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Numerical quality factor statistics for superconducting
rf cavities with spatially inhomogeneous multilayer
coatings modeled by Gaussian random fields
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Bulk niobium has long been the material of choice for superconducting radio-frequency applications.
An alternative approach is the superconductor-insulator-superconductor (SIS) multilayer structure, which
enables the use of brittle high-7. materials, such as NbTiN. At present, SIS coatings are limited to flat
samples, with the single-cell TESLA cavity representing a key milestone. Extending coating processes to
nonflat geometries is expected to introduce macroscopic inhomogeneities in coating thickness. We model
these variations using Gaussian random fields parameterized by a spatial correlation length and generated
by solving a stochastic partial differential equation. The resulting field is incorporated into the boundary
condition of the cavity eigenvalue problem, from which quantities of interest—such as the quality factor—
are computed. This procedure is repeated for eight correlation lengths, with 2048 samples per correlation
length, where the resulting quality factors are recorded. Our results show that the quality factors follow a
normal distribution. The standard deviation increases with the correlation length and can be statistically
distinguished. In contrast, the mean values remain largely unchanged, with only a few significant
differences. In extreme cases, depending on the correlation length, the quality factor may differ from the

uniform case by 2%—6%.

DOI: 10.1103/hjgj-v5yc

I. INTRODUCTION

Bulk niobium (Nb) has long been the material of choice
for superconducting radio-frequency (srf) cavities in
accelerator physics applications and has therefore been
extensively studied to approach its theoretical capabilities.
A variety of surface preparation techniques have been
developed to improve rf performance. Electropolishing
produces smoother surfaces, reducing local enhancement
due to roughness, but introduces hydrogen absorption that
must be removed by subsequent heat treatment. High-
pressure rinsing with ultrapure water is then applied to
remove microparticles and reduce field emission [1].

More recent advances include nitrogen doping and
diffusion [2], as well as low-temperature baking [3,4].
These methods have significantly improved the quality
factor and the achievable accelerating fields. However, such
approaches remain fundamentally limited by the critical
magnetic field of Nb (H.~ 200 mT). Additionally, the
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operating temperature of bulk Nb cavities is currently 2 K
and is limited by the critical temperature 7. of Nb. Using
higher T'. superconductors could enable operation at 4.2 K,
substantially reducing cryogenic costs [5].

Because rf fields penetrate only a very thin surface layer
in superconductors (typically less than 1 pm [5]), the
superconducting properties relevant for cavity performance
are governed almost entirely by this thin layer. This has
motivated the development of thin-film cavities, in which a
superconducting coating is deposited onto a bulk substrate.
This approach has been successfully implemented in Nb/Cu
cavities at CERN facilities such as LEP-II and LHC [6]. An
extension of this concept is the use of superconductor-
insulator-superconductor (SIS) multilayer structures [7].
Here, a bulk superconducting substrate is coated with a
thin insulating layer O(10 nm) followed by a supercon-
ducting thin film O(100 nm) with higher 7. and H,.. The
superconducting thin film partially screens the rf field,
reducing the field strengths encountered by the substrate
such that it maintains the superconducting state at higher
fields than possible by bulk only. The insulator layer
prevents vortex penetration and suppresses Josephson
coupling effects [8]. One promising candidate is the
NbTiIN-AIN-Nb multilayer [9-11]. Other approaches
include superconductor-superconductor bilayers, such as
Nb;Sn on Nb produced via e.g., co-sputtering [12,13], as
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well as Nb;Sn thin films on Cu substrates, expanding on the

successes of Nb/Cu cavities [14].

