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Scaling fixed-field alternating-gradient accelerators (scaling FFAs) are promising candidates for high-
intensity proton drivers, for which space charge effects are a key limitation of beam performance. For long
bunches in circular accelerators, 2.5D space charge methods provide an efficient alternative to full 3D PIC
methods by exploiting the large longitudinal-to-transverse aspect ratio of the bunch. In scaling FFAs,
however, the reference closed orbit varies with particle energy, and the transverse and longitudinal
directions are not directly available in cylindrical coordinates. Therefore, the longitudinal slicing and
transverse planes required by a 2.5D model must be reconstructed dynamically, rather than defined from a
single fixed reference orbit, which poses a central challenge for efficient 2.5D modeling in high-intensity
scaling FFAs. This paper presents a new 2.5D space charge modeling method for high-intensity scaling
FFAs and its implementation in the PyFFA code. The central idea is to replace the fixed reference orbit
used in conventional 2.5D models with a dynamically reconstructed local reference frame based on a
precomputed family of energy-dependent closed orbits. During tracking, this frame is updated according
to the instantaneous particle state, enabling transverse Poisson equations to be solved consistently in this
dynamic local coordinate system. The resulting space charge field is then transformed back to global
cylindrical coordinates and applied in the tracking equations. Benchmarks of space charge fields, tune
shifts, rms envelope evolution, and longitudinal phase-space evolution show good agreement with
analytical results, validating the field calculation and its coupling to beam dynamics for long, arc-shaped
bunches in scaling FFAs. The implemented model enables efficient studies of space charge effects on
beam dynamics in high-intensity scaling FFAs.

DOI: 10.1103/q1xb-z29j

I. INTRODUCTION

High-intensity proton accelerators are key driver plat-
forms for spallation neutron sources, muon sources, and
advanced isotope production facilities [1–5]. These facili-
ties are typically operated in a pulsed mode, in which a
large number of particles are accumulated within a single
pulse through multiturn injection, leading to high peak
beam intensity. Space charge effects are among the key
factors that limit beam quality and intensity in such
machines. Therefore, establishing a suitable numerical
model for space charge is a fundamental requirement
for high-intensity beam dynamics studies.

The choice of a space charge model is closely related to
the bunch geometry. For bunches with comparable trans-
verse and longitudinal dimensions, 3D particle-in-cell
(PIC) methods provide a general description of self-fields
for complex charge distributions. However, for long
bunches in circular accelerators, where the longitudinal
bunch size is much larger than the transverse size, a full 3D
PIC calculation on a Cartesian mesh remains general but
may require a large computational domain to cover the
full bunch length while resolving the much smaller trans-
verse dimensions. In this regime, much of the Cartesian
mesh may remain unoccupied by particles, reducing mesh
efficiency and increasing the computational cost. Such an
approach can therefore become computationally demand-
ing, and in some cases even impractical, for routine high-
intensity tracking studies. This geometrical mismatch
between a Cartesian PIC mesh and a long, arc-shaped
bunch is illustrated in Fig. 1. A commonly used alternative
is a 2.5D space charge model [6,7], in which the bunch is
divided into a sequence of longitudinal slices and a 2D
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Poisson problem is solved on the transverse plane of each
slice. This slice-based formulation exploits the large
longitudinal-to-transverse aspect ratio of the bunch and
reduces the computational cost while retaining the dom-
inant transverse self-field; longitudinal self-field effects
can be included through an additional line-charge treat-
ment when needed.
Spiral-sector scaling fixed-field alternating-gradient

accelerators (spiral scaling FFAs) combine fixed magnetic
fields, strong focusing, and large momentum acceptance,
and are considered promising candidates for high-power
proton drivers [8–11]. Space charge modeling in scaling
FFAs, however, remains challenging. Although the bunch
in a high-intensity scaling FFA can still be regarded as a
long bunch, its geometry is more complicated than that in
rings with a fixed reference orbit. The bunch forms a long
arc-shaped distribution along the curved closed orbits, and
the closed orbits vary with particle energy. As a result, no
single fixed closed orbit can serve as a global reference
throughout acceleration. Conventional 2.5D space charge
methods based on a fixed reference orbit and its associated
local coordinate system therefore cannot be applied
directly. In other words, the difficulty of space charge
modeling in scaling FFAs is twofold: a Cartesian-grid 3D
PIC method is not well matched to the long, arc-shaped
bunch geometry and can be computationally inefficient,
whereas a conventional 2.5D model relies on a fixed
reference orbit and a predefined local coordinate system
that are no longer valid.
In recent years, several numerical tools have been

developed for high-intensity beam dynamics in scaling
FFAs, including Zgoubi [12], OPAL [13], and SCODE [14].

In Zgoubi, space charge has been incorporated through
slice-based treatments, where field maps or analytical
elements are divided into thin slices and transverse space
charge kicks are applied between successive slices. The
original studies reported applications mainly based on
KV-type beam distributions and slice-based space charge
approximations, and explicitly identified more general PIC
simulations as necessary for high-intensity beams with
nonuniform distributions, emittance growth, and self-
consistent collective dynamics [15,16].
OPAL has also been applied to FFA-related beam dyna-

mics studies, but the reported applications have mainly
focused on single-particle dynamics rather than high-
intensity space charge effects. Although OPAL includes
a general 3D PIC space charge solver and has reported
applications in isochronous cyclotrons and other short-
bunch space charge studies [17], its application to long
bunches in high-intensity scaling FFAs has not, to our
knowledge, been systematically reported.
SCODE has also incorporated space charge modeling

for FFAs, using approaches such as multipole expansions.
Nevertheless, recent related work has further emphasized
that, for long bunches distributed along curved orbits, the
proper definition of a local coordinate system remains one
of the key difficulties in space charge modeling [18].
These developments indicate that, although space

charge effects in FFAs have been studied to some extent,
a clear and systematic modeling framework is still lacking
for the scaling FFAs case in which long bunches and
nonfixed closed orbits coexist. This has limited, to some
degree, further studies of space charge effects in high-
intensity scaling FFAs.
Motivated by these considerations, we develop a new

2.5D space charge modeling method for scaling FFAs with
long arc-shaped bunches and energy-dependent closed
orbits, and implement it in PyFFA [19], a beam dynamics
code that we developed for high-intensity scaling FFA
simulations. The central idea is to replace the single
fixed reference orbit assumed in conventional 2.5D models
with a dynamically reconstructed local reference frame
based on an energy-dependent closed-orbit family. During
tracking, the reference closed-orbit geometry and the
corresponding transverse and longitudinal coordinates
are reconstructed according to the instantaneous bunch
state, allowing the long arc-shaped bunch to be sliced and
treated in a local coordinate system consistent with the
global cylindrical tracking variables. The transverse space
charge field is obtained from slice-by-slice 2D Poisson
solves, the longitudinal field is approximated from the line
charge density, and the resulting local field components
are projected back to the global cylindrical coordinates
for particle tracking. The method is validated through
benchmarks of transverse and longitudinal electric fields,
space charge tune shifts, rms envelope evolution, and

FIG. 1. Schematic illustration of the geometrical mismatch
between a Cartesian PIC mesh and a long, arc-shaped bunch in a
circular accelerator. For such a bunch geometry, a Cartesian-grid
3D PIC calculation may require a large mesh domain while only
a small fraction of the mesh overlaps with the beam distribution,
reducing mesh efficiency.
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longitudinal phase-space evolution, and is further applied
to high-intensity beam dynamics studies related to the
CSNS=FFA project.

