
PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS AND BEAMS 8, 084001 (2005)
Measurement of IR optics with linear coupling’s action-angle parametrization
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Linear coupling’s action-angle parametrization is convenient for interpretation of turn-by-turn beam
position monitor (BPM) data. We demonstrate how to apply this parametrization to extract Twiss and
coupling parameters in interaction regions (IRs), using BPMs on each side of a long IR drift region.
Example data were acquired at the Relativistic Heavy Ion Collider, using an ac dipole to excite a single
transverse eigenmode. We have measured the waist of the � function and its Twiss and coupling
parameters.
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I. INTRODUCTION

Measurement of �� at the collision point plays an im-
portant role in collider operations. The conventional
method of measuring �� through knobbing the first focus-
ing quadrupole next to the interaction point does not pro-
vide adequate resolution. Another method of measuring
the second order tune shift with ��k changes to the first
two focusing quadrupoles only applies to the colliders with
symmetric IR optics. And its key parameter, �optics, comes
from off-line optics simulation. These two methods assume
that the optics is not coupled [1].

Linear coupling’s action-angle parametrization is a strict
treatment for linearly coupled optics [2–6]. It is convenient
for analytical calculation and for interpretation of turn-by-
turn (TBT) beam position monitor (BPM) data. In this
article, we demonstrate how to apply it to extract Twiss
and coupling parameters in an interaction region (IR). In
most colliders, there is a BPM in either side of interaction
region (IR) drift, so the TBT �x; x0; y; y0� data in the IR drift
can be obtained. The propagation of optics parameters in
the IR drift is also derived to determine the optics at the
beta waist. This approach is tested with the TBT BPM data
taken under a single transverse eigenmode excitation with
ac dipole at the Relativistic Heavy Ion Collider (RHIC).

II. BACKGROUND

In this section, the linear coupling’s action-angle pa-
rametrization is briefly reviewed. We give interpretation
of TBT BPM data of single eigenmode excitation and
provide expressions for IR optics propagation.

A. Action-angle parametrization

For the general two-dimensional linearly coupled mo-
tion, a single particle’s motion is represented as [2]
address: yluo@bnl.gov
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where JI;II and 
I;II are the actions and phases of the two
eigenmodes. The eigentunes are �I and �II. 	I;0 and 	II;0

are the eigenmodes’ initial phases. They can be calculated
from
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CII �
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i�1 yi cos	2��II�n� 1�
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SII �
PN

i�1 yi sin	2��II�n� 1�
;

(3)

where N is the maximum turn for the calculation.
Equations (2) and (3) hold for large N. According to the
eigenmode phase definitions, p12 � p34 � 0.
P can be numerically determined from the eigenvectors

of the one-turn 4� 4 transfer map, or from Twiss and
coupling parameters defined in Edwards-Teng’s parame-
trization,
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Twiss and coupling parameters can be obtained from P,
1-1  2005 The American Physical Society

http://dx.doi.org/10.1103/PhysRevSTAB.8.084001


LUO et al. Phys. Rev. ST Accel. Beams 8, 084001 (2005)
8>>>><
>>>>:

�I �
p11

p22
;

�I � � p21

p22
;

�I �
1��2

I

�I
�

p2
21�p2

22

p11p22
;

(5)
8>>>><
>>>>:

�II �
p33

p44
;

�II � � p43

p44
;

�II �
1��2

II

�II
�

p2
43�p2

44

p33p44
;

(6)
r �
��������������
p11p22

p
�

��������������
p33p44

p
; (7)
C � rP12P�1
22 � �

1� r2

r
P11P�1

21 : (8)
B. Single eigenmode excitation

Single eigenmode excitation is used for the betatron
optics measurement [7–10]. In RHIC, ac dipoles are used
for this purpose [11]. For simplicity, Eq. (1) can be rewrit-
ten as
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F can be determined from TBT �x; x0; y; y0� data.
In this article, we assume that eigenmode I is more

closely related to the horizontal plane than is
eigenmode II, while eigenmode II is more associated
with the vertical plane than eigenmode I. Thus, if only
eigenmode I is excited, the elements in the last two col-
umns of F are zero, and

8><
>:

pi;1 �
Fi;1���
JI

p ; i � 1; 2; 3; 4;

pi;2 �
Fi;2���
JI

p ; i � 1; 2; 3; 4:
(11)
C. TBT �x; x0; y; y0� data at DX BPMs

In each IR of RHIC, there are two dual-plane BPMs that
are close to the IR’s DX separation magnets and face the
interaction point, as shown in Fig. 1. These BPMs are
called DX BPMs.