All of these approaches rely on thin-film deposition
techniques, e.g., atomic layer deposition, co-sputtering,
and dc magnetron sputtering, and are typically investigated
on flat samples for quadrupole resonator measurements
[14,15]. Under such conditions, film thickness is generally
uniform, globally speaking. However, extending these
techniques to complex geometries, e.g., TESLA-type
cavities, is expected to produce large-scale thickness
inhomogeneities, with spatial distributions that depend
on the particular deposition method. The influences of
such inhomogeneities on relevant quantities of interest,
e.g., quality factor, remains largely unexplored and is
difficult to assess experimentally. In this work, we perform
a numerical study to quantify the impact of coating
thickness variations on the quality factor of a single-cell
TESLA cavity. To model these variations, the coating
thickness distributions are emulated through Gaussian
random fields (GRFs). In essence, GRFs are a continuous
extension of the normal distribution. They consist of an
infinite collection of random variables, indexed by spatial
coordinates, such that any finite subset follows a joint
multivariate normal distribution. Furthermore, a GRF is
completely defined by its mean function and covariance
kernel [16]. In this study, the chosen covariance kernel is
parameterized by two parameters: the spatial correlation
length and the standard deviation. Only the former is
relevant, since the generated values are possibly unbound
and are consequently rescaled to within a desired thickness
range. The correlation length dictates the radius within
which neighboring points display similar thickness values,
thereby satisfying the expectation of any deposition method
that thicknesses are locally similar. By using GRFs without
any additional constraints, we remain agnostic of any
particular deposition method. Since only the spatial corre-
lation length is relevant, we sample GRFs over a range of
correlation lengths and compare them statistically.

The generation of GRFs on complex geometries and the
inclusion of them into the electromagnetic eigenvalue
problem is not readily available in commercial software.
We therefore made use of the open-source software
FEniCSx [17-20], which is able to assemble the finite
element matrices from the weak formulation of the
problem. We outline a general simulation scheme in
Fig. 3 that is applicable to all of the mentioned thin-film
approaches, though we apply it specifically to the SIS
structure NbTiN-AIN-Nb for illustrative purposes.

II. METHODS

A. Eigenproblem formulation

In order to obtain the quality factor of the cavity, we use
the finite element (FE) method. In particular, we numeri-
cally solve the eigenvalue problem:

)\ 2
Vx(VxE) = (Z) E. onQ (1)
nxE=Zr,o)nxnxH)], onodQ, (2)

where E and H denote the electric and magnetic field
strengths, respectively, @ € C is the angular frequency, c is
the speed of light, r is the normal to the surface dQ and
Z(r, ) is the frequency-dependent and position-dependent
surface impedance. The former, Eq. (1), is obtained from
Maxwell’s equations in frequency domain, without sources,
and with homogeneous, linear and isotropic constitutive
relations. The latter, Eq. (2), is the Leontovich surface
impedance boundary condition (SIBC) [21]. The boundary
conditions can be specified fully in terms of the electric field
through Faraday’s law H = (j/wu)V x E. To write down
the weak formulation, we define the space

H,(curl; Q) = {u € H(curl; Q)|y,(u) € L>(0Q)*}, (3)
where the tangential trace operator y, is defined by
ve: H(curl; Q) — H™2(divy; 0Q): u > n xu|yy. (4)

We further define the inner product
(2 )a: L2Q)P x L2(Q)P: (u, v) > / duvtu, ()
Q

where du is the appropriate Lebesgue measure and v’
denotes the Hermitian conjugate. Finally, we assume that,
for all @ € C, the function Z~!(r, w) € L®(9Q), such that
we may define the bounded operators

®w . 72 3 2 3. —1
M2 L2(0Q)° — [2(0QP: u > Zu  (6)

whose action is effectively multiplication by Z~!. The weak
formulation then reads: find u € H,(curl; Q) and we€C
such that Yv e H,(curl; Q) [22,23]:

., @ ®
(V xu,V x v)Q — ]ZO? <M2717t(u), }’z(v>>asz

- <9>2<u, v)g =0, %

Cc

where Z, is the impedance of free space. The domain € is
discretized into tetrahedral elements, and the H,(curl; Q)
space is approximated via Nédélec basis functions of the
first kind {w;},_, .y, where N denotes the number of
degrees of freedom (DOF) [24]. The test and trial functions
are expanded in this basis, i.e.,

u(r,w) = Zx,-(a))w,-(r), ®)
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ALGORITHM 1. Fixed point iteration for solving the non-
linear eigenvalue problem for a single eigenmode

