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Instabilities driven by higher-order modes in a radio frequency system with a passive
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The effect of a higher-order mode upon longitudinal beam stability in an electron storage ring is
modeled analytically and with simulations. Narrow band parasitic modes and broadband impedance are
considered for the Aladdin and MAX-II electron storage rings. The simulations confirm that a passive
harmonic cavity strongly suppresses parasitic coupled-bunch instabilities, in agreement with the analytic
model. In the long-bunch regime where the bunch length exceeds the vacuum pipe radius, analytic
modeling and simulations indicate that a harmonic cavity also suppresses the microwave instability. In the
short-bunch regime where the bunch length is smaller than the vacuum pipe radius, analytic modeling and
simulations indicate that tuning in a harmonic cavity may worsen the microwave instability.
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I. INTRODUCTION

A passive harmonic radio-frequency (rf) cavity may be
utilized to lengthen the bunch and suppress longitudinal
parasitic coupled-bunch instabilities [1–5]. When all rf
buckets are filled equally (so that transient beam loading
[6,7] may be neglected), the harmonic-cavity voltage re-
quired to suppress parasitic coupled-bunch instabilities
may be predicted analytically [8]. For harmonic-cavity
operation at Aladdin (in high- and low- emittance lattices)
and the UVSOR electron storage ring, the analytic predic-
tions are in approximate agreement with experiment [8–
10]. Consideration of the negative-mass instability of a
coasting beam provides an approximate analytic criterion
for predicting the microwave instability [11] that is similar
to that of the ZAP code [12].

To simulate the suppression of instabilities by a har-
monic cavity [13–16], we include a higher-order mode
(HOM) in a simulation code developed to study
Robinson instabilities [8]. To speed computations, wake
fields are represented by in-phase and quadrature compo-
nents [17].

For the Aladdin 800-MeV electron storage ring, which
employs a 50-MHz fundamental rf cavity and a 200-MHz
harmonic cavity, we study two tunings of the ring’s quad-
rupole and sextupole magnets. The first tuning is the ‘‘base
lattice,’’ while the second tuning is a low-emittance lattice
whose momentum compaction is much lower. We also
study the MAX-II 1.5-GeV electron storage ring with its
new 100-MHz rf system with a 500-MHz harmonic cavity.
For all three cases, parasitic coupled-bunch instabilities in
simulations of a typical HOM are strongly suppressed by
tuning in the harmonic cavity, in agreement with the ana-
lytic modeling. At Aladdin, parasitic coupled-bunch insta-
bilities have also been studied experimentally [8],
confirming the suppression of instability.

For Aladdin operation in either the base-lattice or low-
emittance lattice, the natural bunch length exceeds the
vacuum-chamber radius. In this long-bunch regime of the
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microwave instability, analytic modeling and simulations
were performed for the estimated reduced longitudinal
broadband impedance of the vacuum chamber, jZp=pj �
5:7 � [18]. Simulations of the bunch length for single-
bunch operation of the low-emittance lattice are in ap-
proximate agreement with experiment, suggesting that
the value of 5:7 � is reasonable. In this long-bunch regime
of the microwave instability, analytic modeling and simu-
lations indicate that tuning in the harmonic cavity sup-
presses microwave instability. The microwave instability
thresholds in experiments with and without bunch length-
ening by the harmonic cavity are in good agreement with
simulations, further confirming the suppression of the mi-
crowave instability.

For MAX-II, we also study microwave instability with
broadband reduced impedance of 5:7 �. Here, the natural
bunch length is smaller than the vacuum chamber radius. In
this short-bunch regime of the microwave instability, ana-
lytic modeling and simulations predict that the microwave
instability is worsened as the harmonic cavity is initially
tuned in. When the harmonic cavity is tuned in further
so that the bunch length is in the long-bunch regime of
the microwave instability, additional bunch lengthening
is expected to suppress the microwave instability.
Consequently, the microwave instability is not observed
in simulations of MAX-II operation with optimally length-
ened bunches.

II. INSTABILITY MODELING

We consider the parasitic coupled-bunch instability and
the microwave instability for the Aladdin ring operated in
base-lattice and low-emittance tunings with a 50-MHz/
200-MHz rf system [19], and the MAX-II ring operated
with the new 100-MHz/500-MHz rf system [20,21].
Analytic predictions are compared with multiparticle
simulations for a variety of ring currents and harmonic-
cavity resonant frequencies. The analytic predictions and
simulations are complimentary, in which the analytic
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model describes the mechanism of instability, while the
energy spread in simulations shows the severity.
Comparisons with Aladdin experiments indicate that simu-
lations predict microwave instability thresholds more ac-
curately than the analytic model.

The simulations include radiation damping, random en-
ergy fluctuations from synchrotron radiation, excitation of
wake fields, and the effect of the wake fields upon the
macroparticles. We include wake fields in the dominant
modes of the fundamental and harmonic cavities, and in a
HOM. For each turn around the machine, the energy offset
of the mth macroparticle "m is modified by

�"m � ��2To=�L�"m � 2
Enat
�To=�L�

1=2Rmn � eVs

� eV�tm� (1)

where To is the recirculation time, �L is the longitudinal
radiation-damping time, 
Enat

is the natural energy spread,
Rmn is a random number with zero mean and unity standard
deviation, e > 0 is the magnitude of the electron charge, Vs
is the synchronous voltage, tm is the macroparticle arrival
time, and V�tm� is the rf voltage from the dominant modes
of the fundamental and harmonic cavities and the HOM.
The macroparticle time offset is modified each turn by

�tm � �To"m=E; (2)

where � is the momentum compaction and E is the ring
energy. Excitation and/or damping of Robinson oscilla-
tions results from the macroparticle wakefields in the
dominant modes of the fundamental and harmonic rf cav-
ities [8]. This contrasts with simulation codes that neglect
TABLE I. Parameters for the Aladdin base and low-emittance latt
value equals the resistance of the equivalent RLC circuit, and is equ
HOM parameters describe a parasitic HOM.