II. DIFFICULTIES IN SPACE CHARGE
MODELING FOR SCALING FFAS

A. Numerical tracking framework for FFAs

In scaling FFA beam simulations, particles are usually
tracked using field maps in a global cylindrical coordinate
system. In this framework, particle trajectories are
advanced directly in the global coordinates according to
the electromagnetic field distribution, without requiring a
single fixed reference orbit for the tracking itself. The
motion of a charged particle is governed by the Lorentz
force equation

dp
dt

¼ qðEþ v ×BÞ; (1)

where p is the particle momentum, v is the particle
velocity, and q is the particle charge. The electromagnetic
fields acting on the particle can be decomposed into
externally applied fields and beam self-fields:

E ¼ Eext þ Esc; (2)

B ¼ Bext þ Bsc: (3)

Here, Eext mainly denotes the external rf accelerating
field, and Bext denotes the prescribed main magnetic field.
The terms Esc and Bsc denote the space charge self-fields.
For a scaling FFA, the vertical magnetic field on the

median plane usually has a radial scaling law and an
azimuthal flutter structure. It can be written as

Bzðr; θ; 0Þ ¼ Bref

�
r
rref

�
k
F½θ − θspðrÞ�; (4)

where Brefðr=rrefÞk gives the radial scaling of the field
amplitude, Bref is the magnetic field strength at the
reference radius rref , and k is the field index. The function
F describes the azimuthal flutter of the magnetic field,
and θspðrÞ denotes the spiral. In numerical tracking, the
external magnetic field can be generated either from the
above analytical scaling field model or directly from 2D or
3D field maps.
When the 2D median-plane magnetic field is known, it

can be extrapolated to the off-median-plane region from
Maxwell’s equations under the condition of median-plane
symmetry [20]. Defining the transverse Laplacian on the
median plane as

∇2
r;θ ≡ ∂2

∂r2
þ 1

r
∂
∂r

þ 1

r2
∂2

∂θ2
; (5)

off-median-plane magnetic field components can be
expressed as series expansions in the vertical coordinate z:

Brðr; θ; zÞ ¼
X∞
n¼0

ð−1Þn z2nþ1

ð2nþ 1Þ!
∂
∂r

�ð∇2
r;θÞnBzðr; θ; 0Þ

�
;

(6)

Bθðr; θ; zÞ ¼
1

r

X∞
n¼0

ð−1Þn z2nþ1

ð2nþ 1Þ!
∂
∂θ

�ð∇2
r;θÞnBzðr; θ; 0Þ

�
;

(7)

Bzðr; θ; zÞ ¼
X∞
n¼0

ð−1Þn z2n

ð2nÞ! ð∇
2
r;θÞnBzðr; θ; 0Þ: (8)

This expansion provides a commonly used way to
construct a near-median-plane 3D magnetic field from a
median-plane field map. It also illustrates an important
feature of FFA tracking: particles can be advanced directly
in the actual magnetic field distribution using global
cylindrical coordinates, without relying on a single fixed
closed orbit as the global reference trajectory. This differs
from the reference-orbit-based formulation commonly
used in conventional synchrotron tracking, where trans-
verse and longitudinal coordinates are defined with respect
to a prescribed design orbit. In an FFA tracking framework
based on global cylindrical variables, the local transverse
and longitudinal coordinates required by a 2.5D space
charge model are not directly available and must therefore
be reconstructed.
Based on this general tracking framework, the PyFFA

beam dynamics simulation code has been developed in
this work. PyFFA describes particle states in the global
cylindrical coordinate system ðr; θ; zÞ and uses time t as
the independent variable. At each integration step, the
external rf field, the magnetic field map, and the space
charge self-field are evaluated at the particle position and
used to integrate the Lorentz equation with a Runge-Kutta
method.

B. Difficulties of applying the 2.5D space charge
method to scaling FFAs

As discussed in the Introduction, the long, arc-shaped
bunch geometry motivates the use of a slice-based 2.5D
treatment. Conventional 2.5D space charge models rely on
a local coordinate frame in which the transverse and
longitudinal directions are explicitly separated. This frame
is usually attached to a fixed reference orbit. In reference-
orbit-based synchrotron tracking, particle coordinates are
already defined with respect to this orbit, so the 2.5D field
calculation and particle tracking can be carried out in the
same coordinate system without additional coordinate
reconstruction.
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This situation is fundamentally different in a scaling
FFA. During acceleration, the closed orbit changes with
particle energy, so no single closed orbit can serve as a
fixed reference throughout the process. Longitudinal space
charge can further produce energy differences along the
bunch, so different longitudinal slices may be associated
with different energy-dependent closed orbits. Since
PyFFA tracks particles in global cylindrical coordinates
rather than in a local orbit-attached frame, the transverse
and longitudinal coordinates required by the 2.5D solver
are not directly available. They must therefore be recon-
structed from the energy-dependent closed-orbit family
using the instantaneous particle state.
Figure 2(a) illustrates the energy-dependent closed-orbit

family and the relation between the global cylindrical basis
and the local transverse-longitudinal basis reconstructed
along the orbit.
The longitudinal coordinate also requires special treat-

ment. In cylindrical tracking, the azimuthal coordinate is
periodic and therefore cannot directly represent the con-
tinuous longitudinal position of a long bunch. In multiturn
injection, particles whose azimuthal coordinates differ by
an integer multiple of 2π may still be neighboring particles
within the same bunch. Reducing the azimuthal angle
modulo 2π removes the multiturn offset but can artificially
split a physically continuous bunch near the 0° boundary,
placing neighboring particles on opposite sides of the
periodic interval. Therefore, before applying 2.5D slicing,
the periodic azimuthal coordinates must be unfolded into a
continuous arc-length coordinate that represents the actual
longitudinal interval occupied by the bunch.
Finally, the space charge field obtained in the local slice

coordinates must be mapped back to the global cylindrical
coordinates used for tracking. This back-projection, based
on the geometrical relation between the local and global
bases, ensures that the self-field components are applied
consistently in the Lorentz-force integration.

The main difficulties of 2.5D space charge modeling in
a scaling FFA can therefore be summarized as follows.
First, the local reference frame and the corresponding
bunch coordinates must be reconstructed from the energy-
dependent closed orbit family and the instantaneous
particle state. Second, the periodicity of the azimuthal
coordinate must be removed to recover the continuous
longitudinal interval occupied by the bunch, especially in
multiturn injection. Third, the local space charge field
must be consistently transformed back to the global
cylindrical coordinates used for particle tracking. The
following sections address these issues through recon-
struction of the local transverse coordinates, construction
of the continuous longitudinal coordinate, and back-
projection of the local field.