1 Choose an initial guess wy € C and set i = 0;
2 repeat
3 Assemble the auxiliary matrix
A; =K — jZy% B(w;);
4 Solve the generalized eigenvalue problem
[A; — (2°Mlx = 0;
5 Extract the converged eigenpair (®;,,x;,) closest to
the previous eigenpair (@;,x;);
6 Increment i « i+ 1;
7 until |o; — w;_|/|o] <€

which reduces the continuous problem Eq. (7) to the
discrete eigenvalue problem

K- jZ()%B(a)) - (%) 2M]x —0, 9)

where the components of the stiffness matrix K, boundary
matrix B(w), and mass matrix M are given by

K,-j:<VXW,-,VXWj>Q, (10)

Bij(a)) = (Mg—IYt(Wi)’Yz(Wj»aQ’ (11)

M= (wj,w;)a (12)

for i,j =1, ..., N. The resonance frequency of an eigen-

mode f and the quality factor Q, which quantifies the
damping, can be obtained from the eigenvalue w via

1 Re(w)

f:ﬂRe(w), Q:—m.

13)

We solve the eigenvalue problem Eq. (9) via a fixed
point iteration as detailed in Algorithm 1. We choose an
initial guess, then repeatedly reduce the nonlinear problem
Eq. (9) to a generalized eigenvalue problem. The reduced
problem is subsequently solved numerically. The solution
of the problem yields the eigenpair for the next iteration.
This process is repeated until relative convergence of the
eigenvalue with tolerance e.

B. Surface impedance model

Before the eigenvalue problem Eq. (9) can be solved, a
surface impedance model, i.e., description of Z(r, @), must
be specified. The material assigned to the boundary dQ is a
SIS multilayer, where the coating thickness is inhomo-
geneous over the boundary. However, due to the order of
magnitude difference in length scales, ~1-10 mm for the
size of mesh cells on the boundary and ~10-100 nm for

S / S

~ N
i Vacuum

dy|
> [ &> | €e—>

FIG. 1. SIS multilayer structure consisting of a superconduct-
ing coating layer of thickness dg with London penetration depth
A1 and normal conductance o, followed by an insulator layer of
thickness d; whose dielectric properties are considered negli-
gible, all layered on top of a superconducting substrate with
material parameters 1, and o,, which is considered effectively
infinitely thick. The layers are planar and parallel to the yz-plane
and perpendicular to the x axis.

the layer thicknesses, we view each boundary cell as a
semi-infinite space as illustrated in Fig. 1, with varying
thickness parameter dg. Hence, we need to determine
Z(r,w) for such a semi-infinite space, at a specific
boundary point r€0Q. The model by Kubo er al.
[8,25,26] provides the magnetic fields under reasonable
assumptions and simplifications for precisely this setup.
The electric and magnetic fields are of the form E =
E(x)exp(—jwt)e, and B = B(x)exp(—jwt)e,. Solving
Maxwell’s equations and the London equations in each
layer and imposing continuity in the fields at layer
boundaries, one finds that the amplitudes of the magnetic
fields in each layer are given by

By(x) = yBy| cosh ds —x + rsinh ds —x ,
A A

By (x) = yBy,

Bii(x) = yByexp <_

x—ds—d[>

PR (14)

The magnetic field value B, is the value at the vacuum
and coating layer interface, and the constants y and r are
defined by

d d M +d
y! :cosh</1—]s) —|—rsinh</1—ls>, r:%.

The functions hold in a specific domain, namely By(x) is
valid for 0 < x < dg, By(x) is valid for dg < x < dg+ d;
and Bp(x) holds when x > dg + d;. We then obtain the
surface impedance through the complex Poynting theorem
in frequency domain [27]

(15)
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1/dV(E-J*)+2jw/dV(we—wm)
2 Q Q

+f ds(n - §) =0, (16)
0Q

where Q is an arbitrary volume, 0Q its boundary, n the
normal vector to that boundary and

1 1
we=2ED". w,= BH"

1
i S=3ExH'. (17)

Here, w, and w,, are the energy densities represented by
the electric and magnetic components, respectively, and S
is the Poynting vector. We consider the x > 0 semi-infinite
space as the volume Q. Since the fields must decay to zero
at infinity, this means only the x = O plane contributes to
the surface integral. Using the Leontovich boundary
condition Eq. (2), one also finds that

1
"'S|x:0:—§Z(w)|Ho|2- (18)

Using that the fields depends only on the x direction and
rearranging for Z(w), one finds that

