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Recent studies have actively explored the feasibility of a novel storage ring light source based on the
steady-state microbunching (SSMB) mechanism. Many interesting investigations have been limited to
single-particle or pure-optics effects. In SSMB storage rings, laser modulators, consisting of an undulator
and a copropagating laser beam, are utilized to manipulate the longitudinal bunch length at the radiator
position. When the electron bunch traverses the modulator undulator, it emits coherent undulator radiation
around the resonant wavelength with respect to the modulation laser wavelength. To increase the intensity
of the modulation laser, an enhancement cavity can be used. Within the enhancement cavity, the
modulation laser field is confined in a closed path, allowing the intracavity power to be accumulated and
enhanced. Within this cavity, not only is there an accumulated modulation laser from external injection, but
also coherent undulator radiations—both of which influence the dynamics of the electron beam on
subsequent turns. In this paper, we develop a simple model to analyze the electron beam dynamics in laser
modulator cavities, including the effects of finite loss due to mirrors in the cavity and the externally injected
laser power required to compensate for this energy dissipation, as well as the dynamical effects of coherent
undulator radiation accumulated in the cavity over multiple turns. This model also allows the estimatation
of the radiation characteristics in the radiator of the SSMB storage ring. Our method combines the beamline
transfer matrices with a low-gain free-electron-laser oscillator model. The advantage of this approach lies in
its ability to provide quick estimates for the aforementioned dynamical effects. We then discuss the
feasibility of three recently proposed scenarios, namely, the amplifier SSMB, the frequency-beating SSMB,
and the harmonic SSMB, in the presence of the aforementioned dynamical effects. The analysis indicates
that all three scenarios remain feasible under the current preliminary design parameters.

DOI: 10.1103/kwxj-4bff

I. INTRODUCTION

Accelerator-based light sources have played a significant
role in various fields of scientific research and industrial
applications for the past three decades. Currently, accel-
erator-based light sources can be classified into three
categories: single-pass linear-accelerator (linac)-driven
high-gain free-electron lasers (FEL), storage-ring-based
synchrotron light sources, and energy-recovery-linac
(ERL)-driven light sources that combine the features of both
the above through few-pass energy boost and recovery.

Generally speaking, linacs provide the most excellent beam
quality, and linac-based FEL light sources deliver high peak
brightness. In storage ring accelerators, the equilibriumbeam
quality is determined by the radiation damping and quantum
excitation. With the cyclic nature of beam circulation,
synchrotron light sources provide exceptionally high average
brightness. Due to their few-pass nature, ERL-based particle
beams have not yet reached equilibrium and can achieve
beam quality comparable to linacs; however, unlike linacs,
ERL-based coherent light sources offer high average bright-
ness. These three conventional types of electron accelerator-
based light sources use radio-frequency (rf) or microwave
fields to compensate for electron beam energy losses due to
radiation and other factors, while simultaneously providing
longitudinal beam focusing.
For storage ring light sources, a novel mechanism

called the steady-state microbunching (SSMB) has been
proposed in recent years [1]. Following the initial proposal
of SSMB, considerable research efforts have been devoted
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to exploring different implementation schemes of this
mechanism (see, for example, Refs. [2–21]). Unlike tradi-
tional storage rings, a distinctive feature of this mechanism
is the replacement of the aforementioned two functions of
the rf cavity: energy compensation can be achieved through
a conventional rf cavity or an induction accelerator, while
longitudinal focusing is implemented via a laser modulator.
The laser modulator is realized by copropagating a laser
beam with the electron beam along a common axis within
an undulator. To reuse the laser beam and accumulate
sufficient intensity while relaxing laser requirements, we
can confine the laser beam in a closed path and configure
the laser modulator as an optical cavity, commonly referred
to as a laser modulator cavity or enhancement cavity.
Notably, while the laser modulator functions similarly to an
rf cavity, the wavelength has been reduced by 5 to 6 orders
of magnitude, implying that the longitudinal phase-space
bucket width in the SSMB storage ring will correspond-
ingly decrease by 5 to 6 orders of magnitude, i.e., from
about 0.5 m down to μm. Consequently, the minimum
electron bunch length is similarly reduced. When the bunch
length becomes shorter than the target radiation wave-
length, these electron bunches become electron micro-
bunches, producing coherent radiation. This radiation will
manifest as high-power coherent radiation approaching
continuous-wave (cw) operation in the storage ring con-
figuration. Currently, the laser modulator is a crucial
component that must provide sufficient modulation
strength or longitudinal focusing to effectively confine
the microbunch train within the mini phase-space buckets.
Given that the state-of-the-art laser cavity technology can
store ≲1 MW average laser power [22,23], considerable
effort [6] has been devoted to designing schemes that
reduce the dependence on laser power to achieve practical
SSMB designs. Here, we remind that a potential source of
confusion may lie in the distinction between the stored
power in the laser modulator cavity and the input or
injection power to the laser modulator cavity. The latter
is typically much lower than 1 MW, and in many cases, an
injection power of around 100 W or above may lead to
unstable operation in the enhancement cavity. Excessive
injection power may impart increased amplitude and phase
noise, degraded beam quality, or mismatched spatial
modes. These issues can hinder phase locking and mode
matching into the cavity and consequently limit the
achievable cavity performance. Given current laser
enhancement cavity technology, intracavity powers well
above 1 MW can induce unwanted thermal effects on the
mirrors. These include thermally induced surface deforma-
tion and changes in the radius of curvature, leading to
optical mode deformation and deterioration in mode
matching, eventually compromising the stability of the
enhancement cavity [22,23].
From both engineering and beam physics perspectives,

the influence of laser modulators on beam dynamics

represents a new and significant branch of the studies.
The existing literature for the studies of electron dynamics
in the laser modulators mainly focuses on single-particle
effects, e.g., Refs. [6–9,11–14]. The collective dynamics
occurred in the laser modulators, as the next step in
evaluating SSMB feasibility, has only recently been studied
using a wake-impedance model for the case of a single laser
modulator [15–17,24].
According to the recent developments [19], SSMB

implementation schemes can be categorized into three
scenarios: the amplifier SSMB, the frequency-beating
SSMB, and the harmonic SSMB. The first scenario targets
the radiation wavelength comparable to that of the modu-
lation laser. Based on the present high-power laser cavity
technology, we assume that the laser modulator operates at
an infrared (IR) wavelength of 1064 nm. For target wave-
lengths longer than the laser modulator wavelength, say the
terahertz (THz) regime, the wavelength beating techniques
can be employed, as demonstrated in the second scenario
(see more discussions later in this paper). More challenging
is the generation of coherent high-average-power radiation
at wavelengths shorter than the modulation laser wave-
length, which has numerous potential applications, includ-
ing the coherent ultraviolet (UV) 200 nm light sources for
material surface processing or biomedical applications or
coherent 13.5 nm light sources for the extreme ultraviolet
(EUV) lithography in semiconductor core demands. This is
the third scenario, known as the harmonic SSMB, which
involves further compression of the microbunches within
the mini phase-space bucket.
In this paper, we develop a simple model for analyzing

the electron beam dynamics in laser modulator cavities of
an SSMB storage ring for the above three scenarios. This
includes physical effects within the laser modulator cavity
due to energy loss from cavity mirrors, external laser power
injection for energy dissipation compensation, and the turn-
by-turn dynamical effects from coherent undulator radia-
tion generated by the traversing electron beams. This model
allows to estimate the radiation characteristics in the
radiator of the SSMB storage ring. Our method combines
the transfer matrix approach, commonly used in accelerator
physics, with the low-gain FEL oscillator model. The
advantage of this approach is its capability toquickly
estimate the aforementioned dynamical effects.
This paper is organized as follows: In Sec. II A, we

describe the electron beam dynamics in a laser modulator
cavity by deriving the transfer matrix of the laser modu-
lator. The effect of the modulation laser on the beam is
characterized by a lumped parameter called the energy
chirp strength. This energy chirp strength parameter is then
used to construct a transfer matrix. When considering the
coherent radiation generated by the electron beam passing
through the modulator undulator, which can be confined
and accumulated turn by turn in the laser cavity, the process
resembles a low-gain FEL oscillator. This dynamic effect is
described in Sec. II B. To establish an SSMB storage ring,
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we must incorporate additional components and physical
effects beyond the modulator undulator, including the full
storage ring transfer matrix, radiation damping, quantum
excitation (both in the storage ring and modulator undu-
lator), and the equilibrium energy spread. In Sec. II C,
summarizing these relevant effects and combining the beam
sigma matrix commonly used in accelerator physics [25],
we can track various bunch characteristics during each
revolution. In Sec. III, we apply our developed model to
analyze the beam dynamics and radiation characteristics of
all three SSMB scenarios in the presence of the afore-
mentioned dynamical effects. Finally, we summarize this
work in Sec. IV.