III. RECONSTRUCTION OF LOCAL
TRANSVERSE COORDINATES

A. Reference closed orbit and definition of the local
coordinate system

Closed orbits are first computed at a set of discrete
kinetic energies and stored on a two-dimensional grid in
Ek and θ, where Ek denotes the kinetic energy and θ is the
azimuthal angle. The resulting closed orbit family is
represented by the radius function

r0 ¼ r0ðθ; EkÞ: (9)

During tracking, a common closed orbit interpolated at
the instantaneous mean kinetic energy of the bunch is first
used for the longitudinal mapping and slice assignment.
Several geometrical quantities are precomputed from

this closed orbit family for local coordinate reconstruction.
For each closed orbit, the azimuthal derivative of the radius
is computed as

FIG. 2. Coordinate systems and local reference-point construction used in the 2.5D model. (a) Energy-dependent closed orbits and
arc-shaped bunches, with the global cylindrical basis ðêr; êθÞ and local bases ðx̂i; ŝiÞ reconstructed along the reference orbit.
(b) Construction of the local reference point for a particle in the median plane. The same-azimuth point R0ðθpÞ gives a radial-type
displacement, whereas the normal projection point R0ðθ�Þ defines the local transverse coordinate x.
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r00ðθ; EkÞ ¼
∂r0ðθ; EkÞ

∂θ
: (10)

The corresponding arc-length metric factor is then
given by

hðθ; EkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20ðθ; EkÞ þ ½r00ðθ; EkÞ�2

q
; (11)

so that the differential arc length satisfies

ds ¼ hðθ; EkÞdθ: (12)

The cumulative arc-length coordinate along the closed
orbit is obtained as

s0ðθ; EkÞ ¼
Z

θ

0

hðϑ; EkÞdϑ: (13)

Consequently, the quantities required for coordinate
reconstruction, namely r0, r00, h, and s0, are stored on
the same two-dimensional grid in Ek and θ. During
tracking, their values at the required energy and azimuthal
position are obtained by interpolation.
At a given point on the reference closed orbit, the orbit

position in the median plane can be written as

R0ðθ; EkÞ ¼ r0ðθ; EkÞerðθÞ; (14)

where er is the radial unit vector of the global cylindrical
coordinate system. Differentiating R0 with respect to θ
gives the tangent direction,

∂R0

∂θ
¼ r00ðθ; EkÞer þ r0ðθ; EkÞeθ: (15)

Thus, the local tangential unit vector is

es ¼
r00ðθ; EkÞer þ r0ðθ; EkÞeθ

hðθ; EkÞ
; (16)

and the in-plane normal unit vector is defined as

ex ¼
r0ðθ; EkÞer − r00ðθ; EkÞeθ

hðθ; EkÞ
: (17)

Together with the vertical unit vector ez, these vectors
form a local orthonormal basis, where es is longitudinal
and ex and ez are transverse. The in-plane transverse
direction ex reduces approximately to the global radial
direction only when jr00j ≪ r0.
Since the reference closed orbit depends on energy,

and its tangent and normal directions vary with azimuth,
the local basis is both energy dependent and azimuth
dependent. Therefore, for each particle, a reference point
must first be identified on the interpolated closed orbit.
The local coordinate system used for the particle is then

constructed from the geometrical basis at that refer-
ence point.

B. Construction of the local reference point and
transverse coordinate

After the reference closed orbit and its local geometrical
basis have been defined, a local reference point must
be assigned to each particle on the reference orbit. As
illustrated in Fig. 2(b), a straightforward choice would be
the closed-orbit point R0ðθpÞ at the same azimuth as
the particle. This choice, however, mainly measures the
particle displacement as a global radial offset. In a scaling
FFA, the local normal direction of the reference orbit is
generally not aligned with the global radial direction.
Therefore, the same-azimuth point does not in general
provide a geometrically consistent reference for the local
transverse displacement.
In this work, the local reference point is defined as the

normal projection of the particle onto the reference closed
orbit in the median plane. Let the azimuth of this projected
point be denoted by θ�. For a particle with cylindrical
coordinates ðrp; θp; zpÞ, only its median-plane projection
is used to determine the reference point, while the vertical
coordinate zp is retained as the second transverse coor-
dinate. The projected azimuth θ� satisfies the orthogonality
condition

½Rp −R0ðθ�Þ� · esðθ�Þ ¼ 0; (18)

where Rp denotes the median-plane projection of the
particle position, R0ðθÞ is the position vector of the
reference closed orbit, and esðθÞ is the local tangential
unit vector of the reference orbit. This condition states that
the displacement from the reference point to the particle,
projected onto the median plane, is perpendicular to the
local tangent of the closed orbit. Thus, R0ðθ�Þ is the
normal projection point rather than the same-azimuth
point R0ðθpÞ.
Solving Eq. (18) exactly would generally require an

iterative procedure. Since this operation must be repeated
for a large number of particles in the space charge
calculation, a noniterative first-order correction is adopted.
Specifically, the orthogonality condition is linearized
around the particle azimuth θp by writing θ� ¼ θp þ δθ.
This gives

θ� ≃ θp þ
½rp − r0ðθpÞ�r00ðθpÞ
r20ðθpÞ þ ½r00ðθpÞ�2

: (19)

Here and in the following, r0ðθÞ, r00ðθÞ, and hðθÞ denote
quantities on the selected reference closed orbit.
Once θ� has been obtained, the local basis at the

projected point is evaluated from Eqs. (16) and (17)
at θ ¼ θ�.
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The local transverse coordinate of the particle is then
defined as the projection of its median-plane displacement
from the local reference point onto ex:

x ¼ ½Rp −R0ðθ�Þ� · exðθ�Þ: (20)

The implementation uses a two-stage construction.
First, the common closed orbit at the bunch-mean energy
is used to recover the continuous longitudinal coordinate
and fix the slice indices. After the slices have been fixed,
the mean kinetic energy of each slice is evaluated, and the
closed-orbit position and local basis used in Eq. (20) are
reinterpolated at that slice-mean energy. All particles in
one slice therefore share a single reference orbit and
transverse frame, while different slices may use different
energy-dependent closed orbits. The particle position in
the local transverse plane is represented by ðx; zÞ, where z
is directly taken from the global vertical coordinate.

IV. RECONSTRUCTION OF THE
LONGITUDINAL COORDINATE

A. Requirements and difficulties of longitudinal
coordinate reconstruction

The longitudinal coordinate determines both the slicing
and the line charge density. In the global cylindrical
tracking variables, its natural precursor is the projected
reference-point azimuth θ�, but this quantity is periodic
and has no length dimension. It must therefore be un-
wrapped and mapped through the precomputed closed-
orbit arc-length function to obtain a continuous coordinate
along the local tangent.
This reconstruction is particularly important for multi-

turn injection. Neighboring particles may have azimuths
differing by integer multiples of 2π, whereas reducing all
azimuths to ½0; 2πÞ can split a continuous bunch across the
periodic boundary. The following procedure recovers the
occupied continuous interval before defining the bunch
length and slice boundaries.

B. Recovery of the continuous longitudinal coordinate

After the reference-point azimuth θ�i has been obtained
for each particle, it must be converted into an azimuthal
coordinate that can describe the continuous longitudinal
distribution of the bunch. In the implementation, the
reference-point azimuth is first normalized to a single-
turn interval by taking it modulo 2π:

θ̄�i ¼ θ�i mod 2π; θ̄�i ∈ ½0; 2πÞ: (21)

This step places the reference-point azimuth within one
turn, but it does not remove the discontinuity introduced by
the periodic boundary. When a bunch crosses the boundary
between 0 and 2π, the single-turn representation still
splits an otherwise continuous distribution into two parts.