200 = e

—|—4ij+ dx (W, (x) —wp,(x))]. (19)

[ A e (E() - J())

The electric field and current density are connected
through the modification of Ohm’s law by the two-fluid
model [28]

oJ oE 1

L) 20
c +ﬂ0/12 (20)

o "ot

where o, is the normal conductivity. In frequency domain,
this yields,

J .
o =o' + jo'. 2D
The quantities appearing in Eq. (19) can be expressed
solely in terms of the magnetic fields by using the

constitutive relation B = pyoH and Ampere’s law with
negligible displacement current:

1 |dB|?
E-J=— 2 2
4 uio| dx 22)
€ de
=—— 23
Ve = Bilol | ax 29

1

— B> (24)
dpg |

W

Substituting Eqgs. (22)—(24) into Eq. (19), we obtain an
expression for the surface impedance involving only the
magnetic field amplitudes Eq. (14)

1 1 jweg /
Z = — dx
@)= T5,p [(ﬁ o|2> o

+ jou, / dx|B|2] . (25)
Rt

dB|?

dx

For typical values o, ~ 107 Sm™!, @ ~10'° S~! and
A~ 1077 m, one observes that ¢'/6” ~ 107> <« 1, so we
expand 1/¢ and 1/|6|* up to O(¢’?/6"*), which yields

cj 1

1
2 6//2

(26)

1
c ¢° o o]
and consequently

1 jwe . w* )2
-+ |a|20 & ()',,/4(2)0)2/14 — jougl? (1 — 7) . (27)

o

Again, we note that @?4?/c®>~ 1071 <1 and can
therefore be neglected. This further simplifies Eq. (25) to

2

1 . dB
Z((D) ~ W |:(Gnﬂ(2)a)2ﬂ,4 — ‘](l)//lol,{z) A+ dx‘ a

+ jouy Aﬁ dx|B|2]. (28)

Naturally, Eq. (28) can be split into three components
where the integration bounds are separated according
to the domains of B;(x), By(x), and Byy(x), which we
denote as

Z(w) = Zi(0) + Zy(@) + Zy (). (29)

One can show that for the semi-infinite superconductor
where B(x) = Byexp(—x/4), Eq. (28) yields

1
Zo(w) = 3 C G0 A3. (30)

One then finds that

1 2
Zi(w) = y? {Z@{—(l —r?) j—f + > (1 + r?)sinh (%)

+ r<cosh <%) — 1) } + joopo(1 — rz)dS}

3D
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and

Zy(o) = joy*pod;, Zn(w) = PZ8"(@).  (32)

We note that the resistive component of the surface
impedance is identical to the surface resistance found
in Ref. [8] through Joule dissipation. There, it is also
mentioned that the resistance from dielectric losses is
negligible compared to other contributions, concretely
when d; = 100 nm, the contribution from dielectric losses
is less than 107> nQ, while the other contributions range
from 10 to 1000 nQ. Furthermore, Eqs. (31) and (32) has
not previously been mentioned for this model, but is
required for the eigenvalue problem.

C. Gaussian random field coating

With the previous computation, we determined the
surface impedance Z(w) for a particular boundary
element. To extend this to a position-dependent surface
impedance Z(r, ), we make the coating thickness posi-
tion-dependent, i.e., dg = dg(r) for r € 0Q. For this pur-
pose, we use GRFs. It is known that for zero-mean GRFs
with Matérn covariance kernel, a sample can be generated
by solving a stochastic partial differential equation (SPDE)
[29]. Here, we will consider the simplest nontrivial Matérn

kernel,
J— ",
cp(r.r) = s? exp(——”r 7 ”),

where s is the standard deviation and [ the spatial
correlation length. A sample A(r) ~ GP(0, ¢, (r,r')) can
then be generated by solving the SPDE

(33)

8rs?