Parameter Symbol Aladdin b

Ring energy E 800 M
Natural relative energy spread 
Enat

=E 4:8 


Synchronous voltage Vs 17.4
Recirculation time To 2:96 


Number of bunches M 1
Fundamental cavity shunt impedance R1

o (unloaded) 0:5 M
Fundamental cavity quality factor Q1

o (unloaded) 80
Fundamental cavity coupling coefficient �1 1
Harmonic-cavity harmonic number � 4
Harmonic-cavity shunt impedance R2

o (unloaded) 1.24
Harmonic-cavity quality factor Q2

o (unloaded) 20 2
Harmonic-cavity coupling coefficient �2 0
HOM resonant angular frequency !3 6:283 19 


HOM resonant impedance R3 10
HOM quality factor Q3 30
Fundamental cavity maximum voltage VT1 90
Fundamental cavity loadangle �v1 0 deg
Momentum compaction � 0.03
Radiation-damping time �L 13.8
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these wakefields and compensate with a dipole Robinson-
damping term [22–24].

To speed up the simulations, the rf voltages (which
include the macroparticle wakes) are described using
‘‘in-phase’’ and ‘‘quadrature’’ components [17], as dis-
cussed in the appendix. The equations for a HOM do not
assume that the HOM has a high quality factor. We use the
same code for simulating parasitic coupled-bunch instabil-
ity from a high-Q HOM and for simulating microwave
instability from low-Q broadband impedance.

The harmonic-cavity resonant frequency is character-
ized by the tuning angle �2, defined by tan�2 �

2Q2��!g �!2�=!2, where �, Q2, and !2 are the har-
monic number, quality factor, and resonant angular fre-
quency of the harmonic cavity’s dominant mode, while !g

is the rf angular frequency. To ensure that sufficiently many
macroparticles are simulated, we first study the Aladdin
ring in low-emittance tuning with no harmonic cavity,
which is equivalent to �2 � �90�.

A. Operation without a harmonic cavity

A HOM with quality factor Q3 � 3000, resonant im-
pedance R3 � 10 k�, and resonant angular frequency
!3 	 2�
 109 radians=s represents a typical parasitic
mode in a cavity with HOM damping [21]. To approxi-
mately obtain worst-case instability growth with longitu-
dinal mode number different from 0, 1, or �1, the resonant
frequency of the higher-order mode (!3) is adjusted to
equal a multiple of the ring’s revolution frequency.
Parameters are given in Table I.
ices, and MAX-II with the new rf system. The shunt impedance
al to one-half of the ‘‘linac’’ definition of shunt impedance. The

ase lattice Aladdin low-emittance lattice MAX-II

eV 800 MeV 1.5 GeV
10�4 4:8 
 10�4 7 
 10�4

kV 17.4 kV 140 kV
10�7 s 2:96 
 10�7 s 3 
 10�7 s
5 15 30

� 0:5 M� 4:8 M�
00 8000 19 000
1 11 3

4 5
M� 1.24 M� 1.7 M�
50 20 250 24 000

1.5 0
109 rad=s 6:28 319 
 109 rad=s 6:220 353 
 109 rad=s

k� 10 k� 10 k�
00 3000 3000
kV 50 kV 450 kV
rees 0 degrees 0 degrees
35 0.006 0.004
ms 13.5 ms 3.2 ms
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For simulations of 1 
 106 turns with a parasitic HOM,
the relative energy spread and the rms macroparticle arrival
time (with respect to the synchronous phase) were aver-
aged over the final 500 000 turns. Since all rf modes in this
case have a high quality factor, beam loading and insta-
bilities result from all macroparticles in the simulation.
Figure 1 shows the dependence of energy spread and rms
arrival time upon the bunch current when all 15 rf buckets
are filled, for simulations utilizing different numbers of
macroparticles. Instability occurs for bunch currents ex-
ceeding 0.25 mA, i.e., ring currents exceeding 3.75 mA.
When simulating at least 1000 macroparticles, the results
have little dependence upon the number of macroparticles.

For the Aladdin low-emittance lattice, the microwave
instability may be driven by the reduced longitudinal
broadband impedance of the vacuum chamber, estimated
to be jZp=pj 	 5:7 �. The estimated cutoff angular fre-
quency is !c � c=b � 8 
 109 rad=s [18], where c is the
speed of light and b � 36 mm is the radius of the round
vacuum-chamber pipe. We model the broadband imped-
ance by a HOM with !3 � 8 
 109 rad=s, Q3 � 1 and
R3 � 2148 �. The effect of broadband impedance upon a
bunch of rms length 
t (measured in units of time) is
different in the long-bunch regime (where !3
t > 1)
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FIG. 1. (Color) The relative energy spread and rms macropar-
ticle arrival time of the Aladdin low-emittance lattice are shown
for operation with all 15 rf buckets filled, with the harmonic
cavity detuned. Simulated values for a parasitic impedance with
quality factor Q3 � 3000, resonant impedance R3 � 10 k�, and
resonant angular frequency !3 � 6:283 19 
 109 rad=s are
plotted for simulations using different numbers of macropar-
ticles. The simulated values are averages over the final 500 000
turns of 1 
 106-turn simulations with harmonic-cavity tuning
angle of –90�.
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than in the short-bunch regime (where !3
t < 1) [13].
For our broadband impedance model in which !3 � !c,
the long-bunch regime describes bunch lengths exceeding
the vacuum-chamber radius, while the short-bunch regime
describes bunch lengths smaller than the vacuum-chamber
radius.