For RHIC, we ignore the effect of the detector solenoid
field since its effect on the beam optics is small [12]. The
TBT angles �x0; y0� at the two DX BPMs can then be
determined,

� x0 � x2�x1
2L ;

y0 � y2�y1
2L :

(12)

2L is the distance between the two DX BPMs; for RHIC,
2L � 16:652 m. �x1; y1� are the BPM position readings at
DX

DX/BPM

Point A

ift

o DX BPMs in one RHIC IR.

1-2



MEASUREMENT OF IR OPTICS WITH LINEAR . . . Phys. Rev. ST Accel. Beams 8, 084001 (2005)
the upstream DX BPM, �x2; y2� are the BPM position
readings at the downstream DX BPM.

D. Optics propagation in the IR drift

At the � waist, where �I;II � 0,

P w �

pw;11 0 pw;13 pw;14
0 pw;22 pw;23 pw;24

pw;31 pw;32 pw;33 0
pw;41 pw;42 0 pw;44

0
BB@

1
CCA: (13)
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The subscript w means the parameters are those at the �
waist. For simplicity, we assume that eigenmode I and
eigenmode II’s � waists are located at the same point.
Even if they are not, the following conclusions still hold.
Tw!A is the 4� 4 drift transfer matrix from the waist to a
point in the IR drift, say point A, as shown in Fig. 1. l is the
distance from the waist to point A.

Matrix G defined by Eq. (69) in [2] is
G � Tw!APw �

pw;11 lpw;22 pw;13 � lpw;23 pw;14 � lpw;24

0 pw;22 pw;23 pw;24

pw;31 � lpw;41 pw;32 � lpw;42 pw;33 lpw;44

pw;41 pw;42 0 pw;44

0
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According to Eqs. (78) and (79) in [2], and considering
Eqs. (5) and (6) at the � waists, Twiss parameters at
point A are obtained from Eq. (14),8><

>:
�A;I � �w;I �

l2
�w;I

;

�A;I � � l
�w;I

;
(15)

8><
>:

�A;II � �w;II �
l2

�w;II
;

�A;II � � l
�w;II

:
(16)

Subscript A means the parameters are those at point A.
The location of � waist and its � value can then be

obtained from measured Twiss parameters at point A,8><
>:

�w;I �
�A;I

1��2
A;I
;

�lw;I � ��A;I�w;I:
(17)

8><
>:

�w;II �
�A;II

1��2
A;II

;

�lw;II � ��A;II�w;II:
(18)

�lw;I and �lw;II are the longitudinal offset of point A with
respect to eigenmode I and eigenmode II’s waists,
respectively.

According to Eqs. (70) and (72) in [2], the phase ad-
vances from the � waists to point A are calculated from
Eq. (14),

�
I � tan�1

�
�lw;I

�w;I



; (19)

�
II � tan�1

�
�lw;II

�w;II



: (20)

Assuming that the � waists occur at the center of the two
DX BPMs, then the total phase advances between the two
DX BPMs are
�
Ijdxbpms � 2tan�1

�
L

�c;I



; (21)

�
IIjdxbpms � 2tan�1

�
L

�c;II



; (22)

where L is the distance from the IR center to the DX BPM,
�cs are the � functions at the IR center. The �cs at the IR
center then can be determined from the phase advances
between the two DX BPMs [10],

�c;I �
L

tan
�
Ijdxbpms

2

; (23)

�c;II �
L

tan
�
IIjdxbpms

2

: (24)

Knowing the coupling matrix C at point A in the IR
drift, according to Eq. (86) in [2], the coupling matrix Cw
at the � waist can be obtained,

C w � M�1
d CAMd; (25)

M d �

�
1 �lw
0 1



: (26)

�lw is the longitudinal offset of point A with respect to
eigenmode I or eigenmode II’s waist.