(112 _ vz) hir) = \[~7g(r) = ag(r) on 0@, (34)

where g(r) ~GP(0,8(r —r)) is a Gaussian white noise
field and V? is understood as the Laplace-Beltrami
operator. Using the FE method, we can solve for A(r)
on complex geometries numerically. As before, we define
the inner product

(. )os L2(Q) x L2(Q): (u,v) — / duuv.  (35)
Q

Then, the weak formulation reads: for
g(r) ~GP(0,5(r—7r)), find ueH'(0Q) such that
Vo e H'(0Q)

1
l—2(u, )0 + (Vu, Vo) o —alg, v),0 = 0. (36)

Note that no boundary condition was required. Since
QCR3 is a Lipschitz domain, 0Q is closed and

0(0Q) = @; hence, integrals over d(0Q2) appearing due
to Stokes’ theorem vanish without imposing a boundary
condition. The space H!(0Q) is approximated via
Lagrange basis functions {@;(r)},_; ., so the test and
trial functions are expanded as

,,,,,

Ny
u(r) = uipi(r), (37)
i=1

where N, denotes the scalar DOF. This leads to the discrete
linear system

1
<l—2MS + K5>u — ag, (38)

where the components of the scalar mass matrix Mg and
scalar stiffness matrix Kg are given by

=D
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FIG. 2. Single cell TESLA cavity with Gaussian random field
on the boundary for different spatial correlations lengths. The top
plot displays the result for a correlation length of / = 20 mm and
the bottom plot for a correlation length of / = 70 mm. The field
is rescaled to the interval [—26,26] nm and represents the
deviation from the global mean of the superconducting coating
layer dg(r).
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FIG. 3.

Diagrammatic representation of the simulation scheme.
We solve two FE problems, one on the boundary and one on the
entire domain. The former yields the boundary condition for the
latter. The latter yields the quality factor for a single sample of
the coating distribution. Samples are collected in a database and
used for statistical analysis.

Mg = (9i, ®})oqs (39
Ksij= (Vi Vo)) (40)

and the vectors u and g are the expansion coefficients in
the FE basis. One can show that g ~ A (0, M), i.e., g is
sampled from a zero-mean multivariate normal distribu-
tion with the scalar mass matrix as covariance matrix. The
position-dependent coating thickness is subsequently
defined by

dg(r) = dg + Adj(r), (41)

where d ¢ is a global average coating thickness, and Ad(r)
is a rescaling of a sample h(r) ~ GP(0,c,(r.r)) to a
desired interval. Note that the rescaling effectively makes
the standard deviation s irrelevant. We illustrate Adg(r) for
different correlation lengths / in Fig. 2. We observe that, as
the name suggests, / controls the length scale over which
deviations occur.

D. Simulation scheme

The previously discussed topics are combined into a
simulation scheme, which is illustrated as a flowchart in
Fig. 3. The domain Q is tessellated into a tetrahedral mesh,
from which the boundary triangular mesh is extracted,
forming the tessellation of 0. For meshing the TESLA
cavity, the software Gmsh was used [30]. On the boundary,
we then solve Eq. (38), which yields a sample of the
coating thickness distribution dg(r), parameterized by the
spatial correlation length /. This in turn defines Z(r, w),
which is present in the boundary condition Eq. (2) and

hence a component of the eigenvalue problem Eq. (9).
Solving this problem yields an eigenvalue @ from which
the quality factor Q can be extracted through Eq. (13). This
process, which involves two FE simulations, returns a
single sample of the quality factor. The assembly of the FE
matrices in Eq. (9) and Eq. (38) was handled by the FE
software FEniCSx [17-20]. Solving the linear system
Eq. (38) was done using PETSc [31], and solving the
eigenvalue problem of Eq. (9) was done using SLEPc [32].

III. RESULTS

A. Setup

The single-cell TESLA cavity is the first complex
geometry many of the research groups working on coating
stf cavities are targeting [33]. Therefore, this is the
geometry we focus on. The exact parameters used to
describe the geometry can be found in the top section of
Table I, see Ref. [34] for how the parameters come
together to form the geometry. We further choose to focus
on the operating mode, which for the chosen parameters
occurs at a resonance frequency of 1.288 GHz.