Instabilities driven by broadband impedance are ex-
pected to primarily involve the interaction of the macro-
particles in a single bunch. Figure 2 shows the relative
energy spread and bunch length plotted versus current for
single-bunch simulations with different numbers of macro-
particles. When the number of macroparticles is at least
1000, the results are nearly independent of the number of
macroparticles. When the bunch current exceeds 5 mA, the
relative energy spread 
E=E and bunch length 
t (mea-
sured in units of time) are increased by the microwave
instability. For lower bunch currents, potential-well distor-
tion lengthens the bunch, since the broadband impedance is
inductive to the bunch for !3
t > 1. In Fig. 2(b), the
simulated bunch length is compared with measurements.
The approximate agreement suggests that our estimated
broadband impedance of 5:7 � is reasonable.

Simulations displaying unstable behavior (such as oscil-
lations of the bunch positions or length) have energy
spreads exceeding the natural value [8]. Energy spreads
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FIG. 2. (Color) The relative energy spread and rms bunch length
of the Aladdin low-emittance lattice are shown for single-bunch
operation with the harmonic cavity detuned. Simulated values
for a broadband impedance of jZp=pj � 5:7 � are plotted for
simulations using different numbers of macroparticles. The
simulated values are averages over the final 500 000 turns of 1 

106-turn simulations with harmonic-cavity tuning angle of
�90�. Measured bunch lengths were obtained from the voltage
induced upon a 0.365-m strip line.
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FIG. 3. Modeling for the Aladdin base lattice with worst-case
parasitic coupled-bunch instability. A curve shows the parame-
ters for optimal bunch lengthening. (a) Analytic predictions. –:
parasitic coupled-bunch instability; |: coupled-dipole Robinson
instability; *: coupled-quadrupole Robinson instability. (b)
Results of 500 000-turn simulations of 60 000 macroparticles.
o: mild instability, where the energy spread exceeds its natural
value by (10–30)%; o: moderate instability, where the energy
spread has increased by (30–100)%; O: strong instability, where
the energy spread has increased more than 100%; �: lost macro-
particles.
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exceeding the natural value by >10% may be taken as an
indication of observable unstable behavior. According to
Figs. 1 and 2, the simulated energy spread may be deter-
mined within 10% provided that at least 1000 macropar-
ticles are used to model high-Q modes, and at least 1000
macroparticles per bunch are used to model broadband
impedance. Simulations with at least 1000 macroparticles
per bunch are expected to model broadband impedance in
addition to beam loading and instabilities from the domi-
nant high-Q modes of the fundamental and harmonic
cavities.

To evaluate stability for ring operation, we perform
500 000-turn simulations for 15 values of the ring current
and 30 values of the harmonic-cavity tuning angle, with all
rf buckets filled. To complete these simulations with thou-
sands of macroparticles per bunch, we perform hundreds of
simulations simultaneously by using the University of
Wisconsin-Madison’s CONDOR pool for high-
throughput computing. This pool performs computations
by utilizing the otherwise idle time of networked work-
stations and personal computers [25]. To ensure that suffi-
ciently many macroparticles are used to model broadband
impedance, we simulate 4000 macroparticles per bunch.
For consistency, we also use 4000 macroparticles per
bunch to model a parasitic high-Q HOM, although nearly
the same results for a high-Q HOM may be obtained with
60 macroparticles per bunch [26].

B. Parasitic coupled-bunch instability

When !3=2Q3 < 2!0, where !0 is the ring’s angular
recirculation frequency, the HOM impedance may be ex-
cited by a single rotation sideband [27] to cause parasitic
coupled-bunch instability. The worst-case scenario is when
the HOM resonant frequency equals a sideband frequency.
For worst-case instability growth with a parasitic cavity
mode of impedance R3 and resonant angular frequency!3,
the complex frequency shift is imaginary with magnitude
equaling the coupled-bunch growth rate, given by

j��CBj �
eI�!3R3F2

3

2ETo!R
: (3)

Here, F3 is the bunch form factor at frequency !3 and I �
0 is the ring average current. To approximately model
quadratic and nonquadratic synchrotron potentials, !R is
the calculated frequency of a rigid-dipole oscillation [8],
which equals the linear synchrotron frequency for a qua-
dratic synchrotron potential. If the growth rate remains
positive after subtracting the radiation-damping rate
�L

�1, it is compared with the dipole Landau damping
rate [8] to estimate whether Landau damping is sufficient
to prevent parasitic coupled-bunch instability. Robinson
instabilities are also predicted [8].

Figure 3(a) shows analytic instability modeling for
Aladdin operation with the ‘‘base’’ lattice. The base lattice
was the standard lattice for 800-MeVoperation until 2002;
08440
it is now used for 108-MeV injection, ramping to 800 MeV,
and 1-GeVoperation. For this lattice, the passive harmonic
cavity is operated with its circulator detached, so that its rf
coupling �2 equals zero. A variety of ring currents and
passive harmonic-cavity tuning angles are considered for
an HOM with Q3 � 3000, R3 � 10 k�, and !3 �
6:283 19 
 109 rad=s. When instability is predicted ana-
lytically, a symbol is plotted. A curve is plotted to show the
parameters for optimal bunch lengthening of a stable
beam—when the quadratic component of the synchrotron
effective potential vanishes and the linear synchrotron
frequency is zero. Optimal bunch lengthening is calculated
to increase the bunch length by a factor of 2.4, from its
natural value of 255 to 600 ps.

