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Laser wakefield acceleration (LWFA) may enable the next generation of TeV-scale lepton colliders.
Reaching such energies will likely require multiple LWFA stages to overcome limitations on the energy
gain achievable in a single stage. The use of stages, however, introduces challenges such as alignment,
adiabatic matching between stages, and a lower average accelerating gradient. Here, we propose a discrete
flying focus that can deliver higher energy gain in a single stage, thereby reducing the number of stages
required for a target energy. A sequence of laser pulses with staggered focal points and delays drives a
plasma wave in which an electron beam experiences a near-constant accelerating gradient over distances
beyond those attainable with a conventional pulse. Simulations demonstrate that a discrete flying focus
with a total energy of 150 J can transfer 40 GeV per electron to a 50-pC beam in a single 30-cm stage,
corresponding to 50 dephasing lengths.
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I. INTRODUCTION

In laser wakefield acceleration (LWFA), a laser-driven
plasma wave focuses and accelerates an electron beam [1].
Because plasma waves can sustain accelerating gradients
that are orders of magnitude higher than those of conven-
tional radio-frequency accelerators, LWFA has been con-
sidered for a next-generation TeV-scale lepton collider
[2,3]. However, the required TeV-scale beam energies
are far higher than the GeV-scale energies that can be
transferred to a beam in a single LWFA stage. This is due to
two limitations: (i) dephasing [Fig. 1(a)], where the beam
outruns the accelerating phase of the plasma wave, and
(ii) pump depletion, where the laser pulse exhausts its
energy by driving plasma waves. To overcome these
limitations, the advanced accelerator community envisions
chaining together multiple LWFA stages. For example, the
Snowmass 2021 Design Frontier proposed an electron
accelerator with an accelerating gradient of ∼100 GeV=m,
but only ∼3 GeV of energy gain per 3-cm stage [3].
With these parameters, ∼300 stages would be required
to accelerate an electron beam to 1 TeV.
The use of stages for LWFA poses significant challenges,

including beam transport between stages, adiabatic

matching of the beam into each plasma section, and
alignment and temporal synchronization of the beam and
laser pulses [4–7]. In addition, the meter-scale gaps
required between each stage would reduce the average
accelerating gradient by nearly 2 orders of magnitude.
These challenges, along with the overall collider complex-
ity, can be mitigated by decreasing the number of stages
Nstages. One approach is to increase the energy gain in
each stage by operating at lower electron densities:
ΔEstage ∝ n−10 so that Nstages ∝ n0. However, this approach
decreases the accelerating gradient ðEz ∝

ffiffiffiffiffi
n0

p Þ and hence

increases the total length of plasma LT ∝ n−1=20 [4].
Space-time-structured laser pulses provide an alternative

approach to enhancing the energy gain in a single LWFA
stage [8–13]. These “flying-focus” concepts rely on a
controllable-velocity intensity peak to keep the accelerating
phase of the driven plasma wave collocated with an electron
beam, thereby eliminating dephasing. This allows for oper-
ation at higher densities, enabling larger energy gains over the
same length or identical energy gains over shorter lengths
when compared to equal-energy conventional pulses. By
providing higher energy gains, such concepts could reduce
the number of required stages without increasing the length
of the plasma. Flying-focus pulses have been experimentally
demonstrated using two techniques: (i) chromatic focusing
of a chirped laser pulse [14,15] and (ii) reflection from an
axiparabola-echelon pair, which independently focuses and
delays radial annuli of a pulse [16]. This latter technique is
now being considered as the basis for an experiment to
achieve a 100-GeV-scale electron beam in a single meter-
scale stage as part of the NSF OPAL project [17,18].
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Here, we introduce a concept for enhancing the energy
gain in a single LWFA stage using a train of collinear laser
pulses with different focal points [Fig. 1(b)]. The delays
between the pulses in this discrete flying focus (DFF) are
chosen so that each pulse comes into focus and drives the
plasma wave a fixed distance ahead of the electron beam.
Despite the subluminal group velocity of each pulse, the
accelerating phase of the plasma wave advances at the
vacuum speed of light. As a result, the accelerating phase
remains collocated with a highly relativistic electron beam
over the entire stage. In the linear regime (normalized
vector potentials a0 ≲ 0.5), each pulse drives the plasma
wave strongly over its Rayleigh range. In the nonlinear
regime (a0 ≳ 2), each pulse self-guides and strongly drives
the plasma wave over its pump depletion length.
Quasistatic particle-in-cell simulations in this regime show
that a DFF can drive a plasma wave that accelerates a 50-pC
electron beam by 40 GeV in a single 30-cm stage,
corresponding to 50 dephasing lengths.

The remainder of this article begins with theory describ-
ing the propagation of a DFF pulse (Sec. II). The theory
extends the arbitrarily structured laser (ASTRL) pulse
concept [19] to account for plasma dispersion. The pulse
and plasma parameters for an LWFA stage far longer than a
dephasing length are designed using scaling laws in the
linear and nonlinear regimes (Sec. II). QPAD simulations
[20,21] based on these designs confirm that a plasma wave
driven by a DFF can accelerate an externally injected
electron beam over tens of dephasing lengths in both
regimes (Sec. III). Notably, the simulations are not exten-
sively optimized, indicating that further tuning of the DFF
parameters could result in even larger energy gains or
higher beam charge. Further, the ability to independently
tune the parameters of each pulse (e.g., polarization, spot
size, and duration) offers greater flexibility to structure and
control the plasma wave than previous flying-focus con-
cepts [8–11,13]. These prospects are discussed in the
concluding section of the paper (Sec. IV).

II. THEORY

The design of a DFF for LWFA begins with an extension
of the formalism developed for ASTRL pulses [19] to
account for linear dispersion in cold, uniform plasma. The
propagation of a laser pulse through such a plasma is
described by the wave equation

�
∇2 − 1

c2
∂2t
�
A ¼ ω2

p

c2
A; (1)

where A is the vector potential of the pulse in the Coulomb
gauge, ∇ ·A ¼ 0, and ωp ¼ ðe2n0=meε0Þ1=2 is the plasma
frequency. For propagation along the ẑ direction, the
transverse vector potential can be expressed as a normal-
ized vector envelope aðt; z;x⊥Þ modulated by a carrier
wave

A⊥ðt;z;x⊥Þ¼
1

2

�
mec2

e

�
aðt;z;x⊥Þeik0ðz−vϕtÞ þ c:c:; (2)

where k0 is the central wave number and vϕ ¼ ω0=k0 is the
phase velocity, with ω2

0 ¼ ω2
p þ c2k20. Because the trans-

verse components of the vector potential evolve independ-
ently, it is sufficient to consider the evolution of a single
component: aðt; z;x⊥Þ ¼ aðt; z;x⊥Þϵ̂ where ϵ̂ is a polari-
zation unit vector. Substituting Eq. (2) into Eq. (1) and
transforming to the coordinates ðζ; sÞ≡ ðz − vgt; zÞ, where
vg ¼ c2k0=ω0 ≈ ½1 − 1

2
ðω0=ωpÞ2�c is the linear group

velocity, yields

h
∂2s þ 2∂s∂ζ þ

�
1−vg

c

�
2
∂2ζ þ∇2⊥þ 2ik0∂s

i
aðζ; s;x⊥Þ ¼ 0.