For the multilayer material on the boundary, we
choose NbTiN-AIN-Nb, i.e., a bulk Nb substrate with
an AIN insulator layer and a NbTiN coating. The relevant
material parameters thereof can be found in the second
and third sections of Table I. Note that a number of
parameters, namely Anyrine Anps and onp, need to be
rescaled to their appropriate values at 4.2 K. For the two-
fluid model, the London penetration depth A(T) is scaled
from A(0) by [35]

A(T) = 2(0) [1 - <1> 4} o 42)

T,

For the normal conductance, we use the residual
resistivity ratio. By definition,

RRR _ P3O0 K)
p(42K)

_ 0(42K)
- 6(300K)’ “43)

Hence, oy, (4.2 K) = RRRy;, 08, (300 K).

Lastly, the thickness of the insulator and coating layer
must be specified. We choose them to optimize for the
maximum applicable magnetic field. This corresponds to
the highest value of B such that the SIS structures
maintain the superconducting state. This value depends
on the layer thicknesses and is given by [8]

Biax = min {7 Bgy notin: 7 Binaxb |- 44)

where y is defined by Eq. (15) and 7 is given by

y=y [Sinh <j—f> + rcosh (j—f)] . (45)
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TABLE I. Parameters used to perform the simulations.

Parameter Value Unit Description Source

a 35.0 mm Iris radius Ref. [34]
b 103.3 mm Equator radius Ref. [34]
h 57.7 mm Half cell length Ref. [34]
r, 42.0 mm Radius of equator Ref. [34]
T, 12.0 mm Horizontal ellipse radius of iris Ref. [34]
Tes 19.0 mm Vertical ellipse radius of iris Ref. [34]
l, 75.0 mm Length of pipes at either end of the TESLA cavity e
ONbTIN 2.86 x 10° Sm~! Normal conductance of NbTiN at 4.2 K Refs. [5,36]
ANBTIN 180.57 nm London penetration depth of NbTiN at 0 K Ref. [11]
T . NbTiN 15.4 K Critical temperature of thin layer NbTiN Refs. [10,11]
B NbTiN 439 mT Superheating field of NbTiN Ref. [37]
ONb 6.58 x 10° Sm™! Normal conductance of Nb at 300 K Ref. [38]
RRRyy, 300 e Residual resistivity ratio of Nb between 300 and 4.2 K Ref. [39]
ANb 39.0 nm London penetration depth of Nb at 0 K Ref. [40]
T no 9.23 K Critical temperature of bulk Nb Refs. [5,38]
B nax.Nb 170 mT Maximum applicable field to bulk Nb Ref. [8]
dg 260 nm Global average thickness of superconducting coating Fig. 4
Adyg nax 26 nm Maximum deviation of dg from the mean dg .-

d; 10 nm Thickness of insulator layer Fig. 4

Here, By, norin 18 the superheating field of NbTiN, and
B ax Nb 1s the empirical field limit of the bulk Nb substrate.
The values of both are listed in Table I. We illustrate a
contour plot of B, in Fig. 4. We find that the optimum is
reached when d; = 10 nm and dg = 260 nm; hence, these
parameters will be used. The optimum for the coating layer
thickness is used for the global average 215. For the size
of the deviations, we take 10% of this value, yielding

468

376

284

Biax [mT)]

192

100

dr[nm]

FIG. 4. Contour plot of the maximum applicable field B,
depending on thickness of the insulator (AIN) and superconduct-
ing coating (NbTiN) layers. The optimum is reached when
d; =10 nm and dg = 260 nm.

Adg oy =26 nm. Hence, dg(r) lies in the interval
[234, 286] nm.

The GRFs used to emulate the coating distribution d(r)
depends on the spatial correlation length /. We therefore
repeat the simulation scheme Fig. 3 for a number of
correlation lengths; in particular, we consider 4%, 8%,
12%, 16%, 20%, 24%, 28%, and 32% of the cavity length
(265 mm). For each correlation length we sample 2048
times in the simulation scheme, in order to obtain a
good approximation of the quality factor distributions.
The maximum size of a triangle on the boundary of the
TESLA cavity mesh was 8.7 mm. The mesh was refined
purposefully such that this value is smaller than the
smallest correlation length considered (10.6 mm).

B. Analysis

The distribution of quality factors does not necessarily
have to be normal. Indeed, if one selects the thickness
parameters to minimize the surface resistance, the highest
quality factor would be reached. Deviating from this
optimum would necessarily maintain or decrease the
quality factor, yielding a very skewed distribution. By
observing Q-Q plots of the data, we observed that, in this
case, the quality factors for each [ were normally distrib-
uted, i.e., Q ~ N (ug,0p).