III. MEASUREMENTS

In the following, we demonstrate how to apply the above
equations to extract the optics parameters in the IR drift.
TBT BPM data used here was acquired with an ac dipole
excitation at eigenmode I’s fractional tune frequency.

We first calculate Twiss and coupling parameters at the
blue ring IR6 center. The two dual-plane DX BPMs are
rbpm.b-g5 and rbpm.b-g6. The blue beam circulates from
rbpm.b-g5 to rbpm.b-g6. The TBT position data at the IR6
center are given by
1-3
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8<
:

xc �
x1�x2

2 ;

yc �
y1�y2

2 :
(27)

The TBT angles �x0; y0� at the IR6 center are calculated
according to Eq. (12).

A. Matrix F

The eigentunes �I;II are obtained from fast Fourier trans-
formation (FFT) of �x� y�. The initial phases 	I;II;0 are
calculated according to Eqs. (2) and (3). Fijs are obtained
by
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N � 1024 in this article. With the above TBT �x; x0; y; y0�
data at the blue ring IR6 center,

F �

1:24� 10�5 0 0 0
�1:01� 10�6 1:27� 10�5 0 0
�6:49� 10�7 �9:74� 10�7 0 0
�4:51� 10�7 �9:29� 10�7 0 0

0
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Measurement errors are briefly discussed in section III E.
In the following, the measurement results are given to three
significant figures.

B. Optics parameters at IR center

According to Eqs. (4), (11), and (29) at the IR6 center,

r
����
JI

p
�

���������������
F11F22

p
� 1:26� 10�5	�mrad��1=2
; (30)

1� r2

r2
�

jjP21jj

jjP11jj
�

jjF21jj

jjF11jj
� 1:04� 10�2: (31)

Therefore,
TABLE I. Measured Twiss and coup

IRs �c;I �c;I c11

IR6 0.977 7:93� 10�2 7:30� 10�2 �

IR8 0.989 3:35� 10�2 0.255
IR10 2.47 5:36� 10�2 �1:92� 10�2

IR12 3.28 �0:393 4:84� 10�2

IR2 2.50 0.397
IR4 4.89 �8:44� 10�2 �8:50� 10�2 3
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r � 0:999; (32)

����
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p
� 1:26� 10�5	�m rad��1=2
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From Eqs. (5) and (11), at the IR6 center,8<
:

�c;I �
p11

p22
� F11

F22
� 0:977 	m
;

�c;I � � p21

p22
� � F21

F22
� 7:93� 10�2:

(34)

According to Eqs. (8) and (11), the coupling matrix at
the IR6 center is

C c �

�
7:30� 10�2 �7:65� 10�2

�4:22� 10�2 5:84� 10�2



: (35)

C. Optics parameters at � waist

Knowing eigenmode I’s Twiss parameters at the IR6
center, according to Eq. (17), the � waist in IR6 can be
determined,

�w;I � 0:971 	m
; (36)

�lw;I � �7:70� 10�2 	m
: (37)

A negative �lw;I means the �I waist is sited downstream
with respect to the IR center.

According to Eq. (25), the coupling matrix Cw;I at
eigenmode I’s � waist can be calculated,

C w;I �

�
7:63� 10�2 �7:52� 10�2

�4:22� 10�2 5:51� 10�2



: (38)

D. Summary of IR optics measurements

Table I lists the measured Twiss and coupling at the IR
centers. The coupling parameters are not available at IR2
center since the rbpm.b-g2 BPM vertical data are aberrant.

According to Eq. (23), Table II lists all IR centers’ �c;Is
calculated from the phase advances between the two ad-
jacent DX BPMs.

