This demonstrates the importance of
accurate field descriptions. Since the bending plane is
the x axis, the difference in tune between the corrected
and uncorrected cases is more pronounced in the x
direction than in the y direction.

B. Tracking in bipolar coordinates

1. Bipolar coordinates

Prior work [18] models straight magnet elements
(including fringe fields and multipoles) via cylindrical

surface data. Reference [14] then demonstrated symplectic
tracking along the straight reference trajectory. Our paper
focuses on magnet curved elements, which need the field
representation of curved beamline elements in ring (or
called “bipolar”) coordinates [23].
The coordinates in the transverse plane for curved

reference trajectory inside the magnet’s bore are illustrated
in Fig. 8. The bipolar coordinates η (radial) and ξ (angular)
are related to x and y in the beam coordinate system by

coth
η − iξ
2

¼ 1=hþ xþ iy
c

;

x ¼ c sinh η
cosh η − cos ξ

− 1=h;

y ¼ c sin ξ
cosh η − cos ξ

; (27)

where h > 0 is the central curvature of the magnet’s bore,
and c is the focus in the bipolar coordinates. Here, we
define a variable k ¼ coshðηÞ − cosðξÞ. The unit vectors x̂,
ŷ, and ŝ ¼ x̂ × ŷ in the curvilinear coordinate system for
particles correspond to R̂, Ẑ, and −ϕ̂, respectively, in the
cylindrical coordinate system. The ring’s axis coincides
with the cylindrical coordinate system’s Z axis. We then
find formulas concerning partial derivatives:

∂η
∂y

����
x
¼ ∂ξ

∂x

����
y
¼ − sin ξ sinh η

c
;

∂η
∂x

����
y
¼ − ∂ξ

∂y

����
x
¼ − cosh η cos ξ − 1

c
;

∂x
∂ξ

����
η

¼ ∂y
∂η

����
ξ

¼ − c sinh η sin ξ
k2

;

∂y
∂ξ

����
η

¼ − ∂x
∂η

����
ξ

¼ cðcosh η cos ξ − 1Þ
k2

: (28)

FIG. 7. Logarithmic plot of the Fourier transform of the orbit
excursion over 3 × 103 turns. The peaks correspond to the tunes.
Solid lines indicate the results in the x direction, while dashed
lines indicate the results in the y direction. Different colors
represent results from curved quadrupoles with varying magnetic
field accuracies: red for the linear field model, green for the
model accurate up to the first order in h, and blue for the model
accurate up to the second order in h.

FIG. 8. In bipolar coordinates, the red curves represent lines of
constant angular variable ξ ranging from 0 to 2π, while the blue
curves correspond to lines of constant radial variable η within the
bore surface (shown in black). Larger values of η correspond to
circles of decreasing diameter, and the focus (green pentagram
marker, η ¼ ∞) for the bipolar system moves away from the
center (purple circular marker, x ¼ 0; y ¼ 0) of the bore aperture.

FIG. 6. Phase space of one test particle in the beamline for
3 × 103 turns. Top: x − px phase space. Bottom: y − py phase
space. The three columns, from left to right, correspond to
different field models with varying magnetic field accuracies: the
linear field model, the model accurate up to the first order in h,
and the model accurate up to the second order in h.
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In terms of the bipolar coordinates, the scalar potential ψ
can be written as follows [6,17,24]:

∇2ψ ¼ 0; B⃗ ¼ ∇ψ ¼ ∇ × A⃗;

ψðη; ξ;ϕÞ ¼ Mϕ
00ϕþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshðηÞ − cosðξÞ

p
X∞

m¼−∞

X∞
n¼−∞

ζm;n

Qjnj
jmj−1

2

½coshðηÞ�
Qjnj

jmj−1
2

½coshðη0Þ�
einϕeimξ; (29)

where the ζm;n are coefficients representing the strength of
one harmonic, η0 is the radial bipolar coordinate for the
bore, and Mϕ

0;0 represents the contribution from the net
current enclosed by the curved trajectory, which is zero in
this paper for simplicity. Qn

m−1
2

ðcosh ηÞ is the associated

Legendre function of the second kind (also known as
toroidal functions or ring functions), and the derivatives can
be written by the recurrence relation.

dQn
m−1

2

dη
¼
�
mþ n − 1

2

��
m − nþ 1

2

�
Qn−1

m−1
2

− n
Qn

m−1
2

tanh η
;

dQn
m−1

2

dη
¼m − 1

2

tanh η
Qn

m−1
2

−mþ n − 1
2

sinh η
Qn

m−3
2

:

(30)

In bipolar coordinates, the vector potential can be expressed
as follows according to Eq. (8) (here, the azimuth direction ϕ̂
is opposite to that of ŝ in a right-handed coordinate system):

Aξ ¼ − sinh η
∂
∂η

�Z
ψdϕ

�
;

Aη ¼ sinh η
∂
∂ξ

�Z
ψdϕ

�
;

Ax ¼ − c sinh η
k

∂
∂y

�Z
ψdϕ

�
;

Ay ¼
c sinh η

k
∂
∂x

�Z
ψdϕ

�
;

Aϕ ¼ 0; As ¼ 0. (31)

To illustrate the application of the generating function
in bipolar coordinates, we consider a complex magnet
configuration, as depicted in Fig. 9. This configuration
comprises a dipole magnet (discrete-cosine-theta, DCT)
with integrated quadrupole magnets (canted-cosine-thetas,
CCTs) housed within each side of the bore. This integrated
system provides both bending and focusing/defocusing
capabilities for charged particles. The DCT dipole (45°)
provides the primary bending, while the two CCT quadru-
poles (200 mrad) achieve simultaneous focusing or
defocusing.
For a pipe with a circular aperture of radius r ¼ 36 mm

and central bend radius R ¼ 1 m, the focal c in bipolar

coordinates and the radial coordinate parameter η0 asso-
ciated with the bore are given by

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p
;

η0 ¼ ln

�
Rþ rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p

Rþ r − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p
�
: (32)

The normal magnetic field Bη on the surface of bore η0 is
used to obtain the bipolar coefficients ζm;n. Details are
provided in Appendix A [24], and the results are presented
in Fig. 10. The decay of color suggests that accurately
representing the magnetic field of this system necessitates
retaining n to a high order, although this significantly
increases the computational demands of symplectic
tracking. In this work, we retain terms up to jnj ≤ 60;
jmj ≤ 16. Ring harmonics can accurately represent real
magnetic fields for curved trajectories, in principle.
The vector potential in bipolar coordinates according to

Eq. (31) can be expressed as follows:

axðx; y; sÞ ¼ að0Þx sþ
X∞
p¼−∞
p≠0

aðpÞx eikps;

ayðx; y; sÞ ¼ að0Þy sþ
X∞
p¼−∞
p≠0

aðpÞy eikps; (33)

FIG. 9. Bending magnet composed of a dipole (DCT coil) with
integrated quadrupoles (CCT coils) on each side of the bore
provides combined bending and focusing/defocusing for charged
particles. The arrows indicate that the CCT coil is positioned
inside the end of the DCT coil. It is placed outside in the
illustration for clarity.

FIG. 10. Bipolar coefficients ζm;n, with higher retained orders
of m and n, lead to a more accurate representation of the
magnetic field.
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where kp ¼ p=R, p denotes the order of the Fourier series.
To express the longitudinal position (s or ϕ) in all functions
in terms of trigonometric functions, we can employ a
technique to handle the linear function associated with the
longitudinal coordinate. Without loss of generality, assume
that ϕ is symmetric around ϕ ¼ 0. As the segment of
interest for particle tracking is around ϕ ¼ 0, we consider a
Fourier decomposition of triangular wave truncated at K
and just use part of it, given by

TKðϕÞ ¼
XK
p¼−K

gðpÞ
ip

eipϕ;

gðpÞ ¼ 0; if p ¼ even;

gðpÞ ¼ 2
ð−1Þðp−1Þ=2

pπ
; if p ¼ odd: (34)

The use of a triangular wave instead of a direct Fourier
transform for ϕ is intended to facilitate faster convergence
within the tracking interval, as shown in Fig. 11. As will
be demonstrated later, this approximation simplifies the
recurrence relationship. The vector potential can be
expressed as

axðx; y; sÞ ¼
XK

p¼−K;p≠0

�
aðpÞx þ gðpÞ

ip
að0Þx

�
eikps;

ayðx; y; sÞ ¼
XK

p¼−K;p≠0

�
aðpÞy þ gðpÞ

ip
að0Þy

�
eikps: (35)

2. Tracking codes in bipolar coordinates

We will switch back and forth between Cartesian
and bipolar coordinates whenever it suits best. The
Hamilton-Jacobi equation for curved reference trajectories
is given by