A range obtained directly from the minimum and maxi-
mum particle azimuths can then approach a full turn and is
also sensitive to a small number of remote halo particles.
The occupied longitudinal intervals are therefore deter-

mined from bins of the periodic longitudinal density rather
than directly from the outermost particle coordinates. As
illustrated in Fig. 3, the smoothed density distribution is
first used to distinguish continuous bunch regions from
longitudinal halos. The latter do not independently deter-
mine the interval boundaries, but the corresponding
particles are retained for the subsequent space charge
calculation.
Low-density gaps between the bunch regions are then

identified. The widest gap defines a common periodic cut.
For h ¼ 1, shifting the origin to this cut is sufficient to
recover a single continuous bunch. For h > 1, the remain-
ing gaps define the boundaries between the occupied rf
buckets. All particles are unwrapped with the same
common cut,

ui ¼ ðθ̄�i − θcutÞmod 2π; ui ∈ ½0; 2πÞ; (22)

so that each occupied bucket forms a continuous bunch
interval while the relative spacing between bunches is
preserved.
Within each bunch interval, the main slicing range is

determined from the density bins that together contain a
prescribed fraction q of the bunch charge. The calculation
presented here uses q ¼ 0.995. The outer boundaries
of these bins define a continuous main range, including
any internal low-density valleys. Particles ahead of or
behind this range are assigned to a head or tail edge slice,
respectively. They are not discarded and continue to
participate in charge deposition, field solution, and field
interpolation. Thus, a few remote particles do not enlarge
all regular slices, while their space charge contribution is
retained.
Finally, the unwrapped azimuth is converted to a

longitudinal distance using the precomputed closed-orbit
arc-length function. The transverse Poisson problem is
solved independently in each longitudinal slice, whereas
the longitudinal field is constructed from all slices belong-
ing to the same bunch and is evaluated separately for
each bunch.
The h > 1 procedure described above is a geometrical

generalization of the longitudinal construction. The pro-
duction benchmarks reported in this paper use h ¼ 1.

V. 2.5D SPACE CHARGE SOLVER IN THE
LOCAL COORDINATE SYSTEM

A. Transverse charge deposition and
two-dimensional Poisson solve

In the reconstructed local coordinate system, the space
charge field is calculated using a 2.5D slice-based model.
The bunch is divided into a series of slices along the

ZHOU, HUANG, LI, WU, LIU, XU, and WANG PHYS. REV. ACCEL. BEAMS 29, 113301 (2026)

113301-6



longitudinal coordinate s, and a 2D Poisson problem is
solved in the local transverse plane ðx; zÞ of each slice. The
resulting fields Ex and Ez represent the transverse com-
ponents of the space charge field within the slice. The
longitudinal field Es is constructed separately from the line
charge density along s.
Let Lb be the bunch length in the continuous longi-

tudinal coordinate and Ns be the number of longitudinal
slices. The effective slice length is defined as

Δseff ¼
Lb

Ns
: (23)

For a macroparticle p in the kth slice, its charge qp is
distributed over the slice length and deposited onto the
local transverse grid using the cloud-in-cell scheme, in
which the particle charge is shared among the four
neighboring transverse grid nodes using bilinear weights

determined by its position within the cell. If WðpÞ
ij denotes

the deposition weight of particle p on the transverse grid
node ði; jÞ, the discrete charge density in the slice is
defined as

ρk;ij ¼
X
p∈ k

qp
Δseff ΔxΔz

WðpÞ
ij : (24)

Here, ρk;ij represents the charge density assigned to the
transverse grid node ðxi; zjÞ in the kth slice, with units

of C=m3. The corresponding line charge density in the
slice is recovered by integrating over the transverse plane,

λk ¼
X
i;j

ρk;ij ΔxΔz: (25)

For open boundary conditions, the free-space Green’s
function of the two-dimensional Poisson equation can be
written, up to an arbitrary additive constant, as

Gðx; zÞ ¼ − 1

2πϵ0
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
: (26)

The transverse electrostatic potential in the kth slice is
obtained from the Green’s-function convolution

Φkðxi; zjÞ ¼
X
i0;j0

Gðxi − xi0 ; zj − zj0 Þρk;i0j0ΔxΔz: (27)

This expression is the discrete form of the continuous
convolution between the 2D Green’s function and the
transverse charge density in the slice.
Since the 2D Green’s function has a logarithmic

singularity at the source point, the self term is regularized
numerically by replacing the zero distance with an equiv-
alent radius related to the grid size. In this implementation,
the equivalent radius is chosen as

FIG. 3. Reconstruction of the continuous longitudinal coordinate. (a) Particle distribution in the multiturn azimuthal coordinate.
(b) Periodic density distribution, identification of the bunch regions without allowing sparse halos to determine their boundaries, and
selection of the common cut and bunch boundary from the low-density gaps. (c) Unwrapped bunch intervals and the main slicing range
determined separately for each bunch. (d) Retention of particles outside the main ranges in the head and tail edge slices. All particles
remain in the space charge calculation.
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req ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δx2 þ Δz2

p
: (28)

A direct evaluation of Eq. (27) requires summing the
contributions from all source points for each field point,
with a computational complexity of OðN2

xN2
zÞ for a trans-

verse grid of size Nx × Nz. To improve computational
efficiency, a zero-padded FFT-based fast convolution
method is used. Specifically, the charge density and the
Green’s-function kernel are extended to a computational
domain of size 2Nx × 2Nz, and the convolution is evalu-
ated in this extended domain using FFTs:

Φk ¼ F−1½FðρkÞFðGÞ�ΔxΔz; (29)

where F and F−1 denote the 2D FFT and its inverse,
respectively. The purpose of zero padding is to convert the
periodic convolution inherent in FFTs into the linear
convolution required in the physical domain. This avoids
wrap-around errors associated with periodic convolution
and preserves the physical meaning of the open-boundary
Green’s function. After the inverse transform, the original
physical region of size Nx × Nz is extracted from the
extended domain to obtain the transverse electrostatic
potential in the slice.
Finally, the transverse and vertical electric fields in the

slice are obtained from the negative gradient of the
electrostatic potential:

Ex;k ¼ − ∂Φk

∂x
; Ez;k ¼ − ∂Φk

∂z
: (30)

With the fast convolution method, the complexity
of the potential solve for a single slice is reduced to
O½NxNz logðNxNzÞ�, which substantially improves the
efficiency of the multislice 2.5D space charge field
calculation.

B. Longitudinal field approximation based on the line
charge density

In the present 2.5D framework, the longitudinal field Es
is approximated from the line charge density along the
continuous longitudinal coordinate.
Let λðsÞ be the line charge density of the bunch along

the continuous longitudinal coordinate s. The longitudinal
electric field is written as a one-dimensional convolution,

EsðsÞ ¼
Z

λðs0ÞKsðs − s0Þds0; (31)

where Ks accounts for the finite transverse extent of the
bunch, and its form depends on the assumed transverse
charge distribution. For example, for a uniformly charged
disk of radius a, the kernel is

Ks;diskðξÞ ¼
sgnðξÞ
2πϵ0a2

�
1 − jξjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ξ2 þ a2
p

�
; (32)

where ξ ¼ s − s0 is the longitudinal separation. For a
cylindrically symmetric Gaussian transverse distribution
with rms size σ⊥, the corresponding kernel is

Ks;GðξÞ ¼
sgnðξÞ
4πϵ0σ

2⊥

�
1 − ffiffiffi

π
p

x expðx2ÞerfcðxÞ�: (33)

Here, x ¼ jξj=ð ffiffiffi
2

p
σ⊥Þ. At large longitudinal separation,

these expressions recover the point-charge limit, while the
near field retains the dependence on the transverse charge
distribution.
In the discrete implementation, the line charge density is

constructed from the total charge in each longitudinal
slice. If the total charge in the kth slice is

Qk ¼
X
p∈ k

qp;

then the slice-averaged line charge density is

λk ¼
Qk

Δseff
: (34)

The longitudinal field on the slice grid is then evaluated
as the discrete convolution

Es;k ¼
X
l

λlKsðsk − slÞΔseff : (35)

The resulting field can be assigned to the slice centers or
interpolated to the longitudinal positions of individual
particles.