According to the analytic modeling, Robinson instabil-
ity will prevent the harmonic cavity from being tuned for
stable optimal bunch lengthening at ring currents lower
than 100 mA. For higher currents, optimal bunch length-
ening is predicted to suppress the parasitic coupled-bunch
instability and double the bunch length without exciting
Robinson instability. Overstretching the bunches with
1-4
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FIG. 4. Modeling for the Aladdin low-emittance lattice with
worst-case parasitic coupled-bunch instability. A curve shows
parameters for optimal bunch lengthening. (a) Analytic predic-
tions. –: parasitic coupled-bunch instability; |: coupled-dipole
Robinson instability; *: coupled-quadrupole Robinson instabil-
ity; #: fast dipole-quadrupole mode-coupling Robinson instabil-
ity; c: coupled-bunch instability with longitudinal mode number
of 1. (b) Results of 500 000-turn simulations of 60 000 macro-
particles. o: mild instability, where the energy spread exceeds its
natural value by (10–30)%; o: moderate instability, where the
energy spread has increased by (30–100)%; O: strong instability,
where the energy spread has increased more than 100%; �: lost
macroparticles.
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higher harmonic-cavity voltages is predicted to excite the
coupled-quadrupole Robinson instability. These predic-
tions agree with experiment [8].

Simulations of 60 000 macroparticles (4000 macropar-
ticles per bunch in 15 bunches) circulating for 500 000
turns were performed for the same ring currents and tuning
angles as the analytic predictions. For each simulation, the
relative energy spread
E=E and the number of lost macro-
particles at the end of the simulation were recorded. An
energy spread that exceeds the natural value by more than
10% is taken as a sign of instability. In Fig. 3(b), a solid
square is plotted when macroparticles are lost in a simula-
tion, while a circle is plotted when the energy spread at the
end of a simulation exceeds the natural value by more than
10%. A small circle is plotted for mild instability [when

E=E exceeds the natural value by (10–30)%]. A medium-
size circle is plotted for moderate instability [when 
E=E
exceeds the natural value by (30–100)%], while a large
circle is plotted for strong instability (when 
E=E exceeds
the natural value by more than 100%). For mild instability,
the energy spread resulting from instability is small com-
pared to the natural energy spread, while the energy spread
from instability dominates the natural energy spread for a
strong instability. Strong instabilities should be avoided at
Aladdin, since a large increase in energy spread diminishes
the performance of some insertion devices. Macroparticles
may be lost from instability or at the beginning of a
simulation. In this article, lost macroparticles occur for
parameters where instabilities are predicted, consistent
with their loss from instability.

There is good agreement between the analytic predic-
tions of Fig. 3(a) and the simulated instabilities observed in
Fig. 3(b), confirming that tuning in the harmonic cavity
strongly suppresses the parasitic coupled-bunch instability.

In Fig. 4(a), analytic modeling results are shown for the
Aladdin low-emittance lattice, whose momentum compac-
tion is much lower than the base lattice. For this lattice, the
harmonic cavity is operated with its circulator attached, so
that its rf coupling �2 equals 1.5. A coupled-dipole
Robinson instability is predicted to destabilize partially
lengthened bunches for ring currents less than 60 mA,
while a fast dipole-quadrupole Robinson mode-coupling
instability is predicted to destabilize optimally lengthened
bunches for higher currents. This agrees with simulations
and experiment [8,28]. For optimally lengthened bunches,
suppression of the parasitic coupled-bunch instability is
predicted. Optimal bunch lengthening is calculated to in-
crease the bunch length by a factor of 3.2, from its natural
value of 148 to 475 ps.

Simulation results for a parasitic HOM are shown in
Fig. 4(b). The analytic instability predictions of Fig. 4(a)
agree approximately with Fig. 4(b). For ring currents ex-
ceeding 100 mA, instabilities may be avoided in simula-
tions by using a double-hump bunch shape obtained with a
harmonic-cavity voltage exceeding that required for opti-
08440
mal bunch lengthening by 20%. This agrees with experi-
ment, so that our standard ring operation employs such
double-hump bunches to avoid Robinson and parasitic
coupled-bunch instabilities throughout the operating cur-
rent range of 100–300 mA. A comparison of Figs. 3 and 4
indicates that suppression of parasitic coupled-bunch in-
stabilities by the harmonic cavity requires more bunch
lengthening in the low-emittance lattice than in the base
lattice, which is also in agreement with experiment [8].

Figure 5(a) displays analytic modeling for MAX-II,
which predicts suppression of the parasitic coupled-bunch
instability by tuning in the harmonic cavity. The coupled-
dipole Robinson instability is predicted to destabilize par-
tially lengthened bunches for ring currents less than
80 mA, while a fast dipole-quadrupole Robinson mode-
coupling instability is predicted to destabilize optimally
lengthened bunches for currents of 80–240 mA. Optimal
bunch lengthening is calculated to increase the bunch
1-5



0.3

0.2

0.1

0.0

cu
rr

en
t (

A
)