(3)

FIG. 1. Comparison of LWFA with a conventional pulse and a
discrete flying focus in the linear regime. (a) A single pulse
traveling at its group velocity (black) drives a plasma wave
(gray), whose longitudinal field Ez accelerates a highly relativ-
istic electron (cyan). The pulse and longitudinal field slip back-
ward in ξ ¼ z − ct as the pulse propagates from z ¼ 0 to 2Ld. As
a result, the electron moves from an accelerating to a decelerating
longitudinal field, which limits its energy gain—a process
referred to as dephasing. (b) A sequence of pulses (red, green,
and blue) with appropriately selected delays and focal points
drives a plasma wave (gray) whose longitudinal field remains
stationary in ξ. This eliminates dephasing by ensuring that the
electron (cyan) remains collocated with the maximum accelerat-
ing field over the entire distance. In both (a) and (b), the field of
the laser pulse is calculated using Eq. (7), and the longitudinal
field is calculated using linear theory [4,22]. The specific
parameters, chosen for illustration, are k0=kp ¼ 40, kpτ0 ¼ 0.5,
fj ¼ jLd, and Δj ¼ ð1 − vg=cÞfj ¼ ðπ

2
Þjk−1p . The dephasing

length is kpLd ¼ 1600π, the single pulse in (a) has kpzR ¼ ∞,
and each pulse in (b) has kpzR ¼ 320.
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The first three terms in Eq. (3) are dropped since they
are small compared to the ∇2⊥ and 2ik0∂s terms (see
Appendix A). This reduces Eq. (3) to the steady-state
paraxial wave equation

½∇2⊥ þ 2ik0∂s�aðζ; s;x⊥Þ ≈ 0. (4)

The absence of ∂ζ terms in Eq. (4) implies that each
temporal slice of the laser pulse evolves independently.
Thus, Eq. (4) admits separable solutions of the form

aðt; z;x⊥Þ ¼ A0Bðz − vgtÞCðz;x⊥Þ; (5)

where the coordinates ðt; zÞ have been reintroduced. Here,
A0 is the amplitude, B is an arbitrary complex function,
and C is a complex function satisfying the paraxial wave
equation ½∇2⊥ þ 2ik0∂z�C ¼ 0. This is the same form
derived for vacuum propagation in Ref. [19] with vg
replacing the vacuum speed of light in B.
A laser pulse with an envelope described by Eq. (5) will

excite a plasma wavewith a relativistic phase velocity when
propagating in an underdense plasma (ωp ≪ ω0). In the
linear regime ða0 ≡max jaj≲ 0.5Þ, the distance over
which a plasma wave excited by the solution in Eq. (5)
can accelerate a particle with vz ≈ c is limited by diffraction
and dephasing. Diffraction is associated with the transverse
profile Cðz;x⊥Þ, which determines the length scale over
which the pulse maintains a high intensity and strongly
drives the plasma wave. Dephasing is associated with the
temporal profile Bðz − vgtÞ, which determines the phase
velocity of the plasma wave vw ¼ vg. The wavelength of
the wave is λw ¼ 2πk−1p , where kp ≡ ωp=c is the plasma
wave number. Thus, electrons with vz ≈ c initially collo-
cated with the maximum accelerating field of the wave will
encounter a decelerating field when the laser pulse has
slipped backward by Δξ ¼ ðπ=2Þk−1p , where ξ≡ z − ct.
This occurs after a distance referred to as the dephasing
length Ld, given by

kpLd ≡ π

2

�
1 − vw

c

�−1
: (6)

For ω0=ωp ≫ 1, kpLd ≈ πðω0=ωpÞ2. Figure 1(a) illustrates
dephasing in the linear regime for a single pulse with
C ¼ 1. The pulse (black) and accelerating field of the
plasma wave (Ez, gray dotted line) slip backward with
respect to the electron (cyan) such that it is no longer
accelerated for z > Ld.
The key idea of the present work is that dephasing can be

overcome by using a train of collinear pulses with different
focal points. To demonstrate this, a linear superposition of
N laser pulses of the form given by Eq. (5) is considered:

aðt; z;x⊥Þ ≈
XN
j¼1

1

2
A0jBjðz − vgtÞCjðz;x⊥Þ

× eik0ðz−vϕtÞϵ̂j þ c:c: (7)

The amplitude of each pulse A0j is chosen to produce a
desired amplitude a0 for the overall structure. The profiles
Bj and Cj are selected so that each pulse comes into focus
when it has slipped backward into the value of ξ where the
previous pulse was focused. Here, as in Ref. [19], a
Gaussian temporal profile is used:

Bjðz − vgtÞ ¼ exp

�
−
�
z − vgt − Δj

cτj

�
2
�
; (8)

where τj is the duration andΔj is the initial peak position of
each pulse. Similarly, the paraxial solution for a Gaussian
beam is used for the transverse profile:

Cjðz;x⊥Þ ¼
�

zR;j
qjðzÞ

�
exp

�
− ik0jx⊥j2

2qjðzÞ
�
; (9)

where qjðzÞ≡ z − fj þ izR;j is the complex beam param-
eter, fj is the focal point, zR;j ¼ 1

2
k0w2

0j is the Rayleigh
range, and w0j is the spot size of each pulse. For simplicity,
the same amplitude A0j ¼ A0, Rayleigh range zR;j ¼ zR,
and duration τj ¼ τ0 are used for all pulses.
With these choices, the overall amplitude of the envelope

[Eq. (7)] peaks when each pulse comes into focus at
zfocus;j ¼ fj and tfocus;j ¼ ðfj − ΔjÞ=vg. The corresponding
ξ value of the peak amplitude is then given by ξfocus;j ¼
zfocus;j − ctfocus;j ¼ ðc=vgÞΔj þ ð1 − c=vgÞfj. Thus, each
pulse will come into focus at the same value of ξfocus;j ¼
ξ0 if the Δj are chosen as

Δj ¼
�
vg
c

�
ξ0 þ

�
1 − vg

c

�
fj: (10)