C. Back-projection of the local field and
relativistic reduction

The local space charge field obtained on the slice grid
must be interpolated back to the particle position and
transformed into global cylindrical components for par-
ticle pushing. For each particle, the code first interpolates
Ex and Ez from the local transverse grid according to its
slice index and local transverse coordinates ðx; zÞ, and
obtains Es from its longitudinal position. The local
electrostatic space charge field at the particle position
can be written as

Eloc ¼ Exex þ Eses þ Ezez: (36)

Here, ex is the local normal unit vector in the median
plane, es is the local tangential unit vector along the
reference closed orbit, and ez is the vertical unit vector.
These local basis vectors have been defined previously
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from the reference-orbit geometry and are evaluated at the
projected reference point θ� of the particle.
Within the local 2.5D and quasistatic approximation, the

transverse fields Ex and Ez are obtained from the trans-
verse 2D Poisson equation. For a relativistic beam, the
self-magnetic field associated with the transverse electric
self-field partially cancels the transverse Lorentz force.
The leading transverse space charge force is therefore
reduced by a factor 1=γ2, where γ is the relativistic factor of
the particle. In the particle pusher, this effect is represented
by the effective transverse field components

Ex;eff ¼
Ex

γ2
;

Ez;eff ¼
Ez

γ2
: (37)

These effective fields do not redefine the electrostatic
field obtained from the Poisson solve. They are used only
to represent the leading cancellation between the electric
and magnetic self-forces in the transverse Lorentz force.
The longitudinal component Es is taken from the one-

dimensional line-charge model described in the previous
subsection and is applied directly along the local longi-
tudinal direction. This is because the magnetic self-field
does not produce an analogous longitudinal Lorentz-force
cancellation. The present treatment should therefore be
regarded as an approximate longitudinal self-field model,
while the dominant transverse space charge force is
corrected by the usual relativistic reduction factor.
The effective local space charge field used for particle

pushing is therefore

Eloc;eff ¼ Ex;effex þ Eses þ Ez;effez: (38)

Since an FFA closed orbit is generally not a constant-
radius circular orbit, the local tangential and normal
directions usually contain both global radial and azimuthal
components. Expanding Eq. (38) in the global cylindrical
basis gives

Eglob;eff ¼ Erer þ Eθeθ þ Eglob
z ez: (39)

Using the relation between the local basis and the
cylindrical basis, one obtains

�
Er

Eθ

�
¼ 1

hðθ�Þ
�

r0ðθ�Þ r00ðθ�Þ−r00ðθ�Þ r0ðθ�Þ
��

Ex;eff

Es

�
; (40)

while the vertical component is

Eglob
z ¼ Ez;eff : (41)

Equation (40) shows that the local transverse and
longitudinal fields generally both contribute to the global
radial and azimuthal components after back-projection.

VI. BENCHMARK VALIDATION AND
APPLICATION

A. Benchmark of the transverse space charge field

To validate the transverse field calculation in the
proposed 2.5D space charge model, a long arc-shaped
test bunch is constructed along the reference closed orbit,
and the numerical fields obtained from the 2.5D solver are
compared with analytical reference solutions in selected
local slices.
We first examine the transverse space charge field. A

Gaussian bunch is generated along the closed orbit. In each
longitudinal slice, the transverse distribution is assumed to
be cylindrically symmetric in the local transverse plane,
with an rms size σ. The longitudinal distribution is also
taken to be Gaussian, so that different slices have different
line charge densities. For the kth longitudinal slice, the
slice-averaged line charge density is denoted by λk. In the
local transverse plane ðx; zÞ, where x is the local horizontal
transverse coordinate and z is the vertical coordinate, the
transverse Gaussian distribution of this slice is written as

ρkðx; zÞ ¼
λk

2πσ2
exp

�
− x2 þ z2

2σ2

�
: (42)

Here, ρkðx; zÞ represents the volume charge density, so
that its integral over the transverse plane gives λk.
For a locally straight, infinitely long Gaussian line-

charge distribution, the analytical radial electric field in the
transverse plane is

EuðuÞ ¼
λk

2πϵ0u

�
1 − exp

�
− u2

2σ2

��
; u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
:

(43)

The corresponding field components in the local hori-
zontal and vertical directions are

Exðx; zÞ ¼ EuðuÞ
x
u
; Ezðx; zÞ ¼ EuðuÞ

z
u
: (44)

At u ¼ 0, the field is evaluated by its limiting value,
which is zero by symmetry.
In the present benchmark, the numerical transverse field

is compared with the analytical field after applying the
same relativistic reduction used in the particle pusher.
Therefore, the effective analytical radial field is

Eu;effðuÞ ¼
1

γ2
λk

2πϵ0u

�
1 − exp

�
− u2

2σ2

��
; (45)

where γ is the relativistic Lorentz factor of the beam
particles. The corresponding effective transverse field
components are obtained from Eq. (44) by replacing Eu
with Eu;eff .
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The 2.5D space charge solver is applied to the entire
long arc-shaped Gaussian bunch. This gives the local
transverse field distributions Exðx; z; skÞ and Ezðx; z; skÞ
for each longitudinal slice. Several representative slices
are selected along the bunch, as shown in the left panel of
Fig. 4. For each selected slice, the field profile on the
horizontal midplane, Exðx; z ¼ 0; skÞ, and that on the
vertical axis, Ezðx ¼ 0; z; skÞ, are extracted and compared
with the analytical Gaussian field determined by the
corresponding line charge density λk.
The comparison in the middle and right panels of Fig. 4

shows that the numerical fields agree well with the
analytical solutions for all selected slices. Slices near
the bunch center have larger λk and therefore produce
stronger transverse fields, whereas slices away from the
bunch center have smaller line charge densities and
correspondingly weaker fields. We define the relative
rms error as

ϵrms ¼
�P

mðEnum
m − Eref

m Þ2P
mðEref

m Þ2
�
1=2

: (46)

For the selected slices, the relative rms discrepancies of
the Ez profiles are 4.44%, 2.27%, and 3.51%, respectively.

B. Benchmark of the longitudinal space charge field

An axisymmetric Gaussian bunch is used to benchmark
the longitudinal electric field on the bunch axis. Let the
bunch center be located at sc, the longitudinal rms length
be σs, the transverse rms size be σ⊥, and the total charge be
Q. The 3D charge density is written as

ρðu; sÞ ¼ Q
ð2πÞ3=2σ2⊥σs

exp
�
− u2

2σ2⊥
− ðs − scÞ2

2σ2s

�
; (47)

where u is the transverse radius with respect to the bunch
axis, and s is the longitudinal coordinate along the bunch.
For this axisymmetric Gaussian charge distribution,

the longitudinal electric field on the bunch axis can be

expressed as

Es;thðsÞ ¼
Q

4πϵ0

s − scffiffiffiffiffi
2π

p
Z

∞

0

exp
h
− ðs−scÞ2

2ðσ2sþτÞ
i

ðσ2⊥ þ τÞðσ2s þ τÞ3=2 dτ: (48)

Here, τ is an auxiliary integration variable with the
dimension of length squared.
Figure 5 compares Eq. (48) with the numerical field

obtained using a Gaussian kernel and a smoothed sampled
line charge density. The rms difference normalized to the
theoretical peak field is 2.9%, and the numerical peak is
higher than the analytical result by 1.8%.

C. Benchmark of tune shift

Using the lattice and numerical setup described in the
Appendix, we first examine the transverse tune shift, one
of the most direct dynamical measures of space charge
effects [21,22]. Two representative beam distributions are
considered in this benchmark. The first is a beam with a
transverse KV distribution and a longitudinal Gaussian

FIG. 4. Benchmark of the 2.5D space charge field calculation for a long arc-shaped Gaussian bunch. The left panel shows selected
longitudinal slices along the reference closed orbit. The middle panel compares the numerical and analytical Ex profiles on the
horizontal midplane z ¼ 0. The right panel compares the numerical and analytical Ez profiles on the vertical axis x ¼ 0.