-90 -85 -80 -75 -70

tuning angle (degrees)

| | | | | | | |
| | | | | | |

| | | | |
#* #* ## ## ## ## ##

# #* ## ## ## ## ## ## ## ## ## ##
# ## ## ## ## ## ## ## ## ## ## #* # # *

# ## ## ## ## ## ## ## ## * # * * * * * *
# ## ## ## ## * ## # # * * * * * * * * *

# # #* ## # # # # * * * * * * * * * * *
# ## # # * # * * * * * * * * * * * * * *

# * # # # * * * * * * * * * * * * * * * *
# # # * * * * * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * * * * * * *

- - - - - - - - - - - - - -
- - - - - - - - - - - - - -
- - - - - - - - - - - - -
- - - - - - - - - - - -
- - - - - - - - - - -
- - - - - - - - - -
- - - - - - - - -
- - - - - - - - -
- - - - - - - -
- - - - - - - -
- - - - - - -
- - - - - - -(a)

0.3

0.2

0.1

0.0

cu
rr

en
t (

A
)

-90 -85 -80 -75 -70
tuning angle (degrees)

o oo o
oo oo oo o

o o oo o
o oo oo oo o o o o o o o o o o o o o o o
o oo oo oo oo o o o o o o o o o o o o o o o
o oo oo oo oo o o o o o o o o o o o o oo o
o oo oo oo oo o o o o o o o o oo oo o
o oo oo oo oo o o o o o o o o oo oo oo
o oo oo oo o o o o o o o oo oo oo
o oo oo oo o o o o o o oo oo o
o oo oo oo o o o o o o oo o
o oo oo oo o o o o o oo
o oo oo o o o o oo o
o oo oo o o o o oo oo o
o oo oo o o o oo oo(b)

FIG. 5. Modeling for the new MAX-II 100-MHz/500-MHz rf
system with worst-case parasitic coupled-bunch instability. A
curve shows the parameters for optimal bunch lengthening. (a)
Analytic predictions. –: parasitic coupled-bunch instability; |:
coupled-dipole Robinson instability; *: coupled-quadrupole
Robinson instability; #: fast dipole-quadrupole mode-coupling
Robinson instability. (b) Results of 500 000-turn simulations of
120 000 macroparticles. o: mild instability, where the energy
spread exceeds its natural value by (10–30)%; o: moderate
instability, where the energy spread has increased by (30–
100)%; O: strong instability, where the energy spread has
increased more than 100%; �: lost macroparticles.
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length by a factor of 3.5, from its natural value of 57 to
200 ps.

The analytic Robinson-instability predictions are in ap-
proximate agreement with 120 000-macroparticle simula-
tions shown in Fig. 5(b). The analytic predictions for
parasitic coupled-bunch instability of Fig. 5(a) are in
good agreement with simulations shown in Fig. 5(b).
Tuning in the harmonic cavity strongly suppresses the
parasitic coupled-bunch instability while increasing the
bunch length.

Modeling has also been performed for UVSOR, MAX-II
with the previous 500-MHz/1500-MHz rf system, MAX-
III, and the MAX-IV ring designs for 1.5 and 3 GeV ring
energies [26]. In all cases, simulations confirm that para-
sitic coupled-bunch instabilities are strongly suppressed by
tuning in the passive harmonic cavity, in agreement with
the analytic model. For the Aladdin and UVSOR rings, the
analytic predictions and simulations are further supported
by experimental observations of Robinson instabilities and
08440
parasitic coupled-bunch instabilities [8–10]. For Aladdin,
the loss of macroparticles in simulations is in approximate
agreement with experimental observations of beam losses.

C. Microwave instability

To estimate whether microwave instability will be
caused by a broadband HOM when !3=2Q3 > 2!0, we
consider the negative-mass instability of a uniform coast-
ing beam whose current equals the peak bunch current Ipeak

[11]. For ring energies large compared to the transition
energy, the Keil-Schnell instability criterion for mode fre-
quency! gives an approximate threshold peak current [29]

Ipeakthreshold
�
E
e
Toj�j

�
Enat

E

�
2
��������

!
Z�!�

��������: (4)

Here, 
Enat
is the beam’s natural energy spread and Z�!� is

the impedance. The threshold current increases with ! for
typical impedance models. We conservatively estimate that
the smallest possible mode frequency is ! 	 1=
t, as in
the ZAP code [12]. For a HOM characterized by !3, R3,
and Q3, the threshold peak current is therefore given by
letting ! � 1=
t in Eq. (4). For a Gaussian bunch shape
[where Ipeak � �2��1=2I=!g
t], the threshold ring current
is

Ithreshold �
!g�������
2�

p
E
e
Toj�j

�
Enat

E

�
2




1 �Q3

2�!3
t � 1=!3
t�2�1=2

R3
: (5)

In computing the threshold current, we compute 
t without
considering any potential-well distortion from the broad-
band HOM. Since Eq. (5) was obtained by considering a
uniform coasting beam and estimating the smallest pos-
sible mode frequency, we expect that our analytic estimate
of microwave instability thresholds will be approximate.

In the long-bunch regime (!3
t > 1), Eq. (5) indicates
that the threshold current increases with increasing bunch
length, because increasing the bunch length decreases the
peak current. In the short-bunch regime (!3
t < 1), the
threshold current decreases with increasing bunch length,
because the dependence of the impedance upon the mode
frequency ! 	 1=
t has a greater effect upon the thresh-
old than the peak current. Therefore, lengthening the bunch
with a harmonic cavity is expected to suppress microwave
instability in the long-bunch regime, as observed in
Refs. [3,13]. In the short-bunch regime, increasing the
bunch length with a harmonic cavity is expected to worsen
microwave instability.