∂sF ¼ð1þ hxÞ
�
1 − 1

2
ð∂xF − εaxÞ2 − 1

2
ð∂yF − εayÞ2

�

¼ð1þ hxÞ
�
1 − 1

2

�
k
c
∂F
∂η

����
ξ;s

− εaη

�
2

− 1

2

�
k
c
∂F
∂ξ

����
η;s

− εaξ

�
2
�
:

(36)

Here the longitudinal vector potential as vanishes due to
the gauge we choose. The functions aη and aξ are the
corresponding normalized potentials in bipolar coordinates,
and the transformation relations are expressed as follows:

aη ¼ −ax∂y∂ξ
����
η

þ ay
∂x
∂ξ

����
η

;

aξ ¼ þax
∂y
∂η

����
ξ

− ay
∂x
∂η

����
ξ

;

ax ¼ −aη∂ξ∂y
����
x
þ aξ

∂η
∂y

����
x
;

ay ¼ þaη
∂ξ
∂x

����
y
− aξ

∂η
∂x

����
y
: (37)

The momentum in bipolar coordinates is given by

pη ¼
∂F
∂η

¼ px
∂x
∂η

����
ξ

þ py
∂y
∂η

����
ξ

;

pξ ¼
∂F
∂ξ

¼ px
∂x
∂ξ

����
η

þ py
∂y
∂ξ

����
η

: (38)

Here, we introduce some Fourier decomposition of
ZðijklÞ, XðijklÞ, and YðijklÞ, as follows:

ZðijklÞ ≔
∂fijkl
∂s

¼
X∞
p¼−∞

ZðpÞ
ðijklÞe

ikps;

XðijklÞ ≔
∂fijkl
∂x

− δ0i δ
0
jδ

0
kδ

1
l ax ¼

X∞
p¼−∞

XðpÞ
ðijklÞe

ikps;

YðijklÞ ≔
∂fijkl
∂y

− δ0i δ
0
jδ

0
kδ

1
l ay ¼

X∞
p¼−∞

Y ðpÞ
ðijklÞe

ikps: (39)

The coefficient of generating function fðijklÞ can be
reconstructed by ZðijklÞ as follows:

fðijklÞ ¼ Zð0Þ
ðijklÞðs − sfÞ þ

X∞
p¼−∞;p≠0

eikps − eikpsf

ikp
ZðpÞ

ðijklÞ;

(40)

where the condition fðijklÞjsf ≡ 0 is satisfied automatically.

Bipolar coordinates can facilitate the deduction, as the

FIG. 11. Approximation of the linear function ϕ near the
origin using a Fourier series. Given that the region of motion
of interest is a segment near the origin, the Fourier series
of a triangular wave (in blue) is employed instead of that of a
sawtooth wave (in red). Higher truncation order reduces
approximation errors (green).
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variables are well separated and partial derivatives are
simple. Here, we introduce some partial derivatives of fijkl
with respect to η and ξ. Some Fourier series coefficients U,
V are defined as follows.

fijkl;η − c
k
δ0i δ

0
jδ

0
kδ

1
l aη ¼

X∞
p¼−∞;p≠0

eikpsUðpÞ
ðijklÞ;

fijkl;ξ − c
k
δ0i δ

0
jδ

0
kδ

1
l aξ ¼

X∞
p¼−∞;p≠0

eikpsVðpÞ
ðijklÞ: (41)

For ði; j; k; lÞ ≠ ð0; 0; 0; 1Þ, the approximation of ϕ in
Eq. (34) results in:

UðpÞ
ðijklÞ ¼

Zðp;ηÞ
ðijklÞ þ Zð0;ηÞ

ðijklÞgðpÞ
ikp

;

VðpÞ
ðijklÞ ¼

Zðp;ξÞ
ðijklÞ þ Zð0;ξÞ

ðijklÞgðpÞ
ikp

;

p ≠ 0.

(42)

We then convert back to Cartesian coordinates as follows:

XðpÞ
ðijklÞ ¼

∂η
∂x

����
y
UðpÞ
ðijklÞ þ

∂ξ
∂x

����
y
VðpÞ
ðijklÞ;

Y ðpÞ
ðijklÞ ¼

∂η
∂y

����
x
UðpÞ
ðijklÞ þ

∂ξ
∂y

����
x
VðpÞ
ðijklÞ;

p ≠ 0.