II. THEORETICAL MODEL

A. Transfer matrix of the laser modulator

In this subsection, our objective is to construct a transfer
matrix for the laser modulator. Here, we primarily consider
the longitudinal effects of the laser modulator on the
electron beam, while approximating the transverse effect
as a free-space drift. Since it is placed at zero phase, the
laser modulator’s longitudinal effect on the electron beam
mainly manifests as providing an energy chirp, or longi-
tudinal focusing, similar to the action of a quadrupole in the
transverse dimension. The energy chirp is related to the
energy gain experienced by the resonant particle after
passing through the modulator undulator, defined as

h ¼ kL
ΔE
γmc2

; (1)

where kL ¼ 2π=λL is the wave number of the modulation
laser, γ is the Lorentz relativistic factor of the electron
energy, m is the electron rest mass, and c is the speed of
light in vacuum. In the above expression, the energy
difference ΔE received by an electron after passing through
the modulator undulator can be evaluated by integrating
along the undulator axis, i.e.,

ΔE ¼
Z

Lu=2

−Lu=2

dE
ds

ds; (2)

where the rate of energy change dE=ds can be derived by
the Lorentz force equation. Skipping the detailed deriva-
tion, which can be found in Appendix A, we summarize the
results here. For the on-resonance case, the energy chirp
strength of the laser modulator can be expressed as

h ¼ eKu½JJ�
γ2mc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4PLZ0zR

λL

s
tan−1

�
Lu

2zR

�
kL; (3)

where e > 0 is the unit charge, Ku is the undulator
parameter with Ku ≈ 0.934 B0½T�λu½cm� with B0 the peak
magnetic field and λu the undulator period, Lu ¼ Nuλu is

the undulator length with Nu the number of undulator
periods. Here zR is the Rayleigh length, Z0 ≈ 377Ω is the
free-space impedance, λL is the modulation laser wave-
length, and PL is the modulation laser power. The coupling
coefficient of the planar undulator is defined as

½JJ� ¼ J0

�
K2

u

4þ 2K2
u

�
− J1

�
K2

u

4þ 2K2
u

�
; (4)

where J0; J1 are, respectively, the zeroth and first order
Bessel functions of the first kind.
Having obtained the chirp strength received by the

electron through the modulator undulator, we can construct
a longitudinal transfer matrix for the longitudinal phase-
space coordinates ½z δ�T , with z the longitudinal coordinate
and δ the relative energy deviation in the bunch, as [6]

MLM ¼

0
BB@

cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p Þ R56;LM sinð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

h sinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh

p cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p Þ

1
CCA; (5)

where the longitudinal momentum compaction function of
the laser modulation is

R56;LM ¼ 1þ K2
u=2

γ2
Lu: (6)

Here, we note that this symplectic matrix is derived under
the plane wave approximation, i.e., the laser field experi-
enced by the electron is roughly uniform along the
undulator. When written in the form that includes both
the transverse and longitudinal phase-space coordinates
½y y0z δ�T , with y and y0 the transverse vertical coordinate
and vertical divergence in the bunch, we have

MLM¼

0
BBBBB@

1 Nuλu 0 0

0 1 0 0

0 0 cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p Þ R56;LM sinð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

0 0
h sinð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh

p Þ

1
CCCCCA
:

(7)

It isworth noting that the transverse phase-space coordinates
½y; y0� are adopted in this context because the forthcoming
discussion on the third scenario involves coupling of the
transverse emittance in the y direction to the longitudinal z
dimension to achieve bunch compression.

B. Coherent radiation in a laser modulator cavity

To further enhance the modulation laser power, the laser
beam is confined in a closed path and the laser modulator is
configured as an optical cavity, which is called an enhance-
ment cavity or laser modulator cavity. In this cavity, in
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addition to the externally injected laser field, an undulator
radiation field is also generated each time the electron beam
passes through the modulator undulator. The dominant
undulator radiation fields, with a wavelength that fulfills the
resonance condition λL ¼ λu

2γ2
ð1þ K2

u
2
Þ, will be confined

within the cavity. This process is similar to a low-gain
FEL oscillator. We will utilize a well-known low-gain FEL
oscillator model [26,27] to describe this dynamic process,
while combining results from the previous section to
present a model that includes the coherent undulator
radiation effects (or FEL-like effects). It should be noted
that Dattoli’s model [26,27], developed through fitting
numerous simulation results, has been recognized as
reliable and is widely applied by the FEL community in
the design analysis of FEL oscillators or storage ring FELs.
First, in the laser cavity, the evolution of the laser power

per turn is subject to cavity mirror loss while potentially
receiving gain from FEL-like processes. The former is
reflected in the cavity’s total power reflectivity R ≤ 1,
where the equality indicates no mirror loss (ideal case). The
latter is described by the gain Gn. From the nth turn to the
ðnþ 1Þth turn, the modulation laser power PL evolves
according to

PL;nþ1 ¼ Rð1þ GnÞPL;n; (8)

where the gain function Gn is given by [26]

Gn ¼ GM;n
1 − e−βXn

βXn
; β ¼ π

2
ð1.0145Þ; Xn ¼

PL;n

Psat
;

(9)

with

GM;n ¼
e−0.132Pðg0Þμ2ϵ;n

1þ 1.6Qðg0Þμ2ϵ;n
X3
j¼1

gj0gjðκÞ: (10)

Here the small-signal gain coefficient g0 can be
written as

g0 ¼ 8π
IP
IA

K2
u½JJ�2�

1þ K2
u
2

�
2

γN3
uλ

2
L

A⊥
; (11)

with the peak bunch current IP, the Alfven current
IA ≈ 17045A, the transverse effective area A⊥ ¼
2πðσ2x þ λL

4π zRÞ, and σx being the transverse electron beam
size. The remaining quantities in Eq. (10) are [26]

Pðg0Þ ¼1 − 3.57 × 10−3g0 þ 6.83 × 10−2g20
− 4.79 × 10−3g30;

Qðg0Þ ¼1þ 0.142g0 − 0.011g20 þ 1.8 × 10−4g30: (12)

These fitting coefficients reflect the effects induced by
the beam finite energy spread σδ, where μϵ;n ¼ 4Nuσδ;n,
valid for μϵ;n ≤ 1. For the low-gain FEL interaction, in the
sum expression of Eq. (10), we have for the detuning
parameter κ ¼ 2πNu

ωL−ω
ωL

[26]

g1ðκÞ ≈
π

a1
exp

�
− κ2

b1

�
sin

�
κ

c1

�
cos

�
κ

d1

�
cos

�
κ

e1

�

g2ðκÞ ≈
π2

a2
exp

�
− κ2

b2

�
cos

�
κ

c2

�
cos

�
κ2

d2

�
cos

�
κ2

e2

�

g3ðκÞ ≈
π3

a3
exp

�
− κ2

b3

�
sin

�
κ

c3

�
cos

�
κ

d3

�
cos

�
κ

e3

�
;

(13)

where

a1 ¼ 3.0; b1 ¼ 209.11; c1 ¼ 2.0; d1 ¼ 5.7212; e1 ¼ 9.8361
a2 ¼ 40.0; b2 ¼ 58.01; c2 ¼ 5.2427; d2 ¼ 78.9575; e2 ¼ 142.589
a3 ¼ 11461; b3 ¼ 128.60; c3 ¼ 2.9317; d3 ¼ 9.0363; e3 ¼ 13.369: (14)

According to Ref. [26], these fitting formulas produce
results with a relative error of 1.7% compared to actual
simulation results, valid within jκj < 10, which is sufficient
for our purposes. In Eq. (9), the effective saturation power
is defined as

Psat½W� ¼ 6.93 × 1012
�

γ

Nu

�
4 πðw0½m�Þ2
ðλu½cm� · Ku · ½JJ�Þ2

; (15)

with w0 the laser beam waist size.
We will iterate Eq. (8) to evaluate the turn-by-turn

evolution of the laser power stored in the modulator cavity.

On each turn, when the electron beam passes through the
modulator undulator, the emitted coherent undulator radi-
ation slightly increases the modulation laser power, which
can be written as

PL;n ¼ Pext
L;n þ

π

ϵ0c
Nu

�
K2

u

4þ 2K2
u

�

× ½JJ�2FF⊥ðSÞjbj2I2P
�
sin κ

2
κ
2

�
2

; (16)

where Pext
L;n is the laser power already existing in the cavity,

jbj is the bunching factor of the electron beam (to be
defined later), IP is the peak bunch current, and the last sinc
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function characterizes the detuning effect. The second term
in the equation represents the additional increment [18],
where the electron beam is assumed to be a transverse
round beam with the transverse form factor

FF⊥ðSÞ ¼
2

π

�
tan−1

�
1

2S

�
þ S ln

� ð2SÞ2
ð2SÞ2 þ 1

��
; (17)

where S ¼ σ2x
ωL
c

Lu
.

Before ending this subsection, we discuss the validity of
the above model in our case. Here, we assume that the
microbunch is located near the center of the phase-space
bucket. We neglect the phase offset between the bucket
center and the emitted radiation field, i.e., we presume that
the radiation field and the microbunch are at the same
phase. This is justified if we consider the interaction is low
gain [28]. For the high-gain interaction, this assumption
becomes violated. To ensure this assumption holds in our
case, let us estimate the FEL gain length as follows. Taking
the parameters from Table I that we will demonstrate later
as an example, for 250 MeV, IP ¼ 0.55A, Ku ¼ 4.29,
λL ¼ 1064 nm, σx ≈ 100 μm, the Pierce parameter

ρFEL ¼
�
1

8π

IP
IA

�
Ku½JJ�
1þ K2

u
2

�
2 γλ2L
2πσ2x

�
1=3

≈ 1 × 10−3: (18)

The 1D power gain length LG0 ¼ λu
4π

ffiffi
3

p
ρFEL

≈ 2.3 m,

longer than the length of the modulator undulator (1 m).
In general, within the first two gain lengths (4.6 m), this

assumption is valid. The gain length can be longer when
considering 3D effects [29]. Therefore, the validity of the
model in our case is justified.
From the above two subsections, we have now devel-

oped the theoretical model of the laser modulator cavity.
When considering the FEL-like effects in the laser modu-
lator, the modulation laser power varies turn by turn, and this
PL;n will lead to different chirp strength hn on each turn, thus
the numerical values of the transfer matrix [Eqs. (5) and (7)]
of the laser modulator will also vary slightly turn by turn.
These will affect the electron beam dynamics in laser
modulators and radiation characteristics in the radiator of
an SSMB storage ring. In the next subsection, we will
describe the remaining parts of the SSMB storage ring using
common transfer matrices, while considering the radiation
damping and quantum excitation effects.