FIG. 5. On-axis longitudinal electric field of a 3D Gaussian
bunch. The analytical result is compared with the longitudinal
field calculated by the 2.5D PIC model using a Gaussian
transverse kernel.
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line charge density. This case is used to validate the linear
space charge tune shift, because the transverse space
charge field of a KV beam is linear in the beam core.
The second is a beam with a transverse Gaussian distri-
bution and a longitudinally uniform line charge density.
This case is used to validate the nonlinear tune footprint,
because the transverse Gaussian field depends on particle
amplitude. The theoretical results obtained for these two
cases are compared with the tunes extracted from the 2.5D
PIC tracking.
In the absence of space charge, the transverse linear

equations of motion are

x00 þ KxðsÞx ¼ 0 (49)

and

z00 þ KzðsÞz ¼ 0; (50)

where s is the arc-length coordinate along the reference
orbit, and KxðsÞ and KzðsÞ are the external linear focusing
functions of the lattice. When the space charge force is
linearized near the beam center, the equations become

x00 þ ½KxðsÞ þ ksc;xðsÞ�x ¼ 0 (51)

and

z00 þ ½KzðsÞ þ ksc;zðsÞ�z ¼ 0: (52)

The corresponding tune shifts are

ΔQx ¼
1

4π

Z
C

0

βxðsÞksc;xðsÞds (53)

and

ΔQz ¼
1

4π

Z
C

0

βzðsÞksc;zðsÞds; (54)

where C is the ring circumference, and βxðsÞ and βzðsÞ are
the zero-current beta functions. For later comparison, the
depressed tune in either transverse plane is written as
Qu ¼ Qu0 þ ΔQu, and the corresponding tune-depression
ratio is ηu ¼ Qu=Qu0, where u ¼ x; z and Qu0 is the zero-
current tune. Under the near-axis approximation, the space
charge focusing terms are written as

ksc;xðsÞ ¼ − q
mβ2γ3c2

Ex

x
ðsÞ (55)

and

ksc;zðsÞ ¼ − q
mβ2γ3c2

Ez

z
ðsÞ: (56)

Here, Ex and Ez denote the electrostatic fields generated
by the transverse charge distribution. The factor 1=ðβ2γ3Þ
results from the relativistic transverse space charge force
reduction together with the conversion from force to
transverse curvature with respect to the arc-length variable.
For the first benchmark, the beam is assumed to have a

transverse KV distribution and a longitudinal Gaussian
line charge density. In this case, the transverse space
charge field is linear, while the longitudinal variation
enters through the local line charge density λqðsÞ. If the
rms beam sizes are denoted by σx and σz, the field
gradients are written as

Ex

x
¼ λqðsÞ

4πϵ0 σxðsÞ½σxðsÞ þ σzðsÞ�
(57)

and

Ez

z
¼ λqðsÞ

4πϵ0 σzðsÞ½σxðsÞ þ σzðsÞ�
: (58)

The rms beam sizes are evaluated from the zero-current
Twiss functions,

σ2xðsÞ ¼ βxðsÞϵx;rms (59)

and

σ2zðsÞ ¼ βzðsÞϵz;rms: (60)

For the longitudinal Gaussian distribution, the line
charge density is

λqðsÞ ¼
Qffiffiffiffiffi
2π

p
σs

exp
�
− ðs − scÞ2

2σ2s

�
; (61)

where Q is the total bunch charge, sc is the bunch
center, and σs is the longitudinal rms bunch length. For
given λqðsÞ, βxðsÞ, βzðsÞ, and transverse emittances,
Eqs. (53)–(61) give the theoretical incoherent tune shifts
for the KV beam.
For the second benchmark, the beam is assumed to have

a transverse Gaussian distribution and a longitudinally
uniform line charge density. In this case, the line charge
density is constant along the bunch,

λq ¼
Npe
Lb

; (62)

where Np is the total number of protons in the bunch, e is
the elementary charge, and Lb is the bunch length. For a
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cylindrically symmetric transverse Gaussian distribution
with rms size σ⊥, the volume charge density is

ρðuÞ ¼ λq
2πσ2⊥

exp
�
− u2

2σ2⊥

�
; (63)

where

u2 ¼ x2 þ z2: (64)

The corresponding radial electric field is

EuðuÞ ¼
λq

2πϵ0u

�
1 − exp

�
− u2

2σ2⊥

��
: (65)

The transverse field components are then

Ex ¼ EuðuÞ
x
u

(66)

and

Ez ¼ EuðuÞ
z
u
: (67)

Although the Gaussian field can be linearized near the
bunch center, it has a clear amplitude dependence at finite
transverse amplitudes. Therefore, the Gaussian benchmark
is performed by directly integrating the transverse Hill
equations with nonlinear space charge terms:

x00 þ KxðsÞx ¼ q
γ3mβ2c2

Exðx; z; sÞ (68)

and

z00 þ KzðsÞz ¼
q

γ3mβ2c2
Ezðx; z; sÞ: (69)

Here, Exðx; z; sÞ and Ezðx; z; sÞ are evaluated from the
local Gaussian beam sizes. The local rms beam sizes are
again determined from Eqs. (59) and (60).
In the theoretical calculation of the Gaussian tune

footprint, the same transverse amplitudes as those of the
PyFFA tracking particles are used as initial conditions. The
nonlinear Hill equations are then integrated with high
numerical accuracy to obtain the turn-by-turn transverse
motion of each particle. A spectral analysis is applied to
the x and z oscillation signals to extract the corresponding
tunes Qx and Qz. The result is therefore a theoretical tune
spread that includes the amplitude dependence of the
transverse Gaussian space charge field.
The theoretical tune spreads are compared with the 2.5D

PIC tracking results in Figs. 6 and 7. For the beam with a
transverse KV distribution and a longitudinal Gaussian
line charge density, the analytical model predicts an
approximately straight tune-shift line in the ðQx;QzÞ
plane, as shown in Fig. 6. This line describes the slice-
dependent linear space charge defocusing. The PIC tune
distributions follow this predicted direction, while some
large-amplitude particles extend above the line because
the nonlinear lattice tune shift increases Qz, producing a
triangular-like spread. Using the zero-current tunes
ðQx0; Qz0Þ ¼ ð3.233; 2.813Þ, the PIC results for the 50,
70, and 90 πmmmrad cases give Qx ¼ 2.7417, 2.8825,
and 2.9694, while the corresponding analytical values are
Qx ¼ 2.7631, 2.8974, and 2.9719. The PIC tune-depres-
sion ratios Qx=Qx0 are 0.848, 0.892, and 0.918, compared
with the analytical values of 0.855, 0.896, and 0.919,
respectively. The PIC and analytical results therefore agree
closely over the full emittance range. A somewhat larger
deviation is observed in the vertical direction, mainly