In the limit of many pulses (N ≫ 1), this choice for Δj

produces a continuous peak that moves through the plasma
at the vacuum speed of light vf ¼ c (or through vacuum
at the superluminal velocity vf ¼ c2=vg). In practice, the
phase velocity of the plasma wave vw may be slightly
different from vf due to nonlinear effects, linear effects
absent in Eq. (7) (e.g., higher-order dispersion or space-
time couplings), and the dependence of the plasma wave
structure on the entire pulse profile rather than its peak
location. Nevertheless, Eq. (10) provides a starting point
that can be tailored to compensate for these effects and
achieve vw ¼ c.
Figure 1(b) illustrates how dephasing can be circum-

vented in the linear regime using a DFF with N ¼ 3 pulses.
The schematic shows the transverse vector potential of the
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three pulses [Eq. (7)] and the longitudinal electric field Ez
of the plasma wave that they drive. As each pulse slips
backward in ξ, it is replaced by its successor, which
becomes the predominant driver of the plasma wave.
With Δj and fj related by Eq. (10), the ξ value of the
peak accelerating field remains stationary and collocated
with a highly relativistic electron (cyan) over multiple
dephasing lengths (z ¼ 0 to 2Ld).
The total length that the DFF drives the plasma wave LD

is determined by the number of pulses N, the distance
between successive focal points δfj ¼ fjþ1 − fj, and the
distance over which a single pulse drives the plasma
wave Lp. For equally spaced focal points, δfj ¼ δf and

LD ¼ ðN − 1Þδf þ Lp: (11)

A minimum number of pulses Nmin is required to maintain
a near-uniform accelerating field over the length LD. This
minimum can be estimated from the condition that the
distance between successive focal points is less than the
distance over which a single pulse drives the plasma wave:
δf < Lp. A single pulse maintains a high amplitude and
drives the plasma wave over a Rayleigh range zR in the
linear regime (a0 ≲ 0.5) and a pump depletion length Lpd in
the nonlinear regime (a0 ≳ 2) [23]. For a nonlinearly
matched pulse with kpw0 ¼ 2

ffiffiffiffiffi
a0

p
, the pump depletion

length is given by Lpd ¼ ðk0=kpÞ2cτ0 [23]. Thus, the
minimum number of pulses required for near-uniform
acceleration may be estimated as

Nmin ≈
	
LD=zR; a0 ≲ 0.5

LD=Lpd; a0 ≳ 2.
(12)

In most cases of relevance, zR ≪ Lpd, such that a DFF
would require many more pulses in the linear regime than
the nonlinear regime.
A highly relativistic electron (vz ≈ c) that experiences a

nearly uniform accelerating field over a distance Lwill gain
an energy mec2Δγ ≈ −eEzL. In the linear and nonlinear
regimes,

Δγ ≈

8>><
>>:

π

8
kpLa20; a0 ≲ 0.5

1

2
kpL

ffiffiffiffiffi
a0

p
; a0 ≳ 2.

(13)

With a conventional pulse, L is limited to a dephasing
length: either kpLd ¼ πðk0=kpÞ2 in the linear regime or
kpLd ¼ 4

3
ðk0=kpÞ2 ffiffiffiffiffi

a0
p

in the nonlinear regime [23]. While
the dephasing length can be increased by using a density
gradient [24], the acceleration length would still be limited
by pump depletion, which also scales as k20=k

2
p. Thus, for

fixed a0 and k0 in the conventional case, increasing the

energy gain in a single stage,ΔγC ∝ n−10 , requires operating
at lower electron densities with weaker accelerating fields,
Ez ∝

ffiffiffiffiffi
n0

p
, and longer stages, Ld ∝ n−3=20 .

With the DFF, L ¼ LD ≈ Nδf, which is limited only by
the number of pulses when δf is fixed. As a result, the
single-stage energy gain can be increased without resorting
to lower densities and weaker fields by using more pulses.
For δf ¼ zR in the linear regime and δf ¼ Lpd in the
nonlinear regime,

ΔγD ≈

8>><
>>:

π

8
kpzRNa20; a0 ≲ 0.5

k20
2kp

cτ0N
ffiffiffiffiffi
a0

p
; a0 ≳ 2.

(14)

In this configuration, the energy gain increases linearly
with the number of pulses N and has a more favorable
scaling with the density compared to a conventional pulse:
ΔγD ∝ ffiffiffiffiffi

n0
p

and ∝ 1=
ffiffiffiffiffi
n0

p
in the linear and nonlinear

regimes, respectively.
By eliminating dephasing, LWFA driven by a DFF can

operate at higher densities where the accelerating field is
stronger: Ez ∝

ffiffiffiffiffi
n0

p
. This allows for (i) larger energy gains

over the same length, (ii) equal-energy gains over shorter
lengths, or (iii) anything in between. Option (i) would
minimize the number of stages required to reach a target
energy. In a single stage of fixed length L, the ratio of
energy gains attainable by a DFF and conventional pulse
with the same a0 and k0 is given by ΔγD=ΔγC ¼ kpD=kp
where kpD ¼ ðe2n0D=meε0c2Þ1=2 and n0D is the design
density for LWFA driven by a DFF, which can be much
higher than in LWFA with a conventional pulse [9].
For a conventional pulse, the value of kp can be related
to the acceleration (dephasing) length, leading to the useful
expression [9]:

ΔγD
ΔγC

≈
�
kpD
k0

�
8>><
>>:

�
k0L
π

�
1=3

a0 ≲ 0.5
�
3k0L
4

ffiffiffiffiffi
a0

p
�

1=3
a0 ≳ 2.

(15)

As an example, in a single stage with L ¼ 32 cm,
n0D ¼ 3 × 1018 cm−3, a0 ¼ 4, and λ¼2πc=ω0¼800 nm,
ΔγD ≈ 4ΔγC—the energy gain attainable with a DFF is
approximately 4× higher than that attainable with a
conventional pulse. The advantage of the DFF would
be even larger at higher densities or with longer stages,
albeit at the cost of more pulses. Note that while the ratio
of energy gains increases with density, the amount of
charge that can be loaded into the plasma wave decreases
as n−1=20D . Thus, there is a tradeoff between the
acceleration gradient and the amount of charge that can
be accelerated [23,25,26].
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The number of pulses composing a DFF N also controls
the amount of overlap between pulses (for fixed Δj and τj).
When the pulses overlap significantly, the profile of the
overall envelope [Eq. (7)] is sensitive to the relative phases
of the pulses and may be different than that of the individual
pulses. For example, the effective spot size weff may be
larger than the spot size of each pulse w0. The pulses begin
to overlap when their spacing is comparable to the pulse
duration, i.e., Δjþ1 − Δj ≈ cτ0. The number of pulses
beyond which overlapping occurs may be estimated as

Noverlap ¼
�
1 − vg

c

�
L
cτ0

: (16)

In the nonlinear regime, Noverlap ≈ 1
2
Nmin. This shows

that the pulses at least partially overlap in the nonlinear
regime if the condition N > Nmin is satisfied, regardless
of the pulse or plasma parameters. In the linear regime,
Noverlap ≈ 1

4
ðk2pw2

0=ω0τ0ÞNmin. Here, the degree of overlap
depends on the pulse and plasma parameters. In either case,
overlap can be mitigated by choosing the polarization
of successive pulses to be orthogonal, which effectively
doubles Noverlap.