C. One-turn matrix and other relevant effects

For symmetry considerations, the SSMB radiator is
typically installed at a position symmetric to the laser
modulator cavity. Consequently, we divide the storage ring
in half; the longitudinal transfer matrix for half of the ring
can be written as

R1=2 ¼
�

cos πνs βzS sin πνs− 1
βzS

sin πνs cos πνs

�
; (19)

with βzS being the longitudinal beta function and νs being
the synchrotron tune. For longitudinal weak focusing, we
have [6,11]

νs ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hηtotC0

p
2π

≪ 1 (20)

and

βzS ≈
ffiffiffiffiffiffiffiffiffiffiffiffi
ηtotC0

h

r
: (21)

Here, ηtot is the storage ring slippage factor and C0 is the
storage ring circumference. When including both the
transverse and longitudinal motion, the transfer matrix
for half of the storage ring can be written as

R1=2¼

0
BBB@

cosπνy βy sinπνy 0 0

− 1
βy
sinπνy cosπνy 0 0

0 0 cosπνs βzS sinπνs
0 0 − 1

βzS
sinπνs cosπνs

1
CCCA;

(22)

with βy the transverse vertical betatron function and νy
being the vertical betatron tune.
Now we can describe the one-turn matrixO that includes

both the laser modulator and the remaining parts to form the

TABLE I. Initial beam, laser modulator, radiator, and storage
ring parameters for the first example: IR SSMB.

Name Value Unit

Beam energy 250 MeV
Peak bunch current 0.55 A
rms energy spread 2.76 × 10−4
rms bunch length 175 nm
rms beam size 100 μm
Laser modulation wavelength 1064 nm
Laser modulation power 24 kW
Rayleigh length 0.33 m
Nominal chirp strength 500 m−1
Modulator undulator period 5 cm
Modulator undulator length 1 m
Modulator undulator parameter 4.29
Total reflectivity of the cavity mirrors 0.99963
Radiator undulator period 5 cm
Radiator undulator length 2 m
Radiator undulator parameter 4.29
Storage ring circumference 50 m
Storage ring slippage factor 5 × 10−6
Synchrotron tune 0.056
Radiation damping time 10 ms
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complete storage ring. In the subsequent section, we will
demonstrate three SSMB scenarios, for which we need to
construct three corresponding one-turn matrices O. With
the one-turn matrix established, in our model, we use
the beam sigma matrix to describe the second-moment
characteristics of the beam. For the 2D case, the longi-
tudinal beam sigma matrix is

Σ ¼
�

σ2z σzδ
σzδ σ2δ

�
: (23)

For the 4D case, including the transverse and longi-
tudinal beam sigma matrix, we have

Σ ¼

0
BB@

σ2y σyy0 σyz σyδ
σyy0 σ2y0 σy0z σy0δ
σyz σy0z σ2z σzδ
σyδ σy0δ σzδ σ2δ

1
CCA: (24)

Turn-by-turn evolution of the beam sigma matrix can be
formulated as [25]

Σnþ1 ¼ OnΣnO
T
n : (25)

Here, we add the subscript n to the one-turn matrix,
writing it as On, to reflect the changes when FEL-like
effects are considered in the laser modulator cavity. To
initiate the iteration, the initial parameters for turn-by-turn
tracking will be calculated from single-particle effects.
Without considering the aforementioned dynamical effects
in the laser modulator cavity, the equilibrium energy spread
can be expressed as

σδ0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
Cq

Js

γ2

ρ

s
; (26)

where ρ is the average radius of the storage ring bending
magnets, Js is the longitudinal damping partition number
(assumed to be 2), Cq ¼ 3.832 × 10−13 m. The equilibrium
bunch length is σz0 ¼ σδ0βzS. We assume the initial
σzδ ¼ 0. During turn-by-turn tracking, the radiation damp-
ing effects can be implemented through the following
approach

R1=2ðz; δÞ ¼ R1=2ðz; δÞ × e−1=2NRD ; (27)

for the longitudinal dimension, or

R1=2ðy; y0Þ ¼ R1=2ðy; y0Þ × e−1=4NRD ; (28)

for the transverse dimension. Here NRD ¼ τz=Trev is the
longitudinal damping time expressed in terms of the
number of revolution turns. For simplicity, we assume that
the transverse radiation damping time is twice the longi-
tudinal radiation damping time. In addition to the radiation

damping, the quantum excitation contributes to the longi-
tudinal incoherent energy spread and the transverse
emittance growth. On each turn, these effects can be
estimated as

Δσ2δ ¼
σ2δ0

NRD=4
; Δϵy ¼

ϵy0
NRD

; (29)

where σδ0 and ϵy0 represent the equilibrium energy spread
and the emittance, respectively. According to Eq. (29), the
quantum excitation updates the beam sigma matrix turn by
turn as

Σn → Σn þ ΔΣ; (30)

with

ΔΣ ¼

0
BB@

Δϵyβy −Δϵyαy 0 0

−Δϵyαy Δϵyγy 0 0

0 0 0 0

0 0 0 Δσ2δ

1
CCA: (31)

In addition to the radiation damping and quantum exci-
tation occurring in a storage ring, the quantum diffusion
causes an increase in the longitudinal incoherent energy
spread when the electron beam passes through a modulator
undulator. On each turn, this increase is given by [30]

σ2δ;n ¼ σ2δ;0 þ Δσ2δu; (32)

with

Δσ2δu ≈ reλCγ2
�
kuKuffiffiffi

2
p

�
3

Lu; (33)

where re ≈ 2.818 × 10−15 m is the classical electron radius,
and λC ≈ 2.426 × 10−12 m is theComptonwavelength of the
electron. We comment that this increase, Δσ2δu, is approx-
imately 2 orders of magnitude smaller than the quantum
excitation contribution from the storage ring [Eq. (29)].
Compared to other effects, this contribution can be small,
but we still include it to reflect the FEL-like heating effect.

III. EXAMPLES

In the previous section, we developed a theoretical
model, which will now be applied in this section to analyze
three SSMB scenarios. The first example is an amplifier
SSMB, the simplest configuration, targeting a radiation
wavelength similar to that of the laser modulator. The
second example targets a radiation wavelength longer than
that of the laser modulator, known as the frequency-beating
SSMB. In the third example, we consider coherent radi-
ation with a wavelength shorter than that of the laser
modulator, referred to as the harmonic SSMB. For all three
examples, we assume the laser modulator operates in the
infrared (IR) region at 1064 nm.
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A. Amplifier scenario: IR SSMB

In the first example, as shown in Fig. 1, the electron
bunch is modulated or longitudinally focused in an IR laser
modulator cavity, maintaining the microbunch length at
approximately σz0 ¼ 175 nm per turn. When the micro-
bunch passes through the radiator, it generates coherent IR
radiation. In this case, the radiation wavelength is equal to
the modulation laser wavelength.
For this scenario, considering symmetry, starting from

the radiator, the one-turn matrix can be formulated as

O ¼ R1=2MLMR1=2: (34)

Here, the radiator is simply treated as a drift with its
R56;rad counted as part of the storage ring slippage factor.
Once the initial microbunch parameters are specified, we
can combine Eq. (34) and use Eq. (25) to calculate the
bunch characteristics at the modulator or radiator turn by
turn. The bunch properties at other locations in the storage
ring can be obtained in a similar manner. Of particular
interest is the bunching factor at the radiator or the
modulator, defined as

jbj≡
				
Z

∞

−∞

Z
∞

−∞
fðz; δÞe−ið2πλLÞz dzdδ

				; (35)

where we assume the longitudinal phase-space distribution
is Gaussian, i.e.,

fðz; δÞ ¼ 1

2π
ffiffiffiffiffiffiffiffiffiffi
detΣ

p e−1
2
ZTΣ−1Z

¼ 1

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2zσ

2
δ − σ2zδ

q e−
1

2detΣz
ðz2σ2δþδ2σ2z−2zδσzδÞ; (36)

where det denotes the determinant operator and Z ¼ ½z δ�T .
Then the bunching factor can be analytically integrated

jbj ¼ e−
1
2
ð2πλLÞ

2σ2z ; (37)

where σz can be extracted from the beam sigma matrix
calculated for any given turn. In addition to the bunching
factor, we are also concerned with the output radiation
power at the radiator. According to Ref. [18], the radiation
power can be expressed as

Ppeak ¼
π

ϵ0c
Nu; rad

�
K2

u; rad

4þ 2K2
u; rad

�
½JJ�2FF⊥ðSÞjbj2I2P;