At Aladdin, the microwave instability may be driven by
the reduced longitudinal broadband impedance of the vac-
uum chamber, estimated to be jZp=pj 	 5:7 � with cutoff
angular frequency !c � 8 
 109 rad=s [18]. We model
this impedance by a HOM with !3 � !c � 8 

109 rad=s, Q3 � 1 and R3 � 2148 �, since a broadband
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resonator model is able to reproduce all of the microwave
instability-related phenomena [13].

In Fig. 6, the microwave instability is considered for the
Aladdin base lattice. For the natural bunch length of
255 ps, !3
t � 2, so that tuning in the harmonic cavity
is expected to suppress the microwave instability. In
Fig. 6(a), an ‘‘m’’ is plotted when the microwave instability
is predicted analytically for the Aladdin base lattice.
Robinson-instability predictions are also shown. The re-
sults of 60 000-macroparticle simulations are shown in
Fig. 6(b). Approximate agreement between the analytic
predictions and simulations is obtained. The simulations
confirm the analytic prediction that microwave instability
occurs at high ring currents with the harmonic cavity
detuned, and is suppressed by lengthening the bunch with
the harmonic cavity.

Figure 7 shows modeling of the same broadband imped-
ance with the Aladdin low-emittance lattice. For the natu-
ral bunch length of 148 ps, !3
t � 1:2, which is slightly
within the long-bunch regime. Tuning in the harmonic
0.3

0.2

0.1

0.0

cu
rr

en
t (

A
)

-90 -85 -80

tuning angle (degrees)

| | | | | | | | | | | |* |* |* |* |* |* |*
| | | | | | | | |* |* |* |* |* |* |* |* |* |* |* |*

| | | | | | | | | | | | | |* |* |* |* |* |* |* *
| | | | | | | | | | | * * * * * * * *
| | | | | * * * * * * * * *

* * * * * * * * * * *
* * * * * * * * * * * *

* * * * * * * * * * * * * |*
* * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * * * * * *
* * * * * * * * * * * * * * * * * * * *

m
mm
mmm
mmm
mmm(a)

0.3

0.2

0.1

0.0

cu
rr

en
t (

A
)

-90 -85 -80
tuning angle (degrees)

o o ooo ooo
ooo

o
o

o o o
o o

o oo
o

o
o o
o(b)

FIG. 6. Modeling for the Aladdin base lattice with microwave
instability from the broadband impedance jZp=pj � 5:7 �. A
solid curve shows the parameters for optimal bunch lengthening.
(a) Analytic predictions. m: microwave instability; |: coupled-
dipole Robinson instability; *: coupled-quadrupole Robinson
instability. (b) Results of 500 000-turn simulations of 60 000
macroparticles. o: mild instability, where the energy spread
exceeds its natural value by (10–30)%; o: moderate instability,
where the energy spread has increased by (30–100)%; O: strong
instability, where the energy spread has increased more than
100%; �: lost macroparticles.
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cavity is therefore expected to suppress the microwave
instability. The occurrence of microwave instability in
simulations is approximately described by the analytic
predictions. With the harmonic cavity detuned, the micro-
wave instability is observed in simulations when the ring
current exceeds 60 mA. When the harmonic cavity length-
ens the bunch to its standard double-hump shape, the
microwave instability occurs in simulations when the
ring current exceeds 180 mA. The simulated instability
thresholds agree with experiment [8], confirming that use
of the harmonic cavity increases the microwave instability
threshold by a factor of 3.

The increased energy spread for standard operation with
currents exceeding 180 mA enlarges the beam’s horizontal
size, which is disadvantageous for some ring users.
Simulations shown in Fig. 8 predict that decreasing the
ring’s broadband impedance by one-third (to jZp=pj �
3:8 �) would prevent microwave instability for standard
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FIG. 7. Modeling for the Aladdin low-emittance lattice with
microwave instability from the broadband impedance jZp=pj �
5:7 �. A curve shows the parameters for optimal bunch length-
ening. (a) Analytic predictions. m: microwave instability; |:
coupled-dipole Robinson instability; *: coupled-quadrupole
Robinson instability; #: fast dipole-quadrupole mode-coupling
Robinson instability; c: coupled-bunch instability with longitu-
dinal mode number of 1. (b) Results of 500 000-turn simulations
of 60 000 macroparticles. o: mild instability, where the energy
spread exceeds its natural value by (10–30)%; o: moderate
instability, where the energy spread has increased by (30–
100)%; O: strong instability, where the energy spread has
increased more than 100%; �: lost macroparticles.
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FIG. 8. Modeling for the Aladdin low-emittance lattice with
microwave instability from the broadband impedance jZp=pj �
3:8 �. A curve shows the parameters for optimal bunch length-
ening. (a) Analytic predictions. m: microwave instability; |:
coupled-dipole Robinson instability; *: coupled-quadrupole
Robinson instability; #: fast dipole-quadrupole mode-coupling
Robinson instability; c: coupled-bunch instability with longitu-
dinal mode number of 1. (b) Results of 500 000-turn simulations
of 60 000 macroparticles. o: mild instability, where the energy
spread exceeds its natural value by (10–30)%; o: moderate
instability, where the energy spread has increased by (30–
100)%; O: strong instability, where the energy spread has
increased more than 100%; �: lost macroparticles.
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FIG. 9. Modeling for the new MAX-II 100-MHz/500-MHz rf
system, with microwave instability from the broadband imped-
ance jZp=pj � 5:7 �. A solid curve shows the parameters for
optimal bunch lengthening. (a) Analytic predictions. m: micro-
wave instability; |: coupled-dipole Robinson instability; *:
coupled-quadrupole Robinson instability; #: fast dipole-
quadrupole mode-coupling Robinson instability. (b) Results of
500 000-turn simulations of 120 000 macroparticles. o: mild
instability, where the energy spread exceeds its natural value
by (10–30)%; o: moderate instability, where the energy spread
has increased by (30–100)%; O: strong instability, where the
energy spread has increased more than 100%; �: lost macro-
particles.
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operation throughout our operating current range of 100–
300 mA. Modifying the ring’s beam position monitors, ion-
clearing electrodes and/or bellows may give the desired
impedance reduction [18].