FIG. 6. Benchmark of the 2.5D space charge tune shift for beams with transverse KV distributions and longitudinal Gaussian line
charge densities. The panels correspond to transverse rms emittances of (a) ϵ ¼ 50πmm mrad, (b) ϵ ¼ 70πmm mrad, and (c)
ϵ ¼ 90πmmmrad. The blue circle denotes the bare tune, the red star denotes the theoretical core tune with the maximum space charge
tune shift, and the dashed red line shows the analytical KV-Gaussian tune spread direction. The gray lines show nearby resonance
conditions. As the emittance increases, the space charge tune shift decreases, and the tune distribution moves closer to the bare tune.
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attributed to the nonlinear lattice tune shifts, but this
remains smaller than the overall vertical space charge
tune-shift scale. As the transverse emittance increases, the
overall space charge tune shift decreases and the tune

distribution moves closer to the bare tune, consistent with
the theoretical expectation.
For the beam with a transverse Gaussian distribution

and a longitudinally uniform line charge density, the tune

FIG. 7. Tune-spread benchmark for beams with transverse Gaussian distributions and longitudinally uniform line charge densities.
The left column shows the tune spreads obtained from 2.5D PIC tracking, while the right column shows the corresponding tune spreads
obtained from theoretical solutions with the same transverse amplitude range. The panels correspond to (a),(b) ϵ ¼ 40πmm mrad,
(c),(d) ϵ ¼ 60πmmmrad, and (e),(f) ϵ ¼ 80πmmmrad. Panels (a),(c),(e) show the PIC tracking results, and panels (b),(d),(f) show the
analytical theory. In the PIC results, the color represents particle counts; in the theoretical results, the color represents the transverse
action Jx þ Jz. The blue circles and dashed lines indicate the bare tune, the red stars and dotted lines indicate the maximum space
charge tune shift, and the gray lines show nearby resonances. As the emittance increases, the space charge tune shift decreases and the
tune footprint moves closer to the bare tune.
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spread obtained from PIC tracking shows good consis-
tency with that obtained from nonlinear theoretical
tracking, as shown in Fig. 7. The large tune-shift region
is more densely populated because small-amplitude par-
ticles are concentrated near the Gaussian beam core and
experience the strongest space charge defocusing. Particles
with larger amplitudes sample the beam halo, where the
average space charge force is weaker, and their tunes
move toward the bare tune. As the transverse emittance
increases, the beam size becomes larger, the space charge
tune shift decreases, and the tune spread moves closer to
the bare tune. For the 40, 60, and 80 πmmmrad cases, the
PIC results give Qx ¼ 2.935, 3.015, and 3.077, compared
with the analytical values ofQx ¼ 2.922, 3.023, and 3.074.
In the vertical direction, the PIC results are Qz ¼ 2.478,
2.575, and 2.643, while the analytical values are
Qz ¼ 2.477, 2.594, and 2.645. The corresponding PIC
tune-depression ratiosQx=Qx0 are 0.908, 0.933, and 0.952,
compared with the analytical values of 0.904, 0.935, and
0.951. For Qz=Qz0, the PIC ratios are 0.881, 0.915, and
0.940, while the analytical values are 0.881, 0.922, and
0.940. The small differences relative to the overall space
charge tune-shift scale show that the predicted tune spread
and its emittance dependence are reproduced reason-
ably well.

D. rms envelope benchmark for beam
size evolution

In addition to the tune-shift benchmark, the rms
envelope equation [23] is used to validate the beam-size
evolution obtained from PyFFA tracking. In typical
parameter regimes, the beam envelope is mainly governed
by the external focusing lattice, and the additional effect of
space charge may be modest over a short distance. To
make the space charge contribution clearly visible in this
benchmark, a relatively high beam intensity is used so that
the envelope evolution is measurably modified by the
space charge force.
For a KV beam, the transverse rms envelope equations

can be written as

σ00x þ KxðsÞσx − ϵ2x
σ3x

− Ksc

σx þ σz
¼ 0 (70)

and

σ00z þ KzðsÞσz − ϵ2z
σ3z

− Ksc

σx þ σz
¼ 0; (71)

where σx and σz are the rms beam sizes in the two trans-
verse directions, KxðsÞ and KzðsÞ are the external focusing
functions reconstructed from the zero-current optics, ϵx
and ϵz are the rms geometric emittances, and Ksc charac-
terizes the space charge strength. For a longitudinally

uniform bunch, Ksc is determined by the line charge
density, beam energy, and particle species.
In this benchmark, the theoretical envelope equations

are initialized with the same zero-current Twiss parameters
as those used to generate the initial bunch in PyFFA. The
initial rms beam sizes are

σxð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βxð0Þϵx

p
(72)

and

σzð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βzð0Þϵz

q
: (73)

The initial envelope slopes are determined from the
corresponding Twiss α functions,

σ0xð0Þ ¼ − αxð0Þϵx
σxð0Þ

(74)

and

σ0zð0Þ ¼ − αzð0Þϵz
σzð0Þ

: (75)

The rms envelope equations are then integrated along
the reference orbit using the same emittances, line charge
density, beam energy, and space charge strength as those
used in the PyFFA tracking.
In the PyFFA simulation, the rms beam sizes are

calculated from the tracked particles at different azimuthal
positions and compared with the envelope-equation
solution.
As shown in Fig. 8, the blue curves represent the

envelope-equation results, and the red stars represent the
PyFFA tracking results. For both cases with and without
space charge, the tracking results agree well with the
theoretical envelope curves.

E. Benchmark of longitudinal space charge effects

We next examine whether the longitudinal self-field
model, once coupled to the complete FFA tracking frame-
work, reproduces the expected longitudinal collective
dynamics. Whereas the Gaussian analytical field benchmark
in Sec. VI B tests the longitudinal electric-field calculation
itself, the present comparison tests the longitudinal dynami-
cal implementation and coupling consistency.
The benchmark uses the lattice and beam parameters

summarized in Table I in the Appendix. The rf settings
are h ¼ 1 and φs ¼ 0, corresponding to a stationary rf
bucket. The initial longitudinal distribution is an elliptical
waterbag, with particles uniformly distributed inside the
ellipse in the ðτ;ΔEkÞ phase plane. Two full PyFFA
tracking simulations were performed using the same initial
particle ensemble, lattice, rf parameters, and transverse
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space-charge treatment, differing only in whether longi-
tudinal space charge was included.
For comparison with the complete tracking calculation,

the reduced 1D analytical model is constructed by retain-
ing longitudinal slip, the rf kick, and the longitudinal space
charge field while removing the transverse degrees of
freedom. It therefore provides a reduced dynamical bench-
mark for the longitudinal implementation rather than an
independent three-dimensional field solution. The com-
plete PyFFA calculation uses the 2.5D self-field formu-
lation described above. Let τi be the arrival-time deviation
of the ith particle from the synchronous particle and let

ΔEk;i ¼ Ek;i − Ek0; (76)

where Ek0 is the synchronous kinetic energy. The corre-
sponding longitudinal coordinate is

si ¼ −v0τi; (77)

where v0 ¼ β0c is the synchronous-particle velocity. The
longitudinal equations of motion are

dτi
dt

¼ TðEk0 þ ΔEk;iÞ − T0

T0

(78)

and

dΔEk;i

dt
¼ qVturn

T0

½sin ðφs þ ωrfτiÞ − sinφs� þ qv0Esðsi; tÞ:
(79)