III. SIMULATIONS

To demonstrate that a DFF can eliminate dephasing in
LWFA, simulations were performed using the quasistatic,
quasi-3D particle-in-cell (PIC) code QPAD [20]. QPAD

models the evolution of the plasma electrons in response
to the ponderomotive force of a laser pulse, as well as the
electric and magnetic fields generated by the resulting
charge separation. The induced electron current, in turn,

feeds back onto the propagation of the pulse through the
relativistic nonlinearities and ponderomotive modifications
to the electron density profile. Further details regarding
the algorithm and numerical parameters can be found
in Appendix B. Comparisons of QPAD to the full (i.e.,
non-quasistatic) PIC code OSIRIS [27] are presented in
Appendix C.

A. Linear regime

Figure 2 shows that dephasing can be circumvented in
the linear regime by using a DFF and provides insight into
the DFF and plasma wave structure. A DFF with N ¼ 250
and a0 ¼ 0.1 drives a plasma wave with vw ¼ c over 20
dephasing lengths, L ¼ 20Ld (see Table I for other param-
eters). The absence of dephasing and the velocity vw ¼ c
are evident in Fig. 2(a) by the nearly identical structures and
locations of the pulse and plasma wave in ξ, i.e., neither
recedes in ξ over 20 dephasing lengths of propagation. This
indicates that a highly relativistic electron (vz ≈ c) initially
located in the maximum accelerating field will remain in
that field over the entire length of the accelerator.
Figures 2(b) and 2(c) display the transverse structure of

the DFF pulse and plasma wave. Both the DFF pulse and
plasma wave maintain near-constant transverse profiles
throughout propagation, which is critical to ensuring that
an ultrarelativistic electron experiences a constant focusing
force as it accelerates. The coherent superposition of the
N ¼ Nmin ≫ Noverlap pulses produces a continuous DFF
envelope with an “X”-shaped structure, arising from the
slice-dependent focal length. The temporal precursor of the
DFF pulse, visible in Figs. 2(a) and 2(b), gradually recedes
as each pulse comes into focus and is replaced by the
“postcursor” visible in Figs. 2(a) and 2(c).

FIG. 2. Evolution of a discrete flying focus and driven plasma wave in the linear regime (a0 ¼ 0.1). (a) The on-axis ðjx⊥j ¼ 0Þ
envelope of the DFF pulse (red and blue) and longitudinal electric field of the plasma wave (black and gray) have nearly identical
profiles in ξ ¼ z − ct after the pulse has propagated 5 (solid) and 20 (dashed) dephasing lengths. (b),(c) The spatiotemporal structures of
the DFF envelope (top) and longitudinal field (bottom) are also nearly identical at these propagation distances. From left to right in ξ, the
variation in the transverse width of the DFF (i.e., the X structure) results from ξ slices that have already passed through focus, are at or
near focus, and have yet to come into focus, respectively. This slice-dependent focusing is also the source of the pre- and postcursors on
the envelopes in (a). In this example, N ¼ 250 ¼ Nmin ≫ Noverlap. Due to significant overlap between individual pulses, the spot size of
the overall envelope kpweff ¼ 9 is larger than that of the individual pulses kpw0 ¼ 4.
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Figures 3(a)–3(c) show how the structure of the accel-
erating field (Ez) depends on the number of pulses
composing a DFF in the linear regime. With a single pulse
[Fig. 3(a)], the on-axis ðjx⊥j ¼ 0Þ accelerating field slides
backward in ξ and quickly drops in magnitude. These
are direct results of the pulse driving a plasma wave with
vw ¼ vg < c and quickly diffracting, respectively. The
dashed line in the inset marks a trajectory traveling at vg
over a single dephasing length. Thus, even if diffraction
could be counteracted (for instance, with a plasma wave-
guide), dephasing would still occur over a distance con-
sistent with Eq. (6) (kpLd ≈ 2000).
When the number of pulses is increased to N ¼

40 < Nmin, the accelerating field persists over the entire
propagation distance of 25Ld [Fig. 3(b)]. However, the
phase velocity of the plasma wave vw evolves irregularly,

and the longitudinal field exhibits discrete gaps due to
the large separation between the focal points of each
pulse. In this case, each pulse contributes to the drive
over a long enough distance that spatiotemporal cou-
plings develop in its profile. This invalidates the sepa-
rable form of Eq. (5) (see Appendix A) and contributes a
temporal broadening that smooths the longitudinal field
at larger distances in Fig. 3(b). Despite this smoothing, a
constant accelerating field over the entire acceleration
distance still requires N ≳ Nmin.
Figure 3(c) demonstrates that a DFF with N ¼ Nmin ¼

250 pulses in the linear regime can excite a smooth and
constant accelerating field with vw ¼ c. The parameters
are the same as those in Fig. 2. A highly relativistic
electron (vz ≈ c) initially collocated with the maximum
accelerating field [blue stripe at kpξ ≈ −3 in Fig. 3(c)]
would travel along a vertical line in ξ − z space and
experience the maximum accelerating field over the entire
25 dephasing lengths.

B. Nonlinear regime

While the linear regime provides important insights into
the benefit of LWFA driven by a DFF, the nonlinear regime
(a0 ≳ 2) offers several key advantages. First, the accelerat-
ing field is much higher, allowing for significantly larger
energy gains in a single stage. Second, the focusing fields
are much stronger and linear in radius, which helps
preserve the emittance. Finally, the DFF can be composed
of far fewer pulses, which would reduce the complexity of
an experimental implementation. This latter advantage
arises because self-guiding allows each pulse in the DFF
to strongly drive the plasma wave over its depletion length,
rather than being limited to the Rayleigh range as in the
linear regime.
Figures 3(d)–3(f) illustrate how the structure of the on-

axis accelerating field depends on the number of pulses
composing the DFF in the nonlinear regime. With a single
pulse [Fig. 3(d)], the accelerating field slides backward in ξ,
as it did in the linear regime. However, in contrast to the
linear regime, the maximum amplitude of the accelerating
field is relatively constant over a single dephasing length
(see inset). This is because the individual pulse parameters
were chosen to be nonlinearly matched for self-guiding
(kpw0 ¼ 2

ffiffiffiffiffi
a0

p
), which prevents the drop in amplitude due

to linear diffraction. Instead, the amplitude drops over a
depletion length Lpd ¼ Ld=2 ≈ 10zR, as the pulse transfers
its energy to the plasma wave.
The dashed line in the inset of Fig. 3(d) marks the

trajectory of the accelerating field driven by a single
pulse in the nonlinear regime. The accelerating field slips
backward 2.5× more rapidly than in the linear regime [see
Fig. 3(a) inset]. This is consistent with Ref. [23], which
predicts a 3× higher rate of slippage due to etching, i.e.,
local depletion at the front of the pulse. Although the rate
of slippage is higher, the nonlinear dephasing length is