(38)

where ½JJ� is given by Eq. (4), and FF⊥ is defined in
Eq. (17). The absence of the detuning term [cf. Eq. (16)] is
because we have assumed that the radiation is on resonance
in the radiator. In practical units, the above expression
becomes

Ppeak½kW� ¼ 1.183 Nu;rad

�
K2

u;rad

4þ2K2
u;rad

�
½JJ�2FF⊥ðSÞjbj2I2P½A�:

(39)

This formula will be used later to calculate the output
radiation power at the radiator.
Table I summarizes the initial beam, laser modulator,

radiator, and storage ring parameters for the first example.
We use the parameters in Table I to construct the one-turn
matrix and calculate the turn-by-turn evolution of the beam
sigma matrix. According to Eq. (6), the R56;LM of the laser
modulator is 42.56 μm. Under ideal conditions, i.e., with-
out cavity loss, the equilibrium bunch length provided in
Table I is approximately 175 nm, and the relative energy
spread is 2.76 × 10−4. These values serve as the initial
conditions in Figs. 2 and 3. The turn-by-turn tracking
results are shown in Figs. 2 and 3. Figure 2 illustrates the
evolution of the microbunch’s bunch length, energy spread,
and bunching factor in the laser modulator cavity, along
with the modulation laser power stored in the cavity as a
function of the turn number under different physical
conditions. In the case of single-particle effects, where
the radiation damping and quantum excitation are consid-
ered but the FEL-like interaction in the modulator is
ignored, when cavity loss is taken into account but without
external laser injection to compensate for the loss, the
modulation laser power decreases turn by turn because of
power loss in cavity mirrors, as expected. As a result, the
modulation strength weakens, and the longitudinal focus-
ing of the microbunch is gradually lost, eventually leading
to bunch lengthening. This process is reflected in the results
shown in Fig. 2, represented by the dashed lines. As the
bunch length in the laser modulator increases, the bunch

FIG. 1. Schematic layout of the amplifier SSMB. The electron
beam undergoes energy modulation or longitudinal focusing in
the IR modulator, followed by coherent radiation emission at the
same wavelength as the modulator in the downstream IR radiator.
After radiation emission in the radiator, the electron beam returns
to the IR modulator, which provides energy modulation or
longitudinal focusing to maintain the longitudinal bunch length
around the storage ring.
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length at the radiator also increases, and the microbunch is
no longer able to produce sufficient coherent radiation at
the radiator. This is demonstrated by the dashed lines in
Fig. 3. Without the quantum diffusion effect in the
modulator undulator, the energy spread of the bunch
decreases initially as the bunch lengthens but then returns
to its equilibrium value due to radiation damping and
quantum excitation. Here, the radiation damping time is set
to approximately 10 ms, corresponding to 6 × 104 turns.
Since the design of the SSMB storage ring is not yet fully
finalized, this value is chosen as a reasonable yet somewhat
arbitrary setting.
According to our numerical setup, the total cavity

reflectivity is 0.99963, also of somewhat arbitrary choice,
corresponding to a power loss of approximately 8.9 W per
turn. Still ignoring the FEL-like effects in the modulator,
we now externally inject 8.9 W of the laser power per turn
to compensate for the cavity loss. With this setup, the laser
modulator is able to operate stably, as shown by the dotted
lines in Figs. 2 and 3. As can be seen, the bunch length in
the laser modulator is maintained at approximately 178 nm,

the energy spread remains at 2.8 × 10−4, and the laser power
in the modulator is stabilized at 23.9 kW, all consistent with
the expected design values. Additionally, as shown in Fig. 3,
the microbunch length and energy spread at the radiator
remain comparable to those in the modulator. The output
radiation power is approximately 1 kW, and the bunching
factor is about 0.58, both matching the expected perfor-
mance. Here, we emphasize that the relevant amplification
process in this amplifier scenario does not involve the 24 kW
stored in the laser modulator cavity and the 1 kW radiation
power generated in the radiator. Instead, an appropriate
comparison should be between the injection laser power
of 8.9 W and the radiation power of 1 kW.
Now, after considering the coherent radiation in the laser

modulator cavity and FEL-like gain effects introduced in
Sec. II B within the modulator, a more complete physical
picture of the laser modulator emerges. The results are
shown as the solid lines in Figs. 2 and 3. Several interesting
observations can be made. First, in the laser modulator, the
radiation generated by the microbunch passing through the
undulator significantly amplifies the stored laser power in
the cavity, increasing from 24 kW to 3 MW, as shown by
the blue solid line in the bottom panel of Fig. 2. This
increase in laser power provides stronger modulation or
longitudinal focusing. Consequently, the microbunch
length in the laser modulator shortens from 178 nm (under
single-particle effects only) to approximately 74 nm. This is
accompanied by an increase in energy spread, rising from
2.8 × 10−4. After including radiation damping, the energy
spread eventually approaches 3.6 × 10−4. Correspondingly,

FIG. 3. Turn-by-turn evolution of the microbunch beam param-
eters σz; σδ (a), the average radiation output power and jbLMj (b)
in the radiator for the case of an amplifier SSMB. The simulation
parameters and line conventions are maintained as described in
Fig. 2 (see also Table I).

FIG. 2. Turn-by-turn evolution of the microbunch beam param-
eters σz; σδ (a), jbLMj and the laser power PL (b) in the laser
modulator for the case of an amplifier SSMB. The radiation
damping time is set to approximately 10 ms, corresponding to
6 × 104 turns. This is a dual y-axis plot, where the blue lines
correspond to the left y axis and the red lines correspond to the
right y axis. The dashed lines account for radiation damping and
quantum excitation effects, without external laser power injection
to compensate for the cavity loss. The dotted lines additionally
include laser power compensation. The solid lines represent
simulations using an FEL-like model for the laser modulator,
incorporating the coherent radiation power generated by the
electron beam passing through the modulator undulator and the
turn-by-turn accumulation of dynamic effects. The inset shows a
close-up of a selected region in the bottom plot.

CHENG-YING TSAI and XIUJIE DENG PHYS. REV. ACCEL. BEAMS 28, 074402 (2025)

074402-8



the microbunch length at the radiator also shortens, while
the bunching factor increases from 0.58 to 0.95. The
emitted radiation power rises from 1 to 2.6 kW. Here,
we comment that the present laser cavity technology can
already support stored powers of approximately ≥ 700 kW
[22,23] using an optical enhancement cavity. We believe
that achieving an average storage power of approximately
1 MW in the foreseeable future appears to be a realistic and
achievable goal. We also recognize that the actual gain of
an optical enhancement cavity will decreases when the
stored laser power approaches several hundred kilowatts
[22,23], ultimately leading to saturation at a certain power
level. This power-dependent behavior of the cavity gain is
neglected in our analysis. From Figs. 2 and 3, it is evident
that the FEL-like effects in the laser modulator are
promising: they enhance the longitudinal focusing in the
modulator and increase the output radiation power at the
radiator. Of course, the cost of this better performance is
the need for additional energy compensation for the
electron beam, such as through an rf cavity or induction
linac in the storage ring. This aspect is beyond the scope of
this paper and will not be discussed here.
The results in Figs. 2 and 3 assume that the laser

modulator operates on resonance, that is, the modulation
laser wavelength λL exactly matches the undulator reso-
nance wavelength λm. If detuning exists, i.e., λm ≠ λL [see
also Eqs. (A7) and (A8)], for example, by fine-tuning the
magnetic field strength of the modulator undulator
(adjusting Ku), the modulation strength of the laser
modulator on the microbunch will vary, leading to change
in the output radiation power at the radiator. Over-
modulation might even occur. Figure 4 shows the stored
laser power in the modulator and the radiation power
generated at the radiator as a function of the detuning
parameter κ ¼ 2πNu

λm−λL
λL

. It can be observed that, when
κ > 0, particularly for κ > 0.5, excessive laser power in
the modulator overmodulates the microbunch. This results
in an unsuitable bunch length at the downstream radiator,
preventing it from emitting coherent radiation at the
intended wavelength. When κ > 5, as the FEL-like gain
diminishes, the system stabilizes. In the unstable region of
0.5 < κ < 5, tracking results indicate that the microbunch
characteristics no longer evolve stably with the turn
number but instead exhibit significant fluctuations.
From Fig. 4, we see that slight tuning toward κ > 0 can
improve the gain, but the system tends to become
unstable. Tuning toward κ < 0 reduces the gain, but the
laser modulator remains in a stable region.
In this subsection, we have demonstrated the amplifier

scenario of IR SSMB, considering cavity loss, external
laser injection to compensate for the loss, and the effects of
coherent radiation in the laser modulator cavity as the
electron beam passes through the modulator undulator. In
the next subsections, we will continue to analyze other
scenarios using the developed theoretical model.