The MAX-II vacuum-chamber dimensions are compa-
rable to Aladdin. Both chambers contain unshielded bel-
lows, untapered beam pipe transitions and a Q electrode.
However, the MAX-II chamber does not contain strip line
beam position monitors that contribute a substantial por-
tion of Aladdin’s calculated broadband impedance. Thus,
the estimated Aladdin reduced broadband impedance of
5:7 � provides a pessimistic estimate for MAX-II. To
model jZp=pj � 5:7 � for MAX-II, we consider HOM
parameters Q3 � 1, !3 � 8 
 109 rad=s, and R3 �
2177 �. For the natural bunch length of 57 ps, !3
t �
0:5, so that the natural bunch length is within the short-
bunch regime. Tuning in the harmonic cavity is predicted
to worsen the microwave instability until the bunch length
08440
is doubled. Further tuning in the harmonic cavity gives a
bunch length in the long-bunch regime, so that additional
bunch lengthening is expected to suppress the microwave
instability.

Analytic predictions and results of 120 000 macropar-
ticle simulations are shown in Fig. 9. Approximate agree-
ment is obtained. As expected, tuning in the harmonic
cavity initially worsens the microwave instability.
Additional bunch lengthening suppresses the microwave
instability, so that microwave instability does not occur in
simulations of optimal bunch lengthening. Therefore, the
microwave instability is not expected for MAX-II opera-
tion with optimally lengthened bunches.

For the cases studied, the threshold current for micro-
wave instability is lower in the analytic model than in the
simulations by as much as a factor of 2. This discrepancy is
partially because of our criterion that the energy spread in a
simulation must increase by more than 10% to indicate
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instability—requiring a ring current 20% above threshold
according to Eq. (5). The majority of the discrepancy may
be attributed to the approximate nature of the analytic
coasting-beam model. Microwave instability thresholds
in simulations more accurately describe Aladdin experi-
mental results than the analytic model.
III. SUMMARY

The effect of a passive harmonic cavity upon longitudi-
nal stability has been studied for the Aladdin electron
storage ring operated in base-lattice or low-emittance tun-
ings, and for the MAX-II electron storage ring. According
to analytic modeling and simulations, parasitic coupled-
bunch instabilities excited by a typical HOM are strongly
suppressed by tuning in the harmonic cavity. Experiments
at Aladdin further confirm the suppression of parasitic
coupled-bunch instabilities.

At Aladdin, the natural bunch length exceeds the
vacuum-chamber radius. In this long-bunch regime of the
microwave instability, analytic modeling and simulations
indicate that tuning in the harmonic cavity suppresses
microwave instability. For low-emittance operation, the
microwave instability thresholds in experiments are in
good agreement with simulations, confirming that tuning
in the harmonic cavity increases the threshold current by a
factor of 3, to 180 mA. According to simulations with the
harmonic cavity tuned in, reducing the ring’s broadband
impedance by one-third would increase the threshold cur-
rent for microwave instability to the maximum operating
ring current of 300 mA.

For MAX-II, the natural bunch length is smaller than the
vacuum-chamber radius. In this short-bunch regime of the
microwave instability, analytic modeling and simulations
predict that tuning in the harmonic cavity initially worsens
the microwave instability. When the bunch is lengthened
sufficiently, so that it is in the long-bunch regime of the
microwave instability, additional bunch lengthening sup-
presses the microwave instability. Consequently, the mi-
crowave instability is not expected for MAX-II when the
bunches are optimally lengthened by the harmonic cavity.

For the cases studied, tuning in a passive harmonic
cavity strongly suppresses parasitic coupled-bunch insta-
bilities from a high-Q higher-order mode. When the natu-
ral bunch length is within the long-bunch regime of the
microwave instability, tuning in a passive harmonic cavity
also suppresses the microwave instability.
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APPENDIX: COMPUTATIONAL METHODS

A. Wake fields

When a particle of charge q < 0 passes through an rf
cavity at time t � 0, the physical wake field at t > 0 from a
cavity mode with resonant angular frequency ! is [27]

�V�t� � q�2R=��e�t=�
cos �!t� �1= �!�� sin �!t�; (A1)

where R is the impedance at resonance,Q> 1
2 is the quality

factor, � � 2Q=! is the mode’s damping time, and �! �

!
��������������������������
1 � �1=2Q�2

p
. The physical wake field equals 0 for t <

0 and one-half the value given by Eq. (A1) for t � 0. In our
computations, we consider an ‘‘analytic’’ wake field given
by Eq. (A1) for �1< t <1, so that a particle’s wake
contributes to the cavity voltage at all times, including
times which precede the particle’s passage through the
cavity. This analytic wake field may be used to compute
forces at times after the particle passes through the cavity,
while one-half of the analytic wake at t � 0 gives the effect
of a particle’s wake upon itself.