Here, T0 is the synchronous revolution period, TðEkÞ is
the energy-dependent revolution period, Vturn is the total rf

voltage per turn, φs is the synchronous phase, andωrf is the
rf angular frequency. Equation (78) describes longitudinal
slip arising from the energy dependence of the revolution
period. Equation (79) includes both the rf energy gain
and the work done by the longitudinal space charge field.
The field Esðs; tÞ is evaluated from the instantaneous line
charge density using Eqs. (31)–(35). The reduced 1D
analytical model uses the same initial longitudinal dis-
tribution, rf parameters, and longitudinal field prescription
as the complete tracking calculation, but does not include
transverse motion. In the comparison without longitudinal
space charge, Es is set to zero in both calculations.
Figures 9 and 10 compare complete PyFFA tracking

with the reduced 1D analytical model at turns 1, 51, 101,
151, 201, and 251 with longitudinal space charge included
and omitted, respectively. In the calculation without
longitudinal space charge, the distribution remains
approximately elliptical and exhibits only weak periodic
breathing, indicating that the initial waterbag is approx-
imately matched to the rf-only longitudinal dynamics.
With longitudinal space charge included, the effective
longitudinal focusing is modified and weakened, and
the initial rf-only waterbag is no longer matched to the
combined rf and space charge forces. This excites a
coherent longitudinal mismatch oscillation, with pro-
nounced periodic exchange between bunch length and
energy spread. The reduced 1D analytical model repro-
duces both the coherent oscillation and the phase space
shearing seen in complete PyFFA tracking.
For a quantitative comparison, the rms bunch length σs

and rms energy spread σE are calculated at the selected
turns. With longitudinal space charge included, the maxi-
mum relative differences between complete PyFFA
tracking and the reduced 1D analytical model are 0.91%

FIG. 8. Comparison of the horizontal and vertical rms beam-size evolution with and without space charge. Panels (a),(b) show σx with
and without space charge, respectively, while panels (c),(d) show the corresponding vertical quantity σz. The blue curves show the
theoretical results obtained from the rms envelope equation, while the red stars show the rms beam sizes obtained from PyFFA particle
tracking.
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for σs and 1.40% for σE. With longitudinal space charge
omitted, the corresponding differences are 0.43% and
1.08%. The agreement in both cases supports the con-
sistency of the longitudinal dynamical implementation and
its coupling to complete PyFFA tracking.

F. Application

The proposed model has been implemented in the
PyFFA tracking code and has been applied to preliminary
beam dynamics studies of a high-intensity proton FFA

accelerator scheme, referred to as CSNS=FFA, with an
injection energy of 300 MeV and an extraction energy
of 600 MeV.
In this high-intensity FFA design, the closed-orbit

circumference increases from approximately 71.53 m at
injection to 75.02 m at extraction, and the lattice consists
of 16 periodic cells. The FFA receives a 300 MeVH− beam
from the linac, and high-intensity beam accumulation
is achieved through charge-exchange injection and
transverse phase-space painting. The designed repetition
rate is 25 Hz, with an average extracted beam power of

FIG. 10. Longitudinal phase-space evolution with longitudinal space charge omitted. The columns correspond to turns 1, 51, 101,
151, 201, and 251. The upper and lower rows show complete PyFFA tracking and the reduced 1D analytical model, respectively. The
distribution remains approximately elliptical and exhibits only weak periodic breathing in both calculations.

FIG. 9. Longitudinal phase-space evolution with longitudinal space charge included. The columns correspond to turns 1, 51, 101,
151, 201, and 251. The upper and lower rows show complete PyFFA tracking and the reduced 1D analytical model, respectively. The
two color scales represent the probability per bin and the normalized initial longitudinal amplitude. The reduced 1D analytical model
reproduces the coherent bunch-length oscillation, phase-space rotation, and shearing observed in complete PyFFA tracking.
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approximately 50 kW, corresponding to about 2.08 × 1013

protons per bunch. In the present application, this particle
number is used to characterize high intensity. As shown in
Table II, the modeled bunch intensity is of the same order
as those of representative high-intensity rapid-cycling
synchrotrons.
Painting injection is applied for optimizing the phase-

space distribution of the beam and mitigating space charge
effects. Figure 11 shows the painting injection distribu-
tions obtained from PyFFA simulations, comparing the
cases without space charge and with high-intensity space
charge. Under the influence of strong space charge, the
bunch distribution exhibits transverse broadening, density

redistribution, and changes in phase-space structure, indi-
cating that space charge can significantly affect the final
beam distribution formed by painting injection under
high-intensity conditions. The approximately square
outer boundaries observed in both the space-charge and
no-space-charge cases arise mainly from the linear paint-
ing curves used in the simulations.
In addition, Figs. 12 and 13 show the emittance

evolution and space charge tune footprint obtained from
PyFFA during the full 300–600 MeV acceleration process,
respectively.
Further studies are currently underway on resonance

crossing driven by space charge tune shift, the mechanism

FIG. 11. Phase-space comparison of the accumulated beam without and with space charge. The upper row shows the results without
space charge, and the lower row shows the corresponding results including space charge. Panels (a)–(c) show the x − px, z − pz, and
x − z distributions without space charge, respectively. Panels (d)–(f) show the corresponding distributions with space charge.

FIG. 12. Evolution of the transverse emittances during beam accumulation. The left and right panels show the results with and
without space charge, respectively. The first 1000 turns correspond to the painting injection stage, followed by the acceleration stage.
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of emittance growth, and the optimization of painting
injection parameters.

VII. CONCLUSION

Space charge modeling in high-intensity scaling FFAs is
challenging for two main reasons. First, the closed orbit
changes with energy, so a long bunch cannot be described
by a single fixed reference orbit. Second, particle tracking
is performed in the global cylindrical coordinate system,
which does not directly give the local transverse and
longitudinal coordinates and directions needed by a 2.5D
space charge solver. These features make conventional
2.5D methods difficult to apply directly.
To address these difficulties, a local 2.5D space charge

method has been developed and implemented in the
PyFFA code. The method reconstructs the local reference
frame from a family of closed orbits at different energies.
In this local frame, the bunch can be sliced in the longi-
tudinal direction, the transverse Poisson equation can be
solved slice by slice, and the calculated fields can be
transformed back to the global tracking coordinates.
The benchmarks collectively validate both the field

calculation and the resulting beam dynamics. The trans-
verse and longitudinal fields agree with the corresponding
analytical Gaussian solutions. The KVand Gaussian tune-
shift benchmarks reproduce the expected linear and
amplitude-dependent tune spreads, respectively, with the
tune-depression ratios approaching unity as the trans-
verse emittance increases. The rms-envelope comparison
further validates the transverse space charge dynamics.
The longitudinal dynamics benchmark, through compari-
son with a reduced 1D analytical model, confirms the
implementation of longitudinal space charge.

The method was then applied to a high-intensity scaling
FFA case to demonstrate its use in beam accumulation
studies, including painting injection, emittance evolution,
and tune spread analysis. These examples indicate that the
proposed local 2.5D model can provide a practical tool
for space charge studies of long, arc-shaped bunches in
scaling FFAs.
Future work will extend the present open boundary

model to include more realistic vacuum chamber boundary
conditions, such as image charge effects [24].
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APPENDIX: PARAMETERS OF THE MODELED
FFA AND INTENSITY COMPARISON

Figure 14 shows the midplane magnetic lattice together
with the injection and extraction closed orbits. Table I
summarizes the main lattice, numerical, and beam param-
eters used in the present study, while Table II compares the
modeled intensity with representative operating parame-
ters of existing high-intensity rapid-cycling synchrotrons.
Because no directly comparable high-intensity proton FFA
is currently in routine operation, CSNS, ISIS, and J-PARC
RCS are used as operational references. The facility values
correspond to the most recent stable or representative
operation found in Refs. [25–27], respectively.

FIG. 13. Space charge tune footprint obtained from the
application simulation. The displacement of the footprint from
the bare tune represents the space charge tune depression, while
its finite width shows that the depression varies with particle
amplitude and longitudinal position. The gray lines show nearby
resonance conditions.

FIG. 14. Layout of the modeled 16-cell FD spiral scaling FFA.
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