B. Frequency-beating scenario: THz SSMB

To generate coherent radiation with a wavelength longer
than the modulation laser wavelength, one can install two
back-to-back modulator undulators with slightly different
λu at the modulator (see Fig. 5). These two modulator
undulators then have slightly different resonant frequen-
cies, both within their resonance bandwidths, covering the
modulation laser. The frequency difference between the
two resonances corresponds to the target radiation fre-
quency. After traversing the modulator, the electron beam
distribution will develop a beat-frequency component at the
target wavelength, producing coherent radiation at that
wavelength. For detailed discussions on the beat-wave
envelope bucket from two modulator undulators, we refer
interested readers to Appendix B.
To elaborate the idea, we consider two undulators at the

modulator with different periods, denoted as λu1 ¼ λu0 −
Δλu and λu2 ¼ λu0 þ Δλu, where λu0 is the averaged
undulator period and define

Δ ¼ Δλu
λu0

: (40)

Then the resonant wavelength at the two undulators becomes
λm1 ¼ λLð1 − ΔÞ and λm2 ¼ λLð1þ ΔÞ. Moreover, we let

FIG. 4. (a) Detune dependence of the laser modulation power
(blue), output radiation power (red), and (b) the bunching factors
at the modulator (blue), and radiator (red). All the simulation
parameters except for the detune parameter κ are the same as
those in Figs. 2 and 3. To quantify the stability of the tracking
results, error bars are calculated using the standard deviation of
the relevant quantities over the final 1000 turns of simulation.
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the length of the first modulator undulator be Lu1 ¼ Nu1λu1
and the length of the second modulator undulator be
Lu2 ¼ Nu2λu2. Here, we note that using two undulators with
different Ku values is also possible, but in this example, we
assume different undulator periods and the same Ku. Based
on an analysis similar to that in Sec. II A, the energydeviation
imparted to electrons after passing through the two modu-
lator undulators is given by

ΔE ¼
Z
Lu1

dE
ds

				
ϵ¼−Δλu=λu0

dsþ
Z
Lu2

dE
ds

				
ϵ¼þΔλu=λu0

ds; (41)

with ϵ ¼ ðλm − λLÞ=λL the fractional difference between λm
and λL.
The chirp strength can be evaluated by h ¼ kL

ΔE
γmc2. As

will be shown in the subsequent analysis, this chirp strength
depends on Δ and simultaneously determines the target
radiation frequency of the downstream radiator, written as
h ¼ hðΔ; fradÞ. When considering the coherent radiation
effects (i.e., FEL-like effects) in the modulator cavity, as
analyzed in Sec. II B, we have

PL;n ¼ Pext
L;n þ δPðnÞ; (42)

where

δPðnÞ ≈
π

ϵ0c
χ½JJ�2FF⊥ðSÞjbj2I2P

×

�
Nu1

�
sin ðκ

2
− πNu1ΔÞ

κ
2
− πNu1Δ

�
2

þNu2

�
sin ðκ

2
þ πNu2ΔÞ

κ
2
þ πNu2Δ

�
2
�
: (43)

The radiation wavelength at the radiator is determined by
the difference between the resonant frequencies of the two
distinct λu1;u2 undulators at the laser modulator, corre-
sponding to the beating frequency. The beating period
forms an envelope bucket (see Appendix B), comprising
several mini phase-space buckets. The radiation wave-
length at the radiator is given by

λTHz ¼
c

Δfm
¼ 2πc

ωm1 − ωm2

¼ λm1λm2

λm2 − λm1

≈
λ2L

λL · 2Δ
¼ λL

2Δ
; (44)

where Δ is defined in Eq. (40). Once the target radiation
wavelength is specified, assuming λL is known, this
equation can be used to guide the design of the modulator
undulators, leading to

Δ ¼ Δλu
λu0

≈
λLfTHz
2c

≈ 1.67 × 10−3λL½μm�frad½THz�: (45)

Given the desired radiation frequency at the radiator, the
difference in undulator periods Δλu for the two back-to-
back modulator undulators can be calculated. To clarify, we
consider a numerical example with λL ¼ 1064 nm.
Assuming the average λu0 corresponds to the resonance
wavelength of 1064 nm, this ensures effective interaction
between the electron beam and the modulation laser.
Referring to Eq. (41), the chirp strength depends on this
undulator period difference Δ. For the modulation laser
power of 24 kW, as specified in Table II, the chirp strength
corresponding to the desired radiation frequencies from 0.5
to 11 THz is shown in Fig. 6. For lower frequencies (longer
wavelengths), the required Δ is smaller, indicating a minor
difference between the two back-to-back modulator undu-
lators. As expected, two more similar undulators allow the
modulation laser to interact more effectively with the
microbunch, resulting in a larger chirp strength.
In addition to the energy chirp strength in the modulator,

we also need to decide on the undulator period λu;rad and
undulator parameter Ku;rad of the radiator. The choice is not
unique but can be selected within a range, depending on the
magnetic field of the radiator undulator. To find λu;rad and
Ku;rad, we recall that Eq. (45) provides the constraint on Δ
for the two modulator undulators based on the desired
radiation frequency. To determine λu;rad and Ku;rad, the
resonance wavelength of the radiator undulator should
satisfy

λTHz ¼
λu;rad
2γ2

�
1þ K2

u;rad

2

�
: (46)

In the meanwhile, from Eq. (45) and the resonance
condition λL ¼ λu0

2γ2
ð1þ K2

u
2
Þ, we have

FIG. 5. Schematic layout of the frequency-beating SSMB. The
microbunches in the storage ring receive energy modulation or
longitudinal focusing from the beat-frequency IR modulator,
consisting of two back-to-back modulator undulators with
slightly different undulator periods. Then the microbunches with
frequency-beating component will emit coherent radiation at the
beating frequency or wavelength in the downstream radiator.
After radiation emission in the radiator, the electron beam returns
to the modulator, which provides energy modulation or longi-
tudinal focusing to maintain the longitudinal bunch length around
the storage ring.
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λTHz ¼
λL
2Δ

¼ λu0
4γ2Δ

�
1þ K2

u

2

�
: (47)

The above Eqs. (46) and (47) provide the following
constraint on λu;rad and Ku;rad

λu0
2Δ · λu; rad

¼ 1þ K2
u;rad

2

1þ K2
u
2

: (48)

Provided that Ku;rad ≈ 0.934 B0;rad½T�λu;rad½cm�, we solve
Eq. (48) for the λu;rad in terms of the λu0 and Ku of the laser
modulator to obtain

λu;rad ¼
4 · 62=3B2

0; radk
2Δ2 − 61=3ϒ2=3

6B2
0; radk

2Δϒ1=3 ; (49)

with k ¼ 0.934 and

ϒ¼−9B4
0;radk

4ð2þK2
uÞΔ2λu0

þ
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B6
0;radk

6Δ4ð128Δ2þ27B2
0;radk

2ð2þK2
uÞ2λ2u0Þ

q
:

(50)

Substituting the value of λu;rad obtained from Eq. (49)
into Ku;rad ≈ 0.934 B0;rad½T�λu;rad½cm�, we can determine the
radiator undulator parameter. Figure 7 shows the functional
dependence of λu;rad and Ku;rad on the peak undulator
magnetic field, assuming that the modulation laser wave-
length is 1064 nm. After selecting an appropriate B0;rad, the
corresponding set of λu;rad and Ku;rad gives the required
parameters for the radiator undulator.
Now we have completed the setup for the second

example. The one-turn matrix for this example is the same
as that in the first example [Eq. (34)], except that evaluation
of the chirp strength is based on the above Eqs. (41)–(43).
Turn-by-turn evolution of the microbunch second
moments is governed by Eq. (25). Table II summarizes
the initial beam, laser modulator, radiator, and storage ring
parameters based on the 1064 nm modulation laser and
the laser modulation power of 24 kW, where we have
somewhat arbitrarily set the radiator frequency to 5 THz.
These parameters are not optimized but only for

FIG. 6. Dependence of the chirp strength h as a function of the
resonant frequency in the radiator.

TABLE II. Initial beam, laser modulator, radiator, and storage ring parameters for the second example: THz
SSMB.

Name Value Unit

Beam energy 250 MeV
Peak bunch current 0.55 A
rms energy spread 2.76 × 10−4
rms bunch length 175 μm
rms beam size 100 μm
Laser modulation wavelength 1064 nm
Laser modulation power 24 kW
Rayleigh length 0.33 m
Nominal chirp strength 500 m−1
Modulator undulator period λu1; λu2 4.955, 5.045 cm ðΔ ¼ 0.009Þ
Number of modulator undulator periods Nu1; Nu2 10
Modulator undulator parameter 4.29
Total reflectivity of the cavity mirrors 0.99963
Resonant radiation frequency 5 THz
Radiator undulator period 7.36 cm
Number of radiator undulator periods 40
Radiator undulator parameter 27.66
Storage ring circumference 50 m
Storage ring slippage factor 5 × 10−6
Synchrotron tune 0.055
Radiation damping time 10 ms
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demonstration purposes. The corresponding undulator
periods for the two modulator undulators are 4.955 and
5.045 cm, respectively, with the same number of periods
Nu1 ¼ Nu2 ¼ 10. For the radiator, we choose the corre-
sponding radiator parameters as λr;rad ¼ 7.36 cm and
Ku;rad ¼ 27.66ðB0;rad ≈ 4 TÞ, with the number of periods
Nu;rad ¼ 40. The choice of B0;rad ≈ 4 T indicates that a
superconducting undulator will be required. We will not
consider other derivative effects as they are beyond the
scope of this paper.
Similar to the previous amplifier-SSMB example, we

plot the evolution of microbunch length, energy spread,
the modulation laser power, and radiation power at both the
modulator and radiator locations as a function of the
number of revolution turns, as shown in Figs. 8 (modulator)
and 9 (radiator). Using the same legend, the dashed lines
represent the case that considers the single-particle effects
(the radiation damping and quantum excitation) and cavity
loss, but without external laser compensation. The dotted
lines, on the other hand, show the case where the external
laser injection is added to compensate for cavity loss. The
total reflectivity loss is set in the same way as in the first
example. Comparing Fig. 8 with Fig. 2, we see that, in the
modulator, the microbunches and the modulation laser
exhibit very similar characteristics to those in the first
example. This is perhaps not surprising, as for this second
example, we assumed the same external laser parameters,
and the two back-to-back undulators are not significantly
different from the single modulator undulator in the first
example.
The radiation and beam characteristics at the radiator

are also similar to the amplifier case; see Figs. 3 and 9. For
the case without external laser injection to compensate for
the cavity loss, the radiation power at the radiator quickly
drops from 1.68 kW. The power level of 1.68 kW can be
calculated using Eq. (39). The external laser injection

compensation is crucial if we wish to maintain the
required modulation or longitudinal focusing. If we
consider the coherent radiation generated by the electron
beam as it passes through the undulator in the modulator
and accumulates turn by turn, the modulation enhance-
ment effect discussed in the first example will occur.
Referring to Figs. 8(b) and 9(b), it implies that after
considering the FEL-like effects, the electron beam in
both the modulator and radiator receives better longi-
tudinal focusing, and the radiation output power at the
radiator increases up to 3 kW.