(43)

The term corresponding to p ¼ 0 is derived as follows:

Uð0Þ
ðijklÞ ¼ − X∞

q¼−∞;q≠0
UðqÞ
ðijklÞe

ikqsf ;

Vð0Þ
ðijklÞ ¼ − X∞

q¼−∞;q≠0
VðqÞ
ðijklÞe

ikqsf ;

p ¼ 0.

(44)

Xð0Þ
ðijklÞ ¼ − X∞

q¼−∞;q≠0
XðqÞ

ðijklÞe
ikqsf ;

Y ð0Þ
ðijklÞ ¼ − X∞

q¼−∞;q≠0
Y ðqÞ
ðijklÞe

ikqsf ;

p ¼ 0.

(45)

We obtain the recurrence relation for high-order coeffi-
cients of generating functions:

ZðpÞ
ðijklÞ ¼ − 1

2

k2

c2
X
αβγχ;q

�
UðqÞ
ðαβγχÞU

ðp−qÞ
ði−α;j−β;k−γ;l−χÞ

þ VðqÞ
ðαβγχÞV

ðp−qÞ
ði−α;j−β;k−γ;l−χÞ

�

− x
2

k2

c2
X
αβγχ;q

�
UðqÞ
ðαβγχÞU

ðp−qÞ
ði−α;j−β;k−1−γ;l−χÞ

þ VðqÞ
ðαβγχÞV

ðp−qÞ
ði−α;j−β;k−1−γ;l−χÞ

�
: (46)

Finally, we calculate the coordinates and momentum at the
end of the stepping.

pxf ¼ −X
ijkl

ðpxfÞiðpyfÞjhkεl
�
Zð0;xÞ

ðijklÞðs − sfÞ

þ
X∞

p¼−∞;p≠0
Zðp;xÞ

ðijklÞ
eips0 − eipsf

ip

�
þ px0;

pyf ¼ −X
ijkl

ðpxfÞiðpyfÞjhkεl
�
Zð0;xÞ

ðijklÞðs − sfÞ

þ
X∞

p¼−∞;p≠0
Zðp;xÞ

ðijklÞ
eips0 − eipsf

ip

�
þ py0: (47)

xf ¼
X
ijkl

iðpxfÞi−1ðpyfÞjhkεl
�
Zð0Þ

ðijklÞðs0 − sfÞ

X∞
p¼−∞;p≠0

ZðpÞ
ðijklÞ

eips0 − eipsf

ip

�
þ x0;

yf ¼
X
ijkl

jðpxfÞiðpyfÞj−1hkεl
�
Zð0Þ

ðijklÞðs0 − sfÞ

X∞
p¼−∞;p≠0

ZðpÞ
ðijklÞ

eips0 − eipsf

ip

�
þ y0: (48)

The algorithm described above can be implemented
through code. We track 36 particles initially uniformly
distributed within a circle of radius 5 mm, observing their
motion in the curved beamline shown in Fig. 9. The results
are presented in Fig. 12, aligning with our expectations for
the beamline field settings. The GF method is truncated at
the order iþ jþ kþ l ≤ 2. Attempts to use higher-order
truncations result in a substantial increase in memory
requirements, making further calculations infeasible. At
the end of the beamline, we analyze the tracking results for
different step sizes, ds¼10; 5; 2:5mm and compare them
with the fine-step (0.5 mm) Runge-Kutta tracking results,

FIG. 12. Symplectic tracking of particles in bipolar coordinates
by generating function. The order of field harmonics is truncated
to jnj ≤ 60 in generating function.
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as shown in Fig. 13. The error is below 0.1% relatively.
Overall, the error remains small and decreases as the step
size is reduced. Due to the Fourier expansion approxima-
tion of s and the finite expansion series of the generating
function, the center of the error deviates from the origin
even if the step size is small. In general, for sufficiently
ample computational resources and with high enough
truncation of the expansion series in F, symplectic tracking
based on ring coordinates is feasible. However, this
approach is not practical on typical desktop computers.
Cylindrical coordinates are particularly well suited for

modeling straight beamlines, whereas ring coordinates
are more appropriate for curved beamlines. At the
junctions where straight and curved reference trajectories
meet, the superposition of magnetic fields from both
sides necessitates a transition to spherical coordinates to
accurately account for the field complexity, as depicted
in Fig. 14. It is important to note that transitioning
between different coordinate systems for particles
requires a conversion between canonical and mechanical

momentum. Although this configuration can be used to
track particles in any beamline, the approximation of
longitudinal position through Fourier decomposition may
introduce errors over long-term tracking. Additionally,
the high-order expansion of the generating function
demands substantial computational resources, as the field
representation in both cylindrical and ring coordinates
involves numerous terms. In the following subsection, we
will introduce an alternative method.

C. Tracking through a series of spheres

1. Spherical coordinates

The uniqueness theorem in electromagnetism states that
if the normal component of the magnetic field Bn is known
on a closed surface within a source-free region, then the
magnetic field inside is uniquely determined. Furthermore,
the two fundamental sources that generate magnetic fields
are magnetic moments, which correspond to current loops
and can also be interpreted as magnetic dipoles and
hypothetical magnetic monopoles. We can artificially place
magnetic moments or monopoles externally, outside the
region of interest, to achieve the same normal magnetic
field boundary conditions Bn (called Neumann boundary
condition) on the surface of the region used for tracking,
thereby enabling the reconstruction of the magnetic field
within the surface. The magnetic field generated by both
magnetic dipoles and monopoles can be expressed in terms
of spherical harmonics, as detailed in Appendix B. One key
advantage of this representation is its expressibility in
Cartesian coordinates transformed from spherical coordi-
nates. For a beamline composed of straight and curved
segments connected in series, a sequence of spherical
elements can be used to model such a beamline. Each
sphere in this sequence corresponds to a local Cartesian
coordinate system. Within each sphere, local magnetic
field information is encoded using spherical harmonics
calculated from the reconstructed sources, as seen in
Fig. 15 [25,26].
The beamline shown in Fig. 9 consists of curved seg-

ments and extended straight sections. The particles

FIG. 14. Beamline comprises both straight and curved seg-
ments. Cylindrical coordinates are applicable in the straight
segments, while ring coordinates are more suitable for the curved
segments. Spherical coordinates can be employed at the junctions
due to the complex superposition of fields from two sides.

FIG. 13. Tracking results in ring coordinates at the end of the
beamline are shown (iþ jþ kþ l ≤ 2). Three different step
sizes are used for tracking through the beamline: red (10 mm),
green (5 mm), and blue (2.5 mm). In the upper figure, black
points represent the results in the x − y phase space. In the lower
figure, the three types of points denote the difference between the
GF and RK methods.
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primarily experience the curved beamline. At the entrance
and exit of the beamline, they also traverse extended
straight sections. Magnetic dipoles are employed to recon-
struct the magnetic fields, and the details of the procedure
are shown in [27]. The strength of the field harmonics used
to represent the scalar potential in a sphere along the
beamline is illustrated in Fig. 16. The vector potential can
be computed using the relation in Eq. (7). High-order
harmonics can be neglected in the field representation
due to the rapid decay of the strength. The advantage of
this approach is the high precision of magnetic field
reconstruction, allowing for an analytical representation
of the local magnetic field, including the magnetic vector
potential and magnetic scalar potential. The disadvantage is
that, as the beam moves, it is necessary to switch between
different spherical coordinate systems based on its position.

The particle’s momentum switches between canonical and
mechanical momentum.

2. Tracking codes in spherical coordinates

The Hamilton-Jacobi equation becomes simpler within
spherical regions that are described by Cartesian fields, as
opposed to curved coordinates, due to a reduction in the
degrees of freedom. The simplified form of the equation is
given by

∂zF ¼ 1 − 1

2
ð∂xF − εaxÞ2 − 1

2
ð∂yF − εayÞ2: (49)

The longitudinal coordinate is represented within the
coefficients of the generating function by means of
Taylor series rather than trigonometric functions in the
original paper [14]. The coefficients fðijlÞ in the generating
function can be decomposed as follows:

ZðijlÞ ≔
∂fðijlÞ
∂z

¼
X∞
p¼0

ZðpÞ
ðijlÞz

p;

fðijlÞ ¼
X∞
p¼1

Zðp−1Þ
ðijlÞ

zp − zpf
p

: (50)

The derivatives of fðijlÞ with respect to x; y are represented
as follows:

XðijlÞ ≔
∂fðijlÞ
∂x

− δ0i δ
0
jδ

1
l ax ¼

X∞
p¼0

XðpÞ
ðijlÞz

p;

YðijlÞ ≔
∂fðijlÞ
∂y

− δ0i δ
0
jδ

1
l ay ¼

X∞
p¼0

Y ðpÞ
ðijlÞz

p: (51)

For ði; j; lÞ ≠ ð0; 0; 1Þ, we have:

XðpÞ
ðijlÞ ¼

8<
:

Zðp−1;xÞ
ðijlÞ
p ; if p > 0;

−P∞
q¼1 X

ðqÞ
ðijlÞz

q
f; if p ¼ 0.

(52)

Y ðpÞ
ðijlÞ ¼

8<
:

Zðp−1;yÞ
ðijlÞ
p ; if p > 0;

−P∞
q¼1 Y

ðqÞ
ðijlÞz

q
f; if p ¼ 0.

(53)

The recurrence relation for high-order coefficients is
given by

ZðpÞ
ðijlÞ ¼ − 1

2

X
ðα;β;χÞ

Xp
q¼0

�
XðqÞ

ðα;β;χÞX
ðp−qÞ
ði−α;j−β;l−χÞ

þ Y ðqÞ
ðα;β;χÞY

ðp−qÞ
ði−α;j−β;l−χÞ

�
: (54)

FIG. 15. By placing magnetic moments or monopoles exter-
nally (represented as the surrounding dots), outside the pipe, to
satisfy the specified normal magnetic field boundary conditions
Bn on its surface, the magnetic field within the surface is uniquely
determined. The reconstructed field is stored in a series of
spheres, each with its own Cartesian coordinate system. As
particles move, their coordinate system and sphere index should
be adjusted accordingly. Arbitrary beamlines can be simulated
through the assembly of multiple spheres.

FIG. 16. The y axis represents the spherical harmonic coef-
ficients in one sphere along the beamline, scaled by rnref to ensure
consistent units and comparable intensity. The strength of the
field harmonics decreases rapidly with increasing order of
spherical harmonics, and very high-order harmonics can be
neglected for field map.
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The Newton’s method to obtain the final momentum is
given by

pxf ¼px0 −
X
ijl

" X∞
p¼1

Zðp−1;xÞ
ðijlÞ

zp0 − zpf
p

!
ðpxfÞiðpyfÞjεl

#
;

pyf ¼py0 −
X
ijl

" X∞
p¼1

Zðp−1;yÞ
ðijlÞ

zp0 − zpf
p

!
ðpxfÞiðpyfÞjεl

#
:

(55)

Then the final coordinate is derived:

xf ¼
X
ijl

 X∞
p¼1

Zðp−1Þ
ðijlÞ

zp0 − zpf
p

!
iðpxfÞi−1ðpyfÞjεl þ x0;

yf ¼
X
ijl

 X∞
p¼1

Zðp−1Þ
ðijlÞ

zp0 − zpf
p

!
ðpxfÞijðpyfÞj−1εl þ y0:

(56)

The spherical harmonics used to represent the field are
truncated at order p ≤ 50 to ensure precise reconstruction
of the field. We track 36 particles initially uniformly
distributed within a circle of radius 5 mm in the beamline
(including both straight and curved segments), and the
results are presented in Fig. 17. Figures 12 and 17 are not
directly comparable. In Fig. 12, particles only experience
the curved beamline. Whereas in Fig. 17, they also pass
through extended straight sections at the entrance and exit.
At the end of the beamline, we analyze the tracking results
for different settings, including varied step sizes ds and
truncated orders for the generating function iþ jþ l, and
compare them with the fine-step (0.5 mm) Runge-Kutta
tracking results, as shown in Fig. 18. The error is below
0.02% relatively. Overall, the error is very small. Even with
a step size as large as 10 mm, truncating the order to
iþ jþ l ≤ 3 still yields excellent tracking results. The

code is tested on a laptop with an Intel(R) Core(TM) i7-
9750H CPU @ 2.60 GHz using Python for orders up to 3.

IV. CONCLUSION

We introduce a tracking scheme based on the generating
function for curved magnetic elements. The field descrip-
tion is detailed under axisymmetric conditions or through
3D harmonic expansions. The Hamilton-Jacobi equation is
solved using the perturbation method. Several tests have
been conducted to validate the algorithm, including hard-
edge magnets under axisymmetric conditions, curved
magnets with a reference orbit described by toroidal (ring)
functions, and multisphere models for any beamline.
It is noted that the accuracy of this calculation is

dependent on the orders of expansion for generating
function F, and, in principle, can be enhanced to achieve

FIG. 18. Tracking results in spherical coordinates at the end of
the beamline are shown. Three different settings for the GF
method are used for tracking through the beamline: blue
(ds ¼ 5 mm, order truncated to iþjþ l≤2), green (ds¼10mm,
order truncated to iþ jþ l ≤ 2), and red (ds ¼ 10 mm, order
truncated to iþ jþ l ≤ 3). In the upper figure, the black point
represents the results in the x − y phase space. In the lower figure,
three types of points denote the difference between the GF and
RK methods.

FIG. 17. Symplectic tracking of particles in spherical coordi-
nates by generating function.
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arbitrary precision given sufficient computational resour-
ces. The new method is expected to be extremely useful for
beamlines with special magnet designs, such as those
employed in proton therapy with compact superconducting
magnets or in intricate field configurations within ring
accelerators.
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APPENDIX A: FIELD REPRESENTATION IN
CYLINDRICAL COORDINATES

The two referenced papers, [18,24], describe the pro-
cedure for extracting the relevant field representation coef-
ficients for harmonic functions using cylindrical or ring
surface data. For both straight and curved beamline ele-
ments, a multipole decomposition approach, based on fitting
numerical data to a bounding surface, ensures a significant
reduction of residuals within the bounded region.
Within an infinitely extended straight cylindrical geom-

etry, the magnetic scalar potential can be expressed as

ψðρ; θ; zÞ ¼
X
m≥0

Z
∞

−∞
dk × ψ ðmÞðkÞImðkρÞeimθeikz; (A1)

where ImðkρÞ means the modified Bessel function [28].
For a cylindrical geometry with longitudinal periodicity L,
the magnetic scalar potential is expressed as follows:

ψðρ; θ; zÞ ¼
X
m≥0

ψ ðm;0Þρmeimθ

þ
X
m≥0

X
k≠0

ψ ðm;kÞIm

�
k
2π

L
ρ

�
eimθeik

2π
L z: (A2)

The radial magnetic field on the cylindrical surface is
calculated as follows:

Bρ ¼
X
m≥0

ψ ðm;0Þmρm−1eimθ

þ
X
m≥0

X
k≠0

ψ ðm;kÞ ∂Im
∂ρ

eimθeik
2π
L z: (A3)

In the magnet simulation software, the coefficients ψ ðm;kÞ
can be derived from Bρ by performing two-dimensional
Fourier transforms separately with respect to θ and z.

Similarly, the “radial” magnetic field Bη on the bore
surface of a ring geometry is given by

Bηðη0; ξ;ϕÞ ¼
k
3
2

c

X∞
m¼−∞

X∞
n¼−∞

ζm;neinϕeimξ

×

�
sinhðη0Þ

2k
þ

∂
∂ηQ

jnj
jmj−1

2

½coshðη0Þ�
Qjnj

jmj−1
2

½coshðη0Þ�

	
:

(A4)

Here, the “angle” variable ξ is not well separated in the
expression. To determine the coefficients ζm;n, we employ a
simple analytical approach. The Fourier decomposition on
the ring surface η0 with respect to the geometric angle θ is
straightforward to derive. Concurrently, the Fourier decom-
position of each ring in terms of θ can also be numerically
obtained. By establishing a comparative framework
between these two decompositions, we formulate a matrix
equation that uniquely determines the coefficients ζm;n.

APPENDIX B: FIELD GENERATED BY THE
MAGNETIC MOMENTS

The Helmholtz theorem states that the inner fields can be
reconstructed by the magnetic field on the surface of the
region [29]:

B⃗ðx⃗Þ ¼ ∇ × A⃗tðx⃗Þ þ∇φnðx⃗Þ;

φnðx⃗Þ ¼
1

4π

Z
∂Ω

n⃗ðx⃗sÞ · B⃗ðx⃗sÞ
jx⃗ − x⃗sj

ds;

A⃗tðx⃗Þ ¼ − 1

4π

Z
∂Ω

n⃗ðx⃗sÞ × B⃗ðx⃗sÞ
jx⃗ − x⃗sj

ds: (B1)

Moreover, the uniqueness theorem in electrodynamics
posits that the normal component of the magnetic field
Bn on the boundary surface of the region is sufficient to
uniquely determine and reconstruct the internal magnetic
field. If the magnetic moments or monopoles outside the
region are appropriately configured to satisfy the Bn
boundary condition, the internal magnetic field can be
accurately reconstructed.
Considering a cluster of current elements Ijd⃗lj with

spherical coordinates ðrj; θj;ϕjÞ far away from the origin,
the vector potential at the origin can be calculated by the
Biot-Savart law as follows:

A⃗ðr; θ;ϕÞ ¼ μ0
X∞
n¼0

Xn
m¼−n

M⃗n;m × rnYn;mðθ;ϕÞ;

M⃗n;m ¼
X
j

Ijd⃗lj
2nþ 1

Yn;mðθj;ϕjÞ
rnþ1
j

: (B2)
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The magnetic moment can be defined as the limit of a
current loop. The coefficient M⃗n;m for a magnetic moment
located at ðr0; θ0;ϕ0Þ with direction ðΘ;ΦÞ is calculated as
follows:

M⃗n;m ¼ jm⃗jðnþ 1Þ
rnþ2
0 ð2nþ 1ÞYn;mðr̂0 × m̂Þ

þ jm⃗j
rnþ2
0 ð2nþ 1Þ

∂Yn;m

∂ cos θ

�
−ẑ × m̂ − z0

r0
m̂ × r̂0

�

þ jm⃗j
rnþ2
0 ð2nþ 1Þ

∂Yn;m

∂ϕ

�
cosΘ sin ðΦ − ϕ0Þ

sin θ0

ẑ × m̂
jẑ × m̂j

− cos ðΦ − ϕ0Þ
sin θ0

ðẑ · m̂Þm̂ − ẑ
jẑ × m⃗j

�
:

(B3)

Specifically, if the magnetic moment is located at the
polar axis θ0 ¼ 0; π, the only nonzero coefficients M⃗n;m are
given by

M⃗−1
n ¼ −cosnþ1θ0

−mxêz þmzêx
2nþ 1

K1
n

rnþ2
0

nðnþ 1Þffiffiffi
2

p ;

M⃗0
n ¼ cosnþ1θ0

mxêy −myêx
2nþ 1

ðnþ 1ÞK0
n

rnþ2
0

;

M⃗1
n ¼ −cosnþ1θ0

myêz −mzêy
2nþ 1

K1
n

rnþ2
0

nðnþ 1Þffiffiffi
2

p : (B4)

The scalar potential of a magnetic moment can be
represented by spherical harmonics as follows:

φ¼μ0
X∞
n¼0

Xn
m¼−n

rnYn;mðθ;ϕÞMn;m;

Mn;m¼
X∞
n¼0

Xn
m¼−n

jm⃗j
ð2nþ1Þrnþ2

0

�
ðnþ1Þr̂0 · m̂Yn;m

þ ∂Yn;m

∂cosθ

�
z0
r0
r̂0 · m̂− cosΘ

�
−∂Yn;m

∂ϕ
ẑ · ðr̂0× m̂Þ
ðr̂0× ẑÞ2

�
:

(B5)

Specifically, if the magnetic moment is located at the polar
axis θ0 ¼ 0; π, the only nonzero coefficients Mn;m are
given by

Mn;−1 ¼ −cosnþ1θ0
K1

nmyffiffiffi
2

p ð2nþ 1Þ
ðnþ 1Þn
rnþ2
0

;

Mn;0 ¼ cosnþ1θ0
K0

nmz

2nþ 1

nþ 1

rnþ2
0

;

Mn;1 ¼ −cosnþ1θ0
K1

nmxffiffiffi
2

p ð2nþ 1Þ
ðnþ 1Þn
rnþ2
0

: (B6)

The expression of spherical harmonics can be expressed
in terms of Legendre functions as follows:

Yn;mðθ;ϕÞ¼

8>><
>>:

ffiffiffi
2

p
Km

n cosðmϕÞPm
n ðcosθÞð−1Þm; m>0;ffiffiffi

2
p

Km
n sinð−mϕÞP−m

n ðcosθÞð−1Þm; m<0;

K0
nP0

nðcosθÞ; m¼0.

(B7)

Km
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ 1Þ

4π

ðn − jmjÞ!
ðnþ jmjÞ!

s
: (B8)

Switching from spherical to Cartesian coordinates, the
formula for spherical harmonics is given by

rnYn;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 1

2π

r Xðn−mÞ=2

k¼0

Xk
r¼0

Xk−r
s¼0

Xm
p¼0

× fn;mk;r;s;px
pþ2ry−pþ2sþmzn−2r−2s−m;

fn;mk;r;s;p ¼
�
ð−1Þkð2n − 2kÞ! cos

�
π

2
ðm − pÞ

�
Cp
m

�
=½2nr!s!ðk − r − sÞ!ðn − kÞ!ðn − 2k −mÞ!m!�
=½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþmÞ!=ðn −mÞ!

p
=m!�;

(B9)

which is suitable for straight magnetic elements [30].
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