In Fig. 5, the spread of the quality factors for each [ is
illustrated using boxplots. We observe that the spread
increases with increasing /, this trend is corroborated by
the 6 observations in Fig. 6. In the most extreme cases,
the quality factor deviates from that of a uniformly coated

103802-7



GOBEYN, ACKERMANN, and DE GERSEM

PHYS. REV. ACCEL. BEAMS 29, 103802 (2026)

A
° [
1.06+ ! i S o
° l s T 7T
1.04 l
1.02
_Q
Qu60 10 |::|
0.98+
(]
0.96 1 -'
(] ' I 1
0.0 . g v |
[} ] e
4 8 12 16 20 24 28 32
Correlation length
Cavity length [W}

FIG. 5. Boxplot of the quality factors for each spatial corre-
lation length. The quality factors are normalized to
0,260 = 1.869 647 x 103, the quality factor of a uniform coat-
ing with coating thickness dg = 260 nm. As the correlation
length increases, the spread becomes larger. In extreme cases,
deviations from uniform can reach approximately 6%.

cavity with coating thickness 260 nm by approximately 6%.
Furthermore, the error bars of the ¢ in Fig. 6 show barely
any overlap, whereas the error bars of the u, overlap
substantially, particularly for the larger correlation lengths.
We additionally observe that the y, of inhomogeneously
coated cavities are consistently smaller than the uniform
value, including the error bars. Note that both Figs. 5 and 6
are normalized with respect to Q, »50 = 1.869647 x 108,
which corresponds to the quality factor of a uniform coating
with a coating thickness of dg¢ = 260 nm. Applying the
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FIG. 6. Mean and standard deviation of the quality factor
normal distribution for each spatial correlation length. The error
bars refer to the 95% confidence interval of the quantity. The
quantities are normalized to Q,,5 = 1.869 647 x 108, the
quality factor of a uniform coating with coating thickness
dg = 260 nm. For all correlation lengths, the means lie below
the uniform value with respect to the error bars. The error bars of
the means have significant overlap, while the error bars of the
standard deviations have barely any overlap.

classical formula Q = G/R,—using a geometric factor
G =270 Q [41] and surface resistance R, = 1476 Q cal-
culated via Egs. (31) and (32)—yields Q = 1.829 x 108,
in good agreement with the simulation. In general, the
classical formula is not applicable here since R, is nonuni-
form. A similar limitation of the classical formula has been
noted in other contexts, such as studies investigating the
(O-slope problem [42,43].

To verify these observations, hypothesis tests were
conducted. First, Levene’s test was applied to assess the
equality of variances across all eight populations simulta-
neously [44]. The resulting p-value was extremely small,
allowing rejection of the null hypothesis. Thus, the pop-
ulation variances are not all equal. To determine which
variances differ, pairwise Levene’s tests were performed.
The significance level @ = 0.05 was adjusted for multiple
comparisons using the Holm-Bonferroni correction [45].
All resulting p-values were below their adjusted signifi-
cance levels. The pair of correlation lengths with p-value
closest to the adjusted significance level was (24%, 28%),
with p =7.3 x 1073, In Fig. 6, the standard deviations
corresponding to these correlation lengths exhibit error bars
with slight overlap. From the pairwise comparisons, we
conclude that all null hypotheses can be rejected. Hence, the
variances of all populations are statistically distinct.

To compare the means, Welch’s ANOVA was used as we
are dealing with unequal variances [46]. We find that the
null hypothesis of equal means can be rejected with
p = 4.8 x 107>, indicating that not all means are equal.
This analysis was followed by a post hoc Games-Howell
test to examine pairwise equality of the means [47]. We
find that the null hypothesis cannot be rejected in nearly
all cases, and the few cases for which rejection is possible
are only weakly significant. These pairs are: (4%, 20%),
(4%, 24%), and (4%, 28%), with corresponding p-values
0.012, 0.008, and 0.033, respectively. Pairs that visually
appear distinct in Fig. 6, such as (8%, 20%), (8%, 24%),
and (8%, 28%), yield p-values close to the significance
threshold, namely 0.085, 0.054, and 0.147, respectively.