C. Harmonic scenario: UV SSMB

In the previous two subsections, we have discussed two
scenarios: one where the amplifier SSMB generates coher-
ent radiation at the same wavelength as the modulation
laser, and another based on the frequency beating to
produce longer wavelengths, such as in the THz regime.
From Eqs. (21) and (26), we can see that, given the
bunch length in the storage ring, σz0 ¼ σδ0βzS ∝ 1=

ffiffiffi
h

p
,

a shorter bunch length imposes more stringent requirements
on the modulation laser [31]. Specifically, from Eq. (3),

FIG. 7. Dependence of the radiator undulator period λu;rad and
the radiator undulator parameter Ku;rad as a function of the peak
undulator magnet field B0;rad in the radiator. Here, we assume that
the target radiation frequency is 5 THz and the laser modulator
operates at 1064 nm.

FIG. 8. Turn-by-turn evolution of the microbunch beam param-
eters σz; σδ (a), jbLMj and the laser power PL (b) in the laser
modulator for the case of a frequency-beating SSMB. The
radiation damping time is set to approximately 10 ms, corre-
sponding to 6 × 104 turns. In the dual y-axis plot, the blue lines
correspond to the left y axis and the red lines correspond to the
right y axis. The dashed lines account for radiation damping and
quantum excitation effects, without external laser power injection
to compensate for the cavity loss. The dotted lines additionally
include laser power compensation. The solid lines represent
simulations using an FEL-like model for the laser modulator,
incorporating the coherent radiation power generated by the
electron beam passing through the modulator undulator and the
turn-by-turn accumulation of dynamic effects.

CHENG-YING TSAI and XIUJIE DENG PHYS. REV. ACCEL. BEAMS 28, 074402 (2025)

074402-12



σz0 ∝ P−1=4
L , meaning that to produce shorter-wavelength

coherent radiation, a shorter microbunch length is required,
which in turn necessitates a significant increase in modu-
lation laser power. For the 1064 nm modulation laser
wavelength, our first amplifier-SSMB example required
24 kW. To produce 200 nm UV coherent radiation, which is
about one-fifth of the wavelength of 1064 nm, the required
modulation laser power would increase by a factor of
54 ¼ 625, resulting in approximately 20 MW. This level of
high-average-power laser is already far beyond the current
state-of-the-art laser technology. Therefore, to alleviate the

requirements for the modulation laser, in the third example,
we demonstrate a harmonic SSMB scenario based on the
transverse-longitudinal coupling (TLC) scheme [12,32].
Here, we do not intend to introduce the details of this TLC
scheme. For further discussions on this approach, we refer
the readers to Refs. [12,13].
The TLC SSMB scheme is illustrated in Fig. 10, also

called the generalized longitudinal strong focusing scheme.
It consists of three laser modulators, one of which is
installed in the main ring to provide weak longitudinal
focusing in the storage ring. The remaining two laser
modulators, with the radiator placed in between, play a
crucial role in the TLC scheme. The top row in Fig. 10
shows the two laser modulators surrounding the radiator,
including the vertical bending magnets entering the first
modulator and leaving the second modulator, along with
two transport lines resembling vertical doglegs. This setup
is referred to as the insertion section, which ideally should
be transparent with respect to the remaining storage ring,
meaning that from the transfer matrix perspective, the
insertion section behaves as an identity matrix. The concept
of the TLC scheme is to utilize the vertical bending
magnets to introduce the longitudinal-vertical ðy; y0; z; δÞ
coupling, thereby coupling the small emittance in the y
direction to the longitudinal z direction. Since the vertical
geometric emittance ϵGy is very small, achieving sufficient
modulation is relatively easier, similar to the angular
dispersion induced microbunching scheme recently pro-
posed in the FEL community [33].
To analyze this situation, we perform an analysis in the

4D phase space ½y y0 z δ�T . For simplicity, we assume that
outside the insertion section, the remaining storage ring
is a ðx; sÞ-planar storage ring and neglect the xy coupling.
Since this study primarily concerns the impact of the laser

FIG. 9. Turn-by-turn evolution of the microbunch beam param-
eters σz; σδ (a), jbj and the average radiation output power (b) in
the radiator for the case of a frequency-beating SSMB. The
simulation parameters and line conventions are maintained as
described in Fig. 8 (see also Table II).

FIG. 10. Schematic layout of the harmonic SSMB based on the transverse-longitudinal coupling (TLC) scheme. In the figure, two
harmonic-generation IR modulators sandwiching the UV radiator are used to implement energy modulation or longitudinal compression
specifically to the TLC scheme. This transport line segment is also called the insertion section. Bending in the insertion section,
including entering the first laser modulator and leaving the second laser modulator and the two dogleglike structures, is in the transverse
vertical y dimension. Another modulator, designated as the external IR modulator, provides longitudinal focusing of the electron beam
to maintain the bunch length in the storage ring. The ideal TLC scheme design assumes that the insertion section represents an identity
matrix, making it transparent to the storage ring.
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modulators, we concentrate on the vertical-longitudinal 4D
dynamics. Before the electron beam enters the first modu-
lator (or the upstream modulator), it passes through a
vertical bending magnet, whose transfer matrix can be
written as

MB ¼

0
BB@

1 0 0 0

0 1 0 R46−R46 0 1 0

0 0 0 1

1
CCA; (51)

where R46 will be constrained by the TLC scheme, and the
corresponding value will be provided below. Here, we
comment that the upper left 2 × 2 block matrix for y and
y0 does not necessarily have to be an identity matrix; we
desire the overall transfermatrix of the insertion section to be
an identity matrix. Considering the symmetry, when the
electron beamexits the secondmodulator (or thedownstream
modulator), the transfer matrix of the vertical bending
magnet must satisfy

M−1
B ¼

0
BB@

1 0 0 0

0 1 0 −R46

R46 0 1 0

0 0 0 1

1
CCA: (52)

To further couple the transverse vertical dimension to the
longitudinal dimension, after the electron beam exits the
first modulator and before entering the radiator, it will pass
through a dogleg with the corresponding transfer matrix

MDL ¼

0
BB@

1 0 0 R54

0 1 0 0

0 R54 1 R56

0 0 0 1

1
CCA; (53)

where the R54 and R56 will be constrained by the TLC
scheme, and their values will be provided below.
Furthermore, on leaving the radiator, before entering the
second modulator, there is a symmetric inverse dogleg,
whose transfer matrix is

M−1
DL ¼

0
BB@

1 0 0 −R54

0 1 0 0

0 −R54 1 −R56

0 0 0 1

1
CCA: (54)

For the second or the downstreammodulator, the inverse of
the lasermodulator transfermatrix canbederived fromEq. (7).
For simplicity, we only write the longitudinal part here

M−1
LM ¼

0
BB@

cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p Þ − R56;LM sinð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p

− h sinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh

p cosð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−R56;LMh
p Þ

1
CCA:

(55)

Clearly, the whole insertion section ðM−1
B M−1

LMM
−1
DLÞ×

ðMDLMLMMBÞ ¼ I . Now we shall summarize the con-
straints based on the TLC scheme. According to the
analysis in Refs. [12,13], the dispersion invariant for the
two modulators can be approximately written as

HyðModÞ ≈ σ2zðModÞ
ϵGy

; (56)

where ϵGy is the geometric emittance in the y direction,
σzðModÞ is the bunch length at the entrance of the first
modulator. For the TLC scheme-based SSMB insertion
section design, the required R46 for the vertical bending
magnet is [12,32]

R46 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HyðModÞ

βy

s
; (57)

where βy is the vertical Courant-Snyder function at the
entrance of the first modulator and is treated as a given
parameter. Additionally, the TLC scheme also requires that
R56 and R54 in the dogleg be determined by the following
constraints [12,32]

R56 ¼ − 1

h
; R54 ¼ −R56

R46

: (58)

Now, we have completed all the preparatory work for the
third example. To formulate the one-turn matrix, we start
from the middle of the storage ring, i.e., the external IR
laser modulator. We do not explicitly model the external IR
modulator but assume that the longitudinal focusing is
hidden in βzS [see Eq. (21)]. The transfer matrix for the first

half of the insertion section is T ð1Þ
1=2 ¼ MDLMLMMB. The

second half of the insertion section is the reverse order of

the first, i.e., T ð2Þ
1=2 ¼ ½T ð1Þ

1=2�−1, such that T ð2Þ
1=2T

ð1Þ
1=2 ¼ I .