Consider the superposition of analytic wake fields from
many macroparticles passing through an rf cavity many
times. Let tg equal the rf period 2�=!g, and let t � 0
correspond to a stable synchronous phase of the steady-
state rf voltage. For any non-negative integer �, we may
represent this superposition by in-phase and quadrature
components Vc�t� and Vs�t�[17] relative to the harmonic
frequency �!g

V�t� � Vc�t� cos��!gt� � Vs�t� sin��!gt�: (A2)

Equation (A1) indicates that the analytic wake of a
particle passing through the rf cavity at time tn modifies
these components by

�Vc�t� � q�2R=��e��t�tn�=�
cos��!t� �!tn� � �1= �!��


 sin��!t� �!tn��;

�Vs�t� � q�2R=��e��t�tn�=�
sin��!t� �!tn� � �1= �!��


 cos��!t� �!tn��; (A3)

for �1< t <1, where �! � �!� �!g. For a superpo-
sition of analytic wakes from numerous macroparticles, the
components change in time according to
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Vc
t� t1� � e�t1=�
Vc�t� cos�!t1 � Vs�t� sin�!t1�;

Vs
t� t1� � e�t1=�
Vs�t� cos�!t1 � Vc�t� sin�!t1�:

(A4)

For integral n, the analytic wake produced at synchronous
time t � ntg by a particle passing through the cavity at
time ntg � tm is given by Eq. (A3) as

�Vc�ntg� � q�2R=��etm=�
cos �!tm � �1= �!�� sin �!tm�;

�Vs�ntg� � �q�2R=��etm=�
sin �!tm � �1= �!�� cos �!tm�:

(A5)

From Eq. (A4), the cavity field experienced by a macro-
particle passing through the cavity at time ntg � tm is
related to the components at the synchronous time ntg by

V�ntg � tm� � e�tm=�
Vc�ntg� cos�!tm

� Vs�ntg� sin�!tm� cos��!gtm�

� e�tm=�
Vs�ntg� cos�!tm

� Vc�ntg� sin�!tm� sin��!gtm�: (A6)

The fields at synchronous time �n� 1�tg are also given by
Eq. (A4)

Vc
�n� 1�tg� � e�tg=�
Vc�ntg� cos�!tg � Vs�ntg�


 sin�!tg�;

Vs
�n� 1�tg� � e�tg=�
Vs�ntg� cos�!tg � Vc�ntg�


 sin�!tg�:

(A7)
B. Dominant modes of the rf cavities

Consider the high-Q dominant mode of a rf cavity
whose resonant angular frequency ! is near to �!g for a
positive integer �. For Aladdin, � � 1 describes the fun-
damental rf cavity while � � 4 describes the harmonic rf
cavity. We describe the wake fields using the in-phase and
quadrature components relative to the frequency �!g,
where computations are speeded by approximating
Eqs. (A5) and (A6) as

�Vc�ntg� � q
�2R=�� cos�!gtm � �R=Q�� sin�!gtm�;

�Vs�ntg� � q
�R=Q�� cos�!gtm � �2R=�� sin�!gtm�;

(A8)

and

V�ntg � tm� � Vc�ntg� cos��!gtm� � Vs�ntg� sin��!gtm�:

(A9)

Tracking with Eqs. (A7)–(A9) is described in Eqs. (23)–
(31) of Ref. [8].

For steady-state operation, the wake field components
relative to the frequency �!g are constant, given by [8]
084401
Vc � �2FIRcos2�; Vs � FIR sin2�; (A10)

where F is the bunch form factor for frequency �!g, and�
is the cavity’s tuning angle, defined by tan� � 2Q��!g �

!�=!.

C. Higher-order modes

To model a HOM withQ> 1=2, we use the in-phase and
quadrature components relative to the harmonic with � = 0,
which is equivalent to the method in Ref. [30]. The cavity
field equals the in-phase component, while the quadrature
component is used to relate fields at different times.
Eqs. (A6) and (A7) become

V�ntg� tm��e�tm=�
Vc�ntg�cos� �!tm��Vs�ntg�


 sin� �!tm��; (A11)

and

Vc
�n� 1�tg� � e�tg=�
Vc�ntg� cos �!tg � Vs�ntg� sin �!tg�;

Vs
�n� 1�tg� � e�tg=�
Vs�ntg� cos �!tg � Vc�ntg� sin �!tg�:

(A12)

Equations (A5), (A11), and (A12) are applied to tracking a
HOM in the same way that Eqs. (A7)–(A9) are used for the
dominant cavity modes.

D. Additional code features

Our code can model cavities in which the rf generator
power is supplied with a nonzero load angle �v1, where �v1

is positive when the generator current lags the total rf
voltage [9]. This is achieved by generalizing Eq. (21) of
Ref. [8], which determines the tuning angle of the funda-
mental cavity �1, to obtain [31]

�1 � tan�1
2F1IR1 sin 1=VT1 � tan�v1�1

� 2F1IR1 cos 1=VT1��: (A13)

In our code, a macroparticle with jtmj � tg=2 is consid-
ered lost, and its wake no longer contributes to the com-
puted fields. To reduce the loss of macroparticles at the
beginning of simulations, the initial values of the rf wake-
fields equal their steady-state values for the dominant rf
modes of the fundamental and harmonic cavities, given by
Eq. (A10).

The macroparticles, initially located at the synchronous
phase with no energy spread, are tracked for two radiation-
damping times using the calculated steady-state rf fields of
the dominant rf cavity modes of the fundamental and
harmonic cavities. This creates a macroparticle distribution
that approximates the steady state. At this point, the simu-
lation begins with the excitation of wakefields by macro-
particles and their decay from finite quality factors. The
-10
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HOM wakefields are also included at this point, with the
HOM impedance ramped linearly from zero over the first
two radiation-damping times of the simulation.
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