IV. DISCUSSION

From our analysis, we find that the y, cannot be statis-
tically distinguished in most cases, and only weakly so in a
few instances. In contrast, all variances differ significantly in
the statistical sense. Hence, increasing / primarily results an
increase in 6, while no significant change in y, is observed.
Nevertheless, we find that the quality factor corresponding to
a uniform coating lies significantly above the confidence
intervals of all u, wrt the 95% confidence interval.
Depending on the correlation length, extreme observations
show a 2% to 6% increase or decrease in the quality factor.

The simulation scheme presented in Fig. 3 can be modified
and expanded upon in a number of ways; however, the
general structure remains the same. First, we used GRFs to
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emulate the distribution from a coating process. However,
depending on the deposition method, certain random fields
may not be representative. For example, using dc magnetron
sputtering [6,14], the cavity is rotated around the sputtering
device. Consequently, one expects an almost rotationally
symmetric thickness distribution rather than an arbitrary
GRF sample. More broadly, different deposition techniques,
e.g., co-sputtering [12,13], dc magnetron sputtering [6,14],
high-power impulse magnetron sputtering [48], atomic layer
deposition [10], etc., likely yield distinct representative
random fields. Hence, caution is required when applying
GRFs without additional constraints. Note, however, that the
use of GRFs in Fig. 3 can be substituted with any alternative
random field generator, such as a surrogate model or a
Karhunen-Loeve expansion [49]. While this work applies
random fields specifically to the thickness of the super-
conducting thin films, the approach generalizes to any scalar
quantity defined on the boundary.

Second, the random fields enter the eigenvalue prob-
lem Eq. (7) via the surface impedance. While we derived
a surface impedance formulation from the work and
approximations of Ref. [8], any alternative surface
impedance model Z(r,w) can be integrated into the
scheme. For example, one could replace the two-fluid
model with more advanced descriptions of the optical
conductivity of a superconductor, i.e., the complex-
valued conductivity [50,51], cf. the models of Mattis-
Bardeen [52], Zimmermann [53], Eliashberg [54,55] or
Herman-Hlubina [56]. Furthermore, this work focuses on
macroscale correlation lengths (on the order of milli-
meters or centimeters) arising from the challenges of
depositing onto complex, nonflat geometries. We did not
consider microscale correlation lengths (on the order of
micrometers), i.e., surface roughness, see e.g., the atomic
force microscopy images in Ref. [10]. Resolving these
microscale geometric features directly through mesh
refinement would cause a large increase in computational
cost. Instead, surface roughness contributions could be
incorporated directly into the surface impedance model,
for instance via a correction factor [57], or higher-order
SIBCs [21,58]. Modifying the surface impedance model
also makes it possible to consider thin-layer approaches
other than SIS structures, most notably Nb or Nb;Sn thin
films on Cu substrates [5].

Finally, while we selected the Q factor as the quantity of
interest for statistical analysis, the overall framework can
be applied to any quantity derivable from the eigenvalues
and electromagnetic eigenmodes.

V. CONCLUSION

We investigated a single-cell TESLA cavity with an
inhomogeneously coated NbTiN-AIN-Nb surface. The
global average coating thickness was determined accord-
ing to the configuration that optimizes the maximum
applicable field. Coating inhomogeneities were modeled

using Gaussian random fields. To analyze their impact,
we developed a simulation scheme consisting of two FE
simulations: the first generates a Gaussian random field
sample on the boundary, while the second incorporates this
field into its boundary conditions to compute a quality
factor sample. This procedure was carried out for eight
spatial correlation lengths, with 2048 samples evaluated
for each of them. The resulting quality factor distributions
were subsequently compared across all correlation lengths.
Our analysis revealed that the population means were
mostly indifferent, with exceptions being only weakly
significant; however, pronounced differences were
observed in the standard deviations. We found that the
standard deviations increase with correlation length.
Furthermore, the quality factor of a homogeneous coating
was found to lie above the confidence interval of all
population means. Finally, extreme observations indicate
that, depending on the correlation length, the quality factor
may increase or decrease by approximately 2%—6%.
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