This identity exactly holds for the pure optics case,
i.e., neglecting radiation damping, quantum excitation,
FEL-like effects, and power loss in cavity mirrors. When
including laser modulator dynamic effects, the one-turn
matrix can be written as

On ¼ R1=2T
ð2Þ
1=2;nT

ð1Þ
1=2;nR1=2: (59)

Here, the subscript n is added in the one-turn matrix and the
transfer matrix of the insertion section.
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Turn-by-turn tracking equation is based on Eq. (25),
given the above one-turn matrix. Table III provides the
preliminary design parameters for the case of a 1064 nm
modulation laser wavelength, with a laser modulation
power of 0.33 MW, targeting at 200 nm UV coherent
radiation [34]. From Table III, the R56;LM of the laser
modulator is 26 μm, HyðModÞ ≈ 0.025m, and the R46 of
the vertical bending magnet is 0.05. To achieve the micro-
bunch length 20 nm at the radiator, the required chirp
strength in the laser modulator will be 1000 m−1 and the
corresponding R56 and R54 in the dogleg, according to
Eq. (58), are −1 mm and 0.02m, respectively. In what
follows, we discuss the feasibility of such a harmonic
SSMB based on the TLC scheme, considering the afore-
mentioned dynamical effects, using the theoretical model
developed in this paper.
Figures 11 and 12 show the microbunch length, energy

spread, the modulation laser power, and the output radi-
ation characteristics at the first modulator and at the
radiator, respectively, for three different setups of the
physical effects. When considering the single-particle
effects (the radiation damping and quantum excitation)
and cavity loss without external compensation, it can be
seen that the laser in the modulator quickly decays to zero,
and naturally, no stable 200 nm coherent radiation is

produced from the radiator. It is important to note that
the bunch length does not stretch indefinitely, as this is
prevented by the laser modulator outside the insertion
section (in the remaining storage ring) to maintain weak
longitudinal focusing. When the external laser injection is
used to compensate for cavity loss, the scheme works as
expected. According to our numerical settings, the total
cavity reflectivity is R ≈ 0.99963, with a corresponding
power loss per turn 0.33 MW · ð1 − RÞ ≈ 122Wper cavity.
When setting the compensation laser power to 122 W, we
observe that the dynamical system maintains the equilib-
rium, as expected. Interestingly, when considering
FEL-like effects in the laser modulator cavity, we see at
the first glance that the results differ from the previous two
examples, as shown by the solid lines in Figs. 11 and 12.
The fact that the modulation laser power does not increase
due to FEL-like effects is not surprising, because the
bunching factors in the laser modulators are small [see
the right panel of Fig. 11(b)]. Therefore, one might not
expect that the bunch shortening happens. Moreover, the

TABLE III. Initial beam, laser modulator, radiator, and storage
ring parameters for the third example: UV harmonic SSMB.

Name Value Unit

Beam energy 360 MeV
Peak bunch current 1 A
rms energy spread 3.1 × 10−4
rms bunch length in the storage ring 500 μm
rms beam size 176 μm
Laser modulation wavelength 1064 nm
Laser modulation power 0.33 MW
Rayleigh length 0.65 m
Nominal chirp strength 1000 m−1
Modulator undulator period 15 cm
Modulator undulator length 1.95 m
Modulator undulator parameter 3.35
Vertical geometric emittance 10 pm
Vertical betatron function 10 m
Vertical betatron tune 0.63
Vertical dispersion invariant 25 mm
Total reflectivity of the cavity mirrors 0.99963
Resonant radiation wavelength 200 nm
Radiator undulator period 3 cm
Radiator undulator length 1.5 m
Radiator undulator parameter 3.35
Storage ring circumference 50 m
Storage ring slippage factor 1 × 10−6
Synchrotron tune 0.005
Radiation damping time 10 ms
Longitudinal betatron function 1.6 mm

FIG. 11. Turn-by-turn evolution of the microbunch beam
parameters σz; σδ (a), jbLMj and the laser power PL (b) in the
laser modulator for the case of a harmonic SSMB. The radiation
damping time is set to approximately 10 ms, corresponding to
6 × 104 turns. In the dual y axis plot, the blue lines correspond to
the left y axis and the red lines correspond to the right y axis. The
dashed lines account for radiation damping and quantum ex-
citation effects, without external laser power injection to com-
pensate for the cavity loss. The dashed-dotted lines additionally
include laser power compensation. The solid lines represent
simulations using an FEL-like model for the laser modulator,
incorporating the coherent radiation power generated by the
electron beam passing through the modulator undulator and the
turn-by-turn accumulation of dynamic effects. In the bottom plot,
the blue dashed-dotted line almost overlaps with the blue solid
line (see the inset).
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microbunch begins to lengthen and the energy spread
increases, because of the incoherent energy spread from
quantum diffusion in the modulator undulator. This then
leads to microbunch lengthening or bunching factor reduc-
tion in the radiator and a slight decrease of the radiation
power from 0.6 to 0.4 kW.
The harmonic SSMB scenario based on the TLC scheme

has relatively stringent requirements for the emittance in
the y direction within the modulator, compared with
requirements for other physical quantities. Figure 13 shows
the vertical beam size and vertical emittance of the bunch at
the first modulator under different physical conditions. It
can be seen that when proper external laser injection
compensation is applied, the vertical beam size and
emittance of the bunch are maintained at the design
values. When there is no compensation for cavity loss,
the vertical beam size initially experiences a mismatch
due to differences in modulation strength. However,
when radiation damping is considered, the mismatch can
be recovered to the design value after a few turns. When
FEL-like effects are taken into account, stronger mis-
matches occur due to the increasing modulation strength,
combined with quantum diffusion occurring in the undu-
lator [see Eq. (33)], which ultimately results in an increase
in the vertical beam size and emittance. From Fig. 12, we
believe that the increase in the vertical beam size and
emittance of the bunch remains within an acceptable
range and does not significantly affect the expected
design values.

IV. SUMMARY

In this paper, we have developed a simple model for
analyzing electron beam dynamics and radiation character-
istics in a laser modulator cavity, incorporating effects of
the finite losses due to cavity mirrors, of the external laser
power injection for energy dissipation compensation, and
of the turn-by-turn accumulation of dynamical effects
from coherent undulator radiation generated by the tra-
versing electron beams. Our method combines the transfer
matrix approach with the low-gain FEL oscillator model.
As applications of our developed model, we discuss the
feasibility of three proposed scenarios: the amplifier IR
SSMB, the frequency-beating THz SSMB, and the har-
monic UV SSMB. The analysis indicates that, under
current preliminary design parameters and in the presence
of the aforementioned dynamical effects, all three scenarios
remain feasible. Compared to the wake-impedance macro-
particle model [15–17], the method developed in this paper
offers the advantage of quick estimation of the beam
collective effects, thereby enabling efficient assessment
of the preliminary design parameters.
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APPENDIX A: ENERGY CHIRP STRENGTH
INTRODUCED BY THE LASER MODULATOR

Here, we derive the energy chirp strength induced by the
laser modulator. To begin with, along the undulator axis s,
we assume that the transverse electric field of the modu-
lation laser can be expressed as Ex ¼ ReðẼxe−iωtÞ, where,
by solving the paraxial wave equation [35,36], we can
obtain the approximate expression of the transverse electric
field Ẽx

Ẽx ≈
E0

1þ i s
zR

eiks; (A1)

where E0 is the transverse electric field amplitude, the
Rayleigh length zR ¼ πw2

0=λL, w0 is the laser beam waist,
and λL is the central wavelength of the modulation laser.
The central frequency of the laser is ωL ¼ kLc ¼ 2πc=λL.
In the above expression, the wave front curvature term is
neglected, assuming that the laser beam waist is relatively
larger than the electron beam radius. In other words,
the laser field experienced by the electron is roughly
uniform along the undulator. The normalized transverse
velocity of the electron in the modulator undulator can be
written as

βx ¼
vx
c
¼ −Ku

γ
sin kus (A2)

and the normalized longitudinal velocity after averaging
over the wiggling motion is

β̄z ¼
v̄z
c
¼ 1 − 1

2γ2

�
1þ K2

u

2

�
; (A3)

where γ is the Lorentz relativistic factor of the electron
energy, ku ¼ 2π=λu with λu being the undulator period.
Here, the undulator parameter Ku ≈ 0.934 B0½T�λu½cm�,
with B0 the peak magnetic field. Here we assume a planar
undulator. Integrating Eq. (A3) over the undulator coor-
dinate s, we obtain

s ¼ s0 þ β̄zctþ
K2

u

8γ2ku
sin 2kuβ̄zct: (A4)