Comparing �c;I at the IR centers from Tables I and II, the
difference at the IR12 center is apparent. Looking into the
TBT BPM data of the IR12 DX BPMs, we found that the
downstream BPM rbpm.b-g12 gave poor horizontal data.

Table III lists the locations of eigenmode I’s waists and
its optics parameters. �lw;I is the longitudinal offset of the
ling parameters at the IR centers.

c12 c21 c22

7:65� 10�2 �4:22� 10�2 5:84� 10�2

�1:71 �4:55� 10�2 1.03
�0:495 9:10� 10�3 �2:13� 10�2

�1:22 3:37� 10�2 �0:277

:83� 10�2 �3:44� 10�2 �0:256
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TABLE IV. r and
����
JI

p
in IRs.

IRs r
����
JI

p
	m mrad
�1=2

IR6 0.999 1:26� 10�5

IR8 0.911 1:17� 10�5

IR10 0.997 1:11� 10�5

IR4 0.988 1:09� 10�5

TABLE II. �I at the IR centers calculated from the phase
advances between DX BPMs.

IRs IR6 IR8 IR10 IR12 IR2 IR4

�
Ijdxbpms [rad] 2.91 2.91 2.57 2.47 2.63 2.08
�c;I [m] 0.968 0.968 2.45 2.91 2.18 4.89
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IR center with respect to the waist. IR2 and IR12 are
excluded from Table III.

Table IV lists the coupling parameter r and eigenmode
I’s action

����
JI

p
in the RHIC IRs.

����
JI

p
is a global constant.

According to Table IV, the average of
����
JI

p
is

h
����
JI

p
i � 1:18� 10�5	�m rad��1=2
: (39)
E. Measurement errors

Linear coupling’s action-angle parametrization is a strict
treatment for linearly coupled optics. The errors in the
above IR optics measurement come from the BPM read-
ings and the data processing algorithms. It is not straight-
forward to estimate the measurement errors.
TABLE III. Optics param

IRs �lw;I [m] �w;I [m] c11

IR6 �7:70� 10�2 0.971 6:98� 10�2 �

IR8 �3:31� 10�2 0.987 0.278
IR10 �0:132 2.46 �1:80� 10�2

IR4 0.410 4.86 �7:22� 10�2
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FIG. 2. (Color) Measured T
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The RHIC BPM position resolution is 1 �m. However,
the beam position accuracy is much worse than that. 10 Hz
beam orbit oscillation from the 10 Hz helium flow was
found [13]. The accuracy error for the RHIC BPM position
readings is about �50 �m. Figure 2 shows the TBT �x; x0�
at the IR6 center in the above measurement. How to reduce
the RHIC BPM position reading errors is still under
investigation.

Data processing algorithms are also important for the
above measurement. The general FFT is used here to
extract the eigentunes, and Eqs. (2), (3), and (28) only
exactly hold with infinite N. To improve the tune estimate
accuracy, the modified FFT algorithms should be used
[14,15], and robust TBT BPM data analysis methods,
like principle component analysis (PCA) and independent
eters at �I waist in IRs.

c12 c21 c22

7:74� 10�2 �4:22� 10�2 6:16� 10�2

�1:85 �4:55� 10�2 1.03
�0:496 9:10� 10�3 �2:37� 10�2

0.115 �3:48� 10�2 �0:273

5 -4.45 -4.4 -4.35 -4.3 -4.25

[ mm ]  

BT (x; x0) at IR6 center.
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component analysis (ICA), can be applied to accurately
determine the eigenmode motions and their phase advan-
ces [16,17].

IV. CONCLUSION

Linear coupling’s action-angle parametrization has been
tested for the IR optics measurement in the RHIC IRs.
Based on the TBT BPM data at the two DX BPMs, the
coupled optics parameters in the IR were determined.
Measurement errors come from the BPM readings and
the data processing algorithms, and are still under inves-
tigation. This method can be used to the optics measure-
ments in any drift region with two dual-plane BPMs.
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