TABLE I. Parameters for the simulations presented in Figs. 2
and 3. The normalized vector potential of each pulse a0j is scaled
to achieve the desired a0 for the overall envelope. Note that for
the profile choices defined in Eqs. (8) and (9), a0j ¼ A0j. The
values for fjþ1 − fj and Δjþ1 − Δj are, respectively, listed for
the N > 1 cases. Time and space are normalized by ω−1

p and k−1p
where indicated.

Laser parameters Value Normalized

λ0 800 nm 2π=25
k0 7.8 μm−1 25
τ0 16 fs 1.5
w0 13 μm 4
zR 640 μm 200
Ld 0.64 cm 2000
Lpd 0.32 cm 1000

Discrete flying-focus
parameters (a0 ¼ 0.1)

N · · · 40, 250
Nmin · · · 250
Noverlap · · · 25
a0j · · · 0.1, 0.024
fjþ1 − fj 4 mm, 0.6 mm 1250, 200
Δjþ1 − Δj 3.2 μm, 0.5 μm 1; 0.16

Discrete flying-focus
parameters (a0 ¼ 4)

N · · · 20, 40
Nmin · · · 50
Noverlap · · · 25
a0j · · · 4
fjþ1 − fj 8 mm, 4 mm 2500, 1250
Δjþ1 − Δj 6.4 μm, 3.2 μm 2, 1

Plasma parameters

n0 3 × 1018 cm−3 · · ·
k−1p 3.2 μm 1
L 16 cm 50 000
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similar to the linear dephasing length (kpLd ≈ 2000)
because the wavelength of the plasma wave is longer in
the nonlinear regime.
As in the linear regime, increasing the number of pulses

in the nonlinear regime provides a smoother and more
constant accelerating field that persists over a longer
distance [Figs. 3(e) and 3(f)]. However, the evolution
of the accelerating field is now more complex. For
N ¼ 20 < Nmin, the large separation between the pulses
results in a longitudinal field with a modulated period
[Fig. 3(e)]. In the nonlinear regime, the period of the plasma
wave depends on the amplitude and spot size of the driving
pulse, both of which oscillate as each pulse comes into
focus and then depletes. At larger z, the modulations
are partially smoothed due to the development of space-
time couplings in the profile of each pulse, which increases
their overlap.
Figure 3(f) demonstrates that a DFF withN ¼ 40 ≈ Nmin

pulses in the nonlinear regime can excite a smooth and
constant accelerating field with vw ¼ c. Because the overall
pulse is more uniform, the modulations in the accelerating
field observed with N ¼ 20 are mostly absent. In principle,

the residual modulations could be mitigated by optimizing
the parameters of each pulse, such as the relative delays,
focal locations, durations, or spot sizes. This will be a topic
for future investigation. For the examples in Figs. 3(e)
and 3(f), the polarization alternated between the x̂ and ŷ
directions from one pulse to the next. This reduces the
interference between pulses and was found to produce a
more stable accelerating structure.
With regard to the striations observable at smaller ξ in

Figs. 3(d)–3(f), QPAD is accurate within the first period of
the plasma wave but can deviate from full OSIRIS simu-
lations in the nonlinear regime after the first period (see
Appendix C for comparisons). This is a consequence of
the quasistatic approximation, which assumes that the
background electrons have a velocity less than vw. These
deviations, however, do not impact the accelerating field
experienced by a separate population of highly relativistic
electrons located in the first period.

C. Acceleration in the nonlinear regime

The plasma wave driven by a DFF in the nonlinear
regime can accelerate an electron beam over many

FIG. 3. Dependence of the on-axis ðjx⊥j ¼ 0Þ longitudinal field Ez on the number of pulses driving the plasma wave in the (a)–(c)
linear and (d)–(f) nonlinear regimes. (a) With a single pulse (N ¼ 1) in the linear regime ða0 ¼ 0.1Þ, the maximum accelerating field
(dashed black line) recedes and drops in amplitude due to the subluminal group velocity and diffraction of the pulse. (b) For a DFF
composed of N ¼ 40 < Nmin ¼ 250 pulses, the plasma wave persists over the entire propagation range of 25 dephasing lengths, but the
large separation between pulses results in an irregular longitudinal field. (c) A DFF with N ¼ 250 ¼ Nmin pulses drives a plasma wave
with a smooth longitudinal field and a phase velocity vw ¼ c. (d) With a single pulse (N ¼ 1) in the nonlinear regime ða0 ¼ 4Þ, the
maximum accelerating field (dashed black line) recedes and drops in amplitude due to a combination of the subluminal group velocity
and depletion. (e),(f) Similar to the linear regime, a DFF composed of too few pulses (N ¼ 20 < Nmin ¼ 50) produces an irregular field,
while a DFF composed of a sufficient number of pulses (N ¼ 40 ≈ Nmin) produces a smooth field.
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dephasing lengths while preserving the initial emittance
of the beam. To demonstrate this, QPAD simulations were
conducted with an axially uniform 48-pC, 1-GeV mono-
energetic electron beam externally injected into a plasma
wave driven by a DFF with a0 ¼ 4, N ¼ 80, and
L ¼ 50Ld ¼ 32 cm. These are the same DFF parameters
used for the example in Sec. II and for Fig. 3(f), but
with twice the length. The length L ¼ 50Ld was chosen
to accommodate demands on computational resources
and does not represent a physical limitation of DFF-driven
LWFA.
Figure 4 shows that the DFF-driven plasma wave

[Fig. 4(a)] accelerates the injected electrons from 1 GeV
to an average energy of mec2γ̄ ¼ 41 GeV [Fig. 4(b)].
This is 3× higher than the energy achievable with a
conventional pulse in a lower-density stage of the same
length. Over the entire beam, the acceleration preserves
the normalized slice emittance at its initial value of
ϵx ¼ 4 μm [Fig. 4(c)]. The average slice energy develops
a slight positive chirp, which contributes to a final energy
spread of σγ=γ̄ ¼ 0.04. The slice energy spread, however,

is significantly lower: σγðξÞ=γ̄ðξÞ ¼ 0.001. The slight
decrease in the spot size of the beam, observable in
Fig. 4(a), is consistent with the theoretically predicted
adiabatic evolution σxðγÞ∝ γ−1=4 [28].
For this example, the parameters of each pulse compos-

ing the DFF were tailored to prevent the injected beam from
interacting with the rear sheath of the plasma wave. The
delays Δj of the first two pulses were shifted back relative
to Eq. (10) by 2k−1p and 1k−1p , respectively. All subsequent
pulses had delays given by Δj ¼ ½1

2
ðkp=k0Þ2 − S�fj,

where fj ¼ 1250ðj − 1Þk−1p ≈ ð5=4Þðj − 1ÞLpd. Here, S ¼
1.25 × 10−5 is a correction to the linear group velocity
factor 1 − vg=c ≈ 1

2
ðkp=k0Þ2 ¼ 8 × 10−4 that corresponds

to an additional slippage of 1k−1p over 40Ld of propagation.

These customized parameters were chosen to compensate
for a slight advance in the accelerating field observed in a
separate QPAD simulation with uniformly spaced pulses.
With uniform spacing, most of the beam was lost: the rear
sheath of the plasma wave repeatedly swept over and
defocused the beam. The advance of the accelerating field
is visible for the analogous simulation with L ¼ 25Ld
shown in Fig. 3(f).
The initial normalized emittance of the beam,

ϵx ¼ 4 μm, was chosen to satisfy the emittance matching
condition for an initial spot size of kpσx ¼ 0.2. This
emittance value is relatively high in the context of linear
collider designs. While the matched emittance can be
decreased by using a smaller spot, the spot was limited
in the simulations by computational demands on the
transverse resolution kpΔx ¼ 0.1. To examine the emit-
tance growth of a lower-emittance beam, QPAD simulations
were also run with L ¼ 5Ld (i.e., 10× shorter distance),
a 10× higher transverse resolution of kpΔx ¼ 0.01, a spot
size of σx ¼ 0.02k−1p ¼ 65 nm, and a matched normalized
emittance of ϵx ¼ 0.0126k−1p ¼ 40 nm. These simulations
also exhibited negligible emittance growth. This suggests
that emittance growth would be negligible over a distance
L ¼ 50Ld if the beam were initialized with a collider-
quality emittance.
The DFF and electron beam parameters were chosen

to demonstrate the concept and were not optimized for
accelerated charge or efficiency. Nevertheless, it is still
instructive to calculate the efficiency. The initial energy in
the overall pulse was 150 J, while the total energy gain of
the electron beam was 1.9 J, yielding an efficiency of 1.3%.
This efficiency is low for two reasons. First, the beam needs
to be in front of the rear sheath of the plasma wave because
it oscillates, as seen in Fig. 3(f). Second, the blowout is
incomplete, i.e., the background electrons have not been
completely expelled in the first period of the plasma wave.

FIG. 4. Acceleration of a 50 pC electron beam from 1 to 41 GeV over 32 cm, or 50 dephasing lengths, using a discrete flying focus
with tailored delays. (a) Electron density of the background plasma and electron beam normalized to n0. The beam profile and
accelerating structure are preserved over the entire length of the accelerator. Note that the beam density saturates the color map. (b) Mean
slice energy of the beam. At the end of the accelerator (z ¼ 32 cm), the spectrum is nearly monoenergetic with an energy spread
σγ=γ̄ ¼ 0.04. (c) Normalized slice emittance. The emittance does not grow as the beam is accelerated.
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If these issues can be resolved through optimization of the
pulse train, the efficiency could be significantly higher.
Equation (6) of Ref. [25] indicates that a total charge of
Q ≈ 400 pC with an optimized trapezoidal beam profile
can be loaded in a fully blown out wave at Ez ¼−mecωp=e, which would increase the efficiency to 10%.

IV. DISCUSSION AND CONCLUSIONS

A discrete flying focus can eliminate dephasing by
driving a plasma wave with a phase velocity equal to the
vacuum speed of light (vw ¼ c). This allows highly
relativistic electrons to remain collocated with the maxi-
mum accelerating field of the plasma wave over a distance
limited only by the number of pulses or total pulse energy.
By removing the constraint of dephasing, a DFF-driven
LWFA can operate at higher densities, providing larger
energy gains in a single stage or equal-energy gains in a
shorter stage. The former would reduce the number of
stages required to reach a target electron beam energy.
Quasi-3D PIC simulations with nonoptimized parame-

ters demonstrated that a DFF-driven plasma wave can
accelerate a 50-pC electron beam from 1 to 41 GeVover 50
dephasing lengths while preserving the beam quality. This
is 3× the maximum energy gain achievable with a conven-
tional pulse in a lower-density stage of the same length.
The acceleration length in the simulation was limited by
computational resources and could, in principle, be
extended to attain beam energies beyond 100 GeV in a
single stage. With a longer stage or at higher density, the
energy gain achievable by a DFF becomes even larger than
that of a conventional pulse [Eq. (15)].
The simulation domain was filled with preionized

plasma. In practice, this would require a large amount of
energy, which would reduce the overall efficiency. For the
41-GeV result, the energy required to preionize the
hydrogen gas would be πR2

pLpn0Ui ≈ 2600 J, where
Rp ¼ 2.1 cm is the maximum radius of the simulation
and Ui ¼ 13.6 eV is the ionization potential. In principle,
the energy required for ionization could be reduced by a
factor of 3 with no changes to the laser pulse if the
preionized plasma were structured into a cone.
Alternatively, the energy required for ionization could be
reduced by orders of magnitude if the DFF could be
efficiently coupled into a preionized plasma with a radius
of a few spot sizes Rp ≈ 3w0. This approach would likely
necessitate customization of the pulse parameters and radial
density profile to mitigate refraction. Another approach to
reducing the required energy by orders of magnitude is to
redesign the DFF to both ionize a gas and drive a plasma
wave as in Ref. [29]. The spacing of the pulses would be
chosen to account for linear dispersion in both the gas and
plasma. This approach would also necessitate careful
design of the pulse and plasma to mitigate refraction—in
this case, ionization-induced. Both approaches are areas for
future work.

The DFF was designed using the formalism of ASTRL
pulses [19]. The ASTRL formalism is sufficiently general
that it encompasses continuous flying-focus pulses and
therefore is inherently more flexible. The configuration
considered here consists of multiple, collinear pulses with
tunable delays, focal points, and polarizations that can be
independently tuned. However, the ASTRL formalism also
allows for tunable spot sizes, durations, and topological
structure, such as transverse or longitudinal orbital angular
momentum. This provides an extremely open parameter
space for optimizing LWFA. In addition, unlike the
axiparabola-echelon flying focus, the DFF used here
features a near-constant spot size, which helps to mitigate
the evolution of the accelerating field. The cost of these
benefits is increased experimental complexity due to the
use of multiple pulses.
Future work could explore customization of individual

pulse parameters in order to optimize plasma formation,
energy gain, or beam quality. For instance, the techniques
described in Refs. [30,31] could be adapted to determine
a pulse train that mitigates refraction, produces a more
complete blowout, or suppresses the oscillations in the
rear sheath of the plasma wave observed in Figs. 3(e)
and 3(f). More generally, the duration, axial shape, spot
size, or orbital angular momentum of each pulse could also
be tuned using the ASTRL formalism, offering extensive
possibilities. A train of incoherent pulses could also be
used to relax requirements on the coherence of each pulse.
The alternating polarization case, which resembles an
incoherent sum, provides confidence that this approach
could be effective.
Here, the DFF was used solely to produce a plasma wave

with vw ¼ c, but the flexibility to structure the pulse train
could be beneficial in a variety of LWFA scenarios. For
instance, a DFF could drive a plasma wave with a slower
phase velocity for muon acceleration [32] or a superluminal
phase velocity to prevent wave breaking [33]. As another
example, a DFF with orbital angular momentum—
constructed by choosing a different Laguerre-Gaussian
mode for the Cj—could be used for dephasingless
LWFA of positrons [9,34]. Finally, the first few pulses
could be tailored to either facilitate self-injection or to
suppress it when external injection is employed.
An experimental realization of a DFF pulse could take

advantage of techniques for manipulating and assembling
multiplexed laser pulses. For instance, the multiplexed
pulses of a high-power fiber laser [35] could be independ-
ently delayed and focused before being coherently com-
bined on a collinear path. Alternatively, if the central
frequency of each pulse can vary, a broad bandwidth pulse
could be dispersed into several pulses that could be
independently delayed and focused. Note, however, that
dividing the bandwidth in this manner would place a lower
bound on the duration τj of each pulse. The possibility of
using different central frequencies and assessing the
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limitations thereof requires further investigation. A sche-
matic and further discussion of possible techniques can be
found in the original work on ASTRL, Ref. [19].
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APPENDIX A: HIGHER-ORDER EFFECTS OF
LINEAR LASER PROPAGATION

The laser profiles in Eqs. (5) and (7) were derived by
dropping three terms from Eq. (3): the mixed derivative
∂s∂ζ, the dispersive term ð1 − vg=cÞ2∂2ζ , and the ∂2s term.
Each of these terms has a corresponding length scale Lsζ,
Lζζ, Lss that determines when higher-order corrections to
the approximate solution in Eq. (5) may be important.
These length scales can be estimated for a single pulse
following the multiscale expansion approach in Ref. [19]:

Lsζ ¼
1

2
cτ0k20w

2
0 (A1)

Lζζ ¼
1

2

�
k0
kp

�
2

k0ðcτ0Þ2 (A2)

Lss ¼
1

2
k30w

4
0 (A3)

The Lsζ and Lss length scales are the same in vacuum and
plasma. For a pulse initialized according to Eq. (5), Lsζ is
the length scale over which the envelope will develop
nonseparable dependencies on the temporal and transverse
coordinates. Beyond the Lζζ length scale, group velocity
dispersion causes substantial temporal broadening of the
pulse, which reduces its amplitude. Finally, when Lss is
comparable to the Rayleigh range zR ¼ 1

2
k0w2

0, nonparaxial
corrections will cause the transverse profile to deviate from
a solution to the paraxial wave equation.
These estimates apply to a single pulse. Due to inter-

ference, the evolution of the pulse train is more complex.
Nonetheless, the length scales for a single pulse provide
estimates for when higher-order linear effects can contrib-
ute. When they do contribute, it may be necessary to tailor
the pulse train to compensate. For example, the Lsζ term
results in a nonideal radial group delay, where the amount
of slippage depends on radius. This can be compensated by
adjusting the Δj for each pulse. The correction can be

estimated from geometric optics as Δj ¼ Δð0Þ
j þ Δð1Þ

j ,

where Δð0Þ
j is the right-hand side of Eq. (10) and the

first-order correction is given by

Δð1Þ
j ¼ fj

k20w
2
0

: (A4)

The simulation results in Sec. III can be interpreted
in light of these considerations. The single-pulse length
scales using the parameters in Table I are kpLsζ ¼ 7500,
kpLζζ ¼ 2 × 104, and Lss ¼ 104zR. The correction in
Eq. (A4) is consistent with the evolution of the phase
velocity in the case with a0 ¼ 0.1 and N ¼ 40 shown in
Fig. 3(b), where there is a large separation between the
individual pulses. For the case with a0 ¼ 0.1 and N ¼ 250
shown in Fig. 3(c), the phase fronts do not slip backward
even though L > Lsζ and L > Lζζ. In this case, there is
significant overlap between the pulses. The resulting
interference produces an overall pulse with an effective
spot size of kpweff ¼ 9 and duration of ωpτeff ¼ 4, both
larger than those of the individual pulses. Using these
values in Eqs. (A1) and (A2), the length scales become
kpLsζ ¼ 105 and kpLζζ ¼ 1.25 × 105 so that higher-order
effects are negligible over the simulated length scale
kpL ¼ 5 × 104. The a0 ¼ 4 cases in Sec. III demonstrate
that despite propagation beyond Lsζ and Lζζ and some
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distortion to the profile in Eq. (7), it is possible to obtain
good results without additional compensation to the delays
Δj given by Eq. (10). However, additional tailoring could
potentially improve the results.

APPENDIX B: SIMULATION DETAILS

QPAD is a quasistatic PIC code [20,21]. Quasistatic PIC
codes take advantage of several approximations to reduce
computational expense: (i) the laser pulse or particle beam
driver does not evolve in the time it takes a slice of plasma
particles to pass through it; (ii) all relevant waves have
phase velocities near the speed of light; and (iii) in the case
of a laser pulse, laser-cycle averaged (or “ponderomotive
guiding center”) equations of motion can be used for the
background electrons [36]. With these approximations, the
full set of Maxwell’s equations is simplified to a set of
Poisson-like equations for the potentials of the plasma
wave and a nonlinear wave equation for the envelope of the
laser pulse. The quasi-3D algorithm expands the fields,
charge and current densities, and laser envelope into
azimuthal modes. These quantities are calculated on grids
in the coordinates ðr; ξÞ, and the expansion is truncated at a
desired mode number. For the simulations presented in this
work, only mode 0 was used.
In all cases considered in this study, a uniform plasma

was simulated. The radius of the plasma Rp was large
enough to accomodate the spot size wmax of the most out-
of-focus laser pulse at z ¼ 0. For the simulations with
kpL ¼ 50000 in Figs. 2 and 3, the most out-of-focus spot
size was wmax ≈ ðL=zRÞw0 ¼ 1000k−1p . These simulations
used Rp ¼ 3300k−1p . For the simulation with an externally
injected beam in Fig. 4, the plasma radius was
Rp ≈ 6600k−1p ≈ 2 cm. The initial Lorentz factor of the
beam was γ0 ¼ 2000 so that mec2γ0 ≈ 1 GeV. The beam
was cylindrically symmetric, with a spot size of σx ¼
0.2k−1p ¼ 650 nm and a matched normalized emittance of
ϵx ¼ kpσ2xðγ0=2Þ1=2 ¼ 1.26k−1p ¼ 4 μm [28]. The current
profile was constant in ξ with a length kpLb ¼ 1. The
resolution in all cases was kpΔz ¼ 0.01, kpΔx⊥ ¼ 0.1, and
ωpΔt ¼ 10. These values were chosen to ensure numerical
convergence in the cases where a0 ¼ 4.

APPENDIX C: NONLINEAR LWFA
IN QPAD AND OSIRIS

In order to demonstrate the accuracy of QPAD, reduced-
scale simulations were performed to compare QPAD and
the fully electromagnetic PIC code OSIRIS [27] using
identical laser pulse and plasma parameters. Remarkable
agreement between the electron densities and the electric
field envelopes of the laser pulses is evident in Fig. 5. The
physical parameters correspond to the nonlinear (a0 ¼ 4)
cases presented in Table I, but with N ¼ 1 [Figs. 5(a)
and 5(b)] or N ¼ 9 [Figs. 5(c) and 5(d)].

Figures 5(a) and 5(b) show the electron densities and
electric field envelopes of the laser pulses from (a) QPAD

and (b) OSIRIS for N ¼ 1 at kpz ¼ 100 ≪ kpLpd. Within
the first period of the plasma wave, the structures of the
waves and the envelopes agree. For kpξ≲−7, the QPAD

results deviate from the OSIRIS results: In the nonlinear
regime, background electrons in the rear sheath of the wave
can be accelerated to velocities close to vw, which causes
the quasistatic approximation to break down.
Figures 5(c) and 5(d) show the electron densities and

electric field envelopes of DFF pulses from (c) QPAD and
(d) OSIRIS for N ¼ 9 at kpz ¼ 9000. A major difference
from the N ¼ 1 case is the highly modulated and length-
ened envelope of the pulses. As the individual pulses in the
DFF deplete, they are locally redshifted. The lower group
velocity of the redshifted light causes it to slide back into
the plasma wave structure. This redshifted light can become
trapped in the wave and modify its structure—for example,
by preventing closure of the rear sheath, as seen in
Figs. 5(c) and 5(d). For longer stages, the redshifted light
can cause multiple cycles of sheath opening and closing, as
observed in Fig. 3(f). The local wave number of the light

FIG. 5. The electron densities and electric field envelopes from
(left) QPAD and (right) OSIRIS simulations run with the same
physical parameters. The results for a single pulse (N ¼ 1) are
shown in (a) and (b), while the results for a DFF with N ¼ 9
pulses are shown in (c) and (d). The agreement between QPAD and
OSIRIS is excellent. In (c) and (d), local depletion and redshifting
causes the light to slip backward, where it is temporarily trapped
by the plasma wave. This prevents the rear sheath from closing.
Over longer distances, the sheath undergoes multiple cycles of
opening and closing as the trapped light first accumulates and
then escapes out the back [see Figs. 3(e) and 3(f)]. The quasistatic
model used in QPAD does not capture self-injection, which is
observed in the OSIRIS simulations (d).
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(not shown) drops from kðξÞ ¼ k0 ¼ 25kp at ξ ¼ 0 to
kðξÞ ¼ 12kp ≈ k0=2 at ξ ≈ −6. The longitudinal resolution
Δξ ¼ 0.01 in the QPAD simulations was chosen to resolve
this redshifting.
Another difference between the N ¼ 1 and N ¼ 9 cases

is the more complete blowout in the N ¼ 1 case. The
incomplete blowout driven by the DFF (on-axis density
≈0.1n0) reduces the accelerating field and limits how much
charge can be loaded in the plasma wave. The incomplete
blowout is caused by a reduction in the DFF amplitude,
which falls to about half its original amplitude. The
amplitude reduction could potentially be addressed by
further tailoring of the laser pulses.
The electron density from the N ¼ 9 OSIRIS simulation

features a 0.35-nC self-injected bunch [Fig. 5(d)]. Self-
injection cannot be modeled within the quasistatic
approximation [37]. Nevertheless, QPAD accurately mod-
els the laser pulse and plasma evolution in the region
upstream of the self-injected bunch, where the dynamics
are causally disconnected from the self-injected bunch.
In this region, QPAD effectively cycle-averages the short-
wavelength oscillations in the plasma density observed in
the OSIRIS simulations. Self-injection occurs only in the
vicinity of the moving density spike at the rear of the
sheath. Thus, self-injection does not alter the evolution
of the externally injected beam in Fig. 4. However, the
OSIRIS simulation suggests that the design presented in
Fig. 4 could have dark current. This dark current could
potentially be mitigated by beam loading or by tailoring
the properties of the individual DFF pulses to stabilize the
rear sheath.
Figures 5(c) and 5(d) also indicate that redshifted light

would be spatially overlapped with an externally injected
electron beam, as used in Fig. 4. The coupling between this
light and the electron beam (i.e., direct laser acceleration
[38]) is not currently modeled in QPAD. In principle, direct
laser acceleration could lead to an increase in the transverse
momentum and emittance of the beam. In practice, the
effect of direct laser acceleration on the beam is negligible:
The beam betatron wave number kβ and the wave number
of the redshifted light kL are always far from the DLA
resonance condition kβ ¼ kL. For the parameters used here,
kL ≈ 12kp and kβðtÞ < kβð0Þ ¼ kpð2γ0Þ−1=2 ¼ 0.016kp.
To confirm that direct laser acceleration is negligible, the
equations of motion for a subset of externally injected
electrons were numerically solved using laser pulse and
plasma wave fields derived from a phenomenological
model, as in Ref. [39]. These calculations indicated that
the emittance growth from the beam-laser interaction was
negligible for the case in Fig. 4 with kpL ¼ 100; 000 when
using a beam with a spot size of σ0x ¼ 0.02k−1p ¼ 65 nm
and matched emittance of ϵx ¼ 0.0126k−1p ¼ 40 nm.
In Fig. 5, the electric field envelope for QPAD was

calculated from the complex vector potential (amplitude
and phase), while the electric field envelope for OSIRIS was

extracted using a Hilbert transform. The OSIRIS simulations
were run using the quasi-3D azimuthal decomposition [40]
and the field solver introduced in Ref. [41] to mitigate
numerical dispersion.
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