Here, we assume that the undulator center is located at
s0 ¼ 0. As can be observed, the electron’s longitudinal
motion exhibits a longitudinal modulation due to its
wiggling motion, known as the figure-8 motion [29].
Such a characteristic figure-8 motion will be reflected in
the following ½JJ� factor (to be defined below). The energy
change per unit length experienced by a traversing electron
after passing through the modulator undulator due to the
laser interaction can be described by the Lorentz force
equation. After some mathematical derivation [29,36], we
obtain

dE
ds

≈ ð−eÞβxEx ¼
ecKuE0

γ
sin ðkusÞRe

�
eiks−iωt
1þ i s

zR

�

≈
eKu½JJ�

2γ
E0Re

�
eiks0þiϵkus

1þ i s
zR

�
; (A5)

where

½JJ� ¼ J0

�
K2

u

4þ 2K2
u

�
− J1

�
K2

u

4þ 2K2
u

�
; (A6)

with J0; J1 the zeroth and first order Bessel function of the
first kind. Here ½JJ� < 1 characterizes the coupling reduc-
tion when electrons interact with the laser field in a planar
undulator. Since the laser wavelength λL may not exactly
match the resonant wavelength of the modulator undulator
λm, considering their possible difference, i.e., detuning, we
can express the undulator resonant wavelength as

λm ¼ λLð1þ ϵÞ ¼ λu
2γ2

�
1þ K2

u

2

�
ð1þ ϵÞ; (A7)

where ϵ ¼ ðλm − λLÞ=λL ¼ ðωL − ωÞ=ωL is the detuning
parameter. For convenience in subsequent discussions, we
define the normalized detuning parameter

κ ¼ 2πNuϵ: (A8)

The energy change received by an electron after passing
through the modulator undulator, by integrating along the
undulator axis, is

ΔE ¼
Z

Lu=2

−Lu=2

dE
ds

ds: (A9)

Then around the zero-crossing phase, we have the
corresponding chirp strength defined as

h ¼ kL
ΔE
γmc2

; (A10)
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with m the electron rest mass and c the speed of light in
vacuum.
It may be appropriate to substitute some numerical

values here to obtain more physical insights. The calculated
results are from the relevant parameters in Table I (the first
example in Sec. III). Figure 14 shows the dependence of
the chirp strength on the detuning parameter. For the case
with zero detuning, the chirp strength is about 500 m−1,
corresponding to the nominal case in the first example.
Furthermore, we observe a nonsymmetric chirp strength
with respect to the detuning, similar to the low-gain FEL
detuning curve. However, this is slightly different from the
typical low-gain FEL curve (Madey theorem [37]), because
we have only accounted for the zero-phase region, where
the microbunch locates near the phase-space bucket center,
instead of a coasting beam occupying the phase from 0 to
2π for the conventional FEL case. In our simple model, we
lump the effects of the modulation laser field and the
undulator radiation field on the electron beam into this
chirp strength parameter, which will enter the transfer
matrix of the laser modulator.
For the zero detuning case, the energy change can be

expressed analytically with

ΔE ¼ eKu½JJ�
γ

E0zRtan−1
�
Lu

2zR

�
cos ks0 (A11)

and the corresponding chirp strength

h ¼ eKu½JJ�
γ2mc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4PLZ0zR

λL

s
tan−1

�
Lu

2zR

�
kL; (A12)

where the laser power can be approximately expressed as

PL ≈
πw2

0

4Z0

E2
0: (A13)

APPENDIX B: BEAT-WAVE ENVELOPE BUCKET
FROM TWO MODULATOR UNDULATORS

In Sec. III B, we mentioned that two back-to-back
modulator undulators with slightly different undulator
periods generate radiation wavelengths slightly different
from the modulation laser wavelength. The resulting beat-
ing component forms a beat-wave envelope bucket. To
illustrate this, we write down the equations of motion for
electrons in the two-frequency undulator [38]

dψ1

ds
¼ 2ku1δ

dψ2

ds
¼ 2ku2δ ≈ 2ð1 − 2ΔÞδ; (B1)

where the undulator wave numbers ku1;u2 ¼ 2π=λu1;u2, δ
represents the energy deviation, and ψ1;2 are the phase
differences of the electron motion relative to the external
laser field in the two undulators

ψ1;2 ≈ ðku1;u2 þ kLÞz − ωLt; (B2)

the difference of which, Δψ ¼ ψ1 − ψ2, can be written as

Δψ
2

≈
2πΔλu
λ2u0

z ¼ ku0

�
Δλu
λu0

�
z ≈ ψ̄Δ; (B3)

where Δ ¼ Δλu=λu0 and ψ̄ ¼ ðψ1 þ ψ2Þ=2 is the average
phase. From the above two equations of Eq. (B1), we have
the equation for Δψ

dΔψ
ds

¼ dψ1

ds
− dψ2

ds
¼ 4ku0Δ · δ ≪ 1; (B4)

and the equation for the averaged phase ψ̄

dψ̄
ds

¼ 1

2

�
dψ1

ds
þ dψ2

ds

�
≈ 2ku0δ; (B5)

and the energy equation [38]

dδ
ds

¼ − 1

2
ðΩ2

1 sinψ1 þ Ω2
2 sinψ2Þ

≈ −Ω2 sin

�
ψ1 þ ψ2

2

�
cos

�
ψ1 − ψ2

2

�

≈ −Ω2 sin ψ̄ cos

�
Δψ
2

�
¼ −Ω2 sin ψ̄ cosðψ̄ΔÞ; (B6)

where

FIG. 14. Dependence of the chirp strength h as a function of the
detuning parameter κ ¼ 2πNuϵ. Here, we assumed a beam energy
of 250 MeV, an undulator length of Lu ¼ 1m (Nu ¼ 20,
λu ¼ 5 cm), an undulator parameter Ku ≈ 4.29, a modulation
laser power of 24 kW, a central wavelength of λL ¼ 1064 nm,
and a Rayleigh length of zR ¼ 0.33m (see Table I).
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Ω2 ¼ eKu½JJ�E0

2γ2mc2
: (B7)

So far, we have obtained the equations of motion
expressed in terms of the averaged phase ψ̄ and energy
deviation δ, and the corresponding Hamiltonian can be
derived

Hðψ̄ ; δ;ΔÞ ¼ku0δ2

−Ω2

�
cos ψ̄Δ · cos ψ̄ þ Δ sin ψ̄Δ · sin ψ̄

1 − Δ2

�
;

(B8)

from which we can explore the phase-space structure of the
beating period. Figure 15 illustrates the phase-space torus
based on Eq. (B8). For illustration, we choose the relative
deviation of the two undulator periods Δ ¼ 0.05, and the
modulation laser strength Ω2 ¼ 0.1. It is clearly seen that
most of the individual (with a few exceptions on two sides)
phase-space buckets have widths determined by the external
laser wavelength, and several adjacent buckets are clustered,
surrounded by an invisible (large) envelope, forming the
beat-wave bucket. Upon further reflection, it becomes
evident that the width of the beat-wave bucket corresponds
to the target radiation wavelength. More quantitatively, the
width of the beat-wave bucket is the beating period ¼ π=Δ,
within which approximately a number of 1

2Δ − 2 micro-
bunches are contained inside the beat-wave bucket. The
factor of−2 represents the elimination of two microbunches
at the edges of the beat-wave bucket.
In practice, as we demonstrate in Sec. III B, the beat-

wave bucket will contain many more (for example, about
56, in our second example) buckets with widths of ≈λL. It
may not be easy to accurately calculate the radiation power
generated by multiple microbunches within this beat-wave
bucket as they pass through the radiator undulator. For a
rough estimate, however, we can still use Eq. (39), but the
bunching factor needs some modification. First, we make a
straightforward assumption, starting from the equilibrium

state of the storage ring without considering the electron-
radiation interaction in the laser modulator. In this situation,
the electron energy distribution follows a Gaussian dis-

tribution, fðψ̄ ; δÞ ∝ e
− δ2

2σ2
δ . Therefore, combining with the

Hamiltonian in Eq. (B8), the longitudinal phase-space
distribution of the electron beam within the beat-wave
bucket can be expressed as

fðψ̄ ; δÞ ¼ C1ffiffiffiffiffiffi
2π

p
σδ

e
− H

2ku0σ
2
δ : (B9)

By integrating over the energy deviation δ, the corre-
sponding bunch density distribution can be written as

ρðψ̄Þ ¼C1 exp

�
Ω2

2ku0σ2δ

×

�
cos ψ̄Δ · Δ cos ψ̄ þ Δ sin ψ̄Δ · sin ψ̄

1 − Δ2

��
;

(B10)

where the coefficient C1 will be determined from the
normalization of the charged density function, which
accounts for how many microbuckets are included in the
beat-wave bucket, i.e.,

Z 2π
4Δ

−2π
4Δ

ρðψ̄Þdψ̄ ¼ 1

2Δ
− 2: (B11)

The corresponding bunching factor at radiator (inside the
beat-wave bucket) will be

b ¼
Z

π

−π
ρðφÞe−iφ dφ; (B12)

where φ ¼ 2ψ̄Δ. Here, through Eq. (B11), givenΔ, we first
calculate the normalization coefficient C1, and then com-
pute the bunching factor using Eq. (B12). Once the
bunching factor is obtained, we can substitute it into
Eq. (39) to estimate the radiation power at the radiator.

FIG. 15. Illustration of the longitudinal phase-space microbunch buckets in the laser modulators consisting of two back-to-back
modulator undulators with slightly different undulator periods. Here, we assume the relative deviation of the undulator periods
Δ ¼ 0.05, Ω2 ¼ 